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LOCALIZATION: AND NATURAL SHEAF PROPERTY

IN STANDARD H~-CONES FUNCTIONS (1)
N.Boboc - apnd. Gh.Bueur

T. Natural localization in standard H-cones of

fTunecEions.

thtraduction. The aim of this paper is to develop a theory

of localization in a standard’ H-cone of functions. S on-a -set X.
It dsg essehtialy different from hhat developed in €1 Eor i 4 j

and they coincide oﬁly in the’céb@ wh@re-th@.axiém of. polarity is
fmllfiléd, Tt tura out that this new typ of localization ié more
adeguated even in the case of standard H-cones of superhérmonic
fuﬁcﬁions dssociated with;an g@xrmanic space on a.jpcally compac:

gpace. s

We szucceeded in improving some results from the theory of.

standard H-cones ° . using intensively. the tool of absolutedy
continuous resolvent associated with a standard H-cone. .. =

1f G is a fine open set in X then we denote by S’ (G) the
set.of-all positive'functionﬁwﬁon G-which are finite on a .fEine
4 - & . ; B

"dense subset of G and such that there exists.a gequence (s ) -
in's, Sh £ o9 such that

e -t
B

. X ﬁt (04 ; : o o
“n Bsn ixf _“”
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G : L g : g
e gre B 2XG 1s the halayage of §, 00 X\G. ;
- x 1 ; ‘
We show that ¢’ (G) is a standard: —-cone O*c functions on ¢

G e 57 (G)

4

is & pre-sheaf, Also we show. that the fine topology on G given

«by 8Y6) coincidas with the induced fine topolojyy of 3 on'G and

4%

a similar assertion for the natural topology: when ¢ is open.
JLallj cme complementary results on balayage theory cn
! {(G) are given.

In the second part of this paperm:we deal with the*natural

sheaf property for the pre—~sheaf ¢

> 8’ (G) considered above,

1. Preliminaries and first re=sults

Indshis papef S wili bé a standard H-cone, Many coﬁcepts
aﬂﬂ results concerning the theory of standard H-co nes which wilid
be used may be recover inﬁjf] :

So we.recall ﬁhat whenever a standerd H-cone g is qiveﬁ,

a natural dual H-cone denoted by S%may be associateﬂ with S. The
Plencn s 0f s” are called H-intégrals on S. In eVery,Standard
H-cone 5 we distinguish the subset SO of all universally conti-
nuous elements= Thezcoarsgst tonlogyvon SK for which all the

o

functions

are contimwous is called natural'ﬁopology on Smw ’ L2

e e e - X

The.gset s* endowed with the natural topology is a completel =

separable metrisable space.
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The coarsest topolcegy on §° for which all the functidns

B8, oo ﬁ;{( c;) (o]

pesd

; : = . b 3k
ar®e comtimious - dsicalled the finerdopologyron gy

In many situations S is given as ‘arstandard H-cone of func-

™

: —~ . . Z . : 3 b 1
tiong on a.set X. In fact in this case ¥ is-a sakset of & .:such

¥

that:
a) s&t iff sx)stx) (V) xéX.
b) 8 separates the points of X.

)

¢) § is a min-stable convex cone of functions on X such
that inf (s.l)& 5 for any . s&S.
any standard H-cone may be represented as a standard H-conc

‘of‘functions namely. for any weak unit u of § we consider the sei
i 04

X ofs all ‘non-zero’ extreme points of the cap

e , -

; | v K ] & ‘Z‘
) : K,i:§ RES {/w(u) SR
g = &

ok S% endowed with the natural -topology and then we identify any
N

element s&S with its restriction to Xue Thus S becomes a skan-

dard H-cone of ‘functions on b < This is. the caneonical represeis

B
Y

tation of S associated with the weak unit u:and it possesses the

P

S e

following remarkable property: the positive constant functions

belong to 5 and any H»integralaf%-such thaﬁjﬁ&ﬁl)éiﬁm is repre~

‘sented as a Bdrel measure on X .

i

|5 . i

3 w = it 3

i% Ti general if-§ is a standard.H-cone then S may be identi-
b . ; A e O : : WE

ggled with 8% convex subcone of g 7,%g+is so0lid in § with respect
lg ] : ¢ I

" » R + ., Fi

Yto the natural order and § is dehse in order from belcw in & .

iy ; ' 5
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% - o g - -~ - .
S may be adentified with the standard H~cone § of all functions

f on X, which are finite on a dense subset (with respect-to the
natura liee sfdne ttopology) of X amd such that infils,f) beléngs to
s for any '$&S. Thus, from the definition of § it -fpllows that.&

containscthe positive constant fupbtions. so it is no loss of

N
th

general ity " we suppose that & standard H-cone of functicns con-

0

tains the positive constant functions.

~

Suppose now that § is a standard H-cone of functions on ¥

wuicn contains the positive constant fungtions. Then the function
1=1, is a weak unit of S and we may consider the canonical repre-
sentation of S on the set Xy e dthis way X may be identified

with é subset of xla-If ﬁ%PGSS%uis such that there exists a Borel :

measure.meon X (X endowed with' the natural topology), for:which

5 Il _
/;i..(s'} :; sdn (¥ se&s,
~ &

5

we say that j? s .an H=measure on X (with respect to S§).. The =&k

B . ,
X is called _wturateﬁ i€ any A &85 With{&dljﬁﬁﬁ niig an fl-mea=
o A : :

S .

sure on Xowbrionsly X is saturated iff ¥=% For anywsé& S we de-

1 ...

“note by s, the function on X, whichsextends natural s and by.Sl
i :

1

the set

54

=S8

it

et
L Loty

Sl[ S.

e

The pairx (Sl,Xl}

is called the natural extension OFf (S, %) and Xl

o called the - sa*urats“ O % .

TE A is a subset of X dnd segs we conSLder the redulte ‘O w5

on A'

Ri:;inf {s’& Sl g'2s on A }
&



and. 'the balayage of s on A

A ' ; f - ';,l*
v, 3 F £ 5 ¥ —_— .
B =: Ais'€ 5|s"> s on A £

5 G SR o

‘ A

o on BxA. ITf A ds - fine cloced-and

P

B.=s on A for any s&S then A is.called a basic set. Any basic
set A is ‘a8°Ggp subset of X with respect to the natural topolaogy

and the map

A
B S meinS , B (s8):=PB

is a balayage on $. The' set X is_called nearly saturated if, con-

versely, for any balayage.p on'sthére exists a basic set Ac X

- > g : . 2 . l ) i
such that B=B". In this case A is uniquely determined and it is

called the base of B and it is denoted .by b(B).

