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AlexanCrLl DII ' fCA

'T,* t  {XoCt}  l :e  an iso l . i * te i l  s j ,ngul"ar i tV of  c* :npJ-ete in tersect .  en

t" qjn clef" i .necl by the v:eighted i lomoqeireous polynomials fI  of , ' . , .c.16r,,

qree dt vri th respect to the poeJ-t ive .trrtec{er vreJ-ghts wt (X-i ) -wj

f o r  i = l s .  " .  a p  a n d  j = l . o  
"  o . l f i l o  

:

L e t  f l ( x r 0 ) * ' * ( g o 0 )  b e  a  f u n e t i o n  9 € r x n , i n r l r r e e r l  L r : r , f l , w e l g h t e c l  ,

l :omoqeneous polynomlal. of degsEe d with respede to .thrl  *vej-sht.s

' , g * , ( i r ' 1 e . . n 1 \ { * }  s u c h  t h a t  ( x o r 0 } = ( f - r ( o ) r o }  l s  a g a i n  a R  i s o l a t e c l

singul.arlty of eomplete j-rrte::section tvith n=<iirn: p--gl inr >i-1>.1.-.

l f ,  , ; tOi  c l 'enotss th+: , t ,a i l i ror  f i i :er  o . f  Lhe s ingular i ty  (xor  0)  a  then . . .

there j -s  a natura l  (co inp lex)  inonocl ror ; ,y  operator  h . :H1( forg)  - -  
i

- ? ' I t n (Xo ,9_ )  assoc ia tec l  t e  t he  : f une t l on  f  t * ] .

fn the f. irst part of this note v.re.show that.,, , t lr is nclno.rtromy

operator is diagonali . .sable an.d eomput-* i ts eharacLeri,sit , ic poJ,y:

nomi"a.i-

A ta )  =der  (a .  rd -h  )

: . n  t e r m s  o f  t h e  w e i g h t s  w  a r r c t  t h e  c l u g ' r e e s  g : ( d l r . . . 1 d o )  a n c l  d .
'- t.

fn  the  .spec5.a1  case o f  B : : leskorn-pharn  s incru l .a r i t l .es  t i r i s  resu .

is duU'. to Hanrrn f t ] ,  not  to ment- ion the ca.se when x is smooth,
r ' l  r - lt reals,d ' 'a l rea<1y by Mj- lnor and or l ik  l t tJ ancl  Br ieskorn 

LrJ .

;g.ufjproof depends on the relatlon between the monodlrorny ope*

rat 'er  h,ani l  the Gauss*l ' lanin connect lon of  the funct ion f  ( t ; - - - -_*
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sulrgesg'ed by en exa-rnpl-e tn Looi"- lsnqa i toJ, p"166) anrl .  orr, , the

knor , : lec1<tre of  i -ne poincf l r f l  serJ.6,c  Lr  O1 r 'n [ - '1sr: 'rr. , .(-:1. ur- jd} '  ZCAI 
- 

cOiny.rutecl hv Grerrel
-  f  t  

' " o  
X o

nnd Fl i lmm l  7 l  "  
( )

L l

in  bhe second par t  ve 'der : i \ l r :  $$ i11.s  topoloc ' ica l  con.segi tenc, is*

. i ' lameJ-vr '  the: re , } re  t " l ' ro  speceE natura l l -y  agsoeiated to  the s inq l t l -a-

r j - tg ' '  f ,x r0 i ' :  l ts  t lnk K*x f i , , .$ , r  wh*: :e  s  is  the uni t  s1:hege, in  pn '  , :

and i:he'quasi* 'stttclOth r^reiqh+;ed b*:rpleLe' interseetlcn y Cef., inerl ,by

the pc. l .ync,n i in i -s  f i  in  the wei t l i r ted pro iect ive space p iH)  
[4 ]  .

