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RANGES OF TRACES ON K O
REDUCED CROSSED P‘ODU"TC BY I'REE CGROUPS 5 '_ SR Wil

Mihai V. Pimg ncr

#*The ‘aim of thisUpapér is to give a formula fO“ computiry the,
range of a trace on ko of a reduced Crosses product by a. free group on
bt geu“‘at s'. .Even the case when the group -has pne,generatul, J.e. the
Cdsesof crossed produch\by Z, is of interest simee .1t includsassthe
case of the lrrational rotation C*~a1gebras Ae » which were the initial

example for the general problem we consider. In. [1}7] M.A. Rieffal-lad
found examples of projectichs inwA-fwhiPH showed that‘the range ofithe

trace on K {A/) containes /+e/ and led. 11m to COD]“CLHI@ that thius

"~range ctual]y ccincided with Z+SZ hic was iproved-later tc be the

case in [13J\oy an embedding argument vAfier the .gomputations of . the
K-groups of crossed products by 7. in [141, it sesmed that the ¢computa-
tion of the rangce of the! ‘trace on K wou'd be much easier. Indeed new
proofs 67 computing the range of the trace on R (A )i apne“red in L7
aneel 147 “both of hlch(nuwever used some partlcuLar feature of thn:
1rrational.rotation'algebra; The first natural aoproach:to our.;rocja
is due to A. Connés, who combined hist formala for cro sed vrodiiets by
R with the "dual tracé® @27, to get results for creossed products by -£.
Mereover his "differential geometrv" approach to the. wreblem [3] and
the discovery that the traces are the eléménts ofrorder zero in a co-
homology theory for algebras [41], +£5]1, [6] are crucial for this problem.
In. the oreant paper we combine the’ results of [14] [15] with
those of [5]; [6] to get results for the case. wi ;xeduced crossed plO".
ducts by free groups. Guck. b P o i
' Section 0 recalls very briefly the 'Yg@sults. concerning the Toe-
Splitz extensionicf [15]. ' '
For the’convenience of the readekaemhaVe treated the O-dimensio-
nal caée separately in Section 1. We showifthat, the range of a.tpace t

on KO(A . Fm) Is very rdughly speakina e subgroup generated by -
r - : sy



the valiues of T on-K (A) “and of a‘certain l-trace on Ke(R) .- Phis oirs

(
il
ready shows that thPCl dimensional traces mnatu rally<oeceur ‘in: thds
problem. To make titis section as selfcontained ac possible, we have
avoided any raference to il =083, <[8], .and have used instead thernon,
._tion of determinant asscciated to T, introduced by P. de la Harpe &nd
G. skandalis in [L0]. As:a corollary of the above results we get ' a
(slight) generalization of a theorem chN.'Riedel 161 and the compu-
‘tation of the range of thé trace on KO(C(T) X T) vhere T:7 ~ Lirks:

? ol ’ :

any orientation preserving homecmorphism of the unit circle, in. terms
of the rotation number of T. This sectionugervesfas well as an illus~
tration of“the basic ideas that are behind .the preoofs of Sectioh 2. ;

Section 2 treats“the case- of higher dimensional traces and relies:
heavily on A. Connes’ papers [5] and f6], ié *llustrate our results we
sﬁow'that the theozem of «@.A. Elliott concerning -the range of theskrace
on K’ of a noncommutative torus {9] can b@ obtained by a simple induc-
tion f com our Theorem 715, iin dlse same way their X-groups” are obtained'

by an itera tlon of -the eXact sequence of [14].

L] ; - § O

.By Fﬂ'wa shall «denote the free group on m generatcrs yrees o9
i C Jer
Consider a C*-algebra A with:an action.
a:fF -~ Aut (A). ity s ' . Saer

tm

3R

. The .reduced crossed product of A by a, A x F_ will be identlfied with

a. '‘m
¥ :
the“C*-algebra of operators on Z (Fm,H) = KZ(Fm) a2 H, generateda by the
operators
1 @ pla) agA
. '—1 2/["‘ ! -_r
(ugk)h = vgk(g h) g,heFm andwkgﬁ-\tw,h)

where (p,v ) ls any covariaht faithful representdtlon of A.on the Hil-
bert space H X2, : : . .,
By I} C;Fm~we shall. denote the subset of ‘f . consisting of ele-

ments gi'...g (s=0, il#izi...,is_l#iQ Jery#0, . 0,m #0) such that

1 s ; =
‘m >0 if i_=k. Remark that the neutral elemcnt e of Fm is in Iy and
ngk=Fk if 3#&,.whlle gkrk=Pk\{e}.
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-
it I

2 g i : : ' ,
WOi e @ LT BN o L0 awH) » denote By d(a) andis, the regtric-
K k K m y L
m m
tions of o (lep(a)) respectively o u e
K=1 k=1 91

The: Toeplitazidlgehra T is by definimion the C*-algebra gererated

by d(a; and sf,,,.,s

m’
It is shown in [15] that ;the closed two~sided ideal generatsa in
? : § n D
by the projéeitons l-s s* is isomorphic to e AeK(£2(r. )) -and that
o doenil et fe
the quotient ofiiFiby this ideal is isoenorphic to A Xy Fm' Thus there
A : ' : ' &
is an exact sequence
Bk i i -
0~ (BeK) = T - A x F —x.0"
a I
r .
called the Joeplltz extension of A X Fm'
: r - W
Morecover the map mod:A = A % Fﬁ coincides with -the usual cibed-
i 0

ding of A into the cressed product. The mein resiwsit of [15] shows +hat
8d, induces wsomo y%lomo between Ry (A) and Ki(T) and that af 4% =
'_W(AQK)m: @ A@k(ﬁ (P )) denotes tbe map-

Je= _ , : i 5 :
. S > i :
~j'(d‘)‘“ )= e aac(e,e) i e i o
: k=1 k=1$ : ;
&

felg,q’) is ‘the natural matriss 4nit of F(V (F )))ttat 1ndu“eq an iso-
9,9

norphism of K (A)m with K*((AaK)m), then the sequence
2=k Ny _ { g

4

(e d) , :

E @ Ba gty e Ty RE )
o . O z -0 C‘f L 1o
SI. "

(reoid)

— k) Bk )"

el xar‘Fm)

where B ((x. )l )=
i

1 ik

3 g i #

{ L\/ig

(=0 _l(xi)),and azj;¥06 (6 being the boundary map

of the Toeplitz extension) is exact [15, Theorem 3.5]1..

§1

Lef A be a C*-algebra and Mn(A) tiiz .C¥~-algebra of nxn matrices



]
G bi/-«') o
é

over A, If A“has*a unit we-shdll ‘denote by UD(A) the .group of unitary
elements in (A) LA bhoe pesupit o Jet A be $he C*~algebra obtaimed

oy -adjoining a.unlt to A Then Uh (A) denotes= the subgroup of Uﬁ () oeons=
sLsting of elements of the form l-x with xéMn,(A)° Un(A) is a topologi-
cal group with the topology induced by the- norm topology of Mn(ﬁ)v Tts
connected component of the identity will be denoted by U ( ),Awhi]e the
(discrete) group of conrccted component. will be deuoted by i (U (A))”
) “imlcﬂ*

Considering Un(A)7am asnbgﬂmg>oftl (A) via the map u - (u

n+1 S0l

o} ¢ e ' ;
sends Un (A4t UnH (A) , we get maps

s . R S O
@n,n%l'no<bn(A)" mo‘Jn+1(A))
and

s A0 wiidp ()
e TTO( n( ¥ \l\A)
where KJ(A) is by definition the inductive limitiof the system

(néKUn(A)),' ‘). Moreover we shall denote by KO(A) the algebraic K

“n, el
group of A. If a:A -~ B is: a *-homomorphism we shall denote by el thHe

maps induged on either Ko or K,., keeping the notation Oy for the map

\
\\\

Qg TN U \A)) - n (U (BL)

induced by a. Moreover we shall derote alse by o the map
Ctﬁ)lzf—‘x@Mn =l Bal -

If T is a trace state on A, we shall denote alsc by T its exten-

Sdion ToTr to MD(A), where Tr:Mn(A; =M ig the ugual. map Tr((a - )~E o

and by. T the induced group homomorphism from K (lﬁ to R Correspondin
totr P. de la Harpe and G. Skandalis defined a detenuoanL with va lues
in R/LO(A). Let us briefly recall their construetion [101.
'If'[al,az] is a compact int#kval of the real llne and E: [a az]w
»Un(A) a piecew.se continuous differentiable path, they deflneu‘
o

- ok i
A_(®) -1/2m_)f T (E () E () " Y do .

