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; INTRODUCTION ! 

"
, In [3] B,Johnson and S.Parrott proved tne ' 'beauij fr. : i , ;esult that i f  an operattor
tl ; .-l' f  en(A) commutes modulo the set o! compact opera-"ors K(irJ.with al l  the operators in

a von Neumann algebra MCB(H) which does nbt contain certain type II,  factors, then I '
L

, is a conrpact perr.urbation cf an operatJr in,the comrrrutant of l '4. In what fol lows rve st/

ihat a von Neumann aigebr;r M has the propci.ty',(3p),if the pr,eceding theorein holds trr:e

for M. The argument used in thbir paper is quite,9.lqry-rentary. The idea is to prove f irst

i t .he't; the'abelian algebras have property (JP). Next one uses that a qn.itary opera' lor with

i absolutely continuous'spectrum cannot commute wit lr a nonzei:o compact operatc,r, $or I
'  

,  ^ . . L ^ r - ^ r - -  ^ ^ ,  A  .  A A  +  v r 1  i
f  i f  nCM is a dtff ise abelian von Neuma.rrn"pubalgei-rra and 6: f ,4 -rK(IJ) is a derivation,,
1 "

i such that  6(a)  = [K;a l  for  some' t< eK( i . I )  and ' :a i l  a  €A,  th ,eql le  der ivat ion 6 '= 6 -  ad,K, . i ,
1 . .

itakes values in r<ia) as weil and in addition vanishes on A. Thus if , : M 5 .a uqilary I
l s r

I element that norrnalizes A. r-rAu* = A, and if o(a) = udu*r then ux ;,#;ilu,,'so that f.or ail, il : - - - ' -  : 1 j . - ' 1  l ' i  o .  I

,  a  eA ,6 ' (u )a=  6 ' (ua )=  6 ' ( . (a )u )=  da )6 ' (u ) .  Th i s  sho rn r :  t ha t  l 6 ' ( r . r ) l i s  i n  A 'ands ince i t ' i s  i
^^h^ - ^+  i +  +n t t a , r r a '  

' * r - , - *  
l n r / " \  |  -  n  F , - ^no  A t / " )  - .  n  . , ^A  , t / , ' , \  *  i I <  , , ' l  Th i c  , c r i ' " r n l a  icompact it tollows' tLrat l0t(u) l.: 0, hence 6'(u) = 0 ind S'(u) = [x,u]. Thls simple

iargumeht and the;rnportant fact that d.' is'autornaticai' ly weal.. iy continucqq,qhcy,'that if,

a von Neumairn algebra M has a diffuse abelian sqbalgebra A such tl'rat its ncrmalizer in

M, N(A), gencrates M then M has the properly (Je) It  then fol lows i:nri ,r 'diately that the

vori ' 'Nbumann a.lgL':as 'with diffuse center'  and the properly inf inite von i i ieumann

algebras do have th=e property (JP). The problcm is so reriuced to the study of the type

If, faJtor case. Furthermore by the above remarks if M 'is a type II, factor that has a

Cartan subalgebra ( i .e. a maximgl abelian subalgebra wit ir normalizer generating., l i{)-.cr

ipl i ts such a factor ( i .e. M = M, OM, where tr l t  is of type II,  rvith a Cartarvsubalgebra)

then M has the property ( iP).

i i  Our main purpose in this paper is to intrb'dr- ice and discuss an intr insic property

for II ,  . factors that implies the property (JP). This property, that we call  (C), is wearker:

than property I of Murray and von Neumann, is stable under tensor products ( i .c.. i1' ' i .rX'1
I

has (C) then l\4 ei\ has (C) tor any N) and holds true for factors with Cartan subalgebras. I

..-r' , ' j!

. . :  !
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i ' l - iLe-tne jJfoperty-1, thC pioperty (C,l ' i5'an,1,a!y,*06r,e cornmutativity" type property." J t . - Y , . ' | " ' v . . f .