Bax

- A subset A of X is called thin at x &X if there,exists

§

3 & - .7\; . 5 . T
SeS such that BS(X)< 8 (xyw The~set of -:all points x e X such thet

Iy

A is'hot thin'at w.is called: the bage of 2 amd it ls denptad by

£

b(A}y. We say that A is totally thin'if A is thin &b any point s

th

ba

Also we say that A is semipolar it is a countable union of

S P N e D

totally thin sets,
If X is saturated then it is nearly saturated. Generally

X will be nearly saturated iff‘xi&§X is negliqibie 1.0, any-comm

pact subset -of Xl\WX is semipolar (withgrespect tothe pair

(Slﬁxl))_or equivalentiy.any'A@@sﬁ.is,an H-measure on X.

<

e B subset A of ¥ Is called polar if'BizO for any .sé&S. i oll
‘Suppdse that § is a standard H-cone of functions onra,pearly ;

saturatediset X, Fox any balayage B on § we denote

S A e N : gt i



The cet d(B)

=

fine open and the set of 'all furctions.on

i
d4{B) ©0f the faorm
o S 5 ? ’. o : ; o8 ”
(el s o) S&S S < O : ,
? L S BA S
is a standard nI-cone of functions on @ (B).which is denoted, by
Spﬁ We denote by SP the set''ef all functidns fon d{B) which are
2] 3 / : : : :

finite on a fine dense subset of d(B) and for which inf (£, £) & Sy

for any t&:SB

e

set G we have denoted El) by

“ “For. any fine open S(G) ‘kthe set

of ‘@ll restriction to @'&f the functions fgfsB where B is the grea-

o
(o)

test halayage on whose basé lies in X'\ G,

: %
In this way $(G) is a standard H-cone of functions on G,

Pt i ot

namely 8 nearly-saturated representation-of the standard H-cohe.

e |
Qb 1‘. @ \"
B \

4 :
\Definition. Let S be

-

G

standard H-cone. Then an elewent s€S

univers

TS

ally bounded if for any weak unit u of ' we have

is called

8¢

PN

¢u for a suitable o & R -

proposition 1.1, Let § be a standard H-cohe and let s&S.

A . o e R Bt e e

Then the fcllowing assertione are equivalent:

W3k ; ;
YYeilo e 80 LS (s) o

2) s-lfscpniversally ‘bounded, @ awi
F 3) There exists s ¢&S. such that s&£s .
] o (o} @

o

prowf. 1) =% R2).Let u be a weak unit of 5. If we “suppose

ey

] ¢ . ox ; SRl T3
that s :}é’@{u for any o\{@.RJr then fork any.n@N there exists /,cnﬁs
such that.fér(s)> 4Qf{n(u).‘ObviowsI?“We?may suppose that

: f&n(u)fl and thus the element 3¢g

: o
Vw=:> LY
v Toae



e
: : B o yiler
belongs to §° . we have arrived to . the contradictory relation
: @ e
&Ii';:;'wyzmﬁ s 3
+ 0GP MU (g) S T (a8)2 # 1 D_aed :
r/r‘ =l 0 o n )) Lo P (e n s ) : >
S =l 2/ n=1 2
2)=3»3) Let u be a weak unit-of S and let (sn}n be a se-
guence @f.SO increasing to u. We shall show that there-exists
n&N sugh that s gc@sn“ Tn the contrary case there exists
(s 15270, ge (s)=1, pb(n) <+
n' n /

and
sueh- that /Aﬂ
. 4

e # 0
(Ae o s*

sequence |
5 / 10 it
for any ne&Nn,

We put,
:.2“"“(1,+l£3 y il
U

R s=ousup AL (u
ﬁn 1£k2n ik (W) 7 o)
: hcdy ‘

Gy .

& 4 it follows: that . .=

B Vg
s o Sl
k™k

}\."‘: e

]
o+ and since

Singe &
n=]
; §ould
Vo= kask . &t
k=1 ‘ = |

is an element of S and moreover v is a weak unit of $: Using the
lypothesis,” there exists f?)o such that S:&ﬁVR For any ne N we
have ;

Wr}...‘
N £ ot
it Pt
s )&la EZ o{ +!3 $§éz~2 o
s k=n+1 [Qk .

o
/gk n+J/ 5#

is finjgte on

1:/Mn <ﬁf£4(v

is a-:contradiction.
from ‘the fact that any MES

S 1 e o P
follows fron
-]

3) 2 1)
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Definition. Let S be a standard- h gone Qf functicns onis

=

set ¥. We say that X is semi-satucated if any H=integral on

S

S

‘dominated ‘by ‘an HWMudaufo on. % (wit h respect to §) is also@an

£ o

H-Med S e ~OR= %

Since any ii-measure cn X is a @ -finite measure on X then.
S will be semi-saturated iff any H-integral on s dominghed by a
finite H-measure is also an H-measure,

copogition 1.2, Let S be a standard H-cone of functions on

v l

the fcllowing assertions are equivalent:

- a set Xx.and let (S,,X,) be the natural extension of (S,X). Then

Jonet
vl
2
0]

semi~-saturated
2. any compact subset of Xl“tx i8 polar i ‘ e

3. any universally bounded H~integral on S is . an H-measure

BN,

\ : i 3 “
Egggﬁe 1)=52) Tet F be-a compact subset of X. X and xe& .

