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I .  Natr . l ra l  lcca l izat , ion i i  s ta t rdard | i - " . 'coI l€s o"r

. - , )  ' I r fc ] : f iduct ion.  The a im of  th ' is  paper  is  tc  develop a theory.

o f  l o c a l i z a t i o n  l - n  a  s t a n d a r d ' H : c o n e  C I f  ' f u n c t i ; : n S - S  o n ' a  - s e t  X '

f t  . is : :essent ia. l . . ;  c i i f  f  erenf f rom t- i rat ,  developed r t ' t  I f  
- i  

or  iA I  I

:  r , ! - ^  - - - i ^ -  ^ r :  ^ a l  r ' ^ i  + . -  i  ^* . - - , -  and  t i t ey  co inc ide  on l y  i n  t he ,ed , r r€  v . rhc r ,e , , t he .ax iom q f -  poLar i -Ly . . : i " s  .

\
f u l L f i l e , l ,  I t  t u r i : :  o q t ' t l t a u  t h i s  n e v r  t y p  o . r  l o c a l i z a t i o t r  : s  m o r e

adequaLed evbn i1  thc case cf ' 's t iandar :d H-cotres of  supei jha; rmonic  : r i
I

,1 , r ' r  
"  fu ,nc" t ions associat ,ed wi th , .Fn Lgnfmcln ic  space on a" :  LE:cal ly 'compac. t - ' :

g p a c e .

We sr tcceeded,  in  improv i .ng seale resul " ts  f rom the theory of

s tandarc l .  H-cones :  . .  us ing in tens ive ly  t l ie  too l  o f  absolutq.$y

con t j -nuous  reso l ven t  assoc ia ted  w i th  a  .e taudard  H-cone '  ' . '

I f  G  i s  a  f i n e  o p e n  s e t  i n  X  t h e n  w e  d e n o t e  b y  S ' ( G )  t h e

. f \
,  $ec  o f  a l l  pcs i t " i . ve  func t i c - r : 6  $on  G  w .h i ch  a r ' e  f i n i t e  on  a  f i ne  ,

6 , -

r , :  
-  

, ' d ,ense  su lbse t  o f  G  and  such  tha t  t he re  qx i s t ' $ , ' a  gequence '  ( " r r )n '  - o
'  

;  t : t  
. : , t  i l  t  

; l - . ;
'  i1  'Sr  sn 4 €$ .  su.ch that  - '  .__: - . '  :  

' '

. , .  . r i t 1 0- -x\G ,tr.  t
b * - I t  ^  I  !

l l  i r  r
n



v g  / a

1*- * * -  
whe, re  

" ; ;  
i s  rhe  ha layage c i  , ;  

" i r  
x \G.  

.

V{e .shot/ t . l :et '  S t (G) is a sr.andard, I, I*cone

ano t i lc  tnap

o f  f unc t i ons  .o i i  n

on G g'iy:er't"t'

: i  o n r  G  a n d

G is  open. , '

tneo]:y on

G * * s r ( G )  -

1 -

i s  a  pr :e-sheaf  
"  A lso we show..  that ,  the f i -ne topctogv

- a

Jry s ' (G)  co i -nc id:s  wi t ,b"  the induced f ine L.polo, iy  o f

a similar asi- jer.t . j-on for t ire nat.ural topr:J-og3i, wherr

I r i .na l }yr  some complementa, r :y  resul ts  o i t  ba layage

S f  ( G )  a r e  g i v e n

in the second par t  o f  th ls  paper i r .v i .e

shepf  proper ty  for  the pre-sheaf  , ,€  ***  S,

* ;

arrd

be

e. lqncni :s  of  '  
SE'  are ca]Led f i * i i l tdg: :a ls  on

H-cone S we d. i .s t , . i " r :gu ish the subset  S^ of
v

nuous  e lemen ts .  The  coa rses t  t opo logy  on

func. t ions s  '

deal r+"ith thi l :r 'nai i tural

(C)  cons. idered.  above o

S.  fn  e l /ery  s tandard

a l l  un i ve rsa l l y  con l j - -
!&

S'- .  for  which a i -1"  the

l  .  Pr-e l in inar ies anc l  f  " i . r  s i ;  re l ,u l . ts

fn  th is  paper  S wi l r  be a s tanc larc l r .H. . . ,cone.  M&ny conc€prs. , r ,

resul ts  concern inq the theory r : f  s tapdard H_Cones which r . r , i l r

r iscc l  mav be recover  tn f i l ' J  . 1 . .

so we recal l  that  r . rhenever  a s tanqa: . rd .  l r -cor i€  s  is  q iven,

a natura l  dua]  r l * 'coRe c lenot .ed by s*ma.y be associateC wi th  S.  The
?

,f *'F f'",, s  € . S o

are cont inuous is cal led ' 'natura1 , iopology on SN.
r&

Tirg set  S"  endowed wi th  the natura l  topology

separab le  ;ne t r j _sab le  $pace .

I U L
o

1"  
u  comple le . -
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The.r  coarsest  topolc .gy on S"  f t t r  wt r : l ,c i r  a l }

,.d{" .**ry /.*t* I
,i ,{

the funct , i .cns

'  , ' :

# r r n , . *

i f L L u l l

\ "
,.| '*

are  con t i nuous  i s  ca l l ed  the

i : i ons  an  a  se t  X .  I n  f ac t  i n

tha t :

s # s

' } F

f  i r re  topologly  ot r  S ' -  , . , ;

g i r ren as a s tandard H-cone of

th i s , ' ' " uu*  X  i s  a  suhse t  o f  S iF

s s l t  i f f  s ( x ) 6 t , ( x )  ( V i  x 6 ' x "

S separa . ' es  the  p<" : i n t s  c f  X .

S  i s  a  m in *s tab le  convex  cone  o f  gun6 ;1ons ,  On  X  sUch

( s r l ) € s  f o r  a n l t  s 4 s r  ,  1 1 ^  , , ' ,

f .  s tandar ,J  H*cone may be represent ,ed aS a s tandard H-cor t l r

ionsrnarmeJ.y for  &rry  \ fed.k  Unj - t  u  of  S we Consic lar  the se. f .

i  non-uero ex{"reme poj-nts of the} cap

f  * f  1
K,. , :s l  7<6: ." i  d 'utu)  {" r  f

t s '$  * {  r

. \
:  c r . l

t - \
t ) )

. i  
c )

. . ' .
fna f ,  ln r
:
i

o f  i f r r n c t
i

X  O T A I
t ' t

.i

. : '

':
I

1
I
:
J
t i -  t . ,

fo l lowing remarkable proper ty

belonq to  S and any H- in t ,egra

F l l
i s e n t - e d  a S  a  B d r : e i , m e a s u l i e  o n
f t  !
i:; . '{. '

l i  In  Sen.era l  j , f  ' s  i s  a  s t
I t
i . l  \

If ied with 'a' conrr.ex subcone of
i t
t )

i t to the rrat-ural order and S is
i {
t " f - . \ r

Lf f  S  is  g iuen es  a  s tandard  H
i l
I t r

i {

I
I
I

t

I
I

:
'b f  

g*  endowed.  wi t i :  t ,he natura i  topology ancl  then.we ider i f i fy  any

e len re : .n t -  s f rS  w i th  i t s  res t r j c t , i on  to  X .n  Thus  S  becomes  a  sean-
u

darC  H-cone  o f  , fUnc t i ons  on  X - -  .  Th , i s  i s  Uhe  canon ica l  rep1ese4- "
LI

' t a t i on  o f  S  assuL ia ted  w i th  the  weak  un i f  u :and  i t  possesses  the

:  the  pos i t i ve  cons tan t  func t ' ions

L fa -  such tha t  l& i l  )  <e lo  i s  repre-
.t. /

x  I  ' ' L = 1 : ,  ' : -
u

andar tg-cone' r then S may be ident i . -

v* i&'iF

S ^ ^ r ' . : g  i s  s o l i C  i n  S " "  w i t h  r e s p e c t

' derl 'se ln order f rom belcw tn sx'x.

-cong:o f  func t ions  on  a  se t  X  then



Sx'x  mny bc - lden ' t - i f ied wi t l :  the s tandard i i -cCIne B of  a l l  t 'unct j -qns

f  on  X ,  w i r i ch  a : :e  f i n l t e  on  a  Cer rse  suh ;e t  ( i + i - t h  respc l c t -  eo  the

na tu ra f  ' : r  : , f ; i ne  topo logy )  o f  X  and . . such  l ha t  , t n f  ( so f  ) "be longs  .e . ;

S frr ,3i,r), '  s* S" Thus, fron t i :e defini: t ioR of, S i t  f ,ol lurss thab hl '

e o n { : a i n s , t . h e p c s i t i v e c o n s { : e . n t . f u r c h i o t i l ; " S O i i : i s n o } o s g o f

genera l . l t y  i f  
' ue  

suppose  tha t  h  s fandar r l  H -co r .e  o f  f uncL icns  co r i *

t a ias  t t re ' pos i t i ve  cons tan t ,  f unc t i ons .

EjLI.Fpose ncw that S is a stanilarcl lJ-cCIne of funct. lu.ns on X

wh ich  con ta ins  the  pos i t i ve  cons tan t  f uR* t i ons .  Then  the  func t i ' on

l=1* ,  i s  a  weak  un j - t  o f  S  and .  we  may  cons ide r  t he  canon ica ]  rep re -
Jt'

sentation of S orL the set X., . ,  . .J,r l? this ir,ay X may be iclent. i f  ired.

wi th  a subset  o f  X l  "  r f  pe. 'S 5** , i ,s . ,  suc i l  that  there ex j -s ts  a Bcl rq l . , :L t

measure  "Jn :on  X (X  endowed w i th '  the  na ' tu ra l ,  topo logy) ,  fo r ] .v rh ich

P
,s{(s) = tsdn

/ s j
f

( W  s G s ,

t rwe say  tha t  le  I : s  an  H-measu. re  on  X (w i th  respec t  to  S) . . ,  The se$
8"

