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bJ'

GO GO}INT

If i?R0DUCTf 0itr

'  This paper t - i l  a secluel  to lZl  in vrhich we have introd_r-rced.
' the  nor rced.  Er . lnos t  l i r te i ' r r  s "oAees,  a .  genere l i za t ion  o f  nor rec l  l ineo . r

si)*ces. : i l- l-_SltS.ceq..+:::yqlveq-l+ .i,;_bj.s:_rlrlqer are over tl:.e real

{,131.9 R.. I loi-rgir l . ; .  spea},; inE, :r tegi led. &lncst 1.r. lear snac e (na.€-tsl.g r.f. I:oi-r-gir1.I' s;eal;in,';, :-. lo{r,€g_?_}:@ (na}s.;,)

] - S a , s e t l i t c i ; e t } r e r . , ' , , j . t 1 r t ; ; o i l : : , n p i n C S . r j f , l x ] I

: t l : ich sat l .g f ; r  sone of  the ax ions. , .o f  a  1, . i .ne*r  spaee r -  ca. l led.  an

alrl! s L l. i- ne,r-.r. lp-+! e ( ;:it- s ) -  end. on the set X there exi-sts e

functional ll ' il ; l'- --t F- - cal-led a n-qgg - l,rhi'ch sa'bisfies al.l-- the ?r,,r-r:"r
: r : r i  n rn r  n r  o* 'u -sL le l  nor in  o11 a-  l inear  s j race  ( rs ; r  &s  lue_ l - l -  as  gomev Y -  - +  v  . i r . v : .  v  4

.  a 'c l -d- i t iona ' l -  onesr  i ' ' , 'h ich in  "bhe ce.se of  e . .normed" l j -ncar  space-  (n ls) .

3"* 
Consequences of the axi ori is of the l ] .of i l lo I i i le to... , the fac,u. thst

1', 'e have ' , . ' 'el l : t : ' red. thc exlons rf e. 1s, b,. l t  r,-, .e ]rnrre strenr"i;hened

th.e a* ions*of the norn,  eone restr l ts involv ing on1-y alg;eb: i - r ;

s 'b 'u.cturer r , , : i i -ch art  not  t : :ue in en als,  hol- i  in a na. l_s (s,ee

" 'Jec-b ion  " ! - ) .  S ince  thc  nom.  o f , .  a , - ig . l s , {  does  no t  genera te  r r .  ne t r i c

on z, in [ 2 ] tr?e consii-iered. t]:.e stroni.: norined. almost l j-nea.r:,

sp3,ce s ' ' , ' ."hich. also 5;ene:.ali-ze the norrnec]. l j_nearr spaces. f srighl;r
sr:cr1iii,3, rL :j:p;..l:---n::pg-:}:qgs!-}.i*g-1j*-g1nq.u_l(ena1s) is a nat-5;

1 .

] i  togetb.er' . ' , ' , ' i tn- a sert-;,rrett*i 'c on .i .., ' ,,hich is r.elated. in a.certai-n
i;,r'al to 'bhe norni of' .l(.

AN

-.',: ' ' '

To surnor.t the iclea. theit the

j .n t rc i i .nccC.  in  l .ZJ  th .e  conccpt  o f

n a l s  i s  a  g o o d  c o n c e l t ,  w e

e. dual spa.ce of a nal-,.; l(,



-2 -

v . 'he 'ne  iho  - { ' l l , - l c t i -ona l  s  on  l i '  n rp  n r l  l  n r rc roT I ' i  r rna . r  bu t  r r r ' l  rnn . : r -j .  \ r r -  L  
. C f , I  

g  . . : t _ ,  I L r l t t , L *  .  L r r i L ( J . : - _  r r

' l  i  mno : ' i r  ' " " ^ {  ch  i s  g . l - : c  e  na }so  l , ? i en  l {  i  r  n  r r1  c ,  . { - ' } r nn  -hho  r ' r r n ' lr r . J r v L ! i  
. , ,  r i r r ' t r u t r '  r u  a - . J - t U  ( : t  r l c . L i ) o  ; i l i g , j l  . ' r  J i " )  t L  I t J - i i  I  U l i L . r r  u r r u  L . l j i , I

