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?0SITIVE-DEirIi,I'IIl K,ilti'iDit;i 0;i W

( irli D I'J Oiri $'Ii\t' I Oi{.ilt I -FriOC E S SiJ S )

by ' I  o Constant, inescu

Lg{TB9IU{LW
fn  a  c lass ica l  work  ( i9 l ) ,  I . schur  ob ta ins  a : :  a lgor i t i " .n  fo r

- describin6; the structure oi the F'ourierr coefficients of &Tr,:€rn&l;tt l"c

contract j -vc.  funct ion orr  b l ie uni t r ,d ise by the use of  a sequ,e, i tce o1' ; , : .

free para.rueters ( Schur para:neters) . Ihere:&TC ioally other , '

treijuivalenttr prcb.Lerns vffrere one find"s ag,i in tne structurc of the

.Schur.  a i .gor i . thn, 'The contract ive intertni ia ing c i . i l -at ion theory (see , ,

t f i ] l  i fo,r . 'detai ls)  ,  provides a vefx general  sgt t ing for  a l l  these

probleras. i i ioreove:", cne ,9btai4q 'the genez'al notioa of Schur p'ara-

meters  caJJ-ed ,  in  th rs  ger re ra l  con tex t ,  &  cho ice  sequence.

Roughly spbaking , :  the co,nsiruct ion ,o. f  a contrao- l ive inter-  ,

twining di lat ion (  as ' i ' t ' " ,v, las d.one : tb ( [1]))  consists of  an, .analysis

of f! the first step of' the oll 'ationtr and. ,:f the gener+l algorit luil,, '

" -  .  'Th is  
second.  s tep  is  equ iva len t  to  descr ibe  the  s lvus f , i l re  o , f , ,a ;1 ,

posi t ive ' ,  r loepl i tz forrn.  In tb is language ,  the wtrole uatter ls rer lu-

eecl to a dil igen'L usage oI tr:c welf=knol-ra structure of a 2x2 posj-tiv

ruatr ix.  At  t i ie sal i le t ime, the study of  a general  posi t ive, fos"t i t

a long this l ine is imposed..

The last  problem iea.d.s to a new general izrr t ion of  the Schur

p a r a m e t e r s  (  s e e  ( \ 4 1 ) ) .

Thi is note j .s only an appencl . j :x  to t [+]) . , t rYe obtain the

l iohnogol 'ov <iecornposi t ion for  a,po's i t iv-e-oef-- in i te kernel  on the ,set

o f  in tegers ,  us ino  the  gebera l i zed .  cho ice  sequence.

t 'o' concluoe, we use ( as',r*.sgaJ:), these facts 'f 'ol",,,ftorlsta;biouary

processes. J'loreover, as lre showc^ j-. '; CIZD , the two Szeg6 ]-iurit



JJrl'R41**s$4S-f jrs 
: ,

'  In t.i i is sec'bion we recall tne no'baticrn anel uo** resuli;s ,frorn

t l+]t .  Tne nots.t :-on is raolrer involvec, so that i . t  can bcconle

tedious an,ci not ouly for the read.e'r. 31r'y,,n after a momentsr thoughto

its signif j -canee occolnes clear enorlgh.

To begin wi.tho l'ot ?t and. R, "bu comlrlex,Hllbert spaces a.rii l

X' f  dtrf{ . ,)  be the set of al- l  bounr:eo l inear opern.tcrs rrom 10 to #- !

l . o r  a  c o n t r a c t i o n  T €  e  G L , 0 ) ( i n e .  i l t l l  <  r ) ,  D , n = ( U d r ) *  a n r r
i

f=D*R 
wi l l  be cal led.  the sefect  operator &qd , i iher idefect

.spaoe of 'T.  ' fhe io l lowing uni tary operato: :  can be thought e.s th.e*,
I

fund.a-rsental ce}l for t i ie oiletron theor;.: : '  :, ,:,;r ,

*? *

theorems (at  le iast ' the e>l is tence o i :  t l . re

$one si.iap1.e cotnputations, lTe note he'r.',e',i,

n a Y l a r  / | n o ae Q r  J  V u u i u  o

l " in: i ts),  i :ecsJue a matter c ' f

',v'e,yiant s Ji',oili;lre nonstat:-q-

for

the

J(r), JQ.@S rr "Q,cr$,

r(r)= l:,
' " '  " f i i e  ee l l  genera l i -zed .  cho ice  sequence ( (gc) -sequence) ,  a  fau i i ]  J .y

