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ON DERWAHON:) INTO THE COMPACTS AND
SOME PROPERTIES OF TYPE Hl FACTORS

Sorin Popa

INTRODUCTION

In [31:B; Johnbon and S.Parrott proved the beauti _ui cesult that if an operator
T € B(H) commutes modulo the set of compact operaors K(i4) with all the operators in |
-a von Neumann algebra MC B(H) which does not contain certain type Hl factors, then T

1s a compact perturbation of an opera*or in the commutant oi M. In what follows we say

that a von Neumann aigebra M has the property (JP) if the preceding theorein holds true

for M. The argument used in their paper is quite elementary. The idea is to prove first

'that the abelian algebras have property (JP). Next one uses that a unitary operator with

r

absolutely continuous ‘spectrum cannot commute with a nonzero compact operatcr. S0

if ACM is a diffise abelian von Neumann subalgebra and 6 : M — K(II) is a derivation -,
lsuch that §(a) = fK al for some K € K{(;1) and-all a € A, then the derivaticn 8= & - adi

takes values in K(H) as weil and in addition vamohes on A. Thus if ue M is_, unnary« :

element that normalizes A, uAu® = A, and if ola) = vau* , then ux ~f”"v\u so that for all

'f’a e A, S(wa= 8'ua)= 8(Aa)u) = o(a) §'(u). This show: that | 8%u)| is in A’ and since it'is.
_compact it tollows that|8'(u)|.= 0, hence &(u}=0 and &(u) =[K,ul. This simple

" argument and the important fact that &is automaticaily weakly continuous shew that if,

a von Neumain algebra M has a diffuse abelian sybalgebra A such that its normalizer in

von Neumann alghras with diffuse center and the properly infinite von Neumann :
algebras do have the property (JP). The problem is so reduced to the study of the type :

) Ifl factor case. Furthermore by the above remarks if M is a type IIl factor that has a |

Cartan subalgebra (i.e. a maximal abelian subalgebra with normalizer generating ) or |

sphts such a factor (i.e. M = Ml ®M2 where My is of type II; with a Cartan subalgebra)
then M has the property (3P).

‘Our main purpose in ‘thlS paper is to introduce and dbcuss an intrinsic property |
for II, 1 factors that implies the property (JP). This property, that we call (C), is weaker,|

than property ' of ‘Murray and von Neumann, is stable under tensor products (i.c..if-M.i-

has (C) then M @N has (C) for any N) and holds true ior f.actors th Cartan Qubalc'ebras.

S P

| M, N(A), gencrates M then M has the proverty (JP) 1t then follows imroediately that the |
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L ike the property T', the proverty (C)is an "asymptotic commutativity" type pr'opert‘a

Unfortunately it seems to be difficult to verify. Aéi;ually, besides the factors known

(apriorically) to have Cartan subalgebras or thespropety T, we don't know other

; examples of factors with propety (C). Fot instance, are the factors coming from the

free groups proper ty (C) factors? j ,
The main technical result of the paper allowing us to prove that (C)w}("JP\ i

V that any derivation.of M into the compacts is cortinuous from ‘the unit ball of M with |

:
|
£
i
¥

the _strong operator topology into K(H) with the norm topoiogy. For the proof of thxs

: result we use the Johnson and Parrott result that theiabelian algebras have the property
(IP). Note that.if.a derivation is implemented by a compact operator then, of course, it
) js su-normic continuous. : i
|

I. A PROPERTY OF It i FACTORS |

I what foilows M will always be a type Hi factor acting on a separable Hilbert

space H. The unique normalized trace on M is denoted by T and the corresponding porm . :

|| o+ If BCM is a von Neumann subalgebra (always assumed to have the same. MREBY 5 -

1as M) then E Eg denotes the unlque trace preserving conditional expectation on B. If €>0

e

then'iari e~ partition of the unity in M is a finite dimensional abehan von Neumann |

subdlgebra A & M with t(e) < e for-any minimal projection e € Ay

DEFINITION. M has the property (C) if for any finite set of elemenis.|

xJ, -»X, € M and >0 there exists a finite set YooY, € M such that

(a) any x, is o-contained in Span {y }

(b) for ‘any e>0 there exist .nutually commuting e-partitions-iof .the unity
i Al’ i ,Am such that :

”EA}ﬂM(yJ‘)”yJ‘”z<€a Jolo s ol

(an element x € M is o-contained in a set S M if there exists s e S such that [|x -

§=S ” 2<C€)-

Ii-is clear that the conditions in the precedmg definition are very difficult to
venfv. This IS mainly because the asymptotic commutau\'lty condition (b} concerns the
mtermed1ate elements y) These, in turn, are related to the znmal xis by the "bad"

condmon (a).

