
.:1..1-..r1:-- +11

.  . t .  
' .  ,  , : .

r $ $ i l  0 2 5 0  3 6 3 8

ON THE DEFTN]TTON OF M-FLUWCHARTS
Virgil Ernil Ci,zXNfSCU and Serban cRtuVA

UN CONTEXT-TREE TRffi
Virgi l  Emil  cazxNsscu

pREpRfNT SERIFS IN MATHEI,j/rTfCS

N o . 5 6 , / 1 9 8  4

/ l ' 4o^ /  o /  no r :



ON ?}:E DTtrTNI?IO:i OF I.:-FLCI.;CIIARTS
x \

Vtrc; i l  H in i  i  C. iz l * ' ; l ,sCt '  anc Se: : i ran GF.AI ' rn  
'

OI] COIJTUXT.FP-ET TP.TLq \
-  * t

Virq i  I  Em:-  l .  CAZ. i r \ESCU

S z p t e r b e n  l q  8 4

* l* ' i l r r { L ' t , 1 5 r . t 1 1  
i i  - t t i c l c . ' . . i i | 5 f , , 1  : , , : , l J r ' { e ' a  ! J , 6 u e i r n ' t c 5 t '  l c r ' : a r c ; -



-l

0N'rH, l  l l r i r l l i i r t I  l i r i

V.  E.  Ciz i l .nescu and" S. Grama

shis naper is a n"a,tural conti:rt: 'ation of t lre fo11'ow'j$Sl,0$45*,:ir, ' ,

-  1 ^  ^ . . - - Lne$cLl and. Ungp.rcanur.result: the l{ -f}owchat"",hs over an.a}goh'r&:i ig

thedry ' , ,$ i th . i terate 'T; , forn a T-mqdUXe wit ' i r . : i terate f reely Se$€{?,r , i . i  ; : - r

teo, OY iri

The defj.nit, ion of I,5-flowchaf;ts,,uses;a.n artif ieial. ]. in.ear-.0-E:;:rL.

der  o r i , l1na  se t  o f  in te rna l  ver t i ces . .LSf€ ' remove th is  d .e f i cency  by  a  . . . .

simple f,arctoriaation. In this wey we obtaj-n .& new fre'r ', olggbraic,';,,-.,,; '
'

strusture which dlffers from the previous one by 'a new":axi,9eVi Y's$

* l t * Z r .  o .  r h p

r ( f  ; , n ' , * 2 , , . . .  r n n )  a  T ( r ( n t ( f  
)  
* t ( U  r . . * r ( r r ) ) , r ( * 1 * 2 . . .  ' p )

the unique morphisnr of T ,such tha* for each. i €.[nJ', '

l - .  Introduction

I,et us:i6e,giyr wlth some notation; Set f be a.n S'-.ge'rte.l al$S*rl, ,"

"-  t ra i ic ' ' t 'hcofy; ' , ' I ret  l , {  be a monoid" and-}et  r  :  }1 -> Ss be a monoid, :  :  i ,

hts let tetr  m wi l l  denOt element of  I , l .  I f  fe t { (nrn) :1ar: . i . ,

. j " g a m o r $ h i g n i n t i r e i n i t i . a I ( o n e - s o r t e d ) : : e } g e b r a i , e i t } r e e I y a { . d .

a re  p :  e lener r ts  o f  K" then 'we denote  by  t

'  *  
?*(,r , rm2*, ' . ,+ 'g( i )  -r)+lr( ,mf(r1)+or(sgt i )*r .  .  .*p)

Notiee that

r ( f ; n r . . f r 2 r ' .  l  r m n )  =  t r * ( f ' ; r t n r )  r r ( m 2 )  r . . '  r r { n n ) )

. *
where  I  *  i s ' the  ident i t y  morph isn i  a f  S  .

f l r !

D
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'Ihe following equal i t ies' Ihe folLowing equal i t ies arQ easy to prove: i r i ' r

( t -  1 . )  , , r ( . i r g 1 ; r r i r r n l 2 r  o .  "  t * q ) - r ( : t ' i * g (  t )  , n , E (  e )  n . , .  , * g ( p )  ) t ( g ; u r l r ' .  " : j l , r y d , : )

f  o r  every  f  e  j { (  n ,  F )  anc l  e  €N(  p ,  Q )  ,

t o

db

( 1 " . 2 )  i ' { 4 f r g } , i r i } l e r $ 2 r , . " r * * i * ( r ( f  i m i r t & ? * t ' " r r l l o ) r r ( g ; f i } l r f t ? r * r , r n r u ) r

fo i "  ever l r  ta  t l (n r ] ; )  and gd .  iT (o , iF )  r

then

and

' t , 1 , 5 )  ' r ( f  ; n l  r & 2 , . . .  r m n l T l = r ( f - l i , o f ( t )  r n f (

I f ,

- ) \  t .
C J

thqn

r l i  o r
t . '

l

'sLs : regr l rd again the fo l f ,owing'  exernple

( 1 " 3 ) ,  r ( f + r g p r u g r m ? _ t . , " . * p r * j . r r * ! , r . . r m d , ) * r ( f r n l r r . . r r n n ) + r ( g ; f i l r " , " . r m d ) , , , , r

f or €-\rery f e" l{( 11, F) anrl g € i'l( nl n q ) ,

(  1 .4)  r (  l r r i * I  1 l r " ,2r  t .  .  rmrr )*1"( lo l l rz .  . , . i l l r r )

I f  f  et l(n,n) is an isomorph:r-sm

r(  f  ;mrrn2r  . . "  "  r$r r )  is  an lsomorphism too

. ; : r

\
"  r t ' f f  n \  I

\

I e t

.  T h e ' s e t  o f  s ' t a t e n e n t s

.wed rry l th the.  ranking junc. t ion

= r t  ( 8  )  =  l  a n d -  r ' ( 6 )  = 2 .
J

Using  a  l i r rear  o rder  on

ted by i ;he order of  sta"bements

N , =  @ , ? , t ]
.  r r  . :  )"-  *-) .  ( l ) ,

was na,i;ur3.lly endo-

rd:efine{ bY r t (q) =

.  i  i ; - , - , i - - - * . . r t 1 * .  ; .  . : -

the set  of  in"Lernal  ' , rer t ice s : 'ef le c-
l{

i n . tbe , ,word  m =  \6  9€ .  X  . ,p . :  , t he
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was representeo b}r  the t r iP le  (

* -)  [ :+r l  i - , ;  i icf inccl bY i(  ]  )-1
L -

[3* : , ]  i *  de f incc l  
'n5  the  tab le

L "

t

+ l
v \  r

, : Idow l-C,t uB change the 1ine61r'o,rcier. on the sot sf intemQ,l r.:,,,,: i .

vert ices.  Iet  us '  put  for  example mt ,= 
9 t  fo "  Thc corresTlondr i lg , l ' . :

i r ipu t  func t ion  i ' :  [ ] , ]  * -+  
[3+ f l  ie 'de f ined]b-y  i ' (1 )  =  2 '  'The '  cor - .  , ,

iesponding fu-nc'bion i '  : [t+t+Z] 
*-+ 

[:ufl ]p {efined by the fiqxt

'l,able

' i " , r . , , ] ; !g11ceIsJe 
haVe in  Ft r  , : ' ,  ( l i . ] , ) ,s ix, ele&Pnts representins

<- nt

. 
-)*, r{\

l : i rp les , , (  i ' t t r ,m) , .and { i t  , t r  ,n r  )  a re ,  t 'g io  o fthe same flowcha.r' 'b. ' thd tr

them. , iye hav-e to do. sonething to obt&in a bi j 'ect ion betweei l '  f low'-  * , j

charts.and t l re i r  abstrac'b repre,*gntat ions.  ' , - , '  ,  , , *  ,  ,

;  back to our ex*,mple' ;  i t  is ,  r :q, turel  to introciuce the

- l  
: . ^  ^ ^ d  ^ - ^ , 1

uniqi.re'lsoruo'r"phism between the "bvto apq.rie l inear ord"er:s' thj-s is "

morph isn  f  ,  [3 ]  
-+  

[3 ]  iu  de f ined bv  ;  i ' ;

1 2 1

t

c  i l :a t  thg  i - the  le t te r , ;o f  n i  i s  equa l  to  thg  ' f ( ] t ) - th

l -e-bter:  of  ror ,  I t  i9 .obvi .ous that i ( f111),  " i ' , ' i ! .  "Arrothel  equal i ty "
:  

'  i .

for t ano tt may be umitten but !te';sh*}--€u it only in.the gor:'eral

case where the unr lerstand" ing is easigq'

l ,e t  M be a  mono id  a .nd  le t * ' { : " : ' }1  - '4  Sx  and

. l

above flovfcirart

t r - . 1
IL I ' I r . ! 'E l -O l1  j -  :  l r J

L

.  f . ,  - - l
t  ?  l l + 2 + l l  * * )

L J

i , t rm)  l vhe re  ;She

n * , 1  .  . l - l ^ ^  l " r : n n ' i - 'L l l . t t t '  t . ( IU  J  LUIU ! r l -Qn

trr i, i r"'.i :

f (  j ) 2 3

two monoid morPhisms.
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t
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r( o'; )

J T
B

r1o' i )

L T
\  * ' 1
HaJ "'

lAt o

o f

b e t r ' . / e e n t h e .  l n p u t s
! i

j .  t  must sat isfy

.  
: i  

r ' i : :  
ii (  r (  f  ;m i ,mh. r ' .  .  r *J r )+1o)= i '

stat e&ent s . 'bhat
r f  we regard- the outputs of the sttr te&ents we u:* 'unat r j : ' ' '

r t ( f im l r rn !n , . . . rm [ )  i n  the  i sonorph ism be tween  the  ou tpu ts  o f

stai iements induced by f  ,  iherefoqe t  and t t -  nust  sat infy

,  
* (  r (  f  ; m i  , * b ,  . . .  , * J . ) + 1 5 ) = r ! (  f  ; m l r  * '  z r . .  .  ' n ; )  t  |  ;

' '  
i  

: .' I h is '  i s  our ,mot iva t ion  fo r  de f in i t ion  2 .4 ,b .e10tn l .

, . l  i  i ' r

the

. r , e t  ( i , t , r n )  a n d "  ( i t , t t  n m t  )  b c  i n  1 n 1 1 , i , , * ( a , t , ) .  S u o p o $ e '  ,
| f | | l

m  -  m r l i l . 6 c  o  r I I r * r  n L  =  I I l r H n . . . i n " ^  a n d .  l e . , i i ( n r n ) '  i s  a n  i g o i t t o r l l h i s ; : n
J / . - n - 1 z n

t
s u c h  r h a t  , t . ' : n * r . ,  f o r  e v e r y  l f -  [ - - i l  ; , i , i o l v , t h i n i c  o f  ( i r t r r i r )  , a n d , '  " '

. I  r \ r l  I  . i ,

(  j - " ' - t t  , f f i l )  as, ,  'bv+o' f lowcharts rs i ih n intern,a: l  vert j -ees s ' rh ich [ l i f ier

on ly  l ry . the  c rde t :  o f  t l re i r  in te rn i l t , ver t i ces  ar id  t ry  to , .Wr i1 ,e r  the  l ' r : i

con6.:it iOtl$' ' .to be imnosed on i B.rlJ. it ,anc1 on t and- tr. Ire'i; ' frS,,*trin.kn i

of  f  as a.n.  ioornorphj .sm between the orders$. 'of .  the i .nternal  ver, t ic ,es, ; . i

If we regar:d..,, i i ; lre imputs of the statenents., i,n the"firgt f lowchar-L .ri.r,.],

r (m1)*r ( rnr1r ;  )

see'" ' that r{  f  ; rulr ,r i }r  .  .  .  r*Jr)

the s.{.4'bements ino"uced by

in the second" f lo lvchart  respect lvely

1s the i$on,?dphlsn
l .

f r t h e r e , f ' o r e i a n c l

*l=tnf ( 1)

"t *i)

r i {



- - - - - ] . : - - : : - . _ . . . T . - - ] : . ' ' ' . T . - _ _ - - r ^ - - _ _ . " : - : - . * f , 1 l

\.,1:.*'

i l  i t i t l  c

I ,et

:  2 . 2 ,

and ]-e"b t-

: I

I

let  T u-e l r ' r :d '  S*$orted algeb*aic:1;heoqy with i tera" l ,e '  '

? -  a  L  n  h ^  q  r F * i n n d f f  L e ' W L I n  L U e r ( 3 ' t r v '  r ? v

2 , 1 " . ' g g g l q : ! i g . " " r , e t Q b e a t * t n o d - u l - e ' w i t h i t e r a " b e ' W e ' ' - s a y ; l r " :
r- ' rr* "Il1 equtVAl-'It.Iic'e1, ' i '

t h a t r w i s a g . g g 1 # } g t r . g e o n Q i f f o r e v e r y a ' p c 2 J 6 l * - ' - - . - . "

re l .a t ion  on  Q(arn)  i s  g iven  suc t t  th r ' ) t3

\  ,  ^ ,  r r .  : *  A  6  i n  4 . , ( h n c )  i m p l v  & P - t r J  i n  r ' i ( p ' n e )  t  + ' '
a ) o t + r f  i n 6 ( a , t , )  a n d  P *  t  .  ^ r  r  * \

b) .o [ -  
' f  

i n  Q(aoc )  an r l  F *  6  i n  Q( f l , c ) '  i pp l y  <d ' ' p> -< f , . ' $+ : r : rQ tab ' c )  '

+  ' -  +  '  \

c )o (  
-  

I }  , i n  Q(e ' , ab )  i np l i es  " t r *  P t '  1n  
cJ (a '  D )  '  "+ , : - t  

r l : - . i . s . "i 1 ,

- ,  1 t

u s d e n o t e b y c ( d . ) t h e e q u i v a l e r r c e c l a s s o f a L € Q ( a ' . b } . - ' - : . j ' { ; l i l '

lefinit i!&. L'et I{ : f *f I be a t-rnodu}e with i 'berate

be a congrucnce
- '  

6 . ' lY i$h ' " ' i ter f i : -  r ' : i :
on (r. The cluc'rti"ent T;moclut

of Q bY -  is  def ined bY '

r . , "  ' i l i

' , ' i '
, I

."'i]

, i .

, P

cbnposi t ion c(&) c(  p)*c (dF) '  i " ' : r

tupl ing '* : '  
r ;  < Ct 'd ' )  ,C(F)t=C(<* 'F)

I

r . ' i t ,er l te  C(ot ) t  =  C(o(r )

r r l " -  ( f )  =  C ( s ( t ) )

iterate .su.ch 
'i;hat

' i '  S  t '

. t ! '

i

- /  r \  -  T ' ( A )
i n i p l i es  I . ' ( 4 /  =  x \ f i l

i . ' ,  f o r

for

) fo!r,

' for

for

'ii 
!l

,  . ,  e . !  " l
'  F t . t  - l

t .

I

' '  :  
I  T-module r ' ; i th i terate morphism

thon there exists a unique ' ' f  - l l loourt i ' I {L!

G. r A/*, 
--+ Qt such tha'b f,S = 3r i' '

t,e H/- ' T *l Q/c"

'A / *  
la ,b ) -8 (  a  ,b \  / *

*h e c omp o s i. t i or.r; ; : tu.pl ingi. s.r}di.:,i t e ra$ p ; op e "i.

-'Ii{e correctness or 
l::":'-il;; *;itions a)'' b) :. .

