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V.E.Cdzdnescu and $.Grame : cland B 0

This paper is a natural conbinuvation of the following Cdzi~
nescu and Eng&reaﬁu'result: the W -flowcharts over an algebraiec
thedry with dterate T form a T-module with;itérété freely gegexa-i
ted by i.

The definition of H~flowcha?ts uses an artificial linear or—:.
der orfthe set of internal vertices.:We remove this deficericy by a
simple facﬁorizaﬁion} In this way we obtain-a new freétalgﬁbraic

structure which differs from the previous one by a new axiomy. o

1. dntreoduction

Let us‘begin with some notation. Tet T be an S-sorted algeey
“bréic theoPyithet M be a monoid and et r : M —> ST be a momoidg ;.
morphism.. Théllétter m will den@te‘an element of M. If fe N(n,p)
.is a morphism in the initial (one-sorted) algebraictheecry anﬁ
ml,me,.s;,mp“arg p'élemén?s of m,th§n we denote by

r(f;ml,m2,;a.,mp)e;T(r(mf(l)mf(Q)...mf(n)),r(mlmz...,p))

the unique morphism of T such that for each i€ [n]
(Or(m ‘“l’m )+lr(m )+Or(m - ';;m ))r(f;ml,...,mp)z
f(l)"‘ff(i—l) Sl Sal, : ff(i+})‘ il :
ot ] +0 -
,ir(ﬂlm?"fmf(i)-l) r(mf(i)) r‘mf(i)+l...mp)
Notice that

r(f;ml,mz,..f,mp) ] i(f;y(ml),r(mz),...,r(mp))

Q
N2

where 1 “

ig the identity morphism of:s%,
¥ . _



The follow1nﬂ equalities are easy to prove: = e
b 3 £ T ‘e = Al e
(ls‘} m(\ 51(t!.l2ye"vyxlq) T(Q,U;)_{l) m‘(2);,¢,,mg(~))1(05&11,»',-..,3}1{4},.,
for every T€ N(n,p) and g €N(p;a),
(5.2 rltf >?@1?;“,9,.,m7.w<r(f iy Ty oo el Yatles ml,mo,...,mp)h
for every feN(n,p) and g&N(a,;p),

1.3 r(fxs Iy sl ot ol o pileeel F e we gl )R gamie b ot
( oy ( l? o¥e p’_l"&"’ 3 _(2) (»f 1 9 P) (gallt s sf'q.

Yoo

: for every feuliln,p) and ge N{nd;q),

CEed) f(l_;mn;m,,...,m el e o
e n r(mlmg.,fmn)

If feN(n,n) is an isomorphism then,

r(f:m 15
(13 1 %5

;.sa,mn) is an isomorphism too and
: g =i o]
(1,5) l(l,rﬂ.l,]:}g’eo.o ,mn) "“r(—’- 7lnf(l>’n‘ ( )’°°"mf(1’l))
If  fen(2,9),1(1)=2 end £(2P=l thea’ . . No-ud Wi
r(m)
rlm')

Liet as regard again the following-exemple

b : T(f;ﬁ,m‘) = 8

.

START
(seane)
\

= i The -set of Statgments §,‘; hﬁ,?;,gf} wés~nét ral]v nndo~

cwed with thc ranking junction, T : deflned by r! \"D

‘L
c

:r”(?) =1 snd vWE) =2, fmt

~

(65

h

(6]

o
|

s 2 i

Using @ lipear order on the =6l of internal wvertlices

ted by the order of statements in the word m =M & Qc >y i e



above flowehart was represented by the triple (i,%,m) where the

funetion i :ilj e 3 [3+1j ig defined by i(1l)=1.and the funciien

:[14241) —=» [3+1] is defined by the fable

cu.

il.,g ap

Ghilige 1 Ao e

Now 1é% us change the linear oxder on the set of interngl
vertices., Let ud puk for example mbi= M .. The corresponding
input function i‘:[l] wm%-[3+l] fwidefired By i'(1) = 2. The cor-

responding funcition ﬁ‘:[}+l+2] i) [3+1] ig defined by the nmext

table 6
S e 4
ey, 3 Tad Tl C |
Hence we have in FlL ° (1,1) ‘wsix elements representing

the same flowchart. The triples (ijtym) and (1‘ tt,m') are twe of

ba

a

them. We have to btain a bijection between flow~-

ol

o something to o
charts and their abstract representations.
Coming back to our exempléy it is.natursl to 1nzroauce the
nigue *isomorphism between the two above linear orders. This 18 -

morphism £ :[3}-éé (3] is defined by

FfE ey

el 2. 3l
Let us TPm”Tk tﬂaf-the i-the 1etﬁérfdf m is eéuél‘td”ﬁhe=f(i)fﬁh
lebtber of m' Tt .18 obv1ous that: 1(C+] ) ;pi‘? Auobher equdjltv
for 6. & nd LY omay be written but we: Qhﬁi}~€0 1t only in tae Oeneral
case where uwhe understanding is easiel.
Lot M be & monoid and letex ¥ M —>.8* and r': M—eepesS be

two monoid morphisms.
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Let (i,t,m) and (i',t',m') beiin, Fl, T(a,b)a uppose
X .&Lx. 4z
¥ ¢ f i 5y o > e 7 &
o= Mllgese@yy 0 = DqHye. o0 and fe,N(n,n) is an .isomorphigm
1] g ke e . @ i
such that ny S gy for every i€ LaliwwNow, think of (1,t,m)‘andﬁn
{(i*,4' ,m* ) asitwo flowcharts with n internsl wvertices whwch daffer

only by -the order of their internal vertices and try to.write: the

con@iitionsito be imposed on i and i'vand on b and t'. Let us Thinlke

of f as an isomorphism between the ordews.of the internal verticess

If we regardithe imputs of the statements in. thesfirst flowchart iiw

r(ml)mr(m;(l)) . r(mg). fr(mﬂ)

e L
[Ze) ]

second flowchart respectively

h

(
ot
o

and in

we see that r(f;ni ml ,...,a') is the 1uongrpu1 Sn bot«eon the inputs

of the s%atements induced by £, therefore i and i must satisfy
i(r(f;mi,mé,,g.?m5)+lb):i'
If we regard the outputs of the statements.we see that

¢

r'(f;mi,m;,1,.,m'\ in the isomorphism between the outputs of the

statements induoed by f,‘therefo:e~t and t' must satisfy
_t(r(i ml,mg,...,n )+1 ) il (f,mw,m 2,...,m Y

This'is sur motiva 1on for def1n1t1or 2.4;be10w.
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5, Quotient T-modules

T,et T be and s_gorted alg {U“GIC theory with iterate.

5.1, Definition. Let Q be & Tmmo&ule withllteratea We: say.,

thet o is & congruence on Q if fo every a,be s an equivalence

relation on gla,b) is given such thats

a) o Yrdm 6(a,b). and ﬁau.mn.’(h,c) lmpTv Aﬁ%VKé in Glasc),

i Jes &~ ¥ in Gla,c) and p~ e in Q(b,c) imply <d.ﬁ;~¢£ S>1Jx§(wb,b),,

c)* ™~ P in q(a,ab) implies A%map* in G(a,b).

et us denote by C(dJ the equivalence cless of eQl{a,b).

2,2, Definition. T 20 mwﬁ»@ be @& T-module wxuh iterate

and 1é% ~ ‘be a congruence g6, The guotient pomodule with itera-

e Him : T —3 Qfes of Q by~ 18 gefined by

Q/~ (a a,b)=0(2,0)/~ WY Fhr all a,bes” ,

cbmposiﬁion C(&JC(?)xcﬁi@) . for all &&0(a, bl and.ﬁé&(b,c)3¢
fupling - (C(&J,C(ﬁ)>:£ﬂ<d,ﬁ>)‘ fomw all AEQ(a,c)end @Eﬁ(b,cJ,
iterate a@)t = clett) - sl e @la,ab),

Hfes (£) = (:(ﬁ(f)) ‘ v  for'a)} fen(a,b).

