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,ITAI{GI]S O}.' ?RACES

REDUC.Ed Ci ' IOSS]]D

Or'.J K OII
O

PiiODUCTS I3Y I 'REE GIiOI-}PS

L " . , , : 1 .  : . i

very brief ly the rfesult*.. ; iencerning the Toe-

t l  j  I

Iu l i i ' ra i  \ i .  p i l t rsner:

'  The air,r of this rrape)r is to give a fo:: inr, i lo fo:: cornputj-ng the
rangle of  a  Lrace on Ka of  a  reduced crosse, ' r  product  by.e. f : :ee _c_{ ] :o1-1I )  On
I i^ r  $err3 l iar :c i 's '  Fv 'en the r - r is€ wheu t i re  grcup has Lai le .  generat<; r ,  i . .e"  t l re  :
case  o f  c rossed  p roduc t ' , by  7 ,  1s  C I f  i n te r -es t  s ince  - i t  i nc ludes  the  . .

case  o f  t he  i r ra t i ona l  ro ta t i on  c * -a lgeb ras  Au  ,  wh ich  v re re  the  i g . i t i a l
examp le  fo r  t he  ge 'e ra1  p rob le rn ' , ^ /e  ccns i , l e r . ,  r n .  [ ] 71  I ! 1 .A . . . .R ie f r r i r , . . i , a : . j
f ou r r i c l  cxaml - r1 ' ss  o f  p ro jecL ions  . i n  Aa ,wh ich  sho i . . red  tha t  t he  range ,o f  t he
t race  oR K  

" (A0 )  
ccn ta i -nes  Z+e 'T  anc l  l ec  l im  to  con jee tu re  t l . r t  t j - r . i . . ;.  o '

. r ange  ac tua l - i . y  cc inc i t l c r l  v r r t h  7 * !7 .  Th i s  v , ' as  p l : ovcc l  . l a te r  t o  be  tne  . . i .
case i-n If  31\by ar-r 

'eniht-. ir i i .ng 
ar,grumen€::,Af,Le.r , the computations -., i  l .- ire

K-g roups  o f  c rossed  p rocuc ts  by  7  j - n  t14 t ,  i t  seamed .  t ha t  t he  co rnpu ta -
t i on  o f  t he  rangc  o f  t he  t race  on  Ko  v ro .u ,d  be  mur - .h  eas ie r .  f nc lee t l  ne , r r
proofs f,<ir '  eoir ipul:. ' - i-r 'rg the l:arrge of the trace on Kc (A0 ) .app,earecl rn [ ,-1j ,  , :
a 'ad ILA) ,  bot ] r  c f  i rh ich i towever  used some par t i .c r , r . lar  fea. ture of  tnn;
i r ra t i ona l  ro ta t j - on  aJgec ra .  1 , - : ne  f - i - r s t  na tu ra l  a lp roac l i  t o  ou r .F - ro : l+m
is dne to  A-  Ccnncs,  who combined h is ' i fornr t r la  fc .n :  crcp.set l  i : :oduccs r )y
f t  w i t "h  the  ' i dua l  t race "  i ;  21  ,  t o  ge t  resu l t s  f o r  : : : ossed  p rod"uc ts  l r , y ,  l .
Moreover  h ls  "c l i f ferent ia l  geometr"y"  aoproach to  the.p: .g io lem [3]  .anc ' I .
the d iscovery that  the t races are the q! .emeni :s  of , ; .order :  zero in  a co_
h o m o l o $ y  t h e o r y  f o r  a l g e b r a s  1 4 ) , , [ 5 ] ,  1 6 l  a r e  c r u c j _ a l  f o r :  t h i s  p r o b l e m .

Tn.  Lhe pres t 'n t  paper  r re  combjne  Lhe r ,esu l ts  o f  t l4 l ,  t l? l  w , i t ,h
o f  t5 l ;  f61  to  ge t  r .esu l ts  fo r  the  case u , - r i ,5 .gduced c . rossed pro-
by  f ree  groups .

t hose

duct !

p l i

na1
()n Ko (A 

"c,

Sec t i on  0  reca l l s

t z  ex tens  i o ; r  c f  t  f  5 l  .

For thc convenience of  ihe reade. i , "w,*, . fave treated ibq,$. : { , . imensio-
case separately in sect j .on l .  we sh?!r ' , i t -hat ,  the range of  e, , . t ,s.dce r

F,n)  is  very roughly  speaking , l ; l lq  : ; r ; tbgroup generated hy



l i ;

t ;

*!* -
:

t he  va l "des  o f  T  o , * rK r - \ (A )  and  o f  a ' ce , r : t a in  l * t race  o l - r  K ,  (A )  .  Th i s  a t *. t J

ready ' . 's l lows tha,e: r l t ig i - ter  d j -mensional  t races r ia tura l ty  o icur  in  th is  , : ,
probJ-em'  To rnakb"{ : j i l is  sect ion as se l fco: ' r ta ined as:  poss ib}er  w€ have
avo ided  any  : ^q f  e re r t ce  to  [4 : i  ,  [ 5 ] ,  l 6 ' J ,  anc l  ] i av r  . used  i -ns tead  i l f f l i , r i o " r , , . , , , '  r

' - t i on  o f  de tc rm i l " t& l i t  assoc ia teo  to  T ,  i n t r cducec . , '  ] |  p .  de  l a  F la rpe  anc l
G' ' :s i< ; indal is  - i -n  t  r0 :1 .  As i ,a  coro l lary  <; f  . t .he above resu;- ts  we n.a,  * "  ,  , r  , , .  , , , . ,
( s l i c th t )  gene l :a l i eh t i cn  o f  a  theo re rn  c  f  ,  N .  .  R ie i i e l  t  I 6 l  a r :d  the  c l rnpu_

ta t i on  o f  t he  ra ; r j e  o f  t he  t race  on  l l  , , r -  r - f  r  .  T \
o  r '  

) l  
,  * o n ,  l i  v r h e r e  T t T  '  -  T , , i . s . .  

, ; u

any or ienta i ion presei :v i .ng homecmorphJ. .sr i i lc r  i l r i  un j - t  c j - rc le ,  in  Lerms , i . i
. o f  t he  ro ta t i on i ' r i u f i be r  o f  .T ,  Th rs  sec t i o r . : . se rve , i  as  we l l  as  an  j . . l , l - us -  

, . i , , 1
t ra t i on  o f  t i r e  l : as i c  i c i eas  tha t  a re  beh inc l  t he  p : roo fs  o f  sec t i on  2 .  , .  i ) . ! ; . :

Sec t i on  2  t re . r t s  t i i e  cos€ '  o f  h ighe r  o . r . r , t ens rona l -  t r aces  and  : re l i es , , - ,
heaw i t v  on  A .  connes '  , , ap6 r . s  i s l  and  ro r .  ro  ' l - t us ; ; ; ; . - ; ; ; - ; J ; . ; l l " - " ' ,

'  sh:ow that  t l ie  theo ' :€r i :  o ' l l r ;G.A.  n l l io l t  concern l l rg . the range of  the, :g- r : .ass.  , t i
'  o l l  K^ of  a  noncol l lmutat ive torus i9 l  can bc obt ; r ' in .c , r1  by a s imple i 'c1uc-()

t ion f rom'our  Theorem 15,  in .  bhe same r ray the i r  , -X-qroups,"ar ,e  obta i r :ed '
b y ' a n  i t e r a t i o n  o f  t h e  e x a c t  s e q u e n c e  o f  i i 4 l .. ' _

,, '

. r; ' ' - '  .By  l ' , -  i ,we ,sha l l  
" , denc te  the' i n

Consider  a C*-a lgebra A : l i , th  an

cr :F.*  *  Aui :  (A)  .' m

: ,  The, , rec luced cr .ossed prodi rc t

.  the C*-aJ.gebra of  01. ,s j :6 tors

operators

I  o  p ( ; r ) aEA

(unk )h  = .  t gk  (g - I f , )

5 0
.  

: "  t , , . . -

f f ee  g roup 'on  tn  ge r le ra tc rs  g1 r ;  t  ; ; i g * - j
* * & i  a *d U C l . O R . . . .  . .  ,  . ' r ; ,  r .

. ... .'; . . :..

o.f
,
O N

A by o, ,.A

1.2  ( f * ,u )

^o F* ivi l l

s  22 (F*) . .  r  H,

be ident- t . f iea wi th
,, : l t

' ,
qenera f .ec j  by  the

iu,ii

grheFm and,_ ,keZ ' .  { , ;  ̂,  f ,1

where  (p rV" , )  i s  any  cova r iah t  f a i t h fu l  rep resen ta t i . on  o f  A  on  the  H i l -L J  - r - -

ber t  space  H  LL?J

r '  '  i ' i
gy r ]< c Frn'we shal- l  denote the subset of  , ,F- l  cens. ' .sLing of  ere-

| .1  
' l !'  :  .  ' m -  m

_ t . q

.  m e n t s  g i . . . . g i :  ( s > 0 ,  L f  L 2 i . . . , i = = I + i _ = .  ; l r * . . f 9 i * r , . u : , r r t r L * 0 )  s u c h  t h a q ,- . I  -s

T">0 if  i"=k. Remark that the neutral erer;,-,=nt e bf F* is in fk and

.  
g j r k= t r k  i f  j +k l  gh i l e  9g i "n= ru \ te l  , .  - r ,  r  .  .  .



m r [ 1  . ,
,  , .  , '  on o X. ' i  ( i r t , ,  i i  )  c.  @ .L" (F,^, H) ,  denole by d (a)

k=r  t \  
k=r  l l l

. .  '  \
: n m

t lons  o f  o  iLop (a )  )  resr :e .c t i . ve ly  o  u^  .  :
j c = l  k = l  9 1  :

The Toepl i  Lz 'a l11ebra T is

b y  d  ( a i  a n d  s ,  , .  e  .  r s . - .
. r .  i l l

a n c l  s .  t h e  r e s t i " i  e -- i * . v v k g * a

by def ini Li ion lgebra. ggrigqa.ted

.  I t  is  s i ro l ' ;n  , tn  t15 l  th ; ; t  ; the c l "os;ef  'bwo--3 ic1ec1 ideal  genera led in' I l l 2
T by  the  p ra . j ec l - . i - ons  J -s . . sT  i o  i so rn ; rph i c  t o  A  \eK( . t - z  ( r , - )  )  . and  tha t

-  +  r - - - r  , \ .  ,k = l '  K  \
J  the quot ie t r t  o f  , ' f . ' ] iy  th . is  ideal .  i .s  is r - i r : rorphic  to ;A xn F* .  Thus t l rere

i s  an  exccL  sequer rce

r
oing of  A in ' ,o  the crcssed product .  The m; i -n  r€s- . r , t t

d*"  . induccs j .so ino: :p i r isms betvreen K* (A)  and K.  (T)  and
m  m  )  

' i ' - -
r u  r  l ( l-+  (AeK) ' "= . , -3 ,AeK (Z '  ( I . k )  )  de  no tes  t i_ .e  map

' Ir.- I

Q -' (Ac'K)m 'I* T l I* A x

' l '  
t

cal led the ' } 'oepl i - tz  extension of  A

wi th. i:tiie, us ua l_ errkeri*

of  t  15I  shorvs 1:hat

t h a t  i f  j , A *  +

, a i

induces an igo;

' ' . \  :

Ene oounaarlz map

*c,. F; coincicres

r  t . - 1 . ' , ,

(6  be ing  .

i e  ( g ' 9 ' )

rnorphism
:

.  '  .  'J . '

rr 
'm

.  j  i  (a. , ' ; ) i : - - . ,  )  -  o a. ,s.rc (e,e)
, \  J \ - r  r  .  J !

.  K = - [\
t
\ '  .\
the  na tura l  rna t r i x  ' r :n i t

K *  ( A ) n  w i t h  r i *  (  ( A e K ) * ) .

( toc l )  *
i (  (A) --  r  (  {A

.  ( noc l )  *
F * ) J  K r ( A )

m
- . . . t -  ,  ^ ,  '  r i n  r  Fwhere I  (  (x . '  )  . ' '=r  )  =  ) .  ( * ;  -cr  

_ . '  (x . ,  ) . )  andr  r -_ ,  i i r -  r  
n l .  *  

,

of 
:n" 

Toepl i tz extension) is exac,t

i s

o f

o.;"fo)
t *
t

l a
lv

1 ( A ) m

_g*. I f l
I

X

Ko (A

,i
t -

a l
I

rt (A R.
. Y  K

- l
0 = j * * o 6

;

5 1

Let  A be a C*-a lgebra and Mr,  (A)



. t* . 4  *

over  A .  I f  A  has 'a  un i t  wc  sha l l -  c l< rno .Le  by  U*  (A)  the  group o fn '
e lements  i r  Mr . , . (A) .  r f  A  ] ras  no  un i t ,  ie t . 'a  i re  the  c* ' *a lge l i r :a
L'y ad jo in ing i i  'uni . 'L to A. l r i ren rr ;  (A) dcnotcst  Lh,r  l : ;ub(Iroul? o: t

t

s. isL l -ng of  e lemer: { -s  o i  { - i le  form l *x  lv i th  xeMrr(A) .  un( / { )  i .s
ca l  group i " r i th  1: i rc ,  Lopology inc lucecl  by the norm tcpology of
connec ted  componc i rL  o f  t he  i dcn t i t y :  w ; l J_1  l _ re  cenc tcc l  L . '  , , o , * 'u .y  un  \ r r  /
(d iscrete)  group of  connccbecl  .cornponent . ,  v l i l l  I - :e  denotec l  by

i  . f . ,  * . i  r -  -  r lLons-r-oe)r1nE ur. (; i ' )  .as .r su:group of urr*, (A) via the map u * 
l ;

sc+nds u ;  (A)  i r r ro

Qn, n_i -1 ' :  no (ur ,  (A)  )

and

Qn rfr,o (un (A) )

,ro
" n * l (A) , .rve ge'{: maps

vrhe. : :e  I ( . '  (A)  is  hy def in i t iqn
l-

( r to ' (ur ,  ( / r )  ) ,  u ,1, , ; ; i j l  .  I ' IoL:eo 'ver

g r o u p  o f  A .  I f  c r : A  +  B  i s  a
nraps j -nduced on e i ther  Ko or

. ' . . 1

\ \
\ \  -onrr 'nd\ lu

indtrced by

. i ; . t \  1  +  E  l l l  / T r \  \  :
n  \ / r /  , t o  \ r r . ]  \E  I  l .

I ' lo . reover  v , le .  shal l  denote a lso b) ,  q '  t i :e  map
. .

