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i \ i .  Boboc ancl r jh , Bucur ,,

f f  .  Na tu ra l  shcc r f  p :ope r t ) /  and  ax iom D_^  on  a  s tandard_.-_:-_"-". r().-_*__-

I { - c c i t c  ( ) f  f r t i : c  l i o t t s

,  T r i  t h i .  , - - r + -  - ' r ^ ^  |  l , ; j _ t h  t - h e  S t l r 4 r z  c t f  t h o  n r o D e ; 1  L , : ,  t h a t .f  r r  u l l l  D  P o .  l -  L -  W i '  ! ,  L " 1  - I  . ' ,  J -  L I :  L - i . l t . j  b  L L r . r y  r . ,  l .  L l t s ;  l i / :  r . / l / s J -  L :  .  L i i a  L

l - 1 r n  r r : r - ,L  I  |  \ : ;  l t : q  I J

G - . -? 'S , '  (GJ

g  - v c n  c i r  t i l e  s i c i t  o f  a l . i .  o 5 ) e n  s 1 l i ) s e t s  o f  X  i s  a  s h e a {  .  l , I e  c a l . I

f - i r i  c  l . ) Y . a ! r l n l ' 1 \ r  n : l l - r | i . 2 - l  c h r ' ; t . f  n r a r n n r F r r
r . ! \  L / v r  

e j ,  q r r i ! . s . !  v i v y u r  e J .

f le  prove tha"c the facu i :hat  one of  the rnaps

. G , * * - + S ' ( c ) ;  G  d , > S , ( G )

. f i i r o n  o n  t h r .  S e t  O f  a l  I  f  i n C  O p e n  s U b S e L S  O f  X  i S  a  S h e a f

i m n r ' i a c  { - h a { -  t h e  o c h e r  i r  a r s o  a  s h e a f  a n d  t h i s  h a p e n s  i f  a n-  " ,  . - -  I  e  r  r q  v r . r a  p  r r * Y !

' o n r i ' i f  
S  s a - L i . 1 c i e s  a x i o r n  n .

l r l e  o r : c ) v e  a l s o  t h a t  t i r e  f a c t  t h a t  L h e  m a p

G i:. ' r

g ivc l  o ' r i  chc  se t r  o f  a l l  ope r l  subse t  o f  X  j - s  a  shca f  i g , "g .gu i -

va l cn t  w i t . i r  che  facU t i r , , r i , : x i i ; , , r  o f  no la l : i t v  anc l  na tu r . r i  s i r c ; l 1 -
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,  proper t i  ho ' Id  on X.  Thj -s ' :  resul l :  a l lows us to  dss€1"- t  t ,hat .  lor
:

, -  a i l y  c rpen  sp l ) se t  G  o f  X . the  s ta t rda r :d  H-cone  S ' (G)  o f  f une t i ons

r rn  n  ( ; rnd  no t  S (G)  )  mus t  be  taken  as  the  l oc ; : l  s t ruc tu i : q ,  on .Gv a r  u

assoc ia ted  ro i t i r  S .  .  , : r  1 ,  i : , .  .  , .  . . . ;

We prove that i f  t ire natural sheaf p::operty hg,lci.s on .X

fhan for  An\-  tw<.r  open subsets G. ,  7  G^2 of  X such t i ra t  ( - i . , \ , ig , - .X :u r r , . r  r v *  - I  
Z  I  

-  - e , -

we harre

G t  G z  - G 2 -  G r
B -ts -=!, -9

i {e  ca i . I  t h i s  l as t ' assc . ; t i on  ax lo rn  D^  on  X .  We show tha t ,.  I t v  ' - - : - - -  - - : .  - - _ ' .  - o

r  &x iom D^ st rongly  c lepend s on r :he representat ion of  S as s tan-
, ( J

. : , . , ' 1 , . - .  i  '

.  C : i i d  i i - cone  o f  f unc t i ons_ ,name ly iax iom"Do  ho lds  on  the  se t  Xo
, .

f o r  a ,n1z  1 ,ns3k  u r r i t  g  o f  S  i f f  ax iom D  ho lds  o l i i ;S  a . .  , . .  j , - . . . . , ,  . . r ' . , : : '

'  
Some other  cha. i :a i t i€r ' lsat ions of  ax i -om D are g l .ve i t .  Olc  ,

o f  thcm go tc  the "o-ud "  meaning of  th j -s  ax iom in t .p-od-qce.  by
-  . .  . . 1 :  . t .  , . 1  : .  r  .  . - i . 1 .  ,

- ' : : :  
Bre lot  in  ' ; i re  f ramework of  ha; :n ion ic .  spaces.  Namely,  i f  .S sat is- .

f ies the natura l  shea. f  pr :o*per ty  ihen ax iom D holc is  on S i t l f

An\z  r l r r i rzarea I  ]y  bounded e lenrerrL-  o f  S is  the surn Q, f  , .e  seouence
,  

q . r J  u r r r :  v

o f  un i ve rsa l l v  con t i nuous 'e lemet r t s  o t '  S  , r " r

: .  .  
"  

3 .  Nai -LraI  i<- :ca l izat ion and ax iom D,-  in  ?. t? ldarov t r

r .
r , r - r :one o f  func t ions  i1  \f t ._v\- .__----

f n  t h . j . s  pa r t .S  w : I I  be  a  s tandard  H-co r re  o f  f unc t i i - , . r r . i " o$

i - . -  -

: :

' 1 :

.  " '  and  by  S .  t he  s tandard  H-cone  o f  a1 ]  f uncL ions  on  X ,  : . ' . i ' t . ; ' i l l ' - ' :  "- - - - .  - J  - t  r  
: .  , , .

l ry t l r 'e- natural  extent ion of each funct j -on from S i : ; . .1 i i  . i " r l r l i :* '  t '

I
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I \ . , l r )16r  cron{at^a l " l  - -  ' r  r  r .  ' r  ̂  "  -et "  suc( l  thatf  l v r  s  t - J s , ' u r - q * 4 J  . 1 .  I  . I  * b  C I  i )

X c Y C . X l

+  l - , a n  . t r - t  A  I  r 1 r 'e r , ! - J r  L ! , r r  - * - , , , c F r t  :  G r S  l i l a y  b e  n a i : u r a l l y  e x t e n d e d  t o  a  f u . n c L j . o r r

s  on  Y and t - - l r r  r ;e t

i s  a  s landar :d l { -cone of  funct  j -ons or ,  Y, ,

I f  A ' i s  a  s u b s e t  o f  Y  a n c L  s  G S  w e  p l l t

p ro i ) c r . :  j . t i on  i .  i  .  a ) '  FOr  dn1 ;  subse t -  A  o . ' i  ,X  and  .o l r t .  s  €  S

l - - . . .  ^
v t v  l ' . :  v  t i

y  , = i  , t i  . r _ -  , Y - 4 3 ,'  *B "s=  ( i : , " s )  o r -  cc ru i r i a f  en t .+ , ,  \  r r  5 /

b )  I f  c  j - s  a  f  i n c  o r ) e n '  s u b s e t  o f  Y  a

c -  .  - r
S y t =  l B : v  

- -  :  R n l s  e s  I

\ t  I  t a  
' )' T { " s ;=  A  )  t  { -  .S . .  [ L  7s  on  A  ' r

rJ \  1 -  - .  . :y ,  |  -  
I

- - .  *  Y '  s
D . r

t L

Y u A 6 =  ( B ] ^  
^  x s )  o ;  e q u i . ; a i e * t . r y  ( Y s A c . ,  

\ . . = u o  
^  x =

,\

r r - D  b

n d  s € S  t h e n

',r (: a A'a* t s " s =  ( ; l t '  ' . s )  o l :  c q u i v . r i e t : r . 1 . 1 ,  { t f G 6 1
. Y .'t l'.
= 8 " '  t s '

X

: ' f  r F  Y  i c  e p n i - S a t u r a t e d  t h e n  i c r  a n y  S u b s e t .  A  o f  . Y-  - ' J

and  any  se  S  we  have

P r c . ; ' .  a )  L g c  - \  a r : c l .  s  a s  j . n  g : , t  p o i n c  a )  a n i  r e c . t  i : S .

.  .  , ; , : ; ' - , i i t ' ! ; . .
^ ^ i L ^  i * 1 . .  - , i : :  h A r z r :\ < ' = L  L , A r l l ! ' r '  f f s  r , + V U

t > - s  o n A  d _ _ >  t . > s  o n  A



4 -

and t l :rerefore

t , z r r ,  l t e  s i . ,  "  
o n  a | ) - / l { " . . n " l E 7 =  a n  a  ? y  '

,  I  b )  I f  G ' i s  a  f L n e  o p e : l  . i u b s e t  o f  y  t h e n  t h e  f  i n e , p l o s u r e

I  G  n X * "  f h r Y  o f  t h e  s e t  G ^ X , c o i n c i o e s  v : . r t h  t h e  f i n e  c l o s u : : e  i n  , , :
'  

Y of  G s ince in  the corr t rar :y  case we have the fc l lowinq re la . -  , .

,  t i ons

o l c \  ( c n x ) * c ' Y \ x  : :  .

r , rh ich i ,contradic ts  the fac 'b  that  S is  . i  s tandl rd H-cone c-r f

f u n c c i o n s  o n  X

"  
' : '  

" 1 : r1 ' "1 'e ) t t f  X  i s  se .m i -sa tu ra ted .  : v /e  know. tha ,b ,any  bc l re l  , ,Fu , ,bs€ . t . .

o f  Y \  X is  po lar  v , ' i - t t r ;  resf )€et  t -o  S. , .  f  t  is  suf f lc ien l  to  prorTs.

, t he .asse r t i on  c )  f o r  a  bo re t  =onno i .  A  o f  y .  t r r i e  k r row  tha t  t he re

exists a borei sul:set M,@8:j,y; lggchrth€l!- f t :rr;X(M and such that.

S i n c c  t h e  s e t  A \  M  : i s  a ' b c r e l .  p a r t  o f  y  c o n t a i n e d  i n

Y\  X i - { :  is  a  polar :  sr ibset  o f  Y an4, .  l -herc{ore.

Y A Y I \ ,1 Y AN X ,  Y^At B " E ' ' 8 . . = ' ' B - '  
:  r ,

C o r o l l a r v  3 . 2 .  I f  X  i s  s e m i - s a t u r a t e d  t h e n  t h e  a x i o m

of  polar j - ty  hc ids o: i  X r f f  the ax iom of  convergence holc l ;s  on $, :

:

F roq ! .  f t  i s  su f f i c i en t  t so - . r . r se  qh€ ,qsse r t i on  c )  o f  t he

preceding proposi t ion '  and Theo.r ; -grn 5.61.3,  f rom l3  J

, 
g!S"fg^_l]. .  rf  X is seuijr;€atur.Lfed with respect.,. . to S

then  the  fo l l ow ing  asse r t i on  aq .g  r l qu i va ten t :



. * ; 5 :

1 ) '  S ( D ) = S ' ( D )  f o r  a n y  o F , ( ] : i  s u b s e L  D  o f  X ,

2 )  S  ( D ) = S '  ( D )  f o r  a n y  f  j - n : :  o p e " r  s u b s e t  D  o f  X ,  :

? \  t h n  ; r i r i c r m  o { :  n n - l  a r - i  F r r  , l r n l c l c  r r n  vJ  , t  
( - J . J L - .  ( r . a " L y l t t  v L  l / v I q !  J  L - _ y  1 I \ / J - \ l D  u i I  / \ .

P r o c f  .  ' f i l e  r c l i r L i o n  3 ;  . - - - - = > ? - )  f o l l o l v s  f r r : m  t i r e  f a c t  t h a r t

f o r  i l n y  s u b s e t ' A  o f  X  t h . :  m a p  B r . l  i s  a  b a l a y a g e . o r ,  S .