Thevcorrectness.of-the composition, tupling-amdvitérate ope—4
rations in the abpve definition:follows ffom the conditions a), b)
and ¢) of definition 2. 1

Obv1oualy Bie 8 ey B0 A8 a}Tmmodule with iterate morphiShls
Tt is easy To prde the following property:

Dade Proposition. T 188 congruence on the T-module.

with iterate Q and if F ¢ Q ——>Qtrls a morphism of T-modules with
iterate shch that : 2 o
dﬂv ﬁ lmﬂllbu R = F(P)
then there ox1sts a unique Tnmodule with 1terdte morphisr

¢ : Qfco —» Q' such that CG = F.
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2.4, Befinition. Let (i,t,m) amd (it;t',m') Be two elements

Y i

]
o

& my Pl Ty ¢ PN e R R R ST TR R B s : Pl
of Tl n(a,b). We say that (1,%,8) is equivalent to (i',tY,of) amd

M,T
- it . PR, G s N i B 4 ‘ OB i .
ve write (1 dpa)deir,t",m') if therg<exists a positive 1ntager,%”

it : . ¥ : : ' i
an  isgomorphism £€ N(n,n) & nd My oM giee RIS CRE P ORERRR AN such

e
that
Momie e S o ol
e B
mbtes mimt . o 2t
i, : n
W=t for every J€ [n]
N & Foadety
i(r(f§mi,mél,e..,mg)+lb) =% and
t(I‘(f'ml,z“,,...,m;l )+lb) = 1“‘(3‘;‘;1‘1-1';111%,...,m;l)'t'. %
In - this definition we may replace every element m, or m!
5 k k
B o o , 3 Sls S k k k
v & new product. For example if we replace m, by mlm?...mj = By
I' b3 . L\. 17‘ : - . : 0 .
then we replace m}(,) by mlmz...ng.ane f by the-isgmorphismap
éN(umlka,d"j%J) defined by
(< £(u) I Demr kel g-End T oEGule UK
flu)+j=-1 Wk it wd el wand  £lu)> £(k)
g(u) = ¢ fl)+u-k if kgu fk+j)
flu-j+1) if k+jeu and flu=j+1)< £(k)
\ f{u-j+1)+Jj-1 if k+j¢ u and . f(u-j+1)> £6k) .

It follows that :

».‘

pel (% jmd yms yoes iy Y= r(b,mw,..‘,m b k) 1’ml’m?’“"MJ’m%(k)+1”°"’m£)

therefore all the con01t10n of defilnition 24 are again fulfilled.
We suppose in the sequel thut the monw1a Mais eqv1d1vasmble

EQI]; The following property is'equivalenﬁ to tne ﬂoflnﬂmlon' of

‘equidivisibilitv' thé reader may ta ke L4 “s,a-dﬁ*¢n1110n even 1f

the original aoflnlblon is more-eleg&nﬁv*?T

1] 1] § §lyn ¥l i1 -
l( s o .T’l - IA] rl e o .m
1 o g P



then ther®d exists m e O=1 #fi. € ...< 1. <1, =6g- o
o 1,m2, ot S n=1 5 O 8 .
0 = 304 314 sl g 4jp =g suck that
m! = m, m. sy for every ke [n] and
Kk = 41 »*5@ 3 L
L e :
nl =T L Coasell for every k& [p] %
v e gl et Ik
0.5 poposition. If-the monoid M is equidivis 1ble then the
relation o from definition:2.4 6 arcongruence on FlV me
ii,.
Proof. To show that ~ ip an eguivalence relation on

(a,b) we prove only tfansitivity.

Let us sappbse (i, t,m)AJ( Lt ,m') with the same notations
as im definition+2.4 and1(i‘,t‘,m')n’(i",t”,m“), From the above re—
maxri and.eQuidivisibility we may accept without loss of generality:
that we have only .one decomposition of m' as & product, i.e. theke
exists dn isomorphism ge& N(n,n) anﬁrﬁhe equality-mﬁwmimgn.,m% :

such that

&

- 1 : for eve L& i
mf =m" ;y for every 1,\fr7

i
)
ju
)
tol

4'(?(M;ml, 5""’m”)+1b)

it Celae Fi,m;,,,,,mg)+lb) = rf(g;m”,mg,.o.,m
Then, using ( 1.1) we deduce

i(r(fg;mi,mg,.,.,m;)+lb)uf

xi(r(f;mi,mé,,*.,mﬁ)+1b)(r(g;mi,m§,,..,m;)+lb) =

i

it (rlgimy,m comP)+l, ) = it and

2

ﬁ(r(fg;mg,m%,...,m;)+lb)

= G(r(fimy,mhy ..o ym )+1 )(r(g;ml,mo,..c,m )+l )

zr'(i‘;lﬂi‘ ,E!‘é, ¢ e o ,m;})t‘ (T(,S: ‘]n] ,mgy s o e g}’v}_zfj ' )
=r'{fim!, mm,...,mé)r'(g;mg,mg,...,m;)t“ @

1
=7' (fu,ml, mé,...,mn)t" :



it

e

5

We 8till have to prove that ‘co ﬂdlthﬁu a),b) and ¢) of-defi-

U

nition 2.1 8re th,ﬂﬂlPu,

Let us suppose (jyt,m)nf (it 4%,m') with the same npojations

as in defimitiofi:2.4 and (i3u,a)e (3lsutyq') in F1l . .(b,c), d.e.
3 g BLIE e

there existep2 1, an isomorphism gel(p,p) and,ql,q?,ﬁoqu,qigq;,

v

s e q c~: 1 such that

’fj«

%.# g for every i€ [p]

[}
—~
\..S
—~
0]
<
2
{ .
~
N
£
®
<
S~
e
b
e
i
(5]
]
B
ol

Therefore

mlmgo..m Ch o RN

g =
: el P

':i'i: 1 § en‘|0ic‘ ..,C‘
11 q lﬂ 20 I‘t’l*] _,20 L,p

and the isomorphism f+geN(n+p,n+p) fulfils the neccessary condi~

tions to show that £i,5,m)(J,usa)er (&7,t",m*3(j%,u",9%)3

A Qe )ww)(r(f+o,mi,m§,ﬂ.,smgsﬁ%,Géyoa-,qg)+l=) =

=i(r(fs jmy ,mb ,.n,mﬁ)+1b}(lf<m?) jtxr(g 1yon?°°dyU,)+1 1) i

=t (11‘(“1,)4“3 ) and =
(—lx(l_\n(m) ) Qr( )’{" x)(T(f-i“g,ﬂl,I‘lZ,...,‘n ,Cj]yc ’ooogq )"‘1 )

,...,0 Y41 )),-

i

<t(r(f ST MYy e w10 )+1 )(1r( )+ﬁ(r(g;q é

y+u T(g;ﬂi,qz,...,o )41 ) >=
(¢

;(.r‘(f;mi,m;,

s : iR ot ot +
ﬂl'(f+g’mi’mé"7”mn{ql’92"'f’qp)< 5t (l

) #3050+

ﬁsqisqg,--»,o’)“t' =
T ey
f(m')“§ d:a3 r(rn') >"

Let us suppose (i,%,m)~ (i%,5%,m') with the same notatlons«

as in definition 2.4 and (j,u,q)~ (§*5u',q') in Fl, T(C’b) with
) i,

4

notation similar to the above one. The isomorphism f+g€N(n&y;n+p)



=0

fulfills the‘neccessary conditions to-show that «(i,t,m),(j,n,q)> o
»Q i At 3t gt el s 57 ( Siing
RGO AR S )>ﬂ< l<lr(ﬂ)+uv(q)%ib)’Ur(m)+J‘
(I<"’To”?11*ceu’~1v}n(‘L,Own,(} )"' 1 )
::: 1o Pampt oo mt) _‘ . S S % & A
< 1(r(¢;ml9 *’”m)zle\lr(m‘)”Qr(q‘)*lb)‘”r(m'}+d(i(g qi“"”%p)+lb)>