- '  Boll

ct.

oz

I
q l

ctral : AaM

I f  T  i s  a  t race  . : t a te

sj-on aoTr i :o 1"1r, (A) , vihere Tr

.  s ince i . , -  t€)  rests
s l o n  u  ( A )  : ;  1 1  / 4 1v n  \ 1 r l  -  t n " l - I  \ r - l /  ,

(wi th  f  ixed end points  )

iden 'b i ty  co inc ides v ia

and by T the j .nduced group homoinorphism f rom K^ ( t )  to  R.  Correspgqdi - ; " rg
to -u  P .  de  Ia  Harpe  and  G .  skanda l i s  c le f . i ned  rod .a * .m ;nan t  w i th  va - ' l . ues
in ft/xo(A). f,et i:s briefiy recall their c.onstn*ccion [101. ,

' r f  ' [ c t r . r c r r J  
i s  a  c o m p a c t  i n t q : r v a r  o f  t h e  r e a i  l i n g  a n d  E : [ a r , o 2 ) *

*Urr  (A)  a p iecew-se cont i t ruous" 'c l i f ferent iab le path;  tQey def iner i , i . : :

A  l ? : \ - / r  / 1 - . : \a - . \ s / - \ r / L | L L l
L

t l i t c r l E ( a ) - t ) u o

the j -nduct ive l imiL ;o f  the sy.s tem

v/e shal l  denote b] '  I (o  (A)  the a lgebra ic  K
.  j l

*-homolnorl:h, j .s,m vre sha.] l"denote by cr* t i i ;

K.  ,  keeping the noLai : j -or  o**  for  U+e marr

on Ar  w€ shal l  denot .e a ls : '  by 'u  i ts  exten*

: I "1-  (Ar  * . .  .L  is  the usual  
'hap ' r r  (  ( . i ,  _ ,  i  ) :Fa. ,  *I I

unchanged when $ pls,, composed with the inclu-

A-  (E)  depends sd l - r , '  6n the homotopy, ,c lass
t - , i , ' " 1

of  Erar ld  A,  res*r . ic ted to  loops around the

the Bot t  isomorph. is ln  w: 'L i r

uni',tary
obtairi.crcl

r  j ,1  (J \ ,J : ' ' ( . iO i ; r . -

a topologi , -

l'{r, (&),i. l:f:i :

,  whi-- l  e the

fo 
(ur,- iA) ) '

; )  w h i c h



. I t l t o  
( n ) = l i m  n ,  ( U r ,  ( A )  ) .  +  R

+

, ;ne 
gets  a : te l l  r l r l f inec '  nap

- - n  ' . l i r r O { A ' ,  
+  l ) / - t v  r ^ \ . ..  \  , ,  u ' ^  \ . r /  t \ /  :  1 t r . ^  \ * \ /  It \ t n \ , ,

Y-\I t

b : |  a , ( u ; - q  ( ; a . ( i ; )  ) ,  o r r , " r u  e  : , [ o ,  , o z ]  n -  ( h  )  i . r '  a n y  p i e c e l i s e  c o n L i n r r o u s
cr i f  tcr :e-nt ia l ;1e path such t- .hart  E (cr)=I ,  E (cr . r )=r.r  ani .  i , r i rere j

q: R + l1/r .  (xo (a)  )

i s  thc nat r r . ra ]  prc  j  ect ior r

The cletei '-rnrl lan'r: j-s a group iromomornrrr"* anci i f  u is of the torn,.
e x p ( 2 n i a ) w i t h a = . r t t h e r , t : , A ' ( u 1 = g . ( - r ( a ) ) . ;

- r ,e t  u 'g  prove two easy proper t ies of  the determi .nant .
f - n ' l ' , l  \ r  ^ l t i ^ \  - i - i  *  1  . ,  .  

m
L C ' c  . u i r t j - s u . t A )  i = 1 r , o  .  .  r f f i ,  b e  u n i t a v ; i , e s  s u c h  t h r ' l ,  I 1 u r r , , - r : e r i . o  ( , A ) ,  .  L e t

i = l ,  . . .  im  be  i sane t , i es  i rd  d .n io te  bg  p+  the  p ro je . l i r i , . ,  I r , . s , , * , , u . .r  . r ' l -

' t

A (
- . T ,

the  un i ta r ies

' : ' - , ;  . ] .

s .  I

T h e n

" . 1

a n d

P P , O O f .  L e L . s j e U ,  ( A )  b e

i  " ,  p i l
" i =  I  I

,  :  '  [ o  " i J
Since

0 l

s lr _ J:]f:n,l t"
:ri t

r^
I  J : -

l r
t '
t ^'t ti
;
:

l'
I. 5 1
t' l
' | '

. L

$Ie may

[;' ";,J

s .  v  s t l - n ' .' I  - i  
f  r ' 1 *

i

i

)  o 1 =

: ' i l i , .

n ( u ro t  )  s {  ( v ro l )  * i *
: : : . - -

P a s s i n g r f l ay  rep lace  s  j  w i t i r ' - s1 '=
l-

- . o , -  ,EU4  (A l  tO  ! l e t_
- . ! " L l - -  - 1 - .



.iL.l*.,;l

Choosing a i ;a th lo in ing .s 'J  to  the j .c len i : : i_  i_ . r1
t ir

I I u ,  ( s : i - v i s f * f r .  )  c j : . , ,  w i th  ( t t  u ,  r r ,  )  o1 ,  su r . : } .
l .  

* . t .  r  -J. ,  
I  

.L L J

. L J l  A  , t . s  c . , : T t i n u t a t i u e . r t n c l  d e t : l { n  ( A )

t .hen A.,  o C-e=i=O-,

p i i O O F .  T F  r r I I T O / a r  + l r a . r  1 r  . i c  :  6 . ir  ucuk (A) .  /  t i re : r  u  is  a  . f in i te  proo.uc i :  o f  . :xponent ia ls  tg : l i
so i t  is  enough L l  suppose u=exp (2ni  a) . .  Then .  :  , '

A  ' ( de t  
u )  =A t  (exp  ( ,1 ' :  (Zn i  a )  )  )  =e  ( roT r  (a )  )  = r :_  (e -xp  (2n i  a )  )  =A_  (u )  , , ,T  - T ' *

0 .  E .  D .

lEIoj" iA 1" Le. i ;

i
0 *  J  ; ' *  B * I * A - *  U

vre ge! a 1:attr

{  l r n { '  A  a t r \ . - - nr . _ r r u .  L -  r - r ,  \ ! :  I  
* V  .

corr t l€c L ing

' i .n 
" I i , .  D;

, *  j - \  i  s  l ;he  usL tc tL  .  de-be tmi r : tan t ,

l l

b e

{ " D

o n

a1? ef idc l ;  s  eq i tcnee of  0 'k  -a f ,g  ebr ,a s  anQ., 'g

,a uni t .any." . 's , , tc i t  'bhat .  t  j "  ( r r )  .1 ,  =0 in  i ( ,  (B)  ,r - L

t l t e '  c l a : ; s  o f  u  i n  K l  ( J ) .

. \

a  . bya ie  s ta l ; e  on  A .  f f  ueUr . , ( J )

t h e n  l t r o r r ( i ( u )  )  d e p e , r r C s  o n 7 . i , ,

' a )

u a U f ,  ( J )  t h e n  A r o r ,  ( i  ( . r )  
i = 0 .

. . s t t c h . : c h a t  E  ( 0 )  = 1 ,  H  ( 1 )  = u ;

{ -h r  + l . :  1r ,  \  -1.4 |Enat  U i r r /  C l ' i r . ,  (J )  r  '  : ;O tha t
'

. l i r u s  A - - ^ * ( j . o f ' ) = P .  e . E . D .r;o Ti 
'

Ie t  € :  l -  0  ,  I  I  . *  Ur . , .  ( , : ;  be a path of  cJass, ,Cl

[  0  ,  1 ]  i t , .  f  o l  l ows
'  . r o ru  t i  t *  t cU  ) . i  ( g  ( cx , } l I ;  ;  =g  , f o r  e r re ry  cE(0 ,1 )  .

The p:cceding lcmna shows that  thc inap

A  : k e r  i r ,  +  R i r o t ,  ( K ^  ( B ) )
. *T - . r, -i--_i_ u

d e f i n e d .  f o r  [ n l ,  e k e r  i *  C  K ,  ( J )  b v._-. r I

Ar  (  t  uJ  ,  )  =Aror ,  ( i  (u )  )

i s  a  we l l  de f i ned  g roup 'homomorph ism.  (Th .e " , cond r f i d ro^n  Iu ] ,  eke r  i . .  j - s
. I

heeded for  A_^-  ( i  (u)  )  to  n:ake sense"  )  ,  1_-* .* : *  :
T O T T '

P R O P O S I T I O N  2 .  L e t

0  * F  J  - l n  1 J  
[ ,  

A +  0



0 -*" 
,rII (Ko (B) ) --."* 'c (Ko (A) t

asheye  bhe  f l r s l ;  r nap  i : - ;  - bhe  i nc :7 ,us ion

i s  t l ze  res  t z , ' i c1 . ;on  o f  l : i ze  map

.l ill 
-,, l? r1igl (i(., iR) )

I  (Ro @) )  , ' i  s  ( tn  erc tc t  ,s .eque?xe.e "
L Io t  eo l )e r  i , f  p tM-  ( I t )  i s  c t ,  pz ,o  j  ea t i o r t  tT ten

a ( t 1 p )  ) e a - ( k e r  r * .  )- t  ^ l l .

whez,e

A - ( k e f  i . , . )  *  o' * L

of l ;hct t toct s. t ,LI tg:Laoup{i  o. f  R ar:cI  c1

t

i  , - *  ? *
I

o f  C* -a7 ,geb t "as  and  ' t ,  o .  . byaee  s l ; a l ; e  on  A"be en.  e . f ic le t  sequ.cnce
. A 1

J ' n e 7 t

i  l f " t  /  T \ .  \
* * *  '  ' 1 , -  \ u ' a  \ L J  l  , ,

I '  v -  L L

*-s+

'.' v

'- *,, (Un (8,) ) ,.

P R O O F -  1 f  p e l ' l ;  ( n )  i s  a  p r c j c c t j - o n  a n c l  a c l " t r ,  ( B )  i s  a  s e l f a r J j o i n t
e l - e t n e n t  s u c h  t l ' r i d t  n  ( a ) = p . i  t h c n  e x p  ( 2 n i  a )  r u l  ( . r )  

: a n d  
s i n c e  n  ( e > l p  ( 2 n i  a )  ) =

=exp (Zn i  F)  = l  1 :h : . , ; - "e  j i : s  
d : : , t i r } j . ta } ' , ;  ueU (J )  such,  tha . . t , ,  j .  (u }  -exp  (2n i  

"1 )  . i ,8 ,1 : ;  1 , ,
c le f jn i t r t r  

3r (* )  
=Aror ,  (exp (Zni  o l  ,  =n , lon (o . )  )=q ( r  (p)  )  . .  rh i i ;  , fSorr r*  

- ; ; ; ; f

* l r , ' / ^ \ \  4  
:

q( i t " (A )  )  C  3o (J ; c r  i s )  a : ' r d , t he  . Ja . : . l t  pa r l ;  o f  t . hc r  p r -opos i t - i - on .  I r i na l - l - y  re -

ca l - l  t ha t  t he  bcunc la ry  i r t ap  t r :K^  (A )  *  I ( l  ( J ) '  i s  c je f i ncc l  exac t l y -oy
S tpJ^ -Lu l ,  where  L )  i s  r . f  o t *a  !n .  O  , r , r - ,  t he  a l : cve  nanner r  so  tha t  t he- o I

e q u a ) . i t y  q  ( K - .  ( A ) ) = A * ( k e r  i * )  f o L " l . o w s  f r o m  t h e  f a c t  t h ^ { -  A  r r i  / 7 r \  } =- 1  \ - , c , _ _ / ,  _ _ T . . . _ *  : n a c  o ( t ( o t / t ) ) ' = l g a r , i *

rvh ich  is  par t  o f  the  exac tness  o f  th 'e  s :Lx  i :e : :m sc .quence i r r  l ( . - theory .

a . E . D "

I { d ' sha11 .  now a .pp l y  the  p reced j -ng  p ropos i t i on  to  c rossed  p roduc ts
by ' f ree groups

'T i IEOREM 
3 .  Le t  o : [ *  . *  Au t (A ' )  be  an  ac t i on  C I f  22a . . f t , ee  g l1oup  on' m  " J

r n ' g . e n c r a t o r s  g j  r . . .  r g , ,  o n  t h e  c * ' - a \ . g | e b z , a .  A  c t n d .  A  x ^  f  ̂  t n e  c o r l T e s . p o n 4
- r  I  L i l  o ,  ' m  - -  

. -  

- : .  -  -  '

i n d . r ' e d u c e d  c r o s s e d - p r o d u c t .  s u p p o s e  r  i s  a . t r a c e  s t a t e "  o n  A  x ^ ' .  FE  ' "  ^ o i t " *  t '

a n d  d e n o t e  a L s o  b y  r  i t s  n e s t z , i c l - . t ' . o t t  - t ; o  A .
^ \  ' r J  D  ' a /  r a ' r f t  -  

- - < - - - '  '

a J  r  I  1 3 :  K ,  ( A  )  
-  +  K l  ( A )  d e n o t e s  t h e  n a . p

I

th

m  - _( x i ) 5 " = 1 ) = .  
I j * r - o * _ L  

( * i  j )  ,
r - - L  v i  *

a l
P \



': ,l-1 '*

l ; l ' ten 't l ie ntdT)

' --T t )

m
1-I
l 1

t

m
fT

I

r le f i rLed by

c / ' '  '
L ' : ( ( L r r - , - t  l - "  l \
: ' - T  ' *  

i ' t ' " " 1 t ' ' t n "

r t h e t . e  u  j  a r e  u t : i  b a r i e s  . , i .
"L

a .  aeLL  de f i ned  g roup  ho rna ino t ,ph rsm.

b )  T h e  s e q L : e r l c e '

"r";l t u]1) e rrf {;,)

ar
AI  ( l <e r  B )  +  0

" tL te  tuo  subg l ,ou -ps  o f  R ,

) =A.. (
- L  * . 1

u .  ( r . . -  ( u i  )  )
Y- l _

I f  ( A )  t  E L z c : l t  b h a t
I I

n ' s o r n e

' I

u . *

( u h e r e  t h e

enae- !  . ,

' r  (K^ ( , , \ ,  )  r
L '

J ' L T g T  m a p  1 s

(K^ (A X.u i ,  ) )  -9""
v w l t !

T

' l ; i t e  i ncLus i ,o ,n  o f ; Z D

-  t rR .OOF.  IC  i s  an  ea$v  bxe rc i se

the determinant u"sincr {:}re fact ' that:

However bori. '  a) ancl b) -{-otr}ov"'  irg;; i
- l - n  f ' l r o  t t n a r r f  i | 2  i l X L . e n . S j . g p4 v v l r ' - L !  L a  \ ' / \  u u r r . i  r - \ / r r

to  get  a)  f  rom the p: :bpcr{ : - ies of

T is  .a  F*  j -nr rar : ian i :  t : iace,  on A.' m
{ - } r o  . n r ^p r . r : r i  i  n r r  D ra t r r nc r  i  . | - ' i  nn  : nn l  ' i  a r : l
Y r ^ t : "

0 -> (STRlnI -r-* T --IL* A xo F;: :r
r

, U

and '  f rom the  reg . : l t s  o f  t . l . 5 l .
:  S i .nc:er .c . l . :A + T inr luces an

r -od  i s  t he 'usua l  omt redd . i ng  o f  p ,

ihat

isonorphi .sn i  o f

:into A x !:' n r m

r

K (A)  w. i th  Ko o
: i I ' l  r , r , a  h r r z r : ,

f  v . a  - L - , - J

A?=Aro j o .

Let  ureUr,  ( l \ )  ,  lS i (m,

m

I  r ,o l t  tu . '  r  I  eu l  tn)
1  

*  Y 1  r

b e  r r n - i  t a r i  e s i  s r : c h 1 1 ^  ^  &
L l t c r  L - ' ? ' , \ " .

T h e n  .  , r , , .
, m

i o  j  (  ( u *  ) T _ ,  l  =  I t  d .  ( , . r .  ) . ( s -  d  ( c r ^ t  ( , r :  I ,  
) u f  + r * s "  s f  )  .t  +=:  i .= t .  " i  '  ] .  

. '  9 i '  l -  -  '  -L__L.  a-

so  tha t  t he  des i red  equa l i t y  f o l Jows  f , r cm ' the  p iev ious l y  p rovec l  p rope r -

Ly  o f  t l r e  c le te rn j -nan t .  . : :  - . , . .  . .  "  .  A . I I .D .

