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A rrlOTE ON t"' EST'IM.A,THS FOR CERTAIN KERNffL$

Ir tr

Dzu.I TTMOTTN

' In .LS'J  ^net ter  obta inec l  a  " ;  prec ise cr iLer lon for  the.  r

Hankel cirerator* H.l t.o belonE t,o a g*ven Schat,ten-von Netmnann

class:  nanely ,  H,n€ '6*  ( i  s  p< , . 'c : )  i i  and only  t f  the ant ie tnaiy t , ie
Y v

part of \p Ls in a certaj.n Besov !;pace c;r the unle clrcLe :(Recall
I

) ) )
tha t  H, , - ,  : I l ' - - * r  .L 'e i  H"  i s  g t r -ven by  the  fo rmula  i { . , ,  f  =  ( I -P- ) . i  f  ,

: 1 ' . ) ? J ' r - l

whe.re P- is the Riesz project ion f rom L" Snto H*).  Pel ler  extend.e.4"
-F

subsequent ly hls resul t  to other operator ldeals t  [ fO];  see also

hrl,Lrs-j r .
.!

r 4 r ' ; : l r  . * €
.r r  l rc  /  i  l r l .

ho? the

; : ,  .

general,*zabions- of Fell-eEr s resuLto trte estima*,{on of commut,ators

ci.f' nru1tj"ptr:leat,l,;n operators v;ltir slngul-ar lntegral operators of

Calderc{n-Zygrni;116 t},pe" Tn thls ease ehe fnsme of nd seems nose

natural" .  Resul ts for  such conrmutators audl  r I l$E€ recentJ-yr ' for

j.: ,tera{:ed commutators ha.r/e been obtalned h,y Janson and Wolff ( U] }

, fanson an. i .  I teefre t la j l ' .  For a.{omprehenslve survey of  Hankel

operabiSt 'so Fel ler ts resul ts ancl  subsegu;,entr  general izat- tonsr see

I On the other hand, p;l"nce t,he eomrt"ru'r&bor {in

thc multipllcatLon operator lr..wl.c.h the l, l lesd projectLon

m a t r i x r e p . r e s e n t e t . t o n  / a  H * \
I  r l
\ p t l  o /

Y

l o t
L

The present, note considers a. furt,her Eenerallu.abl-on,

suggested by the fourler t,ransf^r'-. of the prevJ-ou.$' eas,e'!. '  we obtaj.n

results f,or J,nt,egral operators cj.s.f i.ucrd by a KerneL of types

t 1 ) . \  r  
' l  Y \ f

'j\ (v. . .-t I -pu (',',, - , 
"l

l i . . i



vrhel'e tlx* .mdin

the acfJ"on of a

( 2 1

2 -

condttion J,nqrlrared on A l"e 'i"ts Lnvarl"rnee

flxed .cliscret,e multipilcat.Lve subgrcup G
n r '\
r ' 1  I ( i ) ! .  c t u ,  l . .  i \ i  \  r r - . {' ' * ' ' ,  Y 7  / = '  , a l " h , J i  ,  Y  * , y  c .  [ a " r  e  , =  i -u -

under

af, tRF i
?

Thj-s Eoal is

, vre obtal"n,

ft seemii lmprobahrle to obta.lR a necesary and sufficlent

charee teriaat:uun, ln terms of bclth A and 
t a of operatcrs w$th. , :

i t 'erlrel (3) beJ.onglng to a Schattendvon Neunn:rn elass" orrrresuLt,c

are of the fol-lnwing type (see thsore"irs I rand z)rrnaer cer,gatn

condi-t:-ons prermilcsed on A, the operator: deflned by the hernal

( 1 } 1 e . l - n f , , ' f a n t 1 o n J . 1 r 1 f c . p 4 . " : f ( f o r t ' h e d e f l . n 1 t 1 o n o f

the hornogeneCILl:* Ii€sov siis.cec.:use.ct her*, sse ItJ

act.ually aehLeved only for I *.-p ( 2. For Z < p <

) .

