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A NOTE ON ‘z/ ESTIMATES FOR CERTAIN KERNELS
by

DAN TIMOTIN

In [9]) Peller obtained a Tprecise criterion for the

. Hankel operators H, to belong to a glven Schatten-von Neumann
class: namely9-H$ﬂ5‘é; (1< pewo)elf andionly 1f the antianalytic -
part of %: is”"in a certain Besoy space on the unit circle (Récall
that H%.:H2~wﬁv~LZE§ H®  is given by the formula H, f = (I—P+)Lffg~
where §+ is the Riesz projection from LZ anto HZ). Peller extended
subseqﬁenﬁly his result to other operator ideals ([}0]; see. also
it bl ‘ ' :

e s i P
On the other hand, since the commutator (in L™ (7)) of

the multiplication cp&ratar-mﬁwith.thﬁ Rigsz projection has the

<0 B
]
.HL o

&chbarg{[};ﬁ) has

matrix representation ,‘>

0 _q P

ugogested, as high@r dimensional
generaiizations of Peller’s result, tne estimstion of commutators

£

of multiplication operators with singular integral operators of

Hh

_Calder§n~2ygmund type. In this case the frame of Rd seens. nore
natural; Results for such commutators and, more recently,  for

i terated commutators have been obtained by Jansdn and Wolff ( 7))
Jatison and Feetre (Xﬁ]); For‘a‘ccmprehensive.survey of Hankel
opératérs, Peller’s results and subsequh@nt'generaiizétions, see

L9 .

< il at
]

The present note considers a further generalization,
suggested by the Fourier transfori..of the previous ecasey We obtain
results for integral operators dofined by a Kernel of type:

= ; - A
Y Ko i f 2 -
{i )} A;,,.\v {“ S e } En {»")1 M Ty \‘
DN I { £}



where the.main condition imposed on A iz its invarisnce under
tﬁe action of a fixed_ﬁiscr@t@ multiplicative subgroup G inR: :

(2) A(ﬁ»‘%ij AG ) V’“7&:mﬁ;cxe<;

q

I+ seems improbable to cobtain a.ne*&?ary and sufficient
characterization, 1in terms of b@ﬁh A andéfp of operators-with
Kernel (1) belonging to a Schattenfvon Neumann class; OUWK@SUL$S
are of the following type (sa@ theorens -1 ‘and i)mnder certain
conditions preimpcsed.on A, the operator defined by the‘kermel
(1) is in %ﬁiﬁ 1 and only 1if »%Dé_ %iﬁ (for the definition of
the hoﬁogeneous Besov spaces used hexe,Agﬁe fa 1. This goal is
actually achieved'only for 1 s34 2. For 2 < P < e , we obtain
only the necessity; hewever , the proof is more general -and
simplei then that in [ 7] or.l9]. Note that in L63>about which
we feceﬁtly kﬁm@& kernels of type (1), but:satisfying the
stronger symmetry condition :

A jay) s A ARG | v = <R, e

are mentioned asiia possible - {fucther generalization of i terated
commutators. Also, the use of interpolation in theorem 1. below

2

is similar to that in [6] .

The author thaﬁks Dan Vcicuiescu for several helpful
suggestion and many u%a{ul discussions. 4

The author is also grateful to V.V.Peller, S.Jdnson
and J.Peetre for kindly communicating their recent preprints and
résultsn | :

1. Let T (A,tf) be the operator whose kernel is given
'by (1), and T(A) the operator with kernel A(x,vy). We supposé that

. a

“Aoas.alocally integrable function on Rdxﬁ satisfying.condition

——--{2}-and--that v belongs, say, to 9’(&6), We shall consider’ T(A)
i : .

and T(A, v )} as densely defined operators on LEY). Suppose also

e

e
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generated by aoﬁle

\

The following two lemuas prcvaﬂe the basic equrd+c@@‘

1

The proof of the first folluws a techn iq ue of Peller (ng;g}gﬁ}‘@’

h

the second is a straightforward computation.