RBI {ARK.  S incb  t l - : e  i dea l  a l rpea r : i . ng : i r , l  t he ' I oep l l t z  ex tcns ion  j : s



( ; :or )m we l -ost  Lhe ' in forn"at ion of  Propc: -+; r - , i , ion 2 concet in ing u l le .pr :ss i -
b . ' i . t j " ty  o f  chr : r . . ,s i r iq  t_hc u. r j . t - .ary  c . :o j : res i - r ; : .1 ing to  i :  p : :o ject j .on. in

i i l l^ ] :r , , fu, ' . . t ' ]  
. . r ,-{a)"t" J ' lowever, i ' f  t } .e Lr ' ' -a.r-gcb:,*,  4 1s culninuLat-1-,. ,s one

c ; r i l  ger t "  t l r c  f  o11r : r^ i . i -nq  i : c i ;u l - t
\

COROI^ , 'A I .Y  4 ;  fn  L I t r ,  conrT- i , I ; t .o tzs .  o j ,  i :hc  Dyeced" - i t zg  .Lhec tne i : t  
su t r ) t r )ose

t t  i . s  c o n i n t t L ! ; z L i u e ,  ! 1 , h e n

n  l r  [ T r  . ' ; \\ t  \  L  t r \  l 1 1
o ci- F*) )  1."At (ker Br)

-  , D h e - r e  B o r * o ( U f  ( A ) o , t " , (Ut  (A)  )  n"  def t  TtecJ bs

.C

) t o

Bo (  (xr)T=,
')

.  Thus in c::der to <:cnLpute Lire rangc cf. the tr:ace r)n Kc 0r,, * jr,e : " .cFoesed prod 'uct  we need or i ly  to  knovr  the a.c t icrn inc lucpd.r l - r .  (T. r (vr  v t  ucecl  c in  no ( t l  (A) . )  =  .  " := i l -  (X , l )  r vhe re  H ' ( x ,7 )  i s  t he  . f i r . s i _  Ccc j :  t cohon :o lo i ; y  g l roup  o f  . t he , ,may" i - . .
.  nta.l- ideal t jpace of A ancl. to col i iPlr i :e c1e te:: irr inants "

"The corol- l .rry'  is a , l i rect cotlsegueficc of i :he tJ,.€o.r:em ence.\,Je slror^r 
'

J - h a +  / . *  / 1 . ^ *  a i  \  i . . . 1 1L r r d L  / ) . '  i , K e r  p I l  -  O ; ( J . ; c : :  $ ) , ,  t h c  o t t i e r  : . n c I u s i _ o n  b e i n g  r ; b v i . o u s.  _ _ _ : . _ - * .  
, - - _ r  , : ; i ; . i : l  .  .

IN'  Le t  u t . r  ' ' ; ' r ' u '  be  un i ta r ies '1n  sornc  uk  (A)  such th la i , .  i i ' r ro .  _  {u . .  } ' "  L  , , . ,
. ' l  *  

n -  
r  J

. . , ' r v . i -
iu;  (A) '  ' r 'hr :n t i re usual  c l t : terminar i t  e ler t :M,,  (A) .*  A (ac.Ling pointwise .  i  , : i

t ^ l h e n A = U ( X ) ) m a p $ * i - i . n u ( A . ) . a n d . i i \ ' . ,

t  
- L l l r  I  '  .  i i ' .

rs  i -on fo t  tcr rs  .  Il .  l - -  I

( ) - } l - n ;\ - 4 , .  u . .  u .

The preceding resu. l - ts are es,peci , .a l ly  easy to apply ej- ther i f
K I  (A)  ' ( respec t :L . re l .y  { t r  t x , r711 is  t r i v ia l  o r  i r  i r ,e  ac t j .on  9 f  F  has  d is_-  I J I 1

c re te  spec t rum
! '  For  e 'xar i ip le  one gets  t i - re  fo l lovr ing extensipn of  a  regul t  o f  N"

. R i e d e l  t 1 6 l .  , , : *  .  '

r ' ' i .  Le t  . I ,  be  a  d i sc : : c re  abe l , : i . an  g roup , .  G  i t s  dua l  { co rnpac t )  g roup
, ' : i : rd ' t r  the normaj l . ! *ec1 i laa. . . - . . ,measure on G.  Denote by cr^eAut  (C (G) )  the

aUtomcrphism dei : ,A: . * in j -nec1 bry t rans l .a t ion w. i f ih ,  a  f ixed e lement  peG..anc l
A"- , - . ,  the crosscc1 ' t r . r r 'gdus1-  r - fc l  u  7 T6e t r ; r r :o  q. l - :  

' -  -

r  rp  
- - -uu5cLi  ' I r r i$ouct  u(G) ^o . .L '  .The t r -ace s tate r  det .erminecl ' . i ry ,

ex tenc l s  t o  
-a  ' L , : abe ' s ta te  

;  o f  o rn . . .  Fo {  eaeh  f i ' i t e  g roup  ' c . r  , , { i n *' l . uc1 i .ns  
F={0 }  ) , ' r :A - r  iF , t  de 'o { :e  i #  

"u rd j . ; ; ; ; . ; ; - " : * ; ; ;  ; . ; r ; u , ; ;
: ' n  t i r e t  j  s  L i i ( :  ' : i r r , e i l  l cs t  pos i t j . ve  i n tecJe i :  T )  sgch  tha t  . (p  

l f  )  
p  

i s  t 5c

I

' f:. ii ,-l ,,r.

" 
'  '  t ' \ /"

h r r

l l
l &



'* fr:i *
t r rv ia l  .charact r l r  o f  F.

Let  r  *={ ' t r :R ' lexr  tznr l l l t )  (1""o) }' n  
i i  

t * ' - l \ l  1 r  
t ' l  \ ' r  t a ) / )'  v t '  

l r . , r  
' ' F  

r r ^ ,
evcr Ir l .  C I 'Z n sj.nce ."_ - cl i . ,r j .dcs *- ' '*

i ' I . '  P. '
\  J .  - 2

group 'Lhat clepcnc,s f-, . i i" ictorj"al gn (f rp)
e;rcl:: f j-r:i:i- te sub,,l'::or-r1-r }' C_ l' is c1',c.Lic,

e < r , ' l p l i  s o  t h a t  j r r  t h - L s  c a s e  t h e  n e x t

o the r  hanC 'bha t  no  (U ,

l f  l - t u r : l . e  ( m - \
r '  f  c f  

c f  i i '

Inr \ .- {'t. i-. I =(rn, . I t.r e Tt " ' f ,  
f r l i r \ w r " z ' - ' h ,  

- .  - ,  -

t'r

Note t-hat i f  
'  p= (Q.,  ,02 )  eJ" lxp

ant l  note { :h : i t  ,on ' ,  C ,O"U whcn-
P r '  I  ' -  , . 2

" Dr.f inc : ^= [J I"^ .- whii : ] i  : is;,  a, '
'  l r  

I r C : f , F J r r :

. L'4*,ri:eovcr: if p j-s faithful ;t-. iren ,

1.r,,. '- lrr | , ancl r '.,= { Lcit I t ' :xp (2nrt) c

r : c s u l . t  i s  r h c [ r e r n  i . 6  o f  i ,  f  5 ] .  .

r f i a l , r r \ 1 r r . 1 M  r ,  r N l " ( /  T A j ? O e ,  O {  t h e  . L : T ? . C e  
T  O n  T {  f . A  )

L  T Y

. , ' c  1 .
p

'  
PROOl l .  S iuce  bo t - i :  A r  ;  aaC I " ^  comlnu le  t r j . t h  c l i r ec t  l i r n i t s ,  i i :  i s

'  I ' r Q  , o
suf f i c j .en t  to  cons ider r  t i : .e  case v rhen f  i s  . f :Ln i tc :11 '  gener , r i -ed ,  so  'Lh ; l t

' / . re  may $uppos"  1 '= fmxI ' ,  -3or  somc nre [ \  i - t  i0 j  - lnc ] .sor r ie  f in j - te  g roup '  F ' "  l
I  t \ rn  +ra  i -k \  )+ '  i  t l  th is  case I^= f^  . i r  .  )  I t  fo l l  ov r .s  tha t -  G,  the  dr ra l  o f  I ' r  i s\ L \ u u t :  L ! l c t L  J - I I

(-) r) - l ' '

i  cnmnr r r ' l - r  i  n  .Fn  r l n . . i ,  - . L  - , . - . .  F *  
v  t  t

- . , Jv r r rv t r r , r , . ' - v  uv  l .  x !  r  wnc t : :e  l *  i s  u i le  m-d i tne i rs iona l  to rus .  and F  is ;  : : ;o*

rnnrnh ' in  4 -n  r r  ' l ' h is  shc : ;s  on  one har i , f .  t } - . ; r t  T (K^  (C(G)) )= . * .2  and or r ther r r v : t / r r l v  L v  :  o  
.  r  O  l J l  I

f r ' ( r i ) ) ) .  i q  i q r r m n r ^ r , h i n  + - r - ,  1 ? f i r F , - - -\ v  \ u ,  , f  /  ! , J  r r O l f l O l l f t l ' }  1 Q  t O  \ L  J  J ) y  1 ; e q a 1 ; d l . n g  a n

t l r e  con 'L inuous  func t : i on  '  .  , ,

(Z*=i*l .

. - I
(cro) - (

i s " t i rcr  d lccotnposi t ion | f  p  then

Corol lary 4:  for  Fl .=Z "  . rhe ; ;hove

l f  l - t ' l p l . e  ( m - )  -  :  i - s  i n  k e r  B  , ,
r  r e  r "  . ' o

e a s e

t ,  ' t

=t*or i ,  lort ; '=" lurnl l r , . tno16 |  t>=<t, tornlor]  (*nrt)rcfr  ( t ,h) "

.We are now in pos:t j .on to app:l-y .
compu ta t i on ro - f  o .o ' shov rs  f : L rs t  t l - . e t  an

i f f  m^ €=f f ic  for  every fe f ' ,  and in  th is
.  P '  T  I

=<ii; TT6lT)=(-m.' I o- )
I l . ,  "  r '  n ' '  r

(  (o^ )  i -s the' -  z
'  S i 'nce  mf  on ly  depends on  feF/  (o r ) , ,  , the  orb j | ' : :e f  f  ,

subgroup generated by pZ=plf  )  i t  fo l lows }hat.- .*** '

( *mi  I  p ;  >x (TIn* i )  .
( o r )  L  

" *

f

FcTr  /

- - - -  (nnf  ) ru i " " ; t  (  (mr) i lA l



I-' .l
't

Thus

A l ( [  { r l ,  
- r  \ - - ^ '

- L  f / f e f ' ' t r - " ' : L \ ' :

vtJrere {;r,ef i .  sabj.s j :  j .crs exj?
J _ "

Fp - [ jt' - ; = t i ) = ' c J (  
" ) - , - r * " t r )( o r )  l F l  -  ' ; , , - f / Q s r ) " '  t  r

r  i t ; ) = ( * r n i l p . , )
l - I *

T

t ' )
\ , 4 ,

c, : r l1qr : : i i r : : '  4  now imi :1 j .cs that  I  t tao ( / ' , r , , r )  )  is  the s : ibgror :p of  ! i

qe'er:at-c:c[ hv j- ,h ""d #Tr vr]rcrc cxp (2u i t)  e <Tml r,  >=q1mx ic] |  p>. l! r ' ' l  l l ' ' l  I  '  
t

Sj .nce  the  per - ' iod 'o f  e .=e l iF  . i s  pF. ,  iL  fo l " lo " . rs  
, tha t  there  ex is .Ls  r  ,  ,

aeF such Lhat <a i  r ,>=< al [ i -  =ex]")  tz n i " ; . l )  -exp (2n iq!-  "  # l  .  T]r i .s sho:. i r i  t ] rat
:  

' ' .  
i  p F  

. -  

r :  \ - ' "  *  
L ) F  l l l l ,  "  a r  - P

" therak;o. ' re  
grorr r .  is  c t rnLa. ined- in  

"p=i fprF.  
Convcrs€:112,1, ,11 teR sat is f ies- , , : . r , ,  r . . . , . , ,

I T J I
e x p ( 2 n i - ' i ] , i : ) = ( Y | o > , f o r s 0 r i 1 e T e I l , v l : : i t e Y = ( Y L , \ 2 ) s o t h a U " < v | p > =

= iY1  !  p r )< ' i  
2 l r .  r : , - -ax  i  l  p r>e rp  (Z* - | - i -<y t  l  o . ,>o*1 ,  (2n t  f  1  " -€ - r  rn r  c ,1mn a , : f .

_ ;:" 

' r- "- r' 
--'-'- ' - '--- pF l I.' l '

r t  f  o l lovrs  thaL , : f  
f  
n ; " i ' f  r ,  where exp (2ru i t . ,_  )  = .Tr  I  pr> so r t iaLrr

r p - r p r F  c  i  t x .  ( n r , u )  )  w h j - c h  c o n c t u d e s '  t h e  p r o o f  e . E : D .

.  Ano the r  app l i ca t i cn  o f  f i r , eo re in -3  i . s  t he  foJ - l o i v ing .

.  L r t  
- i -  

i r u  t h e . o n e  d i t n e n s i o n a l  t o r u , s  a n c l  T , l '  +  T  a n  o r i e l t a t i o r r
p?eserv j -ngr  l :omeor, i ; rph i .snt" ' ' l 'he rotat ic .n  nunber  of  T j -s  def inec l  in  the : l
f o l l . 6 w l n g ' v / a y ;  ( s e e  f r : r  i r r s t a n c e  t l 9 t l ) ;  l c l i o o s e  a  c o n t - i n u c u s  i n c - r e a s j - 1 g  . . . ,
f unc t - i on  f  : f t  *  R  such  t i , a t  

"2nL f  
( x ' )= .T* "2n i x ,  

f o r  eve ry  * r . f t  ( t h i s
func t j -on  i s  un igu . * , . , up  Lo :an ,  i n tege r  cons tan t ) .  One  shuw$ , . tha t .  t he  l i -

r  ( * )  ( * )
mi t  l . i n  - . - - ' - - e  (whc re  t  

(n )  
i s  t he  n * t i n res  co rnpes i t i en  o f  f  w j r t r  . i t . -  .

l l * o  
I i  

v s  r : f  v o  J -  u r v ' r r  v r  I  Y Y  J

se l f  )  ex i s t s  anc l  i s  i nde l :enden t  o f  t he  po i -n t  x^ .  S ince  , f  [ x+m) , - f  ( x )+ ln  . .- o
fo r  eve ry  mt rZ ,  0  i s  un iq r :e1y  :de f i ned  by 'T  .up  r to  ; t n r  ' j - n tege r . .The  pa r t i -
c u l a r  q e [ O r 1 )  i s  c a l l e d  t h e  r o t a r , - j _ e n  n u m b e r  o f  T .

P R O P O S T T I O I ' I  6 .  L e ' a  T r T  +  I  b n  q 4  o : i e n t o + i o n  p r . e s e n u t ) n q  h o n e o -- -  a  -

.morph isn t  o f  t he  un i t  c i r c ,Le . ,u i t h  yo ta l ; i , on  number " : f r : , , u - .qnnc | .p  anA  , l  , i . nua -

. y , i a n t ' p r ' o b a b i L i t y m e a s u r , e : . ' b t ' . f . . ] ' . ] : , : , , . : ' | ' | : i : J '

Le t  a ,  bd  t i i e  au tomorph isn i  o ,  ( l i )  = i r , " r . f l F i  tT l  and  r=T , ,  be  the
induced ,  t raZe  on  c  ( f  )  X " ,  Z  .  

-  
i :  , r  u

um

Then  the  
"a t tge  

o f  t he  t race  r  on r l  ( ;c (T) *o* Z) is Z+eT.



'  PROop" we sh*l l  apply Theorem 3, t ,e l : " rz: f  .*  J be the ictent,_. ! r ts; i ; r , " ,
f u n c t i o d  w h i ' c i r  i s ' L h e  s e ; ' e r : d t o r  o f  K t  ( c ( 1 . )  ) = K 1 ( T l  "  s i r i c e  T  i s  o r i e f r -
L ; r t ion  presrarv ing  i  r . l  t - t * r_  r  

(z )  i ,  i  so  i : .h , " , . f .  ker  t t=KI  (C ( I  )  )  tZ .  : t to reover

+  l r /  / A  / ' f \  \  \  
- 7

I t K o ( c ( l )  ) ) = L  a n r i ' s i i r c e  a *  i s  a  g r o u p  l : c , i n o n i o r p h - i - s r n  j . t  i s  s u f f i c i c n t ;  t o
cc ;m i ]u te  a *  f f  z1  ' \  r ' . , + .  . , . ; t  

'  L  u r r r - c r - (
r : r " 5  r .  * J f ' ) . . .  L c t  : : : i d , :  *  P  U "  t h e  c { ) ; - 1 E i n u c , n s . : l n c r e a s i l g  f u n c . b . i o r . r .