(r<3

nly the nqcessLty;  f .o**t ,*"  ,  t l te proof . f ,s more general  , .And

s3"rnpl,.*x't lrqn b,hat J-n I l] on,,f l-1 , Note that in L ollabout r,&sch

we fecentl"y les*,-.d, kernels of type {l} c but,,sat,l"sfylni the .

st,ronger synrmetry cond.ition
\ J . ., \Cln,r"))  = tr f^ n(o,J) ,  V *,J * IR*, I , , l*  > cf  '

are ment,j.oned. a$ a.possfbi-e {L,"\S,e. generallzat,ion of L tera.bsd,
j

commutattr,s: Alec, the u,se o.f interpolatj-on j-n theoren l.belotr

is s.{.mi]-ar to th.&e in [Ol

" . The auth.lr thani<.s Dan voiculescu for several helpfu.L ,
'suggestj"on 

and many irs*f"1 dj.scusstonsn

The author i.s also gratefut to v.v,peJ.l"er, $;Jc{nson

and J'Peefre for klndS.y connrrnieat,lng their recent preprtnt,s and,

.  resu l ts .

t  t ^  / .  I  L ^  r  Ll "  Let  T (ao q )  be ehe operator whose kernel  . is : 'E{veg "

by  (1 ) ,  and ?(A)  the  opera tor  w. * th  kerneL A(xry ) ,  We suppose tha t

I A ig., a 'l-oeally j"nteg,-abIe fr,rnc.f.ion on [ldxRd satisfylnqr.,cur.lrrt{,t,lon

--- t } l 'and t i rat  Y belongsr sey,  to Y (ndl  ,  I ; {e shaLl  cons"t-dsir 'T(A)

anql t '(4".{ } es cr,en**X"y Celf5"nsci op*ra**r* sn f,2{,S.d} " S*pp*s* a.Ls*



w ' " " - - : ' - . : - - . \ t ' , '  '  -  - '

J ;  .

that  G ls generated by O-)I"

i: The followlng tvro lem,nas p::ovJ..de the basj.c esttmafiss*r.".,

The proof of  the fLrst  fo l i r ,us a rechnlque of  pel ler  ( ig j l ,  wir j_} ,s, .

t 'he secgnd 1,g a straightforward. comput,at,ion. *,:..,,,,.,.;.1 ., ' , '  .," ,

i  l ,gre-]: cons{"der n =-i(xry) { ",6t\x-yta.r!,unj } r and ler

L (xny.1. , . ,bf f : the character*stLc, . funct ion of , , -some set Er)  n, ; .shen i . . , , , r ; i . ,

l i  m r n  . - \ l l  - c ^ . -  f r r r . { i . ^  r l,  ,  l t  f  (e, '1)i l* €Ca" tA) .1i.1 t l ;+ . ,
t E J - t l * n ,

where a.  (A) = i iT (1,-4) {{  . ,  "- v l

- J i  r ' .  4 , - ^  ^ - - ^ - . - . . 1 - ^ - ^  L . ^ n ^ - - . .  3 - - , , r  ^ - -  -  - .. , . !  tas everywhere bel.owl C denotes a unj.vergal constant,, n{.rt D€csii$.&*

F{.o,gE. L€t ,"1eltgd} be such thac supp$c{x.nd \
..:6<[xl( 3{e s]-} *na I{, *t on p{vi,o1u whers $L t"t=1{vlkr}. i ,r:ii,.

$re have

(3) t[ r (4,.t ]ttq ( [ ll r {A,tq,1,o} \ig,,

=  I  r (Xoau l+yL)  t \ *
keV

where; Io ix & | =XW;k*, glky )

' But vre may write, for a kernel B,

r ( B r q ) =  ( r ( n , ) c ( t ) d Y  , i ' , ' ,
l J t l . l

--*---"t*. ,

{ - }  - ' l * o  \ '
w h e r e  B ,  ( x r y ) = e * ^ ' ?  B  ( x r y ) e  * r ' )

(
t ,

Slnce



.... . r;

t4 , \  i i  r  (n.  i i l ,_"  = i l r  ( i3 )  i l .  ,
)  ' | -J  q ' i

'J-E f*lle,wsl j:hah

i i  " i t n u . ' ) 1 1 _ , . . .  \ i ' : ( B i  l i ,  "  \ i . ; \ i , .
' t ',, t".i ! L-

Conrbirr l*rrcy (3) an,l {d}, i ;al o}r i : i ,r j-n:

\i T idt,i,, )li,,-.. .A- i\r {).kA} li,. . li .; + oC,. li,*r

But  T  ( ) , . 1 r ;  l i as  ke rn* I  ( l : y  (2 )  i

Xp {>:ov} i r i . " r ry}* l { { * lk : *o*ouu}r rqo,y i * . i i {v l l ' r , ,n l ,oo)n{g l j *o ,u lkr }

and thc: :e fore

i i  r te , l i i *$ I  g l ,s i r* { Ia)11r\ i .1 t1"ui l . t  e  1\ r { rA}  i i * . .  i i  . f  un; , ,

whe$ee

Tlierr

i
t i  , - . ,  -  l r  i . d
I l  ? t t  {  j i  I  \ i l  \ t  rp  f  i . ' a  X  l ii l  r  r r r k . 1  / i i /  -  - " 9 . .  