Thc rela t. i"on 2 ) : :=) 1 ) j-s r-rbvious , . .  . '

r )  : - - . ) , , 3 )  l , e t  p  be  a  c losed  semipo la r  subse t  F  o ' f  . 'X ,  S ince

S ( X r " F ) = S ' ( X \ F )

wc .c l  cCr lce  tha t  fo r  any  sC.  S  , ; : s :1c<3 we have

. I i
s - B ' S t S ( X \ l f )

. l

r ' ^  !  :  * ^ -  3  / r r , r : h e  e s s e r : t . ! . a  r ,  h - r  s e  o f  E !  t r  r .  f i P t .l \ \ / r . . L r r v  I - ,  \ r ' I  4  . l j r . ' - ' . ;  v !  i  t " l E  q F u

I

tr 13'( F. I
S - B ' S ( S - R  t ' * 1 S  .

e i r r d t h e : : e f o r e u s i t . r E t | l ] l P r . o p o s i t i o n 5 , " 1 . 2 a n d 5 . l . q ) . w e
' l J

d c d u c e . . : h a t t h e r e . e x i s i s . s l + s , S , * ' s s t t c h t h a L

- i n ^ a  r r  i ^  ^ ^ m i n r . I t ; r r ^  r . 7 r r  d A t  3 ( F ) = g  a f f di ) * - i r u t ' , . '  I >  D s l i t I P v I C r :  W s  9 c

r  . r \ /n  \

s - B *  s = s '  - B  ' - \ r  /  s  '  - s  t  o n  X  .

Thus

a F s {  s  ( V )  s ( . S

s- -dPs=s ' - - "  F ( t ' )  
" '  - " "  

x  \  F

and  the re fo rc

Ir
B - ' s  {  t .
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f o r  a n y  s q  5  a n d  a n y  t € S  s r t c l r . t h a *

f=s  o I r  F

Lc t  nov r  G  be  a  f i ne  opc r l  subse t  -e f  X  such  tha t  FCC.

L T r ,  h : r r o
V Y r . .  J l u . V L

and therefo: :e

BGs=s  on  F

.  
F " '  G,  S  d B . , S  '

Hence for arry s 6 S we have

G T , - F
B - B ' s - B '  s

fc . r r  any f  1ne open subset  Gr  GD i '  anc1 thus v /e gei*

.  B F  G F s l  = B F s

i v )  s e s

(v) q,g.s: '  , . ,

' :  - .  From chis  fact  i t  fo ' I -Lows t -hat  eT^ is  a  bala iyage on X r r i rhr

respe'c t  to  S whose base l1es in  F.  g€nce, . ,B,F=O.a;nd- . : t t re i :e fore F

i s  p o i u t .  U s i n g  p r o p o s i t i a n , 3 . t  c ) -  a , r d  t [ : - l  T h e o i r e m - 5 . 2 . r ) ' w e

dcc l , . r ce  t . ha t  ! . c r  any  Bore l  sub , ;e t  A  o f  X  we  have . , ,  :  ,

A l^ TT,
B ^ = V  L u " ' F  c l o s c < l . ,  r c  a  !  .  ]

From th is  fact  and f rom the preceding considerat ions we get

'  t ha t  any  Bore l  s ,em ipo la r  subseh ,o f  X  i s  po1ar .

'  
De f  i n i ' f i on .  I f  S  i s  a  s tandard  H-cone  o f  f unc t i ons  on  a

s e t  X - : w e  s a y  t h a t  S  ( o r  t h e  p a i r  ( S , X )  )  s a t i s f  i e s  a x i o m  D ^
(J

i f  for  any two open subse, ts  . .G,  , .  GZ of  X we have . - . :
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/ a r - d F
r . f r  ! - -  l ) n  l r .

t / ) l
t

t J I J = I J u .

lvl ienevn.r'

G '  v  G - = X' " t a :

' , t ! ! * r ! ,  T r ]  t he  se ique l  we : i $ha l l  p rove  tha t  i f  X  i s  :  1 ; . , :

nea r l y ' saLu ra t -ed  \ , / i t h  rdspep t  t c  S  then  the  i i - cone  S  sqa t i s f i e , s

ax ionr  D i l f  f  or 'any two f  ine c l ren sL lb,sets  Gt  , .  G2 of  X i . , ,e  have

G .  G , ,  G ^  G -
B  

tB  *=B  
"B  

l '

whenever

?  t ) f .  - \ t
U i  v  4 7 4 - _ , 1

I Z

\
\  P : ' o p o s i L i o n  3 . 4 .  a ) '  f . f  a r x i o m .  B ;  h o - t C s  f o r  t h e  p a j r

\  ' +  . . u .

( . S , X )  i t .  h o . L C s  a l s o  f o r :  t h e  p a i : :  ( . S , , X . ,  ) , ,
I -

'  b )  f  f  a x j . o m  D ^  h o i C s  f o r  t h e  p a i i  ( S , , X ,  )  i + ; . h o l d s  f o r.  o .  I '  I .
.

t t r e  p a i r  ( s v ,  Y )  v r h e r e  y , - i " s . r _ a n -  a r b j : t r a r v  s e m i * s a L u r . a t e d  s u b s e t

o f  X . .
I

o f ,  P r o p o s i t i o n  3 . I .  . ; - ,  - - :  - - -  . : .  
t

b )  Le t  Y  be  a  sem- ! ' - sa tu ra ted  se t  w i th  respec t  t o  Sv

( Y c X 1 ) , I e t G t , G 2 b e L w o o p e I } s u b s e t s o f X . , . s u c h L l r a

Y C G r [ J G ,  a n d  l e t  p  b e  a  f j - n i t e  c o n t . i n u e u ; s ; , e ! : , e m e n t  o f ,  S , .1 -  * . 1

'  
Slnce t tre set __ ,h-r

M : = X r \  t c l \ / G Z )  i , : , ; : -

i s  a  po la r  subseL  o f  X t  we  f  i n<1 , ,a  Ce .q t reas inq .  sequence  (Dr , )  o f

\



I

open subsets  c f  X .  such tha t
I

t-\
1 u

/ \ ; n
/  ' r  * l i  

F=0 and M gf
n n

For any n e i i vre have

( v )  n  e N

and  the re fo re

l - G l . r  G 2  ' 1  G 1  '  G '
. B t ( ' B ' p )  { * g " ( t B  t p )  

I  .

Th 'e  e .Le rnen t  p  be ing  a rb i t ra ry .  we  qe t  
' ,  

, , : , ,  
( - ' ' , t  

* ; , ; ; ^ , . 1 ,  . r+ i ,  . { r . , , _ , .  ,  :
, u " , ( ' " G 2 ; = 1 , G 2 ( , , . . ' , ) . . ' , . ' , . ' . . . . . . . .

;
.The  asse r . t . i on  foL rows  now.us ing  F : :opos i t i on  3 . l - i i l pg ln t  b )  "

Frgpqsi_tio-r- j : .1. Suppose'".t"h?.:!:  l i  is semi-saturated v,r i th

respec t  t o  S .  Then  the  fo l l - qw ing  . "= . r t i ons  a re  equ j , va le i r t :

a i . "po r  any  open  subseL 'G  o f  X . :ahd  any  c l c rseC -suhse t  F  o f .

X  such  tha t  G  ) ]e  we  have

e r r T .
B ' " 8 ' = B '

r r ! l : : - . : ; ! ' - : ; -  ' ;  ' "  
b ) ' r , o r  a n y  o p e n  s u b s e t  G " o f  X  a n c h a n y  s u b s c . t  A  o f  X  . , 1 . r , , , e , . : , , .

' - :

a '

f ,

BGBA=BA
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g') : r lpot  ady open:Ltbset g qf  X and. any xf .c t f re l {*rneasure

\  t e c ) x ' t  [ : * )  t l o c s n ' t  c h a r E e  a n y  s e m i p o - L a r  s u b s e t  o f  c .  :

p ] :oo f  .  a )  . : . - )  c ) .  LeL  G  bc  an  open  subse t  o f  X  e -nd  l e t  f o r

. i . . , . : .  r&., , i .  !

r r  { - h a  r : - m A ^  
/ ]  a t '  

\  . c ' i n r . o  : n r :a n y  ; i  t :  X \ G r  7 v L . ,  u r r v  r :  r , r \ - c . s u r e  ( 8 " ) "  (  L . , )  .  S i n ' : e  a n y  t o t a l l y  i - ' h i r t
,. 2i .)(

s u i r s c b o f G j - s c o n t a 1 n e d i n a B o r e 1 t < - l t - a l I y i ^ .

. . . " t h i n  s u b s e t  o f  c  a n d  s i n c e  X  i s

r n e t r l s a l r l e  u h e u  f o r  t h e  p r o o f  o {  c )  i !  i s  s u f f  i c i e n t  r t c  s h o i r , ;  , r

tha t

, l ' t * (T! )  
=0

f o r . a n 1 " : i c l o s e c l  t o l - a l t y  t h i n  s r j b s e t  F  o f  X ,  F r C G . ,  T n  c h i s , , , c a s e

i:r ? is " bcunct"fffFl,U*'ffi; or .s then :" :: ,.i

s F p ( y t  L  p ( 5 )

' .  J ,e l -  now (G- )  _ be a ctec: :easinq seguence of  c,pen Sui- .sei-s' - n  n
+o f  G  su r :h  tha t  . ; :

Gt Er
r ' r ;  - e  r G *  ,  i n f  B " ' f r ( x ) = g ' ' p ( x )* t " m ' - n . f i \ ' - n  '  - ; -

a F  t^ ra  r l  . r11r r i  a
1 :  Y { V  v

. G

9=inf  'B "P
n

t-hen we have J )- KEp ,

G_ rt G- G* aa .- ' :

A * ( g ) = i n f  f . c * t n  
" ! r ) = i n f B \ ' ( B  " p )  ( x ) = i n f  e  ' l l p ( x I = B ' p i : r ) ' ' . , .

/  
A  

n /  
n  

n  n

Since  by  hypo lhes i s

/ L  * ( e F P )  
- n F p  ( x  )

/



.  I  
- ' .  

. f

I O
t '

we ge t

and.  therefore

n r-' /\ /:ra  \_  t j r r  \_  t_TO
I I

and such tha i:

n *3".-r,A^. f L .  "  t , _ u  y .

i t e  h a v e  f r o n r  f  [ : l r  C o r o ] J . a r y  5 . I . 7 )

C r
n  '  V  n  1 - t -

:  :  B^p-  A  g ,  "p= i r r f  B  tp  
oR x  \a

. n n o :

Fr@m hypothesis we deducel-that for *ty *t '  c we harTe

F

N  u  ( g * B '  p )  = c  ,

F  n (  ( n * n r p )  1 " J  = o  ,

, f t . "  ( r )  =0 .  .
/ r r

:P!-) . , l ,et  A and c as rn b) .  obviousry we may suppose
n,.fih?HEG',ii s t s )

chacl: ' t*cfddeC-;ubset F of X, ,r. ,  G such that

A C  F .

" , 1 : r : ; : ' r . : i : , . . .  * . . . . . . ' : -  f n  t i t i s  c a s e  w e  c o n s i d e r  a n  o p e n  s u b s o f  . t  n €  vi e L  ( i o  O t  X  S r : C h
that

c C G o C  G

Iror .  an1 '  p  tSo r^ /e chose a decreasing serJuence (€.  )  . ._  of  open . / i ;'  b.n, n{_N
s u b s c l - s  o f  y  s u c h  L i r a t

( ! ' )  n 6 N

.BGisAp) txi = 
/x(eop) 

= 
/u*Li;r 

S"ol =rlr 
rAo,uG.o, 

=



I I

ln (r
- i  n ' F  r - r u  I p

\ r J

n

n
p )

r
J n  n

(x )  =in1. R "p (x )  =r*^p (x )
x

whcre /1 . ,  r , ,c . - ins the } l -nrcasur :c  f  gGt  x  
r  f

- /  , , .  .  
ns c l te  l l -mcasul :c  ( lJ  t  (  ax)  "

I!99"*,I*J_J. Let- S be ,.r stanclar:ct rt'l-cone of, functions on

a semi-saturated Set  X"  Then uh-  fo . r  . l .or . , , i .n(J  assc l r t l ions are egUi : .

vJa e; i t  :

1 .  S  s a t i s f i e s  a x i o m  D
v

2 .  F , o r  l n v  c J - o s c C  s u b s c t  A  o - i  X  a n d  a n y  x e  X  \ A  t h e
I t i A

T f  - m A t . : r ) r a  i r o r l \  "  , ,  / ^  \  i  . .  . a r r * . i  a l  1 ^ . -  + L - .  * ^ J - . . * ^ ' l  L ^ . - * - :'  - ' r sc rJ , : !E  \D  )  (  C . r - )  r - s ' ca r r i ed  by  thc  na tu ra l  bo r rnda r : \ '  o f  A .