' ) - . . :  
" :  / - - \  ^  ,  ( t l  )

s r . t ch  t i r a i ;  o ' - '  ' ' i f  
" x )  

- , n  l ^2n i ' x  t  ( u )  
( x )'  ' = ' f , ( e - ' - i " ^ ) .  

and .  1 ip  : * - , * J t r=6  .  Dc f  : . - n ing  S r :T  
, *  

R  j j y ,
11+6

/ n 1  \ '  
. . \  i  r  r -  a  a  , ;  ? , ' r r i  ng  (e ' ' t ' ^ ) ' = r , - f  ( x ' )  i t  f o l r c ' r s  t ha r l  o2 " ig - r . c r . - * r  ( z ) *1 ,  a r rd  so ,  '  , :  i .. : r ' " .

A;  ( [  z )  , ) .=A,  ( "  .o r ,_  
I  i z  )  

-  t  
)  =q  ( r  (g )  )  = :g . (J ,ga i r ;

T
r l t iere q: f t  + R/Z is i l re naturaj-  project ion" Note

'  /1 '  \
Z n l i  \ ^ /  / * \  i - t  \  |= g  ( e ' r l a r  t x /  

) = f  l E )  ( * )  , f  ( \ + t )  
( * )  a ' d  s i n c e  u  i s

thaL

/gdu=* /  (g+so r+ .  .  .  *goTk*  1 )  
d i r= -  o

. , K - l  / L l
since * ' " i -o"r i  1*?nix)  - { - . f , I_$_L . r*A ; K

N.j

30 '  f o r  eve ry  x "  . f  , ,

k  ?- r i  r r
t i ra t  go T ' '  (e ' " 'u ' " )  =

. i j

T inva r ian t  i t  f o l l ows

i :

{  
1 , .

'  ' /  l

ur', i- f crnly ):uurrd.ecl
'  

) 1 ,

and.'cen.verge to

s 2

.  Reca l l  , f r on i  [ 5 ]  t i i a r t  f o : . any  a lg ,e .b ra iA ,
sa l  g raceJ  c i i . f f c ren t i a r  a rgeb ra  assoc ia . t : e ; c . ,  t o
l, inear f,rrnctional on A, l t | i6xterrds : l to a f . inear
v l i t h  .  ,  i

0 (A )  denotes

A"  fhus  i f  r
funct ional

ths,flaa.d.ver-

.-,:ir$":,att n*,1,
^ h

r  , o n  A "  ( A )  ̂ ,

. : r r l ) h' ' u  ( a t d a t d u ' .  . . d a n ) = r  ( a o r r r ,  .  . .

t  i s  ca l l ed  a  cyc . I i c  coe l , c1e  i f f  ;
j - t .  sat is f ies ,  . . j r :  

r ; .  . - -L, :
. , . i  ,  , "  :  .  n - l
;  

' '  
t  ( d o )  = 0 ,  . * . ' # o l " e  Q " - '  a n d

set of cycJ-:,c* cocycles of A j*g,

the definit t i ,Snr.of an n-trace on

^  A  r  r , a
Uf \  L  f ,  J  .

i s  a  c . l "osed gr :aded

.  ,  decrrD degot
r  ( r ' . x n r '  )  =  ( - l ) * = Y w  u L Y w  

i  ( c o t , t * 1 l . .  . .

d e n o t e d  b y  z l ( A ) .  L e t  u s  g u o t e " , f r o m

a'Bai:ach algebra . 
' . ' i . i f1;!., i f .., i i

,  a n ) l-
a

, L race ,  j - -  e .  i f

-\ 
';i

The

t 6 l



' --  4. ' .5'
DELrrNrrroN..  Lct  B be a r la*acrr  a] .geb:: . r , .  By an

a1' : ,  n+1 Jinea::  funct ic-rnal  r . 'on u.  dense sr-r ta l -crebr:a A
' '  a )  T  j -s ;  a  cyc j . i c  cocycJ-e  on  A . , , ,  1 -

e: l . is t .s C=C
a

n* l;t" d c e on B,l.vlc-.i{Reatt

of  B  such tha t  I

-  {o  o , t ' .1 - " } t  tha t :I  n -
, .  " . . a

t ? t  t " r . l o l i  ( x 2 c 1 a 2  j . . .  ( x l l c l a n )  )  l s c l  l x J  i  t " . . l ,  l y . , 1 l , l V* ie I

I { o te  tha t  i f  T  i s  t t r e  cha rac te r  o f  an  n -c l i nens j ,ona i ' cycLe
( 0 r d r l )  t 5 . l  .  L . i r a t .  s a b i s f i e s  b )  ( i n  e )  ,  t h e n  . r . i s  . a r 1  

n * t r a c e .  T h e : r n a 1 n
proper ty 'o f  r l - t races thaL we v. r i l l  be concel l ler l  r , ; i thr .  i -s  tha. t  they d.e-
t .ern" . ine maps f rom I ( r .  ( jJ )  to  [  (see L6J,  

'T ] rcorem 
7)  . .

' ' '  
, . , * -  

Recal l  a lso f ronr ' i r l  the c le f  i -n t : i "on c . f  the cup pr :oduct  <p # rp '
,Z ; '  " : (AoeB)  

: t  
t he  ; r / o  cyc l . i ' c  cocy .c l cs  u>ez l tA l  anc t  t ! . e  Z f  (B )  ,  . apc l  t ha t  : :

the map S:  i i l  (  r r - j -?
-"-r - '  ' - I  ,A )

2 ^neraL. : r  or i l i  (c )  o f -  Hi  (C)  characrer ized by

.  o ( 1 , 1 , t . ) : 2 i n .  ,

L hLet  us note '  for  fur ther  use, the;expJ- ic . . . i : t  i formule i  for  S" : I l^ . .  (A)  +' *  
, r n * 2 1 : r , 1  1  

-  :  " ' , ) , . " r
t t l  ( / \ / .  l

L E l ' f i r ' r r  . 7 .  L ' e t  < p e z i , W  b e  a : b y c l i b  c o c y e l e ' a n d  k  a  n a t u t , a l  n u n b e t .
t l e ' s l t a L l  d e n o t e  b U  . 0 n , L  t h e  c o l l e c t i o n  o { ,  s u b s e i s , , . , D  C  t f  t . . . , n + 2 k i
e o ? | ' E i s t i n g  o f  2 k  e L e n t e n t s  w i l ; h  t h e  p q o p , e , r , t g  t h a t ' t i z e  m a r i m a l  d n t e r u o l s
a p p e ' a r i n g  i n t h e , T e a o m p o s ' i t i c t n  o f  D  c o n L a t ) n  a n  e u e n  n u m l . t e ! ,  o f  e L e i t c r r r l * .

O -  I  n * ? l r' - r l '  c o = x - d x *  -  "  . d x . ^ ' " i "  o n d  
. D 9 0 n , k  

d . e n o t e  b y  o , D  t h e ' n - f o r n  o b r ; a i n e d .  b y  7 , e _
p l a e ' t n g  

' f o z ,  
e a e l i  i e  D  c ) x l  , 7 , 1 i y V ,  

" i  
i  r t  t h e  e : L D T e s s t ) o n  o f  . o ) ,  I , h e n  , .  

r r
l - v

Sorp (<o; = (?in) kr, r I6 tr^ I' . "  - - D " ' * n '  
;  '  ;

t h e  s u m  r u n n . i n g  o : ) e r  a L L  . e l e m e n t s  s f  D n , k , . ,  : .  , : . .

i .

.  '  , . . ")

d -'. .J .1,'

-: il., ':

(
.. , . , i  PROOf . The p:-opert ies of th"e

1 r  1 r -by.  the cup pro, - luet  wi th  o"eHzK (C)  .
- cocyc le  

. cha : :ac te r i zed  by  ( ' i ) L ,

' t -

cup product  imply  that  S^ is  9 . j ;Ven
B y  i 5 l , C o r o } i e g y . . " t 0 ,  o k , i u  t h e  Z k -

The

cup

o k  ( r , r ,  .  . . , r ) =  l z l n ) k k !

above formula '1 .s  novt  an easlz .conseqi ic l : ree,  o f  i :he def in i t ion of
product  "

w i l l  cons ide r  o r i ' , c rossed  p roduc ts  w i l l

* h a

Q . E " D .

ar l "seThe n- t races:  that  we



as 
'chetr:acLers' 

of g,omc particu,i-,ar:, cycles i. .sCI:;{et- u$
n r n r r o r ' l - i  o e

LEI ' {MA B"  Le t  (n ,d . " - )  be  a  cycLe  o l ,  , , L i . n t c r r r , r , on  n .  Su .py tose  t t t a i ; ,
i lo  t ls  un. i l ,a l  onc l  l ; ' l ta t  ar= i l  ,  Lc ' t  A;"  a  s 'ubn. / .ge l t t "a  of  er  contat )n. i ,^ :g  t ; , l , te

n
u .n . i . t :  o  ! '  no  an .d .  sE . f i o  . a i r  i nue r . , ' l ; i i t Le  eT ,en ta t ' t  L  t ha l '  no la rneT . i ; ; es  A .  Suppcsc
tha  h  sd ; : s *  1= . . i  ( s ; , ; ' -  1 )  '  

Vae  A  .  l , ho rL
j  )  I  i s  -LV ic  u . t t i . ' t  o f  a ;  c i s  t ' = -o -1 .1=" * I .  .  ,

,  
2 )  - r1 -o  t l s  a  !o rm in  the  g t ' ad .ed .  a 'Lgeb t ,a  ge : r re t c rbed  bu '  A  then .

- "  r  ^ - - e ( C r U . * l - , j * .
s 

-ds(,)=r 
(-  l  )  " t

,gtate' some,.of . the-ir

3)  l ; ' oy  each  kc f i j ,  
' k<n  - the  ec lua l , t t y

,  o  - l  - n - . k . , _ t  , , o ,  I  .
Q n _ k  ( a  t a  r .  o  !  r a - -  

- - r = ! D n ( a - d a - .  
"  - d a

l 1 -
a - e A ,  d e f i n e s  a  c y c l . i . e  c r ; c A c L e  e ^  . , - e z f - K  q A ). n * K  ) "
eue r t

k* t imes

H o t D o ) e r l  e *  , - : 0  u h e n  k  i ' s' I l , - . J<

n - l r  - 1  - 1" s  ' d s . .  
" s  

' o s )

from

sl:ows

r;el ts

= ' -das

PRoo t r .  1 )  t ro l l ov rs  f rom ldx=dx -c l l x=dx  and  s im i l a r l y  dx l .=<1x ,  , and

0 = c 1  r = , j ( * " - I ) = d s s  l + s d . r l r .  
. .  . , : -  , . , :  i : .  

' , ' .

'  2 )  S ince  s t l as ' -  1=d  ( sa .s *  t  )  *n .  ge ts  dsas l  l +sads -  f  =0  .  r f , i "

t l r a t  u "1c " " -u .= - fC . .  VaeA,  D i f f e ren t i a t i ng  the  sa r r i e  , qua t i , ; y  one
-  - ]  - ]  - ' l

0*c lsc las " ' -sr lads 
-=<jsdas,  

, - - i  sdas-  
tdo"-1 

so.  ,  th ,at  .we.  a lso ha,re s- '1 ,1sc la* .
- t- d s ,  

V a e  r t .
^ \3 )  T l re  equa l i t y

where the f i rs t  fo l lows f rom 2)  anet  the second f r :om the fact

a graded. . t race,  s l iJws tha i  er :_k-O when k j .s  even.  Note next

d ( (s- 1d= )'*) :-nl (s,l,la.s ) n*r so ir't"t 6,, {ar ("- lds ) k ) = {;,4).k*.}r, 1,,r 1=

. ror  a in14 fornr  co j -n  the graded,a lgebra generat .ed,hy. ; , , i , t .  Thus i f

then 6rr-t is c.losetd. To sfio.w, that 6r,_X i":fegqg_{*trei. o ancl c:'
in  the  gradec l  a lgebra  genera ted  by  A. ' - I ' f ,n r .

.i:. i

that 6r, is

that *, ,.1 ,
- l d r i k * l )

k  i s  odd

be forms

,  t  - +  : 1 , . , : :



r - 6 - '

,  , , , c l e g  o t ' k ,  . . c 1 c g  o t  i c l e q  o + k )  . -  r  i  . )  ,  - 1 -  , ls ( * 1 . ) - " " -  ( - r )  ' l  J  ' r ; ) n ( t o ' c , l ( s - - r c l . g ) t r ) ' =

r1 :: . i (0 t {lr,;ri ti^. 
-. tr= ( * I )  - '  -  " "  r  * c p -  ( c o ' c o  ( l ; ' - ' c - r s ) " 1' n

nhich g ives the,  dec; ' : i " - i :ed re su l t .  .  . ; i . , :  , ,

Let now J der,rote .t:ire

(T )  (Lhe  c * . -e lqe l : ra  < .> f

c ( f o . f l ) = i r o . ' l f rY \ r -  , L  l ' - ) . t

I

\] nil t:v l r  v

cr l " ie  d i rnensior ie i ; ] . : , - . : tor : i is  and c i "he l * t race on
conl - . inucus i : i inc-L ions o i t  T l  g iverr  l :y  .  l

c le f ine<l  on i :he dense suh+r lge l : ra  of  smoo' i : .hr fu ! ic t ,J : ,qn$.  Grven a*y Banach
algebra A and dny t : - t racc 1o on l ,  t i re  cu l l  prodl rc{*  g  # E c le f ines ar l

r l r r ] * t race  on  AeC( f ) .  l t he  exp l i c i t  f o rmu la  o f  t h . i s  cup  p roc iuc i :  i s  as
fo, } lows.  I f  aa f t )  ere sr , tooth f  :ncL. ior ; . ; .c . ! r , t . f  v r i t .h  va l_ues in  1:he drmain
o f  p ,  t hcn

( o  # e ) ( a o , d 1 . , " . . , r * n l ) =  ' )  
, ,  , , . . , r

n+ I

:
i = I  

:

The  nex t  l emma i s  t l r e  ma j . i r  con ipu ta t i ona i  resuL l :  o f  t l t i - g . ; * sec t j . o r r . . .  . , : j

LBMIVA 9 ' .  Le 'b  A.^  be an n* t taca, .  on t ' l lc ' .Bat tac: l .z  .a7.gebra i l  u t : t . th  ,Conta in.
8 and.  A ' f i  B.o Borr t "hn r . i r -ba7.{ /e 'b"cr ' , :s ; ! la} t  : ' l ; | ta t  A=A 0 8 is  deTtse . tn . , ,A"  Sup-
p o B e  t ; h a t  B  i i s  u n i t a l ,  t h a - l ;  t V t e  u n i t  L i e s  . i n  A  a n d .  t h a t  t h e z . e . , e . $ i s f s
a . n  t , n u e y l ; i b L e  s s E  t h a t . , L o r f t t e l i z . e . s  A . .  S u p r t c s . e  n o j i e o . t ) e t "  t h a ,  r p n  a r i s e o
a s t h e e h a r a c t e y , o f a n T } . c a c L e ( s ) , d ' Q , . ) u i t ; h t h e . p r o p e r t i e s .

a )  Q o = 6

u e r a  a e A .

i : :

oX  r x

u " H  "  D .

n*;1

. : , , : .

b ) . '  c l l = 0  ;  d  ( s a s -  1 )  = = d r s -  t  
f  o o  ,

I ye . t  vae  M,  (B )  be  the  i nue t , t i b l e  eLe r r t

t" ol [ .on t sin rl  t-V r = l  t l :  i  I"  l o  I l  L - s i n  r  c o s  t j  L
'a tn , l  yot ,  ana xeA Let  

" * .=rn[o 
o l  

" * - t' - i '  - 1 0  x j  L
b e l o n g i n g  t o  A  o n e  g e t s

. ' lu l
I

I t 1

r l
, l

( B )  . '  T h e n  f o z ,  e l e y a

v

i)

U

, M z " i .q'e

.  t ^ ) -  
' l  

i - I . j - .  i + lr F r  / - " r l - ' '  ' J * rJ . r  \ x l L l x ,  .  .  u x . ,  .  X ,  O X ,  .
f f f! u . u t r C



N:!t

n + l
[ . ' ; '  ]

a t
r . r

=  \  n  c l ' ' r n
t v r p \ l r

.., j  . 
- lc * ' ' ' i i . .. 