'  - r- nit ion foltQrvs fronr the c(
ratj.ons in the above d'efinitrorl" ro:.^r'rarrcr r&v*3

and c) of  def in i ' t ion 2 '1. '

O b v i o u s l Y  C  :  Q  * g / " i s

I t  is  easY. to Prove the foi lowing

n 5 '6.) .  g lop lp i l io4.  r f  ' ^ . , '

wt i r r  l t e ra te  e  and ' i f  f  r  a : iA :

a:iE-*tnod,ule with iterat:e morpi4l'^9ry'5r

proper tY :

a congruence on the T-module

'ig a mqrll i 'srn of S'-modoles v;ith '

all. arb € Ss ,

all *6Q ( arb,,)',; and P 6Q( b, c)'l i:!

alt o(6Q ( a, a!,,and f,€ e ('qu ci'.q, i'

a 1 i  , { €  Q ( a , a b ) ,

a l l  f e T ( a ' b ) "



o f  * r } , . , ,  * ( ' e . ,  r r )  .  i t r e  ; r l l r  - i ; ha t  ( i r t , i i i )  i s  dqu i - va . l en t  t o  ( i t  r t ' r f f i o  )  t t nc l
l ? 1 t L

we write ( i,".,urr,ra)

an rsjt ' f i1orphisn

th.at

o

2 , { 1 .  S d f i n i t i o p .  T , e t  ( i r t r m )  a a d  ( i ' r t , o r m ' )  h e two elqroents

c...r (

f'e
i t r t o r f f i t )  i f  t h e r g ,

i{( n, n) *nd 'Irri 
r !}1n r .,;n

exis ts  a  pos i t ive

"  ; r t l r r r * i  t * l  I  .  .  "  l }T l r

iil,trq&eS.,l?t.,

n e. ill stlqh , ,

81 = :  l l1 l f l21 . .Bn,

$1.1 *

r t r . *

J

n r l m t
"']-'"'2 '

* l

" ' f  (  . i )

n . o l l l t n

for  every ie  [ l l

b'y

tne

g €

i c  r 1

duct

&ce

--1 .r- i

(
I
I
I= t
\' l
I
\

lratI t

r ( f  ;m i  r *b . r . . .  rm l ) ;= r (g ; * j - , ' . . , * i ( k ) -1 , * f  , * ' [ , . .  ' , 4 , * i ' ( t o ) * r - , " ' * ' r ' h l )

rl,cf,;ijgftion 2rl are again futrfilled.

that  the monric l  H is equ. id lv is ib le
: {

ec{uivalen,j;, to the d.efini.t ion , 9f

tahe.  i t , ' e rs - .& .  d 'e f in i t ion  even i f

elegarri-.--ff'

-  r n l l m l l  m l l
r u l l : r ? G . . t : r l 1

L. IJ

i ( r (  f  i m i  , n k . :  a .  r  ' m ; ) + 1 o )  = ' i r  a n d

t ( r ' ( f t m i  r n l 2 r . i  ; r m l  ) + : L o )  =  r t  ( f t n ' t i " r t t ) - t , . . .  *  r m ; ) t r  .

I:a.. ttlr

il 'nel\, 
tr)to

n  w e  r e p l

- . ,
I ' r ( r l - J - f J r n .

' ' '  
. . '  . ! -

/ \g\  uJ

. . r ,  . j " i t . , ,

fc l l .ows t

. therefore at ] -  the condi t ions of
'  

We suppose in  the  seque l

[zX .  lhe fo l ] -owing prpperty is

equldiv is lb i l i ' ty ;  the reqcler rnay

the  or ig ina l  c ie f in i t ion  is .more

ef in i t ion wc j$ay replace every element *k or ni f ,

.  For exanple i f  we replace *x by '* f* f . " "* f  == f f ik
k k  k

mlr , . - r  by mlml.  .  'KI l  a$d f  b, , r  the i  somorphisai  t , : ,- - - t ' ( t " ; , 1  - "  - I ' 2 -  -  
J  " ' "

)  de f ined 'by

f ( u )  i f  u f k , . , ;  a n d  f ( u ) < f ( k )  '  i ;
;

f ( u ) + j - l  i f  u i ] < t  . a n d  f ( u ) > f ( k ) '

f ( i k ) + u - k  i f  k { , u < k + j t .  ,  : , :

f ( u - j + l )  i f  k + j { u  , & i l d  : l ( u - i + } ) 4 f ( k )

f ( u - i + 1 ) + i - 1  i f  k + j (  u  a n C  f ( u - i + } ) >  f ' ( k )- \ *

l ; ,

mimi . . .m l
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t t r en  the rb  e * i " s t s  m . . ,  r I I l  ; . . . ; n^ ;  O= i ^ ' { ' i .  4  
"  n .  (  j - *  r ( i " .  f f "q ,  gnd

I ' ,  ^ '  q '  ' u  I  l l - r  r r
. c

Q = j ^ < j . l < . . . 4 . , . i ^ _ . 1 { , j ' . = Q s 1 1 c } . t , h a t . : ' '"  u  
-  

" t _  t j - . l  l . j

. In,t- = st.,  .  -8^, .  ", .  .  . Ih-. for every k 6 [rr] and-'  K  1 r _  1 + r  l r ,  - , + x  , k
.  Y ! - I  f \ - . L  A

m l i ,  -  m - .  , , s ;  , 4 .  '  . m u  f o r  e r , ' e r y  n  g  [ p  I  ." -K - - - . - i  
' ,  .  * - i -  . l  ' -  r  *z  . j  r -
lC- l -* ' ' -  J lC-1- t  , jk

2"F., 'Iggj,.g_t$jj3" if .the noncid t{ is equj-divisilr le t lt+.n the

o .  - . - t - - :  -

re.L[11;]-on ( . /  f rom def j - r : i 'bran 2.4 is & congru-cnce or1 F'11" q1.
l ; i  ;  - L

SrOc:f .  1lo shoq{ thAt ^, i 'g an equivAlence rela.t i()n oI!:": , : :  ; ' , j ,r ' j l

Flo ,  n , (a r l t )  we prove o l l l y  t ra ,ns i t iY i ty .
itj r r

,  i . i ,  Le1  us  $ . . rppose ( i r t r rn )^ ,  ( i , t  r t r  rn r  )  l . ry l th  the  s&rue no t ; f i , t lons  I  i :

a s  i n  d e f i n r " b i o t l , 2 ' {  a n i L ' , ( i t  r t t  r r u r  ) *  ( i t t r t r f  r m l ' ) .  $ ' g . o m  t h e  a b o v e  r € * . ,

mark and" '*6dueaiv is ib i l i ty  we may aecepi  wi ' thorr t ;  l "oss of  Seneral i t l /

tha t  l ve  have on ly .one deconpos i 'b ion  o f  mr  as  a  p rod .uc t r  i "e .  t l re re

exis 'cs an isoi i lorphisn g€,H.(n,n) Fnql  ' the eq.u?l . i ty 'm1t*rn14l ' . .  ;  
'

sucir. that

n j = m ' r * , , + \ f o r e v e r y  i e f n l l  .
J  f ) \  r /  \  : .  . ; .

i ' ( r ( g . ; m i l I n l r .  " .  r * X " ) + 1 5 )  =  i "  a n d "

t '  ( r ( g ; m i , * I r  . .  ; , n ; , ) + 1 o )  =  r '  ( g ; m i r m ! ' .  " . ' m i l ) t r l

'  T h e n ,  u s i n g  ( 1 " 1 )  ' , v e  . d e d u c e

i (  r (  f g ;m i , * I ,  .  .  . 'm l l )+1o) , ,=

= i ( r ( f ; m i r * i ,  " . ' r * i r ) + 1 o ) ( r ( g ; n i ' m l '  r .  r ' m l i ) + 1 o )  =  
. , , i ! , , , : , * i : , ' i , r

= r r  ( f  i l n { ,  * 1 , .  - .  ' m | ) r ' ( g ; m i , r n } r  "  '  t m ; l ) t "  t

=r r  ( fg ;mi  ,  rnb . r  .  .  .  ' n ; )  t "  o



;I;,,J:.]-

u . , " . , .
:

.

I  
\ , ' ' l *  st i l l  have to prove tha.t 'cbncl i t i -ons a) rb) 

'and. c)  of , - ' ;def i*

ni t ion 2"1- ere f i ; - l . f i " l .J-et l .

" , , ; : : ,  L , e ' t  u e ' . s g p p o s e  ( : i r t e r f i ) r -  ( i t r t t r r u t )  v ; i t h  t h e  s a m €  g , ' o j a , r & t | , A n p

t -  \  .

itj. ! i

th t i re  ex i r i ' t  p ' ) ,  1 r '  &o  ison io rph ism g  € , i ' l (  PrF)  and c l ' ,  rQpr  i . .  .qprA i ra i t

t .

.  " . ; c l l  e  l t  s u c h  t h a t,  , p  -

i  
: , :  : i :?" ' ] iu  r r n r  o  o y *-  " L "  Z  - I r

e . r =  Q t  f o r  e ' v e r y  i e [ P l  ,  ,  \
"' s( i):

i ( r ( e i Q - l  r a L r . . . , Q i . ) + 1 ^ )  =  i '  a n d
- J * 1 ' P L

u ( r ( g i q i  r e . l 2 t . . . , e f , ) + 1 " )  =  r ' ( g i a { r o , } ' , .  '  r a i ) u ' .

'  :  therefore
. . .

m f l  *  r  l F  m  ^  n  , f J
l i l t l  *  A - t l l l r J o .  r l l t - ' J r 1  \ { O . . . L 1  

T . l- L ( I L L L . u

. . l r * l -  t n l t , , l  ; 6 1 6 l 6 t  -  3 ' li l l ' q ' =  i l i i j l t  
Z .  "  .  t : t 1 . l 1v  

t .  
.  oop

\  , r  {  i t *-*4 i ;he isbrnorphisn f+ge- i ' i (ofprn+p) fu l f i ls  the neccessary cclrd- i -
O,I IU

t i o n e i ; o s h o v l t h a . b ( i , t , r u ) ( j r U r Q ) " r ( i ' , t ' , i n ' ) ( j ' , u , l q ' ) l

. ;  
' ,  

* /  1  . .  |  - n l ) + ]  , \r - (  r - , . ( , n \ + i )  ( r (  f + S ; m i r m l r .  r ' :  e r i 1 l , e l , a ) ;  c  i  o  1 A i ) + l - ; )  =  '  "
'  r \ , ' l  

!

=i (  r (  f  ;m i  ;nb ,  ' .  .  ,mf i )+1n)  {  1 " (  mt  )+ i  
(  r (  s ;G1rQ h ,  ' "  '  '  i i . i )  +1" )  )  =

. . r t  r c \  - - - r=  : - ' ( l r ( n r r  1 +  
j ' )  a n d "  ,  "

,  t  a  1 f  .  - - - - r  - . t  . - !  ^  |  a  |  
'  \  -  \

, '  . t ( 1 r ( * ) * i ) ' , 0 r ( m ) + u 3 ( r ( f + e ; n { r n ! '  r . '  t t r f i ' a l , Q l 2 - r ' . " ' 9 i ) f , ' $ ; )  
=

i  =  ( t ( r ( f  ; m : r t v r l 2 t . .  ' r * i r ) + 1 r ) ( 1 " ( * :  ) * f  
( t ( s ; q i  r Q l 2 r . . ' r Q f ) + 1 * ) ) , '

0 * / . ^ r  r + u ( r ( a ; q " i  r q ; r  '  '  " q l ) + 1 ^ ) > ='  I \ r t r  I  
'  ' - "  ^ L " Z '  - " P '  

C '

T (  r '  (  f  ; rn { , , *1 , '  .  . * ; . )  1 ' . (  } r (m,  )+ i  !  ) ,  Or (mr  ;+ r l  i  * to . i '  q  b r  " '  t t i i ) u '  >  =

.  .  = r , ( f + g ; m i , r n ! , . i . , n ; , . q . | , q  , 2 , , . . , a f , ) <  l ' ( I " ( * i ) * i i ' ) l o r i m l ) ' r - t l '  >  '

let  us suppose (  i ,  t  'm)" '  (  i  

"  
' ' !  ' t .  te1)-w' j  th the same' notat ions

as  in  de f  in j . t i cx .  2 ,4  and (  i  ru r  Q)  ,v  ( ; i t  i  u '  r  Q '  )  in  F1 ' , ;  
rT (  " ,  

b )  v r i th

noiat ion s imi lar  to the above one!. , .s l re:  isomorphi-snr f+gd'{( l i ,+J- 'arr+n)



. .+.,,*d!ti*jl*i:-:e

t l ie- . 'necco$sary condi t ion. f ;  'bo,  $how that r .  (  i r  t  rm) ,  (  i  ounq))  c ' ,

, t '  , f f i ' ) ,  (  i ,  , u '  , q ' ) )  r r <  j . ( 1 r ( * ) * 0 , . ( q ) + l u )  r o r ( r n ) +  j  >
* l  J  r \ r r r l

f + g ; m f e  o  r  r  y m i r c l i r  ! ' e .  r a f  ) + . :  1 O ) ,  +  .  ' 1  
. . '

fulf i1ls

v 4  ( i r

( r (

,'; .

li ,l'

' . . : ' ,

, , f l :
' 

ri:.

\ t  " ,

t

t.

i ( r (  f ; n i  , * k ,

t(  r(  r i* i  ,nb_,

' ,  . , . ' .  I  t .

{ i  r

. '

+ t  s f
t  u  . t s r

a
=( i (  t r to l+1p),(  1*+r ' (  f  ;mi  r . r , f i r .  "  r  rmf i )+1,0)  ) t  =

& a
=(  i (  r (  f  ;m i r rn l r  .  .  .  ,n ; )+1*5)  f  s " f  o r '  1 t15)  ) t= (  i '  ( s r (n , ,  j * '1 r )  ) t  .and

a a .
i ( s ; ( r n )+ l n ) .  ( i ( s " t r * l t 1u . l ) 1 , 1 * (n )b> ( r (  f  ; r n ! , n i r  I  e  . ,m i )+1o )  =

a a
- n t  (  - f - , . n  t  - i t  .- *  . \  -  , , . 1  , . , , 2 ,  . .  .  , * J r . )  t '  ( s r ( * ,  y + 1 5 ) . < (  i  t  (  5 r ( * ,  

) n l b )  ) r , 1 r ( 6 '  i p P . . :

= 4  i ( r ( f i n i , . . * r r u j r ) + 1 5 ) ( 1 r { , o , ) * 0 r . ( o i . y * 1 5 ) , o r ( r e r ) + i ( r ( $ ; a i ' . . . r Q f , ) + } O ) r 3 '

' .  (  i ' ( 1 r ( m , ) * $ r ( q o  
1 + 1 5 )  , o r ( m ,  ) + i '  7  a n d .

' ' f f i n .

q i
a  a , a r 1

f o r  e a c h  i e . [ n 1

t ' t (  1r ( ,n) { '0r (q)* lu)  ,0r (n)+u}( jv (1+gin ie  .  "  .  l r l i l r f l i '  "  '  ,c ; f  ) , t1 .1)  s

= {  r ' ( f ; n i j ' " i . 1 n ; ) t : ( 1 r ( , n , ) o o r ( , q , ) + } u ) , o r i ( r r 1 + r ' ( s ; r i i r " . : . r u i ) u r }  =

* . r t ( f + s ; m i , ' . . r I B | r Q i , . . . r Q f , ) : 4 t l ( } o ( , o , ) * 0 r ( q , ; + 1 t l ) , 0 " ( * ' ) 1 * . | > .