We shoi r '  t i ra t  € i re  resul f .s . i r , the f i r ,$ , !  sect ie in  a i l -ow cne, tc i  contpu-

te t t re  (mtr i rJ le)  Eet t i  numbers of  K anc{  y  in  ter -ms of  yrd. "  f ,gr i . t . -

val"entlyr vie ciete::pl ine the rp.nk af the intersection fo:.rn of tha

Mi  ln*r :  l  a t . t ice of  {X,  0  )  , . ,

$N'g,r,r;sfso prove that a1l. the quasL*smoof.h weighterl complete

intersect ions of  t i re  same.  t l rpe {yoQ) .are horneomorphlcn 
'

'i- . Ths-,ryptq{r$s--gnemg"*r
fa;

I 'e t  \ , /n  denote the C-a lgebra of  { terms, .of  ho lornorphle funct ionEi

a t  t he .  o r i q in  o f  ck -  t '  r i : ,v .L  . :  r  -X ' , re  , ic i€81 gencrated by f l
i

, '  fhe lvre ights  y  a ive : : ise_ to  a,  f i l t ra t lon orr  . the

of gi:rrns of l iolonrorphic k*fc,rms at r:h;.:  orig-{-n of

a mono: l ia1 form

? = x a d * '  A .  .  . A ' j x ,
,  - 1  t K

had  dec l ree  deg  ( f )= , l eg i xa )+v r r -+ "  
" , t $ r i ,  v rhb re  c leq  ( xa )  ; a  - .  . ; . : :  : l

I  *1  * r .

=a 
lvt 1+. u o +"nlua

This f i l trat iorr induces a f i t t* ir*t j-on-*.(,ci:ni i jat ible with the deri-

vat lons)  on the s ta lk  at  the or ' . ' ig in  of  the sheaf  of  ho lomorphic

k* forrns re lar ive t' OI=ff / r*:$l,| r d f lA-ft<- 
1 r- . . . +d fpAil,- l*ag.n dk- 1 .

, (rr
t  " ' r  "  r  f13  Ln  \Jn i .

( ?  -  r . kW*-r ro, iu ie  5t ;

*C-t", sueh that

I t  is  known bhat
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' . ' ' . ',

tho(IXU/:&J}?-l rs (vla

Flr lnr , r  numirer  o f  (Xor  0

f )  a  f ree

I ['tJ, [, o]

1q"
I J
\- / - ' - IT l0 i - rUl  €

I

:

of rank t(=}, , ( (X*:)  r
l t r

i
i  . ,

(i i1 sr*5$/aj?t-1* tri-fr-f-*l /,:f in*l :.s a 
1e 

*<limensj..rirat vccro"r

spa.ee'r$ver g witir a natrrr:al gracline A,* S AL coming frorn the

abcve f iLtr : r t ion.  l4oreoverg t" t re poinca.Iso***r*u of  A : : , .  , '  .

p ( s ) = [ ( < l i m 1,
A .  ) s ' '

r\

our  case is  ,g iven byis eompute' l  in

(s  )  = res*_n
, . * V

k)ro

[z I  " "c  in

t-**p [t'h*TTr 
I .l l.
| . :=,

1
L f
L I

I
I

J

P 1 l t s  I

\ d .

l . - s  
I

where dp+l .=d:

(rii) H" t Srr c J??rcfl?-t*,s"l$i* [--1J

-where q;:clenotes the coorcl ina, ' te on gt [ ;O]

Our ' rna in resul t  is  the fo l l ix . r ing

TheoJ:eg ,L. The complex monodnomy ope rat*or h,.is diagonalisahle

anc l " l t s  c igenva lues  are  d- rou ts  o f  the  un i ty ,  The mul t ip l ie i t y

of  the root 
"Ztr ik/d 

is { ,

( i )  they form a basis 
"r j l?fa"f?,-?"1 

o.r*r Q.