We consider .the H-integral on S defined by

i

where S, is’ the natural extention of 's to X. and %Bg .means the

1
. ;
balayage of s, onF considered in Xy . Tt is known that theve exlsts

an unique measure fik on Xl such xthat

1

"j

:p

ey (Y) ses

lcarried by F. On the othérrhénd’s@nce

N S

and this measure is

‘sE (x) s, (r)=sx) =€ (&) ix
sy L ;

it follows, from hypothesis, that-Ehéreirexists a. Borel measure “G&

on X such that



~ 9

Obviously may be considered as a measure on ¥X. which doesn’t

i
/:f‘vi“? = Q %
¥

¢

% Ry

v

charge F. From the preceding considerations we get ’iz

2)=> 3) . let E&5" be such that it is dominated by an ele=

% y =, 2 BET oI T ¢ A
ment W& s;. Sipee X, Jo - sagturated and(ff41)$§y(l)«b+w¢ it fol-

lows thatdﬁ& , ¥ are H-measures on X Since 3}@ESg it folklows

td

that for anis compact subset P of X

lc

1“\X we hawe: i Mo

and therefoxef& may be considered as a measure on X. The assertion

3) follows -now using thé preceding proposition.

: : g2 2 5 PRy : -
3)=D1) Let €S and let m be'a finite measure on X such
¢ ] / 5 ; i _

€

S}nce/&(lﬂéjﬂdm«iéo,/u may be considered as g-measure on X, .
ZWe wanl to prove that /@& doesn’t chargﬁ_aﬂy,compaqt subset of
;Xlxgx. First &e‘shdw that any compa@t -partid oé Xl\gx is-polar
gwith respecﬁ to_the paix: (S

Ehap‘ }& defined on S, by e

¢ X

3l

e R o
T3 o W = ) e =
l)i_&ndbed fok any ) Q:SO (Sl)O the

£

S e ' b 2 LA & 3



is an H-integral on s d-u.«"i'l&fs.‘t@d by anid

-

S 3 T g 5 o : . : s N
crsally bcunded H-integral on $. Using the hypothesis >

measnre on iaaeon

£5%

e ' g L
the other hHend itdis known {~“4, ., Prop. 4 Sqiﬁ}

o

that )«71 is an H-measure on ¥, carrvied by F. Hence: }.=0 for:-an

3 W e Jr .
N 87 and-therefore
Ry B !

} 'r e’ 4 d
Sel E“"} Gh[‘ :

anfahfsa

: ; Xl
- l jﬂ:‘l’( e i‘; ‘ i Qe 2
dm X j"RdMmLinf 4is dupls€s ,s. 21 on F =
c:F, / &k ./I 'cf A i é L l e

and so ge coesn't charge the compact :-subset 'F .7 % :

PVOL\QlElOU L3l S de & stanuald H-~conerof funct lohb on

a semi-saturated set X and B is a balayage on S then thesset
d(By=XDb(B) is semi-saturated with respect to the.standard H-cone

of Functions s{din)).

-

'Progf_.‘ Let[u@. be an H-integral on.g(d (B)) and let » be a finite

Hemgasure on d (B) with respect to §(d (3)) such; th’at/«(uﬁ‘i Y. We show
that /’uﬁ. is also an H-measure on d(B). We denote by ¢’ the.map"

from § into E; defined by
/’“ gy /!m’ -,
'ObViOusly/Q~’ Lscan H-integral on §'and we have

> L' (s = £ "'\.‘; =. d : % ‘ef-j
S A /U., (s) /u(‘; {C{(B) ) '} ( Cﬁjﬂ } fS })’ : ‘ o
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Since Y il <o 1E follows that 4! (1)€e¢  and therefore, X ibeing
: : ;
[ .
semi-satiurated with respect to g, ¢! 45 a measure on X..l'or any
;;
bounded element s of S we have

% 7
P i % P e ' =
L ts i =BslE M (8)=- K (Bs)l= U (S]ps 0 )" 1 (Bs| = L(s-Bs)
/ / i : / I (8 7 !@f(}j'} /

/"*:”sf‘.‘ ) (s=Bs)= um' (s-Bs)= . (s-Bs) .
{ P4 4

Gl Aﬁ; 4

o

EHy element u of ${d(B)) being the limit of an increasing

sequence {sntsn)n where 8 is bounded for any n we deduce that

\

Lemma l1.4. Let 8§ be a gsta

\ PR eSS —

d=cone of. . functions on a
S ; nearly satyrated set ¥ and let (s ) be a sequence in § zuch

that the furction f on X defined: by

iy =lim iint s (%)
n —pol

.

4 : is finlte 63 A dense subset of X. Then the lower semicontinugus

P S :
Yegulapisation £.0f f-belongs to §, namely:.

Proof. Let (sl,xl) be the mastural exfension of (S,'X)Q For

§ 2 Lo e ik
‘any s€S we denote by s the extension of s to Xy« We consider the ¢

5 : : o~ )
risequence (s_).. in §

) , and for any nelV the function f (resp.q,)

- ' ";on X (resp. Xl) defi.zled By o e T G e ;

{3 () = W»’ZA (=) (fi}'ﬁ"xbéfmiﬁ/‘f‘te@’)“

3 e o
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Ccbviously the sequence (fﬁ}q,increases to £, the sequence
L 8 ¢ .. ; ey :

+

& « 5 % o & :
. . 5 5 2 -
(9,), increases to a furction g on X, and we have
- : ; A ; . s e 0 Tt
N St OB N Lo B . g A s dhon
: 3 kzn kzn ken =

“for any né& N, where fn (resp,“gn) is the lower semicontinuous

regularisation of £, on X (reBpslof g, -on X)) . Hence we have
P ~ A > ) ~N .’\‘ v » s oo : .
fn_qn om %, Efn < fn] C[gn< gn]"; (V) n.c:N -

and therefore

*® % o “ .
% B 5 L

e
g

.‘[sup? <f}=X_('\EUP n(@l e

neN - neN

S : ‘ Rl s i '
since for;any n€N the set([gﬁ<;g ] is a Borel semipolar

-subset of X, it follows thatwthe;set

A -y :
M:={sup g < 9 | _
neN

is a Borel' semipolar subset of X, . |
By hypothesis the function £ is finite on a dense subset

of X and therefore (see-Elj;Théoremé 3.1.5, 4.4.4) the function

~
sup'fn (resp. sup 5}) belongs to.8 (Lesp.'sl) and : .
nEN N e R e i ot 8
Sl R
Soosup f.=sup g, °n h
neN n&N g
wWwe show now that f=sup fn,:rﬁdeed¢=from the above conside-
n N :

rations we have L A
; A A
sup fns £ f
neN



anda Hyz‘ set.