1 , e t  u s , s u p F o s e  { l r t r m ) * . ( i t  r t t  r r f l , , r , )  * . n , , * t r u r g ( * r a b ) ,  i r € r  ,

there exist . I l . )  1r  &i l  isonrorphlsrn f  € i { (nrn) and- . ; , i l

i l l r * 2 r . . .  r n n r a i  r * b . r , . .  r f f i i .  s u c h -  t t t F : t '

m * mlmr.

mt * rni iul .

&; = ilIl

f ( i )

. c r r m l ) + 1 * 5 )  =  i t a - ' 3 i.r .i: i

. \  -  \  *  n t / - t r . m l  n t  . t n t \ * l. .  .  r n i i l * i aT : )  =  t '  '  t r  i n i  t . t : t i _ t  r . ' i  i . r { r r r , l  u ' .

f ]re f o1'1ov'aing ealculatiott ' ,proges that ( i, t rm)1'"^'
tl

( i ( s r ( , n ) + 1 5 )  ) t ( * (  f  ; m i , m f  , . r , l l ' J r ) + 1 6 )  =
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l

Let  i lF l""  *  be t } : re gLlo!1gnl  of  Flr ,  r" ,  by ' . ,  r  CSI:T -? Cl '11; . ,1,
L r : 1  ) .  l t l  t  J -  t ' '  i  \

3 . 1 .

tati ' ' re i f

ro

a "

and

: : :

rll[{';.

a

is struc1;urittr-: functor and C6:irr **) Cl'J-1,,r,1, 'the sifiilclaril i.n-berprQJ;4"-

t i cn  o f  t i ,  ln  0F ly rgr  i .e .  the  eomlss i t ion  o f  lUO by  canon ica l , , r } *mo*

d-ules 'r i i ;h i*erare mcrphls:l I : I '1O"'T -+ Fl.t,", *l"u ,

3 . $ ol1rnqla-b Lve_*T:Eg"{U}_t$

])efini-t ion, A l l1-ru0dule l-{, s T ra?

e

a is  sa l r l  , tp  be c orilffi1l-- ;

H{ sb) ("(+p)' * (p +d) I{( sd)

f o r  eve ry  " ( ,€Q(a rc )  an r l  P€q(b rd )  u  ,

fhe f -nodule T viitir strutsSvrfF1 fr:*rc'bor 1*

3.2. Slgfgsit lqq: A ?-rnodule lvi th i terate

connutative if and only if , i l

h

H ( S o ) < o t , F )  = < p , 4 )

f o r  e v e r y  p ( €  Q ( b , c )  a n r l  p ' a  Q ( a , c ) . '

?roo{. T,et u$ sl;ppose 'b}rat Q is condauta*i' 're,

p c [ i ( a , c ) "  A s  < " (  , P ]  = , ( d + i ]  ) t i ( ( l c , ] * ] )  v u e  d e c l u c ' e

b b
H ( S a ) 1 " { , F >  =  i i ( 5 a )  6 + F ) i { ( ( .  1 " . , l * t  )  =

is cornmu'tal; ive,

H i  :  T  * + Q  i s

: . . :  
' . !

a n c l  p a Q ( u , a )

. r l

= (p+*) i { (  i jd)  .



, r r , l f . - , : , ' I

a - l
I I

3.3" E:.oggg}. tAo.*.  l lhe T-m.odulu CFl l , j , f  is  commuta' t ive '  '

proof.  to sr low that C.u' l rn r ! ,  is  conru:utaLt j .ve,  i t  is  enougl t  i ;c
l i i  ,  r :

p r o v e  t h a ' t  { t i t r r n ) e  I n l - L , r * ( a , c )  a n d "  ( i ' r - i : t  r t n t  ) e  F l r " ,  * ( b n c )  i u r p i - y '  :
lY : ,  i

b
s t ( s . . )  {  ( j . o , t ' , 1 1 ' ) r ( i r ' N , m )  } r r  4  ( i r t * m ) n ( i t , t ' , i n r ) >  .

'  let us reca.il th.at

< ( i , ' b , m ) , ( - i . * n t ' , r n r ) )  = ( ' * i ( 1 r . ( * ) * 0 r ( r r , ) * 1 * ) r i ' ( 0 " ( * ) * f r ( m , ) c ) )  '  i

(  f ; (  1 - r  - r r 0 * { * . ,  \ * } -  )  ,  t  o  (  0 . - r  - . r * 1 r " / r n r  \  r . ) }  ,  r n n i ' )  '  ,
r \ t t r . /  r \ * !  l  C ' '  f \ n i  ' L ' \ I I I - / u

< t ' ( 1 r , ( s ,  ) * o r ( * ) * 1 . " ) , t ( 0 " ( * ,  ) o 1 r ( m ) g ) >  
( r (  f  , n i n l t r r  ) + 1 " )  . ,

Then
b

n c * 1 q  \ a f r ( . i  r  t r  - m r ' l - C { i  -c s t (  s ; ) .  c ( 1 ' , t ' , f f i '  ) , c ( i r t ' 1 r o $ > ; ; ' <  c (  i r t ; r n ) , c ( i '  r i '  r B '  ) )

:  thercfore 
9l l ' l t*r , f  

i . ,  conmuta"t ive'  .  .  :

.4, gr-olgsi!,19n. 
.J'et T 

t S *+ q- b*,.* cprntr:u*atiye"'j l-module'

I f  ge I ' I (nrn)  is  an rsomorphis t t l  8 . r r0  d i€  a(? ' r t r ' ' )  for  bvery ie  [n ]
J+---- ^*'

, t: l  al

'  , j  i  .  ' .  r ,

then



r.1 r. ' , i , !

^ * ( o i , * / . r  \ . f  d , , {  c 1 * .  .  . * d , r f  . 1  ) u ( r  * (  g i n }  r b ? " ,  . .  . l r t t )  )  .
t i \ . r - l  s \ 4 i  s \ r l l  i ) *

isomorphi sui g e:.ncl vre prove that all the itomor'phi.nrns from N .having,

thi-s proper'#y,form er su:bca.tCIgof;r c$;'f;,{ wirieh is elosed under stlm.

If 8rf€, I{(n.in) are ,i'sonorphisnts with the ahose p,:'$,i}sf';b,.,y 'ruiren

r r l r  |  ^  1  2  . .  I r r r r r  t
H(.1_-*- (  tJ f  ;a*  rE. '  , . .  r  r .8" )  )  ( " ( r+o{r l ' . .  " ' "+drr )  =

S*

= i { ( r - ^ r { ( g ; * f  ( 1 )  
, " r ( ' )  , . . , , u f  

( " )  
)  )  ( a o r r  \ + d r r  2 \ + . . . n d r ( r r )  )

I  S * ' ' - '  
r \ - L l  - \ 1 J  r \

. 1 . 2  . r l r
H ( 1  * ( f ; b - r b - 1 o n . o 1 b  ) )  =

s"
* ( d o r ^ / r \ , , * . . . + d o r * / * \ \ ) g ( r  * ( g ; h l ( l ) o 5 f ( ' )  r . . . r b f ( t t ) ) )  .  \' I \ 8 \ r / /  1 \ g \ n )  ] '  

' - - s F . ' t '

1 . j
u ( ' t  1 .{r o' t  'L Al r. f l \  \  --
r I \ J -  

" r \ I l u  
, w  t t r . t t J  ) /  - :  I

niE)

= (d (  sf  )  (  i  )  
n 'd(  

sr)  (  I  )  
* ' ' '  *d (er , )  (  * )  )  I - l (  t r*  (  s f '  ;  1 '1,  b2, '  * ' "* ,  n*)  )

'  
I f  g6^T, i (nrn) anq f€ N(FrF) ave isonrouphiq&F ,v,r i$ l t ,

properby anrr l ,  d, isQ(* i r t i )  for  every i€ [q+B,f  then

f i { 1 . $ ( g + f  ; * 1 r * 2 ,  . . .  r a n + p )  )  ( d , - 1 - + t r  
? + -  - . n * r r * n )  = i : i

n  -  1  !  g v

, : ,  I

f i1.o ,  at lnrra '
/ ' v  

l g . v ' : ' \ 4 v . Y Y . X i r

. . .  : -
i  

, ' {

=H( lsir(  8i  al  ,*2 ,  . .  '  n a*1 ) (d 
r* 4r+ ; .  .  +dn)'+

I { ' (1 '  e(  f  ?*t t* l  ,un*Z

= ( " ( - r  - ,  r * d ^ r  o \ 4 - .  .  . * & - - J - ,  ) l { (  I  - (  g ; b l ;  b 2  ,  .  "  "  , b t )  )  *
g \ r . )  & \ { )  t ; t i 1 /  s o

+- (d*+ f  (1 )+dn+ f  (  2 )+ i .  . on rn f  ( , p ) ) I I ( . 1ss l  f  , b t * l , b * *2 ,  " . . , l r t *P )  )

= ( d ,  - . .  r . . \  / ' . ,  r * d r  - ,  - r , \  /  n \ * .  . , . * d /  . - .  - r  r . ^ ,  * \  ) i l (  f  * (  e + f  )' t C , + 1 ' ) ( r )  ( S 1 I . ) . \ t ) ' -  ( l ! ' r - 1 / ( ] 1 + p / '  S *

f(2,) ' "  = ,1.  As Q is cornmutart iver : !he lsomorphisnr

-property. J3ut every subcategory of N containi-ng

1 . . . ,*n+p) 1 t"crrt L4 dn+z+.' ' ,+o(rron) =

v' 
'' 

!, 
-r:

. '-l- ,,2 r"tr* l,\ \
,  u  , w  t . .  l . t v ,  . 1 1 . , . '

' i

'  n / r  \by f (1 )  =  2 . . ; i l r ld

f has t}l.,,p. a,i:.o14e

f a,nd. bei .ng,  q, losed



l -1 *' :  : . .  : . , .

u]1der sum con*ri ins all *he isoniorpii isrns,

t : } , - i  c r r n  h . : , . : ' l : ' l ^ .  f l  1 i l r r . . \ \ t ; !  r \ - , ^ r \ r l s l a ' ! ' \ t
l - r r l -L  ! )M l fc t ' J  UJ . l r : ;  (  1  UV Y <" ;  i . ia  UY( ; I .  ' r J  .

r r : } l 1

gebr&ic theor l r '  w: l th j . terate 
"

i?e  reca l1  thc . .b  i f  od€{ . } (o" rab)

with i terat 'e H :  T -*  Q ani l  i f  fa

( 4 . r ;

_ .  ;  . .
. . :'bherefore every

' . ' . . ' ,

i -somor-

4. The f:r 'ee corornLlt;et:Lve f*rrtci- l-uJ-e 'vi j" 'hh i terate
, ir @s:'.. i"., i ,**-* rv"t?"r4r*&q'<1'

$et i*i b'e e.n equ:idiqiEiibl.e inorioi.tl I . l ct i, ; ,i$,--& S# ,an*.

"*+ ,5?-., '5* two tnon,oid morphisme and let S be an S*sorLed al.-

' : l

j .s a merphism in a tl*mod.ule

i i l (  c,  a)  is  a.  isorrorphis in then
. '  :

H( f )  " (1  
=  ( i l ( f ) ' 1 r - r ( { - l+ rb ) ) *  .

4n1-.  l lheo{gry.  CFlu"- , r . ,  is  the f r :ee comrnutot ive T-module lv i th
-  t , ' l  -

i tera. 'be generated by" i : i ,  ,  .  " ,  
'

j  
" '

?roof " ,  i?e ha've to prol . -e ,  that  for  levery in ' !erpretr .Lt ion I  of

&1 in a, coilt i lu. ' la.t ive'I-rnodule vrlth iterate I{ l T -*+ Q there exists
. a

a uniqu-e T-niod-ule wi 'bh i ' r ,e.: ' i i te rcorphj-srr G : CFJ,,- ,p,. ' : ' .-) Q st1ch tha.t
: - - - -  

- : - -  - * : - - - : - ' - - - - - -  -  - - - - j l i r , r ' '  -  t ' r . .

^ n T
t i ' " ' . l  =  f  r- l ' { - '  

.
As }r.l-n,, q; is freely generated by i\ i there exists a urtique

T - n o d . u 1 e w i t } r i t e : . a t e m o r p h i s m F l F 1 , , m _ + . Q s u c h t h a . h l u " F = , I .
. ! i : r ' . f  l { l  : '

i n  I 1 " o , n ( & , b )  i m p l i e s  I ' ( i , i , m )  =  f ( i ' , t t . m ' )
r  . ' l r l 1 i

L e t  u s  r " e c a l l  ' t h a t  F ( l r t r r n ) = l l ( i ) <  ( I ( r , i ) H ( t )  ) f  , 1 u - * >  ,  T f l t l r .  t } l e
'  ' '  '  

I ' 1

salne notat ions as l -n  d.ef in l t ion 2.4,  us i r .g  i r i  i ;urn lhe above res la: : l r

and  p ropc ts i t i - on  3 .4  we  deduce  ' .

r r (  r (  f  : m r  . m r  -  _ . . m r  )  )  ( I ( r n , ) H ( t r ;  y 1 '  =l r \  r  \  t  t t . r l I ' u Z t  n  n  
"  t r ' . I 1 , ,

' ' ' :
- .  - 1  .  -  r  r  r *- ( u ( ' . f f r m t - n . i | 1 | - . . . ' m i ) ) I ( m ' ) i l ( t ' ( r ( f ; m i ' m } l . . . , * i . ) - ] * ' , ) ) ) ' 1; \ r l \ r . \  r  t : r t l t t r t l

J . . '

= ( i t ( 1 - r u ( f  ; r ( m i )  , r ( r n ! )  ,  . .  . , t 4 r )  )  )  ( I ( m i ) + r ( r n l ) + . . .  + r ( n i )  )
S^

i { ( t '  ( r ( f ; m i r r a } , , . .  r * ; ) - 1  + 1 o ) ) ) J  =  n



* (  ( r ( r h ) + r ( n r * ) * .  .  n + r ( m r r i  ; u ( r r * (  f ; r ,  ( x r { ) , r '  ( r n } ) , ,  .  . , i . ,

i { ( ' 6  r  ( r (  f  ; m i r r n } ,  1  .  .  r * ; ) - 1

* .  r m l ) t - f r ( r ; * i , n i l r ,  .  "  o o , ; 1 ) * 1  + 1 0 )  )

\  : , ' . :

i t . , -

- ' t i ( i )  <  ( I  ( m ) l i (  t  i  ) t , 1 t ,

. lYe d ecluc e fror'l

T -rnod.ule'r-.wtij.h: it erat e

1t foll-or', 'e ihat Cr*,# *

lfe firrish thi.s

T-mcdg* e,. with, iterat e

i t e r a t e .

wi-bh

'  ' { -

( 4 " 2 )

F I ( i ,  ) <  ( l ( m , ) H ( t ' )  ) f  , t " b t  s

'  f  , .  , . r  i

?rnd '6,g Q(. . 'o f  )  then

' ,  )

,1 A
I A

( mi,) )

+1* )  )

l f x= ( r  (  m) t l (  r '  (  f  1 rn " ! " ,  n i l ,  r  "

= ( r ( r n ) l t ( t ) ) f

The: 'ef or:c

I ' ' ( i u n ' b t r r n r ) . s
t .