2li-f I
J r  - ' I

, C . t I
( X  r X  t 6

/ r >  ,-  l k t *

n . r l _ .
r x )

1 : . i ' n ) l *  z Y " - L  ( 2 J r . - t . )  ( 2 l t * 3 )
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I  and  b f r  e ; r l
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the def . i -n i t lon of

co n'ne"c;{: i.12,g., ps;r,, 7
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t he  e ' s  be iong :  t o
n r-L, ̂
v  a ,  ,  .  L J  l r ;

n -  z J i + 1  r  K ,  ] .
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( ; r , -c lc lx- l -scc o (s  1c1s 
x)" 1 :

compute

er, # Tr {p"exo (p*ao d.xf *". 
"

r ' - a
I  - r  I

i  s  -  
0 l

r l l| i  I
t 0  u

e ( s

s o that, we have

1tf  t  
r - r)n+r ' - i

i= .1

- 1  1
d d \ t  \  I
V J A T )

n + l
(p redxn+1nu" .  e  (s " " ldox l , *1 , ) r )  ! . , r . . t t  " ,

.  rn orcler to expand the above surnl .r:ecall  g;sri l iemila i

. the sets  belc ' i ig inq to  D--  , ,  anc l  note thot ,u ; t . } : .cv  fonnulae
pt and e en$ure that only terms for vrh j_s;^\ ipi- ancl al"I

some 0 n-2k+1.  ,k  
appear  '  To be rnore prcc iu.  1  ,1Jut , .o  i :e  by
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. : ,1 f';. -  f  ' / * .
-  

J . /

c o l . L e c t i o n  o f  p a i r s  ( D , i )  w i t h  D t D  -  . , .  ,  i  c  f  l
j nre .u.  i i 'o r  each . . ; *c i i  pa i . : :  denotv ] :y  r+ n . , ' t i rc  mat ' i ,x  obta i 'e . .J  r rom

n  i  ) 1 - L r  
L t u t ' J

r ' r - ' n . . 11 ' ' '  ' ' -  
Ly  : : cp lac inc l  r : 1  r v j . t _h  pa  ,  t - J  f c : : - " i c l , ) \  f  j . ] v l i g r : c  anc l  r J  r f o ' .-  

" .  J L . . r \ 1 f , - J

1 / D  W j - t l f  l ) .  .  S i n t i ' r  ; r r J r r  r ' l n r r r r . l - n  l r r r  , . ,  L-  r  t  
. .  'J+r . r r - !  _Lr-r .L . . t .J  L.r ( j I I ._ . - , -  JrJ . . f )  . .  ,hrr ,  l t . -  f  Ot : t i i  Obtai : " . ,  eCl  f  f :Om

o  -  1  1 1  + l  
L . - .  " ^ ^ . -  a  _ .  

*  r ' L

x - c t x - ' . " ; c l x " ' '  l r r i  r ^ r = n r , . . r . _ . i  r . , ^  
' l

- , _  vJ - / r - e . . _ . . J_ j r \ J  d> i ,  v r i  t h

for

fo r

,.,  ,  .  The rfef ln: i-t i . :n oi: .Lb.e

sion shows th.at t ire d"esi::ccl

cr"rp product i . ,r i th Tr alrci.  the 
' .bo,r* 

disctu*
c l r ? n  n a r ' -  1 ^
u  q r i l  g L l L { c r . l . ; t

-] :::'i

j  e i : \  [5.1

i .,'l-)

. , - l
a !  . -  a '  J  . t -  - .  r n\ r  D 1t I  (J_l_

I
l ' 1
| >l*"
I

l ' - r
j s
I
I
l . l - J
t * "

\  /  a \

/  t * ' r j, u
(D,  _ i  )

t ire sum runn-Lng:

Noto rLcxt
' \

r ^  l r . ,  \  -
. \r/r. \*rn ; / -

" r . t\

where

l ',oinm e ? 'i m^ 1 -; .\ - r-1. ^ r-r , \ , r , u , r q .  / -  J - J U J J - L J . t j i )  L l I c t t

n + l - : i  t ^ ^ , , 2 1 ; - 1 _l s ' r l  T q ( r r , D . i ) Q r , ( * n , i ) ,

o \ rer  D
L . i  : r - Z k + l r k r i
J \  I  L

that  propert>,  Z) of

n *  i  : - ^( i  ) ' :  '  '  o*r,* 
zx.r-r (fn i

(
i0 i f  therc : ' , -s an
{ than i
I
lr otherlri-s e

oclr l  number oi
.  t  l .  t , .

elemer,rts .: in D. g::e,atgr
. : ,

l t '  
i ,s  def in . r - :c l  ip  J ,emma l . ) , "  , ,  , ' ,  ,

Noue  fu r ' bhe r  t l i a t  s i nce  
.e2=- !  

and  f r  (p tp t€ )= . |= *1 r  (p t *p r )

'  
T r  ( r a  

r D ,  i  
) .  =  ( -  t ;  k -  t + e

so that  ou, ;  sum becomes
a ,

.  r  l c  ) ] r -  ' l
i  

I  t - l ) ' * ( s c ) t o = t ' q , . -  n .  ( t , t  ) -
( D r i ) '  

- n - 2 k + r ( o ' D / =  r '  r i i  
" ' '  

(  " '

\  F  t "  ) T , * i
.  = = )  ( - r ) "  ( s c ) ' ' t  , , 2 k (  I  e n - 2 k r - ,  ( t , r r . , )  ) =
. k

{.\F r1 r rr r: J- c--v . . 9 ' : , * u ' q

=l  ( * r )  k  ( " " )2 l t * t  (  2 in)*k2r .  (k  r  ;  
-1sk

q r r - z * ' l  
, ' ( x 9 ; x 1  t . .  .  t * t n l )

J ,rt lI -lt O
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;
l:y teirima, J..

The prooi

TTI t
r ,
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o

.  ) .1 . -  I  j .
( ' :r)! i - L) ""' ' '  

i l t=-:
Z

( k -  r )  i
TZT(* lr"i2F:31*;l "T

c
Q " l r .  D ,

The n3xt  l .emna

cCIrnpatib_'i.e v.ri bh Bott

LEi.{i,lA 10. I)e-t;

t ' t ? Q a n  6 .

d.  )  n-2rn.

t ; h e :  t n u e y  t d b L e

L e i  p e  P r o i  j ) I .
K

e L e t , t u n t ;  u  ( t r . )
t')

rpn" lk  (Bec*  11- ;  1

e  i t  i s  s u f f i c i e n t  t o
- I

u -  - 1 =  ( e x p  ( - 2 i n t 1 - r ) p  s ov
' , 1

expro-.s$es ' the

pe:: i-odi.ci i :y "

fact t , l ' :-at the cup product vfj.fl lr,;,$i, j.s

r0  be ( tn ,  n- l ; r ,aee o??.  , l ; /2 ,e,  Ecrno" l , 'oTgebya B,  t , : t ) th  Co.z

(B )  be  a  p ro , j i , a -b ion  cne l
;€ . ' : ip  (2 In i : )  p- r  11-p)  .  ! . ,  ! ; .e , r t ,

t ,  
v . , /

' ,

b )  n = 2 m - 1 "  L e t  u e  G I O  ( B )  b e  a n  i n u e : r , L i b L e  e T . e m e r r . t  a n d .
'v t t :G1r .  (6eC (L0 ,  t . ' l  ) .  )  any ,d1,y f 'ere i t , t iabLe pa, :bh such t 'hat '

l -  , - - r  i -  - 1  I

[ r  o l  l " - ' o it o = l ^  r l  " , . = l  I  "  ;
L t )  i _ . j  -  

[ O  . u J  ,  
'

, , . ,  
, : r i  \  r ^  l

'T f  e " : ' f , sno tes  the  cons ;  bar ic " 'p . t 'o iec t t ) . rsn .=  
l :  : j  

a . r tQ pu  de f i ,o tes  ,u te .  p ro , *

j  ec t ion .  pu  ( t )  =vae ' r l le  r ro - ,  Inzy . (Bac*  (T)  )  ,  the t t  j  :
t

( [ u ] , [ < p ] > = < [ e ] * t p r r l r t C I l >  ' . . , , ,  
:  " i

j

( ( , )  d e n o ' i e s  t h e  p a i r i n g

PROOF. a) ;S,i*tce ,r.,r

consider  k+1. .  'Note 
that

c f  H 'k  (A)

# ( a  # e ) = ( T r *  a )  #

' p -  t =  ( e x P  ( 2 i r r t )  J  I  )  p ,

K +  { A t } '  ' d e f i . n e ' d  i n  i 5 l  a n d  t 6 l .  )  .. . . )  t - t ^
U, tu  l / I l ,

- - ' t

a )  (u.-*
v

.
n + - . 1  ' ^ , j  r  I- Y1 {-' l  - | +

=  \  f * 1 1 " ' * . r z n l n  ' l ^  , a *  J *  : . ^ r f  r ^ - ' -  . ! ^ .  t \  , ' I I l  ,L  \ - L t  - c D ' ( p  d p . . d p  p  d p . . d p ) /  ( e x p  1 2 i u r ) - r ) m ( e x p ( . . 2 i u r ) - lj  - 1
I _ I  O

. ' i - 1  i - l  . r.  ( - I )  -  - 2 i . r r . e x p  (  ( - I )  * - - ' 2 i n t )  ( e x p  (  ( - r ) 1 2 i n t ) _ r ) a t

\  r t t



even

odd

r-,.. -. :;i f i, i

l ' !  I

I

$.igrce

( d  f n  r l n  r l n. . Y / 1 . t /  ' { y . . u I J

i _  r  a

t ) J  ] - l l e  i l . r ) ove  s l ' t t r

0

Q (P'" .

wheri i is

beconres

Thus

'  ( f r r  l - f . n)  |  L . Y. P

r , .  N o t e  n e x t  t h a t  w e
t h a t  ] e B  a n d  t h a t  d l = 0 .

tal)  B by f r  and extend <p

6 (*o+l ,or ,  x1{- .1,o1 ,  .  ,

' zi'o!?ffiiv (p, . .,n) 
;ft1 rn,

l r  d p " . d 1 : ) =

" , p,) when j.  j-s

' 1

? m . L ' t
a r r l  r  I  . ,  r  \  l U-  ( -  1  )  

- "exp  (2 in t

l' ' '  nz

\

f m + ] \ \ a i * - i + -
\ r r r r  r /  /  ! r t L u ( _ -

, l r ,  
l

. .  . , i  i "

,2ny7 j :  i*- jr(m+

: ' : r  b)  Agaln i t  is  suf f ic ient  tc . ' . 'ce\ r is ; i ,der . . ,Lher ,eag-e.k+r .  S ince t l ie
rdsr.r l t  does not cicpend on'thd::paj 'bh of, f .nve;rt ible ,elements, r, ,re wij . , l  i .r ,
c i : ioose the fo l lor , ; j -ng par t lcu lar  one . .  , :  

.  ,  ;  .

;
. - - 1  ^  |u .  u l
. t

I
0  " r _ lJ

L

. . ; 1

[ "  r l  I  c c s  r  s i n  { , I
L 0  i j [ - s i n . t . c o s t J ' l

i - s i n r c o s f  I r  " " l ,
[  -co= r  s in rJ L -"- t  oJ

+  , a - 1

I n  t h i s  c a s e  < t e l r [ c p ] ) = 0 .  , , 1 , .

To  compu te  a [pu ] , t<p l )  we :sha l1  apphr ld remma g

scalar  mulL ip les of , .  the ident i ty .  The inJ- .e .6, ra1 up

fo rmu la  o f  Q  #  e  thus  equa ls  . , . ! '

may usb the same t r ick  as

Tha t  i s ,  we  rep lace  (even

to tr .by

n n n ' h . -

, x'r4tr" I ) =<p (x* , . * ,-Nlf.):' . ),, ], ..

i n  t 5 l  t o  s u p p o s e  ' .  '

i f  B  i s  a l ready  un i -

: - l

v r i t h  A  equa l  t o ;  t he
TIto  ;  appear ing  in , t i re
z  - ' -



. .? - t> -
I u'  
l - r ,  s ; k ' c t i r , _  2 j : t . r ( r r r r .  " .  r l )

1."3:. K

and aga in  s ince  d l .=0 ,  on- iV :

" r n S t n * o ( 1 n . . " r 1 )

i -s differ:ent fr-of i ' , ' ;0' .  The 1n'b,egrar. f  roin .* to Tr
I

s ide: : 'ed jn  Lemma, i  9 'but  t j i is  L ime vr i th  ,s ,  ecrual -
dI=0 . i -1 . -  fo l lows that  cp.  , . .=0 for  * r r , . ry  h .  T i rus'1- ' .

(rp *' e) (p,

Sirrh;de,, ' the operator S
pos i t j - on  L4 )

does;no t  a f fec t  the  ra1ue o f  ( l_p l , Iq ] )  f l -5 : l  ,  .p ro . r

rl

/\ I? l-i
. , : .  , f , .  L J  .

.  ,1 , ,  
r  . r .  ,

'

B o n a c h . a L g e b r a  B t  a n d

. | - a

agaln. of the t_.r 'pe con-
- r  .  us l_ng  once .  aga in

' .  
< d P . - . l  , i - t P  #  e l ) = c  < [ I  

^  - i -  - t -- !  l t . .  !  
.  -  m  . -  I  ,  [ egJ>  =c*<0  (u - - ' c l u :  .  .  u -  lO r r )

Using t i re  fact  that  c lu- l=- .u l1Ar ,  , r * t  t i " ro ,  l .a .sL Ler .m ecJuals

/ - _ r r f f i - t  - l  . . I  ;  :( * I )  - c * r o i u  * , u ,  
. .  r u ' r u ) = : . < [ i . r ] r [ , p _ l >  ; , ,  

.

t rh ic i i  concluc les . the. 'proof  ;

Let us rest.rte the pre.cedj_ng lcmma a.s

PROPOSIT fON l - t .  I f  , p  i s  an  . r t - t y ,dce , : , d r r ,  t he
l r :K r .  (B )  * 'K r , * I  (Bee  : (T )  J  

' i . s .1 the  
Bo t t  n lap . r  ,  t hen

( b ' ( x ) , I e  #  e  ] ) = ( : r o [ < p ] )

'  o  - ,  1 - ' a -  n  n  a_ . * i i - > A + 0

q f  Bana .ch  a lgeb ras .

f q ,  e u e r y  x e  K r ,  ( B ) .