PROPOSITION. If M has any of the following properties then it has property (C).
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; (i) M =M ®N with M _ a type I; factor with property (Cj. : Fisiaat
s (i) There exists en increasing sequence of subfactors Mn C ‘M such that
M = 'ljf\ﬁ'::/ and each M_ has property (C)..
.t n
? (iii) ¥ has property T (see [6]).
| (iv) M has a Cartan subalgebra, i.e. a maximal abelian subvlqébra A with the
normalizer N(A) generating M. :
K 1l
: PROOF. (i) and (i} are immediate consequence of the definition.

Suppose M has property T'. Let w be a free ultrafilter on N and denote by M@
‘the corresponding ultrapower algebra (see [51). Then MIAMY is a diffuse algebra (cf.[2]).
So, given XpseoesX, € M and >0 there exists an e-partition of the unity AO in M s
T : W e . :
that EA'HMQ(Xi) = X If €15Co s e s€, e M™ are the minimal projections of AO and

[e) 5
e, = (ei), for some projections e; e M with Z i and T(e. ) = it (e;) for"all k and i, it

i : i

follows that for k large enough the algebra Al generated by elf, el;, -€, is an g~ |
~part1t10n of the umLy in M and satisfies ”EA ﬂM( D%l <e This shows that M |
;has property (C). _ : J : - T

; : Suppose now that AC M is a Cartan subalgebra and )‘1’ se e X € M., o> 0. Then J
‘thete ex1st dl .-..,a e A, Upseenrt € e N{A) such that x, are cr contained in span :

{a}u}}J Leties0. Usmg Rohlin's theorem one can easily Cuns»rucr for each u} and e- |:
»parutlon AJ\m A such that ”L (J) u. H2<g(5 Ha ”2)— Then - a]uJ and ’XJ

are easily seen to \atzsfy conditions (d) and (b) in the preceding definition. Q.E. D.

2. A CONTINUITY RESULT

As before'Mic B(H) is a type Hl factor acting on a separable Hilbert space H.A

derivation §:M -~ B(H) is a linear application satistying s(xy) = x8(y) + §(x)y. Such a
derivation is automatically norm contintious ([3]) and weakly continuous ([4]). Since fhfl
set of compact ‘operators K(H) C B(H) is a two sided ideal in B(H) it make sense to
consider derivations § of M into K(H). Such a derivation is called inner if there exists |
K € K(H) such that §(x) = [K,x] = Kx - xK for all x ¢ M. '

We recall {rom [3] that M is said to have the property (JP) if given any normal |
representation of it on a separabie Hilbert space H, any der:ivation of M into I_{(H) is !

inner.

THEOREM. Let §:M = K(H) be a derivotion..Then § is continuous from the

,unit ball of M with the strong operator wpology to i((H) with the umform norm fonolrmy




g

g""' - PROOF. we have to show that if (x W 15 a bounded sequence in M with %

Hx H? + 0 then || 8{x )H +10, It-is ciear that we only need to prove this implication |

thne case x_ ave %effadjom t elements. Moreover, since I} gx l“z hx ” 2 it follows

‘thar if [[x_ 1], +0then || x) |l, *+0and 1)l >O, so that it is sufficient to |

prove that J. X, e, , |x [l <! and [x [l =0 then H 6(x )H +0, Toz :ach such

= lote be the pectral projection corresponding .t ”2 s ©). Then |’
“we have ’ 3
12,60 - e ) I < %, 1l
e ) < [x
‘;Fh\.lsf; if X €. z 25 ;’ is the diadic decomposxtlon of \nen with elr/; projections, elg_ﬁ_ €

then we get

IFSC < ST - el +.T 7)) s6e ] SR r 12N stell.