Proof. Chose a homoqenec$$ :gq..'L*_fl ,,...., Y for A. Then by
t r

.  dtt,  i ,  (gr 0 ) can be i- i  f  ted tq,i t$e vector

,  P r o p o s i i . i o n  8 . 2 4 ) .
1, ,

= u$*
ctu

The vector f lelcl v1
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f * T \ n\
\ r  - I  )  A

f l e ld  {= ,1 - ' ! *  wxx*  fu  on  (Xu 'C1"
- / I t - - ' l m " " / i . - t t

l \ * I t i l l  v  I \

The l*par. 3tet*r f low Eenerateil

. vr .rt/ d wrrt,/d
F * ( x ) = ( e  '  * r o " u " r €  "  x * ' } , ,

The Lle der ivat j -ve I  
;  

ls  eas1r.

)form 
Y 

r

' t  ryr-y= des tyr o- 1y .

t rsfnq this.  and { i i i } ,  i t  fo l l -or .+s, t r"-at  a {mult ival-ued) hc.r i i : , , ,

zontal .  seet ion of  Rnf*c *  ( }^ crver c r fo i  ls  g iven by
Xc* C r '  r

. ':deq &g\ / d"u r - + u  .  ' ' r  q  "  i
I

T a k i n g  ( f  =  r f . , 0 " " " ,  V  w e ' g e r t  a  f r a r n e  i n  e a c h  f j . b e r "  T h u s ,"  I  t_ ,  _ !p-

i f  we-put . r=grz t r i s  * r r ' i  l e t  f  cTc  f rom 0  to  l ,  then  we f ind  tha t
J

the mon.odromy operator. '  h mult lpLies c/n wi th,  
"- /o ideE(fJ() /d 

.

Th is  ends  the  proo f  c f  t t r ,e .Theor€( r " ; , , :  , f i  ,  , . , , ' : ) ,  .  :
u

Hg['pfg*?" C:onslcrer the simple spar:e curve singular-irty ,,. i
2 ^ 3Xn=t l r :  g  r=x ' - " i yz" *0 . ,  

q  
r=xy*zJ  

=0  cor t :espon< l inq  to  w*  (4  ,5  ,3 )  ,  and

d : ( g , g l l s l .  , , , , ,  ,  :

Tiren a direct  computat lon using the forrr . r la for  P(s) given

ln (l i  I shr:ris that

n'y h i,s obrrieus lt

to computer .fer a lr,.e:noqelleous

l im
t-+ 0

F ,  .  1 4 .  1 3 .  r r .  1 0 .  9 .  B .  7
I / ( S ) = S  + S  + S  + S  + S  + S  + S  .

"3'T'=

.tt ,

I of the monodrrbmy

o ) --+ (g, o ) for il; j '".

Let d,  t } t  be t l ,e

operator of  the

Then Theorem I g

chai :acter is t lc  po lynomia

r l
f unc t i on  se rm 9 i :  ( t n j=OJ ,

i-ves us

A , t r ) = ( x 8 - l )  ( i + 1 ) : 1 , A, t al = ( Ae-r) ( tr2+.1+r)TI
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2n ffhe Bett l  nufi f iers of K afi .d y

RecalJ. f :rtrm the intreiductin.q. the clef. inl. t ion of the sprlees K

anr l  Y  asss : l "a ted  te . r  t - he  s j_n , ; : i - l a : : i * ; y  (X r0 ) .  Le t  Ko  and  yo  l : e  t t r e

sfun- i . l .ar  spr :ces assocj .e tec i .  t i :  t t re  s ingulaxr i - t f  {Xo; .O} .  i . , ,

.  
I{o,te f, I .rsL that i( j , .g 'a sm$u*h cornpr}ct arientecl {2n+li*<j irnen_

.si,onaj- 
mani: i inlcl r,rhictr . is i i :"* i)* lconnected [*1" fn pa_rt i ,cu]_ar, , .  ,

r t t l  nuni :ers  bn { I { } * i : , " r * ,  (K

on tne other  hancl ,  ie  ls  known that  
: '  -

I

where  S  i s  t he  i n te rsee t i on . fo rm o f  t hu  l * i l no r  l a t t i ee  o f
r f

t . .

