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NORI{IL }EOSNER.PTIOI{S OF R,}.'IiO}iA], AN} RULSD ST]"RF,ACES

Lu,-:ian B6o.escu

ThiE r :o ie  l s  a  -o re l im inary  rcpo i t  o f  a : r  a t tempt  to  unders tand-  the  s t ruc tu rc

o f  tho  norma. ' l  r ' ro jec , ' i j . ve  degenere t ions  e i ther  o f  the  ra t iona l  sur faces . l r i th  thc
!,

second.  Be i - i ; i  i t , : : lber  - {Lor ,o r  o f  -Lhe ie rb i t re . ry  ruLed.  non- ra t iona l  sur fa r ;es  (see

t t reorens  (70)  and ( fB)  o" fo ' . r ) .  A t  the  end.  o f  the  paper  sone e lementary  +xanp les

n f  dcronera* . i  nn ,g  g i3g  g iven and.  sone open qu€s t ions  are  d- i , scussed.

{  I  )  T ,e t  f  : f ,  - - ->T be  a  p 'o jec t i vc  f la t  morph ism o f  a lgebra ic  'a r ie t ies\ - . /

over  the 'complex  f ie l tL  C,  th rou3hcut  th is  pacer  i . re  sha. l l  ass l rTre  tha t :

- X i s a l ' f o 1 d r

-  f  i s  a  smooth  conr rec ted-  a f f ine

- there is a dist inguished" pt- ' int

Proo f .  S ince  the

curve with A!- = g^ (where' r T

o € T  s u c h  t h a t  t h e  f i b r e , X o

G*.= - t r to) '
=  f - ' ( o )  i s  a

norma.l srlr f l,ce , and 
l

- f o r  e v e r y  t € T 1  t  /  o ,  t h b - f i b r e  X t  =  f : ' ( t )  i s  a  s m o o t h  s u r f a c e .

S ince  X is  norna l r  X  is  a lso  normal ,  a i iC  i f  x€X is  a  s ingu la . r :  pb in t  o f  X
o

ther : 'X ' i s  a lso  e i  s ingu la r  po in t  o f  Xo (and,  in  par t i cu la r ,  X  las  on ly  i s 'o la ted , , , -

s ingular i t ies ) .  In general  we shal l  f  ol" lo ' , t  the stand-ard tern, inologir  and notat ions.

(Z)  ne f i+ } j i -on .  I f  Y  i s  a  normaf  p rc jec t i ve  sur face  : re  de f ine :

- t h e i : r r e g u } a r . ; . t ; , q ( Y ) o f Y b ; r . q ( Y ) = t r * ( r , 0 , ) ,

-  t ^ue  geornet r i c  genus  p  - (Y)  o f  Y  by  p- (Y1 -  r ^z / t t  n  \  " ' r ' i s i l  by  dua l i t y  on  Y
s  g  1 r r v t , / !  " "

. o
co inc ides  to  h " (Y ,  G f r ) ,  whe re  & f ,  i s  t he  Gro thend j . ee .k  d .ua1 i - z i ng  shea f  o f  Y1

-  f o r  e v e r y  n ) r ,  t h e  n - g e n u s  r r n ( Y )  o f  Y  b y  p n ( Y )  =  h o ( Y , * 1 " ) 1 ,  w h e r e  A i ( d

d e n o t e s  t h e  d . o u b l e  d , u i , l  ( * ; t ' ) n t  o f  , - C : ; "  
, ( i n  

p a r t l c u l a r , . p t ( Y )  =  p - ( Y ) ) .  r f  n { . ,
t 1,-'\ 1--r, \ 

' s'
we de f in "  p r r (Y)  in  the  sane way,  ' * i th  ( , l - I ; ^ ' /  -  ig .y (Cd; - ' { iOr ) .

( 3 )  P r o p o s i t i o n .  I n  t h e  s i t u a t i o n  o f

= q(x* ) i"" -*:.u_j-€_t.
1

funct ion t  - - -+ h ' (Xt rOX )  is  upper-semi-cont inuous,
, t

genera l .  shr ink i rg  T a l i t t le  b i t ,  's re can assume thati t  i s  cons tan t  f o r  t (  T
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th j .s constant value. Then by the

11.,  pase ?9o),  n ' r*(0") / r - {o 1 is
,- _t

(see  e .g  U6J)  we ha .ve  o  c&ror  j . -

' t l

l . - t .  (Qr . . )  (unm / : r *+ '  (n  \  n  \
' F  , \  

=  r l l J l r l - \ : r  r  
# \ vX  l  ' uT ) :

1

f r rm '^ rh ich  r+e  c tecuce lha t  R- i ' . x (d" )  iu  loca l l y  f ' - :ee  o f  ra : . i '  q  o r r  T .
r " ? '

.  O n  t h e  o t i : r  b . a n d ,  s i n c r -  i l - ( X t  r f u X . )  =  c  f o r  e v * y  1 4 1  a n d  F - ' L ( f . t r * )  =  o ,
t

the  base charLse 

;heore  

r .  * " : . : t t .  ,  s l i c , . , rs  to : t , rhe  c - ,non ica l  map

n * r .  / , / r p  \ , + , r - l 4 \  -  s - t r v  l r t P  \r L ( Ut|A )'.(t ) -=> t (Xt ,*r-)

i s .a  r  isonorphism fo: :  everev t€T.  .Again by the re. la t ive dua} i ty  r re  have a canonica l

isonr.rrphisn

n2 f  (6 t  \  f ; g^ -  (+  (n  \  r r  \
.  

- "  

t t  * + i , * X ,  =  : i v r u T \ ' # \ - X l t w ^ J  t  
,  

. ,

a n d .  s i n c e  f - ( 0 - - )  =  0 - ,  r + e  g e t  p 2 r  ( r t y  \  r y  n
r  L ,  T .  -  r t  a* \L t / / /  =  -T ' '  / :pp ly ing  once aga in  the  base change

theorern we infer tha.t ,  the canonj.cal  map

1 1\t*(c,t*)&rr(t 
) -_-------+- Rl i;t* , ayx )

i s  a n  i s o n c r p h i s n ' f o r  e r e r y  t € T "  R e c a l l i n g  t h a t  O ' r l f C , f - )  i *  f o e a L l y  f r e e  o f  r a n k. r w v  ! (  - # a * x  \ / v e ; r J  r i v v

e r  t h i s  p r o v e s  ( v : i i -  d u a l i t y  o n  i  )  t i r e  a s s e r t i o n  L b o u t ' q ( X  
' ) .  

T h e  o t h e r  a s s e r t i r n
o '  o '

o f  p ropos i t i "on  (3 )  fo f fows f r l i : ,  the ,  f i re t  and- . , f rom rhe  invar i .ance o f  the  3uLer -

Po incard  e 'herac ter is t i c .  Q.  E"  ) .

(4 )  Bgrnark .  I ; '  charac ter is t i c  zero  th is  r " - : , suL t  i s  we l -L  knc , ,qn  (seu f t l f  .6xpc ,s6

235,  cc io l la i re  1 .5 ,  Nhere  a  p roo f  based"  on  the  theory  a f  the  P i -card  schenes is

th ig  func t ion  is  c r in i i tan t  on  f - {o } .  }enote  by  q .

base-change th i ,o re in  {see e .g .  f , t l J ,  theoren 12 .

1 . ;c : - - l Jy  f ree  o f  l ' ank  q ,  By  ihe  re la t i ve  d .ua1 i t t r '

ca l  i so inorph ism

given) .  The abcve proof ,  inc luded f 'or  the

metJ-nfuL$ecause it  is based. on the relative
6

as presented.  in  BAJ) ,  and works in  the case

as wel .L

ccnveni -ence of  thd reader ,  is  more e4J-

dual i ty  theory in  i ts  e lementa. ry  r 'orm

of  sur faces in  pos i t ive c l ig : :acter is t ic

(}) P'ropo:ition. J.Uhe__9.*g3I-1gI o f  ( 1 ) ,  a s s r r n e  m o r e o v e :  t h a t

= o f 'gr_ev_e_Iy t  _ /  ? :_ Then 
_f  

( * r ) -<g(x*)  fcr  eve: i r  t  /  c .  where 
f  

(a)

! ' )  ( ' t  \  *  n ( v  \ -- ' J } . . . f  /  -  Y \ / L + / , -
o

d e n o t e s  t h e

. . ,  ,
.  " t '

,i
d .,
t
J

j

i
4
I

j

i
I
fr
4

z  
( x t  ) ,  so 'S ( f i

rank of  t i :e  l i6rcn*5. iver i  g : :oup_ l is ( r f  )  =  Pic  {Z) lp ico(Z)  of  a  va l ie ty  Z_(see &t , ) ,

pnnn f  Tk i  n r  i be_exponen t i a l  seque r r ce  we  deduce  tha t  g (X  )  =  Ir . e 4 4 _ - L v 4 u € - . r _ s y _  
"  

) a . . t ,

I

+ t



U, _llr,i:rl:_ 11 ""-=::i 
r^'o,r;"" - y' o the res*iotions 1-'i/'r1 \! - -'l*r, 

i.€. -'

rine lrnearly in:gepende", ";;";s'or 
ri":i 

*"Tti*;r=rrf; til:::." btu

u":',"il l* fTl**Sdlil{q ;{l,,'!tillr:Ti b
tbat !' ig trivial in a ne: 

--a a^Aa,ssune ihat I,./x-ro t t4.::i,:fi 
l#-""*- 

uh.,

tbat ],' ]r'

::::::;";:,-J":":::["-;" 

