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NATURAL TOCALIZATLON AND NATURAL SHEAF PROPERTY

IN SEANDARD H-CONES. 6% FUNCTIONS (T1L)

“ by

N-Boboc and ch.Bucur

ITI. Natural sheaf pruperty and .axiom D.on-a stapdard

AR —_—i

H-cone of

In this part we deal with the study of the propertwithat

by

the. m

o1}
s

given on the set of all open subseéets of ¥ is a sheaf. We .call
this property, natural sheaf property

e

e provesthat the fact that one of the maps

s e G GG

gliven-on the et of all fine open subseis of Xids 4 shews
implies that the octher ic also a sheaf .and this hapens if an

dfOn T T L Shaa e F o ot gme [y

ct that the map

ot
t-h
N

We prove also that the

e e ()

giver” enithe Set OFf all open saubset of X is a sheaf isg equi-

valent with-tche fact that axicin of polarity and natural sheas



propert§ ﬁbid on X. This result allows us to assert that tor
any open subset ¢ 0f X the St‘”ddld H-cone S’{(G) of fungliions
on G (angd mot-6(c)) must be taker-as.the local structure. on ¢
associated with S.

We prove that if tﬁe na‘tyral sheaf proparty h@lds on %

then for any two open subsets Gy v Gop of X sueh sthat G1\}Gmx
-~

a

we have

G, G2

G5
pl a2

We call this last:assertion ax iom D, on X. We show that
_axiom DO strongly depends on the representation pﬁ S és stan-
dard H-cone of functions,namely,axiom Do-holdé_on the cet X4
for any weak unit u of g iff axiom D holds on:S.

some other chaiacterisations of axiom D are glven¢'0ne
of them go to the "oid" meaning ¢f thig.axiom iﬂty@@qcs\by
Brelot in the framework of harmonic spaces. Namely;if_s satig-
fies the hatural sheaf property “hen axiom D holds on § 15
any universally bounded element Qf S is the sum of‘amsequenée
of universally continuous elements of S.

3. Natural lomalization anhd axiom Do.in standard

Z

.

H-cone of functions

In this part-S will be a standard H-cone of funct?

a_setlx. We remember- that we'denote by Xl'tne saturaf&a

and by Sy the standard H-cone of all functlons on X, obtalpg

by the natural extention of each function from S to a fune:

on Xl .



we

More generalliviif v i8 a setisuch that

C”YCLX]

may - be na

then any <clement s ¢S turaldy extenddd
S on Y amg the set

= 5 (‘ o o o ! . "‘a

ty.- )LEJ.Y e }{_*‘35 D S ?

Hecone of functions on .

is a standard
a subset of Y and s& S we put

\1;- : ‘7:\ I . ] ; et i
]__;/ e ’/)\\ ,} t SY !J\.. 25 on-A

Proposition 3.1,

B = e

oy Y o ovvar
ayrEor any

) B
have
T

subcet 0f ¥

Gils B fine open

3 = ~
Yoo ¢ /s :?i"\¢‘: X

B s=(B SHEs ok Cquinlently ("B §)§

- e : 3 e
Qr egulvadiently (B &)l =B s

to a - funcktion

@)y X is semi-saturated then for any subset A Of +¥

and any se S5 we have

YBA“ gﬁﬁ\X

s= (E )
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and therefore -
s - % ol
(/ﬂ\gte S{t > S on Af)://\.{t<-sy&t';s G A‘%
s 8
T

k)" If ¢ 'is a fine open subset of ¥ then the fineuwclosure
GNX" 0% of the set @m Xgoincides with the fine closure in
Y of G since in the contrary case we have the following rela-

©

tions
.»-—.._..__._.,.:F @
¢%G\ (G X i YN X

whichcontradicts the fact that S is-a standard H-cone of
func tlens on X
3 H = . . 7 ! & 1
@} "If X is semi~-saturated we know that. any borel isyubset-. .

of YNX is polar ‘withirespest to SY' It . is sufficient to prove

the-assertion ¢) for @ borel subsét A of ¥. We know that there

exists a borel subset M efiv+auch that A~¥Xc~M and such that

YBMwYBAf\X

Sinee the set ANM isgté-borel part of V. containedodin

¥\ X 1998 s polar subset of v and fhereofore

A 4l .
YB.. ; YBF_:YBA/‘\ X 2 YBA-

~

Corollary 3.2, If X is semi-saturated then the axiom

of polarity hoids on X iff the axiom of convergence holdis on §.

Proof. It is sufficient ®&.useé the assertion c¢) of the

preceding proposition and Theorem

§T€?3 from o).

Theorem 3.3. If X is séidsssaturated with respect o ©

then the following assertion axe emyivalent:
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B Spi=8' (B) for any OPQW»SUbSOt PO fe X

N
~—

SDl=8Y (D) for any fing open.subset D @f ¥,

e the ddiom of polarity dholds on X,
Proof. Tne relation-3) —352) follows from the fact that

B ; Bl )
for any subset B of ¥ the map-B .is.a balayage on S.
e relasion 2) = 1) is obvious.

1y =~ 3y let7 Le @ closed semipelar subset rief-X. -Sihce

SIXSF)=5 (X NF)
we deduce that for any se¢ -§,i-8<e0 we have

E-R s (X R

Noting f3(F) the essential base of F we get

= 3 Rl S 3 RE \‘. <
alith therefore wsidng «( | 3}, Proposition. onled and 5.1 . 4d) e

deduce that therelfexists gfc. 5,:8" £ such that

B ; w
s—-5 s=s'-B 'S en X \pg

Since Fig semipolar we get 3(F)=¢ and

)

P (F)

s-B s=g’ -B Sl Tongs S
Thus

F.;‘ ) PSR i 1

B S 2 %S (¥) s5¢ S

W

)
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for any se

t=s

Let now. @ be -a fine open:gubset gf

We: have

s and any tes g

uch . thac

on. g

X such that reg.