=4 F (11"('{;1' );.,Q

SR L
z(m)'H )5C r(m'}id ¥y 0

471 ; " 3 A1 o {2 rayn ¥ ] 5';,.@ \rﬁ\_,:”w o
Lb(¢m(ﬂ)4 r(q)wlb)7Or(m)§u>(1(¢+g,mlg.ag,mn,gli 1G5) lb) ”

41
=4 r’(f;mi,.,.,mﬁ)t‘(1r(m,)+0r(06)+11)yOr(m,)+r°( ,ul,...,u‘)u'> =

= r'((+“9ﬁL’°-'7mp9@“!"°7G )< L‘;(11(1'} )‘O

1 p )+1b)’or(m=7fus‘ g

vy
Let+udvsuppose s (i, t,my~ {1, " ;mb) in,Flm’T(a,aB),'ine.

there existg&g]w 3m.isomorphi$ﬁ f€N(n,n) and

ml,mg,,.,;mn,mi,mé,;..;mﬁ such;ﬁhﬁt
m o= M.l

Mt e elit
12 n

m.= m' for emch i€ fn]
i &)

i(r(f;mi,mé,.e.,mé)+1ab)'z it ecani

't(r(f;m.i,]ﬁ,‘/:,..g,ﬂ’i;l)-$~1ab) = Ibi(f;m:' " ;oqa;q')t'

The following calculation. proves that (i,t,m)TAv(if,t‘,m')T:g

(z(o (q>+1 W r(f ,ml,mz,a.o9m )+ +14 ) e

(1(o %1b)(1a+r(f;mi,mé,..A,mﬁ)+lb))7 =

r(m)

a
’~\L(I(J,ml,n/,..n,ﬂ Y+l b)(uf(m

)*‘lq))’T (l ( I‘(Il ) )).i- and

a a el
e 5 ¢ {5 [ e 5 Yy '_i‘ N e B ni ! -
t(br(m)flb) kl(gr(m)flbj) ’lf(m)b>(r(i’m1’ya’f“’mn)+ib)

it

By : a
aﬁ(Sr(m):l )(l ir(i,ﬂlqu,...,x ) b,é(l (D el )+l )) _ r(m')b

'zt(r(fgmi’mé?'f"mﬁ)*lab)(br(m')+1b)<(l'(br(m')§l )) r(n )b =
B = &
=rt (L5 ml’“D""’m )L (Sr(m‘)*lb><(%'(Sr(m')+lb)) ’1r(m')b>



Let OFly. n.be the  guotient o Fl, , by~ , C85:0 — 7L
g i pir Rttt oot 7 i

L

is struciturdis functor and szk —3 GF1l.. « the standard inbterpreta-
. k8] o

tion of No&n Cﬁlw oy 1ee. the compegition-of IM by canonicail T-mo-
'?‘Y“L 3
dules with . Ju@j?io morphism § : Fly p Flp T/Q,.
.L.% " \‘_‘,

3, Commutative T-modules

3.1 Defingbion. A T-module H

T
I

T 3> @ i8 said to be commu-

tative it

B a &
H(Sb)ﬁi+p) = (P+&>H(Sd)
for every oL €Q(a,c) and F’éqi(b,d),
The T-module T withlstructural functor 1T is commubative.

3:2: Propoaition. A T odu]e with iterate H ¢ T —23Q is

commutative if and only if

b

for every ok € Q(b,c) and. pe Q(a,c).s

"

Proof. Let us suppose that @ is commutative,oté-Q(b,Q) and aqus

ﬁé;@(a c}‘ As <k By = (A+p )K((lc,l S) we deduce

b :
(3, )45t B> = B(S.) @+p)H(< 1,1 > ) =

35
e

::((}vmi)ﬂ(bc (pra)H(¢ Lok P) =4 B y& >

x
£
Let fis prove the other implication. If L&(a,c) and BeG(b,d)

then

H(5,) @p) = H(5,) €lii(2 404, B (0g41g)> =

i

2P H(O +1,), of H(L, ‘+-o&)>

el s : b
=< P H('(]_“+O )QZ) OCH((’) +1 ) d)':» =
=il 1{( TP du?(o +1,)> H(S C)

ﬁ*o() I(nd, 4



e e

3.3. Proposition. The T-module C @1 ..... sids 0omﬁut ative. .
» L
ﬁhﬁ?( To show thatb cf" i is commatatlve, it is enowughaddisi
prove that (Fid,m)e ‘wﬁ ”(a,o) and (40,4 ,m’ )& Fi iy, m(U;C) imply.
b :
St(SP}<.(i‘,t‘ﬁm‘)é(i,t,m)>ruf€_(i@tgm)?(i',t‘;m')» .

T.et us recall that

L fiptom) (gt smt s x(éi(lr(m)‘ r(m® ) ) : % (b“(l) r(m')c)>"
£ +0 3] 't z . vt
L(lr(ﬂl) 't'(_)r(m‘ ) f‘,LC) s U (Or(m) ‘ivll‘(l'ﬂ' ) C)} PR )‘a i
It is casy to see that
b : :
SHUE 4 (et (1, 5,m)2 0=

(e b, («w) r(mw)’i'(lr('m-)‘*Or(m)“o)"}’
41;'(] ‘( m* ) (T\A i ) 'L(Ur(m )+11(1 )C)} ,. I‘Il'nl)‘

Tet £€ N(2,2) be the isomorphism defined by f£(1)=2+ and

; 2 { v A § :
£ V=1 s r(f;mym'):Slgm) and r'(fsm,m' )= - (m) ‘it follows that .=
: #lmt) o oV amb )

<3(07(m,) F(d)c)’1e(1r(m‘)+gr{m)+lc)}(r<f;m’m')+lb>_
G ' o g 5
< L(lI'(Tﬁ)'{“Or(mf )"2 lC> ,1‘ (Dr(m)‘é ].r(m‘ )C) nd

L ' y ' N & . :
»<Lg(1r(m’)4Or(m)+1c)’t(cr(m')+lr(m)c/’(T(f’ﬂ’mf)ylc)

< BE LT e y.>_.-
P (f mym' ) 1(11(n) r(m )H“c)’E (Or(m}+lr(mﬁ)c)
Then
b i s :
A CSt(“a)LC(i' 0 ,mt ), (4, tymde= C(4,t,m),0(i,5",m")>
therefore CFl, 4 ig commutative.
: iy ‘

Judi Propogition. Let H 4 T =30 beia: commutctlvc Qmmodulc..

If ge Nin, n) is an isomorphism and m e O(a h ) 1or GV@T] 1& Ln]

-‘._.“

then



P B ' 3
HL L (g;al,a‘,&*v?aL))(C%T+ &0+°.@%Cﬁn)
L. A

A :
2
£<ﬁg\;\w p(2)1¢.,§d (q)}H(l }(rle b ,..,hﬂ))
S : ¢
Proof, ‘We regard the above identity as a property of the
isomorphiwﬁ g and we prove that all the isomorphisms Ifron N having

this property form a subcategory ofil which is closed under sum.

L p Ve IPo i, s 1 A s PUSE ol o et i . S W B Ul D LR AT S
it g,i%-h(ﬂﬁﬂ)_dl& isomorphigms with the above propenty then -

)))(O(f L)%-G(@(,)\«%«.o.%“df(n)}

(f;blybz;OQG,wJ‘)

n
8
P e

t
e 3
He)
~ b
o
e
-
©
-
®
®
Q
A 2
I

!

’.Q.,

o f(u(il))'*‘“"*“ i\é,(m)m(loﬁa“”

H(1 ﬁ(f;bl,bd,oﬁsgbn)j 4

€3]

2
99»6,b ))

S i) \

1)49{("”)( )‘45..*5'0‘-(mr\)( ))H({ ( ]‘,«? ’b

If g€ W(n,n) and f€ N(p,p) are isomorphisms widh the.above:: .