'" '*"**.'* such 'iha'i 1" 
s 'lrivi'l)'L

'  t -  ^ ' /  ( \  ( tbe norrnal bundlq of xo' in x is ""--  
' "1irreducible 

diviso! v'" 
. ,- ?r ^ (tbe normal bundlq or Ao - t

: I1 ^r t r  z L,  f '^ ,x or(mxo) lxot '*o 
'  

ur ly independent 
t

i ' - t  E. . .w'a '  
= "x '  

r .  se1.e supposed to be l ine 
it  

' n  because L l "  '  '  t ' a  " -

'  ahicb is a contradict i<

i  ?,  ?Lc(Xo).  
Q-E'!"  .  -- , :er1! of  t i ie ' : lh igi ter 

plur igenera

inforrnations 
about tbe bebavl 

.t of 'ritalca (see

Norr r*e vant +'o get t::::.":.":; 
tbar ir xo ," srnootlr' a res1l

in an alsebraic fa:nit1' 
1'"":.],.| l"::r:every 

n7"1 and' tQt' The alsebriic 
part of

O1rlirnplies 
ri lat pn(xo) =-tro.:l. lv 

Benerar-ize* 
to the case r+ber" xo i5 oorensteir

I rr** " """ort 
nas le";'' subsequentl the Kodaira' di'mens'on of tile "

i  - .1son (see@$i howevel ' r 'be 
has to a 'ssume'tbat '  

ls  normal but not Gorensteln

: * , ,  
b y  t i l s o n  ( s e e : " : i s  

n o t  o n e ) .  T b e  c a s e  w h e t e  K o ' :  
e  a r e  v e r y  p a r t i a l

'  
. t  f ibre of f - i  

he results we are ablb to plov 
/r-n)

1 SeneTaL 
' : , -  

. , ---  conpl icatedl 
and t  

.  . ( t )  , '  ,ur-  \  = ( l {-" '

, seems to be very ccn- 
,,r(r-n) 4 ryx, 

(o{' ' /L{*Ll xt

:  _  ,  { t / t f ,  . \ . u _ , J  
_  _ .  

L

i 
- 

(6) Lemma' ry*(olf) 
' Gt*) t Nx o'L'* -xt A r 

s., -qr iso't 
ntU' /.\ r,re refle:iiw sheaves "t "1: 

l*" *r, remarlcir,e;
,, 

t"' 

: - ^na +-9L. , \ -- -: --; <rhe&v.s of rank one ' the f irst i

,  .  ror ewry !€J34. . . :  r,y\rr l  e
i 

&. 
since of* and LUx 

;;" second one f o1low],,t" the ! 
--,:i.,

i r"i t+], wb'ile 
t c.p)*.,. e.E.D. " ,

, , morptrist follows t"* 
:t",.,-. '  or rrr!t)/x* i" iust Ctti_ 

" 

q'" '--

:*:1 
moteove'r tbat the 

r canonical 
naP (n\ ,- ,.t- ), 

,+i?:!,

: 
, 

(r) For every t€ T one has t 
6oro." (a+"' lxr't-x+' : '

t{,;r-1ryitrt1") 'u&))Ek(t) :: ,} ' ; ,  *" 'o"*v 
. i  i :r

i --L+--}r-- " - . _ +t^a ro1loWin8
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o(xr,d*l^'r.

hawe g**(a4*) ,0*) trrjt-")

o (c.,{") /*-,q )  r  (uy remna (5))s (xt,no.*l-i
+t '  x

H

. Therefore we harre roUsing again lernma (5) we

d.ef ine a map

Y, , fx (r(}ll-") )8 i<(t ) ---*
^  / r  - \

H" (x. , (rt' ̂
-'"r 

; ,
l ,  . { | . .

+
v

and the lat ter Ls by r ief ini t ior: . just the composi ' i , ion of the cancnical  base-chaf€9

m a p * ,

I carfl-"I )6r.-(t ) ----=*- so(xt,orlt.-'')/",)
I

wii;h, the map '*Licl is ir:duced. by the canonical hornomorphis& into the bidual
( t - n )  

r ,  
l t  ' \  v v  , .  ( r - " )

Oy)--",  /x.  (6r l :-  -- ,  
/r ,_). '  = Oi;  

.- ' .
r(  ,or- ( t tL)-- ' ' ) /x) 

^r
v

(B) I f  F is a coherent sheaf on T ard t€T is a point,  we ha' ,re the.fol lor* ing

ca.uonical  map (def incd. in an oh-;- ious way):

r , t c ( t ) )  =  (F&k ( t { l l i ,

In  generaf  i * { f )  is  in ject i , re ;  moroover  , l , r t f )  is  an i -sonorphism i f  a .nc only

:.f  F j-s 1ocall .y free near t.  fnC.eed., since T is a .snooth cLlrne lre can write F =

t r , r@ p,r ,  wi th  F '  1ocal l i r  f ree near  t  and Supp(1")e f tJ .  Then we have i , r i r )  =

=  ) , r ( r ' ) @ ) * ( r " ) ,  a n ' i  ) , r { r " )  i s  a n  i s o n o r p h i s $  a ' , d '  l r ( r " )  =  o .

.(q) .Sir icc. CtPf = 0r, the d.uaiizing sheaf CI rel.at lve to the norphism f (suupeJ)

coinc id,es to  &l* ,  anC thereforb the"re lat ive duai i ty  (wi th  respept  to .  f )  y ie ld-s

l ' - \  z  ( n \ "

rru (rsu* (-;"' ,ur)) = Egrr (R'L ({rr}"r ) ,0n )

o r  e l s e  ( v i a  l . e r n n a  ( < ) ) t  :

l ' t  - \
f o r \  f  ( ( t l \ ' - " t \ :
\ .7  I  ' ) t \ * , . .  t  -

l ' t  - \

In  par t icu lar ,  f . .  (6Y\*- "7'  + '  1 '

( fo) Coris ider the base-change nap

yr, , tL l r* i" l  )6 r .( t)

Since the. relati ,v;?,d.i"rnension'ofl the.,nori lhisn f is 2, the base'-change theorem

impl ies that  CP- is  a lways an isrnorphism. He c la in  that  the maps f  are a lways'  t t  -  
c  I - \

in ject i .ve,  and ;noreover ,  
% 

t "  an isomorphism j . f  ant1.only  i f  R ' t (At" ' )  is  1ocal -

ly free near the point,"t i .  This comes from the .foregoing ,discusslon and. .tbe fo]lo-

-  t  t '' J  I  n  1

l T n m  1 n ' +  / / t t " " ' /  \  n  \gg lT \ :1  t+  \ *X  )  t v r l  '  :

)  : - s  l o c a l l y  f r e e .

t_

r!"ng corarnutative d.lagnart
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i::;i .l

,(")/x . ,01_ )
( r - n ) )E r< ( t ) ,  Y  =  o * * r ($ i r / n ' ' * * r '

t* (cu*- 
,' 

)129 nt u I 
I

( b v ( e ; ) )  \ s  \

: J' 
,.(,,)1 n re x(t 5l (bv dualitY on '&*)

' ' w*t*tti tt" !") )'or) 6 x(t ) 
I

,";,:l;i":,';:';;J".,,,i :1,::1',:",'lT;*' 
rndeed' bv a resul" t'

of ritaka (already mentioned aaove) tno ,or'.rro" '---! i-"ar'- 
= botxr'#*l"l i

= p l - . i f , . ) , " c o n s t a n t " ' t - [ o } . T h e n b y t b e b a s e - c b a n g e t h e o r e r n t h e s h e a f L

a r i t a r ! " ) ; : s i r , o " a 1 l y r r e e o n r - [ o ] o r r a n k p r - r r ( x t ) ' a n d t v ( 9 ' ) , , i - t l l t - " ) ; i " i
locally free of rank pl-rr(xt) ever;nrher€ ( i .a.: '*t"u"* ' tbe point o) '  since Yo !

i

i s  in jec t rTa t t  

f - ru ; : : - : ' ,1o 'eve;v  
rer "* : * " '  

r^^a, i  +-$a6 in  I
Pl- r r ln t ' *  

-  

- "  
(n) .  

un d l$o be ass\xned.  to  be looal iy  f ree t " .  

i

1ra) rr  n)zl  tbe sbLeaf n"r*(cr{ ' - ' '  "T:.";- ; .--0o.,  rse n(o, 
' i "  

} '

t-fo} (by shrinking eve*r'ua' ly t ) of rank nO-"(X') '  {berofore' asr' in se-_ 
?
b
i

*e also set tn" 

;;";;;t-: 
pr-,,(xo) ror everv n 77! and" t€r seneraf 

i

' ion of  (5)  -  (12)  we get :  i

$uroming up tbe discuss 

7 tne sneaf-r*tcr:11-t') I S

(13) rroposition' t: 
"=ffi)i (rr,a 'r"o "..r,-,,u.rJ 1o 'ir' ,,txr) 

f or, eYqrl

of r"ank equal to thq ran\ or a '*  \*X

-  t  /  o  i r . r '?g '  o r  tq r  t€ ' t  gen"Ja l  i f  n71) '  
" : ' "

i l )  t ; ; d  * " P  ( = " "  ( ? ) \  

. , o , , -  . , J ' - t ) )

,  ! r '  
' - ( ( t r | t -n ) ;Er ( t ' : ; -n  

\ ' " t ' *x t

' *s an isoryorPh-'is;I- i{ and

Fenerat. i loreover, nrrt"; nr,(xo) ir l.na'ooly ir % 
is an isomorphis$r;'

o*'ate the first regult coneensrlng the behaviour of tbe plungener-a
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sitj.o':. $".-th:-"*.g*igg of (1),- l 'ssume tha't X, is a lational sur-

r*gji *tth *:>:o ggr-"*tr-j-l--o-- where Ka is a cgronical tivisor on x*' Then

p ( .Y  
)  =  o  fo t  

" "o" -Y  
n>1-

i '  O '