& O v i) .
Lemma 1. Consider E *}(x,y){~MdQ\me[g3yng 1, and let

X(xyy)~b€fthe characteristic function of some set E’> . Then

\T(Awﬁyﬂ ﬁf.{AEthﬁ%A
“) o

where a, (A)={iT(XR){, ., .
{ e :
(as everywhere below, C denctes a universal constant, not necessa-

rily the same in different inequalities).
Proof. Let ﬁéﬁ{ﬁ@} be such that supp\$c§x&&g \
s ; 2 o & e N o d ... 3 :.}; e """kvl
“ANd<ixl<3\a geg and 2y =1 on RN{03, %n%rﬁ,%k(g)~j{go %) .
“\
Since A(xpy)M(XMy)mM;" 1( ~y)A(XFY)$(X“y)

3 }‘\ t..
we have

N

< \\m€A ‘?"‘i’;{i “‘

(3) —!-(Ap‘\) k& z,
i ¢

= > (\' B x”\f’ (\ y
ke 3 ' hi

whare;;?{ {£,¥7)= /UCJ ng Y)

But we may write, for a kernel B,

T gr(gx)cf(g)e@

A -t
e

o

where Bz(x,y)uelx°$B(x,?)ewly's

Since



(4) i T(Bé“ L3RI

,j kf"{

it follows that

“ T8 5‘*{' ‘\‘

Combining (3) and (4), we obtain:

L2l <2 i lnary, - ligx vy,
e ku;’/ o' :

But T(ZRA} has kernel (by (2))

R e B e e e e e
Ay 6, ¥)ALx,y)=Xlg "%, g V&, YI=Mg, %, 67V A (g, "%, g y)
and therefore

| -
Ll =g v Gl !g
: .

whence

il v g s }P‘j i 4 1l ' L
“T(A”‘{i“f '%;z, IT(?.A) Lm},\% AN TR U, - \led%f{

Lemma %; Define

a, )= " sup K | aty+e,v)] 2
3Ye Td ¢ It 3 f

Then

e

T(Aﬁ(ﬂ%zg cgaZCA).“ﬁ“éié_

T oEIRE ey Proof, As in the proof of lemma 1, we have



PR T T — T B

L

j\
Aty ) gey)= I § (xyIA(x, )G (eoy)

kel i
and therefore
P8 S e/ iR
Tl ¢ 3 ZTRE G2, ey
t;w }r‘ (;M/:;‘ ‘tﬁl

i :
since the supports of o and "y, are disjoint for e

R\
L2
@

Then

g e e N o
T el = WA | \”§WYH\U(WYW xdy =

2

A T '
N2 et | 2 (A (vt 9] Pay)at

Ay ) IECET Tl v R g 2
g}/'~kA(>ths1’}§‘ dy=g, (i‘Xffay”‘%-gcjt_ay”)MY”'qO By | Cap
o ka . e ’
\.
Thereford
e il Tod ey
n T(}A\p&i)““‘: {ﬁ. (A ‘2"5’70 21‘%}:-\" \{\\‘2§Ce ‘.az (A)) “L} B a//;'
; ke & Ii&“ '

= Lemmas 1 and 2 may be applied to.a variety of concrete
situations (that is, conditions on 2) to obtain crite rla for

. T(A,4) to be trace clasg or Hi¢uert~SCHWadts More interesting is

the possibility to interpolate between these two results.Our

main application is the follcwing theorem:

: o 3 -
Theorem 1. Suppose A is-€-en K \{e} satisfies {2 )iy

s

and, together with its derivatiwves of orderg N-1, vanishes on the

diaqcnal£&x§33y%. Assume also N 2d/p and l¢p¢2. Then there is a

constant Cmg depe edi ng on A, such"that
B



U i

NIl <o, ol

| D) 2 D \ ‘{%,j
I o)

: &0 ; : , :
Pxoof. Any C ~function which vanishes of order N

on the diagonal may be written as a sum of terms of the form

j w }. ‘!m L\E: -ﬁ‘q & «K‘)( X ﬁ 3”‘ )

