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Ii0I4OGENTZATTON OIr TijEItrVAL FLOWS Il{ pOROUS i,iEUI.\

by

Dan FOr,r$nvs6rx')

Ti re  'BoLrss ines i l  sys tem wh ich  g ,overns  in  a  cer ta in  ; rp i : rox i i . ra t - i -o r

t h e  t . h e r m a l  i , - l o r v s  o f  r , , i s c o u s  f i u i , d s  f  S T  f r u .  ] : e e n  c o n s i d e r e d  i n  l ' r ' ]r- -l l- -J
-  I ^  |ar td 12. . j  v 'herc l -hc macr :oscopic  err luat ions of  the phenoinenon in  po;ous

med ia  have  bee r r "  ob ta inec l  by  the  mu l t i p ie  sca le  me thod  o f  t he  homo-
r r c r n ' i  q ; r { - i  - ' n  l  h r :  , - r * ,  r F h ^  - - i  *  . - J -  . t  ^y s r r . r L , a w L . ) ! !  u r r G J f y .  T h e  a i m  O f  t h c  o f e S C n t  p a p e i - - i _ s  t O  n f o V e  t h e  C O n -

ve rc j c r i ue  o f  t , i r e  homoqen iza t i on  p : i : ocess  l -n  th i s  case ,  moreove r  avo i -
den 'g any symnretr lz  hypothesis  for  Lhe tensoi '  o f  thernal  d i f fus j -on.

A converqcnce theor :ern of  ; r  homogc;n izat i .on process (St-o l<es e(_TLlat io i ls^ j
Darcy  l aw)  can  ne  found  1 r ,  l - : " - l  - . ^ - f ,

l " r r , . l  ,  a .nc] .  as. r , /e  kn. . ,w i t  have not  b ,een '
ex ' i :ended yet .  t ler -e,  w: i - ' t - i r  r . i re  cons. t ruct ions of  Ia l  r " "  t r€a. t -  a  more

\ t - J
r r ' ; r l  i  cF i  n  nor j -3 f ,  j  c  t r iode ]  o f  porous  med.La bhat  i s . ,  t r i cJ - i  r ' rens i -ona l - ,I ' . - , . '

wl t f i  ccnnex  p l iascs ;  and b i - i rhas  j_c  bou i r r la : rv .
' ,  T t  t i r e  f i r s i :  $ e c L i o n  v , i e  d . i s c u s s  t h c  p a s s a o e  t o  t t r e  v a : : i a t i o n a l

fo rmul -a i : ion  c f  i :he  na tura l  convec t ion  1 : : :c - rb1em.  Then we pv jove  t l re

e :< is tence o f  the  v r 'eak  so l - r - l J : i cns  and ure  rJ i ' ve  some es t - i .mates ,  i -n te r :
'a l  j -a  a  nax i tT rum i r r i r rc ip l .e .  T l r r :s  we can a t t .a in  b . i re  r . rn ic tuen(Ess  resu- r  i . . - : , - , ,

wh j -ch  per in i t  us .  'b .o  s ta r t  the  hor i i cqen ' i -za l - ion  ; :c t ress  .  fn  thc  las t

sec t ion  v ie  p rove  Lhe ccnvergence thc :o rer , i  and  sone proper t ies  o f  the

homogcn ized coef  f  - i . . c ien ts  ,

t . gFs_LqgsF rryEg_Q . syqrPil

L e t

^ 2u  i n c t u o e d

|^
l n

i n

I _

c.f 3 r'*- r:tA r  F a v  i , } 0 ,  a n d  l c t f  b e  at  *  
i ^  

! \ J I  D \ J l t t g  t  
, a  

u  t  A l l L l .  I t -

Y, which cross the bounda:1,  o f  the

s u r f a c e  o f  c l a s s

cubre f r , '1 lowj .nq

Y c  *  t h e  s o l i d  1 : a r t  ; r n d)

r e n e a t i  r ' . ,  Y  b V  n e r  j o c L : j . *

r r ' q n e r : J -  i r r r . l ' , 2  i : l : : :  s o l i dr  \ ? u  t J v

; l f : j51 tn ]c  ( - r ] : r . i  r , r  L - . . i r : . ' t  1 . . l t c l

some reguJ-ar  curves  wh ich  are  rc ; : : :oduccd j -dent ica l l y  6p  opL- ros i ' te

f a c e , s "  A J - s o  l a  s c p a r a t c  y  j . n t o ' t - " / i o  c i o x r a i r i s , '

Y f  -  t h e  f  l r : i < l  p a i : t ,  w i t h  t h e  n i l o p c r t v  t L r a t

c i ty ,  the  rcun j . .on  o f  a l . . ' 1 .  the  f .Lu j "d  par : : t$  |

pal : l -s,  .J-r 'c l  conne)J j .n ,1 3 a.1-rc- l  r i f  , : : ,1 ; , , i , t l ;  C? " I , fe



intersect ion 
" f  

?.  wi th the edge:r  of  Y is emnty)
r ^ !  n ?' ,er -"r"r,,  be an open connectod bounderl set in lR', local. ly loca-

ted  o r r  Jne  s ide  o f  t he  boundary  aS- . . -  . .  man i fo td .o f  e i , : r , . ss ,C2 ' ,  r *omr1^t  \ ,  vr i l  Lr\ /

s e d  o f  a  f i n i t e  . n u m b e r  o f  c o n n e x  e o m n o n e n t s ,  a r r , l  l e t  g ; R - + r p , l . L , , n

be the funcbion which assocj -ates to  any real  numbe: :  i ts  f r .act - ional

pa r t ;  Je f i n ing  ' ; he  func r ion  f  , n3 . - * -  y  by  $ t " l= tg t$ " )  t hen  we  say' | d

th 'a t  a  fur rc t ion f  :R3--* -  iR is  y-per iod ic  i f  f= f*?.  Arso,  fc . r :  any .

g  * ( 0 , f  )  w e  d e r i o t e

,6 &.-_
' r

fit-
"iL t=

T F  , , L  
f ,

- L r  { r  P -  a n d

re\  and temper:ature,

\
l ow lnq  sys tem:

\ -

y1'e,
l -
t *

l ,  t  )
iS ( * " )eYo I
I v

l r  r  )
i (X*x )€ v^ F
l ' e  D . )

t?,
ft

fi

Ir"
f"*
(ii

r z o  I  n n i  * - . 'v c J . r J U r  L ) /  r  t ) r e s s u -

some. tray the fc l ' .