. 115 ¥ 1N i j. ] 2 e - » s ¥ - i
property and qiuq(a §b ') Ifor every i€ [nmtpl then

i n+p .
(g+fg@a e, .38 \)(0( «}m +°"“/:r+p) =

(Eeai i, e 38 ))G& +, +~°.+ﬁ )+

: n+l N2 e :
(f;b’. 7!’:& "0.4?' p))(’ﬁ, ’fd 2+.»-+O{n+p) ==

il e b))

z(oag(l)+&£<9)4,..+ u(n)) 1(2 ﬁ@;b"b_““’

. P % w. Tl o B n+p ;
z(dn+f(q) qn+q(?\+a.., n+1\f)) (ls%ﬁf,b G V,.,b V) =

2

2 141
sl)(l)+ (atf)(2)+‘“'+d (o4t )(U%O))I(la R ))

=(ol, Laed) 2 bl,b pesesd
Let .fe ”(,,2) be the isomorphism defined by £(1) = 2iEnd

Plgp = duaheQ is commutative, the isomorphism T has the .aboyve

-property. Bul every subcategory of N containing f and being closed



(3
0

1111 (,'t’ sSunm con omexr-

m)

tains all the 1u090%nu¢$ms, therefore every

ool et o 4 (it fr e " pratpse o - 3
phism ‘hasg the 8uove -property.
4. e T with iterate
3 s e’
: LR A 3 R PNl e B S, = SR A g " - [T ls gy stk
Let 8 be an eguidivisible monoid; . .let pea dlpm—>>5 @I

rt 3 WM —3 37 be two monoid morphisms and let T be an S-sorted al-
gebraic theory with iterate.
We recall that if A €Q(a,ab) is a morphism in & T-module

Wibb Jborate H: T ———sQ and if £€ T(c,a) is a isomorphism then

: Lo : el 4
(4.1) - H(E) AV = (H(E) ot H(f +1b))' ;
4.1, Theorem. OF1, 18 the free coamutmtive T-module with

e s e i BN

iterate genera ted by M.

rey ol >
PP

. ! . 5 . = -
roof. We have to prove that for 'every interpretation I of
M in a commutative T-module with iterate H : T —> Q there exists

.8‘unique. T-module with iterate morphism G : CFl, ,.=—» Q such Lh#i

As Flw g 18 freely generated by M there C"ISLS a unigue

hat

5
pun
{3

Rl 3

—
et

=5

i
=
®

T-module with iterate morphism ¥ : Fl.: T —% ( sue
g

\..e
&’?

£,
ct

T L &,b)‘!mpllCm Bty m) = R4t At mb ),
Let us recall that F(i,t,m)zﬂ(i)( (I(m)H(t))+,1%> . With +}
same notati on? as in definition 254, uaive D Tuyn the above remarl
B Eyml g o o >>(z<m (e )t =
= o
...,m ))I(m ) (t (‘( 1,mz,...,mn) ;+1b)))~ =

:(H(l' ( ;r(ui),r(l?),...,r@ )))(l(ml)+1(m Mﬁ..+1(m}‘);
: =1

i

H(t‘(r(f;mi,mé,...,mﬁ) +1b)))i

HionT 2.3 we shéll prove that (i,t,mi~{i', 1",

«

m*)



L

m((I(ml)+I(m2)+..,+I(mn})ﬁ(lmﬁ(fgv‘(mi)?r‘(mé),...5%‘(m£)))

=,

S i e . o 2 "‘”1 \ g
H u‘(f(f;mi,mé,...,mé) +1b)))i =

Lo = O onn ; : % X ,_«4;(" “""l - :
=(I(m)H(r (£ 3‘11;, e ,r”;}) 6 r( F’Mqi,m, s wll 1) +J_b) ) )? =

=(T(m)H(t))T .
Therefore

P(LY 0mt ) = HEE*)4 (TP (s )T, b E o=

SH(1)e B(2(f5md,mg, ve,m) ) (I(nO)B(ENT, 1, > =

=H(1)¢ (Tmu(sNY, 1, > = P(3,%,m).
We deducer from preoposition 2.3 the existence of a unigue

T-module with:iterate morphism G : CPlL, . =3 (Q such that CG = F,
X iy

It follows that CuG = L,CG = I,F = T
. 1 18 ¥

We finish this paper with seme “identities,in a commutative

.3

T-moduleswith iterate which.are not true in some T~modu1e with

iterate,

4.2. Proposition. fLet H : T —&5(Q be a commutative T-module
with iterate,

a) IfrgeQ(a,b), BERQ (c,d), FeQ (b,e) and 9€Q(d,e) then
e A+ Bl 48> = kY, B>

b as dﬁ-Q(a,h),pé@(c,d),{é(ﬂtne) th:;&E(HC,f) then
(e apiak ity -apeph

-Egggﬁl We know that if either .P or ¥ is in the image of H
then the above identities are tfue-in_gvgr? Tmmodﬁle-withliﬁeratee
lhe proof . of the fipst’ 1uen11ty o | - - s

(€ +f$)<1$' é.>v (oﬁﬂ JEL, 4f’a)<&4,$;¢. =
=(L +1 )H(% L) (B oL )I(ud)<x' Sy=

=(k +1C)H<sb> (p+1)<d, 6=



=t 4-10)5»&,,,1 )< [35 s =

i

40{"5/1{5(?7” .

The proof of the

N

(L xp ) (T ed) =

i

Lot ¥ H(D .

4, 3 #Broposiiion.

with iterate. If Ae Q(a

(4»4‘) 49{\,2(”

‘Proof.-We kuew

2 ¥ R 0%
b”ﬂ.( 055
therefore
Ldoly fﬁ(0b+lc)><p

-

d
1 [ okt S =
:.,1{“\,8‘)4 H ’oé “ > ’lco&” =

The next vnrool
of
(hiB)
r e Gf

every

4.4 Proposition.

with iterate, If axa@(a

{4.6) I‘(O 3+ )éok

?roofg H(O

St r——

=H(1,40, )«(ir..z( s}

(%>

~—«H(] +0 )CI%J() . ),okl

7L K
b

&:5Froposition,

with iterate. Tf & Q (&,

+0.), (5;5 H(O _+1,

o e =3 el
10a4B,L > =<l < By >
that

C)¢c><;><{5,1

<k

is based on (4«

v —)<-o( ) ﬁ*,»‘T z;(‘;L

second identity is’

B

¢O.2) 50 H(O +1

(S it

0>

oy O @ commubtative T-module

ybe), ¥eQ(d,e) and PeQ(bye) then

X >

in-every S-module with iterate

RERSET S P

d
H(5,) <8 H(O+1 ) ,d>4p,1 2

> =
o
<p 91(5}{’;‘5”} .

1) and the following

every T-module with iterates:

b b

~+ ot Tl 3 ) e ., d 5
valawtOb)‘id (PrTERE(S,+1 )4 (PE(S+F ) )i ,,18‘62)1 ()

a,abc) and..f € Q(b,abe).

et H ¢ T —3% O be & commutative T-module

abc\-and-ﬁéﬁ(b abé) then

ﬁ>'r £5 (ﬁéikf T >)t

a

+ 5
yﬁ9>ﬁﬂﬁ<“ ,pot =

b
His +1 ) =

.
(541, )>T - wmf

e
e

Led i g T. =3 Q be a commutative T-medule

ac) and ﬁe.@(b, c) then

pro?erty



o 16 e

(4.7) (<o, p> H(l&+0b+1c)'}f = ¢H(1,+0 )y [5><o£-"*',1c>
Proof. As by (4.1)

e s o b o, ' T . .

(<°k,{‘3> H(Y, #0041 ) V=H(S, )(H(S )<k fl";‘iI:‘I(l(,ﬂ_,)vn‘wﬂb'%lé)ff?((Sa+lc))i'_.;;:&:;: L

i >kﬁ e f?\Ob%l }) ._«i, (s )C ﬁ’A(Qb ac>!ﬁz°§‘ “(Ob d,c,) > T i

. we ieducc using ' indturn axioms JZ3.end 12 and (4.%) that

_ e '
¢ ok = OFings ; jr ;—;U olare Bl « L Sl e
L(ck,P>h(la+mbﬁlc)) ,lc> “(ma.lc)acﬁﬁ(0b+lac),¢q#\Ob+lac);‘»1C il

: b’ ,

=H(S, +1.) < (P Hlo, LTI T > <t e =
x ‘ + q =

Pk H(la+00), B ,H(Oa-klc)}(d» ,lc> =

= SOTLT 40 [5740(’{',1 o
Par g ‘ e

~r s tupling byl is an 1n3ecblon we obtain (4.7) .
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On Context-free Trees

by

: v
Virgil Emil CAZANESCU

Our main theorem gives Tourhdifferent ways of gengrating
the context-iree trees,

A)9The set .of generators combainssall the vafiéblesgand.all
the trees GKXI,X2,...,XH) where @ is an;operatinn symbol and X o
are distinct variables,

The trees are generated in two ways:

- substitution by tress of the variables of a tree;

- iteration of one operation. symbol in one. tree..