":“ 3 ~ % g L3 -
where A is C " and satisfies (2). :Also, by polarization, we may

consider only kernels of the form

b 2y 2y N/ 25,

N , L
J- 0y ) (P4 gy AxeyIq (x-y)
s = & AR S ,ov T2 2N o I P S e
where ..1is a linear function on R, vanishing on /£y,
£y . B 1D T »
Denote by}g(x,y)wﬁdx,y)({xxz i) / . Then ﬁ_iﬁ kﬁ%w homoge=~

s

neous (therefore G-homogeneous), and

: G e LU LR N ROIRoN
(5) g/;-“ (}\IYI{ECJ* ) }/2

Consider the family of operators T(AQ(T.) s COrrespon-
’

ding tc the kernels

u‘ .
5}
it

B e '
; Ai\(xgy}zA(xﬁy)Lpixpy aign(ﬁ(x,y))N
5 / ; i 3

We will interpolate between Red=Np and Red=Np/2.

For Rel=Np, in order to apply lemwa 1, we have to

_ i .
choose first a set E°> E. For me<, we will denote by Qﬁ:mé
; i 2l . : : ‘

"the‘cu be ;;&{:mip mi+1] . Let ’Elci ng;x;%Li be defined
by -
= = -

Lo T 3

£,

mgimsﬂ>didfi f:i;t 2.@5‘{ 47“1’1\ {; ('3{%



and therefore,

G

,,.'7,“

1
and Ef= S,

Qﬁ@n,TMmEMEmzdeaE’eLm:%
tmyn)es :

be the charac-—

teristic function of E’. We h:

5y M 1 i g T § Cw : e 3 { N‘ X
By im0 e TR SNE T ) P
1 A i p oo e : (&) A &2 é’"
- (mn)é 3 S g e
Now , PQ ‘(%&” )P ., consldered as an operatoxr from
m n

t?(g) to L (Q ), has kernel of ce Npyd). Moreover,
for ix| « d, using (5) and the G-homogeneity of E'andtﬁ., we
obtain that |D A‘ (xyy} ie majorized by a sum of terms of the
form

= Ip-k ,, ; Do Np+ le k
C(A}\x~y§ Hp P(&x\2~+\y\ ) i/?{Qp e

s polynomial in- \ T .
Since, for (x,y)<E’, |x-y| is. bounded below and &above,
ixg~+gyg is bounded below and, MOYeover, of the sdnme order as

2 2

if (zgy)ngqur we obtain, on Q x0 the estimate
1l %

f: : 2 5 ~Np
ED A {xgy}‘éc(k)u€(m\“+in\ ) T & for << di

I+t follows, by {471, %I, 9, B

m A Qn
is trace class, and :

25

| 2, TanE, g coCm i %)

mn . n

whence (by (6}))

s e 5 2 e t";i f‘”
2GS OX)y Cm Ay T

(m,n)es

since Np»>d, a, (A4) 1s bounded, polynomially

'Jt “‘\’,
; i



- .8 o
y - NE 7 .:? = %
For Rez = —=., we have to estimate (lemma 2%
e
; | ? feput 4 2 = r Jﬁ i il e .
A;Aﬁ(jvtgy; oy, for 3%d ¢lt]<3 Ndul. But, again by (5), for
N ‘ z
R@}\ = "“"“‘é? g
N
‘ Eigﬂﬁ , — b
% & g( ..V. 7
4&.;) (/“?‘ EVEi\ C : = 5 {Jg} C{1+ %y‘ }
(g iy -t «
anda, therefcre
M
Sl e SR AR ot
(‘{2\" (y+t,v)| “ay \Lﬂ)(lﬂyt b oody
is bounded independently of t and (h«kf"

Ty : hS v =
To end the proof, consider, for fflgnex .Np, the analyvtic

s

family of operators 3; which associlate to the functior'cf the

=n h: o i s T ) > ® «7{/3_ v : -y
operator I'(~y ¢ )e Then, for Rel= —5—+ { maps B into <,

