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CIn' i ; t r "e c i i r i ;Jor: : l  i tcrrr :  "" ihe r" tu iab*y of  colui tus e<1ual  t :o th+; i i l rb*, : :
of .l i;:e s .

1n ; ' : - r ; : i^ i ; .u;  u i l .c  * ;uEt* l i r iael .  i tc i , : , :  t i in,  ihr)  DFrr: , .J j .oI l

r l i th ;ub l r r i : r i c r :s  i i : r ' i ; ; c  o f  c lc l re ; . r i s  rec :cs  to  so1.v in3  so i : i r ;
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I r r  ord*r  to  obta in  (
'r,y# ii:ci"*ass tlr* right mcinber
B* la t ions (  Zr i l )  i inc l  (  Z , te)
&.ad (  e . I l )>  respe,c t ive ty  c

f or eny. 
In lt,

,$ubstl iut i . i .r;  I  - b:tt"nJ OLn,m-l) i: , ;* obrni;r ans., jher r lorm cJ :.eJ"atj,J:r ( e.9). $

N=  I  
Lw .>w)  i nuo  t he  s i ; : c i e  uqu* t i ou r {  z , L i

o[It'*l 3to'*') ='L*( I'i*'i' $-i 5Tr-] ",fr f,
l

- - d ,  r r i ; l l i n 3  r s *  o i  (  Z . E ) ,  i L  r e s u l b s  ,  
' t ,

I .utn,*)li* [ ]'*' IL'J rs* L 1- ('l-IXil.- {) L"Etq!*'w}) ,,tn,vil-t) (vr

.+ lr urLr' YT?) , {-nl} ll ll \{ln"m ) ll+ c' * r  - : i  i l 4 u i

M
T
(--t
\ - 4

Noie thre'*, i{ '{;h* pr*viore }-ennta, 
*Ln"rn) cil,rj..b-e uily. '' CIljp'-rei;i*ra,b;j.'ch or ' $tml, tn'. e i;o*y. c:J se ,, in,ue ;,3:re ting, ( 2* 9) , *ho

SliEf;iliXi"gt:lflf8-fii,:.rd/s$ i.r: "n Xtttit* y!1'+ il6 tyt-:--i li*fu 
-

f f i . re er l rcr  c f i 'b imat*:  cor t i i *  i tcrr^ 'k ioo* 
' -  

o i  s i  iu i i , i i r i , ro; . . is
oc lua ' i ; io . i : s  (  1 . r .  )  i r :  5 iv *n  by

A r  , , ( rn )rrt- Ly.
l {  I

nta this sEu:i:ti$jtl
ubst i^ lu i -n i ;

)  ,  \ i e  o b i ; c i n

, !n,nr) [*Jff4] ,.t'{, - Ll' ,,u)rfi)J
J t  J l  ' J i  J t

IJ

'T 31n'* 'XTiti,if

rIt*'io* it t'N( y-r)(M-t)l ilt'trr*, J,*-,'ilo .
f ' Ig?;f*c Subiract i ; :g sq*ei; ion ( a. Z)

oLLx,$) =(b' ,1),  {on a* l  j .  R*.
- :+* r :b*; l i ; r  t i i *  *Qu*l ; ion

u.)+f- quti"*].-,,)- [ a(q,Ln'nT 
-r), 

\-  ̂li' ' fFr 'J; ,l,j' '.ft;"u 
, h)=4, te.4*)

I . J  "  
i " j

/  r ,  t * i \

\  * . L d )

f rom *qun ' i : i * *

\ .c .  ro )  r rn  the  l as *  i uequa l i t y  I
* *ck rng  in t *  ecc*ua , t  t e_3 )  "
f i rs  Srerr f icu lar  c&ses o. f  (  e .g) , , :
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outf iF *t+rui i i "cn n +.f  *hs i**.rsrt ' ive jx:gqss$ ( e.?) , .  nft*r
*Dcr . .  or rn inS n i l j : . ie r "  i i r : ' , " i t io ; rs  f  or  sv6r ; / .s inu l tun*c i :s  $quGi ions
o f  ths  *yp*  (  1 .5 . ) rn *  neve  , :  ; r  l

ilyle)-'..itn'*'ll - < an ll,{(*-} u tru,r"-ti11 ( ,u t r,\ .,.- i.
J lta.* ,. rr I I ile ) ( ,c,. L4)

r+here : a -,* 
t, '* ) d: Ltr--{) i t-t){rr -{ N}' lP' :.-,;