Sgol.  l le r l ist ingui 's l r  two cases:

U  * : r " .  F i r s t  r 4 s  . 1  s s 1 & r k  t l i ; t  X . ,  i s  r a t j o n a l '  f o r  e v e r y  t t  /  o  ( s e e  E f l ) '

rhcretcre the 
-part icuiar 

poi .rr l  * ,  d.oes not play a; iy speeial  role in 
: ] . ' . "o"" 'dt , : 'a-

t ions  because the  se l f - in te rsec t ion  nurnbe"  f l ,  i s  t 'ons tan t  in  T- { ' ! '  So '  i f  i  /  o

/ -
and Kf  )o ,  ihe  R iena l l i - loch  t i reurem g ives

r ' ( '  i, . : .n (x 1.,  +,(n_r) K2 * r .Yl_rr\^L/ / /  
Z " t  ,  ' '

l p p l y i n g  p r o p o s i t i o n  ( 1 3 )  : - l i )  w e  g e t

^ / n - ' 1  )  2
pl-r,(xo) V pu-n(xr) 7z or- Kl 'r,, 1r

yicla no(uo, crlu-") >-
o oo  

. . 1 . -  r \  n  
"

.  ,  \  . , .  , /n)  -  n tkr f  
K l  + 1 )  l .  J ,ssume that  the conclus j -on of  our  proposi*

2 7 r r . n 1 r  
- r l t n  r \ r l l  =  -  -  o t

t ior i  fa i is ,  i .e .  t l .c : : r :  is  a  m)1 su.c l i  t$at  p ,u(Xo)  = ho(UorCf f  )> " .  
- i i ; ing tbe

o
-o, - -  o  \  :  / f^  arr .  the e ibove ine^. . . " ' r  

. i  + . ,  l - . , . :  - i  h  a = 1+m), '  we get  an - i  so-
fac t  t 1a t  t t " ( u  , 0 , ,  )  =  c  a : - rd  t he  e rbove  i ne iue . r l " I y  tw r - r , I i  r I

-  o ' u

for 'e very n/1.

m

nolphism dY':: X Q., , cr else di.
( * )  -Y 0. .  (b"c tusu - (* )

u v

(*u') ,-  ^ .F.

is  a ref lexive C* -module oi  : :"nk or ie).  ! ' ron this we deduce that (D;
X

e v e r y  e € 2 ,  a n d  i n  p a r t i c u l a r ,  i o ( x o ,  C c f |
( . .*")

)  =  1  f o r  e v e r y  a V l ,  n h l c h i c o n -

/  - . - . \  o

t rad " i c t s  t he  i nequa l i t y  ho (Xo , rU ; - " ' * ' )> r (1 -1 .na )  - - ->  (9  a -s  a -  ^ - *  & .

o
'  2  

h  we  have  ?L (x . ra -  ( t tK * ) )  =  I  f o r  eve r ; r  n7z r ,  and
2 ) Kl = o. By Rienianri-. i loc _/ i 1\. u' t r ' *

t a h i n g  n =  2  w e  g e t  p _ l ( * r )  =  1 ' ( X t , o X . ( 2 K t ) ) ) o  f o r  e v e r y  t  y '  o .  3 i  p r o p o s i t i o n
' r '  

"  /  4 \
q r j ;  l l i ) ,  p - l ( x o ) 2 p - t ( x r ) )  o  ( r o r  I e  r  g e n e r a l ) ,  o r  e l s e  h " ( ) " o '  U ; - ^ " ) >  o '

o

gssnre.  by contrad. ic t ion that  P,n(X.o)  > o for  sone m)1.  l lLen we c la j - ro  that  @!,^-

t  l l n

t  O ; .  I n  f ac t ,  t e t  o  /  s€ l i o (Uo , - ; t )  be  a  non -z ,e ro  sec t i on l  t hen  o  /  " ' " €^ o o

e i fo iU ,  C, t l . . * ) ,  and herrce the last  compl .ex vector  space is  r io t  zero '  S ince t lo lU ,OU )
o u o

= C,  rna r i3(uo,4 )  = Ho(*o, - | " ) )  /  o ,  we in fer  that  Gt ;*= ou^,  and in"par-

o o o o_ - _ - ' u ; \ _ - , - - _ - .
t i cu la r ,  

" - ( y )  /  i  f o "  eve ry  y€Uo .  Bu t  t h i s  i n  t u rn  i r np l i bs  tha t  s  i t se l f  l s .a  l

nowhere vanish ing sect ion,  i . " .  &\= OU ,  and the la t ter  iscmorphism ls  equiva lent

o o : . l

ri
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I

t o  ge t ' t he  conc lus ion .  Q , .E .D .

(15)  n?m.ar t .  The r* .oof  o f  proposi t ion (14)  is  inspi red.  f rom the proof  o f

nroposi t lon l . l  in  l , I i1s""E6J,  which r lea ls  wi th  the case where the spe- . ia l "  1 ' jbre

X is  moreover  Gorenste in (but  ' * r i thout  any rest r ic t ion on Xf  ) .  We d-o not  -see howo

t ire p: 'oot '  of  hi l .son can be d.rrect ly extenJ-ed aiso i ,o the case X11o and. X i lor i ' ; " l
t r o

(and. r ion-Golenstein).  Horrever,  we s.uspect that p; 'cposit ion ( :-4) remains st i l l  va1id.
n

i n  c a s e  f l ( o  ( - - , r  v  -  
" + i ^ - . 1 )  F o r  e x a n p l e ,  i f  t h e  g e n e r a l  f i b r e  X -  1 s  i a t j o n a l  _\  

, / , : r u  r l t  r .  v 4  
T^ l , U ^ v

rn , i th  K1{  o,  but . : roreover i  p  (x ,  )  le t raves l ike n o,  d  when n-->F ( : .u ,  the ant i --  - - t \  '  )  . ,  ' '  - - n '  t
.Kodai ra d imension K- ' (Xt )  o f  the genera l  f lbre X,  is  2zI ,  in  the ter rn ino logy o l '

W4h, t l :en: we si i l l  have prr(X ) = o f or every nVI. This fact can be proved. using

the sa.ne arguinent  as j .n  case 1)  o f  the proof  o f  proposi t ion ( t4 ' ) .0n ' r ,he othe: '

hand, there are many exarnples of ratronal .surfaces S wit lr.  O3ar,and. O-t(t) = 2;

take for example any su-rface Sr:obtained. by blor.r ing up n points'of the.,s.ur:face

F ^  =  p ( o * s o ' , a ( - e ) ) ,  w i t h  p . ( n ( e a 4  $ u "  p 4 f ,  8 . 1 . 2 ) .
o v '

(f5) gl.uo"g-1. ll_1_!S "i.t"tti"" "f llL_""=.utu.-!!gj._X, is a rati-_cil?1 surlaq?
- - 2 ,  -  t  . .  \ . /  -r+ith xitro (or equivalentlJ i ,r(X*)-( to, by N.gqtlg=lg fqt*ul@

i \  n  ( v  \L!  .vn\ {1, ) /  -  o  f  or  e-vc ly  n) . . ,1  an i  
S 

( "o}- {  bz(*a)  tu  -  K i i .

i . j .)  I f  u:X' -------->X is lL_o-:ttnimaL desilgularization ql X-, _[hql X', is a
o " o----. o' o" ' . . . . .-

ru lgd sur fac_e-  g4 a i%R"u.*(0- . ,  )  =  q,  whgre q rs  the imeJuLar i ty  o f  X ' .  In  per t i -
u  

' F - A t  c  -

c u l a l n  i f  X r  i s  r a t i o n a l ,  t h e f i  a l l  f h e  s i r : g u l a r i t i e s  o f  X  a r e  r a t i o n a l - .

i i i )  I f  l ^ r - '  j - s  ruLed.  non- r ,a 'b i -ona l  .  then X h :s  'n rec ' i  so lv  one nr :n - ra t iona l  s j - r r -
^ : : * %v v

gular_ity x. and (possibly) f f_ni_lgly many ra;t:?nal singularjt ies. Tne ir ' , :edu-cible

compolents  of  ihe f ibry  , ' - ' ( * )

to the claip. I ' ron thls point one can proeeed,,exactly as in p{, page Z)" in ord.er

onents of

rorr ?Ll\ pgint tl_/ o. T@-.9j3].em.g1!-g_e91d'

are :  a  sec t ion  o f  the  canon ica l  ru led  f ib ra t ion

Ti :X t *:---* B (with 3 a smooth curve of genus q.) plqq (possi!!y) qoqg _cqqp94?41eo
n f  i h ; r  , - ' - spn r rn i , t ec l  f i b res  o f  ? i .  The  excep t i ona . l  f i b : " "  o f  u  ove r  eve r . ' y  r a t i ona lv r : v  k r 5 v r r v i 1 4

s inqu l -a r i t y  o f  X  is  conta ined- ' i -n  a  d .egenera ted .  f ib re  o f  ' f ( ,
___.________._ 

. . _ 
__i___

i v ) -  U ^ ( x ' )  -  l ^ ( X  )  i "  e q u a l  t o  t h e  n u r n b e r  o f  t h e  i r r e d u c i b l e'  z '  o '  l -  o -

a1l-  except i  o"t ]_f i ! "="_€ o.