, r,|-lf,

x  js  car lcd  sa tu :a_ tq{  i f  any  
iP .&s"^  v r j . th rcc( t ) {oc  ' : i s  an  H-nee. *

sure  on  x"  ,obv ious ly  x  i s  sa tura ted ,

note by s,  t ,he f r rnct lon on X, which,

the 
" . :

s €

X=Xl a"fl!-lrt**'€ [i we de-

ends nat- .ural-  s and by, .S. ,

e x t e n s i o n  o f ( s ,  x )  a n d

s 1

i . f  f

, ,

c ' F
I

. 6 ,

tural-

t
a ,_ f ^-  J  > r

q L

" rThe pai {

'  i s ' c a I 1 e r l

' { r

.
o n A

( S , , X ,  )  i s  c a l } e d  t h e
. t I

the .sa i - .urat l :C of  X.-*:**Try-

A is  a .  sr - rbset  o f  X and

l ' (
R ^ = :  I n f  I  s ' €

D L

S G S we cons ide r  t he r edu i".te "o.f Slriit;:,

s l  s ' . > s . o n  A  j



ai l<l  t -" i r t -  ba"l . ,ayage r, f  s on A

p

i t ' 6

B A : s  * > s  I

A  s u b s e t  A  o f

Suppose that  S

saturated set  ;9 ,  For

:f,"-- - A
9  j l

s r r

f .otr*')'S ol'r A
?
k
{  . r

Gene: : 'a l . t y .w.a  have n1=r1 '  on  X\ ; \ "  f f  .A  l . s  f  - ine  c losed ands  - s

ts i ]=s o 'n A for al iy s$s then A is cal led a basie sel-  Any basj .c

set A i -s a G4. subset of  X wi th resipFict  tc the natural  topoloEy(}

anci Lhe ma r

A A
B - - ( s ) : = 8 "

is  a barayage on s.  The s. :L  x  is  ca l red le l5 ly__satu!_t t_q{  . i t , r  ccn*

' - ve rsc l y ,  f o r  any  ba rayage  B  on  s  t , i l e re  e - : x j - sL :s  a  bas i c  se t  A€ .x

such  tha t  B :BA.  fn  t , h i s  casp  A  i s  un ique iy  do { :e r rn ineC +nd  i t  i s

cal led !!1 b1::*:gj and i i : ,  is denoted 
"by 

'b 
(n) , 

'  
, . ,  ,o,.,

' '  
A  s r l bse t  A  c , f  X  i s  ca l l ec l  t h in  aL  x  &X  i f  t he r , c . . ex i sLs  :  r

s f r S  s r . t r j h  t h a t  8 1 t " )  <  s ( x ) " ' t h c  s e L  o f  ' a l l  p c i n t s  x € X  s u c t :  t h a ts '

A  i s "no t  t j r i n ' a t  x  i s  ca l l e$  the  l : ase  o f  A  anC i t  i . s  deno ted .  by
i r  c^@# 

- r i l

b(A)  .  We s ray  tha t  A  is  to ta l l y  th in  i f  A  l s  th in  ob , ,g ,ny  po in t  x  gX"

A l s o  w e : , ; a y  t h a t  A  i s  s e m - i p o l a r  i f  i t  i s  a  c o u n t a b l e  u i i i o n  o fl

j

I
l

i -

1 : : l

x

to t ,a l ly  th in  sets  n '  .
' i

I f  ) :  is  saturater l "  then i t  i -s  near lv  saturated

X  w i } l  b e  n e a r l y  s a t u r a t e d  i f  f ' X 1  \ X  i s  n e g ) , i g i b t e
{

C e n + r a l  I  r r

i . e .  a p y  . c o m *  . r t

pac t  suhse t  o f  X i \ i  j - s  semi -po la r  (w i tho respec t  t o  . " [ he  pa i r

( s r . . , x r ) )  o r  e q u l v a l e n t l y . . a n y  & G S :  i s  a n  H * m e a s u r e  o n  x .
. l

X  i s  c a l l e d  p o l a r  i f  B ' j = O  f o r  a n y  
" s € S .s

is  a s tanc lard H*cone of  funct i -ons on a

any balayage n on S we denote

, t .
. r  ' r '  ! ! ' {

i?

, .r1€dr1y.",;' "  j .

t

l

d  ( B )  r = x  \ b  ( B )  .



i : S ' f . & l : a . d S {
/ c - D c \ t  k i  j  ,  $ S S  ,  S  <  C ] { }\ v  " " ' &  r  / " $ \  

- \  v \ !

I e,,t_ g;)

i s  a  s tandard  i { - cone  o f  l nnqg ic ins  on ,d (F )  r , rh i ch  i s  deno fed  by  I
; r !

r  S - "  i r l e  denc r te  by  S -  t he  se t  c f  a l l  f unc l : i o t r s  f  on  d (B )  wh i . ch  a r *
L3 

- 
.b1

6

The ser  d (n)  { ,s  f lne  open and the  se :  o f  a l l  iu r i c t iq :ns  o ; :

c l  tB) of  the form

f i " n i L e  o n  a  f i n e  d e n s e  s u b s e t  c f  d i e )  a ; r A  f c r  r + h i c h  i n f  ( f r b } , & S B

f o r  a n y  t & S _
tJ

i

- , r  ^ ,  "For  any f rne open set  G we'have c lenoted.  [ t l  by $(G) Si re se ' i :

o f  a l l  r es f . r ' i c t " i on 'bo  G  o f  t he  func f - i ons  :SSn  w t re re ,  B  i s  i ; he  g rea -

.  t es t  ha layaqe  o i l  S  v rhose  base  l  j . es  i n  X  \  G .
q

fn ;t ,his way S (c) is a st-andard. II*cr:ne of fgnctions gn ,G4 ;::{.-

r l ame ly  a  r rea r l y - sa tu ra t ,eC , rep res .enea t ion 'o f  t he  s tanc ra rd  g -coh .e , ,u

S ; .  \ ;
. D

\
\
\Def  j .n . j - t ion .  Le t  S  be  a  s tand 'a rc i  H-eone.  T l ren  an  € l€ l re&t  s€  S

.  s  {du  fo r  a  su j - t ah }e  d .  e  R+ .  e

stand.arr  H;cot le  and lc t  s  e  S..  ' P r o p o s j - t i o n  1 . 1 .  L e t  S  h e  a  :

Then  t , he  f  c l l ow inq '  asse r t i ons  + r  e  .equ i - va len t :

1) ,/*t G S*x:> /r(s) < & .
/  ' /

2 |  s  i s  un i ve rsa l l y  bounded ,  l  , ,  ;  ' * . r " -

i  g )  T h e r e  e x i s b s  s , -  € S ^  s u c h  t h a t  s  6  s . o .
i  g  - ' - c

*  - j , . /  - ; i : , . . *  '

3, rgg f  .  1 )  =+  2) .  Le t  u  be  a  weak un i t  o f  S , . . , I f  we. "suppose

tha t  
"  *q t  fo r  any*o(€Ro then fo .6  qny  nQ. l l  bhe le .ex is ts  

fn€  
S le

such t .haL 
Pnr")> 

4n,Fn(u) .  Obviorrs l$-we-* inay suppose that

/4- (u)- l  and t ,hus the element . . - , .  :,  
I  

r .  b

c},O
1 C * 1

. _ , )  - , n'-tr 
2i\[ n



at

belon_qs to S" n I 'r t i l  have arriverl

n *'rt' t

* *# , .  (s )  Z
z /

,  

'?)  

t r * /3)  Le i .  u ,  be a

uLlenc e e(. ^q 'i nr-:r r.a q, i ncr: - . - : - -  " O

c{ > 0 and n"*N sucir f-}ra.t:

a sequence ( /+ I j-n sx" /  n ' n

t,he con'l:radlct,ory :relation

4 n=+ s0.

..-; 
".!,;r

,=n , r ,  be  a  se -

t . he re 'ex " i - s t s

c a s e  t h e r e  e x i s t s

K
\*( s) i:, *4-

r r - 1

:

weal< uni t ,  o f  S

to  u "  We sha j - l

s  S 4,sn"  tn :  the

a.nd i"et

snovJ urrF,t.

c"ont,rary

.. ".{"{ij}

S j.nce X.
f t=L

i -s a.n elenient o.f

l iypothesi-s;," there

have

r.{* ro.

: i

weak un i t  o f

' s  -<  B  v .  For "
I

S; Usinq t ,h .e

any n€ N we

1=fn {s)< f f n(.') -f" 
fi i-" 

( c{usu) +

I J

? l
J l

a  . con t rad i c  t i on .

-s+f  )  fo l lcws f rom the fact  that  any / . *6So is  f ln* te  on
I

f "r-".#oo.f#,., oofo* f .2-n+1

' w h i c h

13 n'= r Jil:" n fo t*' ' o(rr: =z*lt {r * 
f ,r) 

-1 
,.t

t .

such t . !at  
f -n(srr) .€"2-* ,  fn(s)  

=t  "  fn (u)  {* .of  " ,

We pu t ,  f o : :  a .ny  n6N,

o{- g+"o ap.i since

. +a(,
c ( -  . .

Y ' "=  { -  f f , -S ] -
k=l 

^ A'

S and moreoveil  v j"s a

ex i s t s  F>O suc l ' r  t ha t
I

^f oe
q:F{

j- o{'-s'-s u it. fo1lo\^rs that
k,= I 

r\ r\



3 . ' , ' : : . . r  
. , - ,  - l :  ! " r i

I

I ) e f . i n l t i cn .  Le t  s  be  a  i t anda rd , -H-c . ; r re  o f  f unc t i c , i p  ( } J t , . a . .  . .

set x. i  we^ ia] ' t i raf .  x i .s semi, ,*saturatecl  i f  any l l * int ,egral  on s :

'd .onr ina tec i 'hy  an  H-measure  on .  x  ( l * i1 :h  respec t  t .o  s )  i s  a rso  .an  . ,
4 ! . t * : + . 4 b

H - m e a s u r e  o n  X "

Since any i i -measi t re  cn X j -s  a S*- f  i r i i te  measure on X t len.  ,  j

*€ v r ' ' i  l l .  l1g sem:i--satur:ated if f  arry l i '*. integral on S dominated by a.  . i . t  
q  i . L r 4  ! r !  q r { J  r l  

- r . . r r , \ . G v l  c t J .  \ J I l  J  L i . \ J l t l a t l c r  L ,

f  - in- i te  l l -n leasure is  e , lso &n H-meaeure,  r : r , : , r : :

T . t t s n n ^ . . i  4  i a n  1  1  T  ^ +- - + v y v c r , - J - v r r  L r z . t  ! E L  S  b e  a i  S t a n d a f d  I I - C O n e  O f  f u n C t : i o n s  o t r

.  a  s e t  X . a n c 1  l e t  ( S . , , X 1  )  b e  t h e  n a t u r a l  e x t e n s i o n  o f  ( S ; X )  "  T h e n
L ) '

t l ie  fc .J- Iowir rg essel :  t i r " r ls  are equ. iva. Ient :

t .  X  l s  s e m i - s a t u r a l e d  i

2 .  aqy  compact  subset  o f  X l \n  X  is  po la r  j

2  : n i "  , r n i ' r a r a g  l ' l  t '  1 - v ' . , . . . 1  a ' l  r t  i . r . l' r .  qi.y'  u.niversally boundecl l l* i ; : tegral on S ls an H:r[hes.srrx.€...

.  O I i  X ' .
t .