( 1  1 \

( 1 , 2 )

( r . 3 )

( 1 " + )

with

{ l

5 )  u E = - , O  o
d

6 )  T € =  6 o n

and t ran$ru i -ss i -on condi t ior :s

7) [** . ]u=o (

(br}) ?=q n )J^

T -  s t a n d ,  r e s p e c t i v e l y ,  f o r

f  h r = n  ; { - h a r z  } r ; r \ / a  J - n  c  r #  i  c  9 " 'L r . reJ  r r  < r  v  d  L ( ' )  ! i  a l l f  S . ry  l "n

div  uq -  c  i i r  -0- :  ,N  , f

-va*e + (pev I gn*'ypt = [i- d((,r-ro lJ v r" $f
d i r z i ; r € V r ' 6  l - , r € r ? - i . c  i -  E 7 Es 4 v  \ x  v .  , - } L  v  r  J _ I r  * : l + : f

di v (96 pra ) =o in l! {g6f =a-1. "fu,
. J

the houndary condj_t ions

i & tho i,:,rip ac:r:.s* flt€ )
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( 1 . 8 )

terest inE)  and To>0 is  a uni form r re ' ference temi :erature,  }py;" ,conve*:

n '1  rJn  nr f ,
*.

n. r p  =  1 (  r u p 6  n  i " f  A )'o 2 \xe.rt, xsJ-O^ J '.

a6  (x )  =  82a  ( *x )
/ e  * a /

,
f . , 1 ^ ^ e ^  ^ - / -  \  6 ; 'W l l C l . e  c t - t C l r  ,  t  r.  N  l - J '  l _  / ; 1

\ ^( l )  a )0  such  tha t

'  As  usua l ,  t - h
l a

and ri :  (JJ.) are, res
a r '

-per iod" i .c  a r rd

. ,  *
t ' f l  S ten ,  i = r , 2 ' , 3 -

oducts and nort ls in
' '

denoted b'r

' ^
_ e , ^ r  - - I | t z h r
iJ 1.#-/ r 11 \"}{/

f,1€ ?

L  ( R - )  i s  Y

? ? \  v 2a  i  - i  5 i  J i l a l i^ )

e  s c a l a r  p r

no'n{- ' i  r rcr  I  rz
w  v J _ l  ,

l1\ '
f , -

\ U . V l -  ! i l . v  u A
' v

A
JL

f f ' \
( u , v ) )=  L  (4 * - ,

*  
l j l  { *  d ^ j

f  . ;  l  -  r . "  . . r L / 2
l L r l  

-  \ u  r  u i

! l  t l  I  t . -  - - r r I 1 2
l {  u l l m = (  ( u r u J  ) m

$, ,11 = (*o  u)  )J ' /2

,.1 rr

{;:i- J

t- '1
I  c  { l  C
t ^G ""?,n-f.. I *k - ft
I  c r  Y ' r  I  r r  - v
t a e ,  !  r u
D- d€

L

.  s  * " d  n 6 ,(n*  the  un i t , 'normal  on  i '  ,  ex te r io i :  "Lo , , -U, . )
, v I

where d

thermal

) t \

g € L* (.iu.)

un l form

' From the

o q l - i m : 1 . a c  ( )  6 \
v u  9 4 r l r u . u v , J  \ & .  v  /

' l -h r r  r ra I  nn i  l - rz  ,  rE
e

o r d e r  l . r A s  w e

s j - d e s  o f  ( l - . 3 )

sor  of  thermai

we  assun ie  ( t be

,  t ^  t  ,
a s  r - n  | I L  D V  a

l -  " J -

)  0  rV ,  C  a re ,  respec ' t : i . ' . . c l y r r '  f he  vo lumet r j . c  c , t e f f i c i eu t  o f

expansion and t ire k j-nematj.c \, . . i :s 'co6ity of the f luj d I
-  l ^

i s  t i r e  g rav i t a t i ona l  acce le ra . t j - on  ,W#"wt / t  G i l )  i s  t i k re :  f i o i } * .

temperature of the .coundary (t ire 'case 6 unifor.L . i 's no.t in-

subsequent  maximum i ) r inc ip le  (2 "  5)  and "a grr ior i  "

-  (2 .8 )  ,  we  sha I l  l ea rn  t i r a t ,  i nc le r ,enden t .Ly  o f  { '  ,
- - )  . s

i s  o f  o rde r  g  u ,  wh i l e  t he  tempera tu rc  T ' ;  i s  o f

Iook  fo r , , a .  mode I  o f '  na tu ra l  ccnvec t i on ,  bo th  hand

i rave to  he of  the s i : tne order ;  conse( luent ly  the tcn*

$ i  -  
' '

d i f f us ion  e *  i r ave  to  be  o f  o rde r  & - t  "  Tha t  i s  why

o h v s i c a l  m e a n j n g  r r f  ' t h i s  a s s r : m p t i o n  c a n  b e  g i v e n ,

d i rnens iona l  ana lys i s  )  t ha t

r '  . . r r . - r f , ,  i ? . , r
\ t L , r  l  

- [ l r , t , '  
; { l
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and the norm in Lp(S) @*z) by , l r l=.  I , i le acrree to 11s's +-r . - ' - . r -*^
LJ 

L I I ;  -s !+ t iLc :

tat j -ons for the scarar procuc.ts an.d norrns in ;2 (-0-)  =f i2 (g) lJ i
, r f f i r n r  , ' ]  r A .  ,  

- -  

.  

-  * "  2  \ d ' l  
L '  

' - ' J  '

* t ' r*/ ,  ,*4, t '*7 ana r,P (g) . To the ccifesponding not.rt ions assocj-atcd
n E

to  $- l  r .  a t tach the index €.  1 ,  :  :

r i i  order  to  pass to  homogeneorr ls  boundarv condj t icns, ,  ' l ike;  ,
r - ^ :

i n  |  6  |  w e  i n t r o d u c : e  f o r  f l p r -  r - \ , r  1  a
L-r  " -  y '  h) ' - !  a 'n  e lement  wn€H- ( l t )  vr i th  . t iae oron

per+; ies I

(1. 9 ) t ir=6-to on )-0.

(v) $6Pr* (0.)( r . ro)  lsvwnl (n  i le l l

E -#.D r r { - i  n a  (s Lr r.,r r tV D:- 1'-

ln a proper waY,

(wh+To) and keepinq the, - r io-ht

the parame,ter. h),0 n, the system

, to .  choose ' ;1$ '6 fs1 , ,

.( l- ;.tr ) ".. 
( l: *8!il becomes

( r .  1 1 )

( 1 . 1 2 )

( r .  1 3 )

( 1 .  r 4 )

( 1 . 1 5 )

( 1 . 1 6 )

( 1 .  1 7  )

( r . 1 8 )

E

+ (BF

"  Y ( t
€ v(s
0

. n ti.n lt
r

i st:It' = 
[t- N(st*'n I g*r l-

*rr, il = B' Y(sE +wn) in

*ron 
[ 

=. O '-., f" -0.:
* .  ^ € .

on a(J-f) l j

o n  a - 0 - ' ,  r , j 1 i

on fe

)1 f = o ,.. 'o')6 /\'

e closure i" gj f l f l  o

' u

, r b ,
';..
I r

L

l l

-- Lr

I

Vtr

Lr_v

\tA

i  r r

. i  - .

t,
i

€

^€

^ e

--e
, v I

di r

4t

d i r

d,ir

t,
l 1

S €

lr'
l N

- - t

l

d

-:

d

t1

I
L

.  f :v
E

z

h

l l

i" -L:' ' r
I

9 i

o1
I

Hil.be"::t spa.ee with

, n , * , i i  u . . i l

# h o  c n r ' ' i  . a r  n r r r A r r n { -
I / !  v u u v  L ,

= 0

S9+w : i :  , ,  i , '