Froo l .  Pap l - i ' i )  ro l rows f rom propos i t ions  ( t+ )

that i f  D is ' thb sr.un of al l  n-d.ual iz ing divisors
n

f i )  to r  the  der ' in i t ion  o f  the  dua l iz ing  d ' i v isors

and (5) .  To prove par t  i i )  obser i

o f  the s ingular i t ies of  X {see

of a two-dimensiorr"t singl lari ty

a,rjj



a tld t he ir pr ope'rt ie s ) t

-  , ,o /o .  , y ( " )  1  i ,c - | i  1^/ror kX I -

-r 
'o

' , rhere  Ur  =  u - - (U )  a rc
o  '  o '

the  very  d"e f ln i t i i , t r  c {

There fore  th ' *  f i l c t

A- 5 -

T re  have :

^  / - \  n '  l t . \  
- 4 .  

n  :  .

s"(uo ,($\ ") ) t '  s"1rr;, arl i" ) t '  tt"(";, tr*, &ox., (n,.,) ),
o o o o

U t l ,e snooth locu.s of X (  t ; ,e las+ r.sornorphism comes i1om
r , O

D l ,  s e e  L o c .  c i t ,  ) .

tha t  p  ( l l  )  -  o  fo r  e - " r€ rJ  n77I ,  t rans l .a ' tes  ln to :
n  o '

f r , f  *  I  |  =  6  fo r  ever ; ,  .n7 ' I ,  w i tb  K  =  I / 'o ,
i  n l  A ^

S ince D 7 la  r *e  he tve  i - r ,  r ,a : t i cu l -a r  tha t  p_(X: )  =  o  fo r  eve ly  n2 . I ,  and ccnse-
n -  o '

n i r e n t l w  y r  i s  r u l e d .  b 1 ' E n r i o - u e r . i ' c i i t e r i c n  c f  r u l r ; u n e . s s  ( s e e  f 5 ] ) .  $ e  n o t e  t h a i  t h e

fac t  th .a t  Xr  i s  ruLer i  i s  a lsc  a .  consequence o f  fZd , r  ?age l+  (even r . ' i thcu t  any  r - 'e r - '
o 2 Q"{!9

t r i c t ion  concern : . r rg  X l ) ,  lu t 'Y f i6 - t l -1  need the  s t ronger  in fo rna t i .on  conta ined in  (p ) t

0n the othn: | ran, l i ,  the Leray spectral  seluence of the morphi-sn u tr ie lCs the

(x)

^ $t?p_ _1. 
r:j 'rerY

r - . :  r :  * l  * , -  I  c  l  h n , :  O f| j u - . J -  r r v r v

S t e r  I  i s  i u c t
.J

cxa.at sc ?u.e nce
1 ' l ' 1 2-  s '(0x ) :-* s-(ox, )  -- ;* n-u*(Ox,) -------> I i*(0r_) = o,

o o r o

fron , .+hicirse C,er: ive t i re f  orrnula C. in^R' ' t r . . . (0, , ,  )  , ' ,  q. .  This proves'  i i - ) .
c f '  . / . .

assune: - ,ow q lo ,  The proo f  o f  par t  i ' i i - )  i3  c , -u : te  s im: i " la . r  to  the  proo f  o i 'a  par t

f ^ 1

o f  t h e o : ' : n  2  i "  L l j "  l i c ' l i  c i i v i t l *  i t  j  n ' r ; o  t n r e e  s t e ' t " 3 .

singular i ty of X r-rhose except ior lal  f ibre

? - ,  i " s  r a t i - c r : i ; l .

? - a
-Le:r . i , :  7 i "  Lj l - l  (and f  c l1or ' rs r .r : i i i r3 stanCard

is contained. ln a t le-

a rgumr :n ts ) .

of X a.r.rd- i;hisStg .e- .L  lhere  is  p rec ise l l r  one non- ra 'b io r '1  s ; i : l3u la r i t y  x

sing:ular i ty hair  g:-onetr i -c b'enus q.
1

Fo f ,  t he  f o - , i , ) r r  . i  ' im  r  r r  / n  \  -  n  - : ' n ^ r rg  l ha t  X  has  a t  l l ' r as t  ono  nc ,n - ra t i r : n . r1* i t l r i L . J - r i [ 6 - r , , . . X _ . " X I , / - y o

: ; i - r r 3 u 1 a r i . , ; y  x , 3 J ' s t . p  1 t h , e  f i b r i  u ' ( ; r )  c o n t a i n s  z i t  l e a s t  o n , ' ,  i . r i c d ' - t c i - b 1 e  c o i n p o -

nent E whj.ch is not contai i ied in any f lbre of ?1. Ther,r  p- d orn:-nates 3, anrJ. hence
O . " O

pa(Eo)> nr(B)  = t ,  where ea(C) denot 'es the ar i thmet ic  genus of 'a  curve Co 0n the

ot i : . r : r  h . rn , l ,  s ince : r -  (E^)  . * (  d1.n.1.1r , . * (O*,  )  =  Qr , . Ie  get  tha. t  p- . ( !u)  = q aml  thc geo-
. * o U ' r 1 !

roetr ic genus of (X.rx) is g.  This last fact tbge-thbr di t ,h the above formula i .mply

a1'"  lu lo: :-etverr * lhe except ional f ibre 
I

o f . e v e r y r a i i o : r : i l o L r : s u l a r i t y o f X o i s c o r i t : r i n e d i p r i d - e g e n e r a t e d . f l b r e o f ? i . '
' l

Step  l .  Le t  no  be  the  componen t  o f  u * ' ( x )  f ron  s tep  2 ,  and .  E r r . . . 1Er .  a l l  t he

;$  c , r  , r -1 ( * ; ,  Then  E^  i 5  a  sec t i on  c f  '  ' i i ,  and '  E .  ( : '  =  t 1 "  '  1n )  i s

conta ined.  in  a t legeneratcd.  f j .bre of  ? .
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F i rs t  we  $ee  tha t  evo ry  o f  t he  co inponen tu  E ] r . . . rE '  i s  con ta i t ud .  i n  t  ( r i . egene ' -

ra ted) l ibre of  Tf  ,  For . ,  i f  Er  ( * "y)  , is  not  cor : ta ined in  any such f ibre,  the argu--

rnen t  o f  s tep  2  shows  tna t  p^  (S  )  -  . l  on  t he  n t l r ; r ' n  ha .nd  -  s i  v r ce  t he  f i b : : e  r . r - l  ( . . )  i s-  
a '  1 1  

-  ! r '  v r r  v r r v

n n n n o a * p r i  ^ n € r  o e l l  f i n t L  s + 1  d i s t i n c t  c o m p o t r c n ' ; s ;  E .  =  E ^ r  "  o . ; E ;  =  8 . ,  o f  u - ' ( z )v  v r r r r \ , L ,  v v u ,  _ i  

, . ,  

_ o r  -  "  -  -  - - - i s  - 1

s u c h  t h a ' t  E .  n e e t s  E .  f o r  e v e r y  t  =  o r l r ' ,  " . ' r s - 1 '  T h e n  a r '  e a s y  i n c l u c t i o n  
" ; h o i ' r s1  L .  **  + . 1

,  t 2  u + {'t: ha.t !

n u ( r i  * . . . * - 1 .  ) )  v u { . r  .  ) - r  l u , ( r .  )  =  P r ( : o )  n  P * ( E r )  " , 2 q .
o s o S .

S ince  the  ar i . t iu r , - t i c  g , .nus  o f  every  c t l rvo  w i th  suppor r '  in  u - ' (x )  i s  less  than
1

or  equa l  to  th .c  seomet r i . c  genus  o f  (xo , " )  (=  o , im 'Rtu . * (0x ,  )x )  (wh lch  is  an  easy
A

consequence o f  Za : : i sk i ' s  ho lomorph io  func t ions  theorc rn) ,  "  we ge t  the  d-es i red-  co i t -

t rad ic t  i  on .
- L

fhercfore'Eo is the only cornponent of u--*(x) which j .s not contairred. in any

f ihre of I t .  In ord"er to f in ish the proof pi  step I  w' :  h?. i ie only to show that E .

i s  a  sec t io i r  o f  7 f  ,  I f  qVz ,  th i -s  fac t  i s  obv ious  because 'Eo d .ominad,es  B,  Eo and

B have the  sa . rne  ar i t t r .ne t ic  genus  (=  , f  ) ,  a rd  v ia  the  l lu r " r i t z ' s . fo rmula .  ' '  *s * * ,e  the-

re fo re  q .  =  1 . ,  ine .  En is  an  e1 l i .p t i i :  cur ' ;e "  Then Eu is  jus t  tbe ' .so ' -ca l ied-  t t rn in i rna l -

I  r r  P t  t . i  n r i  n  nvc l  p i l6 f  J - laa  * i  n .z r i f  s l i l y  ( ; f  , * )  in  thc  ser )se  c f  Laufer  (see  [Jg l  ) ,  Onf J  s r f a y v l v  v J v f v  r . . . o r - l

tbe other trandr the l -d-ual iz ing C' iv isor of every t ,wo-dimet:pional s ingular i ty of ;

geo.ne t r i c  g {Jnus  one co i l ro j .des  to  the  nr in ima l l . y  e l l ip t i c  cyc le  o f  tha t  s i r ;gu la r i t y

( s o e  p J ,  p r o p o s i t i o n  3 . ? ) ,  a n d ,  i n  p a r t i c u l a r ' ,  D , } E o .  S i n c e  w e  a f s o  h a v e  D ) n D r r

we get D > nE f  or every n'77l*" Reca-Ll ing the equ.al i t ie" (X) rre infer that |  
' - -  -  r l

o  
fo r  every  n77L"  Reca l l ing  the  equ-a lL t l -es  ( )+ /  

ln \Kr - j io j l=

for  every n)1,  which -  
" ta  f22J,  lemma !2. ,  i rnp l - ies that  Eo i .s  a  sect ion of

th is  proves s tep 3 anC thereby par t  i i i )  o f  the theorem.