L  
.  J  

/ v \ t s & r ;  u v  u \ J l t l ]

j "  ter rns of  (yrd! .  one of  i :he appi" lcat lons of  the computat , j - ic ln  of
l ' : r '  rank s  is  " f rhe est lmatJen * f  t i re  nun$te) :  o f  s i .nguJ.ar i t ies rorh- tch:  r
i ' '  i i i : ' i "  "  

' :  may oceur  on a f l l :er  in  a defo: :mat j -on of  (Xo0)  [s , fu , ; . . , r , : , : , , , . , r , i i " , , , , f .  i * . : ,1
' :  i :  As to  the pro ject ive var ie ty  Y,  i , t  ls 'a  v-var ie ty  anr{  heneer , : , , . : : : .

a  2 r r -d imens iona l  e -man i f : o Id  [+ ' l  ,L  J -

The aet ion of  S l  on S g iven l :y  , " . r ,1r ) { , ,

Il eaves  K invar ian t  anc l  K /s r -y .  For  a  po in t  y* [ * ]= f " , ;_ , " , "1 rx* 'J€ .y . : ,

vre clefine

rt  foLlows easi}y that  the isotropy group s} of  a poln*, . ,ur€K is

pre.ci, 'r,ety the group of w( ["]]*roots of the unlt. rn .[.urr&1cular,

bn (K) *pix) *rantr s

w (y)  =9.  c "  u. t*r ;  x l lo] .

l f  w(y) ls constant for  y6Y, then Y ls ln a natural-  wa5rca: ' "srn ' r$oth
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menlfc l ld f  l t l , "  p,?2).  l^ fe wi l l .  s .?,v in.  i :h is c6se thnt y i rs Sl" fmSJ,. - tu*a_**_;d,

: .**9L1. I ' troee f-hat Y ean i,€ & srnodth algebraie 
'var. i-ety 

r,.r, , f-.*$i i i : t ' , ,

be:Lnu s t; :ol irq ly r i irrooth I

rJ-rs* o,,r* show t?ri:^i: '{:h'e toi:r:.r,ogy sl1: a gr:ersf*smogth conr.,r-:te*e
j" i t tei:sec'r: j .ori  r lepeire,ls o-.,n3-y u;r j- ts typt.r.

B*qnt5,**tf:_l. Tw;: qua*:.-sinc*th ec.irp.i-ete

YZ of the .cane* tyire (yr$) &re :i ioftecrnol-l*h j-c.

t"irem ls 
.stronEly 

srcmth theri eo is i lre ot.trer

trrcrph:le "

inte:r 'sect : .ons yt  and

l4oreovern  i f  one o f

and they el:e di f feo.

t r roof"  i ,et  t r (g rd )  i r e  t he  vcu to r

d v""ith respect tc r.rmia.T s, <lf dec;re*

The  se t

€ igrn'. {oJ ) xF; f * { { i o . . " p f * ! 1  r } : l

w h e r e  i = I r . .  n  p p i  i = l  t  c  o  G  t m  i r  F . R  a l g e b r - x . i _ c

Lqt  U=P.1pu,  (B i  and n$te thae U is  a zar isk i

I lence e i ther  
. t t *  F or  U fs  a den*e connected

v/e assume from now 0n

The  se t

- t l,  * t ( x u f ) € S x i ) ;  f t x ) = 0  J

is i i ,s.mooth rnanlfold anrt the map fncluc,eci

' i f  :Z+U ls  a proper  subrners ion.  l lhere i is i  a .

from the action on S cleflirecl alrovJl-'T*'