\ 6 - - + h ) ' *  
- \  

L  
- ' l J  

o

fsg#r
.  j t * let io i :e (  e. l t )  *nd (  .e,L,e 

)  g iUe

lL r c rn ) l  r  FM,  r o ) l' 
f,, '( I 

' l 
qLo)l ' '('e:'L') i, ( / . '  .  r J  l a )

wheye I-* ---{---- ,c F' r l/r.

t6E,' ile 
= i (t-"1)iP- dXf4-t)i ":

i ,10r  ever ;y  s imu l ten%*s  f iqL l . r t io r :s  (  L "3 . )  so lve  d  b . r
. v'b i : *  s**" i ldar{ . j  Gaus;*  $**dc i , ib*r* t i * i : ,  i }s  c ; i *  *s"babiagh.* , *n . : : , i

inec lu* l i *y  c i  t t rs  i ;ype (  a"15)  o$uniu in6 up, t l r *ee J-n*qunl i t i *s
axd ta le ing { ic*ot :n t  o f  (  e_n3 r , la . ,o ,b te in  (  Z,L4 ) .

.r1 tui;*l #rr.:r *s*il jr*te ls giv*x b; *n* "f*3J-*ui.rig

Ti t r , i  or r :n  e ,1 .
%

AE #T"ror es* i r i late of  utr*  i tar : i " i : ive - , . ; rocsss (  E.T)
nek ing  nse  i l j l  * .h*  p r r *v io t l s ; : t re* ions  can be  g iv*n  b$ . , ,

/ n  r ^ - \ r  _ t ( \ ,  t t1 l  qttr,m)l- *.  8" ' ! , jLo)lt J  t s L  J  l c { , )  ( e . 1 6 )

,sh*r",* [[ l-nn; + An ir Y r ' v ^ v  
b  =  - - -  

- L -  -  
:

J



*  L l *

Fr,:c"f

3 ' r *m r *Le* io . r :s  {  g*g)  and (  e* t4 )  i t  re  su i ts , t t r r t
o 4

lura,n*)la_ I q tn,rru-r: i f  + 14_r3o)fiqt*)_ utrl ,vrl*$);1t,. , ,. J  t &  i l  l a ,

and f  ro; : r  (a.  io )  an, l  (  l ,  .14 )  )

lgln'ru i;- i5+ an ([* ttill itt^I 3 
uo,'rn/r=,J 

il] i" .
]3s t :Lnr i t ion  (  a . l c ;  i s  ob ta inec j  mekrng r ] f i s  o f  i ;he  iac t

t . , ' ;o in*ciue.ui i ; j "es I

I i r t L i e f n i 1 c i ; i n ; i ; € s h l , i L c e i ; e r r n i n e t L i e i i u i r b e r a 4 ,

of  i ru:er i te c"st ione *nc *he nunir  *v \T6 of  suter i$erei t lons'
provS.ded thet the conput ing i ; imo : .s 6iven Lr,v t l re fornula

{-= "fi6 (% * o%), / , i  r  r r \
\ a o L { J

i+here  ,€ rS )0 ,  end *h*  e r ro r  e  s t in ia te  $ t -ven b . . ,  (  e , iO)
b* iri an o;:t in*I" rslation .l ' jor* pr.* ci-sc]"y s - ss ei;ail s**tr*
the f  o l lout ing ct- . t ; lmel  p.roblcn; : 'o '  

.

i,qnj.l,.irll, #.,}** .Irr in f ffi;

with consf,rain*s ffi, - ** ), ,.16 > o , ̂ /16 > o,'#?srs g >' 0

ryh:ry#. f,"ffi "r6cE+#rc),
. r4 i f ih  co: :e t ra i  nrn - ' I t "

'rrrers o < b:;:- 
e t'itt *4 L . TG > o., 'rP6 )o:

'  
! -or  f i re seice of  s impj" ic i t ;  ue aesi l rno that , ln6 end

" f6  cn$ take  f inJ  pos i t i v *  va lues .

r*rrcLled on *hs r :o ' } ;dary ,  and i i ie verJ-ue of  T6 is * t re sei i ls . -
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rr n r, c.i ;i r*.i. {",ir r* f U.fiC t ion r .' , , J  
L l i . { ; ! u  \ , e  s L i v  4  . , t . U V  U  t U 4 J

c , * .  * t l t \ * * 1 f i )  / . r  1 c . , .I i ' y f , ) =  F n i l , - ' *  ( e - 1 8 )
J r . s r , _  u i . r b J  

I

i i r t ice thst t i :e 1,)cin' i ;  "r t  e R , & )o .r  i f  i t
e*q!sts '  r  

- , lh ich gi ' , ros th* ninimul;r  o l  ' t ;h is fund;t isn is : i lh*
op 'b in r I  n i ;L , . .ber  o f  in : ; i , i r  j . " l+ l ' . , t i cJ t  o i .bhe , r rob iens  u .nd , j r
c*i lsi{i*ratipn .ffbe f unr:tioi:s *lUA: end :

dre

h,$L)=-(6+sre)/a+ [ (ra) ty\bat f(*0t)
l l , t  r r r \
t  / -  t \ l  I
\ * t * / , J .