(with uniformly bounded norm in Tml) and, for Rel=Np, it map

\(\U{(h Loy lc(l (lkglk(a,l'\{v 'l':’fl\édnl 1)7 i i“' A“) !‘lQ ,:’{

a ; Y
{

.,

d conclusion follows by interpclation

Lntwf 5 esire

v

Th@@r&m 1 may be extendcd - to cover other cases of interest,
It is obvioué from the proof that mé may take Aec™ (wgdx%ﬁﬁﬁ,
where m=ma h}d N 11 M@rboverg it is sufficient only.to suppose
A{x..). Cdifferentiable for y#0 and A(.,y)differentiable for %#0,
since the result of L@} gquoted in the ffOOf uses only derivatives
with respect to one of the variables, while the condition (men)eg
'implies that, for m,n fixed we have either x;G on Qm or yzU on Qn’
This applies for instance to the case of iterated commutators

- 2] ,
{(see [é] ), which give rise to kernels of the form

o

2N A ' A, ﬂ' o z
A(x,y)mﬂ{Kj(x)“Kj(y)),‘where'K. Aara ‘\@;«-homcgeneous. Actually,
for iterated commutators the proof is simpler: there 3is no need
of estimates on the derivatives (nor of quoting [41), since

p T(XA; }PO is then of finite rank.
m “n

<. The reverse problem can be treated in more .gensrality

"y E: -, ;}
V.




Lemma 3. Let A be some iocally integrable kernel, and

i R AR R i
o CallR ) the function a by its Pourier transfor
(7) LRENB T e o o
) L) =g (u)\ A (xthu, X))« () dx

?,P’ are the projections onto L2(5u§p6{),

«

5 :
L™ (suppx+ supp <), r

spectively. Then

[ all, €« chiProiasp it
£s &i

where ¢ dep

0]

nds on the multiplier norm of o' and on the uniform

norm of s ..

5 . - > po Yy W 4 4 9 g "25 :
~Proof. We may suppose Ac¢Lfsuppec+suppx’)x supp e}
T o o : b IS e - 2 g o pr ]
Also, a depending linearly on A,it is suffichent tousprove the lemma

for T(A) having rank one.Then take Alx,y)=f(x)gly), féLZ(Supﬁm+

&

Se S aes : 1 '
supp«'J), geL” (supp« }. In this case,

A {
N
adn) =o' (ul\
: 4

A ; )
o by
Therefore, a= x (fxxg), and

=
=z
N
-~
=
et
b ¥ =2
i Jio ol
Qo/’
AR
peE—g
A
e
g2
po
A £
>
-
=
R le
W] &
-
i
5
=
£y
P
(st
A\

N
\%1,,3 \!2 = C, “ .1.‘3“1164‘3(\} }D “%’3 >

Lemma 4. Under the hypothesis of Lemma 3

1

Nall.< ¢ R rro(ayp ||




e
}?IOC)Mf:ie_ Denote b{l" “‘"“’n\x\i hig}')\m("‘{}dne
Obviously fa{e < 1-ﬁygwm » where ¢ is the multiplier
b I
norm of « .,
‘ 4 : A
Let e et . Then

f e T )i,
= $acs, 0o di ols =

( _i"{.s. : : 8w N
= S e (S (s, ) w(x) e ! c{n/ s «
Isi$R L keR o :
SN . 'i§" . i~7« Y 2 e . u ?
= <\_f‘.,{_<'<*) < 5 (P a{r"“\')s/’l; (-*r{'g') @ ) > 5

¢ phplroaR i

Corollary 1. Under. the same ‘wmuthc;

i r‘{( i‘} }
lallo&C R "hp T(a)pl

9

5.
i
Propf., By interpolation.