( ^  /  i \ . 1  - :  )  + - - ^ ^ + . - ' ^ * ^  + 1 ^ . - +  + , ^ *
i  C t ; /  L l t  I ,  i >  i + l  \  o f  ' c o a t r a c t i o u s r  E c  t h a t  f ' o r  i = i + . r '  i ) - , 1 e

G* . ,  ac ts  o ,  
' I ( -  

a .nc i  o t i re r l i se ,  G, . i  ac ts  f rom &. ,  in to
*J  

L t  i+1 ,  i  
'

o Q , - v  .
\r.; -i -l

*  s  . ) - J .

' l],: ( ' lt '"ol *f,,*r) a'h Ginr,,*:@41+1, i*40 " ' '*YGi+r, 
i 

**--+

: ;r\

$ o t e  t h a t  i i  G n  n  i s  a
(  n  -  l ' 1 = C J

i i  ) 1e '1,r1er1 
t G==Gl, n+\ I 

"=f
Associateci  "v; i l t i r  a f ixed

operato.rr , l l  for  i , )  L ancl  i>

( e c ) - s e q u e n c e  s o  t h a t  G i l = G i . r k ,  j + k

1S A .CnOr-Ce sequence,

/  \  ( . -  \(ec) -sequence 
t Gi i  5 r{e cu.usi-cier

J r ' .J + r ,  !



Idgirl$ffi;!

f c r  j - l ?  k )  I ,

rfi:-" i

A- b.,

l(. @"0^
.  r i ' ,  

.  o i
@. . .G{&.* @ft^ bu..8S.,

-  o i  
n  i+k  'o i+ r ,  

3" ;  
* i + l  

, i + 2
' i ,  i + k - l

v
J ? . , = I @ J ( G *  * , ' - )  @ I "

. -Ld J. t J.t. I!

t ) ' : . -  3or a ehoeee r :sequence, these operators

intertwinintT d.i la;t ion theory,. rre .aiso def,ine

transfornat lons) I

trr..' *:iL"@&., @S. @...@S,. @Sr ' .1 " i+ l  , i+2 
o1+1 

, i+3 
t ' i+- i r  

5

-----'-Jt *$nr, 
i*to. 

. .*&ci,;_r@$ci;

oi i=r l ; r i ; . . . r i ; t  .

: ' . - i  ,  ' '

------------i

. : :* :  :  xt l i=,(Gir i* l ro*fr inrGi,  l+2, ""  rDGfr i+l_"u*f l  
j_rGi" i  

)

?r; I & -'' ' Jo t$* 
T-r,i-rg.,."*tnl, r-,-

3 i j = ( * j - r , j , G j - 2 , j D G *  -  . t " . , G i j D e  ' n ' j j p -  .  . i t-  J - l r i  
r a '  o i + : l . r ;  ' * J = 1 r i -

staad.ing for matrlx transpcee)., :.

l le consider the operators:  Ui i=I fg ,  i7t  l -  and

ui j'&os*1, i*'o' 
' 'd*f, 

r-$.f, 
--ll

n ( . . C \

K@{)c Q..  ,C.0..-  : '  . .
"1, i+f i;-----l

u i i=Y i i (u i * t , J  Or&, r *  r ,  * ,o i J

appear in the

the operatore

gontrast iv

,,$,- l1ule611

V{e C.ef ine 'che coniract ious:  I

t ------'

/ t t + n

I

i r i - )  r ,



a f , ? - . J \
J ' + . i = . L f t  t L 4

.L I  ( fc

"4"

and.

F . . i 1
r r  J - r

Tl
J i  l

l . J  =

us consicier a

,  .DGi j  "

fa^milly

irdd;i aPJt:"

opera to :

..,., i. "
' ,i:1

: i

,lJ

, ll-i" 
, i -lxi j'

0

I' t

I' 1 .

i, l
, l ) l

. ,  l .