.  3 .  FOr  any  open  subse t  G  a f  x ,  any  t c  s r  t< . ca  anc  any

s €.  S '  (G)  suc h Lhat  , ' ,  . .  . .

I

l -  ir .r inf s (x ) 
'+ t (y)

Q > x - - > y  ,

t h c  f u n c t i o n  o - u f  
t  

"  b e i o n g s  i , r  S '  ( G )  .
. 9

' l  '  m r r a  s a m c  a s s e r t  j  o n  a s  i n  3  )  r - , . i tI  r r u

i :he  fo rm s=q l  ;  rvhere  u  a .S . ,
. \'?

i(Y) y c-clc ,

r: i,: i .:,, i . j .; i  ....,:.,,..; :, r I ,. irf 
i ,. l

f o r  a n y . s e s ' . ( G )  o f

; J  , ,

/ ! z \  . ' , ? \ , ^
. \ v , f  J e ( / \ r  t

suc h

bhe funct i -on

i  h : ' { -

\

t

l l o r  a n y  o p e n  s e t  G  o f  X ,  a n y  : ; 6 5 ' ( G )  a n d  a n y  t e  S

L i m  i n f  s  ( x )  z  t - r y )
G ? x--)v

t  ( x )  i f

same asse rc ion  as  i . n  4 )  bu t  f o . r  any

I

l ^  w h e r e  u € S .
r ( j

x ' c X \ G

i €  a , .  dr !  . A ' g : \ r

be longs  to  S .

' t ' '  . { : .  .  . L  . . , t  t i  m l -r '  .  r r l e

] . ,  5

s Q;,15'{i(!G') of

the form s=u
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5 .  F o r  d n f  G r  s r  t  a s t i le  pr / rbdding po int  4) .  v f  , , l iave

( v )  x r G

i n  5 )  b u t  f o r :  a n \ z  s €  S ' ( G )  o f

proof  .  I )  := f , '2)  Let  p  be a f in i te  cont i r :uousj  g ,e l ler ,a to: i

o i  S  and  l e t  p  be  a r r  open  subse t  o f  X  such  tha t . . bc? , .  S j -nce
x o . H  w  r ip = B ' *  ' " p  o n  X \  D  t h e n  t h e  f u . n c t i o n  B ^  

- l p  
i s  c o n t i n u o u s  o n  a

nel .ghbourhood,  of  A and - lherefore,  us ing ax iom D^ r  w€ have
\J

l -n

. , i  1 : . 1 .  
.  

!

f o r  a n y  x A  X \  A  ,

I  ,oA , rx  t i^ , ,  / *  \  -oA , , 'X \  I^ , ,  , * , ,  -l J  ( i J  p J I X J = K  ( u  P / ( x i =
. 4

c  c  v r i  |  ' ?
= i n f  l . B t ' / n ^  

t  u n t  i x ) l  6  o p e n ,  G ) A i = '_ - - -  
L -  

\ u  r - , ,  \ . .  /  l ,  _  J

'  :  .  = in r lex 'b  ( r ' to )  1x l  i c  open,  G )  A |=  .  
'

Y \  T :
s ( x )  > n " ' " ( x )

L

q t  m L ,J  .  . r . r r " l  Same aSse f  t . iO i t  as

' the forn i  s .=u I  . .  i . ,he. -e u € S.
r L l

obviously  G- ,  D-  are open Qr+bsets-  r l  l l

= i n f  
t " o u t x l l c  o p e n ,  c > n j = n o b ( * )

1 I . ' , :
p j , n c e  f o r  a n y  x € ;  X \ A ,  ( ? , ^ . ) . -  I  t .  )  i s  a n  H - m e a s u i t l  c a r r i e d- ) .

' t ' ' '  ; " i  '  - :  by  A  f rom th , :  above cons ic le ra t . jons  wer 'c re l - ,

. a * . v r f r
i  E " l  "  I  ) '  I  t ' n - : l "  

- " n l  
= n  1 1 .\ u  /  \ v x l  \ 1 ,  D  b , / - - v

A *a n c r .  t h e r e f o r e  t t e  m e a s u r e  ( B ^ ) ^ (  C - - )  d o e s n t t  c h a r q e  t h e :  , s e t

[o  ,  
" * t6n l  

wh ich  conta ins  D.  Th .^ppe.$ ,subset  D be ing  arb^ i
l *

t r a r y  w e  d e d u c e  t h a t  t h e  m e a s r : r e  ( B ' ) ' (  5 x )  i s  c a r r i e d  b y  c J  a .

2  r : )  3 .  W e  s u p p o s e  t h a t  t  i s  f i n i t e ,  , e g n t i n u b u s  a p d  w € ,
" ' i \

F  /  r tdeno te ,  f o r  any  n6  Nr  : t 1 i . ; , ,  . t  u ,

c l' I 
-J-----

G i l = i *  u  
" l  

= ( * ) + ;  >  t t x ) J ,  . 9 r , = G r v r  ( X  r  G ) ,

,o f  ,X and



* !

1 . 3

/ \  n
4 l  n  F a "  - i  F  r
L/ r/Y. L_ \f , (*J \1 (_ \f-.  

I I  I I

We cons- ic lcr  an cpen set  G s i . ic l i  that  F,^*  G ancl  a t ' ,  seqi :e i : : r .e
l - r  

o - -

(  / - ) -  u f  o p c n  s < : t s  s \ 1 c h  L h a L' n f l

17 ." ,-, ,-\ \ f - o,..V * L - u *  r  {  \  V * - . / r l t l
l t  ) . 4  '  

l . l
h'  l t

\ f "' E o A { - l l  
,  / \ ( n  

v 1 1 t ) = " x \ G '

n

U s 1 n g P r o p o s i : i o n z ' : i - r ] w e h a v e f o : : a n y u t S f u <

V , r  , ^ ' v ;  n ' , . ,  - x  \ G . - , , , - x \ c . .
B  

t ' u = B  r r  
( u - B ^  

t  
u , ,  . . - D .  u  r y i l  G .  .  

,  ,  
. , t . 1

I 'or  any x  e Go ,  J .eL , ,An be the nteasure on 
-d 

) /n  suc: j r , .$ l t , * t . , , . .
/

/u (.v') p e:s.

U s l n E ' p r o p o s i t - i o n  3 . 5  w e  d e d u c e  .

ilv  n  Y ' .  c -  v \ r "
B  l t  ( 8 "  ' " u )  ( x ) = B ^ - " u  ( > , )

Hence

, ^ .V -nc  \ / - .  ,  . \  (T' B - n  
( p l ' $ ( x ) = , ' - r .  ( p { , ) = B  " t t b ( * ) .  ( v )  

1 ' c ) .. -  f  a r . '  /  x ' -  r r
t r / L l

S i n c .  . n | ) ' t  o n  V * . . c  a n d  u s i - n g  f  , [ r l  T ] : e o r e m s . 2 . i ,  2 . 1 )I r n

we get



1.4

and therefore

J - . e .

s - .BX\Gt  c  s ,  ( c )

I f  t  t S  i s . a r b i t r a r l r

So ,  increas. i -nq io  t .  I te

l t -

t <qoo thcn we

h a v e

d e d r i c e .  r

Seguenc:C ' ( t  ' l
n ,  I l

and  cpn t i nucus .

Lhat

r r  q r \

From the L:emark a1:  thc p: ioposi t , ion 2 . 2  v t e

l_n

j . :  L o

s - B x  \ G t  
€  s '  ( c )

and  3 ' ) . e+ )  4 , - )  .  S t i i ppose  t  f i n i t e

seguc r l cc  (  \ 4 , )  i i , . o f  open  se ts  . such

3) r-9 a I

We con: idcr a

- / \  a rr  ; ,  . \ .  Vr - ,=X ,_ .Go
n c - N (v)

t

From hypothes. is  we have

and  the re fo re  the re  ex i s t s u 6S."r i r  114.c{,  such that

(s-eX\Gt) , ,r  1.-u %.) =,r-BVt,,  on o tg %l

\ /  T /
Hengei  I  v fe . ,have u-B 

t  t r r *B t  ta  
*  ,  and therefore t rhe funct jon

( t  (x ) ,  s  (x )  -ax t t t ,  ( * )  * "  l t t  ( * )  )  i f  x  ea  te%t(  in f
l

1  r r '

i Bu '
t t  ( * )

\ r
A e t , r d _ " X \ c *  { Z  r \ 7
n  

L t  v n + l *  v "

(=-nx t  
" t )  I  * , [ ,  ,G s (X ' .  i4* ,  )

i f  x g a t s % l
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be longs  to  S . pass . i ng to t i re  i i . in i t  we cret

s ( r r ) l  ' i  f  w  t ^ r :v \ 2 1  t t ^ L \ . :

i f  x  E X \ c .

l im  s
n

( t  ( x )  ,

S- i .nce  the  l unc t i on  on  X

x --*> J-i in s* (x)
I tn

i s a f i n i t c l o v r e r

we deduce thar ,  i t

a  s e g u e n c e  ( t * ) *
n ' n

denote

.semi-cont inuo ' . rs  foncL:_on,  f r :or , r  (  [ ] l  Ler- ;na I  .3  )  ,

be longs  to  S ' : : I f  t  i s  a rb j - t ra ry  we  co : r s ide r .  , . 1

in  .So i .ncrcas inq to  t  and.  for  any ne I I  we

i n i  ( t n ( x ) r s ( x ) ) E G

4 c

fo : :  any n ani  Lhere. { l r>rer

to  the  funcJ - ion  s '  on ' . ;

J i '

' d ( x ) i f  v c *  t T.. .t- .,

t
I

: = )
I
I
t

. t
L

i

o n s i d

\ 1-,o, n

i f x

1, :
j
t '

i f  x

.  s n  ( x )

F r o m - t h e  a b o v e  c

t h e  s e g u e n c e  ( s n

' :( ] 'e I l_ne( I  by

^ ,s  ( x )  =

w e '  d e d u c b  s '  r - . S .

T .he  re ta t i ons  3  )  - - - - )  3 ,  )  ,  4 )82  4 '  )

a n c l  4 ' 1  Q  5 t  1  a r e  o b v i o u s l v
.  

G ,  G .
f ' 1  " - >  1 ) .  w e  s h o w  t h a t  B  t B  t r z

s e S .  I n c i c e d ,  
: 1 .  

i n e q u a l l t y  i s  o b v i o u s

c r r t . r h  f  h A t -  t r  s  r l  o o  n  h  r -  b t y  l ^ . , * n r L ^ ^ . 1  ^

|  / . ,  \
l n \ ^ i

e ra t j - ons  sn  e  S

i-ng i.ncreas' inE

t
t

o n  G i  L e t  u  E  s : . b c .



x  € G ,

x c  X \ r j 2

be.Longs

( v )  x  € ' G z

( v )  x € G ,

G r  G r '
S ) ' = g  

- S  z \ B  * S ,

and cher

semi -saLura te . j  u i t h  respec t  t o  S

then  fo r  any  c losed  "suhs€ t , f '  anc j ,

W€)' , l tdve , . - \

f o l - l ows  f rom Theorem 3 .5  ( i )  - - := r  r r ;

u s i n g  - D r o p o s i t i o n  3 , 5 .  , '

i h " " t : e m  3 . 8 .  f f  X . i . s  s e i n i - s a + - u r a t e e l w i t h  r e s p e c t  t o  S

and  i f  s '  sa t i s f  i es  ax j . om Do  t r ren  i r : :  any 'open  su ,bse t  G  o f  x

t h e  s t a n d a r d  l i - c o n e  o f  f u n c L j - o , n s . S ,  ( G ) . o n  G  s a i l s - . i e s  a 1 s 6  "

ax iom 
.Do 

.

p r o o f  .  F r o m  f  [ r ]  ,  p r o p o s l t i o n  ' z . S )  
w e  d e d u c e  t h a t  G  i s

semi-sat r : : :a ted wi th  respect  to  the s t .anc lar t l  i l -cone of  funcuj -ons

s ' (G)  -  F le ; i ce  i t  i s  su f f i c i en t  t o  sho . , r  f ha r :  one - :o f  t he  asse r -

t io 'nrs , ;J-  )  . -  5)  f rom Thecrem 3.6 hold.s : :  for  s ,  (c)  .  r^ re bhar l

p r o v e  t h a t  s ' ( c )  v e r i f i e s  t h e  a s s e r t - i o n s  4 ) .  L e t  u  b e  a n  o p e n

s u h c e , { ' . o f  G  a n c l  l e t  L  €  S ' ( c ; , r , . , : s - € f S {  ( c . l  ] ' ( U )  
' 0 "  

s u c h  t h a r  - , .

r .6

'  (  i n f  ( u ( x )  , s ( x )  i f+ : ( x ) : = '  
)

I  s ( x )  i r
t . .

t< ' ,  S and t>-  B rs .  i le l lce

u ( x )  z  B c l s ( x )  
.