BGS:S G N (¥ s=&8
and therefofe

plounts (v) ses
Hence for any se& S we have

5 s=n"s

Frream - this Ffact ik fou

: Gates :
lows that By is a balayage on X

with

e . . , 0 Seih e
respect to S whose Lase lies in F. Hence B =0-and therefore ¥

is polar. Using Proposition.3 .k c) and ([3 | Theorem 5.2.1, w

From this fact and from the preceding considerations we get

that for any Borel subset A of X we have.

p—
e

that any Berel semipolar subseg.of X . is polar,

pefsnition . If S is a . standard H-cone of functionsg o

th

®

set X.we say that S: (or

if for any two open subsets

padir (S,X)) satisfies axiom Dy,



G. =, e iie
: 2 2
B 1B =B ?B,l
wheneve.:
(‘J ,] s G 2 =k

nearly' saturdted with réspeet

axiom D iff for any two fine Spen subsets G

GG, G, G

i) Pl
B RBet-RB B
whenever
G1L1G2:X .
It
\\ Proposition 3.4. a¥-rf axiom
(8, X)

blanf axiom DO holids for .the
the pair”(SY,Y)

@R

1

to g then the H-cone g

2. -Ih the sequel weushall prove that if X ig

of X we

e

By holds: for the-pair

it holds alge for the pair (S +Xs b

Proof . The first assertion,follows from the poinu.b)

.

of Proposition 3,1, :

by lLiet-¥ be a semi~saturated set with ;espect to SY
(YC:Xl), let Gl 7 GZ be two open subsets éf xl.such;that
YC:GlL/GZ and let p be a finite continuouéuﬁleménﬁ of Sl'
Since the set v

M:=Xl\ (Glm#GZ)

findiva

isa polar subset of X, we

satisfies

have

it.holds for

where Y+-is.an arbitrary semi-saturated subset

ecreasing sequence (Dn) of



open subsets of Xl such that

~ D 2% “
ANTB p=0 and MTD, e (¥) nenN
Xl :

FOr any n&l we have

(ul W Dn) () ('—izxxl '

and therefore

G G

il S Sle o 2 Raml e e |
Bl e s s (5 p)
; ; Ll AR S
The element p being arbitrary we get e e
e

Bl itnad et ol

Phe .assertion follows now.using Propesition T bmep@int BIE

Proposition 3.5. Suppose-that X is semi-saturated with

respect to &. Then the following assertions are eguivalent:

af."Por .any open subset ‘g of X.dnd any clesed ‘subset Fof

S

X -such that G DF we have

el R
pCpf=p" .
“b) For any open subset dlet x andirany subset A of X O
such that GO A we have
C..B B



o

cy"ror any open mubset G of X and any x¢;G the H-measure

€ ) doesn’t charge any semipolddr subset of .

PEOOE. a) ==> ¢) ;s Let G besan open subsetof X and let fon

St ; (g aus ; e
any - 2 @ Xi~G, - B the H-measureé (B (E,X). Since any.totally Bhim

- s

subset-of G- -iksgsdontained in-a Berel totallye

- thin subset ©f ¢ ald since X is
metrisable then for the proof of ¢) ik is sufficientsto show

that

/AX(F):O

o4
0
i)

for. anwpClosed totally thin subset B 0f %, FeG."1In this ¢
: scontinuous, i

if P/is a bcunded geunerator of S then

I;\ ; : 2 % €
By iy pty : = Py e X :

RS

nLet now (Gr\n be a decreasing segwence of @pen sSubgets
; 4 :

af ¢ sheh thet ; S . ; =
G_

2
Fe=— - G Gn ioamf B mp (x)=B pi(x)
3 n

sSthen.weshave g > Rop -

: G G & e
/LLF‘(g)zinf/UvX(B No)=in£BS (B "p) (x)=inf B "p (£)=Bp ()i

n n n

Since by hypothesis

/U%: (8¥p) =5"p (x)



we get

//‘» s (g'“BFp:' =0

g (RTp=B"p)=0

Cle==>Db) Let A and G as in b). Obviously we may suppose
there existey , :
thatvd cIosad ZEubset Fof X, 7 ¢isueh that

AcF.

In this case we consider an orern - subset Go 9L -X such

.

that
e Ge' ' o= ..
- o
Foriany p.&S we chose a decreasin sequence (437 ) of open
e i : Y’ neN L
subsels of ¥ such that
s : :
ACC € G , (v) nenN

and- sweh:thaec

G
AT
xﬁ}u p=b pf

We have from_([3]} gorollary 5.i.7)

'B’pz/\\L p=inf B 'p on _X‘sGO s
: n n : : ;

From hypothesis we deducethat for any x#}@ we have

8.

i . A 3 st : , )
378" ()= M (BPp)= 41_ (inf B "p)=int (e(B D)=
: 7 n n ‘



- 11 -

=1Inf B (B p) (x})=iny B P (x)=r"p(x)

. 5 &, - el o (ke
where [y meang the H-measure (B7)"
7 o P

?ﬁf?ﬁﬁ@qigﬁ' Let S be a sbtandard H-cone of Unotidons on

& semi-saturated set X. Then the following .assertions are egui-
= 3 - : A8
viaent:

Jo S satisfies -axiom DO E

el For any cliesed: snbset A of+X-apd any we XA the

: e A *® ; ; ;
Hemeasur e (B ) Ew) i1gwcarried. by The natumal loundary of A,
3.+ For any Open subs€LYCHoR X, «any tie 8, a0 and any

568" [y such that

Limodnf s} 2 E(y) To) e

XayiG
€

the function s-§ belonge +fo . 8f (G) -

.

37, ‘The same assértion as in-3) bk for any seglde) of

the form s=ul . where uesg.
24

4.5 0or any Spen.set ¢ of X, any s.c8l(C) and any e g

such that

Lim inf s(x)2 t(y) : A e
Goig Sy ; . L

the funcstion
tie) - if - w6 NG
IRl )b ) oif meit i

s'(k):é Si

belongs sto g.