PJo_qf  .  f  )  *9?)"  f ,e t  f '  be a eompact  sr r .bset  o f  X, \X and,  x€ ix .  . ,

We consider  the H* i l r tegra l  on S d.ef  inad by

.I 
ET

/rz \o  - -P o" ,  ,^  )

l E a
where s1 is  the natura l  exterr t i .on bf  s  t< . :  X.  and i .e '_  .means the

I I S
I

ba layage '  o " f  S , -oo  F  cons lde red  j -n  X ,  .  I t  i s  known  tha t  t l ee r ' e  ex l s t sr . L

an unlq 'qe measure 
f"  " t r  " ,  

such rhat "

1  n  . -  , r  /'  ' s l  ( x ) = F c , ( s , )  t V l  s € s
t  ;> t  I  , t  r

l r l

".  a n c l  t h i s  m e a s u r e  i s l c a r r i - e d  b v  F .  O n  t h e  o t h i e r , i h a n d ' s . i n c e: . -
, . \ . - . * : .

--..---l

l F-  ' ' u i -  ( x )  €s ,  ( x )=s  ( x )  o€n  t s }  ; v -
" I  

L . ' - '  X '

- F r

i t ,  fo l lows, f rom hypothesis,  thaL." there: ; iexist-s a,Borel  measure - ' (7x

on X such t .hat



' '** l '  ' '

/\
Obv:LousJ.y  ( i= .  may,  be considered as a mf ;d iure on

. 2 ,

charge F.  I i rom the prec* ' i i r rg  considera i : ions vre

Henc:c

t a q P

( \ f )  x * x n  ( V )  s F S

and ,  t he re fo re  F  i s  po la r ,

z1 * ) '3)  .  Let  f r .€ .sx be such that
rf

rnent }} iS s; .  Slnce X, is sa. turaced. ancl

lows t .ha t  
r * t -  

,V  are 'H-measures  on  Xr .

t t rat  J:or a 'ny compact subseb F of  Xr\X

wli j"ch doesnt.t,

f r * ,
f f i=  f {  " - '8 "x j x

i b  i s  domina ted  by  an  e le -

I  t - (L ) . s  } l " ( l  )  4 ,+ *a  i t  f o } -
{

S. ince : l€  s [  i t .  fo ] ]ows

we havQ., . , . .  . . . ' r ,  , { r * , * , .  :

, _ 1
F; ,b l  on  H-F  S

l -  v

l E r a* B :  ( x ) =  ( / . ,  ( s )
oI ,1,

i n l  ( x ) = o
o l

t t
( W ' )  $ € " .

l \ 1
. I

a a { -
Y u e

t

:

j

ahd . therefor"e/e may be consideled
I

3)  . f o ] I ows  
now u .s ing  the  p rece ' f i ng

? \  : -$ r  l -  Le t .d { -€Sx  anc i  l e t .  r r rJ I  e " T L ) t - - - / * . * "

that

as a measutre ort ,x ' .  The

propo s:Lt ion. '  -  ;

l r *  p  f j n i t e ' m e a s u r e  0 n

t t
(  f )  s $ € "

a'ssert+gn

such1:

. s l

:T , {e
, l

i , , "1
I r
: - i'l:wr
,a l
!.;{

i :

I Ina
,j: 

i

I T
; t'{,t
: -1

i l. t
l 1
t {

/''L 
(s) 's f"u*

f1

n c e y ' { ( } ) $ .  l f d m 4 " q ,  f r . m a y  b e  c o n s i r l e r e d ' a s  a  m e a s u r e  o n . X t .
I ' i l t

wairl ta prqve tha* Fe doesntt charg.€ a,f|$rcompact subsr':t of
. i {

\  x.  r i rst  *e sh6w that any com,p{St Fa:f ; ; :F.  of  xf \X.  is  po}ar

+ ! F

i : h  r e s p e c t ,  t o  t h e  p a i r  t s r , x l ) . - . l n T e e f f ' f o i  a n y  / € S ; = ( t i ] "  t h e

p Yr def ined on Sr by , ,  .  " ia ' , .

, '

'f(K) .d;F-iy$inr t.$rry"f"r*ur, ,

d ,', I,|nravJsres1, s, > I on KJ= Ff-o 
= /"fu$ =0,



l r r r - , l l : i t  . r . *

1 0

h 'lV r ( u r ) , = ' P ( r n

l ' s  a n . u n i -  .

\ 9s  t $ a
I

' I

o p .  4  , i  . L z  J
=0 f:.el ,"any

Ys " +crF A

egral ein S dominatecl hg ), a: id therefore tt

,rrrAr'r{ rr- i  n+'.s^1'g} on S. Usi..ng. f"he hypc'r ihesi ul l .  - 4 * .  u v Y

/ p  F r
) i , , ,  On *he ather hand. i t .  i ,s  kno..rn 

{ tn J. ,  
" ,

a.rl H-rneasure on ]I. carr' ied. by F" I{errce }/r
1 E r

i : i re re fo re  

"1  

* * r3  i "e .  r  i s  po la : r "  Now we ha
s{r&scf J* "j"t X* .*- X , 

.

. F', 'l .rn
R l  o n  X ,  ^ t s i ' = 0  o n  X t  

, ' '
: - j

t1
{  I to f * f f { in r  t  lL ,+- } . r *  s r , . ,  2  r  , ,n  n j  $

t  L  I  $ d  r . t  J . t

r  - f  t  { :  , ,  { \ - '
f  s r < i m  l n , € s r  ,  s ,  P  I  o n  r f =  f  

' n i e m =  
I ' s { c m = o

[ . r r J d t d l

is an H*itr 't,

vcrsai lY bc

measure ()n

that V. is
. t

*
Y 6 S; arlcr.

J

c o : " ? P a f - l
I

l * F  I
l J . : -

.  L . ,

lr' .  1
. !  id;*

$ r l

lnf f,

,  { ,
. k '  1 .

r ,( Y )  s € s .

S and we have

.t,.1 
,,;

and sO / .q -  c ioesnt  t  c i ta rge  t i re  compacf  s r i l - rs r . i .  ' 1 . -  : ' ;  . ' i
I  

* ' "  v i  r  ' o r ' "  - ' Y c

I

P : : o p c s i t i o n  1 . 3 "  I f  $  i s

a  semi *sa t r r r : a ted  se t .  X  anc l  B :L .s  a  ba layage  on  S  then  t - i r e i : sg t ,

d  (g ' ) '=y\n(g)  is  s 'em' i *satur : i l tec l  wl t i r  respect  i :o  thc. , ,$banciard Hroorr€

o f  f ' ; n c t i o n s  S  ( d  ( F )  )  :  
' ,  

:

+

Pr-o .? I ' . .Le t fo  l r *  an  H- in )ue l ra l  on  s (d( ts )  )  and le t  ) :  be  a . f in i re
T

I { :n reasure  on  d  (B)  w l th  respecr  to .  S(d  (F) )  s r :ch .  rha t / , t .€ } r .  We show

that  
f , {  

i s  a lso  an  H-measure  on  d , (B) .  t r ^ fe  denote  by  
f '  

the .map

fqom S in to

' :3 !  : '

Obviously  ,g i
f

R,  de f  i nec l  hv
+

I

' F l  '  ( s )  ; =  7 "  t  ̂ I  ' 1

|  /  
^  \ - l d ( F ) {

'  is  an H,- in tegra l  on

a standard f i - -cone, ,of  funct ion,s  on

,
* , : f  

"
f, 

(s) =rk(* ldlsl ') .(pfs lrr ';: ) = 
fsa >0,



1 :  - ' j

.$i.nce 'JFt 
i i  )<eld J.1i fol lovrs t i ' ;a* *rt ( i  )4rF4

se tn i . - sau i l r a t *cc i  w i *h  respccL  Lo  9 ,  , #  
I  1s

t

h:uucletl  elei i ient s of S rvrl  have

and there for * ,  X 'be+ng

a meas"dre on x. . , , .1, l }g a&y

L e m m a  I . 4 .  L e t  S

ncar ) "y  sa tura ted  se t  X

that t ,he funct ion f  on

be ,a s'ta.rici'aq'rl

& r rd  l e t  ( s  )'  t ' l  ' n

X definetr,:  by

I ' I : rc{ }se 'o i .  funct ions o l  t

be  a  sequence  i n  S  ruch

l

f  ( x )  i = I i m  i n f  s  ( x )
n  - b e o  n '

is  f  in i te  eH&clense subset  o f  X.  
.Then 

the lower semicont in l ipure
h

regu. Iar isat j -on f "  o f  f  be longs to  S,  namcl-y  - -

\ |: :
' . i

j : r

rq
f *  V ( . r \  s r - ) .

n + N  k > n ' t

I
( S r x )  "  r o r

cons ide r  t he

i j  p roo f  .  Le t  (S  ,  ,  X .  )
{ . L L
i ;  , 4

l a n y  s € s  w e  o e n o t e  b y  s

be the ma'tural e4f.ension of

tlr* ext,errEg6i--68* s 
'to 

XI . we
i ' i
i : 1  f J

i i s e q u c n c e  ( " n )  , ,
i {  

'

f j o *  
*  ( : : esp .  X r )  de f  i t ' r ed  by  . .  .  . r : * * j ,

: l  p  /  q  ,  / )  
' * . ' *€39 >

i i fu(xr * rrA*(x) ("vq:t-)

El. '  (s *rrs),-  p,r '  ts)  yo(*=) -" /u (r  f r f ie;  t  
*  

/A(B-Jj fni  t= f{s-ns){ t { s

ancl  therefore

F\arg, l i  
(s-B r j= 

t  
(s-es) =7"l '  (s-Bs) ,

AltY 's1€*elr'f U

segrlence {,srr-e *n} ,,

o f  s ( d ( t s )  )

l,Ehere 
"r, 

is

h e i n r r  ' { - h e  ' l  
i m i t

bounded for any

o f  an  i nL i reas ing

R we deduce that

'  n S1 and for .ap,yy,: n.g$ the funct,ic.n.f"*.(f.gsp,.,.gn)

'i

rq
&

{
d

I
.
:is
d

1,
i

,J
{
!
i

9
{t
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l r . , '  '  t  ' -  '  
:

. : . . 1

1 nbvibusl i ' the seguence ( f  -J. . ,  , , increases to f  ,  the sequenr; ,e1, , , , ;1.-i v a r - '  '  n ' 1 1  . '  . . ; .
t l \ . , . i ' - t ,

(q . - ) .  inc reases  to  a  funut ion  9  o i  X '  and we ha-ve  . : ' . '' ' n '  : ]  '  r

/ - n t t a t + : " * '
g . -=f*  on X,  f -= /^ \  s t  r  gr ,= A su= / \  9k

l  
- n  n  n . k ' 7 1  

"  k > n  
o  

k 2 n  
^ '

", , ' fol  any nqlm, v.rrrere { (resp, ' f i )  is the. lorver semicont ' lnupus ,:  . '

-  regu la r lsa t ion  o f : ' f *  on  X ( re3 i i "  o f  9 " ,  on  Xt  ) .  Hence we have
n  

- r l .  !

t

;  . .  4  . \  , - f
f = g  O n  X ,  l t _- n J I 1  b n

ang* therefo le

. ro] c [e;. q,,J:,, rVl
" € {

Since for any n e N the s"t ffi:4 gJ is a Borel- semiPola4 r. ,,, i

. subsbt  o f  X t  l t  fo l lov rs  bhat ' " the .se t  : , '

l- .\
Y 3 = [ - s u P  g ' <  g j

" - n e N f r

l s  a  g o r e l ' s e m i p o l a r  s u b s e t  o f  X .  cr  ' ' '

. B } , h y p o , t , h e s i s t h e f u n c t i o n f . . , + . s f i n i t e o " a . , a d e n s e s u b s e t
.  . '  i "  

t t  q . ' t  -.  o f  X and therefore (see 'L f  l  Theoremi  3 .1  .5 ,  4  , .4 .4) . .  the. ,  f , r rnct ion
-  ) ,  r '  "

,a,
s u p  f , .  ( r e s p .  s u p  g n )  b e l o n g s  t o  S  ( r e s p '  S I )  a n d
* r i r  J I  

ndN 
t l

.  JJ IE I \  t rL r \

' 1  :

- a . a/\ z\.