1: e e
: e

Since AT(E) rests unchanged when E yis composed with the inclu-

- sion Un(A) > n!l(A)’ 5T(§) depends an]v on the homotopy class
(with fixed end points) of E,and ZT restricted to loops around the

identity coincides via the Bott isomorphism with



o
v Y

e’

iI:hO(A)zilm RI(JQ(A))I ~ R

-

one gets a well defined map

ol B A
AT. Lﬁj Un (L\'I R/([\O (]&) 3

by ‘f(u}rqlﬁ (£}), where &:[a],o 1 = U #p) is any piecewise contimumems
4
differentiable path suck i that E(a )—1 (02)xu anc where
q:R 5 DJJ_(KO (A))

fis. the natural projection.

The determinanc is a group uomomor)hl sm oancif u is of the form
g E
ex¥p (2ni a) with a=a* themn (u) q(b( )) :

Let us rove two easy properties of the deiermlnant.
P P

Let E Ui Ve UfA) i=L,...,m, be unitaries

such the' DuiviEUQ(A).'Let

o : o FE 5 .
ég‘, sl DR o Lsometries and denote by pi the projections ims, ¥,
Lhem - s e a8

o Lo = s ;
Ll (s, v,s8%4p, ] 1.6 /
; qu‘ 1V1 i pl))@i3;U4(A)
1
amn : \
m & m :
/ D, .S?" . = (O
Ay (U (s v stdp, M)=A, (v, v, )
ol 1
PROGF. uct i (A) be the’ unltarlos
[S' |
. i
si=
i
Since
i %4 SR ¢ 0 s¥ 0
S e g By 3 i ]
L 0 LE e ey 0 1] [Py o8y
we mavafite 2
m
( Mug (s;V, H“'p ))el» H(u ®l) ’(v ®L)ygT* .,
1 i 3
Passing now to NH(A) we may replace si With”3;: = eUd(A) to get. .
. 5 ; i 0 gL ol e
es . o : 1 :

1



M I

v, (s ) jel = 0l )" v.,8l. )sl*. |
( Hv“f T )M))@‘a : q(u1913) l(Jl' 3)‘1

Cuoosing & path joining q; to the identity 'we get a path F conne
m i EST %

oy e T - D 3 5 [ oy 5 ‘

b (5. v, e+ B Jnwiith Ve )el sugh hat A (E)l=0, 7
ALul\>1\l l(pl) Lo h Uiul\l)@.B uaeh fthat Af(g) 0

1

et

.

Lf A is commumtative and det:M (A} = A Ze the usual determ

then AT(,det=A1.

- : = A0
PROGE, < IL vt |

-

(A #then” u is. a .finite product of 2xponenti

o

SO it is enough to suppose u=exp(2ni a). Then

7

Ar(det u)=4A_ (exp (Pr(2ni. a)))quToTr(a)):5+(exp(2ni'a))=AT\
L W

LEMMA 1. Zet

0 g—teip -, no g

be an exact sequence of C*~algebras and:v a trade state on A. IF

L8 a unitory such that [i(u)]1=0 in K, (B) ,:then Aron<i(u)) depen

1
o the elase of w.in KL(J)“

iRl o e g : v 3 O ‘ %
PROO¥. It is enough to show that if uaUn(J) then A*on(*(d>
L

&
it

1 =
et B 10, 13 = U il be & path»of Glass™C uSguch shat E(0)=1, B{]
e E(c

¢ timg

(oh

; e
inant,

als [ 8

i1 )

QB B,

usUnﬁU

ds onie

) =0,

) =u.

aihce E 1)%laMn(J) For ceb@] it..follows .that Q(m)aMn(J),;so that

- Fom (i (Efa)) i (E(onT ))=0 for every cel0,1). Thus A. . (io0E)=0.

TOoT

The preceding lemma shows that the ap’
g

[N
D
Hh
[
=
)
(o7
Hh
@]
}—J)
il
o
T

@)
e
D
H
b_‘

\(-
n
R

(i

c;
o
<

is a well defined group homomorphism. (The.condifion'[u]lsker fig

heeded for Arov(i(u)) to make sense.) :

PROPOSTUION - 2, Let

S 0EL Dy

is



be an exact sequence of C¥-algebras and tT,a trace state on M.

Then :

0~ Tom(K_(H) }imrr T(K_(A)) —2 A \\er Lolieess 0

where the first map is the <inclusion of the two subgroups of R arnd g

18 the restriciion of the map

/.

Lo I(R@(A)),is an-exact sequence.

Moreover tf peM_(R) <s amprojection ithen
2l 2
gindp)) el tlkee 2 9
X ==L 210
where

i ﬁo (U (J%) . (Un (B .

PROOF'. 1f peM. (B} ig . a projection and aaMn(B) is_a seidfadjoint

. .
= 7" ; n s : . ; e
element such gt nla)=p; thon‘cxp(znt_a)eun(J) and since wiexp (2mi.a))=

=exp (2ni p) =1 there s asandtary ueUh(J) such. thaky 1 (u)=exp (21l @) 3By
defiriition AT(U)TATOT(th(2ni a))=qg(tom{a))=q (t{p))+, This.proves. that
L 0 = - - : 45
\ 5 < 5
q(Kq(A)) CLAT(ker ix) andithe last part of the propesition. Finally re-
all that the bcundary map SR (A in> KliJY is defined exactly: by
BEPJC:{u}l where u is related tep :din the.above manner, so that the
eguality q(K (A)) “A (ker iu)° follows from the fact that S(KO(A))=ker‘i*

which iS‘\art oL the exactness of the six term seguence in K-theorv.
: . ¥
Ol e

‘We shall.now apply the preceding Propos 1tlon to crossed products

by © free groups .

'THEOREM 3. et Q:Fm -+ Aut(A) pe an action of the free group on

generators gi,;.,,gm on the C¥-ql \tb o A and A X Fm,the correspond
! , s : ‘
ind reduced ﬁro"sed~product. Suppose T 18 & trace: state on A X 'Fm :

and denote also by T tts restriction to A.

S ot
v,

a) If'B:K](A) o Kl(A) denotes the map

: m
e o (x,))

s AL
*



then the map

defined. by

EiEs A ; _ o
4 . e P e A G 2t o=
?“1.( L J\AJ ¥ ok LTn.i, ) A"t ( lﬁlliﬁ'gg. (Llj 1)

where u, are unttaries <n some UW(A); sygh-bhat Mk, o - ta;" bell (A% as

®

a well defined group homomorphism.

b) The sequence

B 2 BEL: © i g o S D
0 m%-:g(KC)Ux,) e jj(&o(éx xar_rﬂﬁ)}'MTW A {kaw (B} =0

-

(where the first map is the inclusion of the two  .subgroups of R) is

exact,

PROOF. If™%s" an easy

©
>
D
}—ﬁ
Q
H -
Ui
@
o
O
Le]

et a) from the properties of
the determinant using the fact that T is a Fn invariant:trace on.h:
_ ; ) i : : ' i
However both-a) and b) follewifrom the“preceding Proposition applied
to the Toeplitz extension.
ik e L
B e pGRA vt e E crsmuf
X \ ’ . f C). Pas

emd: from the results of (EaET,

Sincendnhr +'T induces an igemeyphism of KO(A) with KO(T) and

nod is the usual embedding of 2. .into A X Fm , @3dl we lrawe to prove is

that r
a_
.é"{;w.,é—toj‘k *
Let uiGUn(A)’ 1<i<m, be unitaries suvch that
m :
-1, - :
TMu,a (w1 eu® @) .
1.+ 9y 1 ol
i
Then

m

s m : -1, -1 ' :
Lo i = LoCg ) ale 13 gkdleg s¥)
i J((ul)l:l) iEJu(ul)(.ld(agj(uJ 349 i“i‘jiﬁl).