We have now the technica l  too ls  in  order  to  e; r tcnd gre resul ts
of  the preceding parag-ra;ch to  h igher :  J imensional  t , races . .  ,

. L e t . u s f i r s t c o n s i c e r t h e c a s c o f . s l r o r t ' r B a e t s e C { ' p e n c e s

Denol ie  rby B,  the a- lgebra of  cont inuous funct . ions f  l t0r r l '  . l ' l "F . . , ,F l lch
t h a t  f  ( 0 ) = 0 ,  f  " ( l ) e r ,  a n d  d e n o t v  b v  o : B - ,  , * f , ] ' i l  t - h e r  m A n

I  
,  |  +  Lr l r ;  r r tcrp g j -ven by evalua-

t i o n  a t  l ' '  T h e  ] < e r n e l  o f  p  i s  c o ( T , n ) ,  t l : e , - a 1 g e b r a . ' o f  c o n t i - n u o u s '  - ,  , , i . - . . . i " i :

1 ! ,



t l i
* , '-4 *

funcfic.rns ol1 J r ' ;r"Ji i  va.Lues in B that l 'air ls.hr at "1" Note that t ire es@,ct
.  q a ^ 1 1 A n ^ O

" " Y

gj -ves : : ise to  ' l ; t re  ex; rc i :  seguence

( ' * )  I ( m ( c o ( T , i J ) ) *  n u , ( " r )  
p l ,  

l < e r  i * . - * - "  0

,  f o r  e v e r y  m .

Supposie that  <p j "s  an n. -Lraee cn* . } , .  S ' ince the: :e  is  an o l :v iouF.Fap ' i ._ l

TL :  R -  *  aeC (T )
r "

we get  an n; f ' l - t re : r 'e  tn  i : i , , :by n i {e  # e) .  'Let  us.de 'note th is  n* i * t rag. ,s  . r , .
bv a* ..  . T T

'  PROFOSI I i , ' IO i j . 12 .  a )  The  ya . i l qe  o f  . , , p *  r , es t t , l . u t ; ed  to  K_ , ,  (C^  (T , t s )  )T I  n - r - I  o ' , '
c o t n c i d e s  u i t h ' t h e  r a n g c , o - f  n * e  o t l  K *  ( B )  "n
'  t  t  * t 1 . .  '  . : .  , . :

' .  . .  b)  fhe n+I ; t race e*  detey,n ines a a,1eLL "d, .a , f i .nec l  g , , te ,up homo.mqr l72,L1iprn' T t  "  .  -  a t ! - \ " : i  ) r

(D

R  ( T )  1  I  - '  = T t *  
|  / . . : z  / r ' i ' \  f ' r * 7 a l r t 'A n + l \ J /  - J  f , e f  . l *  L / < i ( r i l r ) , L T L ' t 1 t t , ^  

, , " n .

by t,| ' te iormuT,a . i  ) ) . ' -  '  l {  ' t  l

rp* (O+ (x )  )  =qr ((x ,  [ 'p* ]> )
l L  t l .

t ) h e r e  q :  C  +  C / < i ( . n  ( B )  ,  I  n * < p i >  i s  , . l i h e  , n q b t t t  a L  p r o  j e c t i o n .

c )  I f  6 ; K , , ( 1 r )  * - t r , * f  ( I )  d . e n o t c o  t h e  b e : L n , L a r y  m a p  d e t e r n i n r r r l  b U

t h e  c o n s i a e r e d .  e f r a c t  a e q u s n c e  I  l k e n .  .

Q  ( ( x ,  I  P ] )  )  ' =< r ' . .  ( b  i x  )  )  .'  - ] t

I n  p a r t i c u L a z . ,  l ; h e  s e q u e n c e

i s  e n a c t . '

PROOF. a) Foll-or.rs f rom. the prece.cl. ' iU,i f-feSroq' i t ion once we ..pptice r:-.

Lha t  t he  res t - r i c t i on  o f  <p - -  t o  I ( * , ,  (C^  (T , , i ) i )  co i . nc i c les  w j . t h  (n t ' <p )  . f ; :  e .' f i ,  n + r  o  ' '  " '

.  b)  Is  a 'd i rect  consequence of  a l i ' i , . ia iac l ,  o f  the exact  sequqnq.e, , r  ( * )  "

- c )  R .9ca l l " t he  de f i n i t i on  o f  6  to ' , sqe ,  t ha t  w i th  the  above  no ta *



. . :iiil"";4;:,,1

l

,1 c)
.* 5i /tt..

' '  1

t i o n s  6 ( x ) = p * . ( z l r ' w h e r c  z c I ( * , ,  ( j 3 - )  i s  a n y  e l . c - : m e n { :  s u c } i  t h a L  r t n ( g l = b : ( x )  .I I - T  I  J

Thus (

. 9 , , ( 6 ( x ) ) . = q i { z , s . c " . - J ) = q ( < . I 1 * . ( z ) , | q * . t f ) > / = q ( < . r : ( x ) , [ q t l e ) > )

$o Lhat by t"he pr:ect:d.Lirg py:opr_rs:i_t. j .on

g_ r r (6 . ( i r )  ;  *q  ( ( x ,  I r p ] ) ' )  .

l lhe e:"act:be; ' ;r"rence) i ' lc: ' '*, '  fol lows f iom t"he: six -terrr. exact- seguence a.,s$o-
c iatec l  to  t -he ccrns i .derec l  shcr t  s iecruence.

As in  Sect i .>n I  rve shal l -  apply  Lhe above.p: :ooosi t ion to  the,
. -  r :  . .  

' { l r t l '  
.

T o e p l l t z  e x b e n s i o n  a s $ o c j a t e d  t o  r e d u c e c l  c r o s ; e C  n r o d u c t s  b y  f r e e , ,
grcrrps

Let cr . rF; ; ' ' l  i  Aut-(A) be an act ion or the f r :c arorn 
ton 

m gene:ra*
t o : : s  g r  r .  ' . , g -  o n  t h e  u n i t a l .  C * - a l g e b r a  A  a n c l  a  x ^ .  r -  , 1 -  -- - : "  : r 1 r  -  '  -  , " . . . ,  

o ,  l - *  t ne  co r respond-

ing : :educecl  crossed proc iqct

Q," rI " D.

entr ies sat . r . . ; fy  the con,Ci . t ions

f ( , 1 ) , " = G _  ( f  ( 0 ) . , . , )  .  . . :'  
l _ ]  g ;  ,  .1 .1 -

. I

i

Eva lua t i o r r  a t  I  de te rm ines  a  map  n :A - .  - ,  A f t ,  u l rose  ke rne l  i . sq  - , ,
r r  ' t ^  , T '  * ' {  \  -s * I C o ( l ' A )  ) ,  t h e  C * - a l g e i r r a  o f  c o n t i n u o u s  f u n c t i , : n s  o n  

' l '  
w i t i r  v a i u e s

in I4*(A)  that .  - ran ish at ,  1 .  Ngte that -  t -hc sequence r

0 * M- (c^ tTrA) )  -*  A^ n -  AF'*  0' m o ( I

g j -ves  r i se  to  the  exac t  sequence

r lg
/ i k * \  ' v  t o  r T r A )  )  *  K _  ( 1 r _ . )  -  k e y r  B  *  0\  /  . . . n  r - o  \  l r - - r  ,  - , n . - - c l

where 9:  I ( *  (A)m * .  K-^  (A)  is  the rnap'  n -  1 1  '

. ' ' m
A / / - \ i l  t  r  - 1  t - -  \ \  

l ;p ( (x, i.=r ) 
=rl* (*i-ogrl I (xr.) ) . ' :_:_:.. ..

Suppose tha t  <p  is  an  n- t race  on"4 , ,&n F*  i  a r i s ing , ;F .S" , thg  cha-. , , .  o r

racter of  an n-cycle (n,a,<|1 wi i l r  the i .o l . r r -?wiqg propert . ies:  .  , ,  '  ' '



* !,",1;
- t'\

i )  0"  C'A x. ,  F* conta. ins the : l runa.qe, r " ,  ' m

t icu la r  i t  con ta i r ,s  'bh .e  un iL  o f  A  x  I -  ) .
c I '  ' I T i '

r
t i )  l f re ; r lgel : ra A=A l  eo is c lense i .n

V q e  F- ' m

i j- i ) c]l '=0 ; 6l (urlo.u;t ) =r-rod.,,-r- I

of tire free group (in Ba.urr:

i .E  normal - i sed  ] :v  L i ,  .  , , i , , ,

..Vae i\ aud Vgu Fn,
T i r j . s : i - LnP l : -es  i n  pa r t i c r i J . ; r : r  t ha t  t l r - ;  r : es t - r j - c t i on  o f  e  t r ,  A  ( su i l t

c tenc; t -ec l  by c i , )  js  a : - r  i .nvar-" iant  n- t race,  i "e  :  .

A anri

,  o  - i .
qi ( U.r i i  U.,

V Y

for ever:y r j ' .A ancl

An n* t race rv i

c a l l  e d  r i a t u r a l .

Li lMNA J.3. I f  rp 1).c ct r ict-bural n--br,ace on A

m u L L q

t s / + i ^ o n  , , r . t o r n  r . -  , r  i  ) ^  o - .v 1 .  e i ! r - t L  1 0 r l l , A ) ,  d c f i . n c s . a f t  n * I - : h y a c e
I t t

I ' 4 m  ( C , ,  ( T , A )  )  c o t , n c i d e s  w i l ; k  , ( t p  * -  T r )  *  e .l l r .  u

PROCI f  ,  f  t  i s  , an  easy  compr ib .ab ion , . t o  show

r - -ocyc Ie .  ( t n  f ac t  - i . t  i - s ' t he  res t r i c t i . on  to  A - .q
r s  t h e  l l o c h s c i r j - l d  c o c y c l c  : ,

n t r - * ( a o , a r r . " , ; , n 1

above proper'b. ies on a cr-"osseci product rr l i , l l  be

f *  ,  t i z e n  t h e  i o r -'  t u

' o : ? t  / \  ,  U l zose  r , e . s fn i . ' .  i  , ' . nn  *n
n  

t  v o  u r  u r ' J  u u , r L  u v

n
r Ll d- (.1
' f f

qe [ :- ' m
. ! . , 1 ^  - L
L l I  L I } t J

r

th;:t. <o' o .

of (<p #

i s :  a  Hochsch i  l d

T r )  +  e r .  w l te re  e

o n  c - [ o r t ] . )

N o L e  n e x t  t h a t  s i n c e  1 1 s  t h e  u n j t . o f  e , .  a l t d  d 1 = 0

e

t l

aq (1

n * l=  I ( -
I

- I  r r r - r l * I .  
I i + I

, T  t . . t T  ) =  L
I

n ,  I" J r p  #  T r ( f * , . .

= ( - l ) t ( , p  #  r r  ( r r  ( r ) , . . . , * { - t ( r . ) ) - a  ; , - T ! ( f l ( 0 ) , , ' . . , f t * r ( 0 ) ) , ) ; + C I . .  .  ,  , , : 1  , i

( s i n c e  e  i s  i n v a r j " a n t ) .  T h i s now imp l i es .  ' h l i a t  g^  i s  cyc l l c :
' u



; d

T'he rc:st  - tg ncJhT c(: i [ ry.

f ; [ 0 , i ]  - !  T  s u l . h  t h a t  f  ( 0 ) = 0  a 1 1 c l
I rcw on v/ j . i :h  T* .  Con.s i r ler  a lso j -n*

f : . [ 0 , 1 ]  +  l  s u c h  t i r a r :  f ( 0 ) * f ( I ) e

Reca l l -  t i ra t  T ._  , .  m is  t j re  a rgebr -a  o f  con t : i "nuous  func t ions
(AaKr  ̂"

a\ r, ir
! / . ! o r / .

f  (1)  e  ( / raK)  m.  
Let  'us c lenote j . .L . , : f ro i i i r ' ,

the a l .gebra of  ,cont inuous funct j .ons
(AaK)n t .  o r r *  t h r . r s  ge ts  an  exac t . sequen-

+ 7-*. + T+, rt

The obv iou ,s 'map r t  f rom Tno . to  (A  ^o . . .  F" ) r lC  t f  I  jn , luces  the , :n - r - I - t race
r

i io ( .p # e) v ' ih- i -ch wi- l - l  be d,enoLed. by a* (note that  j - ts, ,u,estr ichiog., :be r*
co inc ides  v r i th  ;he  pr :e ' r ious  ip - )  "  

-  'T t

' "  
Tt '  :

I n  o r l t e r  t o ' gs1  f r : c im 'P rop 'os tL ion  i 2 , t h -e  resu l t  f o r  t he  reduced
dros 'see pro i iuct  l :y  t i re  f ' ree grouD,  vJe s l . r ,a l1  con.st ruct r  an e; , {c .eddinq of
A into I'1 -. e'1- . ' l..r,Y 1o -\ i -.: -n 1, , c l  . * , , , - -  . ' . 2 m + l a ' r * r t ,  ' ! e t  

t e i j ) ,  i ,  j = 0 r l  ,  " . . , 2 - t 0 . ,  b e  t h e  m a . r - _ i ; j . X  u n i t , s  i n

. " '2* * , r  an ,cJ  f .Ao .  ?bc  embedd ing  v /+r l  be  dcne j -n  four  s teps
11'  

" 1 )  Le l -2 , - ; i f  .  Cons i c le r  t he  d j -aguna l  ma ' t r j - x  f  ( ] ) e t r { . : {A )  and  c le f i ne- m ' - '

o . . .  ( f ) =  I , u ( f  ( r ) i i ) r u e .  .- \ J
1 _ . t' . - t

'whe re '  d :A  *  T  i s  t he  na tu ra l -  l nc lus ion .  r t  i s  t . i r en  eas i l y  s€e l r . t l i p t
t l r e re  ex i s t : s  a  s ;moo th  , ,  pa { .h  o f  u l i t a r i es  W, -eM"* ,  r& ' f  i  t t r  L -2 ,  - * f

t - -  z m + l
s u c h  t h a ' h .  * _ 2 = I ,  ( I o n )  ( w a ) = I  f o r  t e  [ -  r ,  . - + , ]  a n c l

'
' *  

r , o o ( f  
( r ) ) r v * r r = i o j i f  ( r ) ) t n e o , r +  f  u ( f  ( l ) * . , ) s . , s f e e . .

- i  - ;  ee 
i l r  .  

t t  r '  r -  r - I

where  i :  (A*K . ) ' r '  *  T  i s  t he  j _nc lus ion  map ,  j rA*  - ,  (AeK)m the  na tu ra l
e m b e d d i n g  ( s o  t h a t  . i o i r (  ( a , , : ) . "  ) : ' , 1 .  ( r - s . s i ) d ( a r ) )  r  a n d  s ,  t h e  i s o m e t r j - e s- *.r. .  ,  - 

i l t  a

th ; r t  sa t i s f i y  t  ( : i )  =u_ t  r  , . g , , 1d  (a )  =d  ( c r . r .  ( a )  )  s -  .

L e t - L r 9 i L

:' '*il.r

o i ( f ) * . . . , ( f ( t ) ) w [



I io t :c  that  Lhe iso:n ' . :Lr tes wt  ,sat - is fy  t -he fo l l .owj .nq re la t : i .ons

/ IL.]
1 . , . . , - . . r - -

v r -  ( i o f i  ( f  ( i ) ) o r e _ _ +  )  d  ( t  ( 0 )  .  ) o e - . ,  . . .  ) w * =o '  f  ' '  '  " o o  
* i = r -  : L ' * " 2 i : , 2 i ' " o  ,

;n
= i o i ( f  ( 1 ) ) e e  . r  ) ' a r f  ( 0 ) . . ) r a r r-  J \  ' - ' C J r r  - . - , i t l * " 2 i  

) i
i = I  

L f a e

and

'  and  Cef ine
- . m

r , .  o : ( f ) = w r ( i o i 1 1  ( i . ) + . l . , u t f  ( r ) i r ) e e'  t '
f , - a

i . '  \  t r , r *
^  r ,  ,  Y V  I  a

z L  I  z y . '  E

The desired embedcling j .s given by the forniula

o ,  ( f  )  = o '  1 r \
E  3 t - 2 , ' " '

Note that



n  / € \ . * n  1 F \ * - i . . - i  / { : / ' t  \  \v . l  \ r -  |  u n \ r / : ' J u J  i . L  \ J . /  l q l e ^ -
r  \ " , f  

- J  \ ' " '

I , t rMl . t \  1 .4,  Let  e  bc,  a  natur la l  n- t r ,o ,c?; ,a??.  A.  y ._ F_ f t?zd e;  r  e^ |
*  . - m  

-  G - -  r r l

n :A^ .  o  A " '  and  o ;  t  *  l f , - .  r aT  l r a  nTn  
r

o  c t  l n t + l . c i ,  . A * .  e s  a b o u c ,  t r ' o t '  e d c T x  k < n  u n d  i = I  , , .  .  "  , t n
c o ? t s i d e x ,  L V L I  n - i  *  b : r , ( t e , ) a  o n  A

'

. ^ i  t . o  I  r i - - k .  ,  O .  I  -  n - - l : .  - " ' t  k( p ' -  ' ,  
{ i : - r a . - ,  o . .  r  ) = e  ( a - ( - , . a t * . .  " d a , ,  

' -  
( u .  d r r - . t ) * ).  n - ' K  '  Y \ -  

u  \ r .. , a

(r1,e t ' i i tecl .  in Lcr i t i l lct  B )  ,  an( l  o l : / ,  n n*i-  t : ra.ce orr AIn, ' l t * , J t  u t L a  a t  r \  u ' r .  t t . v v  v  t L  r a  :

i lr
r l( P - * r . =  )  q - - ' . .

