ISR - INSTITUTUL NATIONAL
DE ' PENTRU CREATIE
MATEMATICA STINTIFICA SI TEHNICA

ISSN 0250 3638

POSITIVE-DEFINiITE KERNELS ON Z
(AND NONSTATIONARY PROCESSES)
by '
“iberiu CONSTANTINESCU

PREPRINT SERTIES TN MATHEMATICS fmamnge b
No.54/1984

BUCUREST!

St ey D



PCSITIVE-DEFINITE KERNELS ON 7
(AND NONSTATIONARY PROCESSES)
by .

; ; ‘ *)
Tiberiu CONSTANTINESCU

August 1984

,*)The National Instifute for Scientific and Technical Creation,

e
Department of Mathematics, Bd.Pacit 220, 79622 Buchahest,Romanida



POSITIVE-DERILITE KERNIELL On Z

(AND NONSTATIONARY FROCESSES)

by T. Constantinescu

I INTRODUCTION

In & classical'work (\9]), I.3chur obtains aw algorithum for
“describing the structure of the Fourier ccefficients of an~analytic
contractive function on the unit disc by the use of a gsequence of
free parameters ( Schur parameters), There are many dther‘~
"equivaleni™ problems wiaere one finds again the structure of the
Schur. algorithm. The contractive intertwining dilation theory (see
(il})‘forﬁdetails) ; provides a very general setting for all these
problems. lioreover, one~9btaing;thé general notion of Schur para-
meters calléd, in this general con‘te:ﬁ;9 a choice sequence.

Roughly speaking , the construotion_of & confrac%ive inter-
'twiniﬁg dilgtion ( as it-was done in (&11)) congsists of_an~énalysis
of " the first step of the divetion' and of the géner&l algoritim,;

This gecond step is equivalent to descrive the structure of a =
positive®Toeplitz form. In this language , the whole matter is redu-
ced 50 & diligent usage of tne well-known structure of a 2x2 positiv
matrix. At the 'same time, the study of a general positive .form
along this line.is imposed,

-'The last prdblem leads to a new generalization of the Schur
parameters ( see (X41)). |

This note is only an appendix to (&4}).;We obtain:the

- Kolmogorov decomposition for a.positive-definite kernel on the set

—_— -
S

of integers, using the generalized choice seguence.
o conclude, we use ( ag usual) these facts for.nounstationary

processes, Moreover, as we showed iu déb , the two Szegd limit
LY
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theorems (at least the existence of the limits), became a natter of
gsome simple computations., We note here ., wariants for the nonstatio-

nary cass.

II . PREDIMINARIES

I this section we recall the notation and some results from
(K41), The notation is rather involved, so that it can beconme
tedious and not ouly for the reader..But,, after a moments! thougbt,
its significance becomes clear enough.

To begin wjtﬁ; let ?Q'and'}&l*be complex ‘Hilbert spaces and
#L(iﬁ &) ve the i E of S etneen ek operators from 1€ to R

For a contraction Te L (F,R)(i.e. “mﬂ T Dm~LLm‘% )% and

S s
éa T:DTJQ, will be -ealled .the defect operator and thesdefoct
:space of1." The following unitary operator can be thought as the,

/ i 2 o u
fundamental cell for the diletion theory:

IRV px — RODy

12 ¥ DT*
J(T/'_ i o i
e

e call generalized choice sequence ({(gc)-sequence), a familly

g}jj/ i1, v i+lg of**eontractions, so¢ that for j=i+l, 4% 1,
G,. acts ob=d ‘amd ctherwise, G,. acis fr n1§5 into
-LJ 'Lo) 1

1+l,3

&

¥ .
u1 i=1

=

Note that if G.. is a (gc)-sequence so that Gy foxp

1J [ 1rk,3+k
¥2.1, Then %;G “L n+lk s is a‘choice sequerce,
A59001ateo wWith a fixed (gc)- -sequence % J@‘K we consider the

operatoxﬁ: faw ihil sud )7 4%k, 7

(GL 11}3 7‘ )G}EGG @% . @«Q.GDEG v st

J 3561 plichk i+l,i+4 : d+dy g
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ot 3+1) q>l :

for j=-12 k> 1,

fiRod, @..@R, @‘?w .. @R,

e
1+l i+2 ; 14*91+V M,l%n 1+l,j
. R C% %
— R @l @. . AN K @ X« B0,
: : i+l,g+2 i,i+k~3 L,i+k : 1+l,3
I @ UG o) @1
b 1,14k r