1
I
I
\' l i

I

oo ft
i ' lor:, let

so that

r  q : .  +  
- l

r r q r , /  . L  
. \ . .

-,' '

q c-r
9  v1  C t  .  .  .  c  t  rJ l  , , ,1 U  l U

T q
,  L ,  .  !  t  !  l P D n

G T '

, r

Are pos:1; ivs opesators tc. tn n77 2.

t  t . ,

l
i l ' *

Theorern 2.4 in  C[O])  asser ts . ' t i ra t  t lere ex is ts  & oue*to- -one , ,
L J

eorresponc"ence betvle.en tne. set. of the, sequence.s ,ef,,positf;r:frl jr,epexa:-
a '- ' , fors ; i rU*aia the set of (gc)-sequences, glven- by the foruiulas: . : . , i .v

, . r  t  
s i , i *1=Gi , i+ l

t*) \
, ' ,  , l  I  

c i ;* ; i i " ; - tu i+1,;- ] .x i+l- , i *onl , i+r . : .ouf,r_r i r r .gGi*r , , j .o,r* ._r, ; j "

i : ,heB the (gc)- .sequence is ' ra er io i -ce sequence, t . i re algcr i t turr
^ \

reduces 'to the one wrj.tten,...in ttzJ ) for..,posftlve.rfao,plitz .fiq,rms

T h e r u a j . n p c i n t i n n r o v i n g [ X ) i . g t h e f . a c t o r j . z a t i o n r

E - : o & t
"18.-*1n " ln

which has an other 'consequence foruulas for  coinput ing c letB.,o. .  ,*  . r , r t .

2; I 'pf i i i ra{ ;stTro[  r f  .  Si j ,  *"*  rxr '  natr ices,  then

Lr. .  dettsrrr= (  d etD* 
, . r j ' ,  

uetDor3d"tDcz 
j  )2 " . . .  ,  

lu*onr" 
"  .  .  u"*ouo_r,  

o)
for  n) .  2 .  &

III PoslHryd:J
rn th 'o, 'sect j .on lve shaI l 'use the, (gc)-sequences in ord.eybo

, l

obtain a stt.d'm.structlon for the mfnirual l(olmogorov d.ecompgsition 'of

positive*alefr-i:nltc kernel crn W, ly; call a positive-deflnite kernel

a

on
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%, a nap VJtUx%- *;_+ f, tk ) uvr'frr tire property that f a,r.r., er*cli

ne [v  and"  each ch-o ice  o f  vee tors  i i1 r , "  o  "  r i ro  t r r t (  anc l  F r r .  o .  F ,  in  W, ,

the fo l lorv: ' " r rg inequal i ty holc ls;
T L ] .

X  t t i ( F i  o p 1 ) h - i , h i ) >  o  e

r;,?;';; ;:;-l;;X;;: -,, can suppose i.( p, ],) =r, Fe
ancL rt is ea.sy to see thar\ K is pc"rsit i.ve-c1-efinite if f l ,r ld o,n', l;y

ttre rrra'urices

m
t&s

i f

a r e  p o s i t i v e ,  i 8 n ,  j > i ,  a n d  S i r = i ' i i , j ) e

A Kolniogorov ciecoiitposition of i, rvil,l be e, .nr{p .- .,j ,,:.

Y z?* --:-+ d, C& , f,tu)

where #t u iu a r i j -J.bert space and. I(( i ,  j )=vi i f t t ;1,

rr h v= )f ro)fr ,  t r ien. , 'bhe deeor,posj . t ion i ,g.

uininat,,'.€1td tio.o. litininal ciebomnos:iti ons are ectuiva:Lent

inui,r.r lo* ( 6);. *" obta;i:r,;appropia, te sense (  eee for

3"1 " i l * lQ$.{ i i  T i rer . 'e exists a one-to.*one correspondence between t l re

se t ' ' o i f  pos l t i ve-de f ln i te  kerne ls  |v t .  ' h  (  w i th  t i (p ,p ) '= I ,  p  €  ;&) :  and.  . .

the set  of  dorrble general inued. choice seqlrences ((c lgc)-se; ; - , ' '1-rr l .Ge$) . . .