B) The set of generators is equal:to-ihec.set of il ‘the
variables,

The tree!are generated in two waysire

- iy -application of fhé usual opor:tiong\df the algebra of =
trees, :

= sgbstitutiOn by trees of the varisbles of the result of
an iteration of one operation symbol in one tree,

C) The set of generstors is'®qual to the set ofiall the
variables, ‘
o : _The trees are generated in three ways:
| - by application of the usual operations of. the algebra
of trees; | '
. - ite:atidh:offone operation’ symbol in one:treegj

- substitqtion iqto a tree of 6ne oéeration symbol'defined’
with the aid of another tree, 7 -

D) The set of.generators_contains all the variablesu:and

& Tmalltheribecs Gle,xz,...,xn) where 0’ is an operation symbol .ond



x; are distinct wariables,

The trees are generated in one ways:

‘a‘substitution by trees of the variables of the result of
en itevation of one operation symbol in one tree.

Our mein theorem gives the theoretical ground for defining:

tinite expressions for context-free trees. Perhaps . s ot

uninteresting to study the computation'mules for suchaexpressions,

5

§ 1. Rationally closed subtheonies i

“For each nonnegative integer n e {nj denote the set

{1,2,...,11} .

v Tf S is a set then " is’ the free monoid generated by S.
The length of ues¥ is denoted by lul and suidtself adll be de-
noted by '

el s o0 e
H 1= pal

where u. €S for all i€ flutl. 11
\ S

Let j’be an S-sorted algebraic theory, i°eth Jis a ca-

“thegory 'such that
‘ : B e ;S 3
a) the class of obgects,‘ﬁenoted,WJ !,,lS the =56t S
b) each u€s is the coproduct of u, for i€ Fruil,
The empty word of S denoted'ﬁ_, is an initial object

of jf. For each ués , we set
Bigided

the unique morphism.form A to.ti. .

For each uesS*, let

e x5
l, A2 ,ecy, 'u‘

be the @istinguished morphismg of the coproduct u . Ifgul = 3

<

““then xj“=-l_ where L is the identity morphism of uie wor.gagh

[

* = . - o
vEéES and each family {fi Sl ey v\ ie “ul‘ﬂf we denota by



{Ll, V ,0"? I‘lui> : /’
the unique morphism such that

(fl’*ci’”“’ il i

for all L& ﬁu‘}] 7

For each u, v€ S~ the function

&y bl Tus e —2Tww
ie [1ul] ' .

where J (9,v) 1is'the set of morphisms, from::u to V, will be

called tupling operation,

‘Wle recall ‘some usual notagions and properties in an
S-sorted algebraic theory.

If u, v€s” we denote

uv uwv uv uv
& :’(X‘ gy X g0 X >

(1) L2 ial
and :
v ST Y ,> 

XU.V = (X X
2 freel? Tlape2l* ¥ uv
If u, waw é.S%, cie»T(u,w) and. (3€ J{v,w) then
L )ﬁ) = 1V SN
is the unique morphism with ‘the following properties::
v UV 2olli s
¢ = 30 ol = [
(l)< ,p7 =& and 4_(2)( P2 p.
The morphism Loy is called the source pairing of o snde[> .
_ We recall that: | '
g B P v S
Chypy =y oo Ty iy ocee X P70

(0(8',]3;}> fd_r sl e ow e wl;

yp> Y
RN TS

T ol : u —yv and fb u,‘;——% v' then

Lol LB Y for all v —>w.

o(-t-P W



is the unique ncrom sm with the Tﬂ Jownf T”“l“’)O]‘n,l S

@{ = \!V
Xy (% +B) = =,

and
-r!

uufs' ; ; e ‘
20 (+ B) = x5, 2h ,

v (‘S-‘. e A 9 o X ,}’,‘V
Jhiigubcategory of J 1s celled an algebralc subthegry: ol J

if. it had same c¢lass of ou]ect‘,, contging all the .distinguished

morphisms’ and is closed under tupling ope:ﬁ’a‘timx.

W éTl(ui,u) Tor all ges* snd ie fLsz bl
5 for allisie s, u,v 65, féTl(s,u) and all family:
n?)

- £, e 3 (ul,v) Vi e[\u\” AL Epenarty 2 € }'1 (8,7 )E1

” - % : .3 ;

Conversely, if for each ¢ S+and ué& S, the subsets
e et 3 . 3w i ! L
Tl(s,u)if—. J(sju) form a family withthe properties (S1) and; (S2). 02

then, défining for each u,vé g,

z R
3 (u, v) {(f ,.LZ,...,fm\> \ éjﬂl(u y2) for &XT i é L‘U\ j’

ot

5 . o - : 7 G
the family {Jl(u,v) \ oy we S j forms an algebralc subthecryiof J Sy

Ad S-sorted elgebraic theory is.said to be ordered if for

=D

each u,v ES% J\u v) is a: pqr 'Lcll,j ordered set-with a least”

element mLuv such that

‘a) the compesition of morp hlsiqs is monotonic,

b) for allvu,v,wés*_a_nd all fgrj—'(v'_,w)

\' . ; :
|
= Lo Tl oy
—-e) the tupling operation #8 monotonic.

All the cartesian products are ordered componentwise,

- The tupling operation of an ordered S-sorted algebraic



‘

theo?% 48 an icomorphilsm of martially ordered sets, therefore
[V Ay < ’

=<1 V,_L V,ma_L G

o ST
for all n,ve s .
r\} .
J

A“petionally closed S-sorfed: alfcrwaa.c theory is an or-

dered S<sortedialgsebraic .theorieguipped -with a function:ws
J I .

T : T (u ,uv) —-—-?T
T

for gkl m,ve S*g is called the iterate of or the least “olu«é:’ ;

0 }v)

tion foried : u —> uv and must satisfy the following conditions #ig

Tor gl 'v) U —» Vv and Bui Vor—>r W
: -

i

1 Je st <o<Jf, T, ook a5y

2 ' il <'n 2 1V> ’)7 then O(T ~<; ,Y‘] T

5) (kL +E)/T OiT
T

Noke thatwel  is the leas‘t‘qolutlon.«for X imne tneseiguation:on
{ oL ‘)

= ’
Ins the sequel Jowiia b_e a Jf‘arfcl_onaliy closed "' S=gortegd

"algebraic theory.