)

A A
D:=Esup fn< el
neN

ls fine opEf ineX and & is copcaﬁ..ned in M. We remark that: D=¢g
becéuse in- the contrary case there exists a balayagé B on Sl such
that b{(BJ/f A X CD. On the oﬁher hand since M is a Borel semipolar
subset of Xl we get that b(B)\.M is a Borel non-semipolar subset

of X,. Hence there exists a balayage B, on S, such that

i 1

Bi£B , Db(BICENY b(Bl)("\X=¢.

e ?

The last-equality shows that the balayage B, is not representable

]
on X-which contradicts the .'hypothesiv. e g ;

“eilemma 1.5. a) Let S be a standard, H-cone of functicns on a

set X"and let” Avbe‘an.drbitrary’ subset of-X. If s,te s aresuch

A A

- that s+B”t £ t+B% then we' have B£‘é§§s+85t; If moreover sA_B s

then s4t and BAsgBP"t.

b) Tidt u be a functdon onuX \A such that there exist a

sequence (sn)ncjs, S < ©0, and an elemépt tE&Ss quch that

Sn'~BAsn+BAt <t (¥) nexn,

A

(_sn—B sn)n’r‘u on: X Wi«

Then there exists s’ ¢ such that Bis's"s} t and s'=u+B"t
’ 2 . f 3 +
- on X NA. |

e

Proof. a) First we remark tl;@fﬁx‘?ﬁay ‘be supposed saturated. -

.Since for any polar subset M of .A: we have : = R



A__ANM A_ANM
Pt ! By=By-
: 4 ; f 1
then we riay supposesalsogthat s,t are £inike on' A, ! .

g . = ’ : e
In this case; using proposition 3.2.4 54?“@&?’1 Lﬂ]‘we bave

A P : )
R s= B‘sz G- fine open G>23A
/\L p ’ ;’ ‘% Y 3 y $
A 2 ;
B-t= ‘/*{Bt iG fine open, G 2A }

"On the. other hdnd S belng a standard H-cone there exists a de-

€ 7 5

c¢reéasing seqguence (Gn s of fine opszen Dubcuts of «¥scuch that

: AC,Gn for any néN and SuCh»tha*‘zj

A Cn /‘Q - :
BB s=lin B s gy
n 71 =y wod )

G«f"’“‘d;1

BAt==/“ B nt:lim' Bk i
n o o .

G 3
Slan foL any n&N the map u —#R T is a balayage .on S
5

we deduce, using (f'f ; PIOPOSllen 5.1.2 and Theorem 5.1.5j

that in the PI~con€ S & (wﬁe«m 45 = '}BG"'-) ampe Ha\/g
By * : 4
(; G g e 5
(s-B. "s; A(t=B "t)<€ t-B "t :
G c;n G '
un:=(s /\(t =B tl#B GEE.m e A
u et () néN.

Hence, for any n €N, we have
G G, G, £
U.n+B s=(s+B . t) A (t+B S e

G G :
Using the’fact that the sequences (B ng;)fn B 1'lt)m are decreasing

and passing to the limit in the last eguality: we get



G G G
Mo S DU e ; . e
Lim b un+ilm B SZlHLgJﬁllmgB-p£,t+llm B ns).
nepeo . n ~»ov n e3jco A ~3ee -
Prom the preceding lemma we deduce
e
w’.”/' S~
Timoint B &5
n =% od ‘ :
PR o e
.-f"'- f \‘\ A 'W g \ Gn
lim dnf u 4B s=lim inf v _+Lim: B vs= -
.n =>»eoo oI =24 nee=3 ol i sl
G ' G. :
. o n = ol ; A
=inf (s+1im s, t+lim B t7=:(s+BZé‘) 2y (t+BAs)=s+B fiiy

n =—>ucd n —o0

Hence BAS;3.8+BAt. It S/\BAS=O then)obviously)ﬁewgeduce

BAS:\%BA'C, sLt.
by “Since the seguence (Sn"B*]}Sh)n (s t‘ﬂct‘ﬁ&a?i%g” ‘ﬂ'ﬁ_"f)‘(\«}‘l‘ we

deduce’ that the sequence -~(sp-BAsn’) i increases on X. From the pre-

-ceding peint we get that the sequence {8{); " wheres

: A A
'-—-—-‘ -—

pizS Rls oSBT (V)_ nenN

is-an increasing sequence of S dominated by the element t&S.
Bence the function , T Fic

X w=-3 5! (X) :=sUp sx’l(x)
: nEN

belongs: to . SYapd it satisfies the required conditions.

o

2. Localization in a standard H-cone of functions

In this:secition 5 will be a standard.H-cone of functions on
L . : .

-.a nearlyasaturated set X. A sub-Markowian .reSolvent Z?E(y; )

\

o >0

fof kernel'sion X is called associated with § if its initial kernel
V is such“that VEf€ s for any poSitive bounded Borel function f on

‘X and such that Viliis a.bounded, continuous generator of 5.



Thegnem 2.1, Let ¢ %e a standard h-cone of functicns 0ii -4

AT T st e A S e 5

nearly saturated set X and let ¢ bhe a fine open ‘subset 6f X, Tt

a9 = . : ; :
e fur ther: 1= (Vg %{>0 be a sub-Markovian resolvent of kerihels on
@ - o " 4 ¢ " * -
X-associated with S. Thern we have:

a) There eyxyiste a sub-Markovian resolvent of kernels

%? \W )/Pq G (considered dak«a measurable JubspaMa of 'X) such

2]

that itg initial kernel W is defined by

Gt o b NG
W§=(v £ -B (Vf)).{g

o "where for any positive, bounded Borel function £ on G, ?’denotes””‘
a posiitive, bounded Borel extenition of £ to X;
| _ b) The convex cone Eig, of all excessive functioﬁs on G~;

: w1th rpcppgt to thn‘resolvcnt 2&} is a: btandard H-cone of functics:é
on G such that G is nearly sdaturatced with respedt t0 'this .cone.
Moreover we have: -for .r S, & s, t<o9/. st on X\G the res7t.rA.ic~~-

: 5 _
tiggyto G.-0f -the function s—BX\Gt belongs to'géﬁ,;“ahy”éiemeﬁt;*’
£ of éw, which is-dominated by the element: (t«BX\Gt){ is of the

G
\\Gs

(& .
form (V-—BX\ {;)[(, where vE& s ‘and B & vl g
: (= § i3 s

: : ;
¢) The fine tepology on G with respect Uaéékr coincides
with the trace on G of the fine tdp@logy of X with respect £5 g;
the natqrqi,topslogy‘on G with reépect Uaé%vdﬁsfiner then ‘the
atlace 6n G of the natural topology of X with réspeét to s and they

coincide on any open subset of X contadined inic.