* l l (  i ) .  l l (  r ( f  i r n i ,  * i ,  .  .  ,  , n [ )  )  (  r (m '  ] , h I (  t  ' ' . ]  ) t , l b  7  x

)  =  F ( i r t r r T l ) .

pr.m+obition 2,1 l;ne exis-benc.-e of a un.i.g,ue

morphism G : CFlun **? Q such tha.t CG = F.
-  t i l ,

I , " C G = I " , F - f .-lll - - -Iir-

paaer v'; i ' th sorrre "id-ent:*ties , in a eor:nutall ive

rvh ich  are  no t  t rue :  in  som.e  T-modu le  w i . th  : . '

. , i

4.2. tropoj]-libn, Let I{' : t"--'*} I be & ccrnmutative T*moclule

I

-  t  . \ t  -
and  b  eQ(  d ,  e )  t hen  .  , i  l

i ' [ e r a t e ,

"t*g. 

'{{e know that if, either P or f is in the im*"ge of H

'bhen the above j .derrt j . t ies dre true in every T-morlule v'r i th i t retrf i . le", ,
'

t h e  p r o o f  o f  t h e  f i r s t ' i d e n i ; i t y  i s  . . i ' . : .  , : - . :  i ' - r ' r . . .  . ' . .  , i ,

'  : .
("( + l3 ) 1 U, J ) .= (o( +1")(l ir*F)'<'E;-. la*= .

(  4 , 3 )



1 q

c
=(d . .+1c ) i { ( , 5b }  

"  P r6 , f  I  *  { " t  +1 - * )  d  f ,  F "6>

= 4 & f  o F " ( ,  .

wi th  i t e ra "be .  1 f  o (€  Q(a ,bc )  ,  f , eQ(  C ,ue  )  and ,  F  e  Q(b rc , )  t hen

(4 ,4 )  4 ,d . . , f ' ,H (0o+1* ) r<  i g ,1 * )  * , ( , cL '<  13u ;1 ">  - r f ,  )

{  f , f i ( O [ * - l * ) ' c ( > <  F , L r )  =  ( f  , A t / 3 , , 1 " D ,  :

therc f 'ore

. : . . . . {  
d

s o r r  l  i I ( o o + l c ) > < F  , 1 r ,  =  I - i (  s a ) < f , H ( o o + : - r ) , 4 ) 4 P ' } c >  =

= i t { f i  ) <  f  . o (  I  F  . l  ; }  =  4 d - <  f 3  . }  } . . t r >  .- r r \ Y a /  -  v  r  . r  , * c "  '  r  r * c  ,  v  -

T h e  n e > : t  p r o o f  i s  b a s c d  o r i  ( 4 . t )  a n d  t i i e

of  ever l r  t*mot lu le v i i th i te: 'ate: .  "  '

b t )
H( 1a+0h)ad , p l:r{xll( sl+r.)< (pr{'e:j*r.) )iflr'lu"} )t ,, i " :.;

fo r  every  de  Q. (a , ,a ,bc)  and * ,p€  Q(b ;abc)  '

w i th

' ( q . e )

4.4 Pr,g.pgg**.jt- i?]1, ,Iret H I T :.? Q. be,,a -comrnutaitive T-modul€.:^:,

j - b e r a t e .  I f  o L e Q ( a r a . b c ) ' a n d " ' p a Q ( b , a b c )  t h e n " '  : '  ' i

^ I l ( o * + l o ) 4 d , { 3 t f  =  ( P a 4 t , l u " t ) t  .  '
" a

rrggf. ,  rr(0a+16)<& ,Prt  1" i { ( , }o+oa);{(r lb.)  <o( ,  p>t T

=i{(}o+o*) ( l l (  sb){,  .(

llr {i

The proof" of -bhe secon.$ icien,t, i,ty i ' .s

( !  
" t o  ) ( f , + , 5  I  =  ( ' t  + f ,  ) < y n ( : i  u * s f ) , 6  s ( 0 " + 1 1 ) )  =  :

: .

* ( o c f , i : ( t . . + 0 , . ) , p 5 t 1 ( 0 e . i - l . f ) >  = d f ,  * p J  .  , , ,
e 1

4."3" ll-r*$pgljy,i---o;L. llet H I T *--+ (i a commuta,'i;ivc T-mocli"rle :

., i} * '

i  
j i  

, ; l :  o

i . . 1'l rllt ...

i )

'  , i ..,:, r.

fol- lowirig Trl:clpert; i ,  ; .

. (  4 ,  5 )

r'1.,5."'l$opqjilf !I. l,eib tr'i, ,t', T, -1* Q be er commutativ.e

wj . th  i t 'e r t r , te .  Tf  oC€ Q(a iac)  and Pg A(bra.c)  t t ren

T-module



. . , t '
^ '  i . r

) - ' '  *  i
l .

( 4 . ? )  ( a t , P >

3tq.q{" As bY

, : .

obt,ain (4.7) .

H( 1*+00+i

(  4 . 1 )

:

I O

: . .
. . &
) l I : : <

l"l. t

+ :

i l f  
j ;t, '  I

t a " .

lve leduce . t is t 'ng !n turn ' .axiqns , I3,and 12 and (4,4) t f rat  ; , :1r  j  , : ,  :1.
' f t

' ' r . - - L

<({ ,0 [  P>H (1n+#6*] , r ] ) f  ,1c)= l l (s*+rr )e<f . rH(or+ lac) ,16H (oo+t"s) )* ; ,1 . )  u* ' j i . , . ' , , .

b
=n1s i r . ) . . (p  H(obo lu . " )  ) t , i r . )  <o{ t , r i }  =

: '= ia  H( , la+O") ,  p  , l i (o*+ l r ) )  <*  r t " ,  i  "

=  ( 4 H ( l a + g c ) ,  p )  < o ( { - r 1 * ,  ,  i . ,  .

'L : ; ; '  r 'n  ' '  ?$, 's ' tup l - ing by I^ , ' is  an in ject ion we

!'J
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0n Context-frce Trees

by
{ v

Virgil .Er,i1 CAZANLISCU

'0rlri main'theorem gives

t i re  conbext - r ree t rees,

Al):li16" set .of generators

the tt""ees' d(xr rx2t... rxn) r 'drere

are dist inct  var j -ables.

The trees are generated in three .ways:
a  ^ - -  - - -- by application of the usual operations 'of the

n f  * r . n o c
v 4

"irffifi*i'ffer'e'lrt ways Otfl gep.qf.gting . .r,,

.al-1"

" ' i  '  l ' : /

' ' "

. , r - . r .  "  .  i - l - l : ' 9
d " , . .  , \  . t , i  t r

The trees'are.gcnerated in two v/ays. : ,  r '  ' . r i \

substitution by treas 'e.;[] ;the variables of a tree, , 'oi.,1.

- iteration of one. oper'at.ion: sylabol L-n o.Pe tree. r.

B) 'Ihe set of generators is equal:'so:,th.9.,,set of cl*l the

var iab les .  " 'o , i ; " ;  , ,  l  , , i  ; .1  '

Thq t::ee1 are generated in two vrlaxr$dr:;:r ,,,, 1 ; ''-. r,, r,1;l'?l ri?8fl'1:6i'1

- 6y application of the usual opcrh!r.i.-o'ilo:.iof the algebua of Ler.,

t rees ,  .  , ,  i

,, .: substitutibn b;i trees of $,]are variab*es of. the.. resu.Lt, of

an iteration of one operation 'syigbo} in one tree.

c) The set of generators is equal to the set o:fl,,a}I t4te

var iablcs.  ,  .

T;{:}

,  '  ' i ter:at ion'of.  one operat ion

. '  subst i tu t ion in to  a t ree of

. .. -:s, " r'r -q13.1i"

q-l rrphr" n

synbol in one . !,ree, . ,. .tbl: '::

one operation sirnbot- &etrined ,Itn

with the aid of another tree.

, . ' '  
D),'The set of genera.',b,or'b contains all the variableru;and

al l - the t lees d(xf  t ) .2t , . .  r :cr . )  where d is an operat ion sSmbut ' , -?nd



:ilu":i

; . , 2  -

* i  are dist inct  var iabres.  L,  :

The,trees are generated i .4 ior \g 'wwi '

;  eubst i tut ion by l , rees of  , thQ var iables of  , the resul- t  of

an iterstion of one operation xyrribol in one tree"

'6ur maip,, 'bheorem gives tbhf$,;'ltheoreti.cal groUnd fortdqfining,;lr,

f inite"iexpresSions for context-frgg .!re:es. Perhaps it is not : '

' :  , " - :  nnmnrrtA*. ior lmi l f l_g.s for  suci1, l .€{p.ressions,uninterest lng ' to stuoy tne uurul l -uuau-vrr ! t r ! ' t '4:v 'D -Lvr Duu

:

$ 1. Ratj-onal-ly closed .subthpo'nies Si'

: i ;:r tr 'or each inonnegai;fVe inte-gpr n let'[n] aenote the 'set '- ' i . '

t 1

L L t 2 1  . .  '  ' n  J
, i . ,  i r .  , , I f  , , , S

The length

noted by

where u1 € .S for a}l i e [tul].- ,:-r'1.

l,et .f be:fln S-sorbed al8jebraic -lheorvl

'  . . i  -  -  t ) ! r ' ,  
Ii  t  ' i t ' i '

thegory  such tha t  i ' i )  i : i i  r ,  , . , , - . , ,  ' : i

.  l f i . l  i -  r r - ^ '  
' v- ' :  

s)  the c lass of  objec. ts l r i 'Ser\oted' , . i1. .J I  , ' '  is  the'set  S" ,

b ) e a c h . . u € S * i s t , } l e c o p r o d u c t o f . u ' f o r i € . L \ , , t l .

The enpty r,vord of S* , denoted i , is an init ial object

o f  f  .  For  each u€  S*  r  we se t  . i '  ' -  '  ' :

Y 1 1 .

ri

fhc rrni nr ' le mor-Dhism form ), 
'co--u.,"

v l l v  w 3 + v u v

t . '

'  For each u € S* 1 let

be ttie dj-s-uinguished rnolpirisms of the coprocluct u . lf q.,tg1.!' = I

then 
-xI - Lu where 1r, is -bhe identity norphism of ure: _]Jlo-!r,,c,ec*h

v€S*  and  each  fan i l y  { f1  i  u i  * ; v \ i e  f t , r f l }  * *  deno" [F r :by

. r,:l ' "{

a  " t  , - ' .  . . ,  o  - .  
) '

is a, geti"then S*,i 'Br- the f,pee,.uall.gid:-'€enerated..by $.'

of  u€ S# is denoted by lu l  a"nd:: ;u ' i . r i tsel&.{ i i11 
'be de-

H

i .€ .  J  ,J : ts  q ( t  q -

f; {
ff

l'., r..:",,*,
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,/ 
.i, ' -fr +' \ . 1.1 -S rr

(  t l ,  r 2 r r ( . r  , l U i t  e  u  , , 1

the unique morphj-sm such that . , , .  i .  '  : . \  , .

x i i f l r f 2 r . o " l f l u i >  =  f i ' ,  i

r'or all i € [l.lr!l .

I For each ur v € S* the

- - '  
i e [ r u t l

, . 1  : ; - .  '  ' j

function . . *  i  
- , .  

: "

f-l
I i

1  , ' I

i !

ftroni,, u to vr wil l bewhere Tf ' : ;"1 is the set of morPhisms,

c a l l e d @ r

.lye recall somb usua] no'i;af5lons qqd properties in an

S - s o r t e d a 1 g e b r a i c t h e o r y . . i , . . i j i . . , l i l i .
- t (

I f  ur  v 6 S^ vre denote

' "  ( t ]  1  2  l u l  n

. 
. ' l  i  -,. i

--uV - t --|LY -JrV "-$V
"? i l=  

(  x i111 +r t ' *J r r l  *2 ' '  "  r f ' 1uv l i '

l f r  ( f ,  ,  
' -  

^  'c f ,  \
I f  u, v, vr € So, e{ 6'T (u,vr) an.4, [3"4 

:J '(ytw) then i '  '

I  { d ' P ) ' u v - _ } w

) l  : ,  
- ) ,

n n A

I

(  1  y  , :  
l
l l

The

We

is the unique morphism wrth'the fo}Iowing properties:.i

: 
"YTr({,p) 

-p( and tl l .*;to> 
= p".

t f /  ' r

morpir ism (o{.b> is cal}ed the source pair ing of o(""a#ep:.
, l -  -

recal .L that :  '

( d , F )  =  ( x 1 d , . . . , ] t i u l o : r * I P ,  j - . , * t 1 r t p >  ,

( d r p > f  1 ( " t f , , p f )  f o r  a l r  f  :  w - - * w ' ,

lor alJ- f,, vt' --) w.((d I  i5> ; t )  = to( , (  P , f  ))  t

I f  d :  u  - ) v  a n d  p :  u l , 4  v '  t h e n

; r ' ' "

T(ri; ."v) * T(,t,,t)

d * | 3 :  u u t  - - ) v v '



A

is the unique morphisro wi'L,h

t l r i r l

th,e f01 Lo-tving: prcperrLies

TsubtheorSg',pf J rq.,. i

ordered. i f  for  .

. l - : * i
r i  

j  
j i : - ! , .

r  . : .  - : '

, r r : t . , ! :

"TE; (D(+P)  
=  "U;

-l

IF

,."';..:j[,,..,gu6sstegory of J is cc."L]"ed an a]Sebrai.c -sub-t!e*qqM,:pf J r*i;,'iti'

1 f  j t  has same class of '  objectsr .con' i :a ing at i  the dist ingu. lSheC, .  "

. r

morDal€{ms ano is closed under tixp}ing op;eratiein. ".ti; 
' 

i:irl,.!1-:l,';t

. . T - f i -

tf J. is an algebraie subgheory 6f J then the famiS-y,, ,;:'::r:,i-.
J -

( t P  t

{1-, t",") I  (s,u)-a,S x S* } rtu" the fotlowing proljert ies:

(sr1
"t 

€T;tor,,r) for all u € s* and i e l l ,r-,1], l:: '-. - ,; l f. '

(  fo r  a l l  s  (  S ,  u rv  65* ,  
, t *T t (s ,u )  

an i i  a l l  {a 'q i }y :  . ,

(sz1 **  ,  . ' ,  _  r  ̂  \
: I : 1  , " I  { r r e ' f 1 ( u 1 r v )  1 i . [ r " l l ] ,  r ( r r . , r 2 , . . . v r i o r )  €  { , " ' v } * - q ; j

+'C.cnversely, , ,  i f  for  eaeh g'6S,,&nd,u€S-2 the su,bsets '  ' * ; t1: j1{ . , : ; i ; l

te",u) 4 T(" rr) form a f,auriry with' , the properties (sf 1 and' (Sz I . . .  "

then, defining for each urv,;€$*; , '  r : l

$ru,+ ' i  = {  ( t ,  , r2,  " , , , f  ror)  [  , , f ia  ' [dui , rs)  d 'er) dri i (,,frurl}.r:,".

( c -  |  x )
the famiry l l r ( t r ,v)  I  * rn.  S"J forms an algebraic- \

fur'S-scrtqd aI8obr-aic th-eory,...iq:, qQ19 to be

each u ,v  €S* ,  T{urv )  i s  s 'opar t ia } l y  o rdcred  se t 'w i th  a  leas t ' ' '

elernent I,r, such that

.a) the composition of morphisrirs

"'l-:-----..=-- 
t f _,I . Js1- .. -l-uvr'

is monotonico
' J  ( v rw)

,  e)  the tupl ing operat ion r is monotonic.
l

", , : :{1,1 the cartesian procluu L,s,ore ordered componentwise.