Unfortunatel lr i t  set;ms to be diff icult to verify. Acr:uall1,, hei ides the factors knorurn
(apriorical ly) to l tave Cartan subalgebras cl the,.propet! I ,  rve don,t knou, oth,:r j

exampies of factors with propety (C). por instance, are the factors coming frorn .r.6e i
free groups propurty (C) fa': tors? 

i
Thc main te':hnical "esult of the paper ailcwing us to prove tlrat (C)=*(,1p),,,is,;i:

that ar,y deri.vation,of M into the compacts is cur-,r inu.ous froin the r" init  bal l lof M with j

the strong operator topology into KG) with the norm toporug|. For rhe progf of this
result we'use the Jottnson and Farrott result that the-;abeliai i  algebras have the property
f ip). Note that ' i f 'a.derivation is implemented by a compact operator then, of course, i t
ls so-r'lorrrr Jc cJnttnuous.

I l. A PROPER.TY OF ltl FACTORS

,: t ,r.  what foi lows M wi. l l  always be a type lI ,  factor acting on a sepa.rable,,hi lbegt
'space 

H. The unique rormalized trace on M is denoted by t and the,co.rnespon.d.i 'g norm.
uv l l  '  I l  2- l t  Bc l l  is a rron Neumann subalgebra (always assumed to have t5g same unity
as M) therr E* denotes the unique trac-""preserving condit ional expectation on B. If  e>0
It i len"tari 'e-Part i t ion of the unity in M is a f inite, cl inrensional abelian von lr ieumann
subaigebra Aoc M wi th  t (e)  (  e  for ' ,any nr in imal ,pro ject ion.e e Ao.  : , . . , .  . , , , ; . .

' : DEFLI{IT'ION. fu{ has the property (C) ;r for any finite set of elemel,s

, x1 r r ' ; ' . , , xn  
e  M and  ce>0  the re  ex i s t s  a  f i n i t e  se t  y l ,  " . . , ym b  M such  tha t

(a) a,ry x. is s-containcd in Span {yr}, ir  _ .  - ) 1 .
i (b) for ''any e>0 tlrere exist inutually comrnuting e-partitiorrs ro1, ,lh€ unity.
A , .  . . . . A  s u c h  t h a t

L ' m

l l r  ( . r ) - . , 1 1  . ^  i -l l  " n ln  N4(Y j )  
-  Y j  l l  2  <  € ,  )  =  I ,  . .  .  ,m ,

(an  e lemen t  xgw l  i s  g -con ta i r red  i n  a  se t  Sc [4 , ! f  t he re  ex i s t s  seS  such  tha t  l l * -
- s l l  ,<c).

I t ' is clear that the condit ions in the preceding definit ion are very diff icult to
verify. This is;:rairr l ir  because the asymptotic commutativity condit ion (b) cor,cerns the
intermediate elements 

I j .  
' l 'hesc, 

in turn, are related to the init ial xr 's by the rbad,,

condit ion (a).

PROPoSiTIof,i. If M hos any of the foilouttng propertfes then f t hrr.s property (C).

"rtr"r,.ora*.,.., 
l,
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(ii) There exists ctt increosing seqLLence of subfcctors M,, C ,M slrch thoi

= I J M" dnci e(,c"h I\4n hos property (C).
f r n n

(iii) l'1 lras property 11 (see [6].

(iv) U hos o: Cartait subalgebra, i.e. a muxfrircl abeliart su.batgebra. A with. the

nrrrmalizer w(A) generating LA.

I
i  PROOF. (r) and (r i) are immediate.consequence of the cJefinit ion.

,,  Suppose M has property I.  Let o be a free ultraf i l te'  on f i i l  and denote by l lo

the corresponcing ultrai:u.r 'er algebra (see [5]). Tlren Mlf iMo is a dlffuse algebra (cf. l '21).

5o,  g iven * l , . . .  rxr  i :  M anci  e  >0 there ex is ts  an e lpar : t i t ion of , t t re  uni ty  Ao in  Mo s.ucf1

tha t  E  -  n , ( x , )  -  x r .  I f  €1 :€z . . . , € r  e  Mo  a re  the  m in i rna l  p ro jec t i ons  o f  Ao  and
A;nM* r  r  L" : '

" , = t j i ) " f o r s c m e p r o j e c t i o n o { . [ 4 w i t h I " T = I a n d . t " l t l = t r ( e r ) f o i  
' i l , l k a n d i , i t