5o that the desired eguality follows froliithe previously proved proper=

ty of the determihant. W N 4 ' OUE, D

REMARK. Since the ideal appearing: in’ the Toeplitz extension is



. m : o it o5 :
(AeK) ~we lost the LT)f(WJ”“1‘lQHl of Propos:

the poigei -
bility of:choosing the unit ary correspon projeckion in
M]\,; (A Ky Fm) 11 ""TT: .(A}"'ﬂ‘ Bowever if the
can ge t the following result.

T

2

A Is commutative one

COROLLARY 4: In the conditions oj ithe

rceding theorem suppose
A is commutative.. Then

q TR

where BO:nO(U1 s defined by

ERS)

lim ) g

i
et o P
o~
>
o=
’
b
~—
B
i
—
4
s
~—
°

Thus in crder to compute the range of the trace on K oi.the
cressed product we need only to know ‘the action induced on W AT LB
‘ - O
V|
:

. Mt sahas o , . :
“H%(Xy/) where H (X,/) is the first Cach;cohomo}ojy'group oLl

~the max i-

.mal ‘ideal space of A and-to compute determinants.

The cordllary'is a direct consequence of the theorem once-we

show
that A%(ker 51).3 A%(kgr B)4 the other inclusion being obwious.
v ; m

Let ul,fao,un'be unitaries in SOWC‘Jy(A) suth that Huja k{ui)'e~
- 4 e ; l L gA-i 4

S ! ; .
gl, (A). Themr+the usual determinant ¢

) e ant ;t:MW(A) - Aglacting pointwise
% 5 ! i =
T : =3 o
when A=C (X)) maps uy in U(A)_and*fﬁn4a ‘(ui) dn U (A) rsothat
3 el ' *
e e

s

: , m . 5 . R . -
(det (a;))im,eker ﬁl, and since ATOdet:a_ the conglusion follows.
Lo " T 72 1

The preceding results are especially easy - to apply eithe

£

=
}..J-
th

Kl(A)'(IC pectively ﬁl(X?Z)) is trivial_or if the action of Fm‘has dis-
créte spectrum. £

For exauple one gets ﬁhe following extension of a result Gl I
wde L FI6ES o | ,‘ ;

v'Let,F be a-discrdte'abelian group 6 ‘its dual,(comoact) group
end U the normaiized laa:r measure on G. Denote by apeAuL(C(b)) the
automorphism deié#mined by translation with a fixed element peG and by

AF - the crossed pmoduct C(Q) Xy L. The trace state 25 determined'by 1

extends to a t:aCe state T of AF " For edeh finite group F C'I .{in~
= . : L
luding F={0}), 1%t 17| denote its cardinality and Pp the period. .of.

% weee T T ; S g :
that 1s the Zmallest positive integer p such - that UD{F)I is the

Do



ever Fi G

trivial.character of 7.

T i o " 3 : , g
e P e s e exn (e a0 land Bbte that T oS0 T when~-
P, I , - Py P E,

« Define I = | J Ty which isia.
‘ ' BB
St

group that depenc ) . Morecover if p is ,ozbh£u1 then

efeh finite Subgropps P C D is cyvcltic; pP~hE ] s and Fh:{tah[exp(ZHit) £
. o
ﬁ\‘lp}} so that i this scase the next resialt is Theorew 3.6 of [16].

THEOREM 5.57He range. of the byvagcel toon K: (A Yo enaIml
4 J & < : o 1‘ r p (‘4)

0

PROOR . Sincefboth AP f and Pq commute with direct limits, id dc
R f
sufficient to -consider the:.case when I"'isifinitely generated, so that

comEy B k
we may suppose I's/ x¥, for some mel U {0} and s

finite grous F.

(Note that in thie case Fow 5 r 0T Follows. Ehat G, the dusl 'of T
me e o : s :
:”omorphw to [ »F, where: [ is: théwum~dimensional = torus.and F is. iso-

- r Liee f ‘-\ W_;l: ....‘ =1 < '_;, o
TR (CG)= Hl/ and on the

< e ¢ e e : R "
etheyr hand that HD(Ul(C&u)))-lS isomorpligito” (/). by regarding an

U\

morphic to F. This shows.en one hand.

| ¥ |-tuple (mz) . = as the continuous function ' ;

T fel ; st » : b,
s e 3 T %0
(mf) i F; {1; “I ) ::<]‘1,1.%‘_" S ET‘ : (A = | e
o 28

-

. L i R o VR M et :
Note that. if p:(px,p?)s]fxﬂ isvithe decompositioi-of p then

= (P t:,p,/ﬁ‘x)ﬂ L

=<1 _

e et Sl \-_,/‘P. . | ~ N
lo > \np?hlpl/\mp bl t> < p}/(m ) (t,h).

B G 2r

th feF

We are now in }UU;LJOH to apply CaLoLLary 4 fOr'F):Z . The sbove

fel

computation  of ap 'shows first that an !L{w*ﬂ*]o (mﬁ) ig. in km.r-BC
ifFf mp g=m; for every feF, and in this ease - %

Amg) ca ((mf)f b))( b=, [t <m h{pl><mp b

fc} [0) ol of

"<m ](p )> = mllp Sy

Since M only depends on fCF/(DZ)’ the .orbifiof £, ((pé) is: .the

subgroup generated by pz—plr) it follows 4'haL

e -
————a

- ] I B e
(xmf fir):' ﬂz '<~m;!pi>x(T e

e M) L S O -
i fC"/(Fz)

feF

3



Thus
- pi 'E-)‘
SAAL B Ve e Ba (T —’;~F~t~)*~q( P .j“’f—."]‘;tf)
] B § 'l Al ‘l"‘
teil (o [ er/((_'),)) 5
where t}eﬂ satisfies exp{in it;):<~m%lp,>'.‘"

Colloxdry 4 now implies that E(KO(/&r P)) is the subgroup.of.R

: 1 Pp e e .
generated hy TFT and TFTt where exp (2n it)e<] IQl>=<| x{0rlp>.

Since the . pefiadiof 07:DIF is Py quk follows‘that there exists
aeF .such that <a[p>:<ak%\:exp(2n i~i)rexpk2n ilEin~l~). This shows that
Ctherabove group is containediz=in PD?FQ P Convcrsely'if teR satisfiesva;

. :

exp(Znijé £)y=<y| o>, for some veF, write ?r(vl,Yz) so that <y |p>=

B

=<y ] = o 547 1 .E}._ o N E....I_;_._% - o oy
Yty > <rgldeiy: <\lIpl>uup(2n1pgm<yl]pl>exp(2n1 b IFI) for some ol
: b .
I follows “that t=- lfr'vﬁgtl where ex p(2n1t ) <y lp > so thals
: 20 iy , - : : 5 : v Bie e
Pp FD,F(“ i‘Ko(Al,p)) whvkn concludes the -proof .Q}E'D

‘Another application. of Theorem-3-is the following.
Let | be the one dimensional torus and T:}r+ T an orientation
preserving homeomorphism. The rotatiom number of T is definedrin the

following.way (see for instance [19]): :choose a continucus increasing

: ; 2T 4 :
function .£:R -+ R such that e ﬁli(k’“T( 2Tle) for every YVR (this
" dunction is unigue iup to:am- integer constant). One shuws. that the 1li-
f4(r1) (%) o & , S
mit lim "”ﬁ“‘“:g {where f is the n-timesncompasitiom of f with .itews

T)=¥ico

self) exists and is independent of the point xé, Since of (3x+m) =f (x)+n
for every me/, o is unigquely defined by T.up s -agw’integer. - The parti-
cular Qe[O,l) is called the rotation number of T.