This shows that it is actually sufficient to prove that if '(f'ﬁ)h are projections in

M ‘such that T(in) + 0 then (S(fn) + 0. Indeed, ‘because then, if x, and e are as-above i

we get sEpH 6(ef,<‘) l| +0. Thus

, o S
s < 11811 x5+ p | 6<e,‘)lll‘ 0L

] et us sunnose on the contrary that there exists a sequencs -of- DI‘O}CCUODS (f )

in M such that «f ). »0 but || (£ )] >c>0 for ail n. We may further assume tha

S"l‘(f ) . Let g be the ‘supremum of the project;.ons (‘fk)k>n’ g :‘\/ik, Then

k>n
c(gn)< Z «f,) tends to zero with n. Let.snm be tha support of the elernent f
o -
5 o : 4iori g s o 4 £ iy
Then Sam STy, and s is majorized by 2 so that f(s_nm)s {g) = 0, for each fixed m.

[

T
“gwm

decreasing in n. Thus (im - Snm)" Tfm and so, by the inferior semicontinuity of the norm,

.| for n big enough we have : : -

(B8t s ] >ef2.

: RITRTEIL IR such that the projections hy =& s Snk+1’nk satisfy || 8hy ) || > ciz.
These projections also satisfy hy ) <t ) — 0. :
k
Moreover since hk<fn and s is the support of fn g f by dhe

i
I
I
i
|
e

Moreover since B is decreasing, fmgnfm is decreasing in n so that S is also

It follows that we can find inductively anr mcreasm sequenee of integers.

R T, e T




. Thus nkg;n!/ = 0. in particular hkfn
k+l

o\

)

- definition of h,_ we get —
: : , |

hig hseh £ e f h <h, s h, =0, =

s e R oy e - A

k+

= 0 and so hkh! ] = = 0 which means that h are

1 ]
all ‘mutually orthogonal projections. Since we also have [} 8 ‘1k, Il _>_c/2 we obtain a;-‘

- contradiction, cf. [:u : ‘ T QUEE

"COROLLARY. If M and § are as in the precading theorem and S = <o {(uu™ |

|u unitary element in M} then for any B>0 there exists a>0 such that if XeM;

<L [Ixl, <athen [[Tx || <Bard [ixT || <Bforany T eS$

PROOF. By the theorem there exists o> 0 such that ||y || <1,y H2‘< o implies

L8O ] < B/3. Since §(wu*y = 8(y) - usu*y) and | uy Il = Iy ], it follows that
g i H 2 i 7

[l sCn™y [[ < I8 ] + |F 6™y |] <2¢/3

for any unitary.element u in M. Taking convex combinations and weak closure we get

|| Ty || <Bfor all T eS. Similarly [|yT|| <8 " _ Q.E-D.

3. (C)=>(P)

I'HE()PEM Let M be a type VI factor acung on a separable Hilbert space H.
IfM has the property (C) then any dernatwn of M into the set of compact operatc-s

K(H) is inner.

PROOEwLet § : M + K(H) be a derivation ard denote S = Co" {8 (u)u* [u unitary

element in M}. Fix {x } a sequence of elements in the unit bali of M, dense in the norm i

1

©

such that X | e«,X, @re o-contained in span {y } myi>1 with % satisfying property (b) of
that definition.. So, for arbitrary e>0 there ‘are -~part1‘mons Al’ ¢ Am mutually
gcommu’mng and such thac || FA;’] M(y ) ¥; “ > <& Let A be the abelian subalgebra of M
generated by ApeeesAand let K g K(H) be such that 6(a) = [K,a), for all a € A, and
fqux that K €S (Cf [3]) By the continuity result and its corollary we have || 6()’ -

A,nM(y))|]<€andl[. Y-

‘by el yeees@p the minimai pro;ecﬂons of A. Smce (6 -ad K)|A = O we get (§ - ad K)