~

- Proof. We denoté by/u,the Borel measure on X defined by

st

e

. > a,am i 5 "
/4(A):=;§: lHV(lA)(xn).
n=1

2

where' the setg;xn‘nerqj' is naturally dense in X. From hyrothesis

~it-follows that. v is absolutely continuous with respect t&)}@ and
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moreover, we have

f () =0 &= v(1 0 o

fk A

Obviously any closed-Borel subset A suczh.that fA(A)?fO is mot

totally #hen becanse the element Vil i3 nearly continucus.and

)
therefofe there exists a balayage bn S whose base lies in A. Hernce
any semipolar-subset of X is;m.~negliqible and therefore,ysing
the fact that forsdhy fime closed éubset F of X.the set L“%b(F)

is semipolar, f@ny''fine open subset of ¥ is/&£~mea6urable. wWe de-

duce also that the kernel v may be naturelly extended to the

measurdble functions with respect to the fine topology)preservirg
the comy¢c+e maX¢muw-pr1n01ple. Since for any/pc—negllglblﬁ sub~

set A of X we have

B, §=% (V) S &S

‘we deduce that any non‘empty fine open subset of X is not
/A~negligible,
“"a) obviously for'any'fa-measurable*positivebbounded'function

g on X vanishing on G we have

x\gvg} g o .

Vg-B

fjc’h ce for amz /,L LT EAS WA S ’]E" /”1:‘- e,.-_.{fflVf /;at/rfa'ecx funcf/r»}? J(
on F 3 [/v'\c fu. hc'f/u‘v\ oM L'7 & : -

s iy

wxrw vF - By

©

. - 3 ey Be N B ° -

1UA6£P f 1s an axoltrary pogltlve pounded figmeasurable extention of &

to x)does<not depend on this extention. so, from nowoﬂj\Wecﬁeﬂqﬁ

P

by f the canonical extention of .fai0 X defined by

I e e B0 S
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e = -
C 1if e WG
(Edh :

e :{% hc// /
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We show Lhatjw satisfies the complete maximum principle
and for any s,te&s, t<ev, t £s the restriction to ¢ of the furc-

ot X566y . ; ‘ %
tion Sfbuvbf is a W-dominant function. P

&

"Let f be a positive, bounded iBorel measurable functionron:

G, let f be the canonical extention of f to X and suppesge: that

vE-B M) - XML on [:E',> 0 J -

: al 5
- We choose a decreasing sequence (‘(mn)n oi-fine open.sub-

sets of Xisuoch! that ﬁ}x\@ and:syash that e T

: f‘; £ i "7
A B r’(’vf}-Bx\C(vf}, A B! : ‘)‘\G‘f‘
ne N : néN S

Since for any n,p€ N we have

Lo

(s-B ld (BFM P,
we deduce that
MGy e g \
B D gty & ® In @ new.
Also we have :
o el o e S
o 3 ey s S % 3 : n\
vE- e )es-B2 " on [ >olnam My
Since the:function on d(Brn) defined by ‘on- e o
: It Y\ o
w:=inf (VE-pB (\7%))5 = e RN -

g

belongs to § ol and it is dominated by Vf -B é’f) we deduce that



there-exists a,€ s such that
# &

i
iz = 41y o=
1=y~ < vi-p i) .
u=u, B u, £ VEi-r (JJ }

rrom ¢ ir‘f} N Propezition 5.1. 2) ahd from the inequality
- :

4

5 7 "» :
=  dnse z’: e
“VE=B Q.?f);g u on d(B 1'),@ Li by O:}
it follows that the element

i e
W, =utB’ WE)

[x

'be'longs t@u S, v;h——vf O NGB ))

£>0]

<
Fh
/N
X
O
o]
L

and therefore

! m‘;(- 5 .
V£ < W, on X
f’v s pn NG
VE-B WE)<u, -8 T &s-B" % on @.

THe-assertion a) fvollows'.now using Hunt®s approxima:tion. theorem
( ffij , Theorem 1.2.1).

' - b) obviously if we ’deno‘te: by A the.restriction of/a, to G
A follows imrﬁediately that, th_é xernel W is, absolutely continuous
with respect to /" Moreovei: if w(lA.)zo then A(aA)=0. Indeed, 1if

fA(A)} 0 then there Oexists nlea ‘hattﬁral closed subset of A such
that . (a’) 7 0. _Sincle A_V(lA,):BX\Gé'I(iA‘, )) .on..‘G we get

o

(o}

V(lAr)fﬁ BX\ G(V(lp;,)) con A’

Y

e : '
V(lAJ\»B z{/\}A,)) X



and therefore we deduce that the bildj ige B on.S dSSOCLafed with

—~

the nearly continuous element Vi(l,,) as ifx(fﬁg E%0yoo¢;~¥

AEBQL%li; equal to Zero, bocaucc b (B }C-n'f\(X\C)wgn Hencu;ﬂ(}ﬂf)mga

& 5 Y
/L(A’}:O which contradicts the relation AlB > 0. gince Wpis
absqluﬁeiy'contianus with respect to A we deduce that é%ﬁ-ig.a
bt@ndar@lﬁwconea We show now that any wW- 6Jm1nant functiogn foon e
which is fine ;ower semicontinuous and finite on a dense subset

wob G belohgs to ézw-ﬁ For thisg. ik wilkl be sufficient to prove

that for any SES, s<en the: iunvtvon

X\G )k )

: .4 : g:=inf (£, (s-E e | S

- bekongs théﬂJ« Using the considerations made in a). we deduce
that'g ‘dsw-dominant, Let g‘be the greatest element of é?myh sSughi e

that glig. Tt s kn0wn that W(L£n>.aj )=0 and.thérefore

/Az( E@wxﬁj)—m #Po.finish the proof it wxll ‘be sufficient- Uaﬁ@ﬁm@w
that\g is fine continuous. mefactfwe-shaw‘that tor any h & &;%y
¥ . = :
such that hrg (s-B° e )i" for some element s&§S, s<=o we have -
h= (v—BmGs)i o where v&S; vg&s,