( * 1 1 l i  n  o  A  a f  i  n a r : l  1 - r r  
" r  

r  . i  r .  + V , .  - " - | 6
* . i J L , v u  L ! i . r r ' L L !  t ) . V  r . , r - r  r b  u r r e  U . S U 8 l _  d l f i , l  S O A C C  X ' o

TlLe i i . i ] .J.c i : rrr  snr.- ] .J y 'ere nct introd- l- lccd- for -bl : .e snl ie of

' r d l r ^ Y ' ' - r  i  u  ' { - i  n n o  ' ] e  
h a v e  ! l ^ c - ' e d  i - n  |  2 )  t } r a t  t h e l ;  c o n s ' L i t n t e  - . -

! - ) v r ! \ , r  ! , _ ( . - L r J ( , u 4 u  
V ! ! i - 1 .  | J  l " t l 9 , r /  U {  

. /

th.e nfttrrri'-l- J:'r.r.l:ei';o::L for t]:e thco::;r of best sayy.t-1174ys:*s-
'  - _ -

I n n r . n r - i  r - n q * i  n n  1 , r . '  c . " n ^ , . , i  - . -  + 1 ^ . . +  - 1 . 1 - - :  ̂  - " ' -(,. .Lryr-1,,! .r1rrr.. ir ,rof i ,  b;! '  shcldn.3 that - i ; i : is theory is a:-par"ttcu.lar ca,si l

o f  the t } :eor ' ; i  o f  ] :eet  e ,opror i j :m.at ion in  a t l l r . l_s (sna. is) .

T i i e  i r z "esen t  ? i : l 1e r  has  a  more  . f i cne ra l  i n -be res t ,  s l -nce  hc re

i ' . 'e r.r3.r. ' l :  1;c-t e: i terlcl for ?. r, ' t . !s (snr. l-s) sone €:er:,ere} re si; . l ts from

the theory,6f  nor i i red-  l - ine$.r  spnces (  [  r  l  ) .  l io , , ' ; ,  j_n the theory

of norr:1cc1 l- l-ne:i : :  spaccs an i:rrport lnt tool is the j je.hn-Bana.ch

theore: i '  . l  s in l i la . r  1 ;hcoreni  is  no lon-^err  t r . ' , rc  in  a.  yr l ls .  Conc6i '

. cjt-:-cntlirf i:,'e cio noi linoi'r t'l:ether tllc c}-ial- sl:i.ce of a nais )i llal,

reriu.ced to ' , ,he on.t-;r" fu.nctionar f 
,  

0o Th.ough the alger;r, ic

.cl"ral of €r.n als . '{  rnn:; be .{0 j  ,  i"n. alf . . , ,orirr e;cai l l l -es r,. ,hcir ;{ is e:.

n: i l-s, the i ; .ual- sl;?:e of , '1 j-s not { O I .  The rnein o' l : jcct-t ire of

Lhis  De.ner  1s to  # ivc c t r - : r i : f l ic ie : r , ;  conc, i t : -ons:  on the nr . l -s  i i  : rn .

or i 'er  tLrat  i ts 'C.ua. l  spece l iar ,?e ' 'noc*%ero a lnost  l i : rer . , :  func-b ioni - , . ]_s.

:; le d-rar; ' :  r ; . 'Lter:t j  on thp.t in the d,efinit ion of the: ncrn bf

i  n i r - ls  ( - ine s ' . : ;x ie  for '  L l :e  co: ' l r - - ; ie 'uz ' ic  c f  a  sna ' ' l  s ) ,  1n f  z l  T ie

h.avc conn- i  cercC. .  lL- I . - '1-  t l .c  n , ; : ions ,1 i . " t ren in .  th i : ;  n tnor . r  ?r  r ,c l_L 'as

an nc.c" i 'b ion iL l  onee s ince th is  la t te : :  a : r iom is  sure l ; r  o f  no use

for sol-rr i i ' r5 our r..ein prcblen (; ' , 'neihcr the c-i,r.n. l  snecc o:f a nal--s

i s ,  o r  . i s r  no t  t  o  1  ) ,  he re  r , . i e  on i ,u  i "bo  cn  - i ; he  o , r , hc r .  l r and . , . . t l l e

d-ui 'r . l-  *pace cr.efj-ned. b;. ' - isr BS ulet].  as al- l  the e:is,rn.pres of (strong),

normei-  a ._ l -nost  l - inea.r  snaces in  Se-c"b i -on l {_cr t ig9r ,  a , l l_  -bh.e

l : . t i  n r , r c ' :  1 - . - ^ 1 ! i - n a r ]  - i *  { -  I 1r  v r * u l 4 r  v L r  r t l  L  4 :  J  o