..;,, Sllq",tqpling oper''ation .of an order.ed S-$ort€d algebrarc i



* i *

theci l iy '1.fgi '€{n isorncrrphisin'gf tJ,art ir l l ly ci 'crered sets. t}rerefore

r  = . 1  |  I  [  \
f . " " - "  

-  
\ J - t r  r t  t J - 1 "  1 7 t e  " t - i l d ' r r  t t l  i :- - U V  

- \ J ' U . ' V  t J r l - , Y 1 e  " r 1 ; ! * ' U  
'

r- 1- Ltutt t

for  aL- l  urv € S{- .

&;.,f,g!ion ally ."c 1 o s ed S;s o:-'S. sl:

dereci S-sorted atrgebraic,thecr 'Y: equipped

' ;]: : .,','s:!:.ri',:. i a

(
x,neory J ].s trn oI--

^  f r r r r ^ * ' i  n nu . l  Luru  ! ru ; l  j  .  :  r

1 n

with

t  
:  T (u ,uv )  +  T (u , "1  . i  l

+
for aL] ,IrrV € Suf, c(l is called thb 1tgggl.q of or the lePst solg*

tion forlo{: u -*> uv and aust setisry the foll-owing conditlons.r':,- i6;,,

for all" 1 ; u T-) Y and Ui, v,-::J 1v :

. + . , t
1 )  o ( < d ' r 1 " ) :  d ' - 1 ,

-l-

+ +
n  ( d  ( I u  +  6 ) i t  =  o ( r  6  r ' i .

-{ .'

( lryf r
\ i t a'  

t i

al

: i ,

+
Note that o(r  is  the least  solut t -on.  for t cielequ:a*,ilp, fifrl;t r;

o.rlr. l'

'L 'l 
f-Lr

cr.
Irr,,:the sequel J will be. a,raf.,i.onalLy closed

algebraic theory.
'l 

1? omnr" lrc

.l-
I

a ) :  ( d x * Y ) '
/ A \

\ 1 )

+
b) r"?El ) '

c ) r*i{, lT'

Proof.

- - l
- J

. J for 1 lY:
. , j

. . . '

a l l  d : Utit-:? Vr

- . t' u v

a) (dx?;))t = * "t| ( rot"?ll)T, r,) = dr,, = d : l
b) Irrom a) r,vith d,= lu

c t It foltovrs from

tll(I*o , 1,,) = I,r',



0 -

" f , li.:.i;i

?' 1..:

' :" **f.' F"opgqi4gg,.

(,r; p >t =
i',rherg

Proof. l-,et 5 =

* ) ',, f>,
p

i '  
" , ; r

)i

l: i".

5
t

that ,"Ti, )t < l,rr, hence ("TI) )f, = Ioo,

2* Propi:s, i , . tLq4" tet d: u ** uv and 6t v *-t  w be &or-: '

. - .  , a , . -  i - j - - -  + -  '  r r - -  a
phrsu is . , rn  J . .  The rnorph ism 4r6  ]S  tne  reas t  sc - r lu t ion  fo r ' . x  ' i n

the equation

'  -  '  l u  7  \  *  ' r"  o ( ( x r 6 / = L .

Pr:oof. The above ecluation' ' is equivalent to

, '  ' ' '  
" o ( ( 1 . , * 6 ) ( x ,  t J = "

therefore the least solu'bj 'qn is ,:

t t
( o ( ( l u + Z ) ) ' = c ( r G  o

For aII C : u ---) uvw and

<ot< tt ,

.,|.
,  l i

= <ott , fwr> (Tt , 1 * )  '

Tl:e equali 'Lies ..

r,*)(S ruu),p <"fi, r"*?Sfi.r;))=

=({tt , 1*) , rf {N\ r*));=
+

) , , t '  )

shows that

L e t x =

f r rnm

+
( d , p > l  g

'?It(*,P>

( d  '  R  )  '  :
+

<6t ,  ( : ,> ( (c/ . ,  i3) t  r  4*)

i e . i . i owS



i ; :1: {&il&uiLi ;

that

(  x ,y)  = (o{  (" ,y ,  l * )  ,  p (" r r ,  luu)) jtl 
'' 

. '.,'i"',

{-}r oz. o'Frrr. r:

and

i \

' :  
1 , ;  . ,  4 '

x = c/,(x, ( tr ,  fur))

We detJuce.from proposi Lion,;& that



- 8 - ,

. +
' j :  ( i o ( ( i - r  n -  1 r ) 1 1  =

Proof . a) It- fol"lolrrs from' . ;

+
i d '

4 i  q 4dt, lrr) ' 'o:,fikf,-,,.;

from lemma

( i6{  (3  + r r r ) lT  *  i * { t  .

b)' Fronr a) ttre infer

and

",,!

therefore

and

thert, 1

n
" , t

-1 t

',"

: r r '  i

' i ' i : .
'-t* '

X z - t  I  /  .  
r

t J , ,

I  M v + + v Y v \

? ,

F )t: ( Vt, Jt. f\,***>,> r {.
notice 'bhat

u v \
"iil ) : .vu ---) uv

and i_}-*_( *[ l*1,  ,

- 7..VOIV ..\rUW .,IIUW-  \ z \  ( . 2 ) ,  ^ ( . 1 ) '  ^  
$ )

i (d, 1,) '  = (i(d,F> ( "i l i ,  * i ty, "Ey> )t
: +

Proposi t ion 5 inpl ies " : ' ; "

( ia(  ( i -1 + r r r ; I *  id , t '

( . i -1 ( i { ( i - - l  +  tv ) ) ( i  +  t r r ) ) f  -4  i - l t iq t i - l  *  r r r ) ) t

io(t - i( i-1(i0((i-1+rrr) ) (i+r,rl l t S (f{( ' i-] ' '  +, r.,r} lt i*

6. Proposit ion" I f  c,( ' :

: '  J= p{"Uy,"lTy,

Y = o( ( "Uy, "Hy,
( d  r

Prciof. Vie

' t U ' V
a  =  (  x r 2 1 r'  \ - ,

is an isomorphisrn

that

e.s i-] + I

(a, l t  >I '= i*1{ 5T { f t  ,  1* } ,  gt} =$t ,  $t{ gt, lw >> B



n
Y

7, '  Frr:posit iop. Le+; n he a' nonnegat:-ve integer and. for

l

l

' , ' t  j

.  - r ' 1- l  4 - l n l*  -  L ' - J

If for alt i. €

then

4 i r  t i r - '  - -  \A t *11
.  l l  v r  v  a

- -l "..n..
* Y V  o o e W  V  

\r  ^ ( n + 1 )  .  .

rrrh ar. a

+
(4rxt- ) 

' =

therefore

(4 t*t ,(2*z) 
t

I f  F =  { x

and for  ia [a- f l

: r

then ';i P = *i ,

'There fore

( d f * l o r c o e {

:..

l r /

l r r
rar--\r

c  o  o  r 3

: \
L )

d,drxr ,4ztz, .., r{ofr,> 
t =,.Crq 

I

P r o o , f o l f n = 2 t h e n

(o(r*r Szxz>t = (t<r*r,tO-Yt

t
f = il, rx2,{, (drxr } ' ,

U U U

' ]  
n - l

v .  = { * w * " ' W ^ ^ ' - v
"  r '  ( i )

IJ V -LII ' ! l ( , t \ -  VI UI]

I  n - l

xw*. . .v t - -  
*v  

7,, " .
( n )

Jn-f

Yn-t)

, u ( l >

l,l;'".i' !

i,i

ti'{

l n
l fr r1i7 '{r
r r  a  a  a  r r  Y

7  o  o  o  7 ^

1  ,  )  =  { ,* W  e  V t  " ' 2 , "

.: ,,,2. * -? -..2-_(41(1*r * "iril l' = "(i "Tri

+ 2 += ("{ i {;;4n I
= ( d f  , " 1  t  .

' lrr.l'' " { l>

F, {rr*o)t =

t  , ,{ f> =
ct

l n l nW , : .  
1 V r V r . * U O  . . " * :  >

,(ru:-) 
' 

(n+l-)



* i 0 *

B.  PJgIgs i  t io .n"  Let  ,$  (o ,  r )  S T(s ,u)  for  a l l  (s  ru) ,6 , ,G, ,x ,SI ,  , ,

such that
+

( S 3 )  f ' o : :  a . r . I  ( s r v ) € S x S * . j , ' .  d e  , , 4 ( s , s v )  t h e n  d , ' 6 * ( " r v )

ano

f  
' f r r r  a l l -  s r $ ' & S  a n d  a l l  v € S * ,  ' , ;  ,

/ c,,,1 \ )\ b + /  1  f
L m. ' .p6; f t (s ,s 'v )  and d€"$(s !  rs?v) ,b !pn p (d ' , f , r )  €  .s" ( "F;q) , , , , . , . , , , . ' . -

ff' l3 : u -_** uv and
I

r  n  -  -  1 l  A  .,  . (V i€ [ ru t ] ) ( "TFe  
" * t u ' uq ) )  i  . : 1 , , , .

then

a )  ( V i e  [ r , ' i l t  ( * Y p 1 ' r $ ( u , , v . . ) )  :
I ^

' " ' '  b )  i f  s  €  s  and  fe  $ f  s ,uv )  then  f ( i 1  
l '  l v> ' ' €J l ( s ' ! ) l ' . - . . : , .

Progf .  fndr rc i ion . rby  Iu l , '?or . lu [  =  ] ;  the  conc ius ion- fo l lo l i i s

d." iJect ly f ron the hypothesis.  
. '  

.  . . ' : '  ' , ' : ;  r i - ' ' -  . , ! . . , . .  : ,  ,  .  . .

Let ft: $u.r.---*,:suv be a ni-OrphiF$r suc'h'phat '... r ' : i . l
.  3  ,  . . :

s € s, u.v'e s+, d"p e * f s,sl-r,:, ') anc xlfrp e'Jl to1, suv)',,for al-I : 'r-

i  € l l ' r t l  .  Since , .

" ' : ,  A  * l  r . P ' g -  
" ? T . S >.  l n  - r .  ^ i  j "  r  - - l z ) r .

proposi t ion 5 impl ies

o f  -  t  t - sa , . . . , t r t t  r  \
l t  \ \ , ' l  1 " ,  r C I  ,  - v .

vuhere

. 1

>

$ = ("E*p { (*i"p )t,ro,r},...,,.,*i}t,rr n ( (*i" p )t

Fol each i e. [tu\l  ,  (s4) imp] j .es .r :

r r F o 1 1  . d r i T

TI I = 
"i lr F <("i" p )' , tu,r), 6, .&(ui ,uv).

Therefore by -uhe incluction hypothesis anct

1 \ \
) *O,|n{" c  ' i , i

(s] )



_ 1 1  -

+
- - . l f l  -  l t r - -

" ; . )  
'  

€  i i (u i 'v )  for  a l l -  i

Jr -l-

(x iup)T{JT,  1  u}€. . f t  t " ,  t ) l
J. l

Tnerefore
+

--St l  , ' l  I  -  f r  r^ "A ' t  e (  e . J t \ o r f )
+  t d

and f'o? each i e [r'u tl .

I f  s r  6  S
' ,  

{ '
f  < P',1r)=

-t-

"ifu*' e Jt (u'v) .
t

and f *-A(=' , suv) then

1

€  ! " t u t j - ;  ; "  I  .

i r  j

and

( s5)

and

.i

: t 1

i i

Q - .,:.1 : "r'J 1 r$ a rqtionqlfg-*gpjg =€gpleepgglof T it q_ is,'ra-alge*

braac sub'Lheory of T o"c ! is cloq,e,r&r;trg.der i.teration. ; i'.:,., .,r,r, ',i

- o  f T '  ;  ^  ^  - , ^ + i  ^ * .  : l  1 - . .  ^ ' l  A R d A I - ^ . , u + t  ^  c F  '
rr J1 -rs''",a r'ational-fl' efo,+edr;subtheory of "t then theifandly

*

A ( Y { t

J l  ( s , u )  = " J r ( s , u )  v r i t h  ( s , u ) . e S K S "  ;

! e  C l  e t  a ?  Q /has properties Sl , 52 r S7,r-S4r .u, ^2:

f  i f  s r s t  € S r  u G S * ,  : . ,  .  ,  .  '  ' i  .  I

l
I

L  " te  , l ( s ' , su )  and  F . " f t ( s ,u )  then  J  <F ,  l u>  6  A(s ' , r ) ; )  i .

(  i f  s  6 sr  Brv.rw 6 s* ar id
(so) {

t *€$ (s ,uv ) . then<( " t i l , - t } i )9 * (s ,u , .w) .
g.. .Proposi t io! .  Let  .* (u,u) , tuF(s r  1) ' - i fgg an,  (s,u)  a Slx S* and

for all urv 6 S*. Each of the rol. l.o,r,ying conditions

T, {rrrv) = 
| a t, ,f 2, ,. . 1f rurkl--*t?ft(uy v) for -i e [r,*r,] ]

S'{r* i*p l t< JT, 1; > ,  (  r l f  , , .  , r* =

= f (("i ir ',t, ro,r) { Jt, rrr) 6.ft(u,v) n

\ b r i l 51, 52 and $j5. i..,



/ ^-\ \ .q'1 - S2 )..,...1,-l S;i
\ Dl) / Dr , r:]4- cli ' L: 

. 
r)'*

f sr:) sl sB , 55. PJrd 56\ E r v l .  v - ,  u Z l  v / ,

' clr\ \ Sl - .q/- and .56 ,.i::;
t O U /  D J - t  D 4 i  

4 u^ ( f
i . ;  ,  -  

: f  _ '  
, ' i . .  .  i :

i , Ibo5. t ie f irst prove the equivalenQe,:Qf conditj-o}s;igrq*{:,r .,.., ' :: ir:;r:::

SB, SC end SD. ,
'" 

Slr'qnd 52. iAplv $5 ; wittl. '.the $alng notations as in*q9.b.,w9:j: .

remark that

o { 1 F , ,  1 , r ) J 4 < I t , " I  , " 1 , . . . , * 1 , r , )  
'  r - : '

. 1 . @ : w i t n t h e $ a m e n o t a t ] - o r t s , , a . S } n . : i S 6 V / e . . . , ,

.d.<"?lT, "?Yiy = <("|,",... i*Tif, TTffi,*, ,...,  "THr,*ior). . i , ,
pg'"qrri. S1.-U*.IU-SI :, witi:."'the same notatiorrs..as- in 53 we 'i:

remark bhat . ,

i ,  .  l ' L . : ;  ; ' .