G ,  G . r  G :  -
g  ' ( g  ' s )  ( x )  z  g  r s  ( x )

G, (i.., G, G.., (;- ; ^
B  

t  ( "  

" )  

>  B l - 1 s  r r  B  
' 2 s ,  

g  
' i  

1 g " 2

c fo : :e  BGIBG2-u t ru t ' ,  "  r i

. c9r9it_-trllJ, rf x i_s

and  i f  S  sa r i s f i . €s  ax iom D
a  . *  o

any  open  subse t  G  o f  X ,  Fs_  G ,

' ' ' " p roo f  ,  The  asse : : t i on
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\
I
I

' l

I

l " im in f  s  (x )  Z
u )  x 4 y

wheru 1i  ^u rneans the- - G

s ide r  t i r c  f unc t i on  f

f  ( x )  =

l -  /1- \

I . t m  i n f  ( s + v ' t  ( x )  >  v . ( y )
U 9 x--7Y

where ?U is  the bounclary of  U in  X. .

for  t ,he sr ,andard H-cone S we deduce

X de f i ned  by

c  ( y ) (v) v e?*u

Loundary  o f  U  w i t i r  r espec t  t o  G .  Wc  con -

on G c lef  ined by . :

i n l :  / . " / . - i  { - / v \ \  + f  v /  r ' rr r r r -  \ i ) \ . \ / r u \ ^ / /  r J -  ^ 9 u
/1
a
I
I

)

I
L '
I

L

and we want to show that fe S1 tCl  ,  ,

.  , q i n c e  a i l y  t  e S ' ( G )  i s  j : h e  l j - r n i t  o f  a n  i n c r e a s i n g  s e q u e n c c
1 / \  a r

of elernents of  !h* form v-I3x 
t , t iv  

where v is a bounded cont inuous

e r e m e n t ' o f  s  ( s e e  t r l  ,  T h e o i . e r n  2 , r )  i t  i s  s u f f i c i e n t  t o  - s h o w

t,Lrat  t t re prer:eding assert ion holc ls for  t  of  t . i re ' fo{m . . ' .

i f  x + G \ U

, r l  
' n a  

r r -  6 l  a s ^ h Fv  ! u  q r r  u - L v ^ i t E l l L

+ - r r - . X \ G . ,
v _ v  u

where r; is bcunded and cont-i-nr-r.o'-ts. Let now
;

o f  S  such  t l r a t  v 'Z  v  on  X  \  G .  l , t e  have

( v )  ye i ) u '

U s i n g  t h g  a s s e r t i o n  4  )

i :hat  t ,he f r inct ion f , , ,  on

( x )

r i
,

l
l "

t o S

nf

( " ]

( s + v ' ) ( x ) ,  v { x ) )  j - f  x e u . .

i f  x e - X \ U

st v '

be longs and

* x \ G
b -

r v t
^ X \  G
b , ,

iAon>/ *^o fG,f



1 f n h - u

i f  x G  c \  U

get  tha t  f  he lo rgs

1 B

nave

t he  s tandard  l l _cone

X  s a t i s f i e s  a : < i o m  D o

and for aliy .s 
e S we

v ' ) . v  o n  X r G i = B X . G , ,

G w e

t i  D l

. r ,  
- B X t a r )  =  \  

i n f  ( s  ( x i  ,  t . ( x )  )
' )

I

Lt r*t

S i n c e  o n

. L I { I

1 A

t he  se t

( r
I  v u  I  \ r '
I I

^ A t  A 2  A r  * ' A 2
B  ^ s V g  ' s = B  

s

to

f  = :  i n f .  ( f
.  v '  "

and  s ince  f  i s  Jower  semicon t i nuous  we
s ' ( c )

:
Lemnra wiLl  al- lovrs us to j .mprorre 

Theorem

The fo-L lowir rg

- * " Ir r o m  I  I  l .
L ) "

a
.L9I31.J_2. rf

s e m i - s a t u ; a i c d  s e t

' s u b s e L  
A  ^  -  j* " . t L ,  A 2 O I X

o f  f unc t j "ons  S  on

ti:en j lor any two

have

P : t . o o i . O b v i o u s 1 v i t j s s u f f i c i e n u t o S u p J o s e t h a t s e q
& . r _ . : J *  e r t s q  l ; _ - : O .  ;fn  th is  case o, rg rTrdy assume a iso that  a ,  ,  A.> are G-s i

e m i - q ; r r - r , r - . : i { , ^ - )  
t  - z  u 6 r - s e t s '  '  "  ISince  X  i s  seml_sa tu ra i t ec l  t hen  f rom p ropos i t i o r ,  3 . ;  

" )  
and  f rom j

t  [ : ] ;  Theorem 5-2- ; )  we deduc.e thar  for  any 
.Bore"r .  

subser  A of  
j

X w e h o v €  :  -  
, -  |

i
I
I' t
t
I

us ing  th i s  f ac t  we  see  tha t  i t  i s  su f f i c i en t  t o  show , lthat '  ;

..j{
B "  sVB ,  

-s=BFs 
ir:
f
I
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for any c losed set  F r  F c ,Ar ,_- r  Ar  .  Replac lng Al  nF by

F r  (Arr r . i " )

w e  m a y  s u p p o s e  t h a t  A l ^  F "  i s  a r l , i r o - : s e t .  S i n c e

(.
t "= 

\ / 'e ' t "
+

fc , r :  any ' incrccrs: -ng seguence (e l '  o f  q i . . r  
:

e  (unJ 
n or  su l rsets  of  X t i ren we ma)4, : .  .

suppose that  Arn,F is  c l "osed"  Repeat ing t -he prececl ing p: :oced.ure

we  may  a l sq  suppose  tha "c  A t  d ld  AZ  a re  c losed .

L e i  n o w  s . ,  r  S z  € - s  L r e  s u c h . I h a t
_1.

5 , 7 / S  O n A t  ,  S ) 2 r S  O n A ,'  I '  t  / - .

and le t  f  l " ,e  Lhe funcc ion o i i  X\  (A 'vzA, , )  c le f lnec l  by
. i / -

\*J r.
l t

t-t ( v )  s f  s

A -
f=B I A 1  A l  A ?

s V t  ' = * ( " 1 - B  t = ) + ( = z - B  l s ) :

t  i t l  T h e o r e m  2 - I  a n d  p r o p o s i t i o n  2 . 2 ) . - i i  f o - r . I o w s

.:. :

E l f a h
i .  r  v t l l

that

1 - - . - ^
w c  l l c t  v  c

Using  Theorem 3-5

by

v re  deduce  tha t  t he  func t i on

s' (x) >, s (V.)1,r; , ,
'  

. ' i : , ; -

. '  
t . . ,

t on x d"dipe"d

' f  
6  S '  (X  \  (A . \ - r  A . , )  )  :  , 1

On  the  o the r  hand  fo r  any  L= i ,2 ,  ?nd  fo r  any

\ye d(x t  {An- ,az)  )n  ?  p i  ,

' 1 1 m  i n f  f  ( x j  > .  I i m  i n f
X \ { A t - A 2 )  g  x - > y  * 1 ( A r - A 2 )  > x - : r y

t

J'ra ' '.. -i-



t ( r j =

2 0

s  ( x )

i n f  t t i " )  , s ( x ) 1  i f  x 4 ^ x \  ( A 1 , . - r A 7 )

belonqs to

Flenr.  a

i,, ,,. I{eItafk:" For t-.lie case v/here

ha rmon ic  fun : t ron* '  , o f  en  a r rnon ic
r - l

i n l a J .

S is t,he. conu oi a-r.l

spacre the above L€mma

T h e o : : i n  3  _ r 0 .
- , - *

sei l .r i .-sac-ura i  :d set

su . ( ) se ts  G ,  r  G^  o fr  - t

P r o o f .

I f  t he  s tandard

X  sa t i . s f i es  ax iom

Xr '  G tC  G2  we  have

H-cone  o f  ,  f unc t j _ons  S  on  e

D" then. for any tv.ro Jpcil

"  !  
, . : r " , , ' .

I  s '  { c . r ) ' l  '  ( "  ) = s ,  ( c .  )L _  z . ' .  J  
\ - r '  -  . " f  ,

(

Theorem 2-4 f rcm asse r t s  Lha t  we  have[ ' j

. A s

thaL for

I s
for

any

'  (G 2l ] '  tc,  )  c s, (Gr ) ,___-.-*,

the converse incl.r.r,* irgrr

s  €  S r  S (oo  we  have ' ' , :  ; i , '

I

\

\

I
L

S and noreover

A , v  A ^
E ? n ;  t t

o n x .

A ,  A ^
B-r s v o*"=*"r  +s2 z uot-or"*"n,  **3A2

a.nd  there fore ,  the

\
A .  A

B LVe--2" B

e lemen ts

r r_ \ - /  f I^
r  z .

.4

s r  r  S- ,  be ino
L Z

i f  x e A l - / A 2

S

arbitrar:y",

suPeg;;r" :  
' t '  1,

u a s ' p r o v e d

i t ' i s  Suf  f  ic . ien,b.  bo. . ,sho,w



?i'
l  
r ' .

v  \  ^  t t ' a  ^  '  t a .  \  / r  \  1 / { f r
X t t f i r  :  ^ \ \ r ?  , t t ( ' 2 \ u l /  X \ G 2

'  s - B  ^ s - ( s - B  - s ) - B  ( s ' B  " s )  o n  G' '  - r

o r  e q i . l i v a l e n t l y

X \ G r  x \ G "  - ^ * ( G r r t ; . , )  x r G r

.  B  
-  

s=B "s+B .  (s - i t  -s )  ' c i l .  Gt

The inc:qua-L i.t,y

X \ G r  * r G r  ^ .  ( G , \ G 1  )  X \ G r
' s Z B  " s r B  -  

{ s - g  
* s )  o t i  G t

fo l l cv rs  f  r om {  [ t l ,  e rbpos i t i on  2 -3 ] .  Le t  
-no \ ^ ' - . . t :  

bc  
.an  

e iemen t

o f  S /  ( G ^ )  s u c h  t h a t

X \ ( l ?

X \ G  -
\ '

\
\

u)o*  t  t rJ  r '  Lenuna 1. . ,4 ' ' : 'b )  )  we dedu'ce tha. t  tbere ex is ts  
" ' '€" ;

s u c h  t h a t .  :  
, , ,  

,

x \ G o  -  X \ G r
, " . 8  

' s  
! s ' 5  s  a n d  s ' r { x ) = t ( x ) + e  

' s . ( x ) '  ( V )  x C . G 1  : . . .