For a choicé ‘sequence, these operators appear in the confractiv
intertwining dilation theory. We also define the operators § Lulexr
transformations):

v, e, @& @.. @ eao% e

i+l,i+2 i+l,i+3 i+l 3

I U5 : _

l l'{"l lbm
Sl e J=-i
Vij“JijU;‘iljonoJij ©

We define the conirsctiong:

1+l,¢+2 1+1,O

(CT -\* G’.

Ladad T

3?1. 9 i S0 o%(;k @« @V %
2 d=2,0=1 1,31

1,¢+1’D

W e T g e el P
s
("$" standing for matrix transpcse).

We consider the operators: U '=Ii€ s iz 1 and

J&D@h% O,..@Qfac l”)o?)% —_——

———— f{_@% ®° & -(Dfép 5 2

l i+l T

C>IJE 5

13

qlJ (Ul i



e N
l . r Y
9o 3 i 93_“']'-“\-_]“{} : ¢
il. > @ 3
llJ“ ‘
I s e BD
O » Dg G
o= LJ g d
5 e Pl : . . e oy :
Now, let us conslder a familly %Sij/ 17 Lo Lo O cOpEraGoy
on j% g0 that -
X )

12’00.0")11:1

|
| 5% 0 ToeernSyy
| Sy seeeese 5 I \ Sigieenc
are posiyive operators for n) 2.
o7 7/ ’ 1 ¥ : .
Theorem 2.4 in \{41) asserts 'that there exists a one-to-one
correspondence between tue set of the sequences of positive operas

whOTS Blﬁnaﬁd the set of (bc)-cequenceM, given vy the formulas

&Y

¢

d L G TR |
bt ‘
g b s W B | L%lgd”*il+l,a +Dg %' l.oaﬂ # G“'Dg_ S -

1yd- l i+l,J qu~—1

Jhen the (gc)-sequence iswa cuooice seguence, the algecrithum

reduces to the one written.in (KQX) foripositive.Toeplitsz torms.

The main point in proving(}%.is the factorization:

S m
i3ln"fln Tin

which has an otner consequence formulas for computing detij¢

241 TRUPDSITION ... If 834 ere rxr matrices, then
detB) =(detd, )Z(detD, detD, )2...(detD, oo detD, )
_12 o e 0 23 ‘ in “n-1,n

I1I POSITIVE-DEFINITE KIERNELS ON Z

In th.s section we shall use the (gc)=-sequences in order to
obtain a eommtructlon for the minimal Kolmogorov decomposition of a

positive-wefiritc kernel on Z. We call a positive-definite kernel on



“he
Z, a map K:sz.-ff4—?§e(3%) wity the property that fom.each

n<cli and each choice of vectors ul,ﬂm@,hm ing% and PisseePy in. Z,

the following inequality holds: ‘ .
AL b
Ao SEELE R B e
. _‘.ld’e- ~ - S
Without lbss of generalily, we can suppose K(p,p)=l, pe /2,
and 1t is eeasy to see that K is positive-definite if and only if

the matrices

{1 254 447951 gao0eenlyl
e I .f.‘ . @ © e G. o
. ’bl+l,l+2§ A el
it e |
, e | -

are positive, i€ Z, j> i, and Sijzh{i,j)o
A Kolwmogorov decomposition of I will be & -map -
= L (&,

: . . ¥ ¢
where g{\T:is & Hilbert spece and. K(i,j)=V(i) V(J); 1,16 7

ViZ

y 2 £p : 4 S . : : . )
IF J%.Vz \EQV(n)ﬁt s tuen..the decomposition is:said to be
" K26 3
minirmalkognd two winimal decompogitions are equivalent in en
appropiate sense (see for instauce ( 6)). We obitain:

3.1 QHEORLL  There exists a one-to-one correspondence between the

set~of positive-definite kernels 6n 2 ( with K(p,p)=I, p€ Z) and

the set of double generalized choice sequences ((dge)=-seguences)

%Gij/ 1€ Zyii i+l}' given by the same formulas as in (%) .