Indeed; let (fn)n be a sequence of positive, bounded,
BoreX functioeme. on ¢ such that the segquenge (wfn)n increasessto

Since for any ngN we have

“ .,4 cvr (" '
RS ) e EhSsn s ong

' x\n e
vfn an)ssz S PR X

From Lemma 1.5 it follows .that, for-any n, the function vV, on Xy

-~defined by -



e afdoy

yF pXNE NG
i e

belongs te S and moreover vn.eg’ s <=4 . Chviously the sequence (k.
X )

increascs to an element v€S, v€ s Also .we have

xNée A\G

h+B S=y - On G, hs*/‘fB ){(-‘ "

From the preceding considerations it.foliows that.for any

s, t & Q,;w_ the function
G2 X =~y infs(x),t(x))

RElongS, £0 é?i)" Also for any s,t€S, szt, . t<eo -the funetion

iz BX\Ct,Z.C belongs to.éw,. Partichlarly Ehe "function"sth:;belongs
./‘? :ﬂ ] 4
to ,gjmxor any -s&€ S and Gogps- is a standard H=cone. of functions
D . :

on G.
v s;tegland st on xX\a thén for amy U_GSO r W<t .and any

né&N the set

:D:;:g Eu(s+%] ;

is open and it contains the set x\G. Obviously we have - | =g, 4%

ol : NG D ENG
Stg2Bu ;. B (B, uy=B" “"u

e

and from the preceding considerations we deduce

: e 2 . : :
-1~+s E, u = é”z)’ (%-_ neN '>_~ :
Since nét?_and uéso s ugt are arbitrary we get -2
BX\Gt E:'. -é ©

ST e SERRE s LT SN ; S— § (Qw . : "__"“-;“



S, o 8
e
- o : . 4’:‘;}‘
We show now that C is nearly saturated with respect cmﬂém%?:!
St - : . , £ *
For this let ‘& be an universgally eontinuous element Qf émmfv»

We consider the real funckion ¢ on. .S given by

8 (s)=B(s])

%

Obviously @ “dis.amn H-integral on S. We show that for any decreasing

sequence (sn)n from S we have

inf@l(s )=§(As) :
B - B

s

Indeed,“since for any element u & é)wu and any element s€S, < a6

the function

3

e NG
G Xy inf (u(x),s(x) --BX Cs (x))

belongs to '@(M}" it follows that .any element u.of w;,is fine con-

tinudus on. G and therefore =+

(;f\snmf }/)'\ (el o) é.(é\ SnF"@'“'r{'ﬁn?{c;>=i§f9 ) e e

o

Since X is nearly saturated with respect to.S$-then & is an

o,

H-measure on X which doesn’t charge any semipolar subsget. QfiX.'

Particularly the subset

rX \ F(X\C)‘} \NG= (KGN '}’f (XVG)

=

e

is semipolar, hence G is @ ~measurable and
: :

e

m——

: B x\NPB(x\e))=8 ().

For any positive, bounded, Borel function, £.6ém G we have



B :~:t_‘h.e equallty

A Nl NG = . XNG = .=
G WE) = (wi-> "vi) | )= ((vf«B vi)dg =
G ad
f’ R T e
= J (¥£-B” vi)dg =) (wE-B" vE)dg = Gy (WE)
XWB (XAG) G .
e e B el e
and therefore ulg 1S a measure on G which represents @»=
c) From the preceding considerations we deduce that the

<
- ; A L : :
fine topo®ogy on'G with respect to 0% coincides with the trace

on G of thess ine topology of X WwWith respocﬁ to G Let now s €S

and;géig_be such that sl . We have

' X8G XAG
X =(0<"'BXCS)+B e en o

seusSi noe thedelements (of wBX %

X\G

s) ¥¢@(BX\GS)]G belong tx)é;ﬁ we deduge

G
that the furction (B s)[G is continuous with Eespect. e the
natural topology on G given by éZJ' Using tﬁ’}. {roposition 4.4.5
and Theorcm 4.4.6 there exists a Borel function ¥ on.6 such that,

0LV &1 and such that fori.any positive, boundeds- Borel function

g on G the function W(W¥-g)u:is l=-continuocus in %%@v, g =
i Let qﬁf be the function on X equal Y on G.and equal 1 on

X\G. For any positive, bounded, “Barel functicn £ on X we have

{
BX G

VO N =W (v E] O 5 Oy ot an ]

and therefore V(\y’f)lG is continuous with respect to the matural
topology on G associated with hy) - Hence this-tgpology die finer

then the trace om:¢ of the natuzal topology of X with respect tgo .S,

v ) : )
. Moreover if D is an open subset of X, D& G then from T s rluge

BX\GV(ty’f)){D is continﬁquéﬂwith

reépect to..the trace on D of the natural topolgy of X. Usimg now

position 5.6.14 it follows that (

<



e 5

U XAG {
eyl ], 5\

5 u"'f)}I

Y

4%

it

we get that“the trace on D of theumatural tovology on G with

respect to ey coincides with the trace on D of the aatural
£ Lp_“ }

topology of X with respect to g.
).
4 “Bpepesteion 2.2, L,et 5, X, G, &?mand (L be as in tne pre-

g

ceding’'theorem and let £ be a:positive function on G which is
finite on & fine dense subset. Then the following assertions are
equivalent:
= : ‘ : —£ine
1) For any fine open subset D of X such that D o G
wé have le({{S(D)g
~ 2) For any fine open subset D of5X-such that DG we have

£ lD&S(D).

3) Foriany balayage B on g :such that d(B)c G we ‘have Lg

4) Forrany fine open subset D ©f. X sueh thak DC G and such

X%D

that p is a balayage we have £| Gs (D).

5) There exists a seguence (s _) in:ig wsuch thatush-ahﬁnéﬁ?

nw'n
® e 7 "»(‘ .
(<) n&N and such. that'the sequence (sr—ax “sn)n increagses to f
s ;
N
el ANy e :
6) There exists a sequence (s #B t"’n increasing to £
+d 44 =

S

=he & 1 3 @ g F. : &
whue Sn’tne S Lty &oo, tn(sn for any mé N.