4%, The same:assertion as if 4) but for any s« 8ilG) of

the form s=u G where ueés. P ; T



Dh o Robtamwie - ot ias 0 the procéding point 4} we have

)

> .- The sanme assertion as in 5) but for-any sé §.(C) oF

“the form s=u gC where u ¢8.
b

Proof. 1) == 2) Let“p be a finite continuous geperatosr

£ : 3 . B
of S and let b be an open subset of X such that Dc 4. since

14 X\\D = s > . o5 \{ D : '. :
P=B paont XN D othen the function. B "p is continubu®-oh §

neighbourhood of A and Lherefore, using axiom Do , w& have
TOF any ne Xwh o,

B K\D A oD
e Bt i -

: . = t ; :
=int {B’G(BX\ “P) )| G oper, GO A73=

=i {ax D(B P) (x)fG open, G:)A}=

=inf §B (ﬁ open, G')X% BAp(X) .

Aok, . o -
9 \5)) is an H-measukre carried

»

Shiice: for any K& XX (B

by A from the above considerations we get

e e \D .
B (L ) (p-8"Pp)=0 =

ana therefore the measure (RA)KX EX) doesn’t charge the set
B \D . . - .
{Ap >.BX Dp] which contains D. The open .subset D being arbie=

trary we deduce that the measure <BA>*(¢EX) ig carried by/a A.

2 r=—=> 3. We suppose that t is finite, continuous and we
: ‘ gig o N > 3
denote, for any n& N,

————a T

)+%>t(x)j, D =G_\(XNG)

cirfr e

Obviousiy G, « D, are open gubsets ©of X and

lx



e . 7~ : -
(:) I) C:G 7 () (‘; C: \'7“
- n
et e e G, suchithat Gy G and ayscougnee
( ."/nyn of open:sets such thakt

Ugiing propesitien.2.3 Llj we haye for-angz @ €8 <o

N j
i AN n G
n n XNC AN
B u=B (u~B Gu)+B Gu QN G
FOoX -amyptn € G o befteadl - be ‘thesmessure on . o /' such-that

/wanﬂ: pix) (¥) pes.

Using 'proposition 3.5 we deduce

Y S
n e
B (BX C’u

Y lei =B i

and therefore

,{V%?G - 5
{(U=B s { 2 Nl

U
(e
~
—~
Y4
N
~
i
S

Henee

Since s+ >'t on \/nf\(-‘, and wsing  ( L‘l} TlleOren15°2.i, 2.4)

we get



and therefore

SB}\(}L( (@)

If tes is»arbitrary, taes then we take a sequence (tr)r
: g

Akl So 5 increasing Lo t. We haye

/\r e

& . — 4\"-,
"\G, K, : - 3 - T
(sent it i (SmB}\Ctn);lDf (s-BX‘ch)
n n ;
i.e. S Bx\Gt €5’ (&) . 7
3)=4) and 37)x —==>4') . 8Uppose t finite and continuous,
- We consider a sequcnce T/_ ©L open sets. .such that
Lt s
f\V:xaa B Eem e Voo (¥) nen
! N+4 n
OGN n
From hypothesis we have
el e (¥) nen
X\V. S Vhug
~ Thl
and therefore there exists WS ueoe such that o
o 3 AV
XAG n n n

Bl ErEAaEeR tt=usm Pu on o aip 'l

n

. Hence,” weihave u-B  u+p Tt ég and therefore the function
: NG . Vn . jh
Qinf e x), s(x)-B ”t(x)+B t(x)) if xe&d (B )
Se(Bha= oo : -
: [ \/n K/h)

Bt e . if xet d(B



i
s
w

belongs to 5. passing to the limit we get

(Inf (tle) ,sln)) 4if mew

]
[t(x) L m etk o

Since the function on X

X -~ lim Sﬁ(X) : ’
n 4
is a finite lower semicontinuous fonction, -£50m (fl] Lenma 5 29
vwe deduce thatoit belongs B9 Suelf +iis arbitrary we consider
&-seguence (tn)n in S, kncreasing to t and for any ne N we

denote ‘

g hd’(t1M),s@U) LE ReG

; i ; -
& ) | i xd ¢

From- the above considerations snéfs for any n and: therefore,

the sequence. (s.)

e being iacreag@ing to the function s’ onyX

defined by'

g fnf Lt ) me)) s 1 sen

s’ (x)= )
& | if xe G
weidéducé 5n g,
The relations 3)==3'}, 4)=> 4'), 5) =>5'), 4jp=>5)
_and 4% =51 are obviously. ,
' G, G G G

5. == 1) Wwe show that B :

; : 5 :
B 2SZB “"SAB s for any
s& S. Indeed, the inequality is obvious on Gy - Let U S bein
q .
L)

1y h FhAats sy e D S S TN os



g inf (uix),s(x) if xeq,
L= 2
L s(x) « e el \G2 .
- , ;
belongs te g and t> B ls. Hence
Gl
Wil 28 T s(x) (V) }QG«G? ,
SR o
B = (Biegle(x) B - ailx) {#) Xl By
G G G G G G G G
2 _ ) : 2
B l(B 5) 28 lst\B s, B (B 25}—R S AR s
al r‘; AL S
s by GG

andstherefore @ g =g “p

Corollary 3.7, If X is semi-saturated with nespect te g

and if g sdtisfies -axiom B then for any closed "subset 'F and

b3

any @pen ‘subset G of X, Fec @3 have

it

5% (g7 y=5" .

Proof. The assertion follows from Theorem 3.5 (1) =D 12)

wedng bProposition.3.5.