'  
Hence

X G .'  
s t  7 .  B  "E  and  s '  ( x )  : ,  s  1x ;  , ,  . . .  (V )  x  e -G ,  \  G ,

.  Let  now (Fn)  
, ,  €  l l  

l re  an increasing requence of  c l ,o .q,ed

subsets of  X such that  \J  -Frr=Gt '  : . -  . r . : . - - ' : ' '
n

Using the prev ious Lemma.r l rg  deduq€:- ' . ,
- l  

- < -  . { * r



2 2

s ' 7 t s  ' s V B  z  r u = V ( , 8  
: l s V B  . - s ) , ,,  N F N

( X f c - ' t r - r / x r  r , . :  \  v t r -
_ V 

" ,^  

ra2)  * : ( r 'nr r t ,  )  

"="Xl ( j l  
s

, v  

'  ' 1

I l t l i  .  d

Thc e ier , rent  t  be ing arb i t r iary  v :e oL, ia j_n 1,

' * ' \G-r  
, ' l  (Gr '  G. ,  )  t  x \G- ,  X\G-

B  
' s + L t  -  *  ( = _ B  . s ) Z  

B  t s  o n ' G ,
L

ancl  thcrefor  e

, "  
4  

" r " *o  
( t ra " r ,  

, " - r * r t2 " i= "x \G t  
"  

on  , j I

VIe rentember ' ' tha i :  a  s tand:ard H-cone sat is fy  ax i 'om.,D.  i f  , , , . . . - . r :

for . :  anv two l :a layages Bt  ,  82 on.S s l rch t f ra t  Br . r . /BZ=f  we have

'  B '  B t = 8 " ' B '
L z l L .

' :  
I

f r t r l  d  i  \ 7 6  h ^ i - '  x ^ . .  . r  L -  -y;Lr  gJ-ve nov/  new character j_zat lons of  ax:om D in  ihree

c l ' l  f  t f ) Y - r : n . | -  r . r : r ) o. . .  r r  !  u r  ' ; l l  u  w c r y  S  .  r .  l

i lgar..""[*3*J1. ff  S is a stan.].ard H_cone of function o".1 X

then .  t he  fo r r c , ,w ing  asse r t i on  a re  egu iva len t .  , ; . :

I .  a x t o n  D  h o l d s  o n  S ,

2 .  f o r  any  two  f i ne  open  subse ts  Gr  ,  G"  o f  \  such  tha t
t z .

X=Grr . - /G, ,  We have
L Z

, G r G 1 G 1 G , :
' B  t B  o - B  t B  I

" ,3 lL , f ,o r  any  two f ine  open, , .subsets  Gt  ,  G2 o f  x  such tha t

x=Gi*9rel 'and such that ' th€' . re, ;exists four bounded eJ. ,ements s,  ,

s i  ,  s , s ' ,  i n  S  w h i c h  s a t i s f y  t h e  r e l a t , i o n s



s ,  < s l  ,  5 ^ , ( s '
l r t - z

we have

q' )
i' l
i

t : . ]

i -  ' -1  -  l '  t  - - ' !

1  G r = f : . = i l i  ,  . G z = L s 2 L s ;  l

i,

/ 1  f f f F
\ . f -  \ t ^  \ 7 ^  \ J -  .

B ' B z = B " B t

proo f  .  The re la t ions  1)  . i ) "2 )  =>  3)  a re  obv ious ,

3 ) : )4 .L e t  B l ,  B Z  b e  t v / o  b a l a y a E e s  o n  S  s u c h  t h a t  B t w  R z = I  a n C  l e t  ; . '

p be a bounclerl qenerator of S. For any n € N wt: pul ,  
-."

Obv ious l y  t he  sequences  o f  f  i ne  open  su l : se ts  (Gr , )  
,  

and"  , (G ; t )  n .  
,

a re  dec reas inq  anC we  ha l ' e :  . . - , .

1 -  / h  r  - , 1 \  n
J J l j l r , l - r  l u -  |

I  l l
t"l

' grrt Gi.=x ( Y )  r r r  K ' €  N r" 1b (Br )  =  r \  c i
n

,

L

r- l \  n n' n ' " r -
G n

B  " P  ( ( r

rG;  1p+er r )  <  1 r r f , l  B2  (p+"Brp)

Bc-5,urF, s (r*f,) ur"rn*f;rrn

G Ci Gi G G,'.
Bl q zp' -< ;c'o(ikn=""i"""p < (, *|, u"iu, i: s( r *ll 1 r*f,t B zBr p+ 1 r'+f,)

I

( i i )  n S l r r

( v )  n t N ,

( v )  k Q  N ,

/ t t \  
' l r  

r  r t
\ V i  ' r r r ^ t -  N .

r im i t  we deduce

,  B .  B . r P : B  r B . '  P'  I  Z -  z  L '

'i" ,o

"  Pass ing  to  che

R  R  n  c R  R  n"1 " . z t r  . .  "  2 " I .

F rom ihe  Ias t  re la t i on .one  can - :€<1s j - l y  shaw thaL



, \ A
aet

Pt P =Jl Tl" 'L"2 "2"r

.  " T l i A i l r e m  ?  1 ?  - r t r  \ r  i q  1 i  e a r l \ /  q r i f t l y ' a t p d  W i t , h  1 . e c j n F - r , ^ . t -  . t - n  c ,j l j . ' -Y j ; j _1 j :  . j j . -  r  . r . !  / \  + r  r r s ( . r . ( . - , nJ  5su \4 .  >Lq :u .  *Y  i )

then t i re  : fo l lovr i r ig  asser t - ions a l :e  eqt t : lva lenL :

1 3  a n

L)  ax iom D  ho l .ds  o r l  g ,

. r + t'  ' ) )  
f o f  e n y  b a l a l ' a q s  g  o n  S ' a n , J ,  f o f  a r r !  r {  e  X \ b ( B )  r  g ' l  (  L  x }, . '

r { - rn r .n  c . : r r -e  r -a r r iec i .  l t y  the  f  ine  bcunc . ra ry  o f  b  (B)i - '  r r .  v \ *

3' )  f ' , : , :  any f  ine c losed su i :set  r  o f  X anci  for  any x€ X\r . ,
f

(  a-x)  is  an H-neasure on ; {  carr i+ i (1  by the f j .ne bound.r ry  of
. i

4 j  f o r :  any  f i ne  open  subse t  G  o f  X  and  f c : :  an ) t  xg  X \Gr

a
(ax)  is  an l { *measur .  o l  X carr ie l l  by Lhe f ine bog.n{"ary

la t!

( B ' ) "

r .

(eG)  x

o f  c .

4 ' )  t h c  s a m e  a s s e r t i c , n  3 s  : . n  l - h , :  p r e c e d i n g  p o i r r t  l : u t  o n l y

fo r  a l l -  f  i ne  subse i  G  o i  X  a f  i : he  fo rm
i  

-1:1 
:  r" i '

5)  fo r  a ry  subse t  A  c f

is  an H-measure on X carr j -ed

X  and  f i : r  an1 r .  xG  X \A ,  ( ,BA) *  (  f , x )

by t ,he f  ine boundary of  A.

P roo f  .  The  re .La t i ons  5 ) : :>  3 ) .===)  2 )  and  5 )  = i+  4 )  == :1  4 '  )

are obvious.  The re la t io4 l . )  € ; )  2)  rs  noth i - .nq e 'Lse than t i ie

asser t , ion t ;  r - r : )  2 t  f  ronr  (  [3  J ,  Theor :em 5.  6  .  f  0)  .

'  
t . )  : )  b )  .  u s i n g  ( [ 3 ] ,  T h e o r e m s  5 .  6 . 8 ,  5 . 4  ; 5 )  w e  d e d u c e

tha t  f rF  sny ;subse t  A  o f  X  the  rnap  Be  i s  a  ba la l ' age  on  S  whose

b a s e  i s  b i r r ' w h c r e  I '  i s  q h e . - f  i n e  c l o s u r e  o f  F .  F o r  x e  X \  b ( F )

t .he asser t  j .on i -o l lows now f  rom the re lau ion 1)  ' : '>  2)  and f rom
' '

t he  fac t  t ha t  she  f i ne  boundary  o f  F  i s  con ta ined  1n  the .  f i ne

bounc la r i l  o f  A .  f  f  x  +  (X rA)n  b . ( I ' )  t hen  obv ious l y  x  be longs  to

the f ine '  br :ur rdary of  A and or i  th€ other  hand we have



i .

2 5
\ .

h  r r -  f r  h 1 : : i l  a E  -  *  (

( i ] ^ i  " ( C x ) = ( 8 " i ' r ) * ' ( t x ) = f - x .  " : ' r  ' , , . ,

' A r \  
\  r l  r r - - l * ^ -  - L  - ^ - - , - 1 . . 1 - -  r - l ^t  1  ' ; =4  l j  "  Us . i ng  che  p r ( : ced ing  . t heo rem i t  i s  su f i i c i cn t

to sher.w that tor . iny 1*v"zo f ire open sr.r irscts Gt , GZ of X suqii

Lha t  X=G,  r . r  6 . ,  and  su r :h  tha t  t hc i : e  ex i s t  u f  ,  u |  ,  s2 ,  F l .  b ;unc lec l
. l z

funct ions in  S fo : :  whi ;h

v,'e have

. G r = f u { <  = l  ] ,  " r = [ u  z ,  . i )

G t * G z  
^ G t ^ G z

5 5 = l J 1 3

r f ' t  nov r  G ,  t  G ,  be  two  f i ne  open  subse ts  o f  X  w i th  cheu v e  - r  
I  

u v

":r '  'abo've;.Fr,:perty. l , ie shavr Liral for 'a.ny pe.Sr p, bountiecl we have

r F
( f .  \ ) 1  L : r  t . 7 ^

B  *  ( g  ' p ) - B  t p  B  " p

\ Obviously this egua-Lity f; toldslra-.n G, . I :  I  €-X \G, i ih€n.' , ,-
,(:
" i  +  -

( B  ' ) - ( L x )  i s  a n  l i * m e a s u r e  o n  X  c a r r l c d  b y  t h e  f  i n e .  b ; r r n d a r y

}f , r ,  of  t ,he gSP set Gl ,  srnce ; :^
I - " L

- -w*e ded.uce

d
t ' ra  . 'n -

f\ t1 /- r:G ,  ( i .  ( i ,  t :  r  I
n  L  t o  Z ^ \ - o  t p n  

B  
' ' p

\ !  P J  
_ V

Sjmi lar ly  we have

n 4 i f 1
\ f  - .  ( :  -  | . J  -  

( . 1 . .

B  ' ( e  ] p )  = e  r p n e  ' ?
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ancl  l :hCrefore, p beinq arb i - t r :ary ,  we qet

G ?  G ?  G ,
- = B ' B t .. l

B * I }

Jlgglg1*l_j_l_L. rf X iq n;ariy sarirL:arecl

the f r :J lowi l ig  asser t j -or is  are equi  va len. i :  I

r )  ax io r i  D  ho .Lc i s  on  S ,  
'  I

2)  for  er r i -y  f ine open srr ] rset .  C of  X such

bas ic  se r ,  f o r  any  s r t f  S  such  , , t ha t

wj-th .t :espect to S

t h a t  X  \ G . , ' i s  a

f  i ne  l im  in f  s  ( x )  7  c  ( y )'G 
+'x .-.+ y

fo r  any  po in t  y  o f  t he  f i ne  boundar : y : c f .G  we  have

Bx \Gt  {  
" ,  

(  r ,  {  
t /  

w i th  r : espec t  t -o  s  (G)  )  ;

?  \  € r ' r r  . r r "
.  ,  J /  ! v . r :  I . q r t y  - ,

s '  o n  X  d e f i n c d  b y

s '  ( x )  =

beJongs  Eo  S ,

4)  ror  , .any s1 t ,  aJ

E

\  
in r

L  t  ( x )

a s  i n  t h e  p r e c e r i i r : g  p c i n t ' 2 )

' )  l  , . '  .  : . : ' '

: .

( s ( : ; ) , t ( x ) )  j f  x t . G

if x c_ ,K\G

in the prececi inq po. in t  2)

the func ' ; ion

we have i * ;

v\  1-
B " ' " t ( s  o n  G . .