$n  i  ' i t r  m '  
,p  by  the  s&n(  in  (N)  ,  Wtci;r tt- '{"E i >7 i+I j Ai.vett by the s&ne f'..rrreul-as as

I{ow, r f fe use the (dgc)-sequerrce associated. by l i leoref i }  3,1 in

ord.er to d.e 'scr ibe the l ioh,rogorov aecoraposi t ion of  K" Actual t ry,  the

cons'truction v',ri l I be an aoapatation of the construstion of the

ilairoar.ri oiia'bion ;5iven in t [: l  I .

[/e note ti: iat for tQ fr,, i ; irere exj.sts i]re contraction

.u- i  :  "
.LJ

,r.rr1

I I

"i,*, *e*ffii+r, j -* St

:  : e  r r r
L 9 l -  / l : t

sald -bo ne

in g':

fo r  the  de fec t!Jite

X* =s-li:n T-1raO -i 
iG 

'"j 
J

d
I n '

EipFrce i; i:f

'tLiJ i
l i l i , *

obtained proper ic lent i f icai ions
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and.

- i  - ' r
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acJ

T\
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- r;rh err o.  t f 4 l v +  v
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'  i iowt
j

Iit
,  t f . :
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' 1fl.,

.  r  = S -
" l l- '  

b -

d.erin

\
i o ( l ;

I

3

" ' l

q
I<l
J.

U

i.+1.

) C \
D*(
=J-

U

ed,

' ! .

so
) @
tsF:

'€
l - ,

c
JLll,1@

t

Oa

JY-

T

-1 fr1

' 4

,"@

,lir
-+d

.r*€

t
I
I

t

. , , ! ) V x ' o c r  D r . ' ' k' i j  o i r i + L

Gi*r,*nJt' **F,4i,i.+k

1  " r , i ' . f  
o  ;  t - \

[  {(xr,*,  l^,  ^ t
i , + J  t * i . , n  e  J

and

rI, : . . . e$i-e,*di-r,r. eSi, o e&eH$-r.;, 
i+k 

--:*F

, \  ^ sQn*G  _ n-- + ". @{i_2,* dr_r,x@RoP-,{n. i+r..
t * r a

( the f i rst '  ' i ipace wiLl  be d.enoted."Uy { i -nf  arrd the second. one ny &i

\ala =f O \,/.,L  1 ,  red .

wi t t r  res 'pect to t t re d.ecomposi t ionsl

r $

In orcler to ld.en$ify $o 
X

' A -  
, ,S - *rr , r  ^ i  

r*a

: :, i.r* r (

we

r r9d

,  rec

--)q weoi,id

q\
o  i r *
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) @ ( g {
s Q r r

o 6)4" ).
\Lcr "i n i+ii

K be a posi t ive*CIef in j . te .  rerne]

the  € lssoc iabed ( ,dgc) -sequenee,

v ( n ) =

G,i

i s  the

PF"OOF

Kcluogorov aecomposit ion of K.

'rTe have only to use 'Ibeorem 3"3 i:r

IV i\i0i'i STATIOI,JARY }ROCESSES

3or t-tre' general fheory of t i re (nousta,bionary), .pr :gces,{er i1 \ r r tp.

refer  to '  t t rerbook (  L5 in this seqt':i.on we calL ppnstatio.neryCAn fe lef  :U0'  I$e DOOK \  L?J / .  .Ln I Ius r$eq[ i , -oLr  ln ie cs, I i  { * fnI - t IJbt l t , - l r .+&.S$'y

p"o"us$ a seque!.ce laf " l  
*f, f  ope:r:ators in 4 (f,t ,&) and we aefine

the covar i  ance kernel- ,  .  \

K t " & x E  - - - - - - - +  *  ( # { ) , , . ,

K(i , i )= f l  \y i l

F::om the very begining, wc su.ppose l i (nrn)=f  ,  we"?l t

f{- = YJY- fe . As K is a posi'f lve:ciefinite kernel -,,ca- h € Z n

consio.er i ts Kolrnogorov decomposi t ion ( in part i -cuiar, ,  in

g i v e n  o y  T h e o r e u  J  " 2 ) ,
Y.