1. Remarks

i

&) (.O(X_UV)T | for all ol ¢ w3 v,
(2) ; _

i
u

b)  (x(p))

Lo
_ c). (}“(l)> : ~-J_-uv'
Proof e ' S R
: 0 uv e
a) (Axpy) =ox )<<o(1_(2)) V)zo(lv—.;c;k_.
b) I«'"rom a) with ol = 3

¢) It follows from

XuX)<luv 5 1v> =A.Luv



- =

A

| i
that (X%X))T 4 -Luv’ hence (xuﬁ)) = -Luv

2. Proposition, Let of : u —» uv and G: v —> w be mor-

phismg g § < The morphism O(Tg, ig the least solution for:ag thm I

the equation
X {x,67> =

Proof. The above equation-is equivalent to

¢ e s e
,@‘(1u pE ) {x, lw> X
therefore the least solution is

(0_((1u +Z))T = OQTG ]

B Propesition. For all &t u —>uyw and [5 Vo2 Dl

: o }3>T . (0(T(’Q’T ? lw>”*YT>"

where %
T e
E F’<O{‘ ! lvw> E
Proof, Let S = < T ) :lw;) ,?‘T> . Tt follows that

¢§.1,>= <€ x-T *,,@zﬂT, L

: i
;<°LT ) lvw><\z % lw> =

The equalities

EETTI R EPSURTIS UEIPSY RCUSNR I o

vw

:(O(TQT ! lw> ? '{ Qﬁ’ lw>>;;

i

< 1
<<>(T<3T’ ,lW:> _"\g > =
shows that o

¢t ys; e

Iet x = (l)<°( ‘5 T andt -y = Xl(lg><°<,[3)1. It foldows

from

« .
ol oD vm Lk ,c,>440‘~>f5>f)’\w>



that
Cxayy = (X Gy 1 P 1
therefore :
‘ v o{/x Co W»
and

e

p=foxaly, Lo

We deduce from proposition-2 that

(54 (y ]W Lone

From

.g’<3’ 1w> T

F’<D( g Ly, 102 =
M"JQU LD 5, L L

Bl m, LSy =

i

N

it follows that

¥ oSy
T PN
and : ol <\ZT 5 lv‘]}'"é 0<! <ys lW> £ x.

Therefore, :

& T

§é<3<,y>=<°(~,ﬁ;>
; s 3 o
From :<a<,ﬁ7 we obtailn

<°"(’°>T - <""T< ?T’4W>’\g;"~’|"> Q

. Corollary, For all o : u —» uvw and (5- Vv —> VW

{et, px %é‘f">> - @l XT.’ w% ra >0

e Lemma.-~Let~o(: u -4>gy‘and R f——>\1'be'morphisms,

a) If j : u —>»w and jiéla__"ﬁi'é“ﬁ

(ie{(j + 1V>)‘ & il

b) If i is an isomorphismhihgn :



s

(iﬁ'{(l“l <t 113\1 = 1 &‘M,T

Proof. &) It follows frow .
. . ‘A d w !T e s R, "i , % & £ s T 4 e ol ”%» ;
163{(J+J;.,v) Ciet , L o= iet{jid, E 3£ i el 15> =5l )

that :
(it (j + 1V))T £ 1@{1- ;
b) From a) we infer

Gl 0 et

and

-1, 1v)j<; . 1V>)T $ i TgsET J.V))T .

= e
(17 (e
therefore

i

foil - i(i"l(i&((i"1+lv))(i+1v))T < Tyl +'1v>)._;_g;«;f

6, Proposition. If & : u —¥uvw, f: v —> uvw

= vuw vuw  vow
8= 2 Oy

e Y= 0(<}j(7%¥)]’ kVlill.V\V’ A(g;> <‘$T Law ?

then | T

<at,_m o i 4W>>
Proof, We notice that
= { Xl(lg), XL(IX) » : vu-~—>uv

is an isomorphism and i v =- (Y'\/né), Xﬁ):) :

=1 _ s Lvuw _vuw _vuw & e | :
As‘ i - <k(_2), Jc‘(’l)‘, X (%) Y it follows from lemma

T

LS fs?T <1<°<,rﬂ> ¢ YZ“)J’ X‘(’ﬂ]’ ‘{(9) ¢
> - = vuw yuw: T
~<€§,0{ (A(g)? . (1)’ ‘{(§)>> ;

Proposition 3 implies

RN T LR R LPEN L T LI



_ e

7. Proposition, Let n be a nonnegative integer and,for
. e : 3
=1 .::L],‘l} : z ; ]

Ol oy e

: W £ WnV W WnV
R = o 0Lenn 22 s e @
Biom (X1 M li5 2

then

Col g Moo, 00 X3 2 “"‘?&“}*‘i 1 Hs reeaaXp 2

Prood, it om =2 then :

{0{. le,&2X2> T :: <(o<lX1)T<%rT’ 1V> M YT> :

where ,
T
¥ =Rk X)), 1y 2

Vil

But

therefore

o AR XD

vt . iy ' W1 Wy w1 W'y
s e
(Gats : 18kl 15

and for i ¢ [n-1}

- then gy @': X e

' Therefore by induction

.l = T Af : ¢ T :
iy K ia  V 2 %K

‘ -1
R e By T a> k2=

Ty T 13
e <e<l"'°’°<l"l—-1 )9(11> [ |



e

o ety e - B 'u : a [y "t%
. "Proposition, Let f(s,a)e J(g,u) for all (s,u)&bKkas

e P4 ‘rr"" py P i -~ '\‘* gAY
(53] for 81l (s,v)e Sxs if o e

a

(dieiai]) =] pedk tagum)

then

a) (Yie[t]) (= [51 € flu;,w)

, . . oy f(s
“b) if s &8 and: \g'fﬁ(s,uv)' then \?'{F ’ lv>’é vﬁﬁ.(f”u)’?;,_a::

Proof. Induction-by {uf

«Por |ul = 1. the cOnclusio?lfoilows
directly from the hypothesis
Let .3 ;: sut=—3suv be a mbrphism such ‘that
s €S, u,ve S%, ys gséﬁc(s,w"\ andiix +lﬁ7 33 (uy , suviyfor &ll
16 Duﬂ « Sinee

P4 Xiul ?121)1“’

proposition % implies

F’T = ((Xiufb)T<§T, 15, gT e e

where
S apr el S oU. :
(S arg <-?{2 Q’ < ( [5 ) U.'V s ’:. o‘, -Lg ‘U.‘ <( >~:]_ {3 )

For each ié.[\u\], (84) iﬁpliest

ug .L*‘l 5(( p o C?ﬁ;(‘;,uv)

Therefore by the induction hypothesis and (S3)



vl

xfété feln. v for ald 1€ bul |
and
(:zliiup)'i»<§‘f’ 1 V}Q’\{%(Q’ V).
Tnerefore

and for each i é‘{,\uﬂj 5

-.t_

f%. éfé(u W Y

ke

1lrl

If s'e S and Ve f(s',suv) then ,
ik :

)T<5T, L ¥ 40 41 07
.t.

Y < pT, r = 4"

}?’((y [s)T S

G : e
----Jl ks g rahonally closed subtheory ‘«:ofT i Jl lsaa-alge-

M bonin : ., x s 7 . . a
praic subtheory of T and Jl is closedounder lteration, P

Tfs ?1 ig-ua rationad 1y closedlsubtﬁeory of ﬁ‘then the family
ﬁ(s,u) = {Tl(s,u) withh (s,ul&S%xS
Bas propewties 8k, S2, Shu o4

(R s, e s, uéS*,

(S5)
' oL €] (s",su) and ﬁ@ﬂ/s u) then o’(ﬁ, 1 >C,f)\( )
and
ifrrgies. u,v,wés* and
(86) :

o(é‘ﬂ«(s',uv). then o(<x1(l‘_’g, 12“3”17 € ﬁ'(muwv)

9. Proposition,  Let ﬁ'(s',u);.e;}(s,u}{ for all (s»u) € SK S* and
Tl(u'av) = {(fl,fé,...,f\u]‘} \ f (; Q(ul,v) for 1Q§_ a\}}
for all u,v € 3%, Bach of the w¢lleying conditions

(B4) Sl 482 and 836



(SB) Sl, 52 and (384
(sC SL,. 87, S5 and 456
<SD) 1, 84 and 7856
_ = ‘ 7 .
13 s¢¢91c1hnu for 1. to be & rgtionatly-closed subtheory G ad i,

E
Proof. We first prove the-egquivalence of conditiousB4,

5B, 80 g 8D,

Slrend S2 imply S5 : withithe same notations as in iS%:iwe:

remark that

- . u u u
0{ £ ﬁ), lu> = "’\/( ﬁ), Xl, Xz,"‘,A‘Ul>

Si-and S2 imply S6 with ‘the same notations as in.S6 we

remark that

SR & U, o p LAWY VAW uwv - AWV - 203
“I s ol e e o X X [ X S
e ey B sty P o] e

Skignd. S4 iimply 83 : witliithe same notatiops;as in . S3 we

ot

o
4
}_l
AN
!
7
@

v

Seend S5 imply B4 s obvibus,

whitand S6 imply S5 ¢ with .the same notations as in 85
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S5 anduS6 mply 32 with the same notations as in $2 we
remark that
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‘The”conclu51on follows fromiSl, S2, S3, S4 and proposition 8¢

“The: last proposition may bz.used to obtain the least ratio-

e 5 el _ | o
nally ¢losed subtheory of J which includes a given set of morphisms
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rom T . OF course, each given horghism f u ~—» v ie replaced
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: u e it 3 :
by the set of its components ~{X« £ ’Jatliu{]} then one of the
i

four conditions of proposition 9 -may be used.