. i  - l
- L * I

r n-l- 1 -l
L^2-^ j

o* (Tr xr orr) =,o.rr- |  cl- l  * ( '  O*rr_ 
2k.j_I )u  

l l = t  
r \

_  _ t  . r k  I  I  I
Ut-- \" l-,1 -----T --T:---i -7a-i----i--k  

12rr i )  k  2 l r * . t  (2k*  I  )  
-p l :s* l . l3 .7

I ' /zcn

ul'L e t" e

S i n c e

P R o o I r .  L e t  f o r . . . , f t * l e  A , ,  i : e  s m o c L h  f u n c t i o r : , s  v r i t h  ' v F l u e s  i n  A . '
o( f * ' )  ar1 p- iece.* ise s . f l looth fur ic t i r :ns v le  nave to  conrpu.be .  . . , ,

0

t'tl-i, -:.-.n-'i+11 /
, . [ - t - r ) - r F f f r : / : ( r r t r , i ) i t t o r ( r o ) ) c ( r r ( c l a i r i ) ) ) , . . . r r ( o r _ t r a i ) . . . d ( n { o a { d * r ) ) ) , ) c l t =
i . - 1  o : . : .

n t l  * j r z  ^  i  l - \
=  I  ( - ' r ; n - : - - r t  t  ( T y  *  , ? )  ( t r ( o j ( r o ) ) d ( n ( o . 1  ( r 1 ) ) )  ,  - - , * , , - i ' '  " ( n b l ( f r , + r ) ) ) ) c t t .

i l l ' - t  
' -  

Z  r  . ' t ' '  - ' - t ' -  " n ( o t ( r ' l l ' " ' d 1 t t ' \ c l i ( r :  ' ) ) ) ) a '

Note ' t ha { :  t he  i r i t eq . r - ' a I  f  r om -2

i s  a  co i t s tan t  f unc i i on .  : i
The j -n tcgra l  f : :om -  X to2 " "

More prec ise ly  . i f  uct i *a  (A, ,x
rn . clr

m
ftu =  )  u . o e , ,
!  1  1 t_ -  + +

l - r :1

a n d  w e  i d e n t i f v  1 4 -' '2m

n + I  o

I erln-r'+.r i,r, o (Tr *
i=l . ' i"J2

n- f - l  ,  ,  f t iz
= l  f - r ; r ) - r  ! T r  * ( T r

i = l  0

wrt:f l l l$2&Ir'r* I

t r i is  casg n (cr i  ( { . )  )

0 is  of  1 :he type consi< i .ered i .n  Lemma g;
r \ .
t - _  )  d e n O t e S  t h o  r r n  i  . r -  r  ^ r
,  l t t  

l l E  L - . , I I  L . * ! v  
i  . . ,  

,

! -

then we irave to compute

n'r u
EO ; ;  l -S  U  S tnCe  l . n

t

where



r  t r
l u  o l  io r * l ^  , l  l
l _ * '  ' J  I

e I4*e (A I.* F,o

cos  t  s in

-s i -n  t  cos

\ !

, 1 $

I
f ts  l :

I
I

+ l
J

'3 ll

, - .
|  * r  I
l u ' "  o l
i t

I o  '  : - l
- i

411C1 X

:

. L J \ J 1 L U t t C l

wi:er:e

, l p t - s i n c e  \

\. \
I  . - . - l  A

* i j z r . * \  (uo 'a"u . r . ,u

,  a -  t  . .  n * 2 1 < + i.  = Q ( a  d a  . . . ( 1 a

"  .  du t - l '  i u_ l  au . -  )1 . )
v i  ' e 1

. . . 1 _ n - . 2 k + I . .  \  _
, u ^  . a  u ^  ) - -

Y i  v ' ;

,  
2k+1r r -  J . ;  =

:r.i

'  t  
' .

to 0 is equal tc>

'  n + l t
\ € \, i i r . . . r !  \ 4 / i i '  o

. . l  I

d f  r - l . , . . .
c J ,  q .

- ' l

l l  tu clu
- l -

:
n - ? L J - 1

. a l
I

i  , o  I= - / n  r 3  a* n * 2 k + 1  ' *

wo get"  that  the in teqra l  f rom T[- 2

r l + r  rL t 2  

"  

m

I  c . S K ( .  I . n r  t ' t  r r o t l- k "  ' , 4 . v n - 2 k + L t  t  \ L  \
' .  K = r  l = r

vthi le the ir-rtegral front l .

. 9  |  bu t  t h i s  t ime  w i th  the

0 .  
r

The . in tegrar  f : :om 0 to  l .  obv jous l -y co inc ides  Wi th
:

-_-_a*J

. to  2 is  again of  lhe type considered

inver l - j -b le  e lement  equal  i ;o  1 and so

i  n  T . r r r nmt

^ ^ . . ^ ' l  ^
e ( J L l c l r i )

r \ l ] l n
\ !  6  t r .  u .



. /> i.l* d.' i5 -

' l,i]lioRIiM I'et Q be a naf:ura|, n-"t;z,e.ce, '.Ort A
' ,  ' ! ] .1.r. ' rLj l \rr lvt LJ " .  .Ljev Q pe a

- f f * M  ( C  l r  n  t ' l  A , t  l  .  f  / 1  ,L ! U r " I $  \ L . \ l - U  p  L ,  1 ^ , ,  1 ,  -  t * . 1 , , = ( 1 ,
.  l t t  ' t t

= ]  h  i  - l ; )* r r " " . r r i l r . L f J j G ? r ( ,

.  i l )  J ' hc  I i - r J

i . t 1

. L  T  J _n n  
( t ( , ) i i ) ,  f  ( o ) i r = f

I

; qo  Lhe  n+ i .  t t , cce  o7L .Ao ;  r l "e f i ; ned

' b T a c e  
A o  i n d . u c e s  a  u e L Z . c i + : f i n " e c l

C/<i i r ,  ( l \ )  ,  tcol>rp_.,: ker ?,+rY

by the !orrnu- l ,a

I q r o J ) )

n-r - i - ' (A) i s  t h e  r l r a p  F  ( . ( x .  ) . ,  )  =
L I

. ( 2 k - 1 . )  ( 2 k - 3 ) , "  .  .  3 .  1

r t t
n
i

. L -  L

nd.

Lemma 13 and f ro tn proposi " t ion IZ.

b )  S ince  t l i e  i nc lus ion  o f  A  j . n  f  i nduces

t ! -  (ker  g)  + 0_\l

an  . - i somorph ism o f ,  K  (A )

I n  p a r t i c u l a r  t h e  s e q u e n c e .  .

0  :  <K*  (A )  , l cp l )  - -  (K*  (A  x  F  ) , . ' f t o1y'  
n " ' . : - -  " ' l I 1  \ 4 " ' c t  l m / r L ' P

. r. '
e r a c t ,

' ' "  - I

:
PROOF. ai  For l - lovrs imedj_atel .y f rom the exact sequence (** . ) . ,  , f ronr

u o

E.* (n,,, (x) ) ,..q.(<x,

i , ) l x e r e  & ; K *  ,  "  i A )  
i n  +  K

. l . t - 1 -  L

-  ^ ^  - i ni t 3 A s  *  A - "  z s  ' b h e  m a p  g i " . u e r t  b y , e > a l u a t i o n  a . t  I  a
i s  t l ze  ' i i a ru raL  

i  r o  j  ee t l .  on  ,

b )  I l oz '  eac :h  gene i , ( t ' t 01 "  g i .F *  cons i . c l e t ,  t l i e  r r - k  t rqqes .
i n : "t t - , ,  ( u o ,  .  .  .  . u n - k )  = e ( a o c l a 1 , . .  . d u n - L  i u . r d , r - '  ) k ) ,  ( 1 t t : e  L e * i n a  s )

m Y \ j'  
h e , ' , t h e , 4 - k  t r a e e ' 0 7 !  A * .  a  ,  =  i '  * i  -  L e b  a l s o  b ; I (  { A  xn-k 

11,1"n-k n t^  
-^o,

be  LTze  
^ ;nbp  

ah i c t t  compo tecJ , ,w i th  j *  :  I i r r ; r , {A )m I ( r - , .+ - t  (  ( ne l ( )  m)

' :bounJr t . ra .  ncp E as 'soc iur ;ee i :  to  t .he,  ' ) ,oep7" i - i : *  ext .a?. t t  ,en.  Then

q  ( ( x ,  I e ] > ) - - { , ^ ,  ( D  ( x )  )

ulhe'r e ,
n . l -  lt*r.,

r !  -o  - ra ' (  I  
" .  

,o  ^ .  + I )- ' { ,  { r .  X3 f  
-k 'n "z l , i

a n d

*o  Y  rn r ' :  Le t
i:

( i ) * - , = 0  : f o n
. L . J

i n  Lemma 13 .  I he t t  t

g r o u,p homotn c t,pit istr

7 t -

e u e r l l

o r "  A /

t  ^ '  . lq 1 t d :  L e t  ( I )' n * i i

r .  \  Y ,  r - ' l l ' l
l - * ,  +  I \ . ^ , ,  t l u

l r r  l l 'T. l -

g i u e s , t L t e  t : :



-*'-T,ij"lJ.f;:

l v i th  K I l5 ilr *,i:nrnra 3 . lt J',

"- p {t*

we kno'.^: dl.re;rr ' l t , by tr)roposition 12 thn,,lt:,i.n ( T )  ,

q

Fjo a l l  wc Jr . ; lvc .  r -o  t1o .L l r  to  compute ( t_  ( - i  . ' .  f , , " )-  - - - ' f , - . * *  
: a n  \ J d ' e  \ ' r l

Cons ider  : . i r c  d -Lag. r : i : im

0 - * -* Iis ('l ') *-* 0

J \ . r  \  (

seguencc+ j .s  e>l ; rc t  end sp l i t .  Th is  l_eads t t_ ,

ecal l  thb c le f - i .n i t ion gf  cr  anc l  11 to  see. . that

o r  ( f )  = i o j o n  ( f ) e c o o o o o  ( f ) ,  "

i . m p 1 . l  c s  L h a t -  f ) * o r o o * = j y , o t l *  s o  t , h a t  e - : ( j . * 9 r l g  ( x )  )  =

r  I q t " . . . J > )  .  N o t e  n e x t  t ] r a t  s i n c e  v - r -  { r r )  m a v  b e  t  e r l r e l s i o n i - o d  h r . ,'  
1 \ .  

' -  \ J  /  I  u y !  u o  v l r  L s \ r  J J J

f  t r n r ' { -  i  r ' n  f  , ^ ' r ^  r - ) \ / o t ^ \ /  \ / c  14  ( ' f  \! q r r v L r v r ; ,  r v r  : ; V ( . ; j l . ] /  J U A *  \ i 1 1 . /  r  , ,

(Y '  [ 9 ' . r ] )=< . ,  (Y )  ,  I tD r , "1 )

s o t h a t , : . . : :

/ ^  t ' :  - *  ( x )  ) : q  ( < o *  ( x ) r [ < , r * ] > ) = q  ( < x , f  c r * ' e * l ) )  ,.  
. " T l  , J n  r l *  \ ^ t  t ' : 9  \ ' \ u *  1 5  

T I  t L

so' t 'hat 'chc: corrcl- i ision fol lows by the prececlinc remma
'  

Aga i -n  the  exac t  secJ t l ence  i s  nov , r .a  c l j r ec t  conseguence ,  o f  t he  s i x
te rm e> lac t , sequd i ree '  j - n  K* theo ry  e "E .Dr

REl i lz rRi t5 .*Sj -nce the proof  dapenCs only  on Lhe. . . resul ts  ccncern11,g, r ,
the Toe'p l i t :z  ev ' tens i .on t f  5 . l  anc l  on l r ropcs i t ion J2 i t  wqrkg wj . thou*: , . the
na tu ra l i . t y  cond i t j . on  on  tbe  n * t race  a .  I l cv rcve r ,  o tq l  i s  -no  l onse r .a  sum
of  t races  ob ta j -ned  j -n  an  ( )asy ,way  i l r onn  a "  

-  "n  J  '

f i re only term l-n th.e expreg.sion og go that doe.s qot stem grg,,T

t race on A i " "  g" .  l lowerocr  i f  there is  a  eross-scct i .bn to  t i ie  .map 
'

-  - m
n:Acr .  + A" '  ( for 'exampl .e i f  there j .s  far  eact r  gent fS, l=gf .Jg1e F* a 'cont i -

nuous  pa th  o f  au tomorph isms  connec t i f l e 'G - : .  . t . o  t l i e ,  i d .en t i t y )  t h i s  t e rm

al-so appears as an n*t irace on A (thc ,"rf i l lEa$i. of ao) .

The analogue of  Co.ro l lary  4 is  a  cc-nscguer lce of  the in t .erpreta-
' t i o n  g i v e n  i n  [ 5 ] ,  t 6 l  t o  t i : e . c o ] r o r n o l o U v : H {  ( A ) ,  i n  t h e  c a s e  A ,  i s  t h e

L '  j .

C*-a lgeb ra  o f  con t i nuous  f i r nc t i ons  o i t  a . ,  f r nooLh  man i fo ld . ,  i n  t e r i ns -o f
the  homo logy  ( l r i t h  compJ-ex  coe f  f j . c i en ts i , c f  . . . t i r e  man i fo l c l

)

I i . ;  (T.,.  )
Io * l
*

aeK)  m)

l o *
I

li..A. (A$)

hor i ,1c l r ) . tA i I

-' '.. I(* { 1'e- }; " ; R

ta

and note 'Ll: tat t jrc

a mall r : i(* (l-'u,, )

Tltis e.as 1" 1.1'

- Q  ( ( r o o *  ( x )

a .  cons . l tan t
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As an 'appl i .out . ion of  the p, I""*aing theolrcrn vre shal1 gj .vc a ne\, \ r .
r ) : ' c )o f  o f  t l l e  resu l t  o f  G. .4 . .81- .1 . ioL l -  l -9 .1  concern ing  the  range o f  g re
Lracc  on  noncc ' i l rnu f laL- i . ve  to r : i .  G iven a  c i .s r : : :eLe abcJ i ; rn  . f  , ^ . . r ln  n  51 .