-  arq ,a f ' " *he sr j i i l s  s ign*Th* ddr ivat iv*  o f  f  ur :c t ion (  2 .gg) . is

dtltrc) 1 1 dfeml)i dilfj r: ,-*.1 0 r.- . _ . 11drwe: \L- " 1 !  |

E^ra 
- L r. ntn'-_ J 

- 
;*161-* ct16)JrnLfi;it?il*l ,

a n d : i , t c a n b e s h o ! . { n t h a t ' t h t ' s ' . h e s a t m o $ t o n e a & r o ) n n c i t o r
l*r$e:: .  val*e e si  te i t  is j losi t ive * $inc* , ,  

)  '

g ;  r  '
ti\n htr6) =-E/+ , [1,, bLq6) = rb

" . .T6-->o 
' 

{b** ao

i t r ' * s u i t s t h e f h t t e ) h e g ' a u n i q r " g , * " o , n r . i c h l s a l s o
* i : *  n in i ine i  po i -n t  + f  i -u*c* inn ( ,E, tB) .  [ i rc : ,e  for ,or  * , ro i r l6 f i ,s  e . :1 .
and tnd.hav* & ui l iqiu* sn]*r: t t ioi tr  r

$i*er,Lly ,  cons: ic*r ing *Lre invers* of ths . f i rue * #rror
p.ro'*uct a.s a.n obje c' i ; iv* - f  ui :ci ; icn 1d* cr in sl loiv thai;r

I

gng$*.n-c,-fu mdx rnin EcrffL^rraty* #Ril-{
T6>0 .Yt '?>O 'J  f

ttes a uri ique eclu{;io.n enC Une ,{i} ite.rt i . "T6 i;: the o_.;, i; i tnai
point is I i , r: i l fuich iry *he o1:ti.nal nu;iber of i.rrn*r ltc:r:ctions
f o r  i : r o b l e u s  Z . L , & i t  l . t n

sunf i1 i i l l : j  l IFr  1{* ob*a: i .n ther, f  o i . j_ovir ing .
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fglJo.s l- ! Lg 4* i*.:-*.:

,  j i i .ob l*ne t .L ,  a*?,  r r rxc  E*3.*

dtl&r) 'tfr,Tfrtu) r i i$d(,ft"TYrr)
i s  the so j ,u t io : :  o f  *qua* ion ,

biqr6)*s  >

hsrv*  u i : ique sc lu t ions

. re.str)#ct iv*ly ,  i rhere 46
) - Y

.

t '  q  , i - - \

\  6 * , " ' u  I

en.; ,' r/(s* e%J , f* *'5'*l (yr tt{6) , fB** tf{nt {.k) -

3"  i !?aet ica i  c t r *ck ing of  *he er ror ,  co[c ius] .ons

i '  fh* f  o l l -u in;  pro3roei- ton *rro*s -r . ls  'bs check the *rrcn
iry n$ans of  t i re lecr* t ' ; lo approxlnai io;rs of  tbe sotu* ior :  i  .

' ; }^ 
^ . ,  ^^ {  J- . i  ^ .^J . . !  U - i J l J D - L  U * L r ; J  4 .  I  t

.  ; r  r  the i teret ive procsss (  erv)  t ;h*  Error  est i - rna*e
( Z.t*1 holr ie true ' i rhen 

" ie I i lbe ratt , , ' r"r t ] . . . ( i l , rY1rt), .{nrvr, i '  . ioi  _ I ,n,t} , . .  (o)
:  . !  J  rX  - x  "  

i  Y ' - ; x "  _  x ' , . ;
the rel.ei;ion corr€stt:oncing to j:he €rror est:.na*s .for the
i;:ne r i.be::rrionc i* llx(hr.nl *(L*ll(Ail{r\': /n-rluii f or eny i?L>.i .

e" u' 
"e. 