Eni nM(y J1|| < & where ¢ -» 0 when g = 0. Denofe

l( A.'n M(y))) = f("l\o = ad K) y})(,l,

|
i > i
‘Yf DR TR A B B L e P S T B By B R L e A R B A D TR RSN |,

£

> Let ny I and u>O By the definition of property (C) there exist YisevssY, €M
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g

' Moreover Hc(ﬁ - ad I\i)(y )c Il = |8 —ad K} e‘*ye,” < ”cS(Pyuiif o
‘+ “Ke y & H + He y K [| and app'ymg cwam the preceding ‘thorcm and its Corollary,‘

'smce ’((P)< g we may also suppose ||e. (8 - ad i\)(y Je. || <& with the same = as

:Lﬁforeo But e, ‘&ne mutually onhogoml so that vc get (6 - ad K)XE 'ﬂ‘/i(y')” =
= || }f: (6 - ad lx,x‘_‘/ e, | <& and  thus [Hé - ad: K)(y) I < G(y
”[< f‘~/x 0 M <.”>’)]” %X l“é”dd fvm'(\/;() ))” 3e.

Nme that e (and thus ¢) is mdepc,ndent of a and of the choice of Yiseeesy

NﬂMw»,FE

m’
Therefore if ¢ is small enough (to insure that ¢ is small enough) and for uppropriate ¢, -

the compact operator K €S will satisfy ||(6 - ad K)x) |j < 20 o all i=l, .. n. e
denote such a Z’ by K o : '

Let now T &S be a weak limit point of (K ) . Ii follows tHat 5(x Ja [‘,A ] for atis

i s g

1> 1, so that by the weak continuity of § we have 5 =ad T,

i Suppose T is not a ccmpact operator and let B M be a maximal.abelian » - sub-
algebra. By [3]-t‘here exists a compact oparator C €S such that [T,b] =&(b) = [C,b] for
all b-€ B. - Thus, if we denote T'= T - C, then [T',b] =

| Since T'is net compact but commutes with the. projections in B it follows that
'thcre exists a decrzasing sequence of projections {e }n in B such that 1fe ) 27" afid | -
”e T'“ H (1T ]]. Rui this contradicts the korollar/ ; BRET o Sk
f ’i his shows that T must be a compact operator. ; . Q.E.D.
| :
E REMARKS 1°. As pointed out in [3]; §f ‘one could show that the set S defined in |
'the corollary of .Section 2 and in“the- proof of the preceding theorem is contained in |
" K(H) then the Ryl!.- Nardjewski fixed point theorem would apply to obtain that § is |
‘dnner. The proof of the above theorem shows that whenever T €S is such that it com-
mutes modulo K(H) with M (actually with a‘cempletely nonatomic subalgebra of M), T |

is indeed a compact operator.

g 2°, Let RCM be a hyperfinite subfactor of M with trivial relative commutant
R'(M = C (cf. f7]) If 6 :M ~K(H) is a selfadjoint derivation then let K & S (1 K(H) be
E uch that § | = ad K (cf. [3]). Then the kernel of the derivation 6' = § «ad K contains
R and, since §'is selfadjoint and weakly coritmz'f‘d:, it is a von Neumann subalgebra of
M to be denoted by N. Since NN M c RV M = €, N is a factor. Let BC N be a
completely nonatomic von Neumann subalgebra. By the argument in [3] and explained “
here in the introduction if a unitary element u in M normalizes i then u € N: Thus N’B}C.
CN In particular all maximal abelian x-subalgebras in N are maximal abelian in M. By ‘;
the preceding theorem N is either non T or a maximal L,sumiactox in M. Moreover, if

|
(N M is any von Ncumcmn subaigeoru w1th proper:y (JP) (for instance’ a_hyperfinite i
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subfactor or more generally a I' subfacter)-and if N N1 N is an aigebra wrthou atoms;
then N & N. So, if one would know that such proper ies of the pair NCM necasqarhj
mely N = M then the general theorem would be trie. ~Unfortunately this is not the case,f
Indeed if M is the algebra associated with the !eft regular representation of the f. ge
group on three generators and NC M is the subfactor corresponding to the subgroun on;

two generators then the pair N M satisfies all these pmolowec (et 8], [9D).

0
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