Now, we use the (dzc)-seguence asgsociated by Theorem 3.1 in
order to ‘describe the Kolmogorov decomposition of K. Actually, the
coﬁgtrﬁction will be_an adapatation of the construction of the
Neimerk dilation 5iven in ({3});

We note that for i€ 2, tnere exists the contrattion

Xi’mjzggéajgﬁhq —-4>5€~
O Tl

X =g-1im X.

1,00 awMLIJ

In ~#\3|) vine obtained proper identifications for the defect

spaeces of 1. N




S0 we consider

(o' ] C?”
; :% —— Q)
OQ, 3 5.'* X' = e C’»‘ ;
i,°0 ¥ i,i+k :
A, =i
~y {\i‘
l,+ A:L,OQ A.? ”\.)
where
D. =g=-1dim e
1,90 g~}o§ Dlg
and
"Dw’ ,"‘"G’- . G- < : 900 0s C . D ’}C e
F(0 et deg ‘ e T
“1,1+1 L4l TA, 142 ¢,1+_ “1,1+2
(.) .9 . I:)x g @20
Dié~ : Ti,d4k
L e
In order to identify §3 T we consider
‘\( 5
‘ ds oy :
oA ;:bv =Y eg\. =Rani, ,
g+ ;s Sl B R ()
% . . :
‘ﬁﬂ.ere l{( )"-‘ soied .LLD. D %’( oe@J—G’K ¢ o e DG’;{
A”5d3 29 il i ig1i+1
.Now, we deiine :
s e
B el *@gﬁ@ - ——7 R o®,
: Wil NRe =\ Vi, itk
b |
g ] B
3 iy " { N
wi,red El‘JQAl,@C) Sy
O o ” N
=i i3 +:3 g o

and

@0’9’ @é?@@f% ¢

e e < 5
=l =2 U341, 04k

T A ®%i-2,>k @"%;-1,%@&@@&5

k=t 1,i+K

(the first Bpace will be denoted by ji‘i+l and the second one by Jii

Wi"LQDuJ

with resgpecy to the decompositions:

i,red
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( @8, o, , oReooS, ) end
Anna dak Ly B2 Mg .k

( G)&ﬁ ) @ (a\@>§>%j : b - ‘ 3
g0 ds%F B 4

3,2 THEOREWM Let K be a positive-definite kernel on Z (with K(psp)=1I

phase

p& Z) and §"u % the associated (dgc)~sequence, Then

VT %ﬁ(é?4i10)9 s
( w%lwfg = ew;’f /2 ;1< 0
Yidn )= { Pééa “ﬁzo
Ehwwr°”ni/ﬁ n> 0

is the Kolmogorov decomposition of K.

PROOF VWe have only to use Theorem 3.3 in (§4l)°

IV NONSTATIONARY Pr O BSOR : 5

For the general ftheory of the (nonstationary) -processes, we.
can refer to the book ( &5} ). In this section we call nonstationary

" ‘brocess a sequence iXT of operators in L (jésik) and we define

nY nex
the coveriance kernel,
K: Zx38 -~“~*Eﬁ(£{}
%
By~ - F

J’ j ‘
From the'very bvegining, we suppose K(n,n)=I, n&# .snd
-£) e di s ; o )
o = ;z;{ n§€ . A3 K 1s & positive-definite kernel on Z, we

consider its Kolmogorov decomposition (ip particular,. in the form
given by Theorem 3.2),
K(1,5)=T(1) V().
As usual, we define: -
x(}?ﬂ?ihi): .EL_)V(i)hi~ et

for finite sums, then

\\Z\rilli\\zg z'( U/ﬂ-h., ":r.h_.)m

“id
Z}(]" \Ti vaha)—- 2‘_._»\31, 9 n.(.L,J)IJ.J}—~
£S5 G v<i>¥‘v<a>11j>= ! z_lvmh%i""
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’ : oF : 2 /
so, X extends to & unitary operator from K onto i@ \VJV(¢)3%
. LE