Let b e t f

,r=o IN  J "

)  : 1 t r r r  r r ' \ \  +  ( ( S r T )' X t  \ " \ t r '  X ' t  b

fdfr=[x.d,a?r ] ai,,

rhus xer;nyt$XHj c$"l is ;

{  i u , S : ) ,  ( y , T )
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'  ' ,Def j :n ing the mappinq G* :X,  + { |  ny r .  : \ ,  , \ :  :  ; i : , j

( r . 1e )  , (G* i ( g ; s i ,  ( y , r , ) = :g (  ( g ,g )  
L  *  t  ( y v , r p+asg ,XL  1

d f$ f s ,V r )  + ) f p , rV i s+wn)  
L ,  

i ( ,V )  ( y , r )  €Xa ,

where thl0 coupli-ng-paramet*r ' ,*)x*-0i ' , ,wi11 be chosen ccnvenientl la, rrrre

have ar . r ived to  the varrat ional . r l f .ormulat ion of  the problern,  ( l . l l ) - *

( r - . 1 _ d , ' :

Ig_r,i4 (yE , sE )e x, s.ucL t]la!' , , -_:,.,

1  Q.20 ,  t "  (gs ,ss )  ,  ( v  , r ) ' )= ( r -dwn ,g .X) - ) tg1*n ,Vr l -'ih',

{f l  tg,r)€ xr .

, . . . i ,  1 . : . ; i , : 1 ; " , , . i T' t  , iS Cl-eaf  th  ^-  ' t  c  r ' . - ( ,  nL c
3a t  r - t  (R : . : ;S i ' iE -  )  i s  a  $moq th  so lu t i o r l  , o : f  G_ .11 ) . . ,

' t ,  ( r . 1 8 ) .  t h e d  { 3 € , s d )  i s  a  s o l u t i o n  o f  ( 1 . , 2 , 0 ) t .  i .  . . i  . , " , : L r r i i l . ' . r i ,  . , i i l
,  s  - r , , . - ,r  . , ;  .  ' .  . . : .  Converse l_y ,  i f  ( - * :  ,S ' Iex"  sa t is f ,y  ( I .  20  )  then choos ing  th ,e  . -  . , ,

tes t  func t ions  in  a  p roper  manner  we ge t  :  , . : ,_ . , , .  , . . ,  t r . ; . . .  . . i . . , . . i . ' r i ,  : -

.  /  c  - , o .  c  Y  E  : f  \  t( t . .2!  )  tyAS * (H*f)  B ' -  |  I  -d(so+wn)J g,X ) ,=0,  
(V),y,e 

; "11:  .

( r .22) t1t  Vts +w,-  )  , f r )  + (56 , rV(s€+wh) L =0 ,  (V) r€rr : l r$*) , , . r ; ; : . ,  :

" i . ,  '  Suppos ing ,  poss ib l y  f o r  a  subsequenee  o f  € ,+0 ,  t ha t  "$ . f , . i [ l  . , . r r ]

. i 's i , ip9chitz, then we . c'an g:r lve the fol l-owinq characterizations of

. " €  r "  . - 1'  - Y .  f  r { :
r y r u

'.}
r ( 1 - I ' )'  ( 1 . 2 3 )  y : = l v e n l t " 0 . i l  l a i v v = o f  :

rrl 
[a 

r.rg I i l  ?a J

) ^ c' '  ; ' !  '  .  i "  (r .24) rr  rcV r 
tp-b saris rv (r .v\=o r-V) vevf r tren G) pel. , :  (#;r.1i ,  , . , . t

*  r . J  N  f '  - - . - . _  - - I  
\ i t , $ /  

v  \ t ' f r - i { f

. - f . ' lsugn rgeg 5=yp

f ' r o m  ( r . 2 3 )  w e  g e t  ( 1 . 1 s )  i n  n r / 2 t l t J f l  )  a n d  ( 1 . 1 - , 1 ) : , . . i n

L2 (frf l, '= *4%H-1t,$-f ) ,
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r . . " 7
Lt-" {st .i,*n , | 'g*f /'- (B tv

) ,1u- :,3 i 2 &\ and, x u " i  , * f . ,  c ru ! r ,

A / a ^ n r r : l i n a .  . l - n  l ' l  1 A \  . . i  !  r ^ 1  
-  'q u e u r - u r r r q  L ( ,  ( L . 2 4 )  i t  f o l l o w s  t h a t  ( : l )  n t s e T , z r l l t )  I r t e t e r r r i n a r t  r . r 1 1. ! : ,  q  -  \ * f  /  \ u E L s t r i r ! t t g ( l  u [ )

' bo  an  add i t i ve  co r l s tan t )  such  chab , , ( , ' I . , . r 2 )  i s  sa t i - s f j  ed  i n  n - r  i s j t , -* . .  . , i  *T,  .

Now,  i f  we  con tJ -nue  g t  ( i n i t i a r J . y  : de f i ncd  onS t l  t o . -C I -  w i t6  . ze ro , t ,r '
^  l .  -  6 &o u t  .  o f  . ) L 6 ,  t h e n  ( J . " 2 2 )  b e c o r n e s :

\  . t  1  . ^

,Tr."=o , (V) T€H; (Jl)
e *  . :  ? / ? , r , n ,

u" V(.9**w,- ),€L"' 
' ' '{3} 

, ,N ll \'itrl r

(#)'. Also #e Hj t0l irnpl-i 'eC'.,

.  Un fo r tuna te lV ,  i n  o rde r  , " , ' '

make  a  dJ -g ress ion r '  s l i qh i :  1 . .

(r.25) (- div [ #Vtse +w,.i l * SoV (ss+wh.l

Beeause aiv lBuV(r"*whlle u-1(".[)., ,an

t h e n  ( I . 1 3 ) - ( 1 . f 4 )  a r e  s a t j - s f i e d  i n  H - t l

( 1 . 1 6 ) -  ( 1 . , " 1 7 )  i n  t h e  u s u a l  t r a c e  s e n s e s

t o  f i n c i  t i r e  s e n s e  o f  ( 1 " 1 8 )  w e , h a v e  t o

genera l i sa t i on  o f  Theorem r .  Z  
i f  { " ,

Shqo:*ry .1.J* l ,et  -0-  be an open b6unded seC'of  ctass
\ T l - I t ' ) "

R" and' let E (JL) = lgul' ' (.C) I airr.,,B'G lP (&) f,., vrhere p=?N / (rr+z I
L -  

r y  ' t  !  -  ' J '

and p)I i f , i  .N=2. Then E(.9) ls a Banach spade een:ippeA; vuith
l r l l l l
l * l u =  l u l +  l a i v  X l n .  A l s o ,  ' t h e r e  

e x i s t s  a  : l i n e a r  c o n t i n u o u s
t 1  - ( , / t - , , 1 , ,  * - )  / 1

I n k a ' ( r , \ r L / ,  H  / " Q Q ) )  s u c h  t h a t
r : i

f i t \I ^ q l
. v /

g

i . . i ; .  , r , , ,

r.;'^ r..r; ,::i,ir:;

. ., ,.-; ..