. 'i:r :*.$4". :and. 56 imply*S5 : with. .the same; nota'Lions as in ,S5

we remark that

remark that

remark that

4 / 4  . ?  \, : r f t o o . r r , p 1 /

"{ (-p;,, 1,r} = o( <(e"?Xit I'rt 'i- 
i1

S5 and 56 irnply 52 : wittr the same notations as in 52 ive

:  ' l r ,  
t r  \ - t

'  =  f f ' . . i l v  \  1 r  - . ) * 2 t  
e ' ' e  

l u l "  ' r  \  , . /  f ' .  
' r  \( r  * ( f  

) , t  { .  r t  * ( ? )

.ff irs:i 'corlclusion foilovis frnm,Sl, 52, 55, 54 and proposition B u

' fhe, last proposition ma-v .hc-. used to obtain the least ratio-

nally' ' [1bs.erl :subtheory of I which includcs a given set of morphisms"

"-r ' tu )



t r r r i  l ^ ,

.i:om T " 0f coLLtiSG, each givc,'ri nrcrphilsrn f .: ri ^:--* V,is replaced

by tire set, of its comporlents t"l t l i u [f "fl ] tit*" o"* of :ti:e ,1,. I

foul  cor ic i i t iorrs of  proposi t j .on 9 may be,uged : ' : , ' , .  '  , :  ' i

::':.;,.,.; '| 
Cbn-dltion'S} seems to be ,pr'.eferabl-e because if Jt ha's {rr"op-G, :r.;1'1'

; ,,bies S1 and 56 then the l-east fanfiily-'of subse$'s which eo-t+t",sns" .* :': ' :'i

and has property 54 lv i l l  have propert ies S1 and'  56 too'  I lor  55'
' 

*ct 'li;o: tire number of erp-fil'i9\fl-"'"the'prcof is by induct ion wi th ' r6pp
*

t i o n s  , o f r s u l e ' 5 4 "  I n c l e e d  f ' o r  s r s t  €  S ,  u r v r w € S " ,  d i  s t '  - t  $ r ' u v  1 ; ' ' ' ' " ' ,

and (3 :  S  - -2 l  S f  UV We nOt ice  tha f^ ;  ;  ' " ' : i  n '  ' ; '  i ' '  r : ' r '
t -

+
p id t , 1.r,,) . "tlj, tlj } =

.  t .  l r w v  U W V .= p<d '<  " i i i ,  " I ; i  >  ,
=p,(l"n,'*("' i}T, "?fi> X(c((ls, .<{lT, t$t,,t , 1o*o}=

1r

i

. t
: \ i t

when $(s,-b)  = Tr{r ,u)  where T,  i t  '  - - r

;heory of T krecau"ee in this c,ase "& htu pr'cperties:i,,;...

a n d  5 6 ,  . r  ' '  :

Anothe.r viray to o.btain the .l-east rationally closedr$,Ulr$I.teor$-','

of S which'ir icludes a given set of morph,isms, is given in the fo}*:

lowing proposi ' " ;on vrhich seerns torbe cl-ose to the nain resul- t  r ' . - i  I

or [+] .
.  Jo .  p ro !g . * .q ion .  Assune  J fC" ru )g  T l s ,u ;  f o r  a l f  ( s ru )€SxS**

We &ssutrr€: that Jl, i" closed under'rlght c'onposition wittr mcrphisrlls --.,
Y

f r o n . t h e } e a s t a 1 g e , b r a i c s u b t h e o r y o f , J , L e t .

f i .(",r ' i t '=.t*i"4 I i  nr, 6T(sv,svu),

for 'a.,11,.;,t(b;'u) e S XSx, ThO,',f,aur,ilU-

S2 ancl S5.

t . . '

: r ' l

c*L

\ |

(Y
n
vvl

i  €  f t ' sv l l  I  t " l " *e" { (  ($v) i , "vo)  
}

contains ,.ft ana has P,roPerties



* 1 4 - : l l

d

gg" lr  (s,r.r)  4i-xi* and <e,ft(s,u) i t  fol lolvs from',; ' ,  . . i ' "
J.

= rs r9Y. iT tnut  .ce {R(s,u) ,  t i ret 'efot"  f i  eontains "*  '  .  '
t :  ^ ( 2 ) ,  v 4 f q v  Y \ s  v \ r - ) * /

&-
. rg!- , ,  A'ssume that i6€G.(sru) ' :wher:e . (sru) e Sx S^. i l 'hen ! i re: :e i

exis"ts r( ;T(sw,swu) such that wd S{-1

t ' r '  
+

f3'-; *sw , I
l ' 1 ' a

ana x iw{ i , t1 ' (b,w) i ,  srvur)  for  a l l  i ,€ [ fut f ]  .  For each i  e f t .utJ'  ' t '

6 ] r , "  - , \  , . , h a n a  - o d  q i i '  T h o n  f o r .  s l - l  i c  f  t u t l  t i r e r gsume t lat p* e f ;(u. rv) where ve S1'.  Then for al l  i  e [ tr  .*
, I  I '

exist

d i € Tlrrror i , .o; ,r i rr1 such that 'wi6 sor-

l3i = d"" *f

a . . l +  :

' a
.Lu . w

I

n ;  o (
d

I l " i  * i tJ  .

t , r ^  ! l  .  l  
'

ancl

^ n i
ditLr

11 -*$ yr
a L

for each i a [r oll 'r .i ,;

, $ z  t  T  
, {  . . }Y i  = ( * l z i - r ) '  * e i \ '

Let

=("{ (1"* +f J'ov),o(-, {our+ f '1+

irfe notice that 
"i*J 

e "&( 
(surr)i.,

that

t-
| \tl; Ytr

J

*-t T.

{ : t i ' i 5
i

r  r  \ . .
.'L-rrl " {; 

"+;tlv.

and

c t  +  r  t
.  a  = , ( 4 ( 1 u * + r i * O , r ) ) t < 2 ' ' ' 1 r r ) ,  t '  )  ' , , . . .

. . . ,

l.loere
f

L= 14r(ou*+frnrrr) 1.. i 1d,,r, to'r*i:$ii--r-1,r') > <o{t ,tq*orr1,:,1*y

1 .

=  ( d r  ( f r  *  l r r ) , . . . r d t u ( " ' ( t " r , r t  +  1 r r ) )  .  , *  , , 1

I t  i 'o l lows from proposi t i -on .7 that

Let r = ,r#t2uo2 ... *[ol*t '*t. .  ,  -,-,

f  = {" l r l  , " {n i ' . ;  , "12, ' . i i - ry:  > ' i



therefore
nb

-.Si''i"f { I
. ,1 ( '

J

t '  
. . '^n
D2'u

exist-s CI(

ana xlw4€ uq( (ew)1r

t+
r l
L

= * i*  ot t  ( f*  ov)(*, lo. . . ,dor ,  rv

.t-=  p f { c l  ,  " o . , d , 1 , >

i i p 4 x t r ) ( { 1 , . . . , " . f u , } , . . . , x f 2 1 u 1

i:' i

" + *
-r)(  *  i . ,  ' t :  ,  dr,rr  )- f

t r

, { 1  , . ' ,

i ;Jir 
'i 'l

l - '  ,
= 

F (*l 'oot n f 1 rori *frot* ' lo'*,f,  ) =

= f 3 ( F ' F r , . . . , F t , r r )  €  f i ( s , v ; "  - " , , ,

Assume  tna t  pu f t ( s r sv )  whe re  s6S  ono  veS

e T{ *w, swsv) such' that cr S Str .. , r.;ri,;r',i ) :,, :..,;:i

^ S W r t
P  

= x }  o (

,  srvsv) fot '  al l - , : j .  6 [ tswtl  ,

_ i . l

i 'r! 
":l $

r l r l . l  6 n  - | .  n 1 5 7 c )
a l l V 4 4  W r a v *  v  I

' ; 1 ;  
. . i : f  . : l l  , -  l

I

+ - - - , + ' a n l r n * & ' . + ' '

f-b is su.flficient to pr.ove'-tlrat pt='xfgt*r.d {* tfti^ voqat *tfl uffu* tfr'^t

+ + + i
(  F '  , " ? X l d ' ( P u  '  1 u ) )

is th.u leas b solution for x in the equation

f  ( * ,  1 , r )  3  x r

We first prove that it is a solution

t d r ^ t + i
, * / t m l  . - $ V v  i l ' , / ' . o l  r ' \ \ .  f  \t t r ' ( < F  ,  " i z l d  < P '  , 1 v > > : 1 r ) : . ' ' ,  t t

+ + + +
- ^ l / o r  " ,  

s w  |  |  -  \ '  f { l= q , ( p  , . * ( z j  t t " ( P - r = * - ? t ,  l l

= n l l . ^  v s t v r f  I  \  r o t  l= o ( 1 1 ) r  * ( 2 ) *  ' i s v )  ( 1 5  t  I v

+ +
= o ( ( d '  ,  1 " v )  ( - F '  ,  f r r )  =

1

\ . i i i j J t  r \ .



- :r-6 -

therefore, ussi-ng proposit ion.2r w€ obtain

.  j - , t r ^  
lo ( ' { a ,  1 , r )  (  ( a ' b )

Since
- . . 1 t

A  
t ^  r  r - - s w d , ( a ,  1 . - ) , {

l r ( " t - V l - ^ L

f
i t  fc l lolvs that F'  {  u"

d  ( ( a , b ) ,  1  a , l r ) ' )  =  { a r " b ) ,

" r

. ( .re;

i  r))

f , l ; '

1 .! 'i:,i

"r

f
Since h' -a a and.

s w + + t
"?il { 

'  ( P' , lv) -< x?J) c( '

' + +
i t  fo t - lcws t l rat  ( [5t '  "?Hf + '  (p," ,

for x in the equation f 
( l, to)- = x

llv> ( b

is  the leaS,t

. \ . :
' :: '\

, i

sqlut ion

'a{j.,.J

$ 2 . Ttre .;-r"ationalU clos_ed. ,sub_tjleory o{

context-free tJeeF-

'J .are S-rrorted'  a lgebraic theor ie 's,  a morphisn

a firnctor satisff ing the f,ollov;ine conditj.o;r,tis:

, . t ' : t

If T and
. i .  a l .

F : J . : ; } f J ] - S

a) l !  (u)  =

!  \  t t .'  b )  F ( x I )

We no{iee that,

then F({"{  ,  t 'a>)- l

. - Y

U  f o r  a l ]  u € S " ,

l ' l= xl tor al-l- u6 S* and i € lr,rtl .

if d, : u ---t v and R : w -*-* v are
I

=  , / : t ( ^ l \  T . / a ' l \
\ r \ - ' l t  L \ l . l t . .  .

. .  i , ,
i

morphfigns



1,*ri:[ i:c :. se t an,.i lc1: & ! [ 
-**l ij xS*' b., e f'r'rnc'fion'

fF.

If J" is rrn. ,$-sor:1ecl alge;'raic 
.'L,k 

eqry, h : f 
-*+ I is an L*iggg

glphqgg:r ro i : .  i f ' . [ 'h ( f f le  T, .a( t , - ) ) : fo : :  a i l  t r ' t ,Y-  '  ' l - '€ t  t r -  c lenote
c*-

the f re6 S-sor l ,ed algeb::aic tiro"rry genera'bed bV f &r1'1

be its rr,ni<ed alphabtr{; rl&p e '"btreref'o.r'e :for
f
fr-4 & t

\3i-":'atrqc"
eachl a.13cb:'aic

. €*' s €.|.-
n r l  - * - " t J

(Y
thecry 

'i* 
and for each 'ranked alpl:'abe;L'

there exis'bs a unique tlr-eo:iy niorplrism T,.

. 1** ------+, tl (-. t -
&-

'r
J rz--

nap

. T
di"
..t. . - b

f
such 'i;h.at 1  a  n t  I

4 a v o ( f f ) )  = ' ' h ( 6 - )  f o r  a l l  s e [ . \ :

Let T and,Yo Ou crdeiroC $*sorte ' l  a]-gebraic theor iesr '  A alog-

phis4 o.f o.J,de}:ed $*sort_ed:'€*Egoraic tbeolieq. is a theory aorphisrn

f  :  T 
:  

bfr  such t t rat  for  a l l .  urv 6 S* the restr i ic t ion of : .  I l ;  tcr

S(orn) j .s:  a monoionic and str ict  (F(. ; , . r r r ) .= {rrr)"  f r - toct icn,  t

I .An sg *ccntinuous'.S-scr.tgci a$chr'alg lir-qg-rflis an ord.ered

S-Sortcd.  a lgebr:aic theor.y satrs: iy ing the fo}.- loqing condi t ions:  :

a)  for  each urv ( ,  S*r  T(*rn) is . (#;coraplete,  i .e '  r  'gr&ch ' : : i ;

uJ-ci ,a in haa a lea.st  upper bound,

b) ' the  conpos i t io i : r  o f  morp i r i s ias  i s  t0 -con 'b . . i - t ruous ,  i ,Q. ,  the

composi t ion preserves l -east '  u-upcr bouncls of  uJ-chairrs.

, Arry u.3 -con'i; inuous S-sor,ted algebraic theory is a ra-bi:onail-Ji

c losco  S*sor ted  a lgebra ic 'bheory"

Let I  and Tt b* uJ-cont inuous S-sorted algebraic th 'eor ie i ; ' .

A Ugryhigrn-qf 1,,t-cont,irrupus. $:-s-Qft- is an

r,r .dor.or l  , , theorv morohism l '  :  T ---rT 'SUCh 'bhat for  a l l  uy ' '6 'S*
v !  u v I  v \ - .  v r r v  v r  

. /  
, ' l : " ,

the restr ict ion of  f l to f (u,v)  is  an. ul -cont inuous funct ion.  l 'TQ: ,

consider the order-proper-bies of  the set  of  * l -coht inuo:;s t [eory

r,oL'phisns fr.orn Tto T'. Thc oi' i lcring is thre nalbural conlrnnent'r.vise

oroerii€ : :i: 'or F, G , I_*> T' ,

F  {  G i f t '  r ' (o1)  .€  c(d)  in  } '1u,v) ,

1-,
I I  

-
}-
I I r

rv
d {  6  J  ( u r v ) .



j . i ' : r - ' \

.  ^ .  ;  1 " 3 -

This ur'dering is u9-comple'Le" Indeed- if

and f 'o r  u ,v  65*  and d , :  u  - * - *  v r

tiren F is arr t$-continu.ous theorl, '  naorphism. .- '  ' :  '

,.Lro.t-CT : ,denote the f'r.en-l..gl.-certinuous S-S.ortcd. al.g.e'braio ,i,.
r

. t -

ite ranked al-pi.abet ffiBPo 'rii;'ij

Ie th&t'T is an algB'braic, .,
r-
t_

: [ ---+

generariiy lve

to,,i,,* * i s  an  d-cha in

tireor;r, qnd let

Without -Loss of

J
f

nrlf

f

alssun

subtheor$ of

for all i

' - ' -  '  I  F o r

nfn

f
and. that I

f
is " i ;he corestr ict ion of T

U
T-r

an

9 '

c > , f
For bach ranlied alphabe't irap f,..:,.f -=**..f , where J is

rd -cont inuous S-sorted algebrai .c i theoryr vr€ denote by

, . . i , i : : s

: l-;; i  i  r:1'

f# : 'CT --)T the unique rr l-continuoub theory
f ,{ts

that  J f  "  - f .  l f  vre orcier coi l lponent lv ise'uhe
T-

phabet maps fron f to T then the ap1,lica;,i:ioni-

--+T the unique al-continuoub theory morphismjip,uch

'uhe.,$'€t of , rankeitl alo

l! 46,f,1., frs "ant isoo l, j-i.r

morphisn of  part ia l ly  ordered sets.  ' ' ' .  i '  
' , ' : i - " -  , ; : '

!-

V,/e dbfrne an..utJ-con:ti-nrloll$,-+$'x'S#-sorted algebraic tl ieory T ' ' I

v*hich is.., lrsed forr solving systems of context-free equations.

Letters prq anr l  r  . , ,v i l - l  cr-enoie cJ 'em-qnts of  (S xS*)* .

For al l  p. let

and let

f  p = t q l  ,

. , ' 1 ' .