'  
+  : '  . . 1 : - r - - - r  r - ^ -  ! ,

We show lrow that f l"up frr,; i i+a*.d' ' from the above conside-
n N

A'

L=*p g.< g ̂ J ,
neN

l s u P  f * < f l  = X n
- n € N  r '  {

I r l

rat lons we have

'\
sup fr. ,< f  < f
n€N



L 3

ar,,t f,&€ set

A
D : = l s u p  f- n

n€N

^ ' - ,
f l

is f ine open in. X arrd j-L j-s concained, rn M. Inte remark th.rt D=0

because ^1.n. t ,he contra.ry ca$e .phere exists a.balayage B on S.,  sr , ,cfu:  , , ,
I

' bha t  b (B ) f l 'XCD"  On  ' bhe  o ' l *he r ,ha .nc l ' s i nce  M 1s  a  Bo re l  semj "po ia r  : , t .

subset  o f  X i  we get  Lhat  b(B) \ . .M is  a Bore. l  f lo f l -semlpola: : ,1pubset ' : . , : .

o f  X . , .  H e n c e  t , h e r e  e x i s t s  a  b a l a y a g e  B . . e n  S ,  S u c h  t h a tJ .  - . 1  -  - I

B I * < 8 ,  b ( 8 1 ) C X 1 \ M r  5 ( B r ) A X = g

is not representable
, a

";tijr:, .
= ! * i  r

.  ' | r : , : : i i ; : : 'Lernnb 1.5.  a)  L-et  S be a s tandt i rdr^H-coh€.of  functTcns o i l

set * 'r  and let* A: 'bel an . arbi.tra,ry j .e:..rbs€.t., ,ef,, ,x.. 
rf  s r t  € s are s-lch

' fH"e fas€: iegual i ty  shows that  the balayage 8. ,
J-

on X .whfc l i  contradic ts  the hypot l te ,s i ,s .

JT.I

."ri+i::1:r': 
b) ildt U be a fUnct{lOn

seguence ' {S;)  
nC.S r sr.r(  eor ar:d

A A .
sn-B--sn+B"t € t

ollrX

an

t t ' r o €"Nr

i i
i : i
. . 1

7\

s'=u+B-t  ' , i

sa tu ra ted .
I

thatt,"+eAt 3! t,+aAs rfus4rffi*"have n$s{s*eAt. rf moreover sl. nAs=g

then s<r and BAs;!B;'t.

\A  such  tha t  bhe re  ex i s t  a

e lemeSrt  t€S iqq.h that

{sr,-BAsrr) nt r  on x \A. 
" '

( ,  '
I

Then there ex is ts  s tq S suc i r ,  that ,  B ' . ' -<  s ' ' (  t  and
c x

I
on  x  \A .  , (

Proof . a) First we. remark t..gt-x l i l ' iy'fe strpposed

r * ' )

Slnce for any polar subset M c{."4,:\Ai,ei have



I 4

-A ^A\  l j l
l J ,  = l J ,  -

r r

their we r,ray suppose cal so.*'t ' tr iat s, t i ,reu f j-ni,te on'A,

,  f . . - , .  f t '

I n  th i s  case r  us ing  Propos rL ion  3 .2 .+  ' f on f l 7

A  - . ^  |
. 4  i  B " s = n f t c t J e  t i " * o p e l l , , G ? A s

L r

Boo='n[":  l "  r ine op*n'  G 2A 3

' ' .  ' " ' ; ' '1 '"6fr 
the other hand, s being a standarcl H-cone there

- l - r t

c r e h s i n g  s e q u c n c e  ( G n ) ;  o f  f i n e  o p 3 n  s u b s e t s  o f  . x .

I

,  ACG* fo r  any  nGN and such thag \ '

? . . " ,  , :  G *  G  n .' 
BAs=A Blns=l.im rr 

'ns 
i,,, l l

:  n * r ) a C  ' '

_-'-\-
.  a  G '  / / -  G -

B " I = A B  
n t = l i m  B  

n t  
, l i , ' l

G

Using the ' fact  that  the sequencqs" : (B

and  pass ing  to  the  l im i t  i n  t he  l qq t

hiv.e

I

i

e x i s t s  a , d e - "

such tha i
: YJ,

"l

t n  
t  

l ' 1 ' : . '

G
h

" t )  a re .dec ' reas r .ng
. - '  n

we get '

't="or *

l l  
r r \ -+oc)  t  '  . . r

r ^
. r  .  u t r

Since fo r  any  n6N the  m*p u  4 . -PB 
.nu . ' . , i s  a  ba layage

. , ,
{ i  '  

we-deduce, '  Ls ing  ( f+ : .  r  p ropos l i . ion  5 .  r  .  2  and Jheorep

t  t  - ( l  \  |

that  in the FJ-cone s-" . ,  ' (*Aue E-. ;  @,o* ' )  4re h€'ve,
b+t "  \  - ' !

. G Gi \ f n n n

(s -g  4s)  
A  ( t -e  " t )  <  t -B  " t  t

G G^ Gr" .:. -
u n : = ( s - B  

n s )  
A ( t - e  " t ; + B  " t ' . C ' c  ' r . ,

r r  Z ,  +  /  L l \  n € N .u - t r u  t  ! f /  r r s r \ '
l l

Hence,  fo r  any  n  €Ni  we have

' , -  *  

" '  
L it r h  u -

u-+B "s= (s*B : ' t )  n  ( t tB
" n

n 'rf l 'r '
r ;  \ "  r l  {

h  
' t .

{. 
Clf__.**r* : t  .  f

t t ) h  ,  (n

eg.iual ity'
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] lm i .n f
n F,$eO

Gn
u, . . , r .1 im B 

' "s= in i
" n -+oo

n --+ do

*t=, 
f,#B

the precedi-ng lem:na we deduce"

-'--^\r"  I im  in f  une .S  I
n __t oa

n *)ao

- , ' \ \ G
r .BAs=I im in f  u*+ l im Bun

P.r<| -a,1

n _-tao

From

l im  in f  un
.n -_) oa ..

A + A ' " : '

.. b)'^S,l"nce the,isddu'ence (=rr-elst) r, t3 fncfSAg16g .e^rtr;X\-fl, 2il€,,-
'  

deduce ' that  the sequence {sn-eA"r r ' ) r ,  increases-on x .  From t l re  pre-

Cecing po int  wc get  tha ' t  che sequenge , . (s i ) ;  , , -whepgl ; ,  : , . . . .  o i ' . r , . " ;

r '  ; r . ' :  s f , :=sn -eAs , .+BAt  (b  neN 
i

.
i '

1s' 5n' increasing sequence of ' S dominated by,.,.Fhe glerngpt 't €:s."

Hence the funct i r :n T.r i : -

=inf
n  _ * l e o n ' - )

X --+ Sf

b e l o n g s  t o  S ^  a n d ' l t " s a t i s f  i e s

G n . , ! a a a
" t )  = : (s+B: )  4  ( t+B^s)  =s+B^t  .

. u
oa

( x ) "ii 1" 
I:  = S L I P

trElr

cne requ i red  cond i t i ons .

. .2. f,osaliz_a_.t:Lon in. ei stArrdr:,9 _n:c'::r,ra.oI fgnc.!ig"n:
. i|  , -  . .

I n  t h i s ' sebc io r r " 'S  w i l l  be  a  s tandard . f i ' cone  o f  f upc t i ons  on
. .  t
r * a a

near ly* 'saturated set X. A sub-Markovlan regolvenE 
' ( /=1\ fn 

)*>O -

kernel ."sror X is cal led. ,psspp.+3-!e4-gi th S- i f  i ts  in j t ia l  kernel

is srrsfi"tfrat Vf € s for any podl:tfve boundeci, Borel t;;"Lion f on

and such t ,ha t  V1 is  a .bounded,  cbnt inuous  genera tor  o f  S .

, a

-,

.of
i
I

V
j

. X

. i

( s+l j"m

, a



L 6
. , . : .

rXh€ :o j : om . l "L  n  Le t  S  i e  a  s tandard  h -cons  qg  func t i o l . i s  o ; i . a .; ' . { ' " : * - * * . - * -  u ! * r a q q ! \ 4

near l y  sa tu r :a ted  se t  X  and  1e t  G  ] : e  a  i i ne  open  subse t  o i  X "  Le t
et|u-rurcne- ' : '  #= (vo(  )* (>o be a sub *r \ Iarkov ian : :esolvent  o f  ker . r re ls  un

f  assoc ia te r l  v r i t h  S "  The r r  wa  have , .

a)  There ex, is ts  a suh* j " Ia- r j  j ' ,ev ian resolvent .  o f  kerners
4rF
6v =(1{#)v. "0 ,c i l  G (cr :ns iderec l  r . r . 's " .a  rneasurab}e ;ubspace ef  ,x)  such? - !

tha i  . i . ; :s  i .n iL ia l  kerne]  I \ r  i .s  c le f ined b l t  i ,  . . .

F::t.,cf . I17e X de-fi.inect. by

'i4I

Where  fo r  any  pos i t i ve ,  bounded  Bore1  func t i on  f  o r r .G ,  ?  deno teg , . , . ,
a  po.s i , r - ive,  boUndect 'Bo: :e l  ext . * r rh , i t . :n  of  f  bo X;  .? . .

"*b)  The convex cone 6ny of  +I t  excess ive funct ions on G ;L
{ \ W

with rqspgct  to  the resolver i ' t  W , t  u  - ' * tandotd H-cone of  funct ion i
o r !  G  ' suqh  i t l u t  c  i s  nea r l y  sd tu ra ted  v r i i l r  : i esp r "c t  t o  t h i s , cone .

I lo- r :eover  we have:  for  any s ,  t€  s ,  t  ( . .dr  s  bt  . ,1  x \G the : :est r ic . -

t ig . t  
!o  G of  the funct ion s-sX\Gi :  be lor  

'9
:rE S to {W=. 