Next  we need the fo l lor+ in.s ,

$pi; i { t€ of hornocreneoug polyno-

a n r J  P  * P ( w , d " ) : t o . o x p { v , , , d  i
1 ' - - - ' " ' -  

\ ' - s . . I ) r o

?fu.
t5;*tx)

subset in tltioJt "r "
cpen s ubs et '  tr :  P n ;,  : '  , :

subse tu  r+h i ch  . t s  whn t

hy the secorrd project ion

$l i tact lon on z cominq

r* f t*, rl ) { } ,  
}

lpryr,e.J (Equlvarlar:t Ehresmann. fibration theorem)
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tet F.H-*-+B i:e a p::CIper sutrrners,l-on. Tf G is e compaet r, j^,e group

act inq on i l  such that  a l l  the cr { r . i t - . .s . i1 . ! : *  cont* inea in  th .e f l } r+E:s

of  p , ,  then p i "s  a locui . i t r  t . : :Lr rJ .at  G.- i : i .L : ra t ion.
I

Lrni* nioitt".$: for i:'rr11/ b g I] tl'{{:j,re i* an spen set ti c fi r,,ritfi L} €,Il

f f .rrrJ sn e<yu-1. 'rre:: j-ant cJiffeorn{.,r:p}r ism f ;p- '} { i l }  -*-ettx}r, rvhe;:e } i*p'"X {}:}

i t r r i l  G.  act .s  nn I I> IF hy the fo : : ; i lu la  g. ixo ln) r=( , rogy l  o  sr rch t i :a t :
a

r:: :- rf  =i:  i
I d i

Proo f " i i 'he usiuar pror:f of f ,h::esmann f i i :rnt lon t ireorem i i i .rpJ.iesi

f ield I on ]J 'c 'ai l  l :r ,r 'J- i f teel to &n

r-rher*: t,"" (x) =9,
Y

l i f t inq c : i r ' !  ,
\-

i l , o ( x ) ) c i c l

where' f l$ ls a no::mal ized invar l ranl  Haer measure oR G, is dt1 '  ,

equl . . r rar iant  Si f t in{T of  
t  

i  n
':Frcrn this lemma we obtai"n that, the ,f i,bers,,.,6f, .d',are eq.utva-

r iant . l "y di : f feomorphic and this errds th* proof of  proposi t ic ln 3.  I

9gfgllgfX.l '  If a tvro-dirnenss"onal cluasi*smooth compl.ete,J.nt.er-

seet ion  is  nons inqu la ro  then any  o ther  guas i -smo<, r th  compi .e te  in -

te rsec t ion  o f  the  same ty f re  i s  aLso nor rs inqu la r .

P::oof  " t lse .the f act that Lhe loial fundamental gr,&iru) is a tCI-

per l .o l r i ;eraL invar iant  anr l  that  the s ingular  po ints  on a nornal  sur-

face ars prec ise ly  those wi th  nontr iv la l  Local  func lamenta l  g l :oup
,. "l

1 1 2  j .  n
Kovr'-. .we Elve the basic resuLt for the computation of the Bett i-

numbc?'c  of  K and Y"  Let  ?n be the usual -  pro jeet lve n-spaceo

o i l  E  ( i . e r .  d . , L . ' ( i . t x l i = E t r ,  ( x l i  f o . r-  - \  - x - c J  '  
) ' - g

>rJ.  , .
t

Then ,''.,:

t  any vector

ctor f:i.,ll..eq 
:

\^/e shovr tha

iver ian t  ve

x €r:r q €(; f

E ̂  tr* ;iny
, ) "

f

5,", 
=_J. (ci*i,', -t , i"_(C q\; r
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3:S!.qgl3i9t 6. (1).  one has bt lY)-b*(pn) for kln qnf,r"o,;r ; , i . .
bn (Y ) =b., (X ) +5r'' (Pn ) .

(tf ) I-f: 'Y,"is' strongly ,s.me.ethr

g'foups of Y are torslon free.

Lhen hJ-l,rthe lnteqer hornclbqy tr,r

i j r  ,

( i l i  )  Fo r n22 one has

bil,,(k,) *brr_ 
t 

(Ko ) =dim ker (h*rld:Xt ."ij1 r
r : ;1J| i .