Phecrem 3+8. If X is senissaturated with respeet o S

and if g satisfies axiom Dy then [or any open subset ‘&¥af X
the standard H-cone of functiong.-s’' (G)-on G satisfies alsh -
axiom =

Proof. From ([}], Propositidn 2.5} we deduce that ¢ is

semi-saturated with respect to the standard H-cone of Sfunctdons
S$' (R). Hence it is sufficient to show that one:of the asser-
tions;il) — 5) from Theorem 3.6 holds: for S’ (G). We shall

prove ‘that s’ (G) verifies the assertions 4). Let U be an open

— % ‘
SuibseteoR e and: et t.es’(c)ftsegtsf(a)] (W) be such that



Lim inf s(x)2 t(y) . _ (%) yG/(D(._[J
U x=>y : :
where CQCU means the bdundary of U with resgspect to G. We con-

sider the funetion f on ¢ defined by
€ dnf (slehblx)) Af we
\ :
/
Lalx) & 1 ge oy

: ’
and we want to show that fe S.(G).
--gSince any tds! () is the limit of an increasing sequence

XN G : : : ’
S Voawhere v.is a bounded continuous

of elements of the form v-RB
element of S (see fl} . Theorem+251) it is sufficient torshow
that the preseding assertion holds for t-of the farm

XNG
Y%

t=v-B
B

where v is bounded and continuouns. ILet. now v’ be an element

of 8 such that VAL on X~ G. We have

Limdnt labvi b (2) o vily) g . (¥) yeoU
U3 X~>y '

Where O is the boundary of U in %« Using theiassertion 4)
for the standard H-cone S we deducé that the function £ , on

X defined by

Qinf sy vkl B kel

if x& XN\U

Pl e = Y
<
=

belongs to S and

X\ X\ G
B? o :'BV 13
V'



Since on the set G we have

. -‘ 7 ; \;
1nf%Jv’§ vieg, Vo oviion X\\G} :BX_(V
i Rinf (s(x),t_(x)) if w2
feoint e —pe V0t . . -
! v ' :
zﬁ(x) If e oA

s

and since f ‘is Jower semicontinuous we geL that £ belongs to
s’ (@) .
The following Lemma will allows us to improve Theorep

2.4 from fl] c

.

Leama 3.9, 1f the standard p-cone of fumetions s 64 a

seémi-saturated set X satisfies axvionm Do then for any two

‘subset By UM POE Yoand for aly s &S we have

A] A A NAA
B TsNB “s=p S 7

Preg;, Obviously it is sufficient to SUppose thateac g

— O

In this case we may assume also that Al » A, are Carsets.
Since X ig semi-saturated then from proposition 3:1 ¢y and fron
( 33, Theoren 5-2-1) we deduce that for any Borel subset A of

o

X we have %
: BAS:V‘gBFs lF closed, Fc:A}.' - :

Usitlg ®his faet we see that it is sufficient to show
that

A NP Azf\F : .
g sVB SRt s

¢
H
i
i
|




e

for any closed set w, Pa;AiV/AO, Replacing Alr\? Ly

SN (Azf\w)

we may suppose that A.NF is an F. rset. since
Qe ; i
i n LiTn : ;
B s:\\/B S (¥) s¢ 8

for any increasing seguence (Cn) of subsets of X then we may
suppose that Alr\F is closed. Repeating the preceding procedure -
we may also suppose that A, and A, are closed.

Let now S,rS5 ¢S be such; that

S Zisson . n

= S,28 On A

l 4 2 (S
and let £ be the function on X‘\(Apk;Az) defined by

A A A A,
sVrp 25+(sl~B ls)+(-s?~B B

From ( {1] Theorem 2-1 and Proposition Za2) 1t follows

that
ERB XN (Ao va )
On. the other hand for any i=1, 2, and for any

Ye DX {ArA) N DTy

- Wechawe
Wirpod nf £ix) 2z I fme ime Sl > alve
X\QﬁVAﬂ XY X\(M5ﬂb)§Xﬁy

Using Theorem 3-5 we deduce that the function t on X defipned

by



§ inf (£(x),s(x)) if xex\ (A VA,)

t{x)=

S (x) if T e A A

belongs to s and moreover

1“!\/]‘5,
t2B S S
Hence
A A A A A A
o
B ]s\/B “s+sl+s228 . 2;3+B ]SKD 2s

and therefore, the elements 8y ¢ 85 belng arbitrary,

A A & B X
BN e S

Remark. ror the case where g is the cone of a1l super -

harmonic fun:tlons'of 9N armonic.space the above Lemma wvasg proved

in[f43 o

Theorzin 3~10. If the standard t-cone of . functions §'6n a
semi-saturatzd set X satisfies axiom D, then for any two Opan

Ssubsetsgs Gl 5 GZ OlESE e Gic:G2 we have

Ls’ (GZ). J(’ (G J=si0m. ) . .

Proof. Theorem 2-4 from Ll] asserts that we have

S Qi 7 }
Ls (CZ)J (Gl)gs (i

As for the converse inclusicn-it is sufficient &o.show

that: feor any s €S, s¢w we have



X NG L XNG, - A8 % Gy X\G,
s-B s=(s~B s)~Bﬁ : (s=B = s] on ¢

XNG o s PEN By
o ->.X\Cz G(Cz\gi)( = - :
S 2B »skb 5-B 3) O G

foilows from ( {17}, Proposition 2-3). L&t now t be an element

of S’(GZ) such that

X\G2
t> =R B On: GaXl
NG,
\ L «s-1 s on. G,

\
3
\

T S ‘ ‘ . -
From ({1}, Lemma 1.%°b)) we dedutCe that there exists s"g:s

such that

X\G, _ ; o XNG
B e 2! ¢ goand g (x)=E{x)+B sl Joe (0 X &G,
Hence
) i G, :
Sl coand s’ ()2 s(=) : , &) x eJ?Z}\Gl

Let now <Fn)“é5N be an increasing sequence of closed:
subsets of X such that \NJ'Fnzqz ;
n ; »
Using the previous lemmawe deduge.,

2 -t
—— ]



EXNE (e oy ) XN
\ Sfe ) e el
e B o S

neN i » | ¢

The element & being arbitrary we oktain

NGy A (GG ! XNG, X5G :
B ‘sER T (s—B s)z B SEON G -

and therefore

X‘~G2 (G?\Gl)
Bt SEB T (s~B s =R S SO e

‘We remember that a standard H-cone satisfy axioiphis

ufor any twd balayages Bl > B2 on.S such that B]\/B?=I we have
BiBy=BoB,

'@ give now new characterizations of axiom D in three

different ways.
W

Theorem 311 . Lf-g Jds.a standard pg-cone af Functieom orn ¢

then the following assertion are eéquivalent.
1l axiom p holds on S5

2. for any two fine open subséts'ﬂ ; G2 of X such thet

o

= s &l 5 St
X‘Gl\xwz we have

3% for any two fine open-subsets Gl » Gy of X such that

XzGigﬂGz and such that there exists four bounded elements s1 7

Si ¢ 55¢8) in 5 which satisfy the relations.