-.31;rr5;.'r!j€dien&,,',.,r' ;' -,- , R .

f  o t  6 rW wh ich  i s  domlna tec r  by  the  e lemen t  ( t -Bx \€b ) l  ^  i s  o f  t he
-  v \ r . -  , .  r  I  L :
f or:rri (v-B x t *.f. t ' r't n- ,_ J/s , r , " re v€ s and n. l r r*  f ; *  v :*o t .

,p
.  g )  The f  : i -ne  tcpo logy  

: "  "  
w i th  respec t  , "  dX^y  co l r rc ides

wi { t r  the  t race  on  G o f  t , i :e  f ine  l ;opo. lo3-y  o f  X  w j - th  respec t .  to  S ;

t he  na t . r rd l .  i opo iogy  on  G  w iLh  respec , t , , t o  f , a r r *  f i ne r  t hen . , t he  
' , ,

t r ace  on  G  o f  Lhe  na tu ra l  i opo l .gy  o f 'X  w i th  r *=p . t t  t o  s  and  the r r

c o i n c i d e  o n  a n y  o p e n  s u b s e t  o f  x  c o n t a i n e d  i n  G

denote by / *  the Bore l  , l reasure on. t
. . €

. q.:-

l "(  (A) ,=2 \u tr  ̂  )  (x*)
, n = I  2 " f l r r

rvhere the se 
r  r  4

t {  *n l  n€  N- l  i s  na tu ra } l y  dense  i n  X .  F rom 1 i1 ,1 * r thes i s
)-  l t - fo l " lows thaL v ls  absolute ly  cont inuous.  wi t ,h  respect  gs, ; : r , {_"  and

f,



n . t. L T

moreo\rer, have

/ .& 
(A) =0 (+*> V (1o)=0 .

Obv ious l y : i any  c losee l "Bo re l  sub$e :  A  such . tha t  
, [ a (A )  } . "0  . i s  no t , ,  r , : , r ; , .  ,

t o t , a t } y t h i f n b e c a u s e t h e e 1 e m e n t v ( 1 a ) i s n e a r ' l y c o n t i n u c u s a n d

t-h?refor 'e i ' t 'here ex is ts  a balayage en S whose base l ies i i ' i  A.  I ler rs ,e

a n y  s e m i p o l a r  s u b s e t  o f  X ' i s 7 t r . - n e S f i g i b l e  a n d  t h e r e f o r e , . 1 . s s i n g

the fact ,  tha. t  for  any f  ine cLc. rseo ,  subset  F of  X the,  set  r ' \  b  (F i

J-s  se i i i ipo lar ,  'any ' : f , ine open subset  o f  X f ,s /* -mea'surable,  ,Wer.d€- : , . , . . . . .

duce also that the kernel V may be natural. iY ex.:gndd to the

n';easu$'dl i5Ie func'\: ions with respect to the f ine topologyrpreserving' .

r . ta

. . . 1  
:  . . " '

li

r  A h
V  v t r

l le

*: gxr tur)

: , : r

Whe.U ? i" an arbltrary pogifive bound.e.d:j i&:r-qasu!;ible extentlon of t.

to  X.does.  not  depend on th is  extenb. ion.
t .

by 
-i 

the. canonical extention of *f:rbo X

. t J -
So r from nov/ 6ni 'tVe d€ndc

def  ined by -  4. j+* .

the comF.]ete maxj"mrjinl:_princlple. Since for 
""y f-neg.ligib}j? 

sub-

se t .A  q f  X  we  have

: '
,, tr , ' ulu$ *'s t Vi

- \ .  . : l'we ddduce that, any no,nl '" ' :empty'f lne

l * -neq t i q ib le ,
t ;

" i ' " 'a)  Cibv ious iy  fcr  any l^ -measurable '  pos i t j . . " 'e  bounded' funchlggr : , ;- t

X vanish ing on c  we have

vs-Bx\?vr)
l t  .  

- '

ffPnce , lol-
o n 6 ,  t A o

i

7hF p-  ah&\St t ra

fe*fio-. CIr, 6
\ . -

wl * \/F

u s O '

s € S

CIpen subset, of X i-s not

, '

. * .  l f  ' -  I  /  t .

fi t.rtlrtve boun a'ea. T-uncnel
t v

A )  - /  o



r .8

f  r  t * l
F 1 * ; =  

{
L c

: .F :  Xd.  G- - )
:

i f  x G  X \ G "

" ' '  Let f  be a posltJ.ve. b*:unded.iBore1 raeasurabre functio.!t . 'q;.{*.; '  - ,

Gr  le t - f  ;be t i re  canonj .ca l  extent ion of  f  to  X .and suppo"s.e.  t ,hat .  . , t i j r l

t / 1  r; ' ! * J W t a ' h i

.  t^ l .J '  show i . i ra t i  i ^ l  sat is f  ies the cC*rp lete maximum

an . l  f o r  any  s ,  L€  S ,  t<6# ,  t  S  s  the , , res t r t c , t j _gn  to  G
v \ r . .

t i ,or r  f t *E i^-* f  is  a  In l -doninarr t  funct icrn.

vf-nx\fvflu-ex\.ct 
"n f ty oJ .

I te choose a decreasi-ng seguence f  f , l  , ,  ,of ,

sets of  X such f ,hdt  f - , ) ,* \ t  and.,sr*q, t i  that  .  \

. {

n r i n n i r i . l ^
.Y . ' -  4 . r \ ,  + I t ;L  C

of  the fur ;c  -

fine ap.Q,-Filqub-

h : ;  q " , . ; f  f : . j . .  .

' f t  f 2
z\ s"c""#uttfrfl, ,i J n.=ut\"*

n G N  \  '  
n € N  i  -

S ince for  an1 '  n ,  p  € N we have-

; r  f i ,
. l

i  ("-t '  naP*,lu 
,"f t ,  u;? i

we deduce fhat

t 
t' 

"'i 'ti

: , , . ' i , , , . ,  i

' . . 1 . .

fl*.
l

we have

rr.vi-ni k.fk"."sf\ct

ther,,511,t ction on d (gfltl

(=-ax\ct)lu ru 4 s f t t
B

Al so

S ince

f-
o f r  l X

k

de f ined

- , 1 F :

u : =inr tvF-e 
fS,{),"-nx\ct 

l

E-f"^  and l t  is  dominated
B .  . '

:

L . - fn&t,*.belong s by .Vf -B deduce that ,



1 9

there ex is f -s  dn€,  i ;  such that  r ' :

/ e  ^ q

r rom (L , t l1  Propoz i t . ion  5" r .2Jand f rom Lh*  in .egua l i t y  ' . '
I

, | ?

" vr-eIlr;** u on e rsltlo If> oJ
L

l t  fo l . l .ovrs that  the element

o
wn: =u+Br ttf)

d  r r  ' l

b e l o n g s  i : o  S r  W r a = V i  o r i  X \ d { e & n )  
,  .  . , . . ' ' - j ,

viswn on [F > oJ

and t .herefore

u=un-Bf"un6 vf-i, 
*Tu, 

"

+ i

Visrv '  on  x
1r- f^ " \a

V f-s' t"i;* rn-d',1,#s-nl '(t on ,:G.

'  T h e . d s s e r t i o n  a )  f o l l o w s  n o w  u s i n c  H u n t  {  s  a p p r o x i n i a t  j - o n  t h e o r e m

r  f A j '  ,  T h e o r e m  j  . 2 . 1  )  .\  L  l J  
F ' L t  '

'  
b )  Obv ious ly  j - f  we l .c renote 'bV } .  the  res t r i c t ion  o f  V*  la  G

/
' i t  fc l lows immediate ly  that - ,  thg,  ke, fne l  I t  is .  absol . r . r te ly  cont in i i "ous

wi th respec ' t  - to  
f \  "  Moreover  i f .  w ( r , , . )  =0 then l , (a)  =0.  rndeed ,  L f

A

a t  t .  t

;4rar  )  0  t ,hen t ,here ex is ts  At  a  i ra tura l  c lo .sed subset  o i  A such

t h a t  h t l l  l )  o .  s i n " .  v ( r r . ) = s x \ f t ( i o , D  o n  c  w e  s e t

: :
l|'

v  ( to ,  )g  
"x \ f t , to ,  

, )  on  X ,  r



, :0

anl  therefore we r led.uce bhat  the belayagr :

{ -he near . ly  cont i i ruor ls  e lement  V( l i t  ,  )  as in
\

4  "3  "  1  3  l . :  :  equa ]  t c  ze ro ,  becau  s re  b  (B  ) ( ;  A ,  / 1
" '  l t  ) . * -

7 . t * ( l t ' ) =c  w l r - i ch  con t rac l i c t s  t t r c  re i -a . t i r - , n  . 1_  {a r ;p  0 .  s ince  w  i sI  
' -  - ' -  / r  \ . r  t  l f  u r  

c

absoLu-tei .y. ,cont inr : .ous v; i t .h respect t ,o X we cjesr.- :ce that  Siny iu u
' ;s tQ'nLrar$ lH' -cone* v /€ show ngvr  th .at  any l \T-d.c in inant  funct i ; ,n , f  o t r  G

vlh i -ch is  f  i t ie  Jower se in icont 'Lnuor :s  anc l  f  in i te  on . r  qense rsubset

C I f  G  be lo r rg : s  ge  ew.  Fo r  t h i s  j . t  v . , i i l  be .su f f j . c i en t  t o  p rave
, t

t h a t  f o r  a n y  s { ] s ,  s < o . l  t h e  t u n c t r o n

-4,
'  be longs  tq  6W.  i l s ing  the  cons ic le ra t io fF  made in  a ) .  we deduce

. I  
'

- J ^ - l  ' 4 .  , .  At ha t ' g ' J i e ' ; . 14 -< lom inan t ,  l e t  f ,  be  the  g rea tes .E  e lemer r t  o f  bn . * " ;  sDCh ._ [iU
. / \t n a t  E <  g .  r t '  i s  k n o w n  t h a t  t r { ( r r ^ . ,  * r  ) : 0  a n d  t h e ' r e f o r e

& Y /  Y r  " '

/  { ,cg}q]  )=, ,Q., , .  1 '6 f in j - .sh the proof i t  w. i j l  ,be suf f ic j .e: , r r .  to sAo*or
, A[n1t  ig ls f  ine cont inuous. f r r , ;€a*t  we,:show that for  a.ny, i r  € 

'h. .
' - e 1 d -

such tha t ,  h '<  (s*nx \Gs) f  .  fo r  some erernent  s€  s r  s  4c4 ,  we havc  , , .  . ,
I f.:

, : :  h = ( v - B ) f t c s ) i c  w h e r e  y G S ,  v $ s ,
I r :

l n C e d d ,  ) . e c  , t n ,  n  b e

funct . ion ' 's '  on G such

fo r  any  n€N we  have

B.  on  s  assoc .La ter { ,  w i f .h
f  . o o *  a
I  f , ' l ( 1 ,  P r o p o s i l . l : r r
\ * &

( X \ G ) = Q .  H i - n c *  t J ( 1  * , ) = . Q ,' d r ' l

r . - i n ' F
Y  .  - - - . . !