' ,Q , i . . in  i " : . i

i f . ' l l , ) 3  . i , i , ,
a j

I

r,tftel fret:i,r,{ri;., : i

'operator. lr ,

{a\4

( r .26) I ru=the restr ict ion of  u.n- to )o,  t 'F l  , re#(.dl  ( : r* the ,uni t
n d  r r ' *  ,  \ ' ?  

n  n ' - '  
' r w  . '

butward.normal on ?o.)and for ( f )gee:f-s l  ,  ( .v) ,qer i l  (o)  the qencr.aJ" ized

Stokes formu.La holds
J.r  I  / l l. \ 1 .  z  r  )  ( F l  y q l  +  ( d i v  R , q )  

= ( t 3 R ,

t h a t  ( 1 . 1 8 )  i s  s a t i s f i e d  i n  t h e  E ( g )  t r a c e  s e n s e .

where f ,qXHt  tg l  ,  Hr /2(aq})  is  the usual  t race operator .

'  The proof  o f  th is  theorem [ 'z  J  proceeed.  j -n  the c lass lca l  w?t !  ,

wi th  the "L ions- l {agenes "  method and the adequate Sobolev imbedcl ;Lroni ;+, ;

. iheorems. . '

'  coming back ro our problem, as *€V(rtnwh let-? t$i l  and. ,, , , . , ,
l ' - -  .  1  G

t : l . t t  V(sF.rwn)l = t 'V{s€+wn)er,3 
/2 tQ) ,rt is clear from r}ieo,r.em t. r
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THE wEAK dor,urroms

fn  provJ-ng.  the

( 1 " 2 0 )  w e  s h a l l  m a k e

ex is tence  theo rem fo r

use of  the f  o . l  I  ow' i  : rcr

pro'bl.,ery

' .  
i . , ' . , . , .  r  , .. . , - 1 ; , : , i r t . t r , , 1 .

Space and GIX, : : *X '  e* . ,

weak topoloEies.  f  f : r . , l

the var i -a t iona] ,
r.. '1

r e s u l t  l 3 l :  it ^ )

.  , '  ?theo,rem 2. '1 .  Let X cl

contirl,tietlls, mapping betvreen

re f l e :< i ve  Banach

the  co r respond ing

l im
l" l i**

t h e n G i s a s u r j e c t i o n .

Now we can prove

' - '  Theorem 2 ,2 . The problem ( 1 ; 2-0,) ,  has ati : j l ,east ohe , s-orlu.t ion;. "  - .  
. , ,  :  .

(c,r,,r)
t;T--l *  l x

= o{,

, , - ' i
- r ,1 .

d iv

, 'P roo f  .  Tak ing  in  accbunt  tha t  (J*a(w,^ )g" f  & f l  and
. - r  

n . i  r u  - ' r '

(gtV.u't-, )a H- t (Q) we havern,r,l*I.Xr rt@. p.rovbii,that, Gu : Xr*+[f def I ned.

l g )  q ; F i q r r z  + h . e  h y p c t t h e s i s  o f  T h e o r e m  Z . I .v r  f  l l E \ J r  c . L i i  L  o

First  we cireck the wear cbnt" inui t ] ,  of  Ge.

L e t , , , . Q f  , S t )  \ ( p , S ) " w e a k l y  i n  X * .  T h e n  f o r  a n y  ( y , r ) e x *

h a v e .

"  t ' t '

Lr :  rr  .1.
v j  . .

( r

\ r76

y,?, Hj rr?J, are

Now we

when I an<l h

.  ( g , s )  ,

. t , . 1
4 l X l 4 , 6
J - ita€ Vr )l+N  ' l

f o l1ow

d \

,  r k /  - ' . ]

I I

l " k  " {

s k * s ) , + , 1

-)

, i r '
, t k

, . . 7

:ll

5

\ 1 , ,  I
" i . $ k | 4

s  beca

o r l . l  i  n ^+ s u r r r Ythe imb

a n d  t h e  n r n n o r ' l - r z

are bounded and

l_1. "
tuK

Ig l

c (:*i

*ls
rkV

0(l

rl,

Gc

* 6

+^

(X,rDlcvl ,  (Fr-* ,v; lu{  + ,  *  , , ,
* | xs-xl *fe:.li pr. il, lx'l n',, . lx I 4 ,tllx lL lxo: R"l * ,, *

I
\ 4

i

J(

V

. l i
t l

1
'Y

l l
t t

l v

a

lr
' 1 .
\ ic

V E

Ar ll.lso-s I n

[ r  ,  I
t '1*L.t  a,E -r

L:,l,#19p.,

I
!

l u , '  - u
I rlK r.v

, - ;  )  l l
" ^ *  i  l l

ln

u,
&K

t i

compacc  ̂

shal l  prove

w i l l  become

tha t  G- " i - { . s  coe rc i t i ve .  Th i s

m, , - \ r r :  n r - . n i  c r "

is ,b.tr.e", raoment



f f ,  w b

8 *

p u t .  ( v ,  T )  =  ( u . ,  s  )  i n* n / N

where ws

T T N M  T  ;
\ & .

. i  n  [ ' r  n l
L  - " J

( 2 . 1 )

( 2 . 2 )

( 2 . 3 )

c,  (g ,s)  ,  (g , rD=V} iu [ j+ , ' r (s , f ts ) r

*.\ (s, srwn i ) .*llx ffj n\' *2 1ls l{2"=c

i  t  , t f f ,  , ,
l ! . : i  < - - - l l t r l l
t .tr"| r r € \, :i. ll;iiie '

"t

- t l r : r z - a  r r c a d  l ' l
\ r .

- \
l i  f  h , a j -  / \  r n d

the f ,o l lowing

I  I  L q  I  + h d h
\ r .  + /  /  ! - r r !  r r

r0  ) . ,  and  seme ,  Sobo iev ,

h wi i . l  not -  be uni form

inequdl i ty  have l :cen.

+ t',\ (gVs , Vs ) +

,  '  I  i . .  I  I  l l . q l l,  (o l l c { l  - t - , \h )  |  u. t  ' ' * r i l  t x ' t 4 f t t ! " t i

i  n , r n r r : l  i . l - i  a c

v i ' i  + h  r o q n o n J *

proved.