PROPOSITION: 6. Let T: T 7= T.be an oniéntn+ zon prpseravng homeo-
 morphzsm of the unit eircile. wtth ro*avzon number 9o and 1 any Tapnva—
n.rtant probability measure-on T. P R lﬁg;A 5 ‘

. Let O, be the adtomofphism aT(h)=huTiTm;?fE(T) and r=ru be ihe

“induced trace on C(]) x_ 7
: a
: : T
Then the range of the trace T on WJCC(T) X, LY e el
‘ : : T



e j /3 =

PROOF. We shall apply ‘Thecrem 3. erwxsl > f be the identdty

function which is, the generator of K, 1€ (Try=xt . Since T is oried
tation preserving Lz] =la ~1(2)] se

1 > Mt kgr L:Bl( (]))“7; Moreover

I(KO('(f)))zZ andigince Q% is a group howomorphism it is sufficicpt to

cempute é%(fz]})u Let f:f¢ -~ R be the continuocus) ncrca sing function

F)ZTtijf{::) 2RI (11) (x)

such “#hat =T{e B and lim ~~“&-m~o Defining g:T -+ R by
]’1-—&»00 »
S e . o £ o :
g (e i J=u-f () it follows »that c?u g, w7, m](z) % and so
s
M o ¥ il s R
,z_\; «.szl)w/}T (z-a . (2) ")=q(t(g))=q(fqgdn)

!J_'l T “}‘
e e e (\'; s MR o 5 Te et . % o g o '“k 2rix =
wihere gin +~ R// is the natural projection. Note . that goT” (e )=

X {k) (k+1 : : : { = 3 :
& - L : . . . . ' ’
el ' )=Eiiy, )(x) and.since€ 'y-is T invariant it follows

fgdu:«f(d4goT4...+goT )du=~8
: e o ] (x) PAse =
Since = JiigoT (ef “):¢w~Emf»@~ are uniformly bounded and converge  to
=F ‘for eveky % : :
§2

Recall ‘from [5] that for .any algebra A, Q(A) denotes the wmniver-
.+ sal graded differential algebra associated.to A. Phus-if T detan ol
linear functional on A, it exterids to a limeat fumctional T.on 8% (A),
with

”%(aodaldaé.t.dan)=r(ao,al,...,an) e o

t.ls called a cyelidc cocyele iff 1 dis & closed graded trace, i.e. if

tit satlsfln“ g e T
= ¢ 5 = : et : de L .
?(dm)=0,«hf¢m89n 1 and r(wm’)=(~l)d¢gw g. gl (R CEE S

The set of cyelieveecycles of A is -denoted .by Zi(A). Let us quoteéedfrom

[6] the definition of an n-trace on a-Banach algebra. e



[

)
“DEFINITION et B be a Bangch algebra. By an n-trace on Bowe tmean
an n+l linear functional T on a dense subelgebra A of B such that

8) mads B evelie cogycole on 4.

e S s : s i EL e : L
bl For.any aied, b=l s veyn, there exdsts Q:C.l n<00 suchwthat

a r‘ulcréi

n

= Lo liag s = s 3 1 &
Lotz da: Fimidat il e da ) iel | e 1o, iR i Vx eh
Note Lhat if 't is the character of an n-~dimensional cycle
(Q,d,f) L5} thategdtisfibs b) (im Q) o.them:e. ig @n n~trace. The imatn
property of n-traces thatiwe will .be rconcerned with, is that theyude~

terrmine maps from K, (2) to ( (see [6], Theorem 7).

Recall also from [5] 'the deﬁintion cf the cup product-m # e

n+
sz; m(AmB) of the wwo ecyalic cocyc1gq we7 >(4) and ‘u A< B, and that
the map S:E (A) = HT4

P A A) is 1nducea by the.cup préduct Wluh the ge-

2 D . : ;
nerator oenl) (() wof HK(L} characterized by

o(1;1,1)=2imn,

e 2 ; : AN : wkon
ek us note:for further iss e rexplicit-iformula for S :H?(A) -

+Z}\
n (A).

o PENES o wenl 4 . il :
LEMMA : 7. .Let wel, (A) be dibnelis cocyele and k a natural numrber.
b Y Y

We' shall denote by D the collection of subsets D-Cl{l,..,,n+zk}

5 MiLg

constisting of 2k elements with the property that the maximal intervals

appearing in ‘the dacomposition of D contain an even number of elements.

n+2k

T fetemxdxt, . dxER DgD denote by @, the n-form obtained by re-

Nk
1k

plaéing for-each ieh dx'- ith x° 7in the expression of.w. Then

Sk@(w)—J”ln 2 ya(w
D

the sum running over all elements & Dq K
2 T

PROOL° ihe p“ODOltl g of e cup ploduct imply’ that Sk is given
by ‘the cup prouapL swith o eHZR(C) ,By-EJ],CorQimdrymlO, Ok.ls the 2k~

~—cocycle chaJacterlzed o} el

& TR ok
Gy . ¢ e 1)t )

The above formula.is now an easy conseqiucnce of the definition of the
elp product. LB : A Q.8 .Di

The n-traces:that we will consider on crossed products will arise



as characters of some particular cycles, sarlet us state some of their

plop rties.

-

LEMMA 8. Le? (Q,d,wn) be a cycle of dimension n. Suppose that
S Eey S 5 4 : 58 o (& -
8" 18 unital ond that dl=0. Let A be a subalgebra of QO contains g < the

. - O L) . G ” , 5 P
untt of Q7 and seQ7 an invertidle element that normalizes A. Suppeose
-1 el i -

that sdas a(hﬁx ) YachA. Then

. b : el e TR
Lyod de vheumit of O ds . ==5 “des —.
2) - I w i jOPV in the graded algebra generated by A then

. v dede
1) =

=1 ] i
s “dsw= (=1 e d@

3) Por ecch kel kin the equallby

® ( 9. dnmk)”g (Pod“l d“PNKOW1dS SmldC)
- (&8 e e - el 23 k5 ¢« o = (& D e o © e
n“k ’ ? rc q n =) s A o 5,
L—times
o 5 s : 1T n
a €A, defines & eyelic COGgCZC,wnwkEA} (A}, However @n~%:0 when kits
L ; e £
even.
‘ PROOE. -1} Béllows  from ldx=dx-dlx=dx and sLmllar]y dxl=dx, rand
=i =]l =4 :
from 0=dl=4 (ss }=dss sds ‘ ‘ Vo
; : T -] SICS TENEICS T ;
2) Since sdas “=d(sas ) ®ne odts dsas . +sads ~=0.  This
il = 3 . ]
shows  thdtig . rdsa=as “ds Vachi Differentiating the same ‘gualiiy one
o TR ~1 -1 -1 =1 =1
gets 0O=dsdas ™sdads =dgdas; +gdas < dss S0 that,we.also have, s “dsda
. ] S l ; . % 4.
=-das ~ds, Y aeh.
3) The equality
o el ek o~ =l
@ fEidF . p.da 8 ds...5 “ds)=
n : i S
k-times
n-k- ~1 B 1 n-k -1i -1 e
=(~1) \q}(s ds a“da”...da B TS v el O] e , Virs
i . s
k=1l-times
STl n-1-~ @ 5 L 0] A | o g e
s ={=1) (~1) qh(h da i ada g TdEL W s de)

k~times

where thé first follows from 2) and the second from Lhe fact that m is
a glad@o tLacc, shows that @ k"O when k is.even. Note next Lhat
d((s ds) )~~m(a. ds)m4} SO that @ (dw(su“dS)k>=(~l) kmn(w(s da‘“ )

for &ny form o in the gr adcd\aigebra generated by« Thus if k is odd

k1

-then 6n % is closed. To show,that wn—k ie ntgggg lcb o and o’ be forms

in the graded algebra generated by A. Then

-1 . ] = i
1 K Ml)dcg W k(D b

0 Lol 3 = ,.—1 L-." k 7y —
¢, (W’ (s “ds)™)=( L (@ (s dd8) " e’)



C P o Oy 4 PH
{deg w+k)~

deg o’ e

which

et now T
en C (1)

ole

L@

(the C*-algebra of continuous

1 &)
glE. ,f J=pidf

defined on the dense subalgebra of smooth'fuiic Liams .
algebra A and any n-trace '@gwem A, the cup product