- v

l:-

F i n a l l y ,  b y  i ) ,  i i )  a n d -  i i i )  r : e  g e t  t h a t  n " ( X ; )  =  r * ( x o )  ( =  o )

i r red .uc i -b le  component  o f  the  except iona l .  f ib re$  o f  u  i s  smooth  anc l

neet  t ransvera l l y  and"  no  th ree  in  a  po in t .  There fore  we can app ly

and that e.very

* l r r o c o  n n m h n r n r * 'L  l t s  a e  v  v l i r  l J  u ; ^ !  j r  v  i

('n1

[ d J ,  c o r o l l a r y  j .

Q .  E .  D "( i )  ( i i i )  ana f .$J,  lemn. ,  !  to .d.ed.uce par t  i , t )  o f  theorem (16) .

(17  )  nemar tcs .  a )  In  
. the  

assumpt io i rs  o f

r r l i  .Th is  fo l1o ' *s  f rom the  expor len t ia l  sequence

/ . -  \  / , .  \r r t : - e s p ' \ A ) = q ( X ) = o .- g '  o '  - '  o '

b )  I f  t h c  m i n i m a l

- or iheoren--( t5) shows

singular i tY is howetrer

d .es ingu laT iTat ion  X '

tha t  X  has  prec ise ly
o

pa3ara t iona l  1n  the

' t  t \  e  h a v e  b , . . ( X - )  =  p ( X ^ ) ,  , ;t n e o r e m  \ 1 0 i  w _  _ 2 , - _ a ,  
)

of  X r  a GAGI-type resul!  and, the equa+r

o f  X  is  ru led .  non- ra t iona 'L , . 'par t  i i i )
o . .

one non*rat ional s ingular i ty; ,x;  this
? ^ 1

sense or  l9J,  ae one can easiJ"y  see.
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'  ' )  
was necessarv 

-  's l t ion ( r4)  in  ord 'er ' "
c)  fne assunpt ion , 'K i )  o , '  $as.  necessary to  apply  propo

to d-er luce that  p  (X-)  = o for  every n)- I t  which. j - "  tgrn was used'  to  shot ;  that  E
-  

o r , " - o '  -  -  o

i s  a  sect ion of  the ru ler i .  f ibrat ion ?f  :X ' - - - -  -+3 when 3 ' is  an e l l ip t i 'c  curve '
2

fherefore theorem (ro)  ls  va. i jd-  wi tbout  any rest r jc t ion about  Ki  (but  x*  ra t ional )

os soon as one knows b,or* to prlve proposit i l"  (f+) i :r sase X1 <o. 'As we have remar-
I

ked.  in  ( f5 ) ,  p " " ro" i t ion  ( f4 )  in  va l .Ld-  i f  K ; (o  b r : t  the  an t i -Koda i ra  d i rnens ion  c f

tb 'e  genera i  i ib re  o f  t - i s  g rea i ;e r  tban or  equa l  to  onc '

'F]  that X ,"  co"", 'steln,  then n:ore preci .sc informa-
d . ) I f w c a s s ' u n c i i - r r t h e r n o r e t h a t X o i s G o r e n s t e l n ' t h e n

t iona|o ; t thBst ru" l 'o"o fXo" ' , , , : * ' : , :? : : i ) ( : ; - . ' : " " : : : l i i ] ^ , " l : l ) ; \

" ) '  
A u s . * o  t h a t  K : > o .  T h e n  p  ( X - ) ) '  

r ' ! r ' J -  
K ]  +  1 ,  a n d  h e n c e  1 1  

- ( X t )  
=  2 '

t  
- - n '  t "  ' l  1  I  ' l

/ r ^ \  . = = a  a ' . ^ . , ^  a - r r  
' l a m m r  

1  A  
e ' ' i - '  

f - t ( X t )  =  f - - ( X  )  =  ? .
3y propos i t ion  ( f3 )  i i i )  above and lemma 1 '5  in  l ' t " { . t  we ge t  '  o '  * ' -o '

There fore  i t  makes  sense to  spea l t  about  the  an t icanon ica l  mod-e l  o f  X '  in  the  sense

,rt  , fu4l  ( i . f  X'  is rat ional)  ana lUJ ( i f  X'  is ruled'  non-rat ional) '  Recal l  that

tbe ant lcanonical  raod.el  Yo of X'  j .s.a nornal projeet i rr :  surf ]ace rbich is obt,aj .ned.

' f rom X, -  by  b lowing  d .own a l l -  imeduc ib le  curves  X o f  X '  w i th  the  proper iy  t l :a t " ' '  '
o  -  

,o  -  - r r ' -  l i  deccnpos i t ion  o f  an  an t icanon ica l  d - i -
f .E  -  o r  wh.ere  -K* ,  -  P  +  l i  i s  the  Zar isk i  deccmpos l t lon  o

'r- ist j r  
of  Xr l1oc.

U

N  =  o r  c r  i f  l i l o ,
t  

t ,  .

o v e r r P . E = o f o r

way i  there  ex is r ,s

c r t .  ) ,  w i th  P  a  nuruer ica l l y  e f fec t i ve

thc  in t . : r ' sec t ion  na t r i x  o f  Supp(w)  i s

eveiy ' ' 'EQ Supp(t t) .  Then Xo 
"t td '  

1o are

a corniruta.tive d-iagram of the form

v
X t - - - * - \

o / o

\ /
u\ /w

\ .  /\ l
* * o

@ .-a:"rri"or and eith.er

negai ivg d.ef in l  i ;e ; , ,Do

re lated in  the fo l lowir rg

is  a ruled. non-rat ional

where v is the canonical blowing-d'unn norphisrn' To see this i t  wil l  be suff icient

to. prove that every irred-ucib,lre component of the exceptional f ibres of u is con-

t racted. .  by v  1e a point .  Let  E 
'ne such a conponent .  I f  pa(E))or  then the genusr

formula together  wi th  16s fact  that .E2< o shows that  ' -K.E4.  o (wi th  K -  K- ,  ) ,  or
/\

o

e lse P.E + N.E(o.  S i lce P, iZ"a*  FP have N'n {o;  thereforo E is  a  component  of  the

' : i  lo In other woras v(l) is a point '
e f fect ive d" iv isor  Nr '?nd '  conbeqgpnt ly  P 'E = c

, b  y r  i s  t h e  m i  l r i z a t i o n
Assume now tb.at p^(E) - oi then Ed( -2 because X' is the mininal d-esingule

' a '

of  Xo.  By the genusr formuJ.a -Ulz  + K.  E = -2.  [hus -K.E-(o,  or  e lse P 'E + N'E(q '

fh is  inequa] i ty  again imp] ies tbat  P 'E = or  as requi red '

fn t ' i re situqtlon of (1), as9{ne thal X( 1 8 )

sirtiace

The orem.

'1

: i
i i l
l ' t l
. 5 ' ,

fo r .  one a n C  h e n c e  f o i  a l l )  f  I  o . hen " the  fo l low i st&tements hold-:



i )  P

t i )
t h e n  X '

r +  o ( X  )  =  o  a n d .  u : X ' - - * X  i
J g Y \ ' . t t  -  1 = ' _  

o  c _ 9" " tqg " l . " j za t j "on  o f  X^ ,
o -

- ] ] -

( X ) = o  f o r e v e l y g ) j l .
n '  o '

* h o  m ' n i m : ' lX  i s

fac t  tha t  X '  i s  ru lcd"  I 'o l l c 'n rs  ( t "
n

pege 77 .  However ,  one can aLso g i -ve  the

. i q

is a rul,;*d surfa.ce of irre gularity o,.

i i i )  X^  h i rs  ? t  i io l ' "  ra t ignaf  s j . r :gu la . r i . t ies  a l4  the i r  except iona l  f i -b res  j . J 'e
v

c  on ta i .  ned in  the  f ib res  o f  the  ru led  f j -b ra t ion  T(  tKr - ->3 .
o

-P,:.gg{.. The

tron &dr peSe

T . o r , 2 r r  q n . l n t ' r . a . l  : r . . f l r l a l r r ' . i  n f  t h p  m n r n h r  s m  r ;  w i  e f d S
! v r e J  p . \ ' v v  v ! e r  r r v l r 4 v l r v v  v !  u u v  r r v f ,  y ! J v l I

* ( n  \  - r l n  \  . r . *  - i , .  l n  )
/ \ uX  

t  -  
/WK ' i  

=  o r -%n  u ; \uX , i r
n  n

and si:rce 
V$*) 

* 
7ta^,,) 

= 1-q.(o, we sei V$*, )( o. rr

s i f i ca i ; ion  o f  sur faces  ' rse"  fGJ)  inp l ies  tha t  X ' ru led" .  Cons id -er  there fore

the  case / - (O- " , )  =  o ,  i sh ich  occurs  i f f  q  =  I  and-  X  has  a t  nosb r i : , t iona l  s ing ; la -
- /  ; ' '  c )

r i t ies .  To  pro ie  tha t  Xr  i s  ru led .  aLso in  th is  oase,  cc t i s id -er  the  A- lbanese f ib r "a -
r -

t ion  A1o1(X l t )  ( " t .  fS l ,  p : .oo f  o f  the  iheoren;  u" "  f t l . f fo r  the  d-e f in i t ion  and the

bas ic  p roper t i cs  o f  .A lb*  {1 , / t ) ) ,  i th ich  f i t s  in  the  commuta i iue  c l ia ;Tram

x 
h --* r.tbl 6/r)

\ / /
\ / !