'  i l r c l i , , i l' l u
, '"18 \" '- ll X, llg

i \

Withot t t '  an ; r  d j . f f i cu l ty ,  ds

we can pl iove fo: :  any r(6

t t .  \  a €

, N) u€Hi d;)

a  roa t " te r -o f - f  ac t  w i th

ty;pesj O-fr

t he  same p roo f ,

, ; " l l  , t  
, 1  .

u s J - n q  \ z . z ) ,  I r o mu ;where { > 0 are ind'epehdent .d,S &) "b,' ' . ai,d
I

i t  r e s u l L s

i"r(R,s), (s,s)>>yilHtli r)"sz itt l!2 -
c, tnlgl +lh)eiixll l l ' l l

. . Gand  in  o rde r  t o  ge t  t he  des i red  p rope r t y

\ 2 . tx[o | +]rri 24 av"A

O b v i o u s l y ,  ( 2 . 4 )  c a n

\ r r
a proper  A u

The fo l lowin5y
I

o f  i nequa l i t i . es  i n

r : a l  I  i  r r c r  +h i  c ,  t t o+ , : i o t t

Cg.. i i . rwe have t .o imPose

and

o f

/ \  ^ 2+ )  - z

be  sa t i s f i ed  y i . t h  a r  s ru f f j - c i en t l y  sma l l

.:--**--*l

weak maxj  mum, p: : j .nc ip Ie is  forn ju la ted in

the sense o!,,,!I,.1.t($-l . ThaL is v,rhy r,ue ,s.;L;,ais;t

a n c l  s o m e  p r o p e r t i c s ,  f o l l o w i n q  [ n J .

h

,FA T1T}C:

l - r r r  rA-



9 *

:
Let rrc l+r1S; and EGni we say. ' that  .u is ncn-neql : . : :1, \*y: .or1 E in,
_ v  b .  s v  . r

t he  sense  o f  u ' ( " [ I )  r  o r  b r i e f l y ,  u ; , 0  on  r  i n  t i l  ( n ) ,  i f  t ] r e . re  ex i s t s
/ 1 \

a :stquence ur.e w ; '  (-0.) such t l iat u6 {xr)) ( l :  for x€E rnd ;rp *eu j.n }{1 (-d)K  r r e  
f f  

, -  
. , / /  "  . r . v r  ^ E L  . - l r l L l  .  

" .
1

Le t  vem* . (0 - ) ;  na tu ra l l y ,  we  sav  tha t  u ( r r  on  E  i n  H l  (g )  i f  v - "u \g  on- 7 / :  
: "'1 

^
E i . r  l - l * ( l / )  .  As v  may be a constan:L, ,  we def ine- -  -  - - - -  -  a

P.ropoFrt ig t  ? .1:  r f  
" ) .0  

o i i  E in  i r l  (s*)  then u) , :0  a.e.  on E.  ,

s;p u=lnrf*nmf ,16* on E i:r., u]UlJ

i

Propo i ; i t  j . gn  2 .2  . J ] :

P r r i n n q i . l - i n t "  ' )  ' )  1 a :+ L J - , J ! l  L . J .  ! t = L
%

a

and we i rave in  the sense of

Vv*

We can pass now to

/ ' t  \
uel { j * '  (J l )  (p}1)  ;  then

JY

Cis t : : i bu  [ : i o r s  :

our  rnax j .mum pr inc ip le  :

t , . €  c €  r - . '  !(g-  r5-  )€Xg j - -s , ,a  so lut lon of  the problem

and

or u wd hdve,rs up u {"*, then f
a,.

c  ? .
max iu -M ,01>0  on .

I  t .
9 \ |

( ' - . l l
maxJ u-M, O f e ul ( !")  and

! l
L \ ,

any

i n0-

| 
: Vo ' i,, f *a f ";o o,-, [ *J i,., Hi rn lf

J
i" o i" i"efi.i"(o on t.J in Hl orl

9="X

Htr(jZ).;'

v=nrax f", c/etr j t  ). ,{I},.
L ..1 11

, . '  . , t  : ; ' :  -  
I  , .  

;

r l l h o n r o m  )  a  r  e
I I

(1 .20)  then s€ t l *L0 . )

( 2 . s ) ls'*'n t< p= * Frwu - 
;f,t)

J"' \ wh
'  , .

?  
" ,  

i +

'  P:roef.. As

a n d  P r o p o s i t i o n

( x )  ( l l  f  o r  a .  a .\.f

fol-lows that

x€ . )S -  f rom p ropos i t i on  2 "2



l 0

P u t i n g  T = R  i n  ( 1 . 2 2 )  w e  o b t a i n ,

tg€ ,n?n! .  o

n = rnaxfss "w.-p, oj e H] r$l and that

r^ rh  en  PJn

when R=0

\ (s' +r^rn )
I "

FR= I
l a
\-

t r \ . ^ n
we ge t  S "+w- ) -p  a .e "  cn  Jz -  .  Thus

TYl I

)
the  who ie  theorem because wr re  'n . { ' (9 , )

'  i t  i i
!  

' . " " '

. 1

on JL  i i r -F I ' (s , ) .  Acco: r :c i ing ,
n

a . e ,  o n J L .  A n a l o g o u s l y ,

( 2 . 5 )  i s  p r o v e d  a n d  c o n c o m i t a n t l v

-  * R 2 r  n rt : L  ( " U ) .  L J

,  RV(SE+WND, =-

, - J , o
f l __  ($ . /  ,  t na t  L5

U

I  i . | -  r r : q r r l ' l - c .

s8+wn(r8

se+vin(p

n' = *infsd +wn +r4, tJ

' ' : |gqpos!! lgl  
.z"

{  1 .  2 0  )  t h e n .

f f  ( r : 6 : " s €  ) e x -  i s' X ,  t v

/Y {z

' I=0 irn, .(,J. " 20 ) . lv 'e':obtain

soJ ut ion of  the, , , ,problera

( 2 . 6 )

( 2 . 7 )

( 2 . 8 )

1lU"fu(ef,c, where co= (r+af I lgl

f .f[n"4fc oE'/ 6 rer r ( G

iis'li (q8ls / af,r+ le[lv*n[ u "

D r n n f  D r r ] .  i  n n
I

X,_H I

Vilf l f=(f g, r-,<(ss+wn)l <(l. 'xf) l f l l  lB-l

"e2 1in1i2 (  t fVn,VR)= (fVtss +w6) ,vp,;  =

and  hence  R=0  in

to.P,rop<)s i " t ior r  2

wi th

a . n L 1  i r s - i  : ; c ;  s r i c c e s i . v e l y -  i 2  "  2 )  : i . ' r  f i : l . l . o w s  ( . 2  - { : )  ; l n d  ( 2 . 7 )



1 1
t -L

A
f T t r r i n n  . i n  l 1  ? ? \  T r = e u  t , ' 6  . j t

\ r . a a t  L _ e  w c  Y (

and there for t :

r'u il'..ii<flfl,* e? I nL I v'n i

F i n a l l y ,  w i - t h  ( 2 . 7 )  i t .  r e s u l t s  ( 2 , 8 ) "  i l

* ^  e -  ̂T h e o r e m . 2 . 4 .  I f  A > 0  i s  s u f . f i c i r - r n t l y  s m a j l  t h e n  t h e  s o l u t i o n
:---

o f  f h o  n r c r l r l a m  t 1  ? n \  ' i c .  , - r i n - r r . r .  . f o r  : . n t r  C . c : ( O  l \\ r . a v . , r  r r  u r r r \ { L r s  . I l J . !  d " J I y  L , . < r \ v r a , /
I

p t O p { .  L e t  ( 9 ,  ,  S ,  )  a n d  ( H , Z , S  
Z )  b e  s o } u r i o n s  o f  ( 1  .  Z O ; }  i  d e n o -

d V* , y# I = (s. , (s€ rwn )Vrt tg€Vwn ,Vs€ )

t j - i rg  wi th  S=Hi-* ,2 ,  S=S,-S, , ;and subtract i r rcr  t -he co l l responding: , re-La* ;

t i , :ns we have

{2 .e , )  V t  (8 ,X , )  
L  

+  (xss+  (gV)g ' s )+  {  {u f  )g , f  )  =0 ,  iY l yey f  .