T '  
I  O J .  T ,

k  k  k .f.ollovrs that for k large enough the algebra Ar generated iry 
"i, 

. ')r...,e] is an e-
-part i t ion of  thd'uni ty in M and sat isf ies l lUOln*(x,)  -  

" i l lZa 
s.  This shows that M

ih". prop"rty (C).
i

i  
S- lRRose nov;  that  A:M is :arCar tan subalgebra and x1, . , . . ,Xn e I \4 ' ,  s )  0 .  Then

j the re  ex i i t  a r , . . . , dm e  A ,  u1 , . ,  " , r :m  e  N(A)  such  tha t  x ,  a re  o ,  -  con ta ined  i n  span

i {u, r , } , .  Let ,g>0.  Using Rohl in ts  thgorem one can easi ly  construc!  for  each r i i  and s*

l - f " / , i , i " "  A . ' i n  A  ru .h  t l , u t  l l uo , . , o , , , ( u i ) - u i  l i r . e ( [  l i u i l l 2 ) ' l . Then  , j =u j J i and , \ , .' .  )  "  A i i l t u l  J  J " L  I
are easily seen to :;at isfy condit ions (a) and (b) in the pr:eceding definit ion. Q.F."D.

. t .

' 
z. A CoNJTrFJ{.JITY REsuLT

', As bef<,re"Mc B0J) i's a type trI, factor acting on a separable Hilbert space Ii"A

derivatiol i  6: M -r 'BG) is a l inear appiication satisfying 6(xy) = x6(y) + 6(x)y. Such a

derivation is automatical ly norm continrrous [3]) and weakly,cc,ntinuous ([4]). Since thl.: ,

set of compact bperators f<(g) c f(H) is a tvro sided ideal in g0{) it ma!(p s?r'.r$e bo

consider derivations 6 qf M into K(H). Such a derlvatlon is cal led inner i f  there exists

K e K(H) such that 6(x) = [K,x] .= Kx - xK for al l  x e M.

: We recall  {rom [3] that M is said to have the property (JP) . i f  given any

representation of i t  on a separabie Hilbert space /r ' ,  any derrvation of M into

inner .

" THEOREM. ,Let 6 : M * X(H) be a derivstioruJh€n*d ig contfnuous

unit baII of M with the ptrgng o_p-efg-t,grl o_pototgy tq ;<(Hl ytth the ynifg1m 1torm

normal

Kft) is

I
,nn i
o':.1,

from

l0norq



i- 
- " pnooit. .we have {i, sfrow ttiat it (*")n is a bouncicd sequence in M with

;11xn l lz  + 0 then l l  e (x")  l l  *  0.  I t  is  crear that  we . ;n ly neelro prove this i r i rp l icat ior .
1in-the case Yf a:'e selfacJjoirrt elements. Moreover, s:nce l l i*n I l l2 = 1f x" l l '  i t fol. lcws
i t l ra :  i f  l l xn  l l  2  

, } ' then .  l l ( x , . , ) *  l l2  - r  0  anc i  l l ( x , r )_ : l i2  *0 ,  so  tha t  i t  i s  su f f i c ien t  rc
prove thar i f  * , ,  o 

i rn ,  l ln, . ,  l l  < t  and ; lx"  l l2 - ' r )  then l l  6(x, . . , )  l l  *  o.  I ror  e:ach suctr
x- Iet en be tirs spectral ;:rojection coi'responcling.lo tl ie inlervat t l lrn l l i l ' ,  *). Then
rve have q

l l xn ( r  _  *n )  l l  S  l gxn  i l  2
* 1 o  \ z  l l -  l lo t n ' 5  l l x ; ,  1 1 2 '  

l

r - . " - k f < .  ,  v  t t=  |  2 - ' , ' q : . -  i s  the  d iad ic  decompos i t ion  r . , f ' v^c - r  rv i t l i  e l  p ro lec t ions ,  e ' " (e  .
f  

n  t  - - - - - - ' -  ' - -  - - n - n )  ' r ' r "  v n  r  -  ) -  - - ' " ' - ,  
1 1 _  

* l l ,

l l  6 l i  l l x " (1  -  en ) l l  + ,1  , - , . ! l  e re f ) l l  s  i i  o  l i  l i xn l l 2 *
l ( "

Thr"rs" i f  x e
I't tl

then rve get

,  l l  . i(*^) l l  S
,

:  I  n l c

rM 'such that

Yr

I.
k

2-r' ll 6(.ll l l .

i f  ( f^ ) r  are pro ject ions i r ,
r r  r l  

l .

i f  xn and ei are as aborre

we get s;p l l

| | 6 ( x n ) | | 5 l i o l l i i * n | l r + s ; n ; ; o t - | l ' 1 1 , . t 0 .