\ A
\ * /

. :
1 '  /  \  . L ,

S ince  i , tb^  (X / \ )  i s  compat ib le  wr th  the  base-c i ,ange,  g  
-  

( t  )  i s  i soraorph ic  to

t h e  A l b a n e s e  v a r l . e t y  A l b ( X + )  o f  t h e  s u r f a c e  X , .  S i n c e  t h e  g e n e r a ]  f i b r e  o f  t h e
" t

n o r p h i s m  h , : X ,-  t  t  . l  t '

f i b : . e o f h i s a 1 s o P t . T h e r e 1 . o r ' e r h e g e n e r a 1 f i b r e o f h o : X o t ' 3 1 b ( X o ) i s P 1 ,

because i t  i -  a t  a ,ny  ra te  smooth .  I t  fo l loH 's  tha t  the  genera l  f ib re  o f  the  corn-

p o s i t i o n  h  o  u  ;  X r  - - - > " t l b ( X  )  i *  p l ,  a n d -  t h e n  t h e  N o ' t h e r - f s e n  c r i t e r i o n  o f-  o  o  o '

ru ledness  (see f6 ] ;  inp l ies  tha t  l r  i s  ru Ied . ,  as  requ i red . .

As  soon as  we know tha t  Xr  j . s  ru led ,  par t  i i i )  fo l lows eas i l ; r .  In  fac t  we have
1 u

. r i m  D * r r  ( n  \  -  f $ ,  )  -  7 @ . . .  )  _ <  - . 1 - (s l r . r t r r r \  s ; : \ v y 1 /  -

v " / - A r A ' /

T n  ^ r - + i : , ; r ^ - :  u +  , -  . . - ^ r  r - :  n  T f  y  r . r ^ r )r r r  yea , - - , - - eT1  . rU  i s  ] t o t  r a t i ona l r  i . e .  q t )  o .  I f  X -  wo r r l d .  have  a  non - ra t i ona l' o o r

s i  n - : ' l : l  e r i  t . ;  x .  i t  shou ld .  ex i s t  an  i r r educ ib le  conponen t  E  o f  t he  f i b re  u - - ( x )e  L t L r : i 4 L  4 '  L  v . t

which  is  no t  cc i r ta ined-  in  the  f ib res  o f  the  ru led-  f ib ra t ion  1(  (see  s tep  1  i r i  th .e

p r o o f  o f  t h e o r e , n  ( 1 5 ) ,  o r  l e r n m a  ?  i n  [ t ] ) .  T h e n  n e c e s s a x i i y  p r ( E ) Z q ' ,  a n d  h e n c e

i -n  case o f  ra t iona l  .sur faces)

f  n l  I  n l r i  n a  r l  i  r c n *  t r a l r r n 4 v , +  : .  l , , aI  w I I v t r J 1 1 6  q f  r  e v  ! '  : i I  t 5 w l r q l l U o  L r l e

the.  formuLa

I
dim'Rtur* (o 

*,  
)7t-n (  E )  )z q' ,  whlch contradicts the above inequal i ty.  Therefore Xo
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has on ly  ra l ; iona l  s ingu la r i t ies ,  Q =  Qt  and-  a i l  the  except iona l  f ib res

conta ined in , 'bhe  c l tgenera ted-  f ib res  o f  F '

11  1 '66a. ins  to  p rove  i ) .  S ince  Xo has  on ly  ra t iona l  s ingufar i t ies

v- le lo r  c lass  group o f  a  ra t i ,na l -  s inEu lar i t y  i s  f i ' i te  (see  e .g '  bg f ) ,
/ "  \

pos i - t i \ re  in teget  z2r l  : ;uch  t ' ra " t  A f ; - /  i *  i *nur t ib fe"  I f  Ia  i s  the  sum

of u are

and the d.i-

t h e r e  i s  a

of the a--

o

dua l . i z ing  d iv isors  o f  th .e  s ingu la r i t ies  o f  Xor  we har -e  (see f4 ] ) :

* ,  " .Jna)  r  -  r , J1a  - r  . .  (  ̂
Lr \*x ,  E q 6 t r , ,  (dr , )  tcr  eve'y n77r,

o o o ;

and-  Supp( l * )  iu  conta incC r -n  the  f i i r res  o f  ? i .  0n  tbe  o ther  hand ' ,  s ince  Xr  i s  'u led '

w7 '  =  0X '  ( -zc )60x ,  ( r ) ,  w i tb  '  a  d" i \dsor '  &-hose suppor t  - i r -s  conta inec  in  the  f ib res

o o o

of  ? , ,  anc l  6  a  sec t ion  o f ' f r .  co*pur ing  these two equ.a l i t ies  we ge t

. .  / * "  \
r '*(ct.r;t '  / ) t ox, (-ac*ttroa naD)"

o o

Sir ice Supp(nlu+*e.d) is conto. ine4 in the f ibres of ' f f  and'  C is a sect ion of ?i '

r . :e  eas i l y  gc t  1 -Ze *  ( r :D .+naD) l=  i l  fo r  every  n777,  c r  e lse  pna(X.o)  -  o  fo l  every

n ) 1 .  T h e s c  l : r s t  e Q u a l i i i e s  a i r c a r l y ' i i n p l y  i ) '  Q ' E ' l '

(:.g) -q9!g"i,n1clfg of-ceil?i-g-ng;i0q,r'loggg:g1.ons*9!-':gr!99e9" The method of

construct ing norrnal d-egenerai ions of sr:r faqe. i  l i i j  are goi 'ng to d-escr ibe is el-assi-

ca . l  and knowi r  in  the  modern  l i te ra l ,u re  as  the ' rsweep i -n6  ou t  o f  the  cone 'n i i th  hy-

p a r p l a n e  s e c t j . c n s ' r  n e l ; h o d  ( u " u  F { ,  p a g e  4 6 ) '

start  r , , j . th a snooth projeci ive sur. face F, a veTy arnple l ine bund-le L on p,and. 
:

a  smooth  curve  y  be long ing  to  the  comple te  l i r rear  sys tem I t l .  
' r t re  sha l l  assr lne  tha t

. \ 1

f  i , t  yielcls an erj bhree' i , ical ly Cohen-l lacavJay embedd-ir lg' i  = iL:p ' '  ------+' ?" (witb

t -  t \
f t  = d" l- i t r  ILt) .  i i :en there is a hype::p1ane i l  of  Pln such that Y = Pl lH'  ie;  C(f ' r i )  le

A t  '  |  
1 r  ? L q n a n + :  t n  * i r o  c n . } -  o d , l i  n - i  \  -  a , n d  H t

t h e  p r o j . , C ' o i v e  c o n e  o v e r  j i ' i n  P " * '  ( i . u .  w i t h  r e s p e c t  t o  t h e  e m p e a o l - n '  t ) t
r r . ' l

the hypernlane ' rat  inf ini ty" of  P'u 'n ' .  Then I i  is 4.  Z-cocl imensional l inear subspace

r\T, I  -  f--  
-) N+}

of  pN*f ,  which g€nerates the penci f  {U* i tep l  o f  a l l  tbe hyperp lanes of  P-  con-

ta*ning II" rr le nay assuine that the perair iet: i  zatlon is taken in.such a way that I i
O

i s  the  hyperp lane o f ' th is  penc i l  pass ing  th rough the  ver te*  -o , l  C( f ' l ) '  and '  Hoo =  H"
' l - -

t hen  fo r  eve ry  te  F1 - { * ,  , r f lC ( f ' , i )  i s  i somorph io ' . t o  t r ' ,  w }1 ,1e  Hon  C( f  t i ) n tT  ' * " *  
O

the cone C(Yr i ' )  over  Y wi th  respect  to  the embeddi*5+L1-1q.  H = P"-* '  S ince

we assurned- that F is arithmetica]ly cohen-idacaulay. in pN, y is arit lr : let ical ly nor-

rna l "  in  PN- t ,  and-  hence the  cone c (Yr i ' ) '  i u  normE; ' t
.L

In this I{.1.y we got a fani}y f :X ---?'T,=: ' 'A *

f  o r  t  /  o ,  a n d  X o  g  C ( f  r i ' ) ,  a n d  m o r e o w r ,  s a t i s f y i n g

- I*\ such that Xr g F

the  assumPt i -ons  o f  ( f  ) .

l
, F 1

al l
i - l
:  , l
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Thls famil.y ls lr i  : fact an embedd.ed. family ,of surfaces

oonrautative d"iegren of the fOrra

Ln PN, i ,  B. f i t s  i n to  at

w i t h  j  a

( a o  )

F 
"  

P2,  L

t{e get an

x . ----l-----+ TxpN
\ , />\ 

n4",
c losed.  i rmers ion.

?
Igqry*l-g$*.r.leretigns of !-. rn tbe

-  O F L { s )  w i t h  t 7 z I ,

embed.ded. family f:X

and" Y a smooth plane eurve of d.egree
I-.-*--+ T = A- of surfaces of d-egree

2
P-  fo r  eve ry  t  /  o ,  and  X^  =  g fv . ' ,  \

o  
\ 4 t  v g ' / t

c onstruct i  on d-esc:r ibed. in  ( , r9)  t *ko

s.  Therefore
? l \ T

s" in P^' ( ' ,r i th

where v ls the

rest r ic t ion to  I  o f  the s- fo ld  Veronese
- /

of  course ( isornorphic  to)  p '  i tseLf .