.

 htl-trace on AaC(]). The explicit formula of this
23 Tanee L Tt e - .
follows. "If a (t) are smooth functiops e T with
of ¢, then
z 1 n+l
{0 e bl e o ias s =
gl gl ; ] i
N Nl % i L} L
= ) (-1) foda’ (t¥da (Ehamds — (£)a™ (t)d

LEMMA "9, Let @n be an n-trace on the ‘Banach
B and A% B.a Banach cubalgebrd saich that A=a N B
pose that B 4s uni®al, - thet the unit lies

that

as the cnoractnw of an

an tnvertible soB normalizes A Suppoge m

a) Q :3 g : |
By dl=04 d (sa

Let vteMz(B) be the invertible element
st O]
]

eMz(B).

sy =sdas” for every ach.’

s 'O] [ cos ¢ sin t]
| =

0 lJ L~sin b wes tJ 0

040 e

Xt:Vt Vt

laid for any xeA let
Sy ~ ; G= %

belonging to A one gets

r/2 : A

r < O 2 rl \r‘l
@, * Pr(xtdhtf'd“t

5o B
‘Z‘(wl H 1l }x

i i+l
gl
= ‘o

dimensional: torus

is the main computational result of

oreover

, ' e
Then for every x $ X

- Odl\.

OalE . D

and ¢ the l~trace on

functions on 1) given by

Given any -Banach

© # € defines an

cup product is s

values in the domain
1 <t 3}
L el

algebra B with domain

2.8 dense iwnA. Sup—

in A and that there erists

that P, ariseg

mmeycle (Q, d ©.) with the.properties

1 n+1

1owieap

n+l e
¢ Jdt= i



e i d @ P te defrineldin
o D=2k 41

the preceding lemma. In particular the left hond eide of the above equor

lity defines an ntl-trace.
: | - o
!
PROOF. Le¥ us:dencte by p, I

derivative which is the wdtary 5 and by e=

where s=sint t and c=cos b Note that

7 e g
= B R J oy ) -— Yy o= i
Py Py o+ Pele=by thspy ) on Sl1-p VD =p b

ep, ={l=p e , ep,=-p. e
L s

>tpte)ul for every t. A-direct computation shows that . .,

St 5 G

b P&

3 == ; D, ax
: : i 10

dx, = | (pt

aaxtsce ® (s “ds ) Ik

so that we have to conpute

E !
Sl T T Tx (p, @x

O
fie] - (

‘11 S .,
p,pdx +sce ® (s ldel)).,_,

. i n+1 il i
. v (pt@x )M.(pt@dxn ]+sce @ (s ldsxn 1})y»,,,'

= -~
———]

B <

. In order to expand the above sum recall £itm Lemma. 1 the definitionsof

 the sets belenging to Dn K and note thaiighe formulae connecting Bt
o ; i

Py and e ensyre ‘that only terms for whiuhipr and all the e’s'belonq;to

some appear. T > more preciscpidenote ) : - the
ome an2k+l,k gkp\cJ To be more precisc fddenote by an2k+l,k,1 the



h

collection of P

4

(D, 1) with DD

s

DA e
] nw2k+1 k™

3 the

e

ieD. For each suchipair denoty by
G 7 e : ; < PR
= Ry replacing .xr wi

LR T i o=

J¢D with P.- Similarly denote hy

il : :

3 % £ o~ s g h Pt S
sie X by replacing

. . the np=
Dyi

@ y ,
3 dx de with.

for

£ 4

The definition. of cup product with

: 3

sion shows that the desired sum equals

)

s oy

i1

: Nl 1 2i-1
; 1) sm) T ;
2 (, p ( l'Wt,D,J,
F

the sum running over D TR g
: sie 2 lae T e o

Ak e

next that property 2% of Lemma 2
)n~i+c

)= (=1

; ] Do)
D Dipa (@)
\ .

o "D

n—-2k+1
"where :

if there i
tharn: i

ctherwize

defined

Notéa

(o is in Lemma 1),

D

: 2 .
further ‘thet since ¢“=-1 and Tr (p

e - s 7t R
Pl(ltlD,i)m( )

o that oul sum be~omes

<
o

() -$n~2k+l(wD):
F

A

=] (-1)
£

N 2{"“
(“l)}; (s0) :

)
X

th Py i for JeDN{i}with ‘¢ and

A T4

Lt

}..-

efl s an ikl such

5

matrix obtained from

5
24 £
=il

form obtained from

T

Tr and. the above discus-~

S

it

implies that

an odd number of elements:dn L. greater”

tpte):lxu?r(ptept) ore ‘gets

sl



The-proct

/2
f (sin t

O

m
o
e
0

The noxt lemma expresses +the fact tha t the cup product wit

compatible with Bott periedicity.

. |
LEMMA 10, Let ¢ be an n-trace on .the EBanach algebra B, with do-

oy 72
marn .

al n=2m. Fet peProj M, _(B) be a projdetion and u =Gl (BaC (1)
ok : P k St
the invertible element un{t)rexp(ﬁint)p+{l~p)u Then ;

LLplitols=<ln

¢

b) n=2m-1. Let ueGl, (B) be an inveriible element and

29

S’

w

VieeGl,, (BeC (L0,11)) any differentiable rath such that

23
uml_ 01

0

! VJ:’:j
o u
I f~e?denotes t

te conetang projection e= 1- ' and Py cenotes the pro-
1

k 7 =]l . o ’
jection p“(t)—*—v_,l:g‘;gr eProj M. (BaC (T)),then

<[u],[@]>=<[@]m[pu3,[@]>

Pty

(<,> denotes the paitring of H* (A) with K,

W

AY defined <n [5]1 and [61.)

PROOF. a) ‘Simce 1r # (¢ w# g)=(Tr # ©) » € it is sufficient to
consider k=1. Note that up"lx(exp(Zint)él)p, u;lwl:(exp(w2int)ml)p SO
that : -

’ : “l - ",1 ;
o » &)(up *l,Upf¢;,..,up#l,upml)ﬂ

, 1 :
= (~1)n+l“1@(p dp..dp p dp..dp) [ (exp (2int)-1)"

i=1 ' O '
=,

(exp (-2iwt)~1)".

.

2imexp(("1)lm]2int)(exp((él)*zint)ml)dt .



Since.

[ A when i 1s even
@{p dp..dp p dp..dp)= :
~ : : ®lp,...,p} when i is -odd
[5] the above sun becomes
nkl L | R 2] - £ et
1 folp, ., pY (exple2ine) <1 el “(=1) Texp (2imt (m+1)) Zindt=
i=1 0 ] j
i=odd
2141 2m+1 ’
YehE2An (‘Ll'f,L)"(h‘(‘;*i*)*r;{r(P (]_C) g ,p) ?lﬁ"g“fz? —L“( (p Brs s ,P)
Thus : :
A : ey 1 1 i
<[up]’[\D e c amEl | JmEl -] ]
; - (2397) 27 (1+2,\m *) -5
2 o ()Tp J)' < ] { % s 2
in==y (p(n,. e P) = ~Qm}6 ST .,p)—Ag[p];[kp]>
.‘ (2177‘\ &

b) Agaifi”’ it is sufficient touwconsider. theicas

choose the follow; ng particular one

'} ; : “l - g .‘—
Wl ces 4 sin t[_ u 0
0 l L=sdn £ cos tJ Sl
Vs
sdn t- ecos tj 0 u
~cos £ :8in t e

Note next that we may usé the same trick
that-1eB and that di=0. That is, we replace
tal) B by B and extend ¢ to B by

a(xo+Kol,xl+kol, .,xn+knl)=@(xo,;.,xJ
“In this éase <[el,[pl>=0.