" ' P  
- - . - - - l ' r P  \V  2  , " "  v  t n t  I. u  t - y l

t

be the funct ion def ined

{ F
\ l €A  '  '  s x so p ' ' p

e  I  t n l ]

a l l  p ,

d Y )  =  p i

by'

a*
P

Tn
Y

(

tn ^\ ]- 'a *'ha set Of ranked alphmbet map\ Y r Y /  u v  w r ^ v



_ 1 9

f ron S- to CT .  Th.e ;e t  T{, , ,  q)  ,  j -s ordered .  component lv ise,{'* p **T*
1-- q

T \ -  n -
i o  - F . n r " n t t  f  r - E T .  r n . n \ . { " 1 n  i " 6 \ F . { 3 ( r y ) * < g ( r y ) i n c r  ( n . )
J s v o ;  r r ' ; : r  d , r r  l t  8 € - L  \ P l 9 / '  I  l . i j  ' L - L x  r r t i / \  r - ) \ a i ' '  * ^ "  " - ' *  ' ; - 1 , '

.L-- n
Y

;  '  '  r '  - t J  r y h . i  c  n r . r l n r i n n '  ' i  c  t r l - a n m n l  p t e  p r r d  l " l i  f n ^ n ) .  h n s  .I ' O f  e l l  1 g  I i p t l  .  r ] r - L i i  u I L r r I ' J l l S  I L j  w - G U l u i r r v t / r *  d . r r L r  r  \ P l 9 r ' r r c l i }  ( a

l e a s " b e . l . e m e n ' b  l *  ^ .  :r-p q

The conposition of morph::.sn$ is i lefined by Ir,11i"i,;,

}L--ff

4 - - 4 t
1 6  -  L { )

v /h .e re  t reT (pnq)  and ggT (g , r ) .  I ' he  conpos i t ion  is  a$so.e , ia t i ' r . re ; , . . , :

and for eacli p the morphism.lo c .di; is ,an. identit;f . The co.apo;?
'  L _ n

v

, qr;
,: \,:" l-

l ra

sition is rrJ-continuous and loq I = Io" for ail '8'6 [,,,1'gr#,) "

For  a l l  p  and i  e  [ tp l ]  le t

Yl ' Pi *--rP

the mor.'phisro def.Ln.ed by

D .
Y-(tr.  -)  =
t _ '  l .

,i
t-

. (61) .
P

I f  lpl  = ]  then Yl = .p.

Th'e morphisms f! rvil l be tile clistinguished nurphisms" 9f

iire theony"F . If iehptl ar:d Fi'. , P1 -:r.-tq then the ino,gsih*sm

4 F trPz, 'e r  F,o, )  ;  P -1* g. ,

defined by
. P 1  r - r(  P 1 , r . c ,  p , o , >  ( u  l )  =  1 l i (  r ; t ) ,  i  e [ n t ]

is the unique uiorpnis'm from p tor q such; r,!at

' ,  
{ ? { p 1 , o . . , P r o ,  >  = P i

for  a t t i t  g l ln f  
i  .  I t  is  easy to  see that  the tup l ing operat ion

is  monctcn ic .

Ir .or", :al l  prq let fr tnrq).ba., ' i the set of randked atphabet

maps f'"r.torr f O 
to tt- such that f (d 

l) € ,- (ni) {or .fi
- q  - e



T-'; j-n an
I

.  - f  . - lI  , {  
L t p r J

^r' i
v ! r o

a  - L '  r u

?-0 
7

to seei .trrafL,easy algebraic subi;J::.eory

least ra-[;-pnally. c]oseC. subtheorlr bf , T miaich

Ej ve in t i r is  snee' i  a}  c.qse a better con* ,+"-
€ i !  

v  \ ,  J I I  u r { & u  u } / v v . r - q +

. ts.aa rennne"cr.  1ne p.resented in, the f l ,+l f .s. t  , r_, : , . ,t /L lg 6( j l .1r. i r  i iJ.  \  T '- ,*  -  -

. ! ,

1-,et A1g lie thLe

c'ontains T. o Y/e shall
J-

strucf:.on of A1.g therr

SeCt l iO11"

'JJe shall begin r,vitfu sone {ntuitive e*plarrations and' pQ.in.Q

nn*  q . *  i  nn
I a v  v q  O

For  s .€  S  and u€  S, " ,
')6 -- ' .  

the elenent of , ,CT (s,p)  are f -  - - !seapr*.
f

(trees with s;rnrbols of op'erationsi fron f ) of sort s anrJ: vri'i*r ,i,.

lu t  var iab le*  * , r r1 ,  ** r2  , . . . r  * r r r l . r l  o f  
lo_t t *  

* t . ,  v2n, . * t , io9, l r r l  . ' .  ,

The subse't T-r- (snu) contaj,ns. atl the total:fj.n;ite',,,itresi$. qf btle
f

see-9:kinci. rFu,€ st( and i e [rurl , the f -tree *f; e r.-(u'u) lqt - - t ' t

ecr"ix?l. "to;,the vari.abl-g xrr,1-.*Jf ,,ff€.,f and a(y) = Grr:-) then.... ..;,:

I_ (r): = g (s) is the f - tree
f

u, fu.rI

G '

X
ur  f '

x
Q t z

of. Fi {" (,s, u) ,p ) mqy be ideruli*: -

( s , u )  r  i . e i  w i - b h  a  f  ^ - t r e e  o f
c D

X

s o r t  s  a n d  w i t h  v a r i a b l e r  * , r r l ,  * r r 2 r . . . i x u r f u 1  i  b u t  i t  i s  p e r -

haps be tte:' to't]:ink of it qs. fhe, equality

6 i - o r * ,  ( * r , , 1 ,  . u r z r . . . . l x u r  
1 u l  )  =  , a

* . , ,
wnrci-r 'gLves a def in i t ion of  the operat ion'syrnbol  t r {u ' t )  wi th

the ai l  of  the J-  - . - t re€ &r i .o.  in ierms of  the operat ion sym-* p

b o l s u f  f - o  .* p

A,rahi 'O" iu* f  e T (p,q.)  g ives thea a def in i t ion of  the ope-

r & o

' r -rf
ci. . vr

p

s  ( x u , 1 r * ,  
, 2 ,  

.  o .  r x u , l , r l  )  =

Lf "(s r u) 4.,$ x"S*

fied vrith an element.

element
-' 

I'!nr
v !



2..- -

rption f ivmbol-.r ^ '-1" \-- hrr t f i . , .  'on,gratign 5y:nbol-S Of f ^ " In+  c l v . L v r r  u J / r r r v v ! . l  W I  / *  n  
q v . * . v r r  

r - L
IJ

this vrd{f a system of context-free eqllati.Ons is a morphiSm^

oPQ r.PQ are ui i lmo$m operati-on syinbiol-sS I  r * " ' ,  U  l p l

Olfr, + lqt are kno\''m- opcration sJ'rmbo'l;sr ',qec

f I  the opere:t i -on symbols nln, . . . ,  o ' | f i1.  ,

f e T(p.ipq) ',,,rhere

, . n , i '  e  V V .( a r r u  
"  l i l l + l  

t r e ' t

whenr:i{e ca}cuf.ate

:auge ,

afe j

i t lent i f ied ' ;1 i . th  operat ion syarbo-Ls f  I  , . . . ,  S lp f  o  '  
. i  t *

tr 'or each p, eact l  u 6 S* ancl each ie [ tut l  tet

* l  t t  :  (u i ,  u)  **  p

mornhisrn of F- def ined byt 1  ' v

( u * , u )  , l
* { ' * ( t r 1 - '  )  =  x i

shows that, . . the opera'f ion

I.J !' UJ,I F-

and let

. i

lhe mc,rph.isrn 
"?ttJ

i - th  p ro jec t ion"

::: :; ;.i llef each u €, S# .,.tt:1,i

. i) ,t.j

be the morpi:isin of T-, ciefined by

r  =  ( s r r u )  ( s ' u ) . ,  
"  

( s . . r u ) r t

Tr,# t  (s- r : )  " - - *  rr r r t  r  \ u ? s

t t  " 1","1, ,* L ",0l.o, 
a ,f

. : . ;  t ,  
( o ' ; ) >

The ebove eqriality shov,rs that '

(  f l f  ) ,  . " . .

\ . -
r , t  l  /

!  [ u r

* T / - -  \ \
t .  e  . ,  U  

n \ r ' U r l ,  
. . .  t ^ * l U l  , ,

eac t r  p  we  assune f i t t , p ) "g f  ( t , p )

t r { s r l t )  ( * , r , r ,  x u  
, 2 ,  

o . .  r x u

= F i l * r (  a { ( x ' o , 1 r . . . r x

F o r  e a c h  t € S ' x

\
u r l l l l '

iF
S and



and

/ - 1  \

( 2 1

( 7 )

then

:
t A \

( ' 7 \

if

then

( B )

if

.  " i . .

a 4
Ld * .

we List some conditi ons on the far,ii iy

, . P  t v  c  Q , r  t r ' ,  -  r r \  r r \  f n '  o l ' l  r r  ,  
" *f i  s r \ \ \ \ L : r s l  , y /  r . \ J !  Q . L L .  u s u  tJ -

f i ,
i € l l"tl and

" {  € f t ( t ,p)
and.

then l,rrt ({ t,42, . . . $r. ,.q} € $.{ tu rrri ,

. ( D  f o r  e a c h  u 6 5 1 ,  i - -  ( s r s i s e o . " s - ) € , S X
, t -  a -  l I

o {  €  R ( t ,  t p )

a n d  d i  €  ( (  ( s i , u )  r  p )  f o r  a l - l  i  e , [ n l  i

i l rqn ot (u  t rxz i  . , . . , {n ,  o t }  €  q(  (sru)  r  p) ,

( .5) for each u € S,1, p yand ir  €, l lnt l  i r  { lF1 ,  (s,srsr. . .s*n)

a n d ' i f

e jeRt  C" ,  ru ) ,F)  fo r  a i l  j  e  [n l  . r  :

y | * ( ( p i , p ) f o r ' a } 1 p ' a n d . . i . 4 ' [ l p l l ,

, i p , f :  e a c h u C s * ,  t  =  ( s r s r s r o . . s n ) € S x S *  a n d  p  i f "

l ' n f  i ' r  '
L "  J

P ) '

g

S". "and p if

:,;. :i

r ,1

::' i;-

for each p

if * €lryX t, tp )

for each p

^ ,{*-
f-\ tt| i  I(&" ='[y'

I !;:.i ir,

;i;l r

e iry\

S X S

n' t f , . ,  ( { l_,{2".  . .  ; ( ; ' ,  y }  € Sr, t" ,u),p),

and  each '  t  €  S 'K :S i6 ,

f
t h e n  o ( ' 6 B ( t , p ) ,

a n d  e a c h  t , t t  C  S X : S x

+ l  n \  r . ;
"  , v , / ,

.tF

a n d  e a c h '

& ( ft, 1^>
. r l J

for eadh t e

n .  r r n  no(  € (BXt ,p )  then q  
"H)  

c ($( t r  ep) .

We first notice that ) = &l:,.i6; = 57, T = 55

LmpJLes U.  ;  " . , '

\ , - /

anc rnaf,

rill,-' :,i"l,b: :i,""i,

n  
i ' . "  .(./ a'

a (  € @ ( t ' , t p )  a n d  p 6 @ ( t , p ) '



:

t , , fhor i . ,we, give $ame i .n 'Lui .b ive expl-enabionsr ' ; ,here'  the eleme': 'b

,A
or(n l t ,p)  are thought  as f  .  - t reesn

\-/ r!

Conctj.tion 1 sarrs tlrat @ coni;ains the variablesr .,:

0ondi'bion 2 says that for each p and 'i,.€ 
[f pil if", 'r . ',

=  ( s r l u )  t hen  @fn i ,n )  con ra ins , , c l ( * r r , , 1  r xu rz t . . . r x * . ,  I . u l ) '

is, c.l-osed. uncier subs-bitutisn ot'Conditron-5 says ttrat 8)

P1

var iac- l -es,

Condition 4 says 'bnat

variabl-es in an i.terationn

,under suDs'l l tut].on of

_:, ...-
- , 1

6
\J/

' - r 15  C IOSeO

i - , ,1

.  / '  l r  : . .
\ r g l -^  r u l

r n  l 1
.I,' t * 4,

Condition , says that @ 
js clQsed":und.9p the algeb::a.ic

operat ions.

into a ' 'cree of an operation

ftreorcm. The famiJ.Y

A t g ( t r p )  v r n e r e  t € S x S {  a n d

least fanil; '  satisfYing everyone

A )  1 ,  2 ,  J  a n d  6 ,

B) l - ,  4 and 5,

Cl)  l - ,  5,  6 and 7t

D )  1 ,  2  a n d  4 .

PqILof . I. For each s € Sr

r i

4, ",

( s ,u )  then
. (

I 'll I' l.,  \ .  t v

Condi'bion 7 
'says that fg) ', i ls closed urrder substitution

synbol define$ by anoth-ec'tree$. ,. Yl1

p e ($ xSl)* ls equal" '5getf*'e,-il1u;;,

of the 'fol,Ipw;fng condit,ions: i

. ;

*
r r € S * ,  , p  a n d  o { e  T ( ( s , u ) , P )

i a !  ) -
*r.H- i "

'. ,., ;

(ut, ,,r; ( *!; u ' . .P lu r o . r t  - " t u t

-  * P r u -  -  ̂  ̂  - * P r D .  o {
t  ^ 2  t . . . t " l U [ ,

(9 )  ' *? " ,u )  ( *  t ' ,  *E to  , . " ,  "1 ; t  ,  d  )  =

( s r u )

( " l t" ) t ( h t " ,



2 4 _
4+,?r

- . 2 - P l U  
" - P ; u v )  

( . T  t T  r / r  ' f '
- \  A - 1  r . ' . .  t { ) .  r l  \ - - *  ( f l r r r , - t  J  (  J -  i ' t r 1  i  t  " . ; c J --  . L  -  L r  

5  
r u r  ' J -  

)  )o-"-I

r ' -  r r \ .  ,  n - r ' r  ( u 1 r u ) .  n - l r . ( ' t ; r , u ) ,  T r ^ l r  . - . ( u l , : l
- n 1 / { i .  1 . ' ' l t l / \ l . , l J r u f r :  r '  \  . r P l * ( t r _ 4 '  .  ) - "  r r l ' e *  ( ( f  s r- * \  \ u l  i  \ l ! i '  t u l  t  r n Z  \ " . i 1  t  t  "  * .  r ^ l u i  * " l u l

( 4 o r ) ) )  =
I

r r  \' * ' )  >  =
.  /  ̂  , .  \=  o { ( r { " " , t ) l  < i ,  t t , . o c , * l , r r  }  =  

" 4 (  f { t ' o ) ) "

XI,;,: We prove same implica.ttpns' between the previ,o{ts,, pj8ht

f )

a } @ ; f r o m 9 . w i . L } r - y - ? . f , o r o ( . . , , . . : . . ]
:

n  p i p . t
b) Z arid 4 iupUl : since yI = (v1ir)

c )  @:  obv ious .  . . . . .  " . ' '

d) 5 g+q-o- iro_ly -4: o'';-vicrus.-

e). 1--qnd-4 imply 6 : r' ': ith.!he sam9.nct3.!i9n as in 6 and

\yi th t  = (s,u) i t  fot ' l .olvs from,9-.that-.  :  '  . . - .  :" j - :r  I

i '  
. r  , , , t : .

\ " , q . , ,  ; t  :

f ) ,,4 ?nq_8*j.mpl,y.-2 : ivith the sane ,notgtior? as. in 7 iJ ' ' . r:'
+*  { '  .  

' :

' ; foll 'ow5from c{ - {ot V i! I ) 
ti:e,t' 'r . ,. i-.. 