This l )s"per i  5 organized. i : .s fo- l - lotrvso Sect ion I  contains

basic resul ts,  the r , ros 'b of  them bein,1 .usbcr.  t i r rou.ghout th is
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pa,per.  Sect j ,on 2 C.eal-s r . i i th l :ases in almost J. inelr . r  spaces" i {ot

fl.-]-l- of the'n hl..,e a basis, l.nri r,,,hen- l;hey d.o th_en the::e e:l isi a
i

nor:r. enir" a inet:: i-c cltch thi-b ' l ,he;r ; irs i lnals" Section 3 :.s C"evoted.

-bc t i :e qr-ic$'bion l, ,hctircr the clual- spa.c e rs-f a. nals conti-, . j .nr:

non*uero n-' l-nost l-:-nei.r i lu:1ctionals. I f  l i  has a ba.sis then i lr is

:- i ;  r:nrel.} i  'b::ue, an.ri .  v:e al-so g;irJe solte suff j-cient cond.it j-ons foi.,

an nfJl ir inatj-ve sr.r ls\t ier to the above ciuestion, ' .re p"l$o exr, i : : : ine th.e

e::tens:-on rtrclper-b-;, oi a., lniolt  l- ir leay. fr-r:rct ionals cefined- or. a* '1,

al-nost - l-rnear i iu.?:s'once of i ;h"e na.r-s .. i" Fina.l l-y, l iect; ion

cc::tarns e: 'rn.ni-cl-es rel.e.tect- to th.e $u.b.issf, natter of t i^,:r.s

: ie cbd. r:o'c cl i inge ihe terr: i inol-cg;,r (and, no,uation)

theor" ; ,  o . f  no: 'ned-  - ] - i : :er . r '  snr lc"o . (  t1 l  ) ' ,  e :<cen-b f6r  the

fi-r.nctional 1",-hi-c1i r,,;e e:rtenC_eci- it rn tr';o 1,,;,?.)rs to an e,J so

i l l ie i : tost .ra::- l ; ,  of the res;u.l ts of ,chi s n,r.n€r n1r'r, .  I  F , )L i r  r , i j  eJ .  L*__" -  - - - - " , iO l i j  Senge

rrnl -:  , ' ,1 ' ,  c:r ' i :  i , r  a ^ |  -  T;r*^*J-*ea u.,. ! /  nal-; ( l ' re ) Jl is n.ot a 1s. Frori olr-r f .esults ' ,", 'hrch

ir.al<e s€rrsc in a. nl-s ( ls; E, ,, ' . ,p recove-r: eithe:. t : i , , . i r .1 or 1:n.o,,,rr

+oI- : , ! l !ec" ,  lbe : i lg  ) i  i , r  +! t ,q jq,

l. 3.,\sIC PllopE]:).1.I3J 0l! ,1,lT0i:ll'Ij) 41,i,'0ST I,lr'iEAl] Slr:LCI

f n , 1 . - l -  -  1 . 5  b e l o l . l r  y , ' €  r e c a r r . i s o p e  o f  t h e  c - e f i n j - t j - o n c

' - w t l  - . ^ i i r r t s - ' . r c  n f  f  o  1; - r : L .  i U - - : r - . : J i : J  U I  L  l J  t

' ' i "1"  l - l - i : f  i l f  T f  0 , ; .  . . \n  r l .nost  l - inc: . t : -  s inF.ce ( e l s )  i u  a .  s e t  X

torle-birer",,r 'gith tv;o napoings stl i  x, ' i  ->X ancl m:R x l i  **" ' :{ slt isf; , ini

the eond. i iu ions 1. . ,  -  J , , r  g ; iven beloyro For  : l ry€.K a: rc l  A e H we. I i - )

A n r r r r * o  n ( u . " \  . /  \  - - . \  r - - -  \! - L r r v ,E .  y  \ ! \ r J  J  b ; ; '  ; a ; r  i 1n4  n \  A  l : i )  D l / r  z \  x ,  t " , ' I t . en  t he116 :  y i i l l _  no t