Borel

Si r rc  e

a  seg r re r r cb  o f  nos iL i ve ,

lhat  the sequence ( I^ l fn)

l r r r r r  nr i  * ' l
p v L :  l g v l  1 '

l nc reasHs- , r , to  h ,on

tv{-ax\1"{.))fn=rt,. .{ rr ( s*Bx\Gs . on

- - r , I W , , l r r ^  - . r : \ G --b' 
\t/ t n) \ 

s-u s

i t  f o l l o w s . t h a t ,

G ,

Vf
l.l

From Lernroa 1.5
I

-. def ir ied by

o r  { ;
-_ '--*l

f o i  , ' a n y  n , v n
t he  func t i on on x.{. .,:
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!

v \ ^

h+B^*"s=v  on  G,

From the preceding considerat ions
:&

s r t ' w

: .  G l x * ;  i n f ( s ( x ) r r

i t .  f  o l io \ r 's  that : . , f r i r  any ,_ i . . :

. i 
.- 

..,) "., _

r tv  \  I
\ . ,  I  I

beiongs tc  S

lnc reas r -s  to

dncl  . f rom the

S i n c e  n € l : ' , a n d  u G S o

vn: =v{-uIY+nnx\G"

and moreo\rer vnq| s <"0

a .n  e lqnent ,  - /€  S ,  vg  s .

.  O}:vi,ously the

,Also we have

'v\r'
5=' {v-8" 

'"s 
) |- ' t G

we deduce

t .( f r  n€N

seguence {v l
r l  l l

. !

I  J r i

&
b e l o n g s  t o  @ W ,  A l s o  f o r  a n y  s r t € S ,  s  a t r . L ( , o  . t h g  f u n g t : l o n

t " -nX\Gt )  |  a  U" fo*gs  to .  tW par t i -c i r la r l y  rhe  funcr ion .s [ * : ;be longs
" e oto 66.'**tu any s G s 

""1 trrr i.s a standard, H-cone-,of functions ,ii

o n G

, 3 i : ' , s r t € $ , ' a n d .  s A t . o n  X \ G  t h e r . 1  f o r  a n y  u . € S o  ,  - r i K t - . a n d ,  & : ! ; y ,  ,

n € N  t h e  s e t

$r=  f " * " . *J r :  , i

.:

i s  open anC i , t  ccnta ins the

"*| 
p nD,1

set x\G. obvir : r ; rs ly we have

- x \ c .  t ) r  x \ Gr B'- ' '  (B"{,utsB-' '  'u . ,

p : :eced ing  cons ide ra t i ons

-  1  .  v \ r .  - ' *' i+s-F,^  u"U e { l : .qrv
n ' -  q v

r  u (  t  are g.r .b i t rar) '  we get

s-Bx\Gr .  e  *%r.

- l



T ?& &

a+rEnlrt!!-FF

i\:i:+
i n rsa iur :ated

cont inuou s

t)n s given

wlth r'espec"*

elenent gf

by

'; I^ie show nour l irat G ls near,l.y

th ls  Le t ,  #  be  an  un iversa l l . y

cc lns j .d ' : r  t i re  rea l  func t ion ,  $

6 ( s ) =  S  l u l c )

Obviously g 1s an H-in, tegral  on

seguence (s - - )_  f rom S we have :
n ' n

,  . ^i n f  f i  (s * )=  0  tn "

FOr

W C
d 4

S. ,T/ ie  show bhat

. a  .

for  any c lecrear , ing;

that any. et.gqnent ,i- ir 6*rt f j .ne .con-

:

'l

6 r"r,l

.a ?1

q

a\
Slnce  X  i s  nea r l y  sa tu ra ted  w : - th  respec t . t e . * ,S . t . hen  g  i s

H-measur€ 'on  X  wh ich  c loesn ' t  cha rge  an ! -  semipo la r  subge t , , , e : [ , , , y .

Pa r t i cu la r l y  t he  subse t  , .  , , .  , 1 { -

f 1
l x \ S t x t c ) i \ c = ( x \ G ) \ S  ( x r c )  .
L  

- I  J  I

l .s  semipolar ,  hence G is  $-measurable anl j  .  , l  : , . ; , , .  . : ' : t i  . '
,i . 

_=-.*1 
,.

0  t x \ ? ( x \ c ) 1 =  g 1 c ) .

For any posit ive, boundecl, Borel fu.nc.t i-oir,  f .6n G we have .- ir. ;rr i , . : , ;

srnceedr" 's. ince fer any el .ement u € 674- ancl  a l ry elenent s6 s,  s < e€

the f t rncLi .on

!

G F  x  - +  i n f  ( u  ( x ) ,  s  ( x ) ' - g X \ G s  ( x )  )

. o
.,\

be longs to .  6nn.  i t  fo l lows' w

t i nuous  on  G  .and  thc re fo re

J I

' r l G

( A s  )  l c =  1 \  ( = n l " ) ,  g  ( A  s
n \ : r h n

bt ,1 'w
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c-(n'r ' ;= $ ( (vi"-ex*Gvf')

r r rF -X \G. ,F '  ,  T
\ v - L - - l J  v r / L r U :

, - - ,  S ince  the  e lenen ts  (d  - i :X  Gs )  
l , -  , r , , ,  (BX \Gs t  I  be
f  ( :  * t l c

tha t  the  func t ion  (eX\G")  f  ̂  i s  con t inuous  ' , r i . th
r b  

a
na tu ra r l  b ,opo logy  on  G  s i . ; en  by  8W .  Us j -ng  t t

a n d  T h e o r c m  4 . 4 . 6  t h e r e  e x i s r . s  a  B o r e l  f r r n c t i o

0 { ,Y}  11 . rnd such that  for , ,  a .n1z posj - t i -ve,  i>ouncl

g  o n  G  t i : e  f i r n c t r o n  I { (  v . g )  i s  l - c o n t i n u o u . s  i n

'  i  I  Le t  Y f  be  the  func t i on  on  X  .equa l  a f  o

X tG.  F 'o r  any  pos i  t i ve ,  bounded ,  Re l r ,e l  f u r r c t . i cn

!  , .  f
I  n )  

- "  t
tf, |

Y t r :
( ' / f  - 8 "  '  - ' V f  

) d s  =

rS
{"rrrF*r,x * G.rFt,  i l  -  hl

j \ v r  r )  v . L / s l J  - .  w i G

u

4-\i

\
t

X  i  g ,  { X q c )
(t^lf I

t a

a i :d  t l , e -e fo re  * [ "  i s  a  ncasu re  on  G  v ;h i c ] r  rep rdse rn tc :  S .

c)  - r : ' ror 'n  tnJ pr"ccJ i -ng cJr ls i . , lerat ior f l  wc i lc r l .uce that  the
a

f ine topc iJ-ogy o: r  G v, , i th  respect  to  
'6$ 

co i r , ; ides v : iLh the t : ' lc ;e

on  G  o f  t l , e  i i ne  topo togy  o f  X ,  w i t -h  r . cs1 - . cc r t  t o  s .  Le t  no r . /  s  es ,

and d6 R* be sucn that s d.d . Inte have

= ( d - n x \ G * ; + n x \ G =

0
) "
6.t  w€ cleC1UC- t4)

t .  , t , o ,  t h e

p c  s i t i o n  4  . 4

S ,suci: ,tila"t.

eI  f r rnct ion

l .orig to

r"Q.spec

'J .  ,  , ; l f rc

n \fl c.,r19,.

ed i -  Bor
g
bur "

-  * - l
r l  L f  ( J . l l \ l

f o n X

(

equa l  i  on

we have

v (  V ' f  ) { c = w t  v t l . ' )  : t n x \ G v (  y . ' f  ) ) l c

and  the re fo re  v ( \F ' f  ) l ^  i s  con t i . nuous  w i th  respec t  t o  b i l - ; ;  na tu ra l
I  l ( r

topo logy  on  G assoc ia ted  w j  th  bU Hence th is  topo logy  is  f iner

the 'n  the  t race  or r  G o f  the  na t , - i ra l  to i ro ' logy  o f  X  w i th  res l :ec t  t " .S ;
. , .r_l

Moreover  i f  D  is  an  open subset  o f  X ,  DqG then f rom f  +1"  - [ r ,? : ,

p o s i L i o n  5 . 6 . 1 4  i t  f o l . j - o w s  t h a L  ( n X \ G v  (  V ' f  )  ) l o  i s  c o n t i r r . - , . . : u ' s .  w i t h

respec t  to  the  t race  on  D o f  the  na tura l  topo lgy  o f  X* . . I JsJ ;n rJ  now



d, .

w (  y t t * ,t
|  - r  l
I  T - , * "  r
; t-'

g " f  ) f  o - u * t *  1 . , r { , y n r ; ) f n

v/e get t l ia.;

respec t- i :o

topo . togy  o f

q ggt:*!::r L-3. Ler s,
c e d i n g , " t h e o : : e m  . n d  l e t  f  b e  a ,

f  i n i t e  on  a  f  " i ne  < lense  subse t .

egu  i va l  cn t :

1  )  f o r  any  f1ne  open  subse t

w e  h a v e  r l  ̂ g s ( D )  .
[ [ v - r " r -

2 j  Fo r  any  f i - ne  open  subse t

a  I  A  ^  / h \'  
I  D  

L : ' L \  \ u /  '

,  3  )  f o r  , any  ba i l ayage  g  on

tha t  B

( 1 f , )

o n  G .

where

D of  the  na tura l  topo logy

s  w. l tn  t f le  t , ra ice  on  D o f

1 - i * a t cU '

t l i e  t race  on
n
u
h t . Y  c O r n C  I C . e-- UiJ

v  ' . ' i , - 1 .
/ !  w . L r - I l  ! s > } J L I L ;

the

G wi 1.:h

' t a  i r r r r  l

f l q -  n , 9 " '
X,  G , 'L : /  an . { ' { t /  ne  as  i n  t i r e  p re -

pos i t . i ve  func tJ -on  en  G .  r vh i ch  j  s  .