(2 .  r0 )  (dVF,7 t )+  (u , rV (s r - rwh)  L  *  (g r , , rVs l=0 ,  iV l reu l  i 0 .1  .

T n l c i n g  i n  ( 2 . 9 )  v = r L  a n d  i n  . ( 2 . . I 0  )  T = S  o n e  c j a n  e a s i l - 1 ,  . o b f  a i i r

w i t h  ( 2 . 2 )  a n d  ( 2 , . 6 )  =  ( 2 . 7 )  t h e  f o l l o v r - i  n q ,  e s t i m a t i o n s  :

f n t r o d u c i n g  ( 2 " I 2 )  i n  ( 2 . t t ) ,  a s 8 . € ( 0 , 1 )  i t  r e s u t - f s .  , . , i , ,

(2. rr) v l{*fi*.(., ref,ilsll + e3S3 iixlJ, I
(2. L2) at-fisff(pSilx{, Ai

( 2 . i 3 ) ' V t l * { [ ( . ,  t . f z o $ 3 r  t l p ] i E



L Z

Obvlously ,  the Theorern fo i lpws as soon as

a a
(2  .  L4  )  5 ' - r  5 '

fh is  re la t ion l :e ing ensured by the, -hy.pothesis , ,

As : t * re  pa ramete r  S2  O  ( i r+ i t i a l -  s i ze . :  o f -  t he  r re r rod ) .  has  no

significa.nce for our rnain,purpos,e,T,,the homocren|-z-.qfio4;16rroF,eBsv .S,g.,,,

shai l  cbnside- , :  f rom now on that  i t , rwas, 'c f rosen "a pr i 'or i "  sat i . - ; -- -  
I _ -  t u s + ' _ '

, A  

.  
:

fy ing (2.L4)  .  That  is  the way ' i tbWhich: : { i iq . . : isurpa$€,  the w-e; ! - l  ,knowr4r ,5-

"unigueness prc-blemlt; 6f the viscous t ' i :rg-rnal f lows. Herer we have,.,. , ,

to  remar lC" that  the homogenizat ion prosess in . .a  case of  non*unic i !5r

seems to be far  more d i f f ic r , r } , t . . ,

3." TFE CONVERGENCE OF THE I iOMOGENTZAITTON PROGESS i!';f&:.

:
Dendting the mean opdi.ator of E'-ny V=periodic functJ-g.g b,y,

: : i i  l ,

r : !

.Y-i

where p(Y) is
/

s p a c e s :

1
m ( f ) =

,^rt(Y )
t

t

the measure of  Y,
I

' 1" ':if"; i

(v) dY

we intrcduce the

. f  r . j ;

fo11-ow;ing

{

C
\ e
t r

Y

Y;.'=begl tvrrl x "
ffi., (Y) = 

lr€H1 tvr I r

,r)v=Sh v
iT)H{YT

Y-per jodrc,  drv X=0,

i s  Y - p e r i o d i c ,  m ( t ) = 0

wi.th the corresp6nding scalar pnroducts
-t'l i

( t l

(s
v d v

dy

.  ' : '  . '  .1. '  I

{  l : , '  
' ; '  '



f 1
E ' n J : \ : e n r z  ] 1 E '  \ 1 r 2 ,  3 t  W e

\ J

^ r / \ l a 1  a m c  .
t / !  v v r e r l u

b F

Iel1lg s^€V;er ?nd

- i 3

ske frj;Etvl

cons ioe r  f o l l ow inq . l oca l -p&r iod ie

( 3 .1 )  V (uk , ' g ) r , =  5  "o  
dy  ,  ( i r ) y€y ; " ,

c  > e k  " ( . .  |  ' m
(3.2) \ . .  *45 =95ay -  -  \ . , -*- fay (y)re f i l^-  rvt  ,  .

l j  ' t , ) Y L  > y j  J - r < l  
, y i " ) " '  p e r '

Y Y
where yp is the k-component o.f.  g, :

Ohvious, ly ,  by the Lax- t4 i lqram the.orem, there ex j -sLsr . ,un ique.

f , ,%VI^- and ske fr l^- tvl  sat ls tyi+g respecLivery, the probrerns (3. r),w Nper pef

ancl  (3": 'A),  a lso,  wi th the regular i ty tneorem of the Stokes probl"em

[ t t ]  we ob ta in  gken2 { " r ) ,  moreover ,  us inq  the  f lux  p ropercy  as  in

[ toJ 'bh ;7  we can prove tha t  there  ex j -s ts  a  un , ique pk" r^  , ( ,Yr ) /B
I jE !  +

such  tha t

(3 .3)  -VARk* pk=gk

( 3 . 4 )  .  d i v  H t t : 0

such that

the  f i r s t  sec - '

. kWhere e" is the unit vect:,Q,trr;p,f
tu

riAir'eii methods similar to

t ion we obta in ,

( 3 . 5 ) d iv

and in t h e  s e n s e  o f  E ( Y )

( 3 . 6 )

t h e  k - a x i s .:

those at the errC:rP.f

- 1 r
i . n  'H  , ' {Y )

i  r i n :  v t

i n  Y ,

It*o,sk+yol 
= o

where

mal  on

n - 0

i  c  { .ha  ' i  r r in i
J '

V
I

[t**ro 
'yr.lr

r  r ' 1
d i i = d i i  ' L  J 1

L J

f ,  e x t e r i o r  t o

rr
I  and  n  i s  t he  un i t  no r -

P



Before the main

l : ^ . . t
: :esu l - t  l -B l  wh l - ;h  w i l l

pressure ps to-0-.

L 4

resul t  o f  th i .s  sect ion

be  fun iamen ta l r  f o r  t he

\,Je have te r':fEsent a

continua-{: ic.,n of the

1'heorern 3. 1. For  any  t>0 . ,su , f f i c ien t ly  smal1 there e l { i$" ts  . i l :
l

.  : . . ; ! -  l

; .  r  . ,

-  , a l i : i '

, . .,ll".i^\ '
^ o

J .

. d i v .

the

. , - n  . ! ! . ^ *
U - w  r  U l t g l r

fo l lowing

div  (Re p)  =0

e s t i m a t i o n s  h o l d :

( 3 . 7 )

( 3 . 8 )

( lx l  *s i l * l l  )
I si/e n llp{l I

l* 'oL(.
li*u p l[ q"

( - >
H={  ueL -
r\ 

l- 
'!

From now on we

'thleoxgms 
3;'1 can be

.)
o f  L ' ( O )

"" )r*J

we can state our convcrqence theorem"

The'brem J,2.

p r o b l e m  ( 1 . 1 1 ) -  ( 1 .

value z.era o.rt clf

(.denoted witn St )

1 8 ) ,  a n d  i f  w e

n t
..] / . .",  then therer '

such that

is  the weak solut ion of  the

consicler u€ continued to -tr with
... n

exis ts  'a  cont inuat ion of  p-  t -o  -$,L

( 3 .  e  )

( 3 .  r 0 )

( 3 "  1 1 )

weakly in 
":

weak l y ' - l n  t l lo

(i-)

tll

a restrj-ction operaror +qf(Xj e) , gl tgi) such rhar

RaU=U

  1  r l .