To compute <[p 1. Lol> we

scalar multiples of the identity. The 1n*egral up. o

formula of ¢ # & thus equals

k=1,

résult does not dhp@nd on  theéspath of invertible‘elements, W

for tc[O;%Jv'

2

Since the

e wilid -

fof,te[%,n].

e

as dn. [5) te suppose

teven if B is already uni-

shall applylilLemma 9 with A equal to the

L appearing in :the



RN
s e e

it
kglcks mnw2k+l(l’l"°"l)

dnd again since di=0, oniv

~ ol e
‘.Jrnf) (DO (1, . on ,-L)

: 2oz 2 . T " : ;
is dlfferent From#&0s The ‘integral from 5 to n is again+of the type con-

o

sidered in Lemma! S But thi

i~
)

vime withuaseequal to 1. Using once. again

d1=0 it follows tHat P 70 .for every k. ‘Thus
=K

e o

(p # g)(pu,_.,,pu):cmS mokl,...,L) i
Sint¢e the operator S deesinot affect the wlue of fEtpl,lwl> ([5], - pre-

position 14)
¥ i ' i e o o iz & 3 SN '2'
<ipu],y@ # C]>—Cm\Ll]1[@O]> c@u “du,..u “du) .

L " Y : el el PR D ‘ ‘ i
Using«the fact that ab =—w dou the Jagt term, grualss

Tl sigenil el L e
(TR o F cu)sa<lul, Lols ",

which concludes the proof. : ey Fewm & : s 5 DoEule.
Let us restate the preceding lemma as.

PROPOSITION 11. If ¢ is an m<traee,.on the Bonach algebra B, and
b - (RaC( T8 <the nap.,  t
b:iK_(B) K1 (BEET) ) Aenthe Bott map., . then

<b(x),le # el>=<x,[el>

for every xeK (B). : : : : .

Wé have now the technical tools in order to extend the results
of the preceding paragraph to higher dimensional traces..
' Let’ﬁs first consider the case ofﬂshort géact'sequendes

0— 1B - a—t
‘of Banach algebras. : |

Denote by BI the algebra of continuous functions £:[0,1) = B.such
Lhat £(0)=0, f(1l}yer, and denoty by p:BI-.Q*I the map given by evalua-

Eionat 1. The kernel of puis CO(T,B), the algebra'of continuous



funetions on T with values.+in B .that vanish at 1. Note that the exmct

sequence

R R e S R R e e

gives rise to the exact sequence

5

{5 i ~ =3 3 v ¢ «
¥ ¥ e Rt 0 e e ! B e PR g ke
) \n( Q( LB %n(bl) Ker 1 0

for every m,

Suppose that o is an n-traee on’A. Since there is an obvious map

E:BI - ReC () : o

we get an n+l-trace on BIbe nXo # €). -Let ussdenote this A%L~LLa e
. :
e 9
! PROPOSEBECI: 12, "&) The z%z:zge.of;q,\rE restripied to Kn+l(c ( ,D)
S 3 5 i
coincides with" ' the range .of-n*Q on K (B),
B) The fwli=trace o detérm7nuu a»weZZ defined group homomorphism

K geilblh D kew 4, —F= [/<R_(BY,[n*oly ., s e

by the formula
gn(oﬁ(x))*q(<y Lo 1>)

where q:( ~ (/<K_(B),[n*@l> isithe mqtural projection.
Gl LT 6:K (1) -~ K 4y (I) denotes the bO'ﬂdaPJ map debef,tned by
the constidered exact seque

gz, Lold>) =g (B8} .
) .
“In particular, the sequence

0 —» <Kn(B),[n*m]>-+ <Kn(A),[w]>-wﬂ+ Qn(ker»i*) w0

16 euget. 2 : 2 : SR T A £l

- PROOF. a) Follows from the precedig. propesition once we ngtice

that the restriction of @ to Kn}l(c (Torm co;nc1dv. with (n’@)xyfe.

-b)-Is a direct consequence of al¥@nd of the exact sequence . (*).

¢) Recall<the definition of & to:@&g that with the above nota-



oD
I

&/ s
AN

tions &(x)=p, (5 Where ZCKH+1(BT) is any element such that T, (BY=hix) .
Thus
_Qn(ﬁ(x))ﬁqf<2,[@n])$Q(<ﬁ*(Z),UpW&ﬁ>)3q(<b(x),[@;¢8]>)

$o that by the preccding proposition

@ (6L7) J=gitex, Tol>) . .
The exact sequence now follows from the gix.term exact seguence asgo-

ciated to the considered short sequence. D ELD

As in Section 1 we shall apply the above proposition to thegy,
Toeplitz extension associated to reduced crosaed products by free
groups.

Let Q:Fﬁ“‘* Aut (A} be an action of the froe group on m genevaea-

tors Gyree-r9, On the unital C*-algebra A and A X Fm the correspond-
4 r

ing. reduced crossed-produgt.

Denoke by & M (CCE®,I1f.A) ). thetC*~algebra of those Mm(A) va~
lued functions I Buch that £ (0)sand £{1) are-diagonal.matrices whose
entries satisfy the comditions

Flligh. o6 T Rnn S e

( )ll - ol ’11)
: g
iz : - . : Mt Bis
Evaluation at 1 determines a map n:Aq - A, whose kernel is
Mm(CO(T,A)), the C*-algebra of ‘ewontinyous functions on T with valtes

in Mm(A) that wamish at 1, Npte that the sequence

——— 1 ; A B n > m——v—*—%
0 Mm(CO(],A)) i B e )

gives rise to the exact sequence

; : n*

)m

where B:Kn(A - Kn(A) is the map

m

m = =T : b v
el Loles cin by —

Suppose that ¢ is an n~-trace on“a Fm , arising.as.the cha-

Yo
,\r

{

racter of an n-cycle (Q,d,p) with the 10110Wing properties:



e
o

PR 5o

: O G 2 i ; ; ; : =
1) Q7 Cun g contains, the immage of the free group (in pams

a m
o
Eieular it conbaivamethe wnit of Aon. F ¥,
o
r
X T 1 o @5 5 ¢ = i % !
ii) the algebra A=A & Q° is dense in A and is normalised by Wi 2
. ; cr
NgeR ;
gef
Ao 7 e 1
Lidd dil=0; o{uwuug i ddH" VaesA and Vqr 5
3. 4
This-dmplie =i pnr.LcuWMW that the restrig Llon of ¢ to A (sEill,

d:no\fd by @) is am invariant n-trace, i.e.

o e el S0 G o el
\;)\L-(}’_u Lg ;n<~¢.,llga. UC} )"‘(9((,1' WGl g L )

e 2
for every a.eA and gef .

98

An n-trace with the above properties on a crossed product will be

called natural.

LEMMA ¥3oFf @ 718 @ natural n~traece on A X Fm . Then the jJor-
A

myla r
= 1 1"‘3']
@a(fo,f S SR :
n+1 . ;
b e ~ By . :"-“‘1 s .(‘... i £ i
= YT G pope (22 (eyartie) . L L ast T it astt @)L et e
-i=1 i "

e @ . : : e e
Nk eNm(C [O,l,,A), dafm”c:'an nF]”LP’G on Aa . whose restrisciionm to

m(c (T,A)) coincides wi zh o =%y 2 &,
k

PROCF. It is 'an easy computatiom o show that o, is-.a Hochschild
cocycle. (In falt™it is-the restriction to A. of (o #Tg) # €, wiene c
i the Hochischild cooyele

16

gt e ST B

Note next that since 1 is the unit of @, and dl=0

ndl, 3 C o s

i B e o] i 2 "‘l°3 +1 n+1

T e i T R e TR e T e L Y s
it | :

i . .

v -1 +1 n+1
R R R e SV L SR

i : Lo

= (L) g BT (E (1), o T ()mg EOpE0) . .,

(since © is invariant). This now implies. tliat Oy e eyelie:



- 2
@ i 4 Ol R S o) ~nt+1
(pa(f f: [90[-[ ) (":,(.l[f ]/ rt-r{. "(l) (lff rf f ,oorL )-*vhc
n+l Bk ¢ n
e Rl T ER e Lo R ) S
o : i
The rest is now easy. : ORI
Reca il «bbat o - is the algebra . of continuous functions
(AaK)