$e suspect  that  these cones,are ( rp
' t

t ions of P-. For the noraent we are only

embedd.ing FZ <*---> 3N, trf s -

' S

J r  l L  1 S

tc isomorphisp) tn* only nornaL d.egenera-

ab:ldi ' i tro pro\re the fol lowlng result:

t o )  1 2

t  - ' " ** )  ) ,  s ' - rc i i  ihat  x t  =

(zr)  g lso: .eq^ rn the s i tuat ion of  *(1).  assune t l r .3:L x* i !  r ( isonor.phic

for one (and- hencg-&ry4)-! j o. then the concLusions i') - i' ot '  t i :Zolern- (15)

.hS'  , ( - (X; )  = 2,  @ Xo is  the ant icanonic-aL nodeL of  Xr  ( in , rhe s_onsc or  L?,4 j ig
Xl is rational, ana f?,] i f  X' is Tuled i-oi:rg_!!qaal). ir toreorrer, there is a ositi. v-eo

l 4 A .  I

i n te ,Eer  a )1  such tha t  Q i , ) is an ahple invert ib]_e sheaf ,  or ec.ruj_va. l"cr. . I lv (see

kf ) ' ,nu anticanonical r irAo ofrXl..  f f ,  ,goLz !  r  ihe*ant icanonicarJi+g of-X| , .  
, .g"  

*-(*o,p*,  (_trX, ))  i !_g-@
" lL:O o o

G,-algerr;. Iq i is Gorlnstein, lhen Xo:g_+tfl,9ggM.@"k o

t i c  conec cone c(vrv")  o f  d .egree o i t  p9 ( r+rr ,  ,  u .  
" rqcth 

cubic  p lar .e  curve) .

Proof .  The f i rs t  par t  o f  the  theorem fo l lo r rs  f ron  theorem (15)  anr t  re rnark  ( i .7 )

e ) ,  obser r r ing  tha t  (  (x^ )  =  b . r (x^ )  =  r .  r ,e t  us  p rove now tha t  i ;here  is  a  pos i t i r . c
)  O -  ,  , l '  O '

i n teger  a )  o  such tha t  f ,Y \a).cb  tha t  * io '  1s  lnver t ib le ,  Le t  L  be  a  f_anp le  l_ i i . re ,bund. le  on  X.

Then L ,  =  [80- -  i s  o f  t te  f t r rm.  O-a . (a )  w i th  a )  o :  and-  the  base-c ] :ange the :orems imp lyI ^t  p^,\

enaent  o t  t  /  o .  Cons id .e r  then tn"  
" i r " r f  

F  =  d r4^)g13,  wh ic i r  tg . te :

f , lexive of rank one and. f- f lat .  By the d.ef ini t lon of F we have Fi g 0y for everyr ,  A ,  - .
r i

t  /  o .  s ince  H ' (0 . ,  )  -  o  fo r  every  t ,  by  EG-A r r l  (+ .e .5 )  * "  in fe r  t t ta1 ,  obr ink ing
. ^ t

t a l i ttte bit, r/x-x X o'/x-x . r,et' o i . ' o

s" t  i l  X -&r . . .  r * " ]  and Uo =  U l " lXo .

x1r .  . .  , x  be  the  s ingu la r  po in tg  _e f l  Xo  r  and.

Then U i .s smootb, U^ i l  an effect ige_, i : i redu-

divisor on U; f/U is invert ible and F/U-U' E OU/U-U 
o. 

Therefore there is an integer



s€ Z sucb that  F/ ' , t€  oU(mU") .  S ince o^(*xo) /UYO6(mUo),  OX(mXo) is  inver t i 'b1e,

F is  re f lex ive  and"  X-U is  a  f in i te  se t

t n  n a . r . t i a r : l a r :  F  i s  i n v e r t i b l e ,  o r  e l s e
l r r  y * f  u r v * - * ,  t  r

f r I

UI | * '  / x  i s  inver t ib le  ,  and reca f l ing
. ) t o

we i i r fe: :  that OJ:*/  1" i t tnurt ible and
X

/ \ o '
t 4 l

1J\ ' l  /X .  i s  no t  ample  fo r  every  t  /  o ,
v r +
N U

amp1e. 0n the other hartd., since g (;to)

_ f 1
lary B'  in I  ZJ one c&n.d.ad.uce ,once again t ] rat

a l rd r  moreove?,  tha t  the  an t icanon ica f  r ing  o f

3'ssune now t bat l "  is Gorenstein .  First
o

any rat ional s ingular i ty.  I f  th is is not t rue, ev.ery rat ional s j-ngr ' l lar i ty of  xo is

a  ra t iona i l  d .oub le  po in t  because *o  t "  Gorens te in .  Then we can appfy  a  resu l t  o f

n:. . ieskorn-Tju:: ina (see e. g.  f25l$) ar: ,J get a simultaneous resolut ior-  of  a '- l ' l  ra-

t ional d.ouble points of Xor i .e.  'we can f i -nr l  a ccnplex neighbor. :rnood" Tr of o i l l  T

and a cc;nmutat ive diagran of corupfex spaces:

r / r -1( r ' )

@
I

such the , i  g  :s  p roper ,and.  f la t t  ( f  i s  f in j te  and sur jec t i y .e l . 'Y  i *  pTpper  a r rd  s t l r -

j ec t i ve ,  and-  
Y ' ,  

;  s=* ( t )  =  x ;  z  r '  
-  

(y ( t ) )  =  xp( t ,  i s  the  min ima l  des in -

g u l a . r i z a t i o n  o f  a l l  r a t i o n a l -  d o u b l e  p o i n t s  c f  X o 1 * r  ( i f  a n y )  f o : :  e v e r l - t €  f " .  L n
Y \ u /

l r . a * i a r r ' l ' r  + h i S  r o e a n s  t b . a t  X l  i s  a  p r o j , : c t j - v e  i i 5 ' f a c e  f O r  e v e r y  t € T " ,  a n d "  i f  
' l ' l *

! @ L  V L v v L r . L  t  
v f l f  

I  

r -  - !  
v

i s  t h e  l o c u s  o f  a . l i  r a t i o n a l  c l o u b L e  p o i n t s  o f  X . ^ / ,  \ r  i h e n  t h e  r e s t : : i ; t i o n

,  t t  u  ' '

X , . - 1 y , *  ( W  ) - - - Z  X , ^ r ,  . - W ,  j - s  a . n  i s o n o r ' - r h i s m .- - t  
I t  ' t '  

9 ( t )  t
Return ing  to  our  sp5c ia l  s i tua t ion  we ge t  tha t  fo r  every  t€T"  such tha t  p ( t )  /

I

y '  o ,  X t  i s  l s o n o r p h i c  t o ^ P 2 ,  r . r h i l e ' f o r  e v e r " y  o '  6 T n  s u c h  t h : ' ' i ;  
f  

( o ' )  =  o r  
" ; ,  

i s

the  min : - rna l  d -es j -ngu la r , i za t ion  c f  a l l  ra t iona l  d "oub le  po i -n ts  o1 'Xo.  We obta . i i i  a  con*

t r a d i c t i o 4  a p p l y i n g  ( a  s l i . g h t l y  m o d i f i e d  v e r s i o n  o f )  n r o p o s i t i o n ' ( ! )  t o g e t h c r . w i t h

t h e  o b s e r v a t i o n  t h a t  
S ( X ; ,  )  )  5  

( X o )  =  1 ,  b e c a u s e  t h e r i  X f , ,  c a r t n o t  f i t  i n  t h e

)
s a m e  f a n i l y  w i t h  P - .  

2

T h e r e f o r e  X o  i s  e i i l r e r  s n o o t h  ( i n  w h i c h  c a s e  i t , i s  c l e a r l y  i s o m o r p h i c  t o  P - ) ,

o r  has  on ly ,  non- ra t iona l  s ingu la r i t ies .  In  t i re  la t te r  case X^  is  corens te in  and
o

- l  
' l

t ry - '  i s  ample  (beca. . "o  A j -L  i s  inver t ib le  and.  we have shown tha t  there  ts  an  aTt I* x x
c l .  O  "  ;

of  po in ts r  F  i s  i -somorph lc  to  O-  (mX^) ,  anc l -
/ ^ \  J L '  o

Uy]-^ /  is  : . i :o  :L i rver i ib le .  I t  + lo11otrs  that
r L  / - \  / n \

that C^+ / i" th* d-oubl-e dual of fit-)*t /xo,
u  

/ "  \

c oj.ncid-es t o aT" '  
/X o. 

ivlore over',  since

i tcA I I I  (+ .1. t )  i rnp l ies tbat  (^r (a)  cannot  be
/  - \  

-  ] (
^  t - @ t

= 1r  Qf ;  '  i s  necessar i l J r  anptS.  By  coro l - '
, u o

X is  bhe an t icanon icb . l  nnot ie l  o f  X '  ,
O O

Xr  j -s  a  f in i te ly  genr ) ra ted .  f i . -a lgcbra .

of, eilL we shon that X cannot bave
n

- t l r n t  
\

I
I

I
f f ' =
Iy/

T l

v
I T

I
I
I

o lo l
Iv

T r t
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such that CtF;- ts anple). 3ut

I
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the classif ication of these surfaces is' :kd,qwn (see
o

F?I * 
"U*J),  

Since Xo bas at Leas.t  one non-rat ional s ingular i t j r ,  f rom lhis classi-

f icat ion we read. that Xo is 3rr el l ipt j -c cone. (One could" {ed.uce that X^ is an ef-
o

l ip t i c  cone a l .so  d . i rec t l y ,  by  us ing  on ly  the  in - fo r r , ra r ion  g iven by  theorern  (16)  to -

ge ther  w l th  the  argunent  o f  the  proo f  o f  theorern  (ZZ)  be lo ' , r " )  fn*  d .egree o f  th is

cone can be eas1ly calculai ted:

d' = LJ*r '
I ^

v

The proof of t l ieorem (af )

't

t ha t  P ;o ,  supp (o )  =  Supp(u - ' ( " ) )

t heo : :em ( fg )  even  i f  x?<o .  Le t  E
- r  . .  .  I  o

- t
0j_-'

A

i s

-1 -1
= (Li. . CIY, =

, l L  n .
+ +v v

c oroplqte. Q. E. l ) .

ora(3 ).  o"a,(3 ) = 9.