i i  a  \ / . " r 1  I  \ l r _ -

": 
v r;"

a" r (A)=  {u .p  f  l ^ (y+r ,y } i  
?av

sr.i-i tria'lt{ii.}

{:€fng._?u. Deflne

l ' .  n . r r ,  r l ti i  r (A, . i  ) l i r -  t  a,ez(A) "  \ \ .1\1r i  iZr_
( ? ? * r ? L

Lf-*:#;" As iir the proof of J-emrne J. a v,re harre



and therefore

1f t ta,,pil., 
#,"r 

(xk:,. .1-'1or tif,

sj .nce th^e.-suppcrts of  , .1: , .  anC..  "y, .1 are d*.s jo lnt  fo i  i te: icr{p l "  . ; .  ;
f l c  r h  I

Then

'dodry,*

tuu ) **

and

,uy

\

fherefoi 'e

l l  r (A,T) \ \ {  t " ,  (A}  i21-n|* t r1 i .o, f , \ ts  c .  {42 (A} )2 | ly  l t^  4_  
c e ?  

r . ,  \ ;
az

';rf::t LsrflIIlES L and, 2 may be appliecl 'Ae:.a-'variet.rr o.f eone,r"eft16

eieua'b*ons (that ls, condit,Lons on A) to obtaln cr.lt,enta "for

. T (AnY) to be trace class or Hllhe,rf-Schmi:dt," More Lnterest,S-ng J"s

the possibil l ty to S.nterpblabe between these two resuLts.Outr

maLn appllcat,Lon ls the fol"Lswl"nE theorern:
r

z.J
fheorery 1" Suppose n is-eTs.rr d' ' t{ol sat.isfles 12),

andr together wlth l ts derivat, l ,{res of order{N-1, vanl"shes CIn the

dlagonara=t*=y1 . Assume also i ' r  !d/p and l tp(z. Then therux,,Ls a

constant Cor depeeltng .on A, sueii ti irat :

, z  f f .  , r  , .  t
li r ( rkA, 1*x.) \ii, - 

)li*("r:t 
i' ti{"1, \ \{ tx-v I

= \  l *  (4, \ l  2  l l t r )  |  
2  i  f t loaty+r,y) lJ  r  l r t  " ' l  t l ' " ' l  '  J  " ' k '

z^  
!  lXn^{y+ to : , }  l2ay=nfu ! lX iy*+s j , toy , }A(y ,+s lk i ,y , }

. i

{ '  sf i  t " ,  (Ai  )  2



l-qggf-' Anv

the diagrcnal may be

- 6 -

c €funct,ton

wrlt,ten &$

whlch vanlshes

& rsun of  terms

of order N

of the form

'r (Arr1, t'*rn rn"
I

\l .l' il:.{i,
I  t j . "

r.sP

on

{ x i . - y i  } . , .  { x ' 1  * y r  )* j  *1  * t {  - t ru
ffi%

{  1 x \ ' +  l y i  
' } ' - ' * "  A ( x n y )

where A. i-s C"o and sat, l .sf ies (2) 
" 

.Alsoo

consider only kerneLe of the for;n

polar izat ion,  we maybg

I -  {" ,y}N ( lxr  
2+ 

iyr 
2)-x1zff{x,yl i i  

ix*y}

where 
,.r^I"s a l lnear funct,ton o* K2N, vanlshln.g

Denote  Uy; , i (x ,y )= . , , , . (soV)  (  1x i2  * l y t  2  
f  

L f  Z"  
f i ien

neous ( therefore G-homogeneous),  and

o n A .

i t* ''tki-*

( 5 )

We w1Ll

(x,v{1c" 
#{"  ztutz

f i r s t  a  se t  En?  E*  Fo r  *nZd ,  v re  w t l l  deno te
. l

e

be n i - -  
- ' r  r * f  -  *J  -d

1 = 1  L m l r  m l + l j  .  L e t  . X .  
(  Z . - ' x J Z '

iC -

l !

'  coneider the farnl ly of  operators r(A,:  , f , , ) .^ , ,  correspon-
.  X {  I

d lng to the kerneLs

A' \  {x ,y }=X(xuy i  
{ f  

(x rv l l  u*s r ,  ( f  (xoy1t rN.