Condition SD seems to be preferable because if f has proper- -~

ties S1 and S6 then the least Temily of subsets which copdpping, f wie

and has property S4 will have properties Sl and 56 too, For:56,
. \ ) ;
the precof is by induction with respect to the number of epplica- .

v

7 i > * , :
i onsce ol etStee Indeed Tor 8,868, U,V,W&s 5, &t 6% =92 sfuv

and {3: s —> atuv we notice: that

: ,T uwv ol
pRE, LS < xa <3>/"

e e
iy A g, T DT -
; stu)wv stu)wv tu)wv : Ywv. T o
= (plx Ei)u)zv’ xg;) v, (0‘<y§§)a,]w Ej)u Ly olr Lo

‘This remark may be used when ﬁ(s,u) = T&(s,u} where ?1
on algebraic subtheory of T because in this case f has properties i
Sl end S6,

Another way to obtain the least rationally closed:subtheory. .
of T whnich includes a given set of morphisms, is given in “the fol-
lowing proposition which seems tosbe close to the main:resulti
oz [47 . '

10, Proposition. Assume ‘ﬂ(o,U) Tia0) foe =il (c50] C S

We assume: that ﬂ;is-clOsed'under right composition with merphisms. .

from the least algebraic subtheory of,J .o el

L

‘@(s,U) 5 LVA 13 Mé?ksv svu), (hl_{f\svl])(xsmxeju(sv) ,uvu)}

for =lis{sju) € ey Th@'family(K4contains\ﬂ and has prOperties

g2 and $5.
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Proof, If (s,u) £ x3" and LeJ(s,u) it follows from,
wbes

¢ A Y\ i 1 1 G - . 2
K = (m'x(é)) that ofé ﬁ(s,u), therefore 0{conta1ns J%.
e 7 SN R S = e, o) {) 3 Yosinarh o P Ani C‘* I dels oy
g ANggume” that pek s,u) where fe,u) €8x 8 . Then there |
exists & (sw,swu) such that wé S,

0

{ 1 ,_SW /.T
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SW o - . : - K i A : v
end xj U(CW\(SW) sww) Tor all 1;6_[&wm], For each i € [kl agms

sume that P ,ﬂu,v where véS , Then for all ie [iul] there
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a{ € "U vl,«ui wlv) such that wlé-S%fJ’
e
ﬁ . Xuiw e(T
sh L
usw :
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\Z,j_ ~<‘<(2i_1)‘3 X(Zj_)> 8 uiw - T,
Let : | v
g . . el 7o ‘ :
=l (L, +¥H 0,0, %1 (Og t T3+ Lgd ye s %4y Oy Vi g
We notice that x5 & € Jil(sww)y, swry), for all ié:[lsrwfi and

that
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It follows from.propbéitionj7 that
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83, Assume that lbé(fz(s sv) where s €S and vé’rS . .Lhon there

G 3%
J (sw, swsv) such that w€S87;

sw T
ﬁ :Xlw 0{ ;

. . SW ok . : ] : &
and x7 aaej{((sw)i,,swsv) for alloi € C\swl} - v

existe ol €

Let
SWV SWV SWV SWV
4 "¢<<XJV b Ziage ] - B (5) _
T ?*iw‘f M&{gaffws we ahall a*afw!' f”

Bt ds suificierneto prove“thﬁi ﬁ =%

b e i

is the least sclution for x in the equation
g{x, 1.5 =x,
We first prove that it is a solution

W .‘m s
\Z‘< ?Z)d <‘5Til>>al

it 2 gL, B 11,5
e R

T
cddd %W><ﬁT’]V> =
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sume a ¢ £ —» VvV, b : w—> v and

WL LB 5 L b= (e,
Tt folloﬁs that ,

ol {{a,b> ,<as1v>,>‘ =W B

1l
N

therefore, ussing proposition.2, we obtain

O(T<ay ]V> é <ayb>
Since

+ .
P.)(ayl\) UW‘X <a, 1v‘}- a

it follows that & & &,

T

Since a and

' 5w T T SW T

(Z)Q‘ (( V)f ()0‘,\ Qa,l°>

Sw ﬁh g %
-_it follows ttat (fgr H(o)et <g* - lv>) is the leadt solution

for x in the equation g<x,lvk_:x 0

§ 2. The rationally closed; subtheory of

context-free trees

o ! : : Er
If J and T -are S-worted' algebraic theories, a morphism

23 : R ; R Rry
F: 7T =257 is a functor satisfying the following conditions:

a) F(u) ='W for-all ué€s,

e T s b
b) F(x3) = x; tor all ues” and ié€[iu].
We notice that if el : u —> v and'f3: W —% V are morphzsms 1in

L iblet) F((u,ﬁn) =l el 'F(p) i
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Tf T isamn. S-sorted algebraic theory

1 G 1 . i e 3 o N - : )
alphabet map 1ff h(G)e Jial(g)) for

i }:"“‘“’3’? }: be its 7o

7

\\;- ;c,ﬁ?ud e
each! elgebraic-stheory J and :

e e . : =
h : 3 —> T there exists aunague

such that I ~h'='hioid.e, i (6°))

: et
-Let T anda T be

phism of ordered Ssorted ey

§T g sng

="h(g) for all Tep .,

ordered §-corted algebraic theor

function.

5
Dl 2!

1o Zzgmm%j‘is an ngnked

_sorted slgebraic theory generated by 3 and

sidiipte ) Ldet T idengne
t,‘?:.-—“ .
nkied dlpnabe map, therefione for
for: eacn funlea alpnabeit map iy
= wn 5 e\g‘d&
theory-morphism hy Mo —% 9

A mor--

seoraic theo ries is a theory morphism

s b T L
s AP suchs thiet Tor 5 A

=

@Yu,v) igs & monotonic and gtrict (F(J~uv)*:

~An~u)wcontinuouu‘

A

SV IS
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the pestriction of Feobo

N e ey e
_Luv;.LuActLOQ.

; .
‘e theorydis . an ordened

S-sorted-algebraic theory satisfying the. following conditionss

% *
a) for each u,veées,

wW-chain has a least upperibound,

b) the composition of morphisms 1s

??uvv) is t2=scemplete, i.e., ©ach

W ~continuous, i.e., the

composition preserves least upper bounds of w-chains.

Any w -continuous S-sorted algebraic theory is

closed S-sorted algebraic theory.

Let J and 7 e w—continuous

A morphism of i-continuous S-sorted

a rationally .

unsorﬁed algebraic sheories o

algebralc theories is an

ordered rtheory morphism F

the restriction of F to J(u,v) is an

consider the order-properties of the

morphisus from J to 7!, The ordering
: : Dy t
epdemime o for b, Qo2 J—) =y

F(,r‘(

4G iff #(k) & G(ol) in Tu,v),

by

: T{-—f%j'g

e e ¥
suehthat for all uy#'S
W -continuous function. We .

set of w- conthu0”° tneory

is the natural componentwlse

L€ Ju,v).
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Thig-ondeiing is w-complete, Indeed 1f an?Péu)Lv an w-chain

,
U

and for m,vE€S and o : u —> v,
- b .
) = ‘Qi* (et) E r1¢m9§
i
then P.is an W-continuous theory morphism,

A%~ CT -a.udenpte the tree. w—continuous S~sorted algebraic

theorywand let g : }  — CT 4. its ranked alplabet map,

Without loss of generality we.assume that T is an algebraic
subtheory of CT . and that . I is the ‘corestriction of &

e

For each ranked alphabet wap fou.§_ —-» T , where T is en

W —~continuous S-sorted algebrailcitheory, we denote by

.