\ zl I 
' l 'ne oren. I l l_L that X is Gorenstei.q ancl the

o-----..-.:_*--| i |

genera l  f ib r .e  X*  i s  a  rgab: rona l  sur face .  Then X.^  i s  e_ i ther_ra i iona l  ( i .e .  Xr  i s  ra -

t i o n a l )  n i t h  a t  m o s t  r a t i o n a l  d . o u b l e  - l o i n t s  a s  s i n 4 u l a r i - t i e s .  o r  X t  i s  r u l e d -  o f

i r re6uLar : i t y  one_and L . ,  has  prec ise ly  one s inpLe e l l - ip t i c  s ingu lg@

sib ly )  f in i te l . l 'many ra t ioqa l - .d "oub le  po in ts .  fn  the  la t te r  case the  suppor t  c f  the

ra t iona l  doub le  po in ts  €  X

I ry€ .  I f  x^  i s  Gorens ie in  we have p* (x^ )  -  o  fo r  every  n )7r  (even i r  r f  (o ,
_ o  n  o  '  

t '
see  WiLso"  W)) .  Then theoreru  (ez)  fo f fows f r :on  the  c lass j . f i ca t ion  o f  Gorens te i r r

surfaces with vanishing plur igenera (see p] 1 theoren 1{,  o,  B3f ) .  Therefore the-

orem (Ze) :-s a sirnple consequence of soi le known results and. i -s inaepenO.ent of tho,,

th 'eory d,eve'1bpec1- 1n this paper.  However,  this theorem was the start ing point i1 , :

our  i -nves t iga t ion  o f  normaf  d .egenera t io6s , i ,63  ra t iona l  sur faces  (more  prec ise ly ,  we

got inlerested- in.such klnd of problerns by try i f -rg to answ"t u,  qo* 'st ion raised by
t t

F .  C a t a n e s e  c o n c e r n i n g  ' b h e  n o r m a l  d e g e n e r a t i o n s  o f  P - X P * ) "

0n the other hernd, theorem (ZZ) can be also cled.uced" using only l l i l ,s.cnf s result

n r r a * a d  F  h n r p  + 1 ^ 6  ̂n ^ .  l ' t  c \  e  - , {  a  f  e W  S t a n d . a r d .  a r g i : . n e n t s  c O r l C e r n i n g  t h e  G O r e n S t e i - nY 4 v e v u  
g / w v v v t  v u v v r v r u  \ * v , /  

* r r *

non-rat ional s ingular i t ies, as fol lows. Everything is clear except the facts that,

i f  Xt is non-rat ional and x is the only non-rat ional s ingular i ty of X ,  then tho
oo

- J - ,

i r regular i ty  o f  X '  is  one and the f ibre u 
- (x)  

is  i l . redUcib le.

To prove these two facts ,  1et  l  be the 1*c1ua. ] ia ing; id iv isor '  o f  .  (xorx) .  s ince

(Xor")  is  Gorenste in-D can be s imply  def j .ned-  ot r - t+r€-- f 'or rau la (see [a l )

,{ tOy ) E fux,g ox, ( l),'  
I ^ '  

n  ^

Since Of  i s  inver t ib le  i t  fo l lows eas ' i Jy
la

o
a n d  A n E  O n .  3 y  W i l s o n r s  T e s u l t  w e  s a n  a p n l y

) ) D

- + t  \  . ,
l b r e  u  ( x ) " i . s  +  s e c t i o n  o f  t h e  r u l - e d -  f i b r a t i o n  T ( ,  a n d , t , h e  f i b r e s  o f  u ,  o v e r  t h e

are  ccnra ined-  in  t l ie  degenera ted  f ib res  o f  7 t .



be the sect ion of

t h a t D = E  ( t h e

an e l l - ip t ic  curve

S ' r f  ' T  =  D-E  .  I f
n

f f  giVen by theoren (fg). Ewrything wil l  be proved if  rre sb,ow
't

i r r - ,duc ib i l i ; y  o f  u - - (x )  la ing  c lea t r ,  wh i le  the  fac t  tha t  Eo is

o.nrnl  no from the equal i ty Ct l^ = O-).  fv1 anJ case we lnave D77E .
w v l r l + r l 6 } 4 v r l y D . o

Y), ,  we have the exact  sequence (conpar ' :  w i th  f t4J,  proposi t io i  1 .1)

o *-----+' Or(-fo) ---*.0I - 0r^-'--?' Dr
v

which yield"s the exact sequence of cohoi lology

- , o r ^  \  o , -  \  ^  - - l r n  ( - a  \ \  . .  

- l  ' l

| i  ,uor* i1o(0n^) = C ----> 
" ' (Or{-En))-> 

u*(oo)-----+ i t - (cro)-+o.
u

,s lnce 
the f i rst  mi ip 1u sr:-r . - ,ect ive and. the last on€)l  a4 isonorphisrn (since the

g e o r r e t r i c g e n u s o f ( x o , x ) . " P a 1 n o ) ) , w e g e t g . ( O I ( - ' o ) ) = q .

0n  the  o ther  hanCr  - t ,o  =  Y  - . l , toge ther  i . r i th  the  d-e f in i t ion  6 f  )  and the  fac t

tha |  W*  is  inver t ib le ,  imp ly  tha t  oy( -Eo)  E( tx ,8  O* ,  ( f )&0,  ,  and"  there fore
i o oo  r  1 . - .  1 .

o*(-ro) n 6".  Therefor"  f l ' (or(-eo))  -  ts ' ( t tS;r) ,  and- by dual i tv on Y ,  g*(0r(-ro))*

a-Uo(Or )  /  o ,  a  con t rac i i c t i on .  The re fo re  T  =  o r  o r - ,e1se  Eo  =  D '  Q 'E 'X '

1 1 '
(Z: )  f t  is  wel l ,knorrn that  every snooth d.eformat ion of  P- l  P j -s  iso inorphj -c  to

the  su r fa  
"  

F , "  =  r (0p . r00p1( -a " ) )  ro r . so i r l e  eVo .  f heo rem ( ' i z )  t oge the r  w i th  a  d - i s -
I E

cuss ion  wh ich  is  . r_u i te  s im-= :1a . r  to  the  las t  par t  o f  the  proo f  o f  theoren (21)  y ie ld :

1 1
(24) gorol-lary. !:g-g$1 no{gal Oorenstein def,eneTgllonq o.L FrX P- e{g (gg-to

,  ^ J  - 1 1 i  - ! l  _

i sonorch ism)  i l : c  fo l l c i r ing :  F . -  ( t77o) ,  the  quad. ra t i c  c ; i i i e  ! t  P ' ,  o - r  an  e l - l ip t lo -

a
cone of c legree B in P"-.

(25 )  Fome_ope*  ques t i ons .  a )  I n  i he  s i t ua t i on  o f  ( r ) r  i s  i t  t r ue  tha t  r - (Xo )  =

J p (X, ) ror eyerJr n77I aritr t  /  o ?-  . - n . . - t t  - - -

The ans , , re r  to  th is  ques t ion  is  ygg in  the  fo l low ing  cases :  Xo smooth  (even i f

one dea ls  w i th  ana ly t i c  d -e fo rmat ions ,  see  l i ta rc "E lS} ,  o "  Io  Gorens te in  and Ine  Ko-

d"a i . ra  d imens ion  o f  X ,  i s  /  f  (see  l r l i1s  
" " f2AJ) ,  

o r  Xo normaL and-  e i thbr  n  =  1 ,  o r

I .  r u l e d .  a n d .  n / I  ( t u t  r l / o  t f  X .  i . s  r a t i o n a l ,  s e e .  t h e o r e m s  ( 1 5 )  a . n d  ( r A )  a b o v e ) .
t t ' l ' o

' r re  ' tha t  th ;  on l , '  d - * renera ' t ions  o f  P2 are  the  cones  f rom (Zo)  IU)  fs  i t  t rue  tha t  the  on l ; '  degenera ' t ions
. t l

c)  nhe same ques t ion  as  U)  bu t  fo r  P*X P .

\  -  I t t  ^ -  - ^ ^ -  I.  ' lTh* ansT^rer to.  quest ions b) and c) is y j ,g i f  Xo is Goienstein ( theorem (e1) p.na I

t ,  O r : e s t i  o n  c )  i , i a s  r a i s e d  b y  F .  r a t e  d i s c u s s i . o n ) .  ; ,cor< . ,11ary  (24) ) .  Quest ion  c )  i . ias  ra ised  by  F .  Catanese (p r iva te  d ' i scuss ion l

Independ.ent ly of th-6 problem of d.egenerat ions of surfaces, one can formulate:

d )  G ive  a  c lass i f i ca t ion  o f  a l l  normal  p ro jec t i ve  sur faces  Y w i th  pn(Y) ,1 , *3

lo r  every n) l  (and"  eventua1ly  q(Y)  = o)  genera l iz ing the s i tuat ion f rom the G9:

renstein case (uuu f g1 ot Lu3] j .
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