J.nt,erpolate between Re)=Np and Re^tr=Ngt/2. . , ,

For ReI=Npr Ln order to aptrly l-enuna I, we have to

bhoose

' t h e  c u

Frrr

A
by Qmc R"

b e , d e f i n e d

/*:'l . . d
L - -  = l i * o n l a d " x - [  * " +  

' o
-  

d v
z4 I  . { ,  * (m-nl  E t) ,r? ,?



t  I  i : '  o tet X be t l ie charac-and ,  EP=  \ J  Q* *Qr r .  Tnen  0 fnn ,  and  E t : I
( m r n l i ' : :

ter*st,tc furrctlon of Ee" We have

\ l  . r l  . t / r ' n l  \ i )  $\\ ti., I LA /\] J t c, El,,
.  \X vu \  )1 ! t . l

r  - t  
. l

( 5 )  a r ( A i  ) =  [ \ r { I A ;  l { r _
' \9,l

' ' {Qr r }  to  r ,2  {Qm)  o  r r * "  kemel 'o f ,  c lags  cd(* ince  t {p :c l ) .  Moreovera . , r '

and F- ,r  w€ .- . , i* .  i{

eerms ftrf the,l:.r',

for - "1<l  { 'd ,  us ing (5)  and the G-homogenei ty 'ere X

obta in  that  lono 'n  
(* ry l l  t *  major fzed by a sum of

form

c  (x )  \o -v l  
Nn-10 (  i *  t2  + iY \  2 ) *L /2  (Np+ \q  t -  k )

where 0(k{  l " ( i  and C(})  J.s poJ.ynomial  in \  In*) l  "

? t a

t* to*\y l  "  is  bounded belcw andu msreor"ero of  the sc$ne order *s. .  1,

\*tt +'1n'l 2 lf (xry)eOrux{)r,, re:e obtai-n, on Q;xQo,r,. lhe esttrmate

'l o"ol "  (  t*12'* 1n1 
2) FII}

2 i"or" ,0 $1e<l5 d.a

r r  fo l lows, by [4] ,  x l  ,  I ,

l "s t race class,  and

I ro*r ffi,Ai)rnrrfl g c t}.) ( \ml to 
l*t 

t]

au {a i } t  c ( r )  ,  Z :
(mun le  H

s ince  Np>d ,  a ,  (An1)  Ls

* h{e-
2 ) z( \ m 1  ' +  

l o \ " )

'chat nn**i fAi ,n0,.

;.;1.;r*la;;

- -q*

tr J*
, t .

q*,") e I

( x , y )  l {  c  ( } )

whence (by (6) )

and tnerefcre,

L n  i i ^ ^ ) 1 .

bounded, polynomtal"ly



:  . . * , . . L . _ ; . .

'Fr"'!

r "  " )
Y Ur{.-

For

(  t  \ , )

\  l l i  { y + r . u y ) l '

Re,\ * :f ,

I

h t -
Rez T ry,r  ws har. 'c' I

o . l ' ,  f o r  3 t d t \ , , : t  i J ,

esb j.mete .( lemma

. Drr,l-e aga*"n. by (5 ) ,  fo.q

NF,
I t  t  

' L

i r  I a

{c  { }+  l y l  "  }
/  ^  " t l P(  l , . l +  l , ^ - t i l ' ) - n'  ' d

ancio t l rerefc : -*

( ) , * t uv ) i 2ay
9'J;s

z .
) cly

ls. boundecl fndep*i:d.€ntly of t, and f {* Xl

To  end b .he  proo fu  eons ider . fo r  {L . .n* i  *npr  the  anaJ , , rg te

fanrlly of operat,ors \ wir!.cl: assoeiate to the funetior q the
. I r har, . C.-1 il .>- . ,1,r, 

I

op*ratar T(Ar,T )  " ,  T 'henn for Re)= +,  
'3-X 

nal?s b:  into t i ,

{wltir un*formly hounded no.rflr Jn rn},} andn for Re)=irjpo it nnp
"  /q  

t ( * ' . i r t  An . ; , .1  ,1 . r11 .1 ,s - , ,16  i . : , !  / r , t , ,u ; * f i y  , , .  {1 , r ,  ) f ) "  i i , .  i  
'

t:Lr '3 -' r^ ?'i' 'z - u:,r*E*concf ,rb-iain fCItior";*-"irv int,erpc l.at.ton.15 -. Lfit$ (',.f (1f:
l t  I  -  - - -