: . ; £
7) £ is excessive with respeect to 7L/ .

.Proof} 6)£ﬁ~7) follows from points b) and c) of the preced
:Wing_theorem; 75;ﬁ;3} follows from Hunt's approximation theorem;
5) =% 6) .fc“"‘ff’“"‘iv' G)=3)= 1y=7 etre ty fvt"&gx
2)=p 7). since for any xe G .there exists a fine neighbour-
_._hood @' of %.such that the natural closure‘g7 of ‘@5 in X 18

.contained ih“G we deduce that f is fine lower semi-continuous.

ey
L

o
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2,

It e how.eulfdclent (swe Lhe proof of point b)) from the

ey O
)

preceding theorem) to show that tihe fupction f is . Wrdominant.

Let for tiie g be-a positive, bounded, Borel funistion on X% suchs

that

\'ngBX%L("{fJ,,)Qf on G M fg 7 O:?

3
4

'Siuce Viﬁ is continuous we deduce that there exist a decreas-.

P

ing sequence (§¢

2)n ey Of open sui.asetsof X such ﬁllai: INGC |

(d) neN and

% (w‘
SEh y
/\ B \7‘”g =5 3\/5%{ ¢

p

n &N G d

——

Obv1ousj_y the fine open set D d(B I‘l) is such that an::G.
From hypothesis we have:
i
¥
{ @S(D ) B?r
and therefore

e & 2

. n
o= £ “p oy ..
SB[n o 1nE ( ,Vg B \/g) < \7§ B

& =

g (f V_~B Vg)zu—B nu , where u &S, \ug:vg < ey

(i

W0

= Q_? . i
u-B nu»}-B,nV £,
. : o
B e 0
n e = n
=B 4B : Vg‘;;vg on .\_g >O](\§1(B )
__?n : oo 0]
B VY {gv0ld,

N

t“l

r"?
,f+ABan"‘¢Vg i Rl TR

5)=>3). Let B be a balayage on S such tr_lat d(B)ggﬁ We show

that for any seS, s< @ we have s-pXtGg £S . We consider fonr

™



. ; 7
this & decreasing secquence (i

p>n ofwline open sets.of X such that
a»-v 5 2 3
(nE_X%»G and such that
< rﬂf
¢ : XS
/\B B
n
[ abs) : :
We denote B,:*B and we remark that B, is & . balayage on §
dnd we have
B ‘ T \
'n N DB(B)D XNG, By B 3B, (ins)” DN,
NG
: N an:BA 55 : R - : . .
¢ ¥ a
dB)Cd(B )G (M) DEN,
@ e 1 & X
femalf o ES.  Od) uENe
XKC . : 4 o e
. (s~B ‘s){ =sup (s5~B s)‘ Lot S . :
d (B > n td@l= B 2
Bl (B) ;
Dy e

’ XD
=4). Let¥ be a fine open subset.of G such That B.: thh @
balayage on S. wWe denote by-iy-thé restriction of f to D Asing
»the hypothesis it follows. that fer .any fine open subset Dy oﬁ7x,
“B—lg;D we hdve '

Coes Gl e e

From the above consideraitions we deduce that there exists
: et ; W : ey , XD
a- sequence (sn)n in s, S, <6 such that the sSeguence '\Sn—B

s
increases to &

ey [
»

Obvieusly

XAD" e

Lo sp7BT s,E SBX‘D- (@) n&N



(«%' ¢ s (D)
pefinition. Let 8§ be a standard H-cone of functions o1 a

wa denote

Hearly saturated set ¥X. For any:fine open.set G @f X by
s’ (¢) the set of all positive functions f on G such that

@) f 1s Fimite on a fine depse subset 0F ©

= . - : - ; e e
b) For any fine open subset:D.of X such @hat D « G-
£ ! :

we have f !Dé:SiD)*

From the above definition and from theorem 2.1 and propo-
sition:2.2 it follows that for amy fine open subset.G.@f K the

set 8(C) 1s a standard H-cone-of functions on 6
fine topology on G with respect to s' (&) coincid

t¥aes on<G of the Ffime topology of X with respect

A

ral topology oa G givén“by‘(s’(G,jo ig fipner then

of the natural topology of X given by S_ and they coincide i

open

AlsO we have
Bk\c

a) if is a balayage then S' (G)=S(G)

sych that the

es.with the

ol

g and the natue

ckhe trace on.e¢

fel e
i 18

G

b it G, + G, are two fine open subset of X such that

Gﬁ: G2 then

i : ' i
fe s’ (G,) .—;-,-,7 fIGl_&. S .(_Gl)

s -

Rt)m:‘,rk o I

¢ion on EGewhich is finite on a dense subset 0f G

;asseriions are equivalent..

1) £€58s’ (G).
2) fer auny open subset G of X such that

¢ is an open subset of X and £ is'a positive func-

then the following



e = o 2 ¥
GLC6 we have L%G s (@O)
0
e . =
o 3jwfor any open subset G_ .of«X such that G &G we haze
fi & sic )‘ : " X ;
- \ L
GO >
Indeed from the above propositicn we have 1)=% 3)=52).
: Por the relation 2)=» 1) letip be 'a fine open subsed of ¢

oo

such = thalt> D £€6:.and let Go be an open subset of X such that
DCGO ; -GOQ'.. G s
Since-+ S & S’(GQ);uSinguaqain the abdyve propoeition)we get

f[D" (f;GQ) in: S(D)

and therefore, the fine open subset D betngarkitrary . we ;LﬁkV@L

EEs i),

S Propoisitcion 2.3. Let G be a fine open .sub=et of Xyp-let
sSE&S¥e a finite element of 5 and let M bela subset efuG. Then

we have

M\ (XNG) NG M Ko
ph MG G AR

wherc for any fé S’(G),'ﬁﬁ

standard H-cone of functionsis’(G). Moreover if M is such that

means the ‘balayage of f on M in the

the fine elosure of M in X contains any point ne¢ ¥ ¢ for whiel
- XvG is thin at x then