i S%kl , 5pe8h v 6=l “jg’w]’ ) _Q?ésﬁii\}
we have *
BCJRGZSBG2BG1
Yoot . ihe relations'l);£?2):5>3)vare obvious; s i

2=k tet B, B, be two balayagies on S such that Bl\fB?=§ and let

2
p be a bounded generator of S. For any né&N we puk

= : 1 % e i AN x
G [ pe (1408, | Gz [prBp <U+5) B kB

L\./

n

Obviously the sequences of fine open subsets (Gn)n and (Gé)n

are decreasing and we have:

B SeEaG BB b= GY o 6 WGy =X (¥), n,KeN,
e K : :

“n 1 &
B pall=)R p (¥) neN
’
wck( +B ~)) 2 /J.{:"_)B ('r.{,.D ‘\) . (v) n’ N
b PRl o b8 R, P ‘ & Ny
}
B i < (145E B p+£B p ' (v Ee N
O e g T KT 2 ;
'B.B,D <BGHPCL *BGLBGn < l+l‘BG£B L e
JBol 5B BopeB. B D g (14l Prsll+gh (e JEE B, P Cla iy

(V) n,keN,
Passihg ta. the Limit we deduce
BIBEP sBZBlp ‘ BJ_BZP:BZE_lp

FProm the last relation one can:;easily shaw that

=



=B B

l o2

Thv@fﬁr 3.12. 15 X Gs nearty saturated with respsct _ta =
then the foLLowinq aggertions are equiwvalent:

1) e iom bi-holds on g,

2) “Fox .any balayage B on S*and for any gt e X\b(B), B §Taj
LB an - H=measure carried by  the fine boundafy @ErD(B} . 4

3 for any finc closed subget B Of X and for any sie S0y

B iR s an H-measure on X carried by. the fine boundary of

B
4y for sny fine open subset G of X and for any w6 KNG,
(f:x) is dan H-measure on X carried by the fine boundary ;
of G.

4’y the same asserticn as .in the preceding noint but onl
Al j % 'y

for ald sfine subset 4 0f X of the form

Sy for any subset A of X and for any st ANA, D

is-an H-measure . on X carried by the fine houndary of A.

Proof. The relations 5)=3)=»2) and 5)=4)==34")
are 6bViOQS. The reiatjon ) A72) is nothing else than the
assertion 1) &> 2) from ([3], Theorem 5.6.:10)

- bl Using ([3], Theorems 5.6.8, 5.4.6) we deduce

B balavage on S whose

that for any subset A of:X the map ‘B
—base is b(?) where " is the-fine closure of B. For xe X < b(p)
the dééertion follows now from the‘reLation 1)-£€>2) and from
the fact that che fine boundary of F is contained in the.:ine
bounﬁéﬁy of R . ITF - & (XNA) A\ b(E) then obviously x belohgs (O

the fine boundary of A and on the other hand we have



Af3 b“ﬂjﬁ(fxaz{x.

e®*(Ex)=(

4'Y => 1). Using the preceding theorem it is sufficient

to shaw that for any itwo fine open subsets Gy e Gy of X swech

that XnG}u/G. and such that there exicst

s e
3 51,52,52 bounded

S, ¢
L

Fuhotionsan: S for which

: o e & =
S et Bl < 3 7} = | ¢ ( ‘: i
~Ql khgs 2y ,} £ g )_32 =2 e
we have
o e ~ e
G, G Gl P

Let now G, , G, be two fine open subsets of X with Tlie
“above“pruoperty. We shaw that for-any p&S, p bounded we have
- e G
Cl L G i

B @ “p)-B 'p B D

_Cbviously this equaliity holds.on Gl" I£ x &X \G, thens.

=% 2 § ¢ :
*(&x) is an H-measure on X carried by the fine bcundary

o G, ©of the £ set G Since

=
Qﬁfglc: o

2=

we deduce

o e s G IR
Btm fpii=ie 1 x) B ‘o=t Exriilp) =B px)2 B AR G L)
: Hence
G G G G
1 2
B G B par b

Gun= G G G,

_,..__...._:, s B (B p) -_-:B p /\ B n ..y_}



o]
N
i

o

ancdl- therefore, 'p being arkbitrary, we get

dheorem 3.13. If X is ncarly saturated with respeet o o

the following assertions are eguivalent:

3]

e , '
1] axion p hotds-on g,

2} for any fine open subset  of X such that XNGiisa

basic set, for any s,t¢S such .;that

fine Lim inf s(x)> tiy)
Grx—> y

for any point y of the fine boundary of -G we have

NG s = : ;
BX Ct:ﬁs (xﬁﬁ with respect to S(C) ), -3

. 3) Towsdny s, toas in the pregeding peint 2) the funciies
{2 d e f w3}
s on X defined by

0}

it o feil). i) 1F %
s' (x)= ) -

N

[_ t (%) : if X & X\G
béiongs o B

4y forwpily 5, t as in the preceding ‘point 2) we haves

BX\GtSQS on  G..

®

2'), 3') respectively 4’') the same assertions as in
p Y

%), 3)Bespectively 4) but for any .fine @pen subset ¢ of X,

A

'groof. Obviously 2"} =5 2)., B =5 3y 74" J=>4) . The rela-

tion 1) =»2) follows from ({3], Theorem 5.6.1) and the proof

of the relevigons 2):s>3)::>4):s-1 is similar with the praof of

the relation 1)=—"3)=> 4) == 5) =8QiPinthe above quated theorem.