' ,  fh.e{}rem I  rnay be extend*d,to co*1er ot .her cases r : f  Lnteres*_

r t ,  i s  o l :v ; lous  f rom the  proo f  tha t  me rnay  ta lce  Agcm ( , fd . rO i  )o

i 'n"ixetre m*nrax{d, N*l}. Moreover, it j"s suff, icl-ent o*,ly to suppu:se

A{x.  "  i ,  CJ-f ferent lable . for  y l0 and r l ( .  ry}c l i f f , * rent i -a} : l "e fo:-  :<10 s -

sLnce t 'he resul-t of [al quobed l.n the 1:reiof uses only cier,*vatJ".re,s,

vr}" th resi :ect  to o$e of  Lhe var iehleso wl: fLe the concl i t ion (mun)e ; , ;
tr-mplies that, for mun f{xed iv€.have either x7.$ on ern or yfU olr 0r,

th is appl ies r fur  lnstance,, tc l  t .he ease of  l terat"ed cCInunueators) . )

fsee teI  ) ,  vrhlch give r lse to kernels of  the form
^ \  

1 r  .  . .  t  , 1 RA ix ,v)  =11(K,  (a)  - i { ,  (v l  )  ,  whei :e  K,  are f lR l  -  homogeneous "  Actual ty ,

far i terated commutacors t l ' re proof ls si inpler; there i .s no need.

of  es i imates on the der lvat ives (nor  of  guot ing f41) ,  s l -nce

Po  T ( / {P i  i nn  i s  t hen  o f  f i n i t e  ranke  .
*m ' on

2.. The reverse pr:oblem can he breatecl irr more -EeneralJ-ty

i s r * * ? . : . | i i , ; l i ' ' . * n i l ] b i : : l t : : v i } ' ! i l * r . e ' i ' r l * . , * ' i . , 6 i ; . r L u * g . , . l , l r u : ] - * ] . g : i r u r t i i l 5

{a i t v *e , r }11  c
* UJ'

( t

\ ' l ^ t
\  l r ' !
\ r E *f ,o1ot



^,11ij:gt1*1, Lilt. /r i:r.l riCir;ri.j .r.c'o&-l.l.y. I-nt*rgr*.i:l_el l,:e ::.n*l n "r"it.C

l.!0,.:pnou,.:* i,- jl e &;f{} .Li':*. l.;y,r, je,r:.t:J"*:..rli $nt# L? {sfrpp *; } ,

1,2 {su}.,];u'r'l st'liri:,' ';l } n r:es;rll,:t*-"iiiir-i.y, t'.h,rr:r:

i  . .  :1  .1  f r  l i  i . : ' l  r r r  r  Z ,  \  I - )l l . : , . r .  - .  r .'  { .  {' .  l

l4lhe:rf3 c eiep*nc:t:i {ri: {;ha r,iu_itL.p}.1'f:j^. tlorrft r): *n eurd 13:{: the,:,i:j_j:r.r*-.r;l

nur:r i  o: i :  . , i  .

tlgfffft" !'J* i:1i1ir $l.rilpc.rlii: r.r.t.l,;lf{:,'rr,1r};.:,.'; ^i'$upp,,,i }x supp r".-} "
. i \J-:rclr , 'r r"."i*1.,,C::rri"i l :ci 3.,: l i :*rirJ-5-' Cn .?\.u:i.r; r.$ i::. i i : i :1.i.ei.ai: i:. tS I: l i{)!,g" t:he L*;ir.Vi;, i

fur -  I i  i i \ )  h* : . . t r : i - : r , - l  3" : i11 i i ;  cr i i ; : ,  T: : i r r r : - i  ta i i t : ,1  ; \  { : , ; ry) , , , .1  { : : }  g  iy1 o " f_*1,2 {sr4,p,u-1"

sfl i:p,q' i . Qt,, 'L' '  {s:.1i::p ',: i  " -}"r: t 'h j,s ri j lse t

. \ , i' ; ) f r r l * , . t i  
' . ] \ '  : - ' ! . , . - '  I  r

t , ^ , ' \  " -  i x ' :  t '  ' ! ' t U i : ' -  ( ; ; . ;  t " i : ;
,-j

;\
T 'he : l * i= . , r "e ,  i , ,=  . r . '  l i : ,1 ) ,J )  ,  i .1 iL : i

, !q;,1: i l ;  4" Uurir..r thei hyrroUrcsj.s af J,enmur 3

r l  - . r i  - - t i ,
Ir or-\i 

"* t C: R" {i i} d 1il {A } i? [i
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