T i re r :  t he  fo l l ow ing  asse r t i . ons  a re

f  i  n r :
I f  n €  v  ^ ' . n 1 -  l - ! . - +  ! r r r e
u  v L  r t '  - l , { v . l l  L , r l a . L  L i  ( ;

. t k

D of:,"X'.. such that 6'e C !r'.e 1,hra.y6

S  s r r c h  t h a * ;  d  ( B ) €  G  w e , h a v e ; "1  €* . d  ( E )
&

4)  Fc r ,  a1 l y  f i r re  open  subse i -  D  o f .  y  such  tha t  DCG anc l  such
X I D  ^  1 . - r ^  '  - ri s  a  . b a j . a y a g e  w e  h a r r e  f  ! ^ G  S  ( D r  .  : .

l i j  -  -  
i :

5)  Thcre  ex is ts  a  sequence (s r  )n  in .  s  such tha t . :s r , ,  4  +- ,qa .

n E" l . t  and such that '  the sequenc e (dr . *nr  
o  *=. r )  

, ,  increa ses to  f .

1?r, /-T h e r e  e x i s t s  a  s e q u e n c e  ( s  * R ^ * , ' t  )  i n ,
; l -b  t ' /  

r ,  rncreas- i -na to  f
' F , . d ! rtn€  s ,  L . t  <  oc ,  ,  t '  t " r ,  fo r  any  n  €  w

7)  f  j . s  excess ive  w i th  respecr  to  r |6? '  .

p l o o S , , 6 ) ' ?  7 )  f o r . r o w s  f r o m  p c i n t s  b )  
: a n c 1  

c )  o f  t h e  p r e c e d - "

inq  theorem r  7  )  '+  J )  fo l iows f rom r iu r r t ' s  approx imat ion  theorem;

s )+6)  - c . " : "LJ -  1 i ) : )3 ) : t . t )d )e  c r re  t * i v ta7 . .  t "
4 t  \z ) = + ' 7 - ' l  .  S i n c e  f o r  p n y  x g G . t , h e r e  e x i s t s  a  f i n e  n e l g l i b o u r :  * ,

- . . - hood .G ' .  o f  - ; - ' such  tha t  t he  na tu ra l  c l o " r r r .  F  o f  G ,  i n  x  i s  : : , i -
A ^ h + . ^  i  ^ ^ ^' U \ J I l L d ' I I l e q I I , t ; : { ; w e c t e d u c e t h a t f i s f i n e I o w e r s e m i * i o n t , j - n u o u s .

6 )

s - , ,
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ic  ' . ts 'nu'w suff ic ient-  isce Ll :e proof cf  poj-nt .  b)  f rorn t le

\ :)reced j-; it theoi:en) to sirow 1-hat trt€ fr. incti.on f is - ' l-#Ao-i-rr,tr1t"

Le.t ,  for  br t is g i :c a pos:Lt j .ve,  boun{cd. Bo::cI  Junc"t ion ot : . . i  s t rc}r

that

Y \:1^. r f- -'!

v q - 8 " " { v , ; . } * f  o n  c n l s > 0  i "
6  \ " d ' \  L - * '  4

'  S i r :ce Vq j -s  cont j -nr ;e 'Js we deduce th.at ,  , t .here ex is t  er  Cecr 'eas1
d

ing  seguense  t  f on ) r re *  o f  open  subse ts  o f  X .  suc i l  t ha f  X \G  C  t ;

( V )  n q l i  a n d

r>
I n

./\ et n\r,o=BXnGv.r

n e N  : :  {
A "

r ^ R
ln f  ( f  

,  
Vg ' -B " 'Vn )  =u-B r r

u ,  where .u  esr  I r  {ug .  a  C>\3

l 1 -

u-

u -

c ,J. -r

tfi -+ inr (r,Vs..f"un) $ vs-*ftun i

,ft,,*uftvn z vn on fn " 
,J n a tef'l

|  ? r  J - n  i
B ' i r + B  " v  > - V  o n  | r

f . ? 1 1

u"fun"t nunzun or, !]s > o] ,
1?

A gt nuo? uo , f)- un*utttun .
n Y Y

5) t=+r ) .  Le t  B  be  a  barayage on  s  such t ,ha t  d  ( ts ) (3 .G" , - , t J ;9  p l tow

t h a t  f o r  a n y  s G S r  s ( . @  w e  h a v e  s - n X \ G u  e q .  I { e  c o n s j - ' l c r  f o r

. t'  i n
Obv ious l y  t he  f  j - ne  open  se t  D - :=d  (B - ' " )  j - s  suc ] :  t ha !  D -€G.

4 t  l l

From hypo!-hesi s i{e Lrdve.

i@

r I o 6. s (Dn) =su fl,
" n

anci therefore'



2 6

t h i s & - d e c r e a s i n g  q c q u e n c e  t f - l *  a f  f  i n e  o l i e n  s e t s  o f  X  s u c h  t h a tn ' n
l-t
{  - }  Xr  6  an 'J  such tha t

.  t !

\
. l  l * T

+  ,  |  -  ' v ' \ n

n  B '  
t t s = B ^ ' * s  

o  t  I

f l ' ' t b (B )  '
We denOb€  B- :=B  and  we  re ina rk  Sh l t  B*  i s  *  ba layage  on  Sn n. . )

Y 6rrd, we have

1dr q
, l  

n f t J i ( B ) ) X \ G , 8 7 . R  
" ? B n  , ( , \ $ )  n & N u

'

vr ar

. \  Bns=B^ ' "s  |  ,
h

. r - 1 "

. \  '
I  ! ; .

,  I , ,  1s -Bx t cs ) t o ru )=sup (s *Bns ) l a to )  *q  j .  . , , . . * - . ,  , , : ; , , r , . ; , , i , - , , . , . , , , ; i i l , ; .
*  \ u ' l  

t l

! r t

X \ $  
:

baFlayage on S. If€ denote ra*yl;, frf  Lhe rigstr ict, io.u of , , f  to D'. ' t lsj .ngt

the hypothesis  i t  fo ' l lows.  that  f .o . f . .a$y i i .ne open subset  D,  o f  x ,

Ai -n we i.;ive . -
" l  * "

V l o ,  e  s  ( D l )
t S

I  I ' rom the above considerat i -ons we deduce that  there ex i .s ts

r  : ,  : ' , d .  s .equenc€ ;  (= r r )n  i n  S ,  sn4cg  sgch  tha t  t he  sequence  (= r , -BX tU= , , )  
"

-  
I l  l l  r r  l l

. l  * ^ r o l  n o o  .  r a  ( / .
'  + e r v r C d S € l j  L \ J

l -

ObvioustY

" r , - u * t o s n e { \ D '  
( r * )  n € N

' r  r l  
t s .

:
i
i
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E s  ( D ) (  $ )  n ,#FTx q D
c  * I ) ' -  - q

" n  t 2  " n

t , i on  on  G ' :wh i - ch  i s  f  i n i t e .  on

asser  t - ions are equivaIen. t ' ' ' t ,  - . ,

i )  f  6 s ' ( G ) .

2 'J :  for  any.  open subset

'  ( f  +  s (D )

Def i -n i t i on .  LeL  S  be  a  s tandard ,  l l * cone  o f  f unc t i ong . t l l l  &

near l y  sa tu r i l t ed  se t  X .  f o r  any  f i ne  open  se t  G 'o f  X  we  c leno te  by

s n  ( G )  t h e  s e t  o f  a I " I  , p o s i t i v e  f u n c | j - o n s  f  o n  G  s u c h  t h a t  , , ,

a l  f  i s  f  i . n j . t e  on  a  f  i ne ,dense  subse t  o f  G  . . , - 1 ,

b)  r i 'or  any f  ine open subsel  D of  x  such - that  6- t t t " *  
"  

.  :

S s i D ) 'we  have  f  l ^e  s  i r r )  .' D '

F rom the  above  Ce f  i n i t i on  and ' f rom theo rem 2 "1  and .p ropo ' '

, t _

s l t i on  2 , .2 ' i L  f o l l ows  tha t  . f o r  aQy  f  i ne  open  subse l , :G . ,Q , f , , , , ,X  l he
:

,set  $r" '1 . , ,  is  a  s+;anciarC H-cone of  f r rnct . ions on G suci r  that  the " . : ! , ,

f j n e  t o p o l o g y  o n  G  w i t h  r e s p , e c t  i - o  S ' ( C )  c q i n c j - i l e s  w i t h  c h e

tr 'be.e o.n.G of the l f  i .r ,re topology of X with respect S'errd. the nat'u-

ra l  t opo logy  on  G  g i r ren ' rb1z  (S ' (G)  )o  i s  f  i ne r  an*n , r the  t ' 5ace  on  G

of  the ' rhatura l  topo) .ogy of  X g iyer , r  by S^ and they cp inc ide i :  G is- o

Opel-r j  .

AIso we have

v r / :
a )  i f  B A \ G  i s  a  b a l a y a g e  t h e n  s '  ( G ; = g  ( G )

b )  i f  G t  r  G ,  a re  two  f i +g . ' qpen  subse t  o f  x  such  thab

f r  *  ( -  { - } ran- I L  - 2

f €  s '  ( G ) : ) r  l " r *  s l  {c ,  )

R e r n a r k . ,  l i : g  i . s  a n  o p e n  s u b s e t  o f  X . a n d  f i . s .a  po "s i t ' i ve  func -

G then  bhe  fo l l ow ing

r" " i ir

a  dense  subse t  o f

, i . . .  . . , : . . . . ,  
" ' . . .  

-

G-  o f  X  such  tha t()
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G o e  G  w e  h a v e  . 1 "  *' \ r O
a  I  t a  \, l \ro )

of,. X .s,ugh t,hatGo Gof f iG havewe3) f ,or  any open subset. :
t q

C  I  t  6  l ^  \r  l ^  g  - *  l \ : ^ /  .
. l J ^  \ J

L)

l

such

G

' i

S l n c e t [ . ,
)

h"

G

T c c o ,  t o c G  ,  .  ;

S'  (G, - ) .us ing  aga ln  the  above propos , i t ion
v t .

- -  t c l  r  I  t  ^  != ( i l c  ) f , - . , { : S ( D )
u

v

ne open subset, D b,e*ng
{)

:ar hitrary nnirrue t}'L.6qvg

srrbgtet of X., ' lst--

subseL 'of , , ,  G" Ttren

f '  on 14 in  the

j-s suclh.,that

X rG fo r  wh ich

t
€ l- - t p

r l_and therefore,  the

f & $ ' ( G )  .

p r :opos i t . i on  2 .3  .  Le t ( :  l ra  *  F i  t . l ,5  /1Y)ang  v v  s

sE :S  ' . be  a  f  i n i t e '  e len ien t  o f ancl }et M 
'be 

ai)

we have

BM 
\_,  (x \c)  s*Bx\c= ?tM 1u_Bxoc. r )  on G

.

r y h e r e  f o r  a n y  f  €  S ' ( G ) ,  t f ;  * * " s  t h e ' b a l a y a g e  o . f
. ) ! :

s t a n d a r d  H - c o n e  o f  f u n c t j - o n s  S ' ( G ) .  M o r e o v e r  1 f  M

the f ine  c losure  o f  M in  X  conta- i -ns  any  po in t  x6

' X \ G  i s  t b i t r  a t ,  x  t h e n

Proof  .  S ince s  is  f  in i te  and S is  a s tandard H-ccne' ' i 'hhere

e1 ls t s  a , , i f ac reas ing  sequence  o f  f i ne  open  subse ts  (Gn)  c i . ; * i such

that

Indeedrfrorn the a.bove prop.o:bi t icn we have t)*+ 3) +Z) "

F o r  t h €  r e l a t i d n  2 )

that  D d.G'  anr l  le t

: :b  t )  le t  D be a f  ine ,open subsqr .  b f

G- be an open subset of X srrr:h 'Lhat,
o

we get
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Mc/  (X rG)  C  G
t !