BM\J-(X\G) Xe G AM XAG

S=B s=R (s~B Sy wen G

&

PR

proof. Since s is finite and 8 is a standard H-conewghere

exists ardécreasing sequence of fine open subsets (Gn) af Zrsuch



-

M« (X\G)C G” () nE& Ny
L,.n\/"\‘ ¥ -
D o
BMV‘X\G)s;inf B e s
neEN

From the relations

o e oy G \G .
B Papt e p B g Py s n® e on M W) newm

i

3 .' 3 \_r A ~5
B 's=B e>B (s~Biwsy, inf B ns~BX Cs;;BM(s~BX‘Vs) on - G

neN |

= ' = =
’s) is lower semicontinuous on G with respegk to

A
Since BM(s—B
the fine tépology of X, from the #gst inequality and the preced-
ing considerations we.get

M (XNG)  nXNG M, NGy

B B S 2 B (5B Yo en. Ga

w=Suppose now that the fime closure of+M in X contains any
point %e¢ XAG for which ¥aG is thin at xe'het-u &8hilG) be sych thet
* :
e s Vs om M, WesB Ps emel.
From the definition of S’ () there exists a seguence (shan
of finite elements of S™such that the sequence (sn-B}MG

X\GS

Sn)n

increases to U on 6. Since u £s5-B , and using Lemma 1.5)we

deduce that for any ng N the function

belongs to =5 and B s &t &s. The -sequence (tkﬂrxes being dncreas-

ing ard- dominated we deduce thatwthe function



beloag to S and moreover we have.

: XvG : :
t = u+B S on G, te2s én Maitt>p S

i

B ‘ ~—fine
Since t; s on the fine closure M of M and

= finc :
Pi = (X8G) ™ b (X$G)

we get

t?»..s on Mws (XN G), L; BMu 'G)S”. .

Hence we have

Miou(ceig) - Xe »

tL2 B s—B S R, G

atd ‘therefore ~ u being arbitrary..

AM X\Gg

B (S—B Mo(x \GE—BX"GS

SB

Sk > one =Gy

“Phecrem 2.4. For any fine open sets € ¢ 6, 0F X such .

that Glc;GZ we have

- e
[s7te,) T/iepes (615~

2. PEGOFE. et £ ES’(GQ)J'(Gl)'and let B be’a balayage on §
suech thae d(B)chl. Prom Proposition 2.2 it ig sufficient te show

that

flage €5,SE@E)
"Ndw;Aqincé ftd( B) belongs to [S G )]’(d (B)) the proof is

flnlshed ifiwe show that for any finite element s of S we have

s

e S G.ad(B) . X\G e
S
(8- “\GZS) - (s—-B é)=S~BS on d (B) Yo



oL equivalentily 7
S (X"(;Z)“/(Gz“‘d(B)) ,\;de(ﬂ) . X\GZ ‘X‘GZ i S
Be=tBats i i s=B & (s=B S)+B s-on Gipye-os

Sineei X\ d (B) is not thin at any point of xad (B) and X\ d(B)=.

:(X\szmt(czxd(B)) we deduyce thatithe fine closure in X ofithe seb
Géud(B) coatains any point«x of XAG, for which NG, 1s thin at x
and: therefore theslast equivalaent.irelation follows from the pren

ceding proposition.

3

Proposition 2.5.If X is semi-saturated with .respect to §

then any fihe open subset G of X is semi-saturated with fespect

tovkhestandard. H—cone .$"(¢) of functions on:G..

Proof, Le?}k,be,an‘universally bounded element of.,(lﬂ.’(_G))x
and\let;LLO be.an universally continuoust~integral with respeet
s’ (6) such zhat f&%/gé;vﬁrom\Thearem 2:1,.b)y and from the fact.

that X is nearly saturated we deduce that f&b is an H-measure on

G which does nct charge any semipolar subset of G and therefore
/LLO may be considered as an H-measure on X which does not charge
any semipola® subset of X. Let s be @& -finite generator of § and

let (Dn)n be a méecreasing sequence of finewepen subset of Rusudhs

XvG (‘:Dn (¢) nEN,

D
A BB
n

!

v

From the above considerations we_have

D P
inf (5 ns)=/xo(/\ 3 'u)/xo (B

D ; D i Bl

: XA G . b .
(B g %5y | =8 "s-3%Fm Te)] €57 0@
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we denote by & the map on S given by

6(t):=/A<-tJ,'G) ) te S

e : N e S : i
Obviously B is an'H-integral on § dominated by the H-mea-

sure /b;o and therefore is an H-measure OR X,

b, in (s’ (6))* we get

/

7

Since / <

D D ;
T NG b A Ve S
g @ "s-8% Js)'—‘/(((B fop X Coig ) <
D ' D
: N o886 o6 n- o Xke
D Y
inf { (B nS—BX\GS)-——O : £
n :
D - e
B inf B N G0
i :

and theréefore the set

- :
M;:Linf s Bt %() :
n : e~

is § ~negligible. From this fact and from the relations .

(X\Gcf\%il“e : (,f\"bil“e)‘_\ (X\G)em M,
: n i -

we deduce that G is §-measurable.and

)

A :[ ; v £ z’»\‘ =
' 6’ 6 XN Dim“ :
] n

rFurther, we have,

/¢ ( (s—BX\Gs) Il 8 (son 8



D P
e ( ;f'_;—BX\GS) i J=sup @ (s-8 ns):,’-}(“s-inf B fs)
/ = n = n
@ D ' ' - : l D
= { (s~inf B Ps)a Ol . =fines L tsctin® & T B -
N n : i A\{}an () n )G
e aiNes

Sinceifor any finite element u & S we have

N S8
X('u);S(u—B

/¢ ( (u=-3%Cn) =0 w-p

we deduee that if ugs, ul s then

v G

/((u-—B P )~Sfu B\{\Gu d@& o

and’ thereforewthke 'same equality holds:for any finite element.u-pd

:ie.8 because-any such element is the limit of an increasing seguence

)y un':gr;{ns : :x'n\> 0. If £¢£ S’'.(G) then'there exists an in-
G e , e .
creasing sequence of the form (s -b s,), with
sne S,sn< 0 such that
F—=% gt (sn B on)]G
n
and thus
¢ '._ X\G = X\G 3 == £ &
/u(f lim’ \sn B n) ) Lim g(s B Sn) @lc SILJ%{(
rl'-) R ) :
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