10.  r f  usu l  (C: )  i s  con t inued ,w i rh  zero  i "  Cr  C l  then. :  i ;&  , v O  I '  T

i n
rf geg; (u) and

For any u€H1 (!-)r y r y c

(O, Yr )

(9., v,, ) (

s u p p o s e ' 6 = €
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Rer,nark 3 .  1 .  The problem ( '3  .12 ) " -  (3  .  I3  )  '  was s tudied in  , the t ' !

.  r - 1
se r j -esL9 .J -  Un less  the  case  when  the  co r ,L 'espdnd ing ' ' no r t -d imens i ,ona -1 . , ,

RayleiEh number is'suff i 'c,, i ierrLtry" 'sma1t;,, , ; thie solul ion cf this...p,gob}€.;n,

j-s probabllr not uni-que; that is v;hy,, in case ,of,.noeit i l ,r f ;1rfuenessr#n:t l lp+

conve rgences  (3 .  9  ) -  (3 . ,  11 )^ , ' ho ld  o i : i y  on ,  _so .me  subsequences .

P r o o f  .  F r o m  ( 2 , 7  )  -

A ^
are bounded in  L"  (g)  and

av

6 , ^ t ^
u € L" (J-) and ScH* (J.) f  or
/ v  / \ ,  O '

guence;"  t i re  converqences

q e H r  ( 9 )  ,  w i t h  ( r . 2 7 )  w e  l t e r

that [r* .rJ,
,  U e z  - J e

Hj C) ;  hence

j . u s t  i n  c a s e ;

h o l d . . A l s o ,

( 3 . .  1 4 )

" ^
t h e  s p a c e  L ' ( . O )' 4 ,

I
st rl , vJnere=H-

admits  the or thogonal

#=fx.l' cal | (l)qEnl tgl such that .rYrj

where (g ,s ,p)€IJxH:  LQ)*12 t -0 t  Un sat is fy  ' lweakly"  in  O

( J .  r z l

( 3 .  1 3  )

the homogenized coef  f ic ien, t  be ing.  def j -ned by:

,  
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A .  . -  m ( a .  . +  9 P -  u .  .  )' - i i  - " ' - i i  
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/
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( r l +  l - s ' i h c  J - c o m P o n e r i t

I"j tvr uo

,I!, .n* iveqror

!

( 2 . 8 )  i t  r e ' s u l t s

r o c i r a n l - i i r a : 1  r z ,  i ne +  v e r . y  I

w h i c h ,  p a s s i n g ,

( 4 . 9  )  a n d  ( 4 .  1 0  )

clecomoosi t ion E2 t0.) ,=

r 1
I  c l

an.d i S* i, L J r j

{ - h a r o  o v i  q * c

to &: ' ,$- ' . ibs€-j  *

for any

[ t r  j , ,  '  : : l



f  rom (3 .  f4  )  i t  fo l lows tha l -  r r6Fi  --  E-?$ '

We e.@nstruct  now the cont inuat ion of 'ps€f,2 tCf I

( L . 2 4 ) .  A s  ( r . r r )  i s  s a r i s f i c c  i n  i l - i  t 0 l l  ,  w i r h  r h er u L

opera to : :  o f  Theorem 3 . I ,  f o r  any  y€H l  ( f i - )  we  have- r v s O

( 3 . l s )
( Vou.ry v) =-v( (t ' ,p* x) L - r,Ru y)" +

I Js , i ng  the .es t i n la t i ons  (3 .7 ) -  ( } . € " ) r ' . i . t  f o l l ows  tha t  t he  func t i ona l : ' r , i , .
-L / r t  c  .  . \  I  t ,  - t

['=(Vp" , R,, ( . )) . i-s bounded on rj ("J/t , rhail is $e ,H-' (-0.) . tfi,we coil:

t inue X€lJ:  (g i )  wi th value zeiao 1" J) : ,  f  rom rheorem 3. 1 (1o) i r
- l

t - e : s t : l , F s i  e 9 - .  = V ^ 4  M n r a n r r c r ^  i f  A i r r  r r = o  W l t h  T h e O f e t n  3 . i  ( 2 O )  ' : . .
i a l l l l . :  

r y  '  r - r v ! s v v F j ! t  L ' L  - r i ' v  v - v

, l

,01"6, , ,g :€t ( iEr , rJ)=0.  Thus ( I .24)  impl res the ex ls . tence of  a  co: r t inua-

t ion of  S, to-0r f r6e # (g)  /B such that ,  q€=Vfr t  . 'Arso,  f rom ( .&, ,L2)
J_ 

, .1 / \  
n ,  

:  

,

.q'i{iS,iLf ,.Jfnrs,,||', f (1+f3 ) i gl l* * i

( 3 . 7 ) r , " ( 3 , 8 )  w e  c h t a i n

l(v.*'ry>1 ("reli.,tll, .t Il%x/L*l*,xf r4crlxl .rllxll )

lv*l ./ n
IV l -1  , r -1  rnSa.  

Consequent ly ,  w i th  the  inequa l i t y -  . .
i l  \+/

( 3 .  1 6  )

we f ind anua iFt{  is  bounded i .n r ,2 (9-)  / f t r .and: : the. : refore , .
r r €  .  . , r

(T)pe.r,2 (9-) / iR such that on some sub.€gygnce. i$E--sp weakly in
/  ^  - ' l

L' (g) /R and vs€JVp weaklv i" .t-'' (a) . ' '\

"Le t  us  no t i ce  tha t  f o r  3n1o , ,1n ,€ ; - Jw  weak ly  i n .H : (L )  we  have

i l,ptvt gf

v,,;

\ ^7O ryo#
Y - "

I
I<Vfr,
t

rr \', I|  ; '  / l. l

E t r r r { - h a r  r l

<vllx,,Lilo*rL

s i n g  ( 2 , 6 ) ,  a n d

that  is '-

I r 1", to.r/n( 
c ($i:l ou'io , ,o, [tt]



-l<nu',x, ) -fn,*)l <kpto' -o)' I -'f ,in"t -vr,,x)l (
1c t  iw ' *w l  -c l l ' ^ ,6  - ' , , i1  t  *  /+er r r i s  wh ich  -+( r , ,  ,. \ - . [ . 3  ; , ; t  ' * { K .  X } 1 1  r '  \ u \

using the Re- l  l ich 's  Theorem i t  fo . l lbws '  that

(Yfi' 'wu> '--* (vn,s) i

rrt'tf - 1
t h a t  i s  f f l ' * > V i r  = t r o n g l y  i "  g  

' ( . t .  F t n a l l y ,  ( 3 . 1 1 )  c a n  h e  o b t a i *

n e d  b y  r e c a l l i n g  ( 3 . 1 6 ) .  ' - " ' ;  '  -  
i  i r  .