Hence 1)g=> 2) &5 3) &= 4] 7 The relation 2)=> 2'),
3= 31, di== 4') may be obtained remarking that for any

fine openseb g there exists a.pasic set p such  that

» -V - /-\f_‘
Gl N N H et ele
e . : : o
(where G .is the fine boundary of G) and moreover .if g
satisfies axieom D we have
SIX\F) | =s(a) .
G ;

Theorem 3.14. If X is nearly saturated with respect to

S the foilowing assertions are equivalent.
1) gxion D holds on 5
dY-the map G~ 5(c) defined on the set-of all fine Open'
subseté of X is a sheaf,

2') thHe map G — 8’ (G}-defined vn the set of all fine

open subsets of X is a sheaf.

PEOOE . @Mhe relatiow 1} £2:2) is the assertion frou. (9,

Theorem 5.6.12). ' Cor

The relation 2} ==5'2') folileys from the Tact that it ¢
satisfies exiom D then axiom of polevity holds on X (See f3?
Proposgition 5.,6.8) and therefore for any fine. open subset G

—

of X we have

To finish the proof it is sufticient-now, using Thoerem 3.4
Lo : :
; e to show that for any two fine open subset Gl "c2 of X

such that X=Glg/G2 and any s &5 we have

os)
(o8]
105}
i
o
w
o}
n
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Cbviously we have = :

GG ¥

ek e Sy

e RE g sl T INBr o Ona-

{1 (% 2% (N (?‘.

T S
BaaBe v e R g /B s on Gl
. ('; B : . 7

Let te 8 such that t 8 ":on G]; From the hypothesis we

deduce that 'the function on X defined by

e sl ) O Red,
e ) : ‘

s (x) 3

belongs to §. Hence

G : : G, e
Lo saam X, Lot B AR Te o @

a0}

The: foliowing r@suLt_shows how much axiom D, on a' stan-
dard H-cone & depends on the repré::ntdtion of 5§ as-standacd
H-corie Of functions. More precisely if we suppose that § is a
-stan@ard H-cone of functions on a semi-saturated set X such that
axiom D, holds on X then, taking anotheryweak mnit u of & dands
the representation of § on the séturated space’xu-; axiom DO
may have: ne place on Xu s

Theorem 3.15. The standard H-cone . §tsavisfies axiom D

1f£f for any weak unit uc § the-axdem Dy holds for the standard

H-cone of funcctions sﬁ on the set X .-

i
/

/
(

Proaf, If the H-cone S satisfiesraxiom D then, obviously,

st i

for any weak unit u of § axiom D, holds on Xy



We suppose now that for any weak unit u QE s axigm.DQ
holds on X - Tet u-be a Fixed weak unit of § and lev Gy ¢ Gy
be twofine open subset of Xu such that G1“1G2$Xu and such that
there exist'sl,si,sz,sgegs bound=d functiuns on X from s far

which

Rame : ot )t > ___(“O R
S 33 g BB ety i

; bl : : A B
where for an means the subset of 8

bt

g, t e s . the set ES<itj

deifined by
’”s(.tlx: ;L\ésvlu’s)d (t)l
|‘ S e /_.A ! %

Let now v be the weak unit-on S5 defined by

Wb e welasl
e G

‘Inthe representation (S;XV) the element v is egnal 1

b

on X, and the‘elements u, Syr S; 1 Sou sé-become continuous
s £ % L o
functions on XV saSilinee
WLV s ofu
: k= - ' /
for a suitabie positive number X we dedugce that the sets Gl .
G- defined by Faae . sk L
l - 3k TS s 3%
A [ A S:j X
o t91<-51j P .GZ L”Zi} 2alfie g
are open subsets of'XV and
z ; :
GH=X =
Gl\/ 32 v S

Hence, using axiom DO on XQ we have



—y

: SR (‘;
But from the preceding ceonsiderations the maps B, B,
Gy G, e :
IS may -be considered balayages on the standard H-cone: g
& nd we have
G! o e 43,
B =B = 5 B SRR . ¥
Hence i .
€ G. G, G
5 Rl e

The opel subects Ci v Gy.Qf X, being arbitrary we .deduce, - using

beoremn 3.10, 3y that axiomD holds on §.

4. Natural potentials and natural sheaf property

fES

Defrpnition. Let § be a standard ¥

Cmeartyisaturatied set X. An element ‘pe S is called natural poten-

—cone or functions onia ..

tlal(om - i f fon any sequence G. of open subsets of X such

that S qux we have
I “’ & 3 .
e @ X6

5 ey L ), L A
//\\ B ‘g s B Pp=0 L i e

Cbijba,r )€ 5T

= cr ., : e .
where J° is the set of all finite systems of natural numbers. -

PrUposition 4.1. a) The set of all natural potentials of

S is a solid convex. subcone of § with respect to the natural

order and fur any sequence (Sn) of natural potentials Qﬁns

n

the funetéisen ELSh &8 "dlso a natiral pocential if it belongs
. o
TOr S .

b)*Tf .G is an open subset, ,0of X, p is a finite element of

X\G

S and fiy+p+<B P Ehen‘the restriction'0f £ at g ds.a notue

potential in S/(G) iff for any sequence (a. ) .of open. subset

non



sl
of . Xosueh that Gl for amy noand such fhat 8 te oo ceulene
Y " n=C we Ve
n
> X\GL X\GL' : X\GL
W.X *(,’)H A 1 2 L I
B P=/\B B eSS ‘ D : :
7 Y . l

C/“ii”&wl-ax\) & :Zq

Proof. Tue assertion a) may be drown from the fagt.that

. D RS . -
Ehe map B ip adéitive on S for any Aex.

by s

‘bl T et (Gn)” be a sequence-of open sets ©f X suchethat

\/’GD#G B G £6r amy 16,
n o %

Applying now ([}], Proposition 2.3) we get for any (Ll,q.rgn):ﬁﬁ
CeNes el GG, A NG HNE Xl

o~ LLA L, o~ E“n “XANG = Ll Ly Ly X\E

B . B s B (p~B P} =B B oswBice R

\ - ; e L 2
on G, where, for any subset MG, B. means the balayage on M
relative to thesH-cone. of Ffunctions g% () .