£ ) o e : . B v ’ e :
B2 l0,1] > T suchithat £60)=0 and E(1)e (aaK)". Let us denote itéfremn

now ‘on with T,. Congider also T,, the algebra of continuocus functions

. s ‘ ; : m
f:¢06,1] - T such thac £{0)~£(1) e (A@K) . One thus gets an exact.gequen-

ce
SOROE o e IR SIS TR
The obvious map m from B to (B X FF)MC(T) induces the:n+l-trace
ki Ll

~

ﬁ*(m # €) which will be denoted by @n (note that its restrictiocn to T*
coincides with the previous @ i :

, In order to*get from Bropus¢tion 127 the ‘result for the reduced
crossed product by the free groun, we shall construct:anvembedding of

A . dinto mznkl'T**” Let (ejj)’ 1,370,1% ey 21, be the matmix units in

and fphg‘ The embedding will be dene in four steps.
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1) tel=2,- =], Consider the diagonal matrix (l)g‘ (A) and define

il
s N i ) sue
Oo(i) 1ﬁjd(L(l)ii/v_cii

where d:A - T is the natural Imelusion. It is then easily seen that
7

there exists a smooth path of unitaries w, eM. . -aT, tef-2, =1
: LT 2m+1 Z

such that'wm2=l, (1®n)(wt)3l ror te[*2,l«g]-and_
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where i: (Ask)™ =5 io the 1nclu51on map, j B (A@K)™ the natural
embedding (so that LOJ 00y )~~Z (l“uiuf)d(ai)), and s, the isometries
- that satlsfly-n\;i;=ui ,;sid(a)zd(ag (a))si.

Let
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LEMMA 14, Let ¢ be a natural n—-itroee on b xaﬂ Fm nn@ P G

~ 210 D : : % :
Ieh. - = - and @i - oon M7m+]®fﬁp as abovg. Forigeeh ksn and 151 0. mee
la LU L
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constider the n~=k-traces on A

44 Gt n-k O M e B
(o vl syl Slimnia tda . da (- du o))

(defined in Lemma 8), and Wi the n—k
TN

Then
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sl A

e 1 1 ;
whare ck:(ml) : - ; : =y =

. 2 He O ; ]l £ . tede : : :
BRODET Rt it EA@ be amosgkh- functions with walues Ind

Since o(f are piecewise smooth functions we have: to compute

n+l ik . 4 R ol

Y (S8 et 8 T D 0 N o B Ay 2 / reda o Tl i
L T G 9) (o, (7)) oy Mneartlo (E) . dlnlo (£ ))))dt=
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(i) f (e @i(u(ot(L ))d(n(ot(i ))).amn(U%(i ))ﬁn.u(n(qt(L Y at
1 : =2 ' ’ g

is 0 since .im this case n(dé(ﬁ))

N e

Note that the ititegral from -2 to -

is a constant function.

The integral from - = to 0 igs of the type .considered in Lemma 9.

J.denctes the unitary

i

X

.' 0 S e B ! i
More precisely if uammm\A »ar fm

il ;
T
SRS R DR ool ;
s X Al : 4
Sl b ;

and we identify MZTrs thb-M2®MN » then we have to:comnute
- & £ L

o

n+l,> =141 Qv , - - o 1 ;1
e JFTr # (Tr #@) (v . x v ,dV 2 v ,)..u0)dt=
i.i:l --,-/ ) =1 et -f:»-{? it '
el n=1 4
1=1 , o

where
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S 6] n-k (@ o BEl =T k
@é~2y+](a PRI el e S R G IS 5t ;
el ¢ i (3 1 91‘
But since
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we get that the integral from ~ to 0 is e@ual to

I
2

[Eglj 4 , o
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The iintegral from O to L obvieously coincides with
i
)

o Lk
9l et
O ET e B0
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et

while the integral from 1 to 2 is again ofi-the type considered in Lemma
ol but this time with the invertible element equal to 1 and so equals
0. B | : : QLR D
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THEOREM 15. lLet © pa a natural nwstrace ~on A X Fm;~Let By
i

={feM (C(LO,11,B) ) £(1), =a_ (£(1),.), €X0), .=£(1),

=l, ...,y i#j}anﬁ«@o the wkl treees o Ay defined <n Lemma 13. Then:

he

a) The n+l #race @ induces a well defined group homomcryphism

p tker R C/<n,\\,,[@7>

by the formula

QO,Uqﬁfx))4x3(<x,[q>,D>)

o

n

in . -
shere [B:K (A) e B0 ) oo, Do - VoY
where B:R ., (A K.p1(BA) Ze the map k(“ki)l) Jl (Koo ml(xi’)’

T e . s i i
Nk o~ A fs the map given by evaluation et 1 and qg:C - C/QKDGQ,MQb

s the natural srojection.

jﬁO fow_evary i,3=

b} For each generator gicFm consider the n-k' traces on A,

1, Ve ot o i | n-k 2= e £ o
il i v a J=@(arda cuuda - {u.du )2k tsee Lemma - 8) vandr ler i
n~k « ; g g : n=k

# L o8 ;
. ek 5 o , , ~m
bevthe n-k ftracs on A , = @ « Lot also 33K (A - -+ K A
a : ek > ., ‘n-k el ( o F m_) N+l (2)
=1 . g7

be the map which composedmtth § sR indm) e K ol (Bak)d ™ gdves the -

12 e :,.A[_ : L composed L %) *cun_*«l A Boiqipip Qqn‘_ grves e

+

woundary moep & associated to - the Teeplits extensien. Then

(<y Lpl>) QQV(D(X))

where
I L
[WE%J
U0 G Z. P ok 41
k=1
and

o

M| ' 1 : : | z
PN T ‘ '
) 2 RR=1)(2k=3) v 350 nie <

In particular the sequence

A <K (B) 2 Lol LA xar}Fm)w[m]>_ *‘&a(ker B} O}

T8 exdot.
PROOF. &) Follows imediately from the exact sSeguence. (F%) - from

Lemma 13 and from Proposition: 12.

b) Since the inclusion of A in T induces an -isomorphism oﬁan(A}
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Wwith Y (1) L15, Toemma 3.43, we know already by Proposition 12 that

20 all we have to do is te compute o {(Gpalu)) .
g B DR

Consider the ‘diagram

0 T B Kl ) By (T 0
A
py’: Gv’r
¢ - e d
. e
K, ( (AaK)™) Ky (B
and note that the horizontal sdguence is exact and split. This leads to
a'map r:RK,(T,.) =K, (¥ }.:Recall the definition of ¢ and n to see-that
g LEy=lojenElee oo (T}~
o JamfEied oo (L) :

This easily implies’ that oroOJRj;on* g0 ‘that g_(jﬂon.(x))z
=g (<roo, (x) ,[e_ T3} Note next that since y~r(y) may be represented by

a constant function, for every yeK, (T,,).

<y,[w”}>:<1(y),[®V]>

so that
0. (3x Ny (%)) =g (<o (x), Lo 1>)=q (<, <>'*q>n}>) :

80 that the conclugion follows by the preceding lemma.

Again the exact seguence is nowwna- direct consequence. of the six

" term exact.sequence in K-theory. : Oal. b

REMARKS.~Sinte ‘the proof dependé only ‘on the;pesults concerning
the Toéplitz extersion [15] and on Pro ition 12 it works.witheuts the
naturality condition on the n~trace o. Hoagver, G*@n is-no longer-a sum
of traces obtained in an easy. way from @.