I  a z . r ' l  ' t n  m ' i  c i i r , i  n r ^ c t * n n d  i  n  n c ,  T . n #  1 .  r '  e  r  ' ir e i i c ' .  1 ; o  T i s u - n - . - * v v e . r J . ! . r i 4 r r L , o  ! e r  i r t y t z  € i  a n d .  \ r p  €  l o  l t ) "  d : : + " ; r ) ' +

4
- A T h  A ?r . /  _ - . L  l /  v I  a

f rom the

J"l lne ef .
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=  : i - t - (Wz)  ;  I , l ) "  l i * . 4 , r  =  ; r1 .1  ;  L3 ) ,  The : :e  e> l r sbs  ? . r r  e lenen t  0  e  X

s u c h  t h a t  x + 0  =  x  f c ? , c a c h  x e  l i  ;  r , n ) ' ,  l - r  =  t  i  L q ) , "  ) ( : : + 1 , . )  =
-)

\  \  
c  T .  \  \ / , . - , \  - -  /  1 , , - \ - -  \ .  / \  .=  A : r +  A : l  ;  l . l .  0 x  " . 0  :  I , - ) "  \  (  * = j - \  /  \ , ,  r - -

r  ,  L  i  L 7 ) "  A \ r w x l  . ' _ ( z \ f  ) : : 1 L 6 ) "  ( A r " f ) : : -
x r

= . \ r c + - 1 . r : l  f o r "  A Z 0 ,  P 2 r O .
l l

i,';ie d.cr-obe -r*x ltli -T. , r,ihen tl:is wil_l- not le.:.c'l, to )

r  
misuncl .crs t r .nd. in ; ,  ano,  in  the se i r i r .e l  x- . I  me?.ns x+(- . r ) .

7 .o2.  I l l i j . . :M10i i .  A t t "cnem'r -by sct  ' {  
o : f l  nn a ls  " - , i  is  ca l l -ed.

f
an ql;ge_!_J:!:g:j;:__sqb_i_':,:ce or li , ill 

Io" er.cii itt rtrl e tf .nd- ,,\ e l,

^ l - .  \  r  t r  r  \s\ ) r r  t } i .s )  €  Y n i : t1  l l r (  A , l ' -  )€  Y.  - l in  a l l l - rnos 'u l - rneai '  su l rsnace Y'of  I i  :'  
- r -  , :  

'  t '  
_ t -

is cs.Jl.ed- a ].;r:sff__lilu*ggg of .j; :f sr f x 'I --> y ancr- m:F- x y --> r
cl . 'F i  +f"  -1 f -  t l ie  n l i l_o l l i ,3  of  a l -s ., . . , L ) -  U i 1 . t .  i L r _ J V i , \ r J

, rO: i  i .n elS l {  ' * ;e int : .od.r-r-Ce t . l ic fc l-1 6:.ry jva t , . . rq SetSov  | . \

( 1 . 1 )  v . . : =  { : : e . e , ;  l i - x ' * 0  j

(1q2) ' t :  = . [  : , -  e . i  : l  x -  -"  
] i '

B]t I l  T,S i 'b fol- l-o': is i :5.rtr ' i f",  rn a l- j-near sgbsrace of I{. ,  .rnir
' i1, j-s "1;l : .c l- l .r3e 13-l;  oi lco l [ ] : . .1 set , i . . , .  j-s:.n.y1 r,_j_r,rost l_inei ir guJ:s., laee

of "ri a.fl.d- ̂','re hr.ric ,/,i = 
{x-t: : :r e:L! 

" i,iotice thr.t f, A 
',.r... = tOJ .

Clee: :1- ; , ,  the . .1- r ;  . l  : r  i .  l -s .  i f f  \ r . ,  - .  I ,  i : f f  ; iX = t , ;  n  

- '

ro ],o i l i r-r ' :1. 'Tri l i -clT. -n. rgrn oi: t l ie a1s :{ is :r.  f lr-rct i_o:r.: ,_l_

it ' t l  !  . I  ' -> i l  s:rt i . : : f  ; , . i- :r3 the cond-rtrcnr l t ,  * t , j  
'be-'r-o,!: io 

T,e t :

) . ' : r u - t z ,  e ; -  r . : : C  A g ; : .  l T _ - , _ ) "  l l  : , - z i t  <  i l  t . - l , l l  { - l l  : i - r " l t  ; ,  l f 2 ) "  i l  X : : i l  +