Hence we have

' QKE\GHAC}\GHNﬂQ“%m G X6y, X\@n‘ NJQG
Al TR (OBLY=AR 2B e

([“H:“Z)'"'['f\\‘é‘} TAN G : :..-.(L-I;l-i)"’-‘ /‘\’\) @j:

From the above formula and using the fact that any open subset
D of X may be writen as a2 countable union-

D=\t D
neN -t

of open subset Dncx such that‘ﬁqcﬁnfer‘any n&N we deduce the

assertion b).

Proposition 4.2. Let 8§ bera-standard H-cone of functions




on a
in 8
ig &

let F be g compact

nearly saturated set

o

which is

naturalk

EEEE%E‘ Let (Slfk

1

subset

et b be a-narural p

Rt rofias andd
s EES
3
Let now F
: I
X. such that
: (@]
L Fi:F ! Fn+lczpn
ieN :
\‘" .
\ We put. por any nenN,
\

% :: . T"
Qn X*\“n

Je =
&1t

also an weak unit

be the

ot ¥

~t

vt

~

there exists a natura

H
b

potentiial

(0r equivalently if any s.&s

potential}) ‘then X is: semi-saturated.

=
ia

tural extention of

AW ne N

(S,Y)

N\ X. We show that F is poiar

@bvicusly we have X=\ G, - Since X is nearly saturated.

Proposition 3.1,

n
b) ,

Q
=
e
P
=
o
=
D
Hh
(@]
=
D

Hence

NG
n

<N op

neN

X 0

P is polar.

we have

(Vj o G=N

ana

a

anc

“

ctential 0f S such that p is anmiweak

let p be the natural extention of p to the sget

be a decreasing sequence of clesed subset of

using .



~belinition. Let S be a gtandard H-cone of functtons on a

A A R

set X. We say that S satisfies the matural global sectien pPro -
pErey (N.G.S. --property) on X if any function f:xX R% such
that for any x & X there exists an open neighbourhood ¢ of x

for whizh

f{Ge =kt

we have [& S,

We say that 5 satisfies the natural sheaf property if the

0n

map

delinedton theieol of gl opensubset € 6f X is a . sheat
It s easy to see that T%satisfies the matunal sheaf
propecty iff for any open subset G of X, 8’ (G) satisfies

N.G.S property on @G.

”EFOpOSitién 4.3, ff Xois hearly satarated with respect
0’8 and. § satisfies N‘G(S,«propérty.on X,then we-have:.
'a) S satisfies axiom DO on X;
b)exX isisemissaburated wikh respect to 8-

c) any element RS s @#matyral potential,

PraOT (s at et Gl ¢ Gy be two open subsets of X such that

G,U G,=X. It will be sufficient to shaw, that

"B 13 %)=B 'sAB ‘s ‘ ; ('V)'-"s'é_-s_.l :

(B "s)=B 25 QR G

l O N S e ]



o e 2 o
Let t&€ S be such that £ B s on Gl e
G2 : '
Since B “g=g on 87 we deduce, using the hypothesis,
that the 'function
Cine el ) mie)) St 'XCG;,
?':'I' {X)»« J{ . : A
B i E X &0
& s (x) R xbel

9]
H

reover, we:have

S

]

8. 90 X, i>tn ls on GZ

The elenenc + being arbitrary we get
he e ae %
: 4 S oA R  E 0N 6

2

Ng considerations we have

b) From the preceding poir

we deduce that the Palr o %
1

a compact subset of X.\ X.

be a fundamental system of

—

Vn+lcjvn Rl

Let now pe-so and let P be its

Obviously we have

oy v
lBkI‘S: /\ lB I').L-;':: /\ lB n5 5 :
_ NeN nenN Lt e
and ’ o :
' v -
15k§(x)=inf lB BB (x) =inf BD s

nen

&1

-

(V)

v

l) satisfies axiom DO

®

X&EX

I.e

s g

NK

t

We shaw that K is.polar.. let (v

K

1t and wsing Propositicn 3.4

\

n}

a

ba

n

open neighbourhoods of K such that

L'natural extention tO>X1.

)



Sl

Since for any n,meN, n &m-we have
e ‘
(p- o) = €8T (X NV )
[ E p)X\V/&" k‘\/
m
it follows, uwsing Proposition 3.1, a),
i
e !
Ty I S i 7
/ b~ o /3 ‘/ e kool e ﬂz i ,}r; - P )/ =
,>’\k !
/ A e
= /“ub( L ’7 ;‘)" '/SL'M“ € /= Lo )/ s
) / 3 * - S
/ >\\.\/ },1/ / ]D /‘{H"n =

Lm’"‘ % " TR
% )/ 3 gj’/( Sl

Hoidng the Fdaot that (9,X) satisfies N.G.S=preperty we
have

e .
“{pr B Bl 85, ‘ B0 2p .

O AR e 2 :
and 'therefore the element "B p lgwmaversally continuouss
Since theapairs (sl,k ) satisfies axiom Uo o from Corollars = 6 J

we deduce

v & ‘
Ko - : A
1B ( B p: —lBKp ‘ (V) n&N

l K 1 \ees ] l s -

R w Db a il
Il

Prom the fFact that lBK§ is uhiversally continuous and

the last equality we obtain, using ({2], Theorem 2.4),

1pK5 is contained in K which

from

thatithe carrier e©f the element



is a semipolar subset of ¥ . Hence

A

1pK5e

~The element Es being arbitrary we deduce that K is poiar.

&) Let u(&SO and let (Gn)r be a sequence of open subsets
L4 g :

Of X ‘suchifhat i )

1

xXe NG
f n

and let,. for any mau, FotsX N G, «+ilUelng: the fact thaw ¥ 1.

l .
seml-saturated and Proposition 3l tC) we gt

F Tt :
e o ; .
EEBee Sl —=p o o (¥) ne€N, (¥) ses
We denote
Vs e B R ¢ T
o s Cpe P o
(Bl ; ‘ I?’n) &~ ;

e 4oy 1 i

=" ¢ A Rrp e L -nu){
0 o S ,
S 20 DYRRNY 0 P

)

0 9 AP

C
where (“1’32""'Ln) runs.in set dﬁf., Of all finite systenmns

of natural numbers.
Obviously, for any n &N we have .
u-v) | & g’
( ) G : (GIJ
n .
~and therefore u-v ég. Hence UagelS .