,  
s r r  y r v r l F J  \ J  A f I d  a

charac tc r  p  o f  t i r c ,  sec { )nc l  cx te r j -o r  po i , ; u r  GAG one  . c le f l nes . -Lhu  C , , , - c l ; eb ra_
, tp  as fo l l .ovrs  ( i ;cc  1.9I  and 'bhe ref  er r , rnces q: ' . r re in  t t rerc)  ,  chcose a z .^co*
r . r r r . ' l a  , 1 '  n 1 1  1 a  r ' - i J * L .  , - - ^ 1 . - - - .  !\ . . j  u-Lr ,  l . . r . .  (Jr l  \ r  wt1 l i r  vaJ_t)c! j  - t l l  I  sr rch that

c i  (g . i r )  c r . ( i r  ,  U  )  
1=p  (gnh  )

dri ld co]: Is i^.Cer

: :e la t ions

the ernveJ-op1: i . r : rg  .C*-a lgehra i  o f  un j - ta i . ies (u. . ) , *^ . -  " r / i th  the
Y L U

L i ._u ,_ . : : :61  ( r r  l .  \  . '
, J  t !  v r " z " ' c ; l - h

( s e e  f o r  e : . : a n i p L e ' t 1 . 2 I )  "  T h c

cocyc lc  o-  and is  cJcnoted AO

a. projecti .  ve rep.resentat:r_c-,n

- l  - 1
'  *gtr '*g ui- '  =P (gAh)

r :esulL ing C'**  aJ-gebr :a

.  f t  l s  t he  un i ve rsaL ,

o r  G  s u c h , t i r a t

: i .s inciependent o:f i l :e

C*-a lgebr ,a genera.L.ec l  bv

l fJ- ren G is  i : ;cno: : i rh ic  to  7- ' t '  i t  is  easy to
i ' te ia t :c i r  o f  l t  o : r :c i , i  nar :y  ( luossecl  .proCucts

ac 'L ion on C" T i rus ' rvet  jnay ; . i i :p l .y  Theorern 15
L c ' b  t . i ]  l - , t :  t h e ' c D r . i o n i c a l  B a s i s  i n

anb,isyrnc-: b-r ' ic nia Ly--j .x giverr by

s e e  t h a L  A  i s
t)

J:y actj ' rrns of

l - r a  a ' . r t  t "  q ' i  r z r - r ' 1  r r

/ "  r n . l  l a  \
L .  ,  q l . \ 4  . * i i , j .

. r ,obta ineC.  by

Zn , , , i ; ] r e  f i r s t

i j ,e i { r , , (R} . ,  the

an

O  ( e .  / i c *  )
I J

. / ' t  T " r  r l

= A

r n  t L r i s  c a i e  , t o  - t s  g e l l e l : , i t e d  b y  n  u n i t . i : r i c =  r t r  o , .  r u i '  S a t i s f y r i i g  t h e
re la t i -c ,ns

l 1  1 1  = a
1 a

t  t , .

7
K

a ! l V V  .  ,
i ' I

. /  1 1  t 1q r u .-1 1
I J

t r {e  bhal l  c l -enote i :11 A,^  ,  |  0sk-<n the c*-a lgebra generat .ed by {u, - , " ,  - . ,  . r r  }
D r K  -  x r - l ' r . "  r a d

( A  = l ^ \  r n h i* ^ - p , n  v /  "  * . . * s  i g  a  d e c o m p o s i t - i o n  s e r i e s ' o f  A ^  i n  t h e  s e n s e  t h a tp

A = [  ] A  ' 1  : ) A  - C- ' P  " O r o  -  - ' P r l  -  - ' ^ O r h  u  
. ,

and . :

oo,  
)c* l=op, k x

where  o leAut  (Ap, l , , ) is the automorphism incl,ucecl by l l le uni"tary uk, ,, whl.ch



, *  4 t  -
\/ J-

normal j. zes Ab 
" l. " 

i ,, '
v t r !

Moreover the unj-ver 'saf  propei : 'hy '  of  A- shows that ther:e exist ,s an
. : J

.  r . l l
cX,:  l { ' -  *  Aut-  (A- )p '

c tef i r rec l  on eacl :  goncr : 'aLor  by

Not<-  tha. t  c t , -  j .s  i - l :c  : -est r ic t ion of  cr .€  or :  A^ r - .  r  vrhcre t  r
K

r  j . ! i  t i re canon. icar  i r "s is in R^.rhe " ; ; . ; ; "* ' l f  
. - . "?;u. t " r ,J ; ; ; i l ; ' . ; l -\:

a r : f i n n -  i  t ] "  o f  t h O S e  e i e m e n l s  A  s r i C ] - r  t h a . t! . . v  9 + v r l ,  J  .

n r r  - -  .  ,  \  . ?
K 3 t  + ' t " , -  (a)  e i ' i ^  :L u

i -  . " r s ^ ^ + - ] - -  - . . : ' t 1  L ^  ; ! ^ - ^ ^ L ^ J  1  - -- ' . r  rrrr \ . r \ rLrr , ,  i l . i11 bg cienctcci  by A*/\
l - l

A s  i n  1 2 ]  a n d  i 6 : l  v / e  s h a l i -  c c n s i d , e r . | h e  a c t i o n  o f  t h e  L i e  a i g e -
r \ l L  o

hra  o f  l { -  on  A^  .  . i .  e .  t he  . c ie r i va t i o i : i s
' p

6 .  : f i ]  *  A :  - i = l  -  -  - n
. J  

' p  - p  r ' . t . o . t L '

co'::r '€sp,:ncl in.g. fo:: f : l>';ed j  t-o the o$e,pa::; inet,ej: gt:oup of .aubonrorpl" l isms .
'

p  : f .  *  ( x^  ,  cAu t ,  (A  )t \  " . .  r 4 c .  . r - r z r r u u  \ . I ^ "t : i " t  a '

e inc l  the cor l rcs jpor ic l ing gr ; ' .c1eci  c l i ferent" ia l  aJ-gebra

f,J=A*cln Rll
n
v

' n i re re  
the  d . j - f fe re i r t ia l  a ,a ia r rp f l  +  A lonF+r ;y  i s  dc f ined in  fhe  fo l low-

f )  . v
j ' ng  way :

n
r I l.  d  l amo)  =  )  6 . ,  ( a )a  ( f  . o  nc , : )

j = I  J -  L

6 ' l*  No te  t ha  t  t he  ge l i e ra to . r s  r1  -  11  .  ^  -  ahA  * -1 r  =+ 'r r  \ r I  t . .  o  r . n t . r . p

' .  
!

:  .  . '  6 *  ( u . ,  )  = 2 i n o  * . .  u *  .  .
J  r -  J -L  r  :

Suppose  now tha t ' r  i s  any  t race  s ta te  on  A^  ,  . , :  { :
,-) ?'r - 6

A g a i n  a s  j n  t 6 l  w e  s h a l l  c o n s i d e r  f o r  e a c h  c , r * e A P ( R * )  n  t h c  c l o s e d
'  graded p- t rerce ' i . . . . *  on 0 def ined t - ry

(rJ .. :.

ac t i on

c r , . F  _  + .  ( r i r ) =  ( e x p  1 2 r L . L [ 0 * r t _ , )  ) u ,
.  

- 1 u " u n . t t - ,
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.-f r.l
4p-' n -;

Tr'* ( aolco i *r- ( ai ) . c.l* (c,r )

Lct r ls dunctr: uhe cl. l :al- l . ;  ;-sis j  n (ft I ' ' ;  , .  rrrr {: '* F *4 2 . / , ! ! u  * . r r  \ l \  I  ! J . Y  ' . L  , .  .  "  .  , . ' n  1

. t 'J 're 1:-tr:acc.s co't: .csipondi. l tg to the r; l .ements

{= r r  n  f *  / r  , \ { . / ;  n \ f _ l- . i  ; r o .  o / \ . r . - :  L ) . ? Wr l  ^ l . , .  . t
r , j p

v ' r . i l i -  be c lenoi*c( i  by t . i  -  -  , . i  .  i io te  that  { : l r r :  expJ- ic i t  fo .nnuj .a  ofr  
I  ,  .  

"  
.  f  + ^

f  i s :r  " i  i  * *
r ,  g  c  o  r Ir p

p=0  v re  ( t e t  - r r . *=T .
I

_ @
anc . r_L l s l . . o i l  A r': l;- .tT J I

l ^  ;( s J , ( r r T i  
_  . . . .  . i  )  s a t i s f y i n g

cl 1-0

.  * 1  * 1
c t  (u , -au , - ' -  )  =u .  c lau ,  *. r ( l i J i K

t

'.--L 1 r '

e  r a

Fcr
rirh r.t

I  i ,  ' L * t  us

exj -s ts  a .  map

Y t A p , k

A  t h u s  C c : f  i t r e s  n * , ; i r f i o n q ' i  n n a ' !  r - r z r i c r q
p  

* v r r q a  v J  u ! s _

m
) t  : 7 ,

1 , t
,  v f  r \

s j o  L i r a t  t h e  r e s t - L : i c t i o n  o f  r ,  -  - .  I  t o  e a c h  A _  1 ,  ,  j - s  . a  n a t u r a l  ; r *
* tr .rce wi th r*s;)ocr to t l :c al3J"r", l i€, o* 

p r r ' i*  I  ;
t .

A : - : / \ . x 7. "p, k- l .  "e ,1, :  "o.k L

$ toreover  s . i r ; . ce  u .  du l l=2 . i . * , . . f  *0  . .  } .a f  ^ - , , ;  { -y rnacr
K  K  

i l f  
'  j  l i - ' - - i .  '  f  r o l n  a l l  ' i h c  p -  r n  t : : a c e s

^  r - o .  I  .  p _ m ,  .  _ ' l  . m .T . ,  1  ( a " d e l  d a t '  " 1 { u , - d u , -  * ; ' " ;
1 , r . . " r 1 . ^  . t " L .  J rr  " p

. o - l  - p * 1 .  . - I . .
on3-y'r . ,  '  ;  (a."da-. .dar:  ^(q-du,.*)  

)  is c l i f fe i :enI-  f ron 0 apd'equals
. I t r . .  r - L n  i L  i (

also compute the map !CI-_ of i .{heo,rerrrr, l5.*k

Y

ILTT L
i = l

Note  tha t  t he re

/ a  )t ' * o , k ' o ,  {  
"  

i i  .  
i

t ,
, !

is  by def in l t ion the c*.* i . lgehr&,$f  .cont inuou.s fu;r ,c l i lons(wher :e  (oo,O) .h
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r 4 > ' 1 1 . 4

f : [ 0 r ' i . ]  
:

Y  ( a ,

t)thc.t ',. v:ith our

I{ccal- l

i  i .  ' r ; . ; . :  
l . i .

n r , - r r i  n t r q  nn { - : r ' l - i  n r r c r  . 1  = f ll r v u ( . { r - + v j t J  v _ ,  ,  \ / ,

l " x ' t  
" ' f k

the  c l c f i : i i t j . on  o f  A_  bo  see )
:..Lr-l-

. f |

.  n  l  n - L i
f v "  v "  v f  

' ' ' \ -

4  t r c  \ / r  l t \  t  a  q .  f l L  l - '
' t ' l k
. L !

.  i  .  ! .  ,

tJ:a'; vie l"lave to compLlt.e

' r" ,
i

I

" -,- (..,!  \ r t . k  
{ -r " f . v

a

' . -  . 6 .'t
" - r t l i  \

v  \ *  /

I
,  D { ' 1 .  r  - .  r  \ a():- J ,t  cl r=.J I e (oJ

o  oe  E -+ t

p

I
IJ

,

h - t

r . _ r \ H ' J o
\  r , f  t . i  L  u i

- L . l . r l  1 1 r  ". J r
1

. .  t ! .

J
1 . . . r i ^

v

^o, o :$uch that f , i  1)  * f t*  ( f  , (0 )  )  Eiven by the f ,orrnula

( r ) - - o " * n t  ( a )

tT " i  u ,  
o ( r )  

(ok , r ' ( " r )  ) '  - '  u ro  
( i -1 )  

(a , . { ; : i - t )  )  uo  t t ro r * t x i )  )  
;

'  i  + l
( o " k , . L ( x * ' * ) ) . . " o ,

o  ( p )

'  
r . , o \  r  n , r - l. ' u { a , ) ' * l ) n u  ( t ,  , . ( - . , t ) ) .  " . 6 . ,  ( q  ,  ( * P ' - t )  ) u a =I  . .  ! a - i -  ' r  1 ,  + 'r \  '  L  - o  ( l  )  " '  ' o  ( p r - i ;  i i r c

t  .  _ o  " . . 1  . . p + I  \= T i  . i  . L ( X  t Y i  1 " . " 1 X ' '  
' )  

t_ ] t . . o t . - f r r , ,

s i .nce t l :e  oer ivat . ions cornniuL.e wi th  the automorph. isms and T is  cr  i rnva-

r.- i-ant :

T h u s .  r .  = c l o  T .'  * a t  r  .  .  6  r i - - ; o . r .  
- r -  - i  

. r  r  c  . .  r i , _ r k ;! y r ! r y

l l lheorem f  5  th . . rs  says that  the range of  r . .  i  o t - r  K*  (A-  , -  , )  j .s
l _ t " " t - a ,  P ' ; ) r K - l ' .

e q u a l  t o  t h e  s u b g i c u p  g e r l e r a ' L . e d  b y  t h c  r a n g e  c f  ' f , i - _ - -  
_ i  o l r  I ( - , ( A . . ,  L )

:  * 1 t " . ' " 1 * p  L r  P r r '
and the fange of  i , ,  . , .  '  y

' - L
v . i  i  l - '

-  
1  

,  .  r  .  ,  + fa  ,  ^
t:

o n  k e i :  F = I t . ^ , ,  ( A ^  . , - )p - F |  o r K .

q l T { F n p T ? M  1 .  ! ^  n  r ,  1* . , , , - ' . - , .  - L b .  ( G . A .  n l l i o t t )  .  t , e t  G  b e  a  t . o r s i o n  f r . e e  a b e T  z c n  g r o u . p

and  0 :GAG *  f t  Ua  a  homomorph . i sm.  Le t  p  be  t y ' t e  cV taz .ac te t ,  p=expo  6  a f

G n G ,  a n d  A n  l ; h e  c ( ) r r e s p o n d i n g  C t - a L g e b z , a , .
v

*  -  - , G i t s e n  a n y  ' t r a c e  ' t  o n  A ^  ,  t h e  r a r t o e : o f  T  o n  I { ^  ( A ^ )  i s  t h e  y a n f t p ." p  r  " " "  . . o  t . . p ,  -  * " Y
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^ ' f t  ' l  

' l ' , , t  
t h  ^  a 1w J  u t L w  [ ! t u . . L )

I

e x p n 0 - . t - i 0 . [ ( 0 n 0 ) 1 . . . . 3 A G  +  J . t  ,

p1L00ll" l : t  i_s E;ri . [ i ' : i .c:r_ent Lo corl$ir]c:: t i :c casre when 6;=fn. fol iorl te
Consj .c ier : 'L .hcn t . l re  cJcc;ontpesi . t j .or r  sr : :c i r . r$  c f  OO

Ao'=l\o 
t (l\ :) 

'*o 
' '' '  ) A p r t = C  t

r - rs j .nq t i le  a} :ovc form uf  T l i rco: :em 15.
is t-,he s;r.Licl.roitu f leneratecl by t ire fcl"*

I ro : :  eac : l r  . i f  a iZa .  .  . ( i . ,

) ' "

L $

s.lr ovrs
I  n r . r ' i  ' .  , -
. r \ / Y Y , L t t y

Art ea$y inCi i ic l , : . j .  on e;:gur i ter:1. .

f  l r  ;r  i -  . l -1r n =- = ", . .r ,  C; f  T On A
a \

2n traces cr.1 l io of /\,-,rr.IC.

I
J .

- t 1

lo (p- I  )  " . :  { ; l  ) ( i : -  2rn)  . (2  I  )  
In

k l  ( z t ) k

, -t-
T t l  I

r
L
V T'I

*  i , - \  - . .
c, r-L.i I -L .,

c r ( . L J

whe::e $o is tbe syi i 'niet:: ic gi:ou.p and e (o) i :he sigi:arturei
t i on  o .  S jnc :e  i ( c (C)= /  I r i t h  genera t .o : : .  I  dL t , : b ra . , : es  T . i' r '  '
vanlsh on K fCl  sc t i . ra t  on ly  the t races e i  . i  ,  v r i thO  * l  |  " , . .  r * . D

a r e  d i f f e r e n l  f r o m  0  o n  I ( o ( C ) . a n c l  t h e j , r - v a l . u e .  e q u a t . s
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