4

;

2 ' )  ,  3 ' )  r e s p e c t i v e l y  4 ,  )  t i i e  s a m e  a s s e r t j - o n s

'2 )  ,  3 )  respec t . i ve l y  4  )  bu t  f o r  any  f  j - ne  rO :^  subse t

p ro< ; f  .  Obv ious l y  2 , )  = )  Z )  ,  , : 3_ ' i ) : )  l - J ' ; . . ' 4 ,  ) : )  4 )  .  The  re la -

t i o n  1 ) = : ) 2 )  f o l l o w s  f r o m  ( [ 3 J ,  T h e o r e m . 5 . 6 . f  )  a n < l  t h e  p r o < r f

o f  c h e  r e l a t l . o n s  2 ) : \  3 )  = i 4 ) . = * ' } ; , : { s  s i m i l a r  v r i t h  t h e  p r o o f  o f  i .

t h e  r e t a t l o n  r ) = +  3 ) : )  4 ) : = )  5 ) , . , 5 : : 1 i 1 . ' t n , t h e  a b o v e  q u a t e d  t h e o r e m .
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Hence I)s i -==) 2) 4#"> 3) . ,*=p 1j  I  fhe relat ion

3 )  = +  3 ' ) ,  4 ) ' * p  1 , ' t  m a y  b e  e g i : a i n e d  r e m a r k i n g

f i r re  ( )pcr " r  sc t  G the : :e  ex js ts  a  bas j -c  se l  F  such

2 )  = +  2 ' J  ,

that for a,ny

that,

t a

^ t '

( ; ( : X \ ] . . ' c G * , ) t G

f

( tshere -G 
is  the f :ne bounCary of  G)  and rno: :eo- \ , rer  i f  ,S

sa t i s i i es  ax l -om D  we  have .

nea.r ly  saLuratec l  wi th  respect  to

S the  fo r lowrng asser t j_or rs  a re  equ i_va len t .

.  :  1 )  a x i o m  n  h o r d s  o n  S ,  :

s u b s e t s  o f  X  i s  a  s h e a f  ,  , ,

) r \  i - l - ; a  w , i n  -  < o t  t r r  . ! ^ f  . : * , . , 1,  )  u r rs  r i ldp  C - -+  
F .  ( f  )  Cet rned

open subsets  o f  X  is  a  sheaf

T h e o r : e m  3 . 1 4 .  i f  X  - i  s

r . l r l  the  se t  o f  a I I  f ine

.  p roo f "  The r e l a t i o n  I )  6 2  2 J  i s

- i i _ ,

t h e  a s s e r t i o n

T h e o r e m  5 . 6  .  1 2 \  .

' l he  re la t i on  2 )  ==>  2 ,J  fo l l cv "zs  r rom the  fac t ,

sa t i s f i es  ax rcm D  then  ax jom o f  po la t : j - t 1 ,  hc ; l ds  on  X

prcpo ,s i J : i on  5 .6 .4 )  and  the re fo re  fo r  any  f i ne .  open

of  X we have

S '  ( C  j  = S  ( G )

f rom ,  ( f :3  ] ,

that  i f  S.

( s e e , l :  I

subse ' t  G

TO

/  / t

to

such that

f i n i sh  the  p foo f

show chat  for  any

X=G' '-z G., and any
. I 4 ,

i t  i s  s u f  1 j c i e n t  - n o w r

twc  f i ne  oDen  subse t

s € S  w e  h a v e

. '  ^  i  h . -  m l - n , r +  a ' *
L t  J  r r r ( j l  L  I I v  s r -  . - : j . r t

a E v
l . l .  ,  l : 6  u !  l . !

I 4

R. , r i . t
J l : , ' !

(:

e  
' 2 s

"G l rG2"=BGl  "



Cbviously  we hetve

t1 11

utt t""2= (  , r t t t  u

r " c c

n t ' 1 g " 2 "  >  g " r  
"

-*"T---::T -'- -: 
-;:i-

the hypothc. ; j_s we

2tJ

t t 2

A B  
' * s

t r ?

N B  S

on y.

\ - r l 1
I

Let '  tG S ; ;uch t i ra l -  L2.

deduce  tha t  che  func t . i on  o t

G "
13 

-, ,olr GI

X clefinei,-l

.  From

h ( I

t '  ( x )  =

belo:rqs t-o S;

p r o o f .  f f  t h e

i n f  ( c  ( x ) ,  s  ( x ) )

s  ( x )

^ .  r : , t !

X + G ,
I

\, .t

L t  2 r B ' 3 / \ B

l .re deduce

i  i r

(

t
,, I

i f

i f

LT r :n^  a
t ^ v . r v v

.  
* t l

7 r B  - s  o n  X  ,  x ' t

The  e lemen t  c  be ing  a rb l c ra ry

a - 7 a t,  G .  ( ; "  G^
.  B  t B  

I u r . v  
r s z t B ' s

i f  f  f o r  any  weak  un i t  . u

H-cone  o f  f unc r : i ons  Su

I

€ S the-'a34em**5 holds for the standard

o n  c h e  s e t  
" o  

. , .

H-cone S s3t1._sf  ies,  ax j -om D the.n,  obv ious lyr

o f  s  ax iom D^  ho l c l s  on  x  .(.) u

t t
t : , r

z ^  ^ t 1  f r
D  

" r .  
a t 2

r . :  T l re ' fo I i r ;v . ' ing reSuI t  s l to l . rss how much a;< i?m D.-  on a '  Stan. ' , ; ,11. . .

da rd  H-cone  3 . , j epenc l s  on  the  rep r :e : cn ta t i on  o f  S  I s  s t . nc1a . r .1

H-c:or je  o. f  runct j -ons.  t \ lore l? j :ec i : :e l  y  L f  \de suppose t i raL s  is  a

stand.ard.  H*co:ne of  funct ions on a sern i* ,saturated set  X such that

ax iorn D.-  hoLds on X then,  tak ing anoi :her  weal< unj . t .  u  of  S a i rd()

the  rep rese r r ta t i on  o f  S  on  t i r e  sa tu ra ted  space  X  t  ax iom D^- t l ' C )

m.ry have no p lace o i l  x ._u

Theorem 3 .  f  5 .  The stanc iard H*col ' re  S ' . ,5ar ' . is f  ies.  ax iom D

for  anv weak uni t  u



! j

- 2 9
.  :  ; . ": ,  ,  . . . . - '

,  t . r l

rrp qrrnn(jse r low that fO::  anv r . .Jcirk Unit  U O-: S axiei i l ,  Dr r  v  u s r r .  - - - J  
l . '  

-  - - - -

ho lds  o : : l  X , . "  Le t  u  be  a  f i xed .  weak  un i t  o f  S  and .  I ec  i ; ,  ,  ; ,
i l  \ L A

.  be tvro" f  . i r re  o[ ,en su] :sec of  X."  such that  G" J  Gr=X.-  and such ' t " ] ra t
u L { - u

ihe re  ex i s t '  u f  r r |  t s2 rs ;  €S  bc r r : . nd :d  func i : i ons  o r ' t  Xu  f ron r  $  fo r

rvhich

Gz=bz. tz i  n X, ,

;
et-. ' fs a t] 'n rneans' t ,he subset of '  S*

de r ined  by

Lec now \ /  be  the  weak un i t -on  S de f ined:$y  . : "

v = u l s " + s . . , + s f + s : " ,
r  

- Z  - I  
/

' T n  L h e  i  e n r e s e r l r a t i o n  ( S ,  - - . - - )  t h c  e . I e m e n t  v  i s  e g , t a . I  I'  * . .  t " ,  . V  - . . . -  -  
;  

t r

ar ic t  the e lements r r1  s ,  r  s l  r  s" r  t i l  becorne conts i r iuous
v . t r l ' / ,

Gr=L", < si]xn x,,  ,

o n X

.  S i n c e

'  are.  open subsets of  X--  anc l'  1  :  - ; . :  v
.  ; 1  . '

c-1-, Gl,=X
L Z V

<-_%*!

f unc t i ons  on  X

u ' { v  ( c ( u

for  a  su iL"abj .e  pos i t ive number d v le  c lech:Cg that  the seLs Gl  , . .
l-

c i .  de f  ined  by  ' ' '  : ,

Hence, using axiom Do on *. i , . .*g t r4ve



3 0

Rut f ro i l  t ,he precedinq ccnsi r , ler .a , t ions
G .  G ' '

B  ' , I j  '  
n "y  .be  cons i . l e red  i : a layages  o l l

"anrl w'e hav e

r a ,  7 t  ?
\ f  ^  \ . r -

z__ I
= H H

c t -  r : '

B  , B  , '

c i  c l
B  

- - B

. ,  .  : . ' ,
'/

l a '  
'

.  \ a r  _
t h e  m a p s  B  t r .

the s tandarc l

\ r ?

11

u-ctne

Henc e

The  one r .  subso t - s

? h e o r e ' n  3 . 1 0 ,  3 )

n f( f , . )  \ l  n

B o = 8 1

BGrBcz_"c2*Gt

Gt  ,  GZ  o f  Xu  be rng  a rb i t ra ry  j ^ ,e  c teduce . .  us ing

t h a t  a x i o m D  h o l d s  o n  S .  . i ,

4 .  N a r u r a l  p o t e n t i a i s a n c l  n a t u r a l  s h e a f  p r o p e r t v

Dqf in i :+on"  Le t  s  l oe  a  s tandarc l  , ; j - cone  o : f  f unc t i qns  o r r i d  i - : ! ,
: 'near*.y . :sdrurat 'bd set.  x. An ,gr-em.errt 'pf g is carled rrq:grqr"-rgtgj-
t i a l  ( on  X )  i f  f . r  anv  sequence  G i ,  o f  open-  l ubse ts  o f  x  such

iha t  -  G*=X * *  have  ;  r  , : , .
I r f l

x G ,  x G *  x c
n  ' L -  ' ?  ' L n

/  \  B  
' B  ' . n "  

B  
t ' p = 0  

i  , , r ,  
. : l ; "  . , - ;  .( L , , L r r - - . 1 ^ ) a - , 7

€T'.
wnere  J -  i s  che  sec  o f  

" r1  
f i n i l e . sys tems  o f  l a tu r .a l  numbers .  . , .

P ropc .s i i i on  4 .1 .  a )  T i i e  , - . - t  . - r f  a t , -  na tu ra i  po ten t i a l s  o f

S  i s  a  so l i c l  convex .subcone  o f  S  tu i t h  respec t  t o , t he  na tu ra . l _

order  and for  any sequence ( " r r )  
, ,  o f  _  na. tura l  po igpt ia l .s  .e f . .  S

:  
l l  l l

the funct. j "o" 
E=n 

is arso a natur.ar po:e.nt j .ar  i . f .  i t  berongs

L v  D r

'  b )  , " , f  f  .G is  an  open s .ubseg, ,o f ,  ,  Xr . ,  p . ,
_  Y \ c

5  and  f " ! ' =p=g" ' *p  bhen  the  res t r l c t l on  o f

p o t e n t i . r l  i n  S / ( C )  i f f  f o r  a n y  s c q u e r i c e

i s  a  f i n i t e  e lemen t  o f

f .  a t  G is  a natura]

l f  \  n €( r ; n )  
n  o i  o l J e n  s u b s e t
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3 1

._:
of  X l ;u .ch t i ra t  i i r ,c  G for  any r :  and-  such that  u /Grr=qi  \de ,have

n

the map BA is

k ' )  Let

( 1 , y ,  "  " u L r . )

decluce the

t *  I

X\C. .

.;3 ,.!tp-""t"n

w g

x \G, x \G, ). \Gr

nx"Gi ,7 \n  
t tu  *? .  

.  .o  " to

p r o o f .

{ L r , L z t - L z }  g  J f

Tire asser : t j -on ; r )  may be < l rown f rom t l ie  fact  tha l .

add i t i ve  o r )  S  fo r  c lny  Ac ;X .

l r a  \  ' ! - n  5  - . a ^ , r  ^ n . . f ,  ^ S  n  ? \ ^ I . I  S e t S  O f  X  S U C h .  t h a t\ * r n /  
n  

l J s  c '  DF9 tL \ : r r ( , . t j  L / L  vP ( j

\  S  r :  = l ]  7  . -  r :  €n r  : n \ 7  n  r  n rr r - - l z  ,  L r h \ -  U l  l - v l  o ] . . y  
.  r r  C : :  l \  l

J t  l t
L L

Appl-y ing n.ow t [ f -J ,  proposi r ion 2.3)  we <- ; ie t  for  any

oh G,  where,  for  ary  sub$:e iL.  l i , ( * ,Gr  to l  .n*ot iS the balayaqe on l . l
\ .

r e ia t i ve .  t , o  t he  H-co r ie  o f  f unc t i ons  S ,  ( r ; )  :

Hence we have

G r G l . , , . G r 6 r t . ^ G t G r " '  X t C t  X t 6 r '  X r G r , * . ,  ̂ - X t G
A -F, .T") i1 - .i) \ a .'l.) 

ti/ \  5  . ' O  6  ( i r - 6 1 , ) - / \ b  1 1  1 r - D F
l l r - l l

(  L,  , : - r , - - .  1 i  aT - ' C  
t . ,  , L r  r ^ ) -  r - )  g . F

6i rom the above formui-a arn<l  us ing the fact  that  any open subset

D  o f  X  may  be  wr i t en  as  ,p  coun tab le  un ion .  , :' ':1, :,.,

o f  open  subse t  D

a s s e r t i o n  b )  .