'*r 'r'.' '''P."b'qof'

n '*"tci,e.rJ;6s

( i ) .

m"l Y is :str:ongrr,11 
smooblf ' \*e ean use the Gysin sequence with

:i ' {*coefr- ieients ancl poi 'nea::6 dualj . ty over. iz to get ,0i.1),.  i  .  q
\

\ 
cori'rparinq the, smith-Gys,ln]l*e{cia,qt',rs;equsrc:es associated . to,the,,r+

I
, .* r ;  S* act l .ons on K-qf id K-,  we t lnd;out thei t  the mo:ryrhism i ln(Ko)*t f#"

' ' l*Hn(x)' '  lnduced by incl-usldr'.ts, triviaL for n)r2. The exac.t se?,.,.;,
' ' '  quenee of  the pair  (KrK_). ; ,Lhen glves' o

. .  bn+L (K) +bn (xo) +din Hn+1 (* r lol

The smith-Gysin exact sequenc.e in 
't 

omoroqy wl"f,h c-eo,q#.
r 1
L l j  a s s o c i a t e d  t o  t h e  a c t i o n  o f  s l  o ' K  s l v e  t n e  l s u i t

n;ll*,

Flnal ly ,  the

t i lm, I { , r * ,  (K ,Ko)  =d im ker  (h - fd )  .  
I

s ince dim ker(h-rd) is equa:-r* i . : togg:,mutt ip l ic i ty of  I  as a

root of AtX), thls number can b,Fi.,bomputed uslng Theorerfi ,1,f Then

one ean compute  bn(K) ,  bn(Y)  i t$ ; , ,descend ing  Lnduct ion  on ,n=d im y

.  r 1
exact  seguence. . . (1 . ,8)  ' in .  

lSJshows that

as fol" lows.
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When o=Q, K ts a dls jo int  ur t i ion of  etrc les (and

,set of pointu), one for eaeh ibg+.educ,.tb,l.e branclr: of
The nur her of l:ranehes of X _is: cqmputati le in terms
(grg) -as shown by ( , i iusr i  [ t ] ,  Chap., IT, .

.  When o=lr  y is a smooth et l rve and there is a
fo r  i t s  geomet r ie  genus  po(y ) , .1 r ,  te : rns .  o f  (g rQ)

bi ,  {K) *b, ,  (v}  =2o ," ,  is  known in th is eas.e

YX,  
{ f  

( x )  ,= .  .  .  = f k  ( x ) ' =g

Y a 'Si"nite

' t lu"curve 
Xl

of ${e-eyFe,

.  , - :  i  
i - - '? i  , : . ' , ' 1  ' .  " . , ' . : .  .

sLmple fcrrr i iuj:d.r '
ilr

L4 J ( 3 ":4'.:!.1 ; j l{ehie

: lrii; 'r.:

l r : 1 , ' l  i . 1 t i i ' ;

Fcrp,,n)L1' there exists a raietgh,ted Htlrnogeneous funetlon:. '{f :6f.-,.";er.
deg;ee dr whe're cr  is  any conmon mult lp l .e of  ( r r r . , .  rw*) such t t td{
xo=x ;1 r" ' r  t0I  ls  an iso' lated si .ngurar i ty.  o*"  *"* .Jr . .* t  r ' t . r "un€forr
( s e e  f o r  i n s t - a n e e  [ u J , .  ( 2 . 4 1 ,  c h a p .  r r  )  .  T h e n  ,  . u s i n g  ( i 1 1 )  w d  c a n

corn{r,te bn(K) from the previouily coinputed number h;1,i.(rto). ..r, r.
n .

when the defining equations ft of the varlety y e#*he chosen,
"'such tha'b the welghted' completc lntersections

a5€, quas.,J.-smoof,h for k= I r i,*. r F r.

ls  sr i rnp ler)  inereasing lnduct lor i

then oRei ian use

On p."66r4:ffip{x{t€

(and somet j  f i teg, , i ' :

b j ' ( K ) .  1
l l
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