I  et ' ls srnpose on ihe contrary t lr ,at there exists a sequence.of ,orojections (f")n

in M such that r(rn) + 0 but l l  6(f") l l  ). > 0 for ir i l  n. We may Lurtlrer arsr;rne that

It(t-,) " 
* . Let gn be the sup;grnum of the , project;ons ifk)L>,n, t"=Uy'^tU. 

'i"hen

'(gr,)i,.J- dt,,) tencis to zero .,.vith n. Let sn* be th: support of tfre 
"t*rn*'f i ' f ,",gn1*.k ) n  

r .  r r r r l

Then sn; (fr, ,  un.J .n,n i ,  rna,jorized by 4n .so that 'r(s.n*)s"r(gn) + 0, fcr- each f ixed m.

.is decreasing in n so that gn,r, is als,r

by the inferi; i :  senticontinuity of the norm,

11 6tr, -un*) ll ) cl2"

fol lows that we can f i .nd inductiveiy an increasing sequence of i i t tegers

srrch that the.  project ions hu -  t , ru.-rnu*1,nu sat isfy l l  6(h/  112ciz.

shows that i t  is actually suff icient fo:pr.-CIve that

r(f r) 
+ 0 then 6(fn) -r 0. Indeed,"because then,

I t

6(ei ') i l  + o. tnut

1 i

I
I

I

I
I

Ihese projections also satisf y r(hk) 1't(fnU) -* 0.

.h



o. definit ion of hU we get

f- h,. ( h, s. h, ' .  0"h , .  K -  l ( - h , . . , t ' 1 , . - ' k
t \  K . f t  K

0  a n d  s o  i i r . h , .  ,  :  0  w h i c h
K  i ( + I

\tr
.-.t

rleans that h, ar:e

; l r

i ' hp8.' hr. = hr.f^ 8^
I  " - " k + l  ^  ^ r , ' . - . n k n l

i
I Thus h,.g,, = 0- rn particular h,-f_ :
,  

' t  
"k+  l  n  nk* l

al l  rnutuai iy.o ' ihogonal  project ions.  Srnce we aiso,  have l l  dhk) l l2ctz we obtain a
contracliction, cf. [3j" . e"E.D.

coRoI-LAR.Y. If &i ond ri ore as in the prec.ectrtg ilrca,e,nt

f u unftorl, elem.r:t fn M]' then for ony B >C there exists o:>0

l l * l l  l t ,  l l * i l z  < u t h e n  l i r * l l  o B o " , o  l i . r l i  < B / b r t r n y . r , e s .

'  PRoottr .  By the theorem tr^.ere exists o>0 such that l ly l l  s t ,
l l  o r v l n r s t t " s i n c e  d ( u ) u " r . =  6 ( y ) - r r 6 ( u * y ) a n d  l f  u " y l l z =  l l r l l r i t
; '  l l  6(u)u*y l l  s l t  s(y) i l  + l i  e (u*y; l l  

"z{:! t
for any unitary.clement u in M. Takin6. convex cornbinations and rveak closure. we,,get

i i rv l l  < g for ai l  ' I  e S. Simitarlv l lvl l l  .  g ' , : :  
a.E-D.

i 3. (c)_>(rp)

' ,  ,  t i ' , . ' [HEORE&4, I,et N4 be a

IfM hos the properfy (C) tiren
j((H) ts tnner"

element in I"{ i .  Fix {xn}n a sequence of ,elements in the unit bal i  of M, clense in the rorm

l l  '112.  r -e t  n  i  ' l  anc i  a>a,  By the def in i t ion of  proper ty  (c)  the i -e ex is t  y ,  ,  " ;  ; ;y*  e  M
such th*t * l  , . . . ,xn a.e o.-cr)ntained in span ivi)*2;.11'rvith y, satisfying propert j i  (b) of
tha t  de f i n i t i on .  So ,  f o r  a rb i t ra ry  c>0  the re  