- The only term in the expression of w that does not stem from a

spgee on A 18 0w Howeer 1 f ithere 19t & SIOSQ“SGCthH to. the map

naR . A (for“example if there is for each generator gieFm a conti-
nuous path of automorphisms connecting Gonto the,identity) this term
also appears as an n+l trace om A (the.pill Bagk of @)

- The analogue of Corollary 47is a comsequence of the interpreta-
tion.given-in 151, 161 to the.cohomology-Hi(A), in- the cage b i the
Ct=algebra of continuous functions on acamdath manifold, in terms:of

= C

the homology (with complex coefficients):ef. the manifold.
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Ag- an--appli@etion of the precading‘?h@mrem we: ghall. give s néw

proof of the resul® of G.A. .Elliott [9! -eonce rning the range of the

Lrace on noncommutative tori. Given a discrete abelian group G and a

character p of the second exterior power GAG one -defines the C*-glgebra
AD as follows (see [9] and the references given there). Choose a dmC O~

cycle o on G with values in T such that

L
al{g,h)a(l,g) “=p(gih)

and. conzider the envelopping C*~-algebra‘of unlua’ie“-(ur)g o withithe
: 4 €\

(see for example [12]1). The resulting C*-~algebra is independent of the
cecycle o and 1is deénoted A S IL is the universal C*-algebra generated by

a projective repre ““MtduLUJ of G such that

4

L=l !
e - =0 e\ .
ql 4 1 ()/\l))

Ween G is . iBomerphie to /] it is eagy to see that Ap isrobtained by an

.

oL h ordinary cressed preducts by actions of 7, the firs
us we may apply Theorem-15 recursively.

5 : ) S n s :
..t bethe ‘canonicdl bdsis in /7% and. (e, }‘..amn(R), the

i : lj‘lf7
antisymetric matrix given by
2in§i,
D(ejAej):e <

tn this case A isigenerated by n unita®i@s U, ;.00 satisfving the
: ( I ;
relations

Wk, =6 AR
i i e

-

We shall denote by Ab K ,,Oskgn the C*-algebra generated by {L, 1,,.,,a}
T

(A o n*C T;Js is a decompos1f10n series of Ap in the sense that
] !

S
i
U

5 N S SR S
R0 /p,l ;) : O C

S

where‘aPsAut(Ao F)‘is the automorphism 1nduccd by the unitary v gaihich



A,

nornalizes

Pk

Moreover

action

defined on

each geng

O

®

the universal property of A .shows that there exists an

(A )
(@]

&

- | PR .
S B

o @)= {expllni) 8 t. )0, .
Brkdecit 00 ’ ) G
1 n J
Notc that o ig:.Ehe restriction of of on \O _ where f yressa by
. : ‘ - : Y1 T
e b the canonical bagis in: R, The algebra of smooth elements under this
action, i.e:¢ of those elements a such that
20
R S e (d}EA
= G > [e5]
ig smooth, will be dencted by,A” :
As in [2] and [6] we shall consider the action of the Lie alge-
. ph Lo : s Ll e
Dra of B son. A i.e. the derivations
A% I r
oo [en] ~ ¢
6.°ﬁp e ALy Gernces gl 5
s 1 *
corresponding for fixed 3 to the one parameter group of automorphisms
£ g = % b 'y =
eaf - oL el
P‘ JF,)‘L: 7 ( p)
and the corresponding graded. diferential algebra
R )
Q=A @J/\R
o}
s SR T w  LH+len | : : .
where the differential d:Ap@Alﬁ Ap@n“ R* is defined in the follow-

ing way:

n

d (agw) = 2

e
axr

Note th

Gj(ui)

.Suppose now

as

Aq\.zl..l

graded p-trace

[eo]
the qeupjat rs ul"‘"’unﬁhp

=210

in

a)wm

°

6

ziAw)
- .

and that

Sl
1

that T.1g any trace state

[6]1 we shall consider for each w*eAP (R™®)* the “lo"ed

on A

°

T e ON Q defined by



T - (a00) =1 (a) r0* (w) .

1 i ) i Y, -~ 3 s | e >y ] ) I‘l .. (" ofa = o -
Let us denote the . dual basis in (H ) alE e ij,ﬁaw,f* g
= s S e

.The p~traces corvesponding to the elements

ERNEE S S p>0
s e ' :

2 it

) N e oty < Sy N R O N 1 T : ' ' -
will ‘be denbted by g, w v Nate thatlthe explicit formula of

L . Ls¢
B E o

EOr «p=Umevget 1. 5T,
The inclosion A~ iy I F i T4 < 4 1
LTne: i necasilon A( ./-).D caus cerines p-dimensional cycles

s
(G

&, d, v, sl Tsat i siving
i 1 Foeos s b }:
c 1=0 .
1 e o
dithisay. W=u dau. ool
oK ok k et

s8¢ that the restwictien of T, e ewreh AP i 1 is -a natural«p-
DplTmd L i ?

(4
“Erdace with respeet to thesdetomposiftion

“

n
: =]
Moreover since uyduy =2 391 ? e O

Y

Aef. 5, from all the p-mmtraces

"y Y

= @l =1 ~'1,.m,
B R e e sy
i ,“n“,Jp . Jerizle

-~ I “ l 5 ‘)"“1 "'l . ol o Teed ” ; o i :
cmly’% : : &Pda.uoal ukd%,)) is different from 0 ?ﬁd equals

ey e e Tk - : ' =
AT § (-1)F jvloé e e : (aodalae.Jdap -

j=1 ) i i sy

).

‘Let us also compute the map @y of iTheoremc15, Note that there
; 0y : = :

exists a.map , i o

YﬁAp,k s (Ap,k)(lj{'

(where {Ap k)O' is by definition the C*-algebhra of .continuous functions
& s 3 ;
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(£40)) given by the fermula

Vihere with our previous neotations o . =0. iy ..
= Bl U
= B I .
Recall the definiition of @, to see thav we have to compute
; T
gl Dbl
T e (e gl ¢fxf Yo
ey Foe o e F - = ;]
o 2
ol o= il ;

A skl ne : 70 ”].~ . Bt
Y I g G Ay G)).die 7))
i=1 oA e i B

e
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=
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~
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e : 1
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it e A
Shs

since the derivations commite with the automorphisms and T is a inva-

Reiamt .

Myns i j : e =0T n ¢ 1 o
_,,1‘,:u&'(._p, ,}(; _].’ceo’ l:)f\
heorem 15 thus says thatiithe range.of T S 1o i g (1 ) vdis
A s e e g P ,"),k“"l
5 .1 ‘l:)
equal to the subgioup generated by the: range of =<,- Pl e R L )
EESRRTRTE nl ik

and the range of P

T i : ; T, o | i
Al A e B e Lol AR I s [ e
1 P =1 ! L ol P

on’ker.B:Kr. (A

p+l

Pk

THEOREM 16. (G.A. Elliott). Let G be a torsion free abelian group
and OiGAG ~ R be a homomorphism. Let p be the character p=expob of
GAG, and Ap the corresponding C*-algebra.

—Giyen -anytrace T on AD , the range-of T on Ko(Ap) 18 the range



of the map

exp/\O:.l_-e (‘)”f‘";,é’(i':/\())'t‘g P f/\() =P R B

T NN Gy S o 0 [G O SR e S L PR ) (3 v . oY L%a - 1 FT) -
PROOF. It 18 sufficient to consider -the case when G*L =fop some

n. Consider thén the dec cmposition series of A

N = = JA A =
Tty e e e 5] A = "“C ¢
¢ (e =2 = P10

A =\ v ”
pal=l-n s o
i
An easy induction argument, using the above form of Theorom 45

shows that.the range of zTien.A  is the subgroup ”ﬁanuLPd by the fol-

. SmEL - S , Sy :
e 2 traces on K -of A =F. For esch 1 <t <. <3
= : O Yo ]: A O

« B ; .,kﬁi s
O (p=2m+1) o (p-2m+2) aglo~1) olp):

symmetric .group anﬁ g (o) the signature of thessermuta-

Y
Since AO(C):Z with _generator 1 a¥ltraces Ty 5 Tor p>o
1eeot
4

Veltiish on Ky (C) so that only the traces (o= ... With p even, p=2Zk,
Lyrevat

are difierent from 0 on KO(C) and their value egu:

m’d :

1ls

.__.__.':l;n.._... }:C(O’)e = .‘09

kt(2n® e, ‘oto2)  top-1)to(p)

il

ksf)fl?ﬁw /\o(e ey e S e

k=times 1 P
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