P-\-r D,.,
NGN

n*X such that 
-ir.r*S"-€er' 

any n €N

Let S he,. lRr; s, 'bandard H-cone of functionsp r o p o s i t i o n  4 . 2
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r  I  1 2  l l  S l  f )  * l l , -  4 ^  . i  1 . 1 .:  \ ' B ' = l o l l - s l f  f l l 2 ;  
a " 6  

T  
( R  

T
'  

i  ' A  I  a '

:

on  a  uec r ; I y  sacu ra ted  sec  X"  I f  t t r a re  ex l s t s  a  n i r t u ra j  pc r ten t - . i ; i l ;

j . n S w h . r c i r . i s a I s c l a t r w e a k u t r i t r . o r e q r - r r v a I e n t I y . i f a r r y { . c ' S o

'  is  a  na1:ura l .  potent iar  )  thc ln  X i - : ;  s€r i r i -satu: :a ted

l

prgg { "  LeL  (S . ,  nX . ,  )  t r c  Lhe  aa t - r " t ra l  ex ten l i . on  o f  /S ry ;  and-  
I  t .

r  ]e t  l -  be a cornpact  subscr :  c f  Xr  \  X "  l t rc  s t row that  r  is  porar
{  ) / ' :

Let  p  be a nacur . r r -  pctent iar  o f  s  such th . r t  p  is  a4 _weak

uni t  o f  s  and le t  p  be,  the not-u: :ar  ext -ent ion of .  p  to  rhe set

t t
4 , .

l-

Let  now Fr . ,  be a decreasinq s :equen:e of  cr -osed subset  o f

. .  X r  s u c h  t h a t

/ - \ F * = F  r  F - , _ . , q - - T r  . , ( V )  n g N'  
i e l q  ]  ' .  - n { - t - - - n  \ r '

| \ \
\

\  W e  p u c  f o r  a n y  n € N l
\
\

.  Gr , :  =X r ,  F '

I t

obv icus l y  v /e  ha r ;e  x= \ *J  G* .  s ince  x  i s  nea r l y  sa tu ra ted . ,  qs ing  . , 1
n 1n

propos_ i_ . t j _on  3 .1 ,  b )  ,  we  have

( ) O

,  ts- ,  F^nX
(^B  "F )  

l *=s  
' :  p  (V )  n  e -N  .  j

and  the re fo re  :

Xr G-
D f )

( r e rF ) - (  n  
" " t " op=o^ neN

H e n c e  F  i s  p o l a r .



. . \
!5 t " lg* :g l "  Le i :  S be a s tandard p1*co.nc of  funct fons on.n"

se t  X " ' ; ' i c  say  tha t  S  sa t i s f i es  l hc  na tu ra l  g . t . oba I  sec t - j . oq  p rac*
E' '++- . - * ,&**  

,  

,€

grry  ( l ' i .c "S.  * .pr^ope1: ty)  on X i f  any funct ' . ion f  :X-* ]  l *  such
'f

that  for  arny x  6.X there ex is ts  an opei l  ne iqhi :cr : rhor :d { j  g f  x

fo r  w i r i :  h

3 3

, . .

e  I  A - e ,  t r - t' l G -  -  \ \ r ' l

r,/e have f e S

We say  Lha t  S  sa t . i s f  i es  t i r e

map

h r ^ h ^ - ' i  r  i n -  , ' t  ?  T f- Y t \ / l J U b  L L I _ \ J l l  . t . J  .  a !

G ,  \ - /  G . = X .  f  t
J . L

G .  G ^  G .  G ^
I i  r  ( B  r s 1 = g  r s n  

B  " t

n : t  { - r l v ' ; r ' l  c h r , . a  f  n r n . n a r f - '

c -+ s '  (G)

<i,ef  ined on the set of  a l l  operr  subset G of  X i  s a sheaf .

f c  i s  easy  to  see tha t ,  S . -sa t :s f i .es  t iu  na tura l  sheaf

n r n n a r * r r  i  t r t  F n rFrr - r I , s .L , -y  r i r  fo r  any  open subset  G o f  x . ,  s '  (G)  sa t is f , ies  . t : , ; . ; ,

N.G.5  proper t .y  on  c .

x  i s  nea r : I y  sa t r i r a ted  v r i t h  respec r .

t o  S  a n c l . ,  S  s a t i s f  i e s  N . G . S " - p r o p e r t y . o n  X , t h e n  w e  h a v e : .

a )  S  sa t i s f  i es  ax iom Do  on  X ;  i r .

b )  X  i s  s e m i - s a t u r a t e d  w i t h  r e s p e c t  t o  S ;

c )  a l ) y  e temen t  u  eS^  i s  a  na tu ra l  po ten t i a l  .

.  p r o o f . a i  Le t  G ,  ,  G2  be  two  open  subse ts  o f  x  such  tha t

w i l l ' be  su f f  i c i en t  t b  . ' shaw tha t

r f  s  C . s r o b v i o u s r y  w e  h a v e

G )  G t
( B  - s )  = B

i f  t l .re

G ,  G .  G ,  G ^  G -
B  t  ( B ' s )  (  B ' s A B  t s  o n  X  a n < l  B  r s o n G l
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Le i :  b *  $  be
s",

c . i n , , -  -  A
r f  . r . J Iv  U lJ  S=S

t h a t  t ] : c , f u n c b i o n

such 'ehat

o I )  G n  w e
z

( t  f x )  , : :  ( x )  )

s  ( x )

r1
.  t : , 1

L \t - t  t 5 -  s  an  G
' +

deduce,  r . rs i : . rg  the hypo thes is ,

t '  ( X )  " "
6 G z

.*Gt
' t ' F

{  
i r i f

)
I
L

- L I

be lon r i s  uo  S ,  I l o reove r ,  v re ,have

G r l

.  t ' i  g  l s  e n  x r  t ? t , ? t s t l - "

The e ler , lenc . i  Lre ing arb i t rar :y  ive

(1 . ,  G. ,  G1 G,  G?
B  '  ( B  ' s )  

)  g  t =  
)  

" - t r r \ u  

. n  
o n  G ?

1l rom the precedinE consj ,derat ions we have

- G l  G 2  c . ,  G -
B  *  ( B  - s )  = B  ' t " A *  ' r ,

b )  F ron  the  p recec l i nq  po j -n t  a r r cJ  l : s i ng  p ropos iL j cn  3 .4  a )
lqe c ie t luce that  the pal r  (s l  f  x r )  sat ref  ies ax iom Do Let  K be, :
a  campacr  su r rse t  o f  x l \  x .  i { e  ' shaw cha t  K  i - s .po Ia r .  Le t  { r / n )n
-be a fu l rc iamenra l  systern of  : : .op€f l  r re lE i ,bourhbods of  K such that

o n

4 F\t '
: 2 ' - "

4

\

'  T  a r -
u v u

Obviously

;  * 1 7* n + I *  u n  ( Y )  n  € l { "

now pg  S 'o  anc l  l e t  $  be  i t s  na tu ra l  ex ten t i on  to
we have

\,7tu*F= A lnut r r= z \  t r \ t t ' '  
,  

' ' ' , , . .  '
n t N  n e N  - - _ - - . . - .  .  ] "

l"

I  k -  r  V -'B^F (x  )  = in f  tB  n

neN

.  \ I
-  1  v ,

p (x )  =1nf r 'B "F (*  ) ,  . (V )  x6X .  \K
l.

and

n€br .r t i
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'  
S ince  f c r  any  f l r n r ' €Nr  11  4 , " rn , :W€  have

v * n x
n '

( p - B  p ) . , . ;  €  s '  ( x  r \ /  r
, t " \ v  

' " n '
m

r - t  f o l l o w s ,  u s i n g  p r o p o s i t i o n  3  . l  r  a )  ,

Ir - ourf') 
/n. z^ 

= x ( r'*'o'*n ) lx, c:

:
n r /

z :  \ ' ' /  l r .  r ^  \c -  q J  L , \ \ \ y ' * ,  ) .
;

l L t

.  .  ( P - - B " F )  l * e  s ,

=.{1.(f - B"'- -|,)&rc

u s i n g  t h :  f a c t  t h a t  ( - s r x )  . s a t i s f  i e s  N . G - s - p r c D e r - t y  v r e  r -

havd

r l -is^F {  p

nc  tukn  i s  rn i ve rsa j . r y  con t i nuous .

S i r : ; e  t hc  :pa i r  (S l ,  X I  )  sa t i s f  i es  ax iom l_ . ro  ,  f r om Cr2 ro l l a r i z  . i ,C  S

1"v "  
t l eKF i  = leKB ( v )  n 6 N  ,

l -K  r I -K -  ^  
' t  V r l  ' l

. . . D  \  r . ,  F ) = A l B . t ( r e K F )  = l g K F .
' t  , ' .  "  

n  
.

-  
F fom the : fac t  t ha t  t " *p  i s  un i ve rsa l l y  con t i nuous  anc t

f rorn t :h 'er  Iast  equal i ty  we obta i .n ,  us ing t fZ] ,  Theorem 
'2 . . .4)  

,
,  -  : , ,  ' l  

v -
that  ' 'bh 'e  carr ler  o f  the e l 'ement  'B^p is  conta ined in  K whlch
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. I C  
A Semjpo lar  Subset  Of  X  o  t ience

1 R --B"P= 
o

The  c lenen t  pcso  be ing  a r l : i t r a l?y  we  dec l r ; ce  tha t

,  c )  l e c  u  i : S o  a n d  t e t  ( G n ) , - ,  b e  a  s e q l l c n c e  o f

oi X. such t-h.rt
I r

Us ing  the  fac t  t ha r  X  1s

c ) we ctet

( V ) .  n € N ,  ( V )  s * S

Tt i .l rr<-r l;r r
l " -  a * +  .

o p e n  s u b s e t s

syster i t  s

i, i.:r il
' .

X C  \ J C
n n

anc i  l c l - ,  fo r  a r ly  f l  {=  N,  } - . ^  :=X-  \  G' I I I N

semi*saturatetJ  anc1.  pr :opcs j - t ion 3 .1  ,

.r F- F*r\X
( ' B  " S ) l  ' = n  r r  s

. ' x
I {e  d€ ino te

v= .n
( A r r , " . r 9 r . )

5 F*, x F.-.. x
B  

' * '  
, . . ,  

H n  
u =

'n 
T-' { r ,

I

5

,, (v
{-- -i*

t b r
ti

.E r, F.t,
l e  o ' .  

.  . , o  
o t . r - ) I

I' t
L x

l , i ' "

*  { '\
t O  f ,\ v 7  |  v 2 l

w h e r e  ( 9 L , € 2 , . . . ,

of natural nunrber

. , & n J t = F

f l  r  r ' r n q . i r r  c o f  1 :# n i  r r r r i )  . r f r  5 s L -  J /

s .  :

f  i  n r te
'  , - E  -  r ' l

- i

Obv ious l y , f o r  dn l r  n  GN. 'we  have

(u-v)

' ' :
and L i :erefo. r .e  u*v *  S.  Hene* y  { : .Se

Trom Theore ln  3 . : ,  we  c leduce  tha t  f o r  any  m 6N
F r.rx

* 6 G * , A X ,  ( t s  m  
) ' * (  [ x )  i s  a n  H - m e a r s u r e  c a r r i e d  b y

, (1n  X )  o f  t he  se t  G* ra  X  and  the re fo re. m

F*nX F nX +
B  

r r t  ( v )  ( x ) = ( B  m  
) ( f x )  ( v ) =

o I tu r_ i €1..(I v



r i ence ,  Lhe  ca r r . i e r  ( . i - n  x )  . c f  t he  e remen t  v€  s ,  i s  co r iEa i -

n e d  i n  F * n X  f a r  a n y ' m e N r  i . e .  v = 0  a n d  t h e r e f o r e  u  i s  am

n 3 t u r a i  p o t e n t i a l . .