\)/ln:a l7(,L) : S

We say that we associated to tlhe pro i n}n‘%d an (essen~
tially unique) "operatorial model" %J(n) ey

In recent years it was recognized ( see for details CEQ})) that
goiie notions ( reflection coefficients, ces) and specific metiwds
(' Schur and Levinson algorithms,;ce) to the stationary processes .
have a n&aturel counterpart for the ﬂoawuai .onary cese. We spould
continue along the classical line ( dn (@Ob, for instance ), bud
we préfer an aspect connected with the " embeding of a nonctatiocua—
ry process into a stationary one", Ve give hOWQa very crude yesult
in tnis direction, mainly a reformulation of some of thwpreoeéent
~results, wending a ﬁore detailed analysis to a_forthcdming paper.
: gAYy 980 45, o

Let gﬂj ;%nmwﬁ be a nonstationary process, K 1ts£30tarlance
kernel and gu :& the associated (dgc)-seguence, Let fﬁi:lz(%g%k)ﬁ

‘éo&i{),

G (éivﬁnx)"éf:;?xak+7kx+" :

O

Having the definition of a (dgc)-seguence, the following

operators determine a choice seguence: for n?z 2,

NS
ciR, (-8 D ) e
=] wRz~ed s Kbn-1 .
—=ed iy (= B x )
n-1 K== Tk, ki+n-1

<0 =0
E ( ?idfg)“‘k_“fk K+ndm+n :

We define v:v(%& 3n l) s thesunitary operatoragiven by (225
in (YEQ), and let 3& ve the spacewhere this operator auts.

Let us define iﬁ L)Ee e @0 @ 5 G X e

B

"

and k¢ TR ]
l;'_ h::e o.oO_@ h @’ {\J +eoa

Il T‘

31
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4.1 THEOREE Get 3V %

s
thﬁn‘théve exist a Hilbert’ﬁpacp ii;)3240 , & unitary cperator. .
[

Jé:ov(ef), a femily %ﬁﬁf(yqu ne 7 of subspaces of & and a

4%

be a nonstationary process on ;&Lo’

N=-~

family*iknzﬁ&rmaét(n)g aéig of - isemtricioperators, B0 that tne_
— ‘ ‘L*V 1 o
given- process has the xOJlO“lng operatorial model f hn)numd)ﬂ@v

3

AT %RZ QY ™ T A
AO L O 7560 LINTE

The two Szegd tneorems corcern in the asymnptoiic ol the positive
Toeplitz determinants. lkore prec*melj, WHeI

L R snk
.

-p L)lg l, ¢ e €9 un.“’l
.,L.Il
s I
l’l, e & 0 ’

the first Szegd limit theorem-asseris the existence el the-limit:

det B o

: " AT

1im 1,0+ =G(B),

n->0 det Bl 5
‘]

where E(B) is the gebmetrical mean of {ne positive measure?@ having
the cueffipients Sn as Fourier cseffidientS,
The second Szeg6‘limit theorem ( The strong Szegd limit theorem
states that there exists the limit:
det B

1 4m m———-—«-‘l'-‘i-—-———“
N G(B)L%l

and :1veu an expression for this Jdanaih,
Using the choice sequence, in (LZ}) the following variants

®

of the Szegd limit theorsms were obtained:

det B «er
wamod ded Dl . - 1
s eI e S W i
Sl e T
Gep) Bt 5
Tdm = Wg”‘ det Dgn
WRed det Bl o =i n
Ed

where gG,kg ig the choice sequence ussouclated to the given Toeplitz

O A e o
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For dheinonstationary case; using Proposition 2.1, we.have the

v

following statements

5.1 THEQREW For i€ 7,

del B. s
Lim et ‘wa ouUD( (=G, (B))s ®

i
el il n
by des | lflsa we ¥ 1,8
5.2 THIOREL There exists:
G.(B)G (B)..al_ (B)
it e . @
%‘% ‘@23‘ = Q o 12
o -, L

In-a:forthcoming paper , we shall indicate the geometrical

significance of these theorems.
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