' ' '

, +
'  * , t (d t , {z r  or  o  ; { r r ,q . )  =  } , {T(" { l r . . .  Sr , . ,  t "<vt |y ' )  

t  
}  .

: g) 5.? and B inply 7 : rvith the sane notation as in 7 it

suf f ices to not ice t i re equal i tY .

1 1  ^  r r . r  t - n  t n  t n ^  '.  i r i [ ( { i 1 , . , , d r 1 , {  }  =  t r i t ( d r  v i ! . ; 1 . . . 1 q n  v i | l ,  v i v )  ( d  ,  t o )

u I . I t f o 1 1 o v r s : r r o m a ) a n d b ) i h a t c o n c 1 i t i o n s B a n d ' D a r e

-,i. ',r

eo,uivalent.

. A
Let j{ be the }east

least fait i ly sa-bisfying

t isfy ing conci i t ion C.

I'bi; ioll-ows i"rom d) that

.then for each t € S x S* ancl e

family,,rsatisfying qondition A' ff tne ,'":.,*;,
t

a  , .
conclition B ano b tlle reasr .fanilry. ea- "'u-..i

s Dr therefore & i.qlp}, e-s B

. t l l l

p )  c  
' . ' '  i

{  
' n ' /r implie

^ n h  n
C l v r l  y

A

s Jt ( t ,6  t t , p l



It is easy to show that the:farni.ly Aig

thereforej for each p and eac!1o,''$ €,$rx $,I

B ' l t r p )  €  A lg  ( t ,P ) .

- T:IT
r v  a

for all
;

I I ,

We prove that t. '1 ,

artd

f,of all 'i e

i e [p] then

and only: if

l t n r l  i r  , , p i  =  ( s , s rs r . . . s , ' )  and  f j €T r ( (s ; ru ) rP ) ,

The fo. t tdvr ing ealcul-at ioh,  rad:ere r  .= (stru) (srru). . .  (srre 'u)Pi

' t t

. r  ( U l "  ̂ t r -  f - -  - f - , v 9 > ) ( d . , i s 1 u / ; =
p ;  - ' L r * f t ,  c ' ' t - ' I } t n  a  f  ' '  -  I
- l -

fulfiLs

'a

n
{ i ' (  ,

* I . , . . , .  i . , . . , , . , ,  L i

- - \  -  A , t *  * \A l g ( t , P )  g  { t s t t r P )

^ - :  * -  C . r Q *
a n q  L e J t r l f .  r . . , -  ,  i * i t " ' : , : . '

knovrrr that for eacil";u € ST, r,...,rjr-, j t ,

{Tr 
(u ''l}" e s' 

t ri}ie[tel]-)
- . p

is a free f ., 
-argebra'generqfed b;' ["] lt *[f"l]] ta""1u

v
at l  ie [ tnr l  i f  p i  = (s,srsr . . .ur)  and nf€k- .* , (Fr i - ,St , , i

then

t r i ( h l rh / te . t . r hn )  =  t -

4 o
L

g-€i,nier'uhere exists a naLu:'al- bijection betvreen
t - ?  . "
T1 [(" rlt) rF-) it for].ows trrati, , , -'t ^ ,..

It{,

p

iis

rn
3.

f ;
] " -

(F . ,9 )  <  h l rh2r  - . ;  r

;i\

i," * rrel t . -atgebra genepate4, by i"l'" It e[full I wr,ere

if

^  p - { # , " ' u  t ^  " \-  l + ' +  r= ( 1 L t T . r . . . , f r r '  y { > - '  ( [ , I $ i (  a t i ' * / ) )  =



2 6 *

h { F
= {  j l t ,  f  vr . . .  r fnr  r {  }  ( ;

r '  
t " r ] + l '  ] ' " 5 1  ' - I

( , r t _ ?

(r"l' l * . ,  ) (  ; l - , .  t r ] " ) , o  i . ' J
f  ' ' ' ' nI

r' .1,i""
' !  

t  
' l : : \  i .  :  i-  

i !

, , , ( , e ' f ) ) )  =

ri . -;..  . :^" \  ' "

+ 1 ^  ^ h
uJ.r.  v i I

= y tr l ; i 'y (fr( o'1"," '" '

"\=  f  ( s , Y
r . rt - n

v

( s "  . u )  ( s -  r u )
)  {  f r (  6 t  * '  ) ,  . . . ,  f ' r *  (  o 1 ,  

, "  i  =

= 0i .  r r r r  r i "1ru) ) , . . . ,  r* t , { lP+' t )  )  )

shows that

Yi( f l  1 f  2 t . . .  r fn)  =  t . , { f , . ,  (  f r  , !2r . ' ' .  r f r r rY l  ) . ' -1. .li 
" i i!,

As  the  feF r i t v  S  fu l f i l . s( l v  v . ! v  4 conditiqns

that

: . : '

f o r  a l t  t € S x S *  a n d  p  .  . .  , - ' ' r  l
.A

ft.fo:l, l"ov,rs'from a) ancl e) thatls

6it i jdi '  S1 and S?. 'rTe shall prove:::that

-  j '  ' t !  . .

.fUlfils conc'i.ird.ions

S rrrtritu conditio

rva ' l ' l a

' ;1! '1! i-N W6 first prove by induction that S,.fu,Lfi ls cobclit ion,

-  n n f  z r  n n l - 7 "i .€. r" 'with Y = < ViSl '  ,  VSy' ,)  , : ,

fo r  a l l '  t t  e  SX Sx and erpr ' r r "6 - " (S ,xSo)* .

, . : f , f  : i  f -= * l " to vrhere u €s*,  i  e [ tur l  and t '  = (u1ru)

o D  t  r . u
f ,  y = 

"f l  
'  l*  e. $(t ,  r  c-o'r ] . .

'  .Wi t i :  the 'samg notat ion 'gs ' i t  1  where p = qr  and t r
ir'

t
f  =  L t ( * r r { 2 , . . . 1 c ( r . ,  o ( . '  )

then

=  ( s  r u )
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+
, ,  e d - y > -

+
-  r , t  ( { r v ,  4  z y e .  o .  1 { r r y ,  ( d  ( l , t * y ) l ' *  .

l " l  -= l ' t { d 1 J r d 2 Y r . . . , d J r  ( d ( y r r )  , J , $ l  > )

therefore, since "by the indue'f,i"gg ',4ypothesi's :,",

r (  i y  €  I  (  ( s i , u )  rQ-P ' ' r )

:...i

a r r d  ' " o ( ( Y 1 f 1

it foll-oivs that

Viith the

p = q r  i f

then

( t q ) p ,  r  ( t q ) p ' r
Fr

> e u 5 ( t ,
r 1

f ve$ ( t ' r  eP ' r . ) .
sarxe' notu*t"l a$'!ian 5 vthere't I

. .
i

U =  t } i ( ( r r 42 r . ' . , 4n r  Y l ' ) , ,

,1.":.'.

,  y 3 ) r )

f  y  =  i l $ r { * r -Y ,c  2J t , . " rSnY,  v l  v , } . ,= ; , , '

and

l , , i : . (4 ryr  
q 

2J;  . . . 'o(r r*y,  yP' ' "  ) . ' -  r  , , ,1f  i  e 
' [ ret)

t r i L u

, 1  _ q p r r  ; - f r  t q [ < i
' u i i .  

{ * t : } 'd  2Yt . , " . rd , i , l - r  y r$ l i " i  l f
' i -  

l q l  
4  

r

i.t follovis from the *iFductive'-'gtrtpolhesis that

f y e S ( t ' , q ! ' r ) .  , , t  : l

Ae:56 implies B, it foLtor,v,s fl.,on, f) that 3i futfits con-

s i t i o n  9 .

t 'or  technical  reasons, wej  shal l  prove by' induct iqn on f

that ' . , i3 iu l f i ls  a stronger condi t i .on th.an.,S?, i .e"  for  Q&ch, ' , :

- *  -  r A  ^ * \ * : o  
' : (

t t  6  S  r  S "  a n d  e a c h  e r p t  r r  €  ( s  $ " /  1 r

fe  i l }  t t ' :Qr)

. ) f i €  $ { r y l ' )  f o r  i € [ l r r l

(= x
L

the:lef orte

l p l  ' ,

* ! r n --  - - -  -  t  J , t  v l - t
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\ g 4 l 1  ,  / \ t s  - , ) -  n ! -  \  \  L  F .  l . l t  . 1 n t
U  \ J r r  - 1 6 1 t  6 Z g o o r t d t f . t e , /  t .  v ; \ Y  t \ t t '

Y

L e t  z  =  1 .  o 4 f f ,  f Z r c . . ) . r . ) f . r )  i  ,
Y J C

I f  f  = r.?"tu v,,here u €S*, i 'a ' f tui"!  and rt l

\ r -  
t  

r u  e  Q . r + t  n n r  \  :
N z  

-  x - i  e  J J ( t r ' 1 Q ! . / r ,

l r ,

'  ' : i , i i , ,  r  '
tr'i i

I r r  r i \ . 1 ' h o n\ ui r q.,t

'1. ' i  
, , r ,1 ' ,  i . i  . .

aQd t  r  1; ' r  (s ru)

7 . {

V,rtth .clqi;,, ,arne notation as i.n'4 whofe,

i  , l

rsJ.,A f
t )  \ l J

t
f  =  u t (d t , 4z r . , . . dn ,  o { ' i > . ;

(oc(lt +,,,zl l ]-) =

foll-ov,rs from the intluctive .hypotiresis ..Tnrtlat

{ , q  S ( t ' ,  q D ' )
'same 

notatiorl' as , in lt l'uhe'Te

n $ r , o  L r 4  z r . . o , d , r  t ?  > , ;
: j .

d u ( t r  r d Z z r o . . r 4 n " ,  y l  z , j  =

t . ( o | t z rg r z i . . . t s# ,  Y l

' ' "  { l s ' "  l '  '

P rr qr and

{ ' r ,x '".  4f

r . ,  -1-f  i : i : 'r ' r + i . "  r  ? 1 r

' 1 J r ,

, . }

t t 1"(E i$)-,.,lrtr,lr

, : ' !  :1
' 1 '

then

f". =
t l -

. .ir.', -

. F - t

f f  r  6  L t q r j

lvith'trre

' f =
0

l q l  4 , i  g  l p t

u j ) t  , " , i .

ili;.,
* I

a lY ' >

Tf

by

then l

. * ; - " o lu a  -  r , " i4<r ,  Sz t r * . .1qr rz ,

" ' theref t l re. i t

= Mt <d i'/ '(2zr'. ,'."10(oill
, +
(a( lar+ ".{'fr,'%' ! . " fr rl) )'

i f  i . 6  [ i q l l
n l

" , Q p . \  i i i  t q \ < i { l f , l
" ou  

, (  d  t z  , 41z ' r .  . .  r o (ng ,  f i -  t q l r .  (Z )  '  ! a
w+.-  a -  t q t

inC',r.ctive hypothesis and ) inplies that

. g '  / r
S r e ' J j ( t ' r , Q * D ' )

t h e n , : :

f ,  e  1 5  ( t ' r Q p ' )

the ' inductive hy-oothesis, B and 5.

Sihce $ r'ulfi ls conciitions S1, 52

I ]
l i l *
JYt-

p. :- J

(

t
.l-l^ n

broposi t ion 9 that

A t q ( t , p )  s  $ (  i , o )
d



*, j } ; t ' " ,at

,:, ]i

i ir ../4'a -i-.

I

.

_ 2 9 _

f o r  a l . l  t e S x S n  a n d  p  .  
' ' .  l

V. We sti l l  have 'bc show that I '  
'  

, ' , ,

" e ( t , p ) g  F ' i t , p 1  j ' ;  ' r
'l'. r . l'

: + 6
for alt ' ,t 6 g n'gT and p. We shal-l '  prove that S tulf i ls condi,t ' i 'p,p &+'i:r

I ' t follows fron a) that K ;fri l ,.f i ls .2.. :f ir ' i-. ' '  ' '

.  , A  . - . a  ^ i r  - -  ^ /.,,, l i ie,ishalf plrove by inductron thal 6',t i ir l f i ls 56. ' ' /e'sha.Ul .:

usd'the sa'ne no'bation as in ther"g.l,qilan,proof for JJ and we6gi6i$;11

orni-b the ident ical  cases.

* ,, ,,:...

If f = o< 
l , where e(: tr ,;-F:t!'rttqr -Lheril.,,', i1t'i 

i

t  ( - c ' q ) P  r r  ( t ' q ) P ' r  .  . t
f y  =  ( o < ( l t , + y )  ) '  =  ( 4 ( Y q r y  ,  X  ( 7 )  )  ) , t  , t  j " , )  :

theref'ore it foflows from the inductive hypotrresis tha'bjr,'o1.r:: '

f  v  e  B ( t ' ,  q ' D ' r )

' i " i r  Wi t$ ' ' the , 'gam€ 'no ta t ioR as  in  7  w i re re 'p  =  gs i :$ f i r ,  .  . . . ,  1  ' .

f  = . d { p ,  r n }

then

therefore 'it, fol-lor,vs from the inouctive

f  y  =  c ( p v r  v )  =

=  (d  ( y ( t q )P ' r ,  y i *1 )P ' r  >  )
( r )  ( t  )

, :  1 . .  .

t  " :( F v ,  t ^ 1 " , - )  ' ) '
I Y-b/ *

hypothesis that  l

r P  r , .  V t + t  ^ ^ l z \
E  J  E  b \ u  I  W )  L t t

.Since 55 inplies B it foLlor,vs from g) that

P a f  a . r , o n n a q
4 \ V r  V r

t ' t  . 4  r rn& i r6h  T .  r i t  r r he , f  n i r o r ,  E .G i \4 /aqne r  and  J .B .Wf igh t ) ,
\ U  r t l  . J U € ; L L E I I g  V 1 i | I o - L l l c l t , \ - r r E r  t  -  O

i t lni t ial  a. lgebra semantics and continuous algebras",

JAcl ' , [ ,  24 Q9'17) ,  pp.68-95.

2. AlJ l  ( .1r"G. lVagner r  -  J. iV.Thatcher.  and J.B"Wright) ,  "Free con'b: .nLloug

, i t ineor ies",  I , I ts f te.search Report  RC 6906, lecember I97V.

. i

( r  -L UII  I rD )  bA
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AIJ (J.!'/.Trr:rtcher, I.G.1,'/aiii1:6vi'$ndl,J..B,iTri5ht), ' l ltrotes on al-

gtfbraic fundarnentals for theon$dical computer scienQp", 'r ',::.

l,{g.T }0g l..ounclatj,ons of 'co$puter seience III, pert..2'..:.::i '- ' ,.

f l  q ? g )  -  n o . B 5 - 1 6 4 ) .  :
\ - L / r / i ,  l , t

C.C,Elgot, It l , lonacli,c computatigp,.and iterative algebralg:r .;",. i

, :{heories,' , Prcc ee ciings , Lo;;ic ccl.}oqui un.J:97 5, I ' Iorth

Hoj-land (I97r) , pp.L75*25Q'' , i ' ' i ' . 1 , r  -  i .

,. i . I{,Nirrat, 'ron the int"erpre'bation of polyadic reeursivei.p-"1logr&tI1r-r.] ' ;,q

r€s r'', . Syinposi.a lotatheisgt.+ea 1 '!uto . Nattr'q;,i f i1"l-uschem€s "' '  Syinposi.a l, latheioqtica, Vo'Lr$tlr,...Insti

nale di Alt 'a Liathenatica, tr,talyr L97r. '  ' i i , '  tr.::
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