I l tgg lg*  1: :1 .  Let  X be seqi -saturated wi th  respecr_. to  S.

Then  1 -he  fo t i ov r i ng  asse r t i ons  a r re  equ iva lenL :  . .

1 )  t h e  p a , i r  ( S r : { )  s a t i s f  j . e s  l {  " c . S  " - p r o p e r t y  ,  "

2j the pair (SrX) sat. i 'sf ies A,x.iom D,, and. a:1y element rr.qso

: .  ig  a natura l  potent iar  on x  :  :  :+ . , , . ._ . , . :  "  . :  . i . , , , ,  . . , :  l t *q .  .
^ D  

|  

1  i ' . .  a i ' " : '  
. '

l . t c l cF  .  The  asse r  t "  i on  1 )  - )  2 )  f o r rov /s  i r o : l  p ropos i t i on  4  .3  "
t  2 ) :5  1 )  l e t  f  :X *>T l  such  tha t  f o r  a4y  po in t  x€X  the re

ex i s t s  an  open  ne ighbourhooc l  G*  o f  x  such  thac '

,  : -  ' . J .  -  
'

. { ^ n  s r ( c * )
G*

I^ le  show that  i f  p ,  e  6 S are such that

= qs** ",* ( u"' 
*;, ;llil;]; ** ;oout 

*ol -

r n f f  ^  
o f , n X  F p n x  F p  r r x

= - i n f  ' ( t s  m  
l * t t x )  ( B  " l  P  " 2  

"  

* t  
i f ) =

( f l r . f l 2 . , . ' . , * , n )  +  ? '

P-r\x og{' t td.?* ugj'*
= i - r r f  B  " '  I l  ^  

B  "  
" " . 8  u ( x ) = v ( x )  "( ' 9 1 , .  . . d r , )  *  F

.'i

. ! n . c  l l . r -  h \  / -  d  

\

I r l r  \ r t L l ,  p /  e  b  ,

t

o:nc{  C is  an gpen subset  o f  X such that
.

t '  l ^  c t  s '  (c )

Gr o!  X such that q.  Q we hqvg, I



3 8

X\G, ,
i n f  { f  + e  ' q ,  p )  G  S

Jndee<1, f. ; i :  any such open. sul-rset G,

opel i  subsct  G,  of  X such tha,c

G r c  G r c .  G 2 c G  . .

Si;rc e

X \ G r  i
( . f - F E  t q ) [  

e  s

. t he re  ex i s t s  an  e lhs l l

G-,

"r i . ,. C , h  L  FI - f l 1  q = f + q  O n

we de r luce ,  us ing  Theorem 3 .5 ,  t ha t  t he  func t j -on

\  t ( x i : =

+ . / " , \ _ . i h cL  \ ] \  I  - r l r J -

.  - : - l :

r i  G s ' ( c  )' i G  
x

(Vrr) 
r,  be a seguerice of

a n o . f o r  a n y  n + N ' L h c r e
: l  

- '

we i tavc  r

i i  x € G
â

i f  x . € . X \ f f . )

open 
.subsets 

o. f  I

e x r s t s  x _ . G X ' s u c h
t l

- +-."E*!

^ . . a L  . : - L r  I
> L a u l I  r - l t a  L .

f l r r * '  t 7  r  a 'v l r u u  v q L U s y '
I I ' >.t\-

\  
in r

[ , , . ,
\
\
\

be longs  to Bu t o bv i gr'.r sl 1r

x \c]
( f  ( x ) + B  t q , * 1  

, p ( x ) )  ( v )  x e X

L e t  n O W  f o r  a n y  X  4  X ,  G . ,  b e  a n  O p . i r )  n p i n h l n r r r - \ 6 6 g [  O f  x
"  

. , {  " :  
- - .  

. . . " * Y  
4 r v . r u r  r l

such t,hat

and le :

\./ y =x'
n n

I f  p G S o

and

r a I

i n f  ( f  + p ,  p )  Q  S

the re fo re  fo r  any  f i n i t e  svs tem t t? ,  .P . ^ .t . u ,  ,  u Z ,

numbc : :  t he  fo l l oWing  reLa t i on  ho lds :

'  ,  I  t _ r :  r i t  r - J

. . . r f l r r )  o f  n a t u -
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XrVyr t"- '"Vo X\Vr,
i..r-" f,a U

i i r f ( f + B  
- r B  t . . , 8  * t t r r p ) * s .

The el{:menc p heiirg a nahural 1:,.r*.en.t iei l  we qet

i r r J : / F  n \  r  q
r l r j -  \ I f  i J f  ( - r ,

anc i  t he rc fo l  e .  r )  he , i  r r r r  ; i  r - ' J - , i . ' l :  ; r - . ^ r ,
I  Y  u u f , r r Y  s r u a s r s L J

f r a
r  ( - ' D '  '

f l fggl] i I ! .*L:. Let x be: serni*-s€.turcrLecf vri th respect EO s.

The  fo l l ow i r rg  asse rc ions  a t :e  equ iva len t :

f -  )  t he  p . r i r  (S ,  X )  sac i s f  i es  na t *u j : a I  shea f  p rope r ry ,

? \  + r -E)  . , u r r€  pd i r  ( s , x )  sa t i c f  i es  ax ion r  D^  and  fo r  a r r y  open

* i - r : - le  po. tent j .ar  on G.

P I 9 . o 5 .  I ) : : )  2 )  .  I r r o m  l )  i t  f o j . L o i v s  t h a t  N . G . S . - p r o p e r E y

h o l d s  f o r  t h e  p a i r  ( S ' ( G ) , G ) ,  f o r  a n ] '  o p e n  s u b s e t  G ;  e : f  ) i , ,  , , , ,

From c l :e  precet l ing proposi t j .on '  ax. io l r i  Do hoJ-ds for  .Lh.e pai r

(S '  (C ) , r . ; )  a r :d  any  . i n i - ve rsa l . i y  con t . i nuo r rs  e Ie :nen t  o f  S ,  (G)  i s  c

n , a  f ' r r r ^  |  r r r r l - n n l -  i  a  l  , 1  y \ '  / r  / . . , . i  + - l -  4 -  + - ^r r q k q j - ( ( 4  1 , - . - . , t j - & I  o n  G  ( w i L h  r e p c c t  t o  S ' ( G )  )  .  T h e  a s s e r t j " o n

2 )  f o r j - o w s  n o w  u s " i n g  p r o p o s d t i . . - : n  4 . 1  a n d  t h e  f a c t  t h a t  t h e

func  t i on

lu  
a  Re" - ra r l y  con t j nuous  e . j _ .emenc  o f  S ' (G)  : . . o : :  1 r , y  p (  So .

2 )  : q \  r )  .  r t  a x i o m  D o  h c t d s  f o r  t h e  ' p a i r -  ( s r X )  i c -  h o t d g . , r  , .

a l s r :  f o r  c h e  p . r i r  ( S ' ( G ) r G )  f o t : . , e r n y  o p e n  s u b s e t  G  o f  X r  ( S e e  i j : , : , , i

T h e o r e r n " 3 . ' i  ) .  F r o n l  i r y r : o t l i c s i s  a i r c ' i  f r o r n  p r o p o s i t i o n  4 . 1 . , w e  d e c l u c e

tha i  f o r  any  pe  So  the  func t , i on

' \ f \  
^

p - B " ' " p

(p-ex 'c tp)  
! "
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.

: c ' L  t o  s t ( c )  )  .  . H e n c e

A  h t t  i r  h  - :  r r ^ - . '  ^ .  I  l  - -d ,1y  u r i r - ve i s . ; 11 ) '  conc inuous  e l "emen t  o f  $u  {G)  i s  a  na tu ra_ r  po te : r1

{- "i ,a | ,r ,r r\1 n} l^urqr -  . . , r r  L :  "  J_ le 'asser t , j -o t r  l  )  L lo . l  lwcs  r lovJ  f  ron ,  the  precedrng

n 1 - / \ Y \ 1 1  - i  - - i ^ *
} / r  \ ' '  v v ; r  - L  L  - l  V  l i

ILeg:Sf*L!. rf  X is sni.r i ,rscrrurarcd. w.ibh .respect to S

t l ren the fo lJ_owing a$ser- t ions are eg, . r iva ler - r f , :  .  . .

1 )  S  s a L i s f  i e s  r h e  f i n e - s h e a f  p r : o i , e r t y ,  .  l

2 )  s  sa t j . s f  i es  r t re  na . tu ra l .  shea f  p rope i : t y  a r rd  the  ax iom

o f  : i e a r l y  c o n c j n u i L y

3 )  s  sa t i s f i eb  bo th  ax i cm Do  a r r c r .  ax iom o f  nea r l y

c o n t i n u i t y .

progf . . .  us ing  r [ :  ]  ,  F ropos i t io r r  5 .  6 .8  )  and.  T j reorenr .  .1  .13

l ' le get l t  =+ 2i  , .  T}:e r*-Latron 2) ==>3.)  fo.L_iovrs i rom proposi t :orr  l .+. ,1

. . _ :_ :  '

3 )  - - )  r )  Lc r :  1 r ' t u  ' an  un i ve rsa l - I y  con t i nu i :us  e lene"n ts

c f  S  anc l  l e t  81  ,  82  be  t - v ro  bo layages  o1  X  such  t i r a t  B , \ , g - ,= f  .
L L

f f  b ( B ,  )  ( r e s p . b ( 8 . , )  )  c l e n o t e s  r h e  b a s e  o f  B ,  ( r e s r r . B , , )  t h e n. I . v g r j v l .

we have

b . ,  ( e ) L ' b , ,  ( B )
B  

r  4  = T r  5 ( B r ) L , l  b ( B r ) =  X

From hypoches is  the  func t . t on  B rp  i s  a  nea r l y  co l t i nuous

e lemen t  o f  S  and  the re fo re

_ t ( B ^ )  _  ( .  G
R  f  R  r . \ *  

- r )  ' , *  / \ ' 5 ' , ' - , ' ' , - -  -  r- ,1 . ' . : .  I ,  
- -  l ' ,  ( ' i - , . , .1 , ' )  :  / \  l  

-O ' ' ,  
ts l  t  )  \  G open. r_  .C 3 t r ts . )?

4 l  
/  

- - -  
)  

' t ' )

l
j

- ,  _  . - i
, . !

i

' s ince  p  6  so  there  ex is ts  a  decreas ing  sequence- - ' ( { ) ; f i * ,  o f

open  se t  such  i ha t



4 , 1

l - l l i l  , ) , = f ' r  D' ! .  
I ir]

1)
i l

F .. ] ' l= ' j  ni  B " i l
1 : "

l l

: i_ j :  G j-s . 'n oi .cn su]:se' . :  c: f  X sucl l  t -hc u l :  (F,,  )C C; a"ncl  i i  i i ;
I

an aL :L : j . t t :a r ' y  l : l i n i :  r . : f  X  the : -e  ex- ls i . : ;  a  me la .s l l r '€ ,2 { . io  on  th .e
/  . -

f  i -ne r i ,Lor, ;u:"r i  o '  G s,-r .ch th.r t

rr
! I f .r .I :'.1i,'-' r: I r' \

f \  \ ' - l  '  \ z ' 1

/ x
( v )  s  e  $ "

e G ( B  2 p ) : 2  B 2 8 i p

l jh€,  oF,c. l  subser t  G,  G : )  h  (BI  )  be ing arb i t r :ary  i i ,1e ,  , l la 've

Pil i : t j -cul i ' r rJ.y i . 'c i rav e

h. t )
( ,  T - t

l J ' ' ( R 1 i i )  ( x ) - ' : , d " , ,  ( l r p ) - 7 t , . ,  ( : i " n f  B  
' " p )  =

t ^ ^ r )

r ) ^ i )
= in . i -  , t . r . -  (B  i t p )  - - i n f  su  {e  

n } r )
. / x
TJ I1

B l B 2 p  7 B 2 8 I p  '  B i B 2 = B 2 8 t
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