-

t.''oqg*
I f  r* Lnt io*,^( e:Li l  ; ;ere se.Lief i ,ed * irsn 

Utq xt*nl *trr ,)
fru; t , end 3t4'tlt 't) ,;it i: tlre n*:j; si8r:if icance ,1,.h.*;r 

)
r * la t io : rs  (  ; .9)  *  (  e-LZ)  t i r iv in6 ths f icw s i1 ; l i f igeuions
c*.n h* d*, juc*d * i :e. lo#s$sly to *he proof to"t** i la,r i  , .2, iL*

T l r *  new re ln t ion (  ' * .L i  
)  resu l . ts  subst ract ing equat ion {  a"?)

o f  i t e r i l * i on , - vn . f rom bhn t  q f  i *e r * t i on  rn+ }  * In  o rds r ,4 ;o  p rovc
*[ ' re rela*io$ co'r-**-ooni i-r :r1 'bo in*qual i ty.  (  2,,L4)r let, , the k*th
se t  o f  ec t r i r sv ions  (  2 . i l  o f  t he  m* th  ou t+ r  i t e r .a t i ons
Nr< '  Nn ^" ,  N*"T - , tr1,Ffi) . *" (n.m) -ii.3. rn-r m\ . , fn
| *(o*i' ', q ,)n )*.q.t*[j'"]J*i)- Iros|l-,,*ll,l= (b[ll*),I =t " JKt i, i" { 

' UKJ l,d;'i u *.1, *'-' 
ili *J
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r l
FIK
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i i i t; io,r. i i l{ i  irr;rl 1;0 *!rovr* r
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l | @ * . - . t u

t  * . t r ' r c i l  l l ha t  :us  s : t i : * * r i  r rbov t  i , , ;  rs :sL ; i . i ; s  t i ra f  c  z  "  r : l
i . s {; i:r,,: Hi:l lor eg i; ir i;.*; ir. l .;hcc ce.l; l: o-f c.{i l i ,:.[ i-ons ( ; ,I) {ir* ,.. ,, .
ex ' tct iy suivr i  r , lnd (  . : .  t i i )  l l i r r r , ;s th* srr .or  ss,b; l i l ra i ;e+ r"h*g ,  ,  .
(L '3 .  )  a re  i te re  i ; i ve iy  ,  so i "vq- ,d*As  to  uhsse ee t i * . t io i l s , - : '
ss sita J- i. no '.;i c c ,,,- iie t l

" a) l.f iir
i ; c  ( e " l : ) , , j h j . s

p l i } C $ : t : : ' d  (  ; , n 7 )

* I, 'kb.s:: $',_:f".{-:' { er.nC ( a*fe ) i i,, a,ij*J_ogous
i .e; i .* col:r i . : ' -- i : ,r: : .1:!"0;t l ; l .r . ir t . fr l : : ,  j i1*1"r {;;h* i , ' . t+; i , ; . : , ivi
b. .COi i : f i  l - ;  ' ; i i r :  

V i ; r , . I  u" i : : ,  ;X l i . :C-  . i : :L l  U; :*  f i r : .^ r : l i ,  j
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i  t+re'i; iv,i i jJr o c6s r;r *

i r )  I J  l i - l - r  J ra i i r  (  A . :5 )  -x*  ob*a in  :<  =  X(s ) ,
i i * : :cs,  o i lv ioucLy ,  iJhc; i ' , l r - :  h. : :v* oi i lJ  on_s sub$i i lL lTj : i j i  og ths
r,, iai;+;at el"i ld th* **::r, i ls;;+;*j.;:g syst*n CI.f e(jui&*i*$s -ls
ex, ic ' ' - ; ly  scLv*d ,  i ls  o i : te in t  he o. l i . ] .c 'U scl-u.c iun f  rcn t i ie f  i : :n,b
* , t - . -  *
i l L U U  .

\ * *c)  l ls t i ; , :a t ic .u  (  : : "  ie  ;  bEcc i r*s  o . f  the (  a .  t r r )  *ype : f  c r  1
s i 'F+ be .  'J l i is L:ei i l€c' !r--+ th* i*ci .  i :hat i .n *his c&$s sysbcns, ,
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"  
,

d) : i f  in cs*j-m;; i , ir . . .  { , :  -:  * .  -. .
,  !  ,  ,  

t -  t - :  
:s t inr , i ; i ln  
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{ a -
I
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\ €,L
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C L  d t . .  " C - # t - \
L  ( L * , . f , 1 _ d L  \
t  {  l 1 t ,  t  I
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fh*se na*ricqs ars "t)oei*ive de.fi.nite f or

- -1* -€ e{ { x ( se e tAl .,L6l),
N * t

Lrr0"*'lli 
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