/--
'  

^ _  .  
t  f a

^Mv  (X \G)  * ' n
s  '  t  s= in i  B  " s  r

'  D€N

From the re la t ians

F - r t
u -  1 / \ r -  

( t n  
vQ  a  Un  v r  / r

B  
t t s - B ^ ' - s = B  t t s - B ^ " t ( t J  t t s ) =  

s - B ^ " t s  o . n  M ,

t , r a  d a +w e  9 c L

gGtu-gXtc= e tM 1=.ex tG=i  ,  i . , f  gGn" -BX \G=

n€N

(\F) n g at
t \ ,

* t M , ^  - x r G _ , ,7 r B  ( S - B  - S )  O n
'  

. , { :
G .

Since ! l !1" -nxrc")  is  lower  semicont inuous on G wi th

the f ine topology of  Xr  ' f rom th,e. , t , 'as t  lnequal i ty  and

lng  cond ide ra t i ons  we .  ge t  '  i . .

r espFs't;i to

the preced-

be ing  i nc reas -

1

. . ' 'SuPPose  nov '
. t t

po in t  *g . :< rG fo r

belongs

ing ali&.,

that  the f  ine c losure of , ,  M in  X conta ins any : . : '

which X-tG is thin aL x;,i, '.LaL':u &-$'{;;Gi be .such thaL

u '7  s -Bx t  G5

x r c
o n  M r  u $  s - B . '  - i ;  o n  G . ' -:{

'  From the d 'c f in i t ion of  , '  ( { } }  "Fhere ex ls ts  a sequence (sr" ) ,n

o f  f  i n i t e  e lemen ts  o f .  S  ' i uch  tha t  t he  seguence  (= r r - " *n  u . )  , ,
Y \ ( :

i nc re ; i ses" ' to  u  on  G.  S ince  u  { ,s -p^ t t=  ,  and us ing  Lemma r .5 rwe

d,eCuce t,hat, for any "n Q N the function , 
'  '  .

'  

" 1 G o  * D X \ G a  _ , i r l  :.  t -  :  =s ; -  -B . .  D -TD D
I I I  

. R  
I I

g o i r g  a n d  g X \ G s  t t ;  S s "  T h e . . s e q u e n c e  ( t n ) n  € s

dc.minated, we dedue,e tfrat.irbhe function

t :  = s t J P
n

tr,= w t
n

h
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belong to S and mcreover we har,e ::.

\ f t  / -  '  \ r .  r rt = u + B ^ ' " s  o n  G I  t 7 s  o n  l { ,  L } B ^ , ' j s

since t2,  s orr  the f ine cros.rre; f  i t le or i ' {  and ' ,  r :er , : r . . : : , :
-:

; f  i n c =  
( x r G )  \  b  ( x r G )  "

we get

LL >  BM v  (xcc)  
u -BXtG= on G ; : i ' i

and  there forer ,  u  be ing  arb i t ra ry . . , -

" ' "P! 'ggj : l  2.4.  For any f ing- open sets cr  ,  Gt c, f  x such. , : .  i
L 4

that  G,  C-G1 vre have i -  . . : .z .

. i .r".proof . Ler f 6 i-L s '  ( G )  ) '  { c i )  a, l ) '  t cq)  
' . .nd  

le t  B  be"a  bar4yage on  s

,  s u c h  t h a t  , d ( e ) C  G f  .  F r o m  p r o p o s i t i o n  2 . 2  i t  1 s  s u f f  i c i e n t  t o .  e h o w

tha L

i -  . s i nce  f l  a  te ,  be lonos  to  f s ,  (g i l J t  f a tn l  I  rhe  p roo f  i s  ,_  
'

tM (* -ex\Gs1) ,  BMv(xtcL-sxrGs o i1  c .

f t ' t " r J  1 '  ( c r ) c  s l  t c r )  . . "

Nov;:
-  s  \ D ,  r -  . .  J

f in ished: i . i f ; . ;1^7s show that  for  any f in i te  e lement  s  of  S we have

- '  r '  
v \ / :  nGr rd  (B )  x \G t'  ( s - B ' o l b Z s ; J s  "  ( " - B  f  )  = s - n s  o n  d  ( n )
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or eg*j-vi.r '-entLy

X \ G -  
' X c G ^

a  , . _  as ) + t s  s
_  r  ( x rGr )u  ( c r r  d  (B )
BS=B

" .  S i n € . e : X \  c i ( B )  f s  n o t  ' , : h i n  a t  a n y  p c ; i n t ,  o f  X r d ( e )  a n d  X t d ( n ) , =

= (XrGr ) ro l . ' {G r rd  (u )  )  we  dedu :cc  J : } i ab  t : he  f i ne  c losu re  i n  X  o f ,  t . he  seb- 2 , ' z

c r r d  ( n ;  c o n i a i n s  a n y  p o i n t . x  o f  X \ G ,  f o r  w h l c h  x \ c 2  i s  t i r i n  a t  x

a l r ,C therefore the ' " ' last  equiva lan 'L, , r .e la t - icn fo l lows f rom the pr€; ; : . ,

ced ing  p ropos i t i on .  .  ' ,

P r o p o s i t i o n  2 . 5 . " I f  X  i s  s e r n i - s a t u t r . t e d .  w i t i , . , r e s p e c i :  t o  S

then any f ine open subset  G of  X is  semj_- 'sat r t , rared wi th  respect

to , ' th€, ,Standard:  f i :co. f l€  S ' (G)  of  func, t ions oni  G; . , , . . , ,  ,  ,  '  :  . , . : . . , .

Proof  .  Let ,L i -  be. 'an universal ly .  houn, ied e lem::nt  o f  - " , i$ f  (G)  )x
i

t

and let 1)t-^ bcl,&n ulr iversally contindc.rus H*integral wlth respeab
t "

S '  (G)  .such t .hat  L+< /L^. : '  Erom' ,Theo: iFm ,  2 ;1 ,  b)  and f rom the fact .
t / v

t ,hat X is n'ear):y, sa.turated we deduce that 
,t to is ;rn l{.-mi:as:rre on

t -  r  I

G whic, , .h  does ' "not  charge any 'senr ipoLar  subset ,  o f  G and thergfore

:

t , . '

t . '  4

/ L t . . ,  may  be  cons iCered  as  an  H- i i l easu re  on  X  wh ich  does  no t  cha rge
1 v

sr :bset  c f  X.  Let  s  be a,  f i -n- i . te  g.enerat -or  o f  S and
I- . -dec reas inq  sequence  o f  f i ne ' cpen  subse t  c f  X .  such"

any semipo:Iar

let '"(Dr-r) 
n be a

tha t

X . t G C D n  ( t t )  n 6 N ,

s = B x r G s  o
l in

above co ns id era tioir.l$ -r.++e-$d&' € ..

A s  nD

I

" J

From the

Inr yi,o
D- D- .  v '(B ns r= 

f o, f ;  
u n"),=rf lo (sX\G=) ,

1 "Dt=-".*t  "=) |  
"= 

("Dt"-Bx" f  ,"Di=, ,  i  
"  

€ s'  (G) ,
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We denote by 6 the map on S given t 'y

.  Ob-r ious ly  S i=  an H- in tegr ; i  on S c lominateo by the l l *mea* : - '

sure f , r .  ̂ and the;refore is an H-4easure cn X'
, l ' J

A t t t  : = i e ( E r ' ^ J  ( V )  t ( - s .
v  /  ' u

I

€ h  o( (sDt " -s4 ' *G" )  l r )=  J ,uon

and therb fore  the  se t  . i : r '  '  ' l - ,  ,  ,

l - .  -  -Dr ,  .  *X \G-  
- l

.  M ; = l i n f  B  " s ) B - -  - s  
j ,

L n

Pr l  =O l  - f . i nc  .r _  |  c _ u j x \ f l  D ; _ . . _- n

= - B X " G s ) d  A ; '  r !
/ v

n - l
'  '  ' 1  in f  C '  (e -n" -Bx tcs ;  =g  ,  f ' '

' n

D * -

$  ( i r . r  g - n s - s x t G = ) = o
I I

. l

.  U  -  '  t  i  - ,  - ^
L s  g  - n e g l r g r b r e . .  I r r o m  t h i s  f a c t  a n C  f r o m  3 h e  r e l a t i o n s

r (x\cs n6:t"= , (  r1blt"t)  \  (r \G)n'M , ' ,  i

we deduce  thaL  G  f=  0 -measurab lc ' . a t l d '

Fur therr  w€ have,

F ( ( s - B X \ G s )  f c ) =  S  { r - e x t ' G ' s 1 =  0  ( = - u o t s l +  S i a D t " - n X ' G " )  t
l - i  .
I



f '

D D
' l N , \ - r |

I  ( s -  t s  " s )  = f l (S - i r r ;  B  "s )  =  '
n

n D n
. . .  ̂ a f  i . n e =  \  ( s - i n f  B  " s ) d  0 ) ^ =X " r ( \ D r ,  ' J  

n  
- r c

rI

i .  (  i l - B x t G s ) 1 . . ) = s u p
/  

" ( i  
n

.  == {  t " - r , ' ,  BDt" )d  [ }  I! n

=  
[  

1s -Bx ' cu l a  0 ] c

3 3

_ t

Since for any f irr i te element u € g we have

{ ,  ; ,  
f  

r ( . r r -eX*G*)  le)= $  tu-extGu,"  5  
( . r -gxnGula $ le

we deduce tha t  j " f  u€-Sr  *3  
"  

then

" '  

f 1  
1 r i - e x ' G u )  l c )  =  

$  r r - e x t c $ ) d  0  l , ; ' E

*i" i-rr at id, therefore .. the same equali ty holds for: any f ini 'L,e elemer:t.  : . .1.-:o4. .

; . r< : ,+$  because ,any  such  e leme.n - t .  i s , t he  l im i t  o f  an  i nc reas ing  sequence

; ' : '  ( t r , ) r . ,  ,  u n 3  d r r u  ,  . d  n )  o .  r f  f  €  s ' ( G )  t h e n  t h e r e  e > < i s t s  a n  i n -  ' , . . :

.  j . l

creasing sequence o. f  . the form {"rr-r*  =rr)r ,  wi th

sn e S, =r-,a * sttch that . , ,

:
t ' G .  

r  if= ] i -m (s . , -B -n,  I  G
n  

r r
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