' u re , ' s -p " r t i t i ons  
A t i . " " ,A r  mu tua l l y

commuting and such thac l lonin rr,1(vj) 
- yj l l  2< e. Let A be the abetian subalgebra of M

.generated by 41, . , . :A,  and le t  K z IKH) be such that  s(a)  = [ l ( ,a ] ,  for  a l l  a  e A,  and

i , .".:n 
tn*, 1..:,t (cf. [3]). By the continuity result aird its coroltary rve have ll o(v. -

i -  
oo in r (v , ) ) i i  . . ' and  l r l - i i  ,  y j  -  En in , r (v , , rJ l l  .  u 'where  e '  -o  0  when e  - *  0 .  Denc, te

f ,  
^ j '  , , u ,  )  "  , ,  '  ' )  ^ j l '  * ' r  ) ' -  ' r

ib t  " t ' . - " ,e1^:  
the min ima. l  1- r ro ject i ' r tns of  A.  S ince (6 -  aa K) lA = 0 we get  (6  -  ad I ( ) "

f (Eu ,n  no (y , ) )  =  [e , (6  -  ad  KXy , )e , .
l :  , - l  l l l v l  J  :  I  '  

j  I
l l '

type 11, f o.ctar acring on a
I

env deri'"'attan of il{ into the

q n d s = C o t { o ' ( u ) " ' n l

such thot if x e l!1,

l l  I t

l lY 11, < 0.rmPlres

fo l lows that

separable Hilbert spoce IJ"

set of compact operctt;*s

Ir

ri



l l

r4.reover f  ie ' ,(6 - ao Kxv,): '  l i .= l l to --au r) ie,v,e,) l l  s l l  6(eiy.*,) l l ,*.1
] 

l lo-il,? ll . l l*i i ' j*ir< f l ano applving agair: ti ie prucedir,g theor:em and its coroyary, isince t(e.) < q we may atsc suppose ff e,(6 - acl rq;1r.)", l l  " 
e, vrith the sar,,,e a,

before" But e. are rlutually orthogonal so tirai rve Ret l i(A _ ad K)fF - f., )
uuL * i  d . re  rnutuai ty  or thogonal  so t i ra i  rve get  l i (  6  _ ac l  KXE n,^ . , (1 , . )  l i  =

f l t , l v t  ' J  ' l

llJ:llu ."0 
*,oll,:i 

ll 
.1 

, "**o :],- 
ll(d ad Kxv;) ll s li ulrr FA,nria(v;)) !l +' '  l l [ i ( , y i  * E o , n r , , r ( y ; ) ] l l  -  l l ( 6 - a d l c X E ^ , . , , n ' ( J , , ) ) l l  . . 3 e . '  

r
)  1 . ' r | | l ' . ' l - J  " ' - A ' f 1 1 t r 1 ' t j t / u  

q' Note tirelt, e (and tirus e') is indep:endent of a and of he choice ofrv \_ ! rs  v r  ( I ,  c , " i l ( l  u r  u l ( j  cno lce  01  y l ,  
"  " .  ry rn .

Therefore i f  e is small encugil  (to i*sure that e' is .srnall  enough) arrcj for i ;ppropriate oo
the compact operai :or  t (  e S wi l i  :et isfy l l (d _ ad f :Xx,)  l i  "  

z-n for  a i l  i=1, . . . ,n.  We
derrote such a i( by I(,..,.