.  =  l r \ l  l t  : : t l  i  l I . ) "  l t l  x l t l  =  L l  i f f  : r  i  0 .
i-, J

I Ir- i-n5 r l . ,  . , ' ,e 
:ct

Jj ; , r '51' ta :r l roVC :: .x ior i - .S i t  fc_l--" !_Oi. :s

7-  o  [ .  o  ] l i I : l l i l f  f  - : "  ; ,n  a , ' l -  s

t i : i . t  i l  : . : " i l  7  t t  fo i  c ic l "_  x  6: : ;

( l "3)  [ l  : r+ . ; .11

( t " r r )  '  1 l  : : -1 .  11 ,  I  t t  
, ,1  -  1  i . l l

i  - i ;oget l l .0: .  ; ; j . th l l , l l , . I  * ,  n
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sr" t j -s i . , " ing i ! . . ,  -  lT ,  i -c  c ' : ' .1-1cd ' l  ]^cr t ' tc { . ' l -  r l - r . rost  - "1- rner . r  g f : t?c.  (n l . rs) .
' J

J

Cl-eiz '- ]  . . r  : . r t - \ r  n- l -s i  I  : r  nl t . l to l '1 ince -bhe norn of l r  ne- ' l .g i l .oes

nn-h .116111 6r- , .pf  5, .  . l  r r ,n.{ : r - " i  r r  ^1n *a ( .?Af r .  e 14' \  I l  r r ro hnrro i l  1, - r . -  t l  J  11 1r r v  i r  ( !  r  r u  u j  4 L ,  v j _  - . L  \ - L \ , r r  - _ r  \  j L .  \  i  r  i r ;  t : , . . r v \ a  l l . 1 - - r . _  l r  j , . .  \ J  J  ,
!

1Te r.:l:t.il--1-l soncti-:lles ,,l,rorli in i:. nlr'1,icr.r"l.a:: cl-lss of nornecl a.l-nogt

l- ir i-ci:r ; . inr.coe: i .r cf ined" below.

' l  r  r r '1 * r ' r - lTTmrr \ ra f  i r  c *z ,n" i ^ .  ngr : r .ec ' l  ] - j_ner . : l  $nr ' .eeL O / e  . : J  t L ) . ; J . l . t r L j . , i .  - i  r - , U J \ / : j . ; ( snn"l- r ) j. r;

s a t i s f i e s;l 'coget;i er r',j.th. a sctni-ne-brj-c e on .-{ ',,;lii'ch

it

l lZ bel-o'..:"

x i r  - -  l t  ; , l l  \  I  g (  r i r y )

( : : + z  t i ; , + z )  1  y  ( : r r i ' )

i l  r . ' , '€ hlr . re obcervci . t  i

?, n8,1s

Li, a,ncl"

T, r  I  r r' ' '1  I  r r

l r '  0
I

/ J

. ,,}

(  r r  r r  4 ' , r \. \

(  u . - ,  . t  c ,  
- - ! \

\ . . ' U ' l - j \ : ! /

" l  is n nls t i : 'en -11're on'1 rr

i* tLrr.t ateneratecl bl. '  theseni - : : 'e t i : ic  o . '1  i i  s r . . t ig f ' r r in ' :  1 '
. J..

norn (1. ' .b ic l i  i -s e neir ic on ; i ) ;

!-g!.

< ll x-i '1l

i  c 1
L t . . J ,

:;,ncl

i f

i t : :r " , a )
L

lio';: v:e slrrl.l_l- girie so:le l::-,si c

( ; ;nr : . -Ls )  "

fa.cts v: i r ic l : : .hol-d" in a nzls

1I bg n-nt}.r and -l-qj; - q  1 r  r y E ' i  T f
" j:/*l o *-. l

( t  G \

t h c n  l t  i ' l {  =

r ,  ^ - ^ -1  ^  +1^  ^ . ^c ' "  ; . , j ; . - , j . : -  l_  _! : i :uJ-

l r ,ogI .
. ,  - t .2 " , r  =  " r  t .2 ' - , t .

>i4- : i r  ? : : , '+u '

l i  z t i  .  In  ' : ' : . i . t i :c t ' : l -1 . r "  i f  ; : =  l a r r r  t h  p t ' ,
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