'
N o w r .  i t  o i r l y  r e m a i n s  t o .  p r o v e  , t h a t , , ' i ( H , r S  r p )  s a t i s f y  ( 3 . 1 2 )  '  , l i

a n d  ( 3 . 1 3 ) ,  f o r  w h i c h  w e  a p p l y  a  s t a n d a r d  m e t h o d .

W e  w r i t e  t h e  l o c a l  e q u a t , + o n s ,  ( 3 . 3 ) - ( 3 . 5 )  j - n  t e r m s  o f  x = g y ,

t , ,  
' k . t  

iput l -ng y" (* )=S ( fx)  ,  :

9  k . ' l  .  v ]
T- (x)  =xr .+€.S|  ( *x)  and qt  (x  )  =p^ ( jx)  ;K t - " e -

( 3 . i 7  )  a i v  v b = O

' )  t  * . c  1 <(3.18) - t ' ! {X ' ,*aVq'=g^

( 3 . 1 9 . )  d r v  ( t ' a V r €  ) = 0

k - k - kBecause  g ' '  S ' -  and  p , '  a re  i ndepenCen t  o f  & ' ,  by  s t ra igh t  i n teg r ra t i ons

we  f i nd  tha t

A

.  L e t  ? e & & l t  m a t < i n g  t h e  d u a l i t y  p r o d u c t  o f  ( I . 1 2 ) , a n d  ( 3 . 1 - B )

,  , , ,  i : , r ,  '  w i th  f  y .e  and  respec t i ve l y ,  w i th  l 6q l i 6  ,  by  sub t rac t i on  we  qe t  ,  , J : ) , ' ,
' N  c Z . Na,/

/ r

( 3 .2 r )  . g f ' f d -  -  , r € lE ' -  ,  3A )+ ( (u€v ) r r r -  . evL \+o \ , i ,  
) x i  X  ) x i  

' V x L l  \ \ ;  Y / i i  ^ i t  '

- + 
? 

(q- , (11v ('(H; I t =- \-p H'

+  ( t  - / ( S f l  - r v r , .  ) , , f ,  ? , "  ) . 1 t  )
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Then  ,  pass ing  (3  .  21 ' )  t o

u'vr/a

t i m i t / w e ob ta in

b e c a u s , s : v , t J * ( ' r K )  w e a k l y  j - n ' . L l  ( g ) ,  a n d
n., .i,, n,

( 3 ' .  1 2  )  i n .  t h e  s e n s e  o f  d i s t r i b u t i o n s .

rOn.  the ,  o ther  hand,  remark ing that

, r r . o k  c t l )  =  . ' , , '  r . r  / r r k t V C ?  t  +\ H F "  , Y J -  \ P r r t r \ L r  J \ t 1 ) T (1- c(s+wn ) ,9g , r,, (,rk ) )
l t ;

" f  l

n e n c e  ( u , S  r p )  s a t i s f y/\, -

+- ] - ra  r r ryn fnr
u r r v  ' v

\i

\\\ ,

is  b\oundeci  Ln t"2 (-0-)  ; ' i , t , i fo11ows,tLrat  there exist  0 l  g 12 ($) sucrr
n, I

-  6 * €  r . f t -  - 2 , ( , ,  t :  1  ^  . \
t haL  UF- . - * \U l  wea l : l y  i n  L ' ( . $ - ) . . :  ( , 1& f i , 2 , , 3 )  ,  cn :some subsequencp  i n

' - ' ' se of  need' .  As ( I .22)  can be rewr i t ten in  the fo :crn

\ l  |  -

( i / )T€H:  ( IA
'  t l

o ,

and us ing the a l ready known convergences- ,w€.rc{€t

, l
( 3 . 2 3 )  ( t i " , T r ) +  ( u , T  V  ( s + v - - " )  ) = 0  ( V l r e u l  t ! - l

. \  
- /  \ & ' -  " n "  i  O

n r - r . i n a  + h n  ' t , r r ' l  . i  f r z  n r n d r r r - , . ' F . , ' . r . f :  / ?  I  Q )  r ^ r . i .  f h  q  ( S € i w .  )  w e  h a V e
I v l a K l . n g  E I I e  L l u c t l ! L y  l J r L / u u e r u : - " ( r r "  \ J  '  L J  /  v v ' ! e r r  

|  \ "  v ' | h /

.- +*."t*J

{ ' ) ,  ) ) \ r F€. Vr I + rl=1r€ . r f/r s8 or.r- ) ) =o'
\  X ,  r  t ' r  '  \ p K  ,  r  v \ L '  " . u u h l . t  v

G  " 2 1 ) (gVtsf  +wp) ,9Vta) *  ( fu(s€+w5)V,f  ,Yte)=0 1 a  ' l  ' ' ; . r t  f \



' , rAl 'dr 'rr 
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resul ' ts

i .9

i n  ' ( 3  .22 )  T=W* , ' and subtract incr.  th is 
" f rom 

(3 .  2 3 )

( 3 . 2 5 )  ( f ; r E , V f  ) - ( t Rvr t ,  (se+w

AS

st rongi ly

l 1
_l r--\*---^

't ?a
-"a.

L

(  a v

i-n L

Ft (su+wn )Y (?xi )  dx+

)-  1-

m ( "a V(s^+v. )'  
. N  

* K '

i t  f o l l ows

T€) -s
' ( g )  

,

t  g't ,revr)- (tg,r irt ,  (s€+wn YQ.-"([,xoVQ)+ (m tt 'gVtrk+yr) ) 'V(s+wn) ,f l)

alsr, tF ,t1,,) ) * m (sk) 'weakly in 1,4 (iL) . and therefcrq

( 2 . 8 )  w e

bounded ;

f i nd  *o t * "q  s t rong ly  i n
E'! Al

A
T -
u (9) andFr:osi (2,, '7 i  and

( t , ,

\ . i .vis9r+*.,11 $
L l '  n  i - r €

\

.ra\ thus
\

, *n t ,bsk  t l t  I  )  T i s r+wn, ,  *>o

( 2  ? C )  r { -
\ J .  L J  t  v v the lim;i.t. b.e,e^Omes.

( 1 .  ? 6 )  i  i l - -  x -  V Q )  +  ( m  ( t a. " . . i " ,  . i , z } k '  i  
/ w

FinalJ-y ' ; : ; rsrSbtract inc. i  f rom \3;26)  t f re  re l -a t j -on ( ,1 . -23)  in  wh, ich

' l =Qx -  we  oh ta in* .  I  r r 1 ,
A

Hence q.=oki*{S*wn) ,  that  is  ,  : :ecal l i i : -3 G .23) ,  (p,  S,p) .  sab;fsfy ;

( 3 .  1 3 )  a l s o .  t l  i

We have.  to  remark that ,  bes i ld . 'es (1. : . I ' ) . ;  the second local*

pe r iod i ca l  p rob lem wh ich  i s  ob taL i ,ed  w i th  ' t he  "heu f i s t ' c "  two -= t1 -

l e  m e t h o d  i s  n o t  e x a c l l y  ( 3 . 2 ) ; ' ' , t r ' ; r :  t h e  f o l l o w i n q : '  '
h' v

ro f ind x"e l i j^* tvl
' " J !

( { ,=L  ,2 .  i  3 )  s .uch  tha t
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