:  ( i ' i ) = v ( i )  V ( j )  i

As usuaI,  we oef j .ne t

x( X tirr,r)= X., uti)iri , hiedC
. t + * L r

for f init,: sdrns, t lren

\ \X \ f rh r \ |2=  E, t  Voh '  f .h . ;=
L  *  

r  
t d  

* - ,  
-  a  ' )  ' l

=  F ( n i ,  U t  V i h . i i =  H t " r ,  i l ( i , i ) h 1 ) =
' o . r d d t d * J

a  
E , n '  v ( i ) k v ( i ) h j ) = ' h B v ( i . ) n * h '
" '&

il

i , . ,

, 
,g*i, *) @ (S, o oRoHq**-r,i+k)
L-l ^-

(  G.r  * j , *
b"-€o

l*3. -TIrEpSrS Let
i pe r,) er:.d f *ti i

Y:2, -**-4' S.(&,fl o),

wl 'wx^. .  .w!  t f t
rl.

*J lo

"{t
Yf oiYl. . . r'Tn-.l/ &.

- n I  ( \

:
:s=o

' ! . t  / , v . .

tf+ll . w

and."

!

on 'E- (lvi bil-

rilh arr

t

. qrr r'l

r,
/tt , Y9,\i ;

the forro

l i ( p , ; p ) = I
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x  U  i= r r ( i ) ,

a uni tary operator , f r , r rn K ontoK ot= *V. : ;v t i )Yt
i iu

k
t r F r r / . 1  \

i = " \  
V \ " r , , e

' l t ie s€r.y t : rat  we associeted to ihe proter is

t ia l l y  un ique)  t topera tor in l  u rodc .L"  [ .V(or ) ]  , ,e  Z  .

In  recent  yk je l rs  i t  l vas  reco j r : i z -ed  (  see  fo r  c le ta i l s  CLSl l i  th . r t

soi i re notroirs (  r 'e. i : lect ion coeff ic ieni ;s! . .e,c)  a3ci  speci f ic  a iet i i t  c ls

(  Schur and Le' !" inson algor i t iuns,  n " . )  to the sta! . ionary i ) rocesses .  .

fra've a nctture,i counterpart for lhe .:ronsia'l ionerry case. 'r ' .,te s-i ior,ici ,:

con' i ; inue a.r  ong the classj-cal  l - i -ne (  in { [ ;cp,  for .  insr;ance .) ,  bu, t ,  
-

we pre fe , t  an  aspec t  connect ,ed  w i tn  the t r  enbed ing  o f ' s r  nonc ia t : lo r , . ; i -

ry process into & stat ionary onert .  l r ie gi i 'e nor{  a very crucie resrt} i ,

i r i  t ; r is  a i rect lon,  l re i in ly a reforniulat ion cf  some of  th.u .p:r :ecedent

reou i ' i s ,  'gs to . rng  a  i lo re  deba i ted  ana iys is  to 'a  fo rbhco i r r ing  paper "  i , . i
'  f ^ V  ' r d

L,et  f  U 
" l r l r -e& 

be a nonste' t ionaly l i - rocese, K i 'bs^co=:ar iarrce

kernel atr, i  tcr* the arssocia'Lecl (  dgc)*sequence, iet :k*=LZ(re,r"st-),u

?  -  * - O . - { p '
Gl-e 4- ( dL) ,

1 / W  h  ) - S  r :  ! iv "l \ Zr *r';. t -- /._*, ui. l- , 
- l rrt- , -t *

'L 
t(at{> 

{r 
ttt--cr 

tr e &f i' s-ir

Havins t l ie c lef in i t j . .on of  a (dge)-seqr, ience, the,  fo l iorr ; ing

operatc: :s ' " i .eter i i : , ine & choice seqr-1qi1*u;  for  n2r2,

E-t f t , .  (=6 &,= )  -* - -$
*n-l l4r-.s " l trk+n_l ,.  ao ^- S * s  ( = 6 g ) c { , . a .  )*n-] k:*"c. *lC, k+n-J-

. , '
X exter:.ds tos Q r

rrnd.

( ' ,Y )  
o
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