From Theorem 3.5 we deduce that for any mé&N andeany .

R
m 3£

X&G MNX, (B ) (€x) is an H-measure carried by thejbeundar
m

Wl 5 0f the set Gmrwx and therefore

ST R D FF AX#®
B e o



= Fg X FonX Fo X
T e o L L n
={B PRGNt (B B .« o o3 u =
o) : - 5 e
(Eﬁl é Z?I?I L Téxm) o /
o d
o \(\\:n K g A F o) nx F‘.{; X
o m £, ¢ s R “n :
=inf 0 R T Bt o u)y=
) <R
(M}rgzltf'r an) e
Y 4
F (\X F Jf‘\ X puﬁ 2{ ;) ’f”‘ h :
> T 1 n2 55 .
=ine i R v o B uX)=vi{x)
fy i esb i & 58 :

Heneo, thecearrier (in X} of -the element v.g;su is contais
hed FOX for anv meN, ‘i.e. v=0 and therefore u is a

pneturalspotentaa i

Theorem 4.4. Let X be semi-saturated with respect to s.

Then the following assertions are equivalent:

1) the pair (8,X) satisfies N.G.S.-property,

2) the-pair (5,X) satisfies axiom D, and any element ugSg

is-a natural peotential on-X.

“‘.> ’\ . r - -~ o .
ilaf%« The-asseribion 1) -552) folleows from Proposition 4.8,

2) = 1) Let f:X~¢{§; such that for any point xe X there

exists anopen neighbourhood GX of x such thac
T
E(G:S‘(G)
: : X

Cx

We show that if p,qgé S are such that
ing (£+qr pP) & S,
crhG['G is.én open subset of X such that

f gl e

=

‘S then-for any open subset G

l.oﬁ X such that'alc G we havé



Indeed, for any such open subset G. there exists an other

1
open subset G? @ OF ioh that
G <Gy Gz G .
Since
KW !
L Aol
(£+B glite &5 “’2) and
G 3
2
NG 5
f+B g=f+qg on X\G -

X\Gl ' . . :
glni(C(x)+B aibs) sp)) if X &G,
\ LJ.A.‘T CEAx g (%) » o Dix)) GBI Q.}';\”?
\
&\
belongs to 5. But ©bhyiously
X'&Gl ;
‘t X)=inf (£ (x)+B o) ppalx)y) Y sre s

Let now for any x& X, G_, be an open neighkourhood of x

such that

and lez (Vn)p be a - sequetice of open'subsets'of X such ihat

\/ VvV _=X-and for any n & N ‘there eXiStS,XT\(~X“SuCh thathqc:Ggf .
ne s s v : v o

If p(;_so we have . - . e
inf (f+p,p) &8

and therefore for any finite systeém (ﬁ1,ﬁ2,...,€n) of natu-
5 L

ral number sthe following relation holds:



Bl o : et o

inf (£+4B B = sl DsP) & S,

The element p being a natural posential we get
InE(f, pl &S

and theretore, p belng arbitrary

=4

Fh
/"! \

w

Theorem 4.5: Let X be semi-saturated with respect to S.

et e,

The following assercions are egquivalent

Hh

1)y Che paie (5,X) satisties natural shea

property,

82

y the pair (S,X) satisfies axiom Do and for any open

sel GOt -Xvthere existe a gtrictiv positive porential o

Proofi¥e=) 27 . From:1) it foddows that N«.G.S .~propaety.

hoilds for the pair (8%(G)+G), for any open subset Gwof X

Prom the precediwng propositionjax;om DQ holds for the pair
(S’(G),G) and any universally continucus element of S’ (G) is &
natural potential on G (with repect to g'(g)) . The assertion

2) tollows now using Proposition 4.1 and the fact that the

funetion

X6 p - i

peB n) e

is a nedrly continuous element of §' (Gg) for any pe.so.

2= ) I aniom DO holds fOf thespair (S,Xj'it‘holds
a#éo for the pdir (57 (G)..G) for-any open subset ¢ of X ksee
Theorem 3.7). From hypothesis and from'pr0position 4.1;we‘deducc

Sthat for any pegso the function,



is a naktutal potential on g

40 )

de

(with respect

to

T

v d

(G)) . Hence

any universally continuous element of S G 1 ratural potern-

tial ~omig

proposicion.,

then the following assertions are egquivalent:

@.f

contimuity.

EE

we

element of &

. The assertion 1) follwos now from the preceding

Theorgm 4.6, If X is semimsaturated with Lespetliaias e

e e g4 e oy

i1es

)

1] &5 satiel

the fine-sheaf property,

2} Satisfies the natural sheaf property and the axiom

nearly ccontinuity,

)8 ssatisgfices both axiom D, and axiom of nearly

Proof. Using 'BJ r Proposition 5,

<

relation: 2) =3)

et D eran univer

sal

3 '::.;-.\ 1

S and:let By B, be tyo halayages on X such that b VB

b(Bl) (resp.b(By)) denotes the base of

have

b, (B)x' b, (B)

B =L, bEvEE)=X

1

From hypothesis the function B,p is

and therefore

iginee P s

Open:- setacuchicehat

B

foliows

1

6.8) and Theorem 3.13

Pt ~ 5 e /=
LrOm Proposition &%

ly continuous elements

=l

3y

(resp.By). then
aw

2 nearly continuous

7\‘30Fen
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1E G i3 &b Oopen subset of X such ithat biB Yo G agd % s

an. arbitrary point of X-theire exists .a measure M on the
% ; 7

fine closure of ¢ such that

X

G - -
/u s =B s(x%) - . (¥) s &€85.

Particularly we hawve:

G : e 3 TR S e et
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' Dr G Dn
=inf i (B ‘py=inf B (B "p)
n ) . n

pince GxJDq:X for any ne Niwe deduce.
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and therefore
G
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- ‘The opeal subset G, G:>b(Bl) being arbitrary we have
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