, ,, so il:i-;-;ff:"H::,rj il:llji{: ^o'11,"*. 
,ha, d(x j= rr,:,ir,or a,,

"strppose T is not a. cc;npact operator and le-t BcM be a maximal.a.belian x - sub-
g]g:0.". By l ; i . , t j rEre exis' is a compact oi,.3rator c e s such that [T,b] =d(b) = [c,b] for
all b e B, Tlrus, ii' we denote f, = T - C, tlren [T',b] = 0.

t;  sinee T' l ' is not cornpact but conrmutes with the,projections in B it  fol iows that
jthere exists a decreasing sequence of projr:ci ior-"s {en}n in B such thal {en) = 2-rra}id
i  l f  enT'e., l l  = l l  t , f f  ,  nu, ," tr i ,  .onrrucJjcts thc corcl iary.

i 
Tiris shows triat T must be a compact operator. e.E,D.

i ^

l ,  
*EI|,4ARKS Io. 'As pointed o.ut in [3];, i f  bne.,coulcj.shc;v,r that the set S defipei in.i the corr.r l la'ry of 'section 2 and in :the'proof of the preceding theorem is c;:rtainec in

K{I{) then the Ryll  '  NarrJjevrsl<i f ixed point theorenr would apply to obtain that 6 is
ipner' The proof oi the airove theoru'm shows that wiienever T e s is such that it corn,
mutes modulo I((I{ l  with M (actually with a'cc'rrpl,etely nonatomic subalgebra of Ir4), -f
is indeed a comFict operaton :

!

| .  
29' Let RGM be a hyperf inite subfactor of Ir4 v; i th r i i , , , ia-l  reiative commutant

lR f  { lM  =  C  ( c f .  l l 1 } .  t t  6  :  [ 4  - *  I { $ ] )  i c  a  ca t r r . r i n i n+  . { ^ - i , . ^+ i ^ ^  t L , ^ ^  , - .  , ,tZ'). lf 6 : ir4 -> I{(H) is a selfactjoint derivation then let I( e S fl.I{(H) be,.i i  
- - ' - ' '  v  \ v : '  L ' . o J "  ' L  v  o r v r  '  ' \ \ r t /  r s a s e l r a o j o l n t d e r l v a t i o n  t h e n l e t l ( e S t l K ( H ) b e

jFuch that 6 ip = act I( (cf. l3l).  rnen the kernel of trre derivation g,=,, d * act K contains
jR and, since d' is selfacfjoint and rveakly continue.;s,: i t  is a von Neumann subalsebra c,frveakly continuei;s, :it, is a vorr Neumann subalgebra c,f

]M'  
to  be denoted by N.  s ince N' f i  M c Rrr f l  M -c ,  N is  a  factor .  l_et  Bc N be a

lcompletely nonatorr:c rrn' l  Nelimann subalgebra. By the argum,. 'nt in t3] ancl expl; i i r ,ecl
ihere in the introciuction i f  a unitary element u irr M normali:zes' i j , then u r N; Thus N(i: lei' ' :cN' In part icular al l  maxi lnal  abel ian x-subalgebras in N ar.e 1:raxima1, abel ian in td" gv l jj i  

' - - - - ' - - - - 4 ' : *  |  ? F ' - J u v q r 6 s u l c i r  r l l  l \  d l  . ! i  l l l a x l m , d l  a D e l l a n  l n  M "  t s y  II the prececling theorem N is either non r. or a nrarlrnal,r-suhip,ctol- in M. Moreov*., i ;  : i
l N - C  M  i s  a n V  v o n  N e t t r n a n n  s r r h a l o o l r n r  r ' i + n  , . - ^ ^ " . - + , , ,  / - r n \  t t - . ,  : . ,  ,  ] i

1r., L_Sr'-Dyilcto.r--tn M. Mdreover, if i i
iN,F.. ,M ip any vol ,Neumann sgpalgebra vr i th,pfoperryl  ( tp) ( for. instance. a hyperfrni t*  , ]. , , : . . ,  l i r



$
su$factor or more genera-lly a I' subf actc:).611j irl. N , fJ N is an ilgebra without utornu,i|
tlren Noc N. So, if orre wquld know ttrat such oroo"rlr", of lre ;-:; *;; 

",."rr.r,irii rnply N = M then the gen*ra.l  theorem woulrJ be true:i,Unfortunately this is not the case.i
Indeed if  tr4^is the.algebra associated with the jef i :  regular representai ion of the f.*e:.
grouP on t l tree q,snerators antl Nc M is the sr-,bfactor cQrresponcling to the subgroup on'
two gerrerators then the.pair NiCM satisfies ail these,pa_tologies (cf;[g], t9l)" ;

!

t .
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