Theorem 2, Let

[PRSTpE SP -

on “?(g\iw(}\&\ -

satisfying

s { \
% - PR , s
(8) for any usiR\{0}, there exists x ¢ R, such that A(xtu,x)#0..
g ¢ L \

Then
X
ool L g, € closRYo i TR, i, for 1Kp € o
VS LF ©p
lﬂ..a});’__‘

Proof. Let F= 5 - ﬁsz&hﬁ {. Let ~3%~ be a finite open
ol oL

1 tanfhiﬂ&' in {S,“'i,:, Puf o ! < :z

e o Sl o f,.\:bh 8% PSR

cover (in ') of ¥/ Dj open sets in R, mﬁeﬁl \n ( =1, .such ‘that
2 @ ' i y

Re(njA(x+u¢x)}70 for u&ﬂ%, xeDj. Take 52\ quig'g , Such that

gggkg iz stiil an opén cover of £, and choose Mé.‘”gc C J‘

positive functions, such that

e
(1) wsfﬁi>0 for ‘u QASZ&
(11) supp R K and Bnpeee g D
A i ‘ el
(the possibility of this construction follows from (8))s



Define now functions b., by

o

L4

I% (u) ﬁ(u)mi’ wku)i A{xtu,x)x. (g kx)ﬁ
: = () u *HU, X ) 3
Tl na R e
i PL. # P, are the corresp
s 3K
we have, by ,LamﬁkWY A s

»u‘l{i"]
» g : £ i<
:bjk n Lp‘ﬁ‘ G \%P T(T\’%(‘)

0

o

P

onding projections, ‘then

Note that C depends on the multiplier norm of o and
.the uniform norm of «. , and uthe fors inderaﬁﬂeﬂt ofik.
4
Denote
45» (u) =s, (g u)<ﬁ{y dax)el. (g xfdx
u}k ot O - = ¢
3 E < 0 ol S 4 ’ kd 4] 7 \" g{
A change of vax*@bleq yloja” vjhéa)aqﬂ Vﬁsiio {&3
5 A i ]_\' . e = ‘i?z
Now, define Ye¥, ¢ & by se =208 and ¥ (= nple - o)
gL -
From (9) + we obtain
: k_(]((‘“‘;:}
o en v < Z: i 559 ”1? he 30 (Z ( {(ﬂ Q)I \1
L g R o J
whence kd 3 i ( il o 4/:‘;
e : g | j P |
3 h X i < (_,x( Z il P‘k TCA 7 v U >
B i, € e
Theredora
o] g ’ ‘ P
e oo P B T T e ! i TR, ¢)
(0) g < : T < e L / § ol
Y G s ”L(”{‘ He N,__f‘ 2 et S Fy &,
R . ’ s
since P‘ . P and P. ,P. are disjoint for 1l -k, |23 .,
S e g P g



. : i i T
But the construction of «, ®. gives Re 28 ()0
: : ‘) d : il
f £ ) AN 3 o
for uweF, therefore Re~y 0 on F (and ~ . is positive, compactly
: v | , ; pPos I _
L?{ s .‘
supported on R N (0% ). Therefo: the left member of (10)

can pe used to esiimate the

Besov norms: we get

which ic the statement of the theorem,

3. It is well known (for the case oOf commutatbors::

P Ty >R 5 5 ., oot ) sl
ge;i33ptbj, quj} that the good "end point" at infinity is not
,,,,, a similar

theorem holds in ocur context.

Theorem 3. Suppose A is C°°  aqutside the origin,

(2), and, moreover, Als,x)=0, Then

W T (A, « |
R E LI

Remark. The condition A(x,x)=0.should be compared

to the conditions in the statement of theorem 1.

Proof. Let f@LZ(Rg), and qu(A,?)f. Then

(\

Biede ™ Gafo-uifiddh -

Ay
o

A

T o) ) fddy 4w

-

i
TG [ % gom)
> :
£
S~
K
Al
h=
o



where U(«,y)=A6LLty,v).

The conditions on A imply that ¢ fulfills the hypo-

thesis of proposition 2 , ch.VI of [2?: the conclusion is thst

,,_

o
ol

T
o

i

& \luja\,\ - Al :F, “?

BMe
whence it fcllows that

N T(R) 1 ﬂes;@ iy \\,B

e
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