<:E%# « 0T —>7 the unique wy-continuous theory marphismisuch

e

that J. £ = £, If we order componentwise the set of renkedsal=

s : : . < 7
phabet maps from - to J then the applicaiiontd geii.is mnelso
morphism of partially ordered sets.

e : A R =
We define.an w-continuous:8% 8 -sorted algebraic thegory T

which is:used for solving systems of context-free equaticns,

Letters p,q and r will denote elements of (eixs® 3 .
For 21l w. let
> =}gP . gP b >
p Lol ,C‘g ,.Q.,GJ‘p‘

and let

e

~ be the function defined by

. -

4

For =il i [ipl] .

=N Foraall p. g let [ KRyl be the set of ranked alphabet map
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From 3 5 o O . The set T(v,q) is ordered componentwise,

164y Tomall. £, g€T (p,q): F4e dfe [(ﬁp)\ O(Fq) in CT i (pi)

l\

for a1l i€ [Ipt] . This ordering is W-complete and T (p,q) has a

le S clement ®
east € i «-Lp q

The composition of morphisms is defined by ° "

where T¢T (p,q) and g €T (g,r). The composition is assoeiative
and for each p the morphismAlp = Jov  bsenuddentity. The compo=sie
2. b

sition is w-continuous and |, 8 = L. for all £€&T La,r).

o

For all p and i e[ipl] let

Fouis by =3ip
be the morphism defined by
D
yP. Dy
yRE ) = o (63).

It Jml = 1 then yg = lp.

The morphisms yg'will be the distinguished morphisms. of

the theory P If i.é[tpll and ﬁa.: o8} —=> g then the morpnism
$PisforeeesPi> t P —=2g,

defined by E

‘ SPyseces B (e) =‘3i(_(ri’i), 1 é[lp\]

1s thD unlque morpﬂlum from p tong uUCh rnat

P
.y&(ﬂlsounyilpl Fl
Top all i.eE\p\i 40 easy to see that the tupllna operation
is monotecnic, '
Por'all p,q let El<p’q) besthe set of randked alphabet
mapsvf:om, b 2 o 0T such that f(c‘?)vé q (ps) For &l

a 3 : a
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Llp . It 1s easy to seewmngh fl in en =lgebraic subtheory

of 'T'.,

et Alg be The least ratiomally closed subtheory of T which

contains Tl“ We -shall give in this special case a bgtlier con=

3

struction of Alg then the general one presented in tne fipst
section,

We shall begin with some:idpntuitive explanations andugome
notation,

-~ * ey e et e = AN o
For €5 and u€ 87, the element oft CT__ (s,u) are ) .-lrees:
: e s

(trees with symbols of operations from y ) of sort s and with

ul variablesx X X
‘ ‘ vV Au’l, u’z 90 €09

of Sorts Mo, Wk, s
g ud ?‘a‘l" B

jul

The. subset L s (syu). contains. all:the total:fimite alregs ol the
S e L % o = < : S
same'kind, If u€s” and ie[lul}, the ) -tree x. ETiz(ui,u) i e

‘equal toithe veriable x, sewdIf (@€} and a(r) = {(s,u) then
; bl
() = J__ (¢) is the - tree
. 7 -

l‘&"’"
S A

G. Cxu,lvxuygj © °.$Xu,lul ‘) =

~

i (s,u)¢h85&8*, en element of. T {(s,u),p) may be identi-

=

fied with an elementig.of "CT  '-i{s,u), i.e. with.a z::p~tree of

D.

sort s and with varisbl e X, e S but 1t is pen=
S L ‘variables 1 ot X, fu) P

hap% bﬁutev to thiink of 1t as Fne equqlity

G(“’u) X: ! X~ ”')"=_a_-

S fu ety )

with

C(S {6

which’ gives a QOLlnltLOH of the operation uyuool

the aiduiof the ) _ pmtree_a, i.e. in terms of the operation sym-

bolg wf ) G
¥

S A "'ﬁ:@ip

.O

Sm eT (p,q) gives then a definition of the ope-



goen i s

ration symbols of } > by the operation symbols 'of '), g v In

this way a system of context-free equations is a morphism:

£€ T{p,pq) where g PG spe unknown operation symbols
doglil Ri s i 9 b ; (%

L ipl
Soest IR0 pa o S Can gt o
SnA G LRl are known operation symbois, hecause
ipp+l s RoR Yol ; #in
o d % : D
when we calculate £ the operetion symbols (riq,.;,,cfﬁgi are
identified with operation symbols: G’i """G%DE .

-~ * o .
For each p, each uésS” and each i¢ {hﬂl let

: (ui,u) > D

\‘ §
(u,,u)
DY g o
= X
R e
. (. u)
Tne morphisn xi’ shows that the operation G'l 18 the

i-th projection,
,A e
For each u€S™ and each t =i (8, sla?..,sn)é SRS ledi
(515u) (85,u)eue(s ,0)%
and let A .
M%': (s,u) —> T
be the morphism of Tl defined by
A (cil )y i : o
Bt )-%: (gmﬂ)<%z (0 ) e
T _ z
ooo’ Ji:f (.Wi;)>P
The above eqndllty shows that -

(s u) ; Sl
( ,Z,G..’Xu,lu\) i

= r‘
g

n+]“ 1(Xu’lgtoo,1{ ‘1]‘)"¢°’Jn(f

:G’ u’l’o-ogxu‘ul))o

e W o
For.each t€é€ SxS and each p we assume A(t,p)& T (t,p)
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and we list some conditions on the fawily 4{

Dyl ) e i ak o T ;
(1) P L;J\((ui,u) yp) for el e ‘1€ itul}] and p,
K5 ;
i e o~ = - 2 e
(2) yi; é y{(}a_iyza) forwall povand 2ie [lpl] 5

ey = e : : ¥ . 5
(3)  fBom.each @€8”, t.= (s,swsge.gsn)ést and p  ifR

o € R(t,p)
and 'ociié ﬁ((si,u),p) fappll = @& pl
then T S SRR SRR T S (A I

“L4) . for e=eh U.@S%, t = (s,s;,szu,sn)é sx s* and 5l i

o € R(t, tp)

and | o<i(§ ﬁ((si,u), B for all ié\[n]:
i | b o~ s , T 0 : ‘ .
Then I‘.ﬂt<°\l,a\29«,e.,&\.ng X } €: J"\~((syu>; p)’
W) : *® - .: & @ s 2 — ‘
(5.) for esth e G, - D yands. 4 {:\./Dp('} 18 €pg = (8,8182“.?‘1’1)
and. if
c(jéﬁa\((sj,u),p) for all je [n}
g {
_tl‘lel’l LI;-({O(]_,Q{Z‘,‘}’. ,"'\l,ly yg}e\f{((s)u);p)j
1
(6) for each p and each " t € aws®
If o €R(t;tp) then o(Te@(t,p), ¢ & =(@
C7F) for each D and eseh f,b" e sxs™
if . K e@tr,tp) and pe@(t,p) -
then - AP Ly Elliep),
(8) for each tesSxS and each "“pyg

: SEooad . : 3. e
3f c{(—‘_@ typ) - then o(yc(lg)c:\fj}(i,qp).

We firstinotice that 2 = B f8.= 85,7 = 55 end that 96

implies 8,
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H

Thén ‘we give same ‘intvitive explanations, where the element
e /'/:\\ A i K o ;
of (R(t,p) are thought as p_ _ -irees.
A s e I
Conditiom ¥ says that (R) .eontalns the variables.

gondition 2 says that for egch: p.: &nd ié;[lp{] 1ff

) i : i p 2! s b
o= (o) then-WRilp. ,p) contalmsilhs (X 1ip 988 oy e dmsX .
Ps (syu) ther 'f“(‘ D) ].( L2 11,&11&’
Condition-3% says that (g, ig closed under substitutien: or
variacles,
Condition 4 says that R) “is closed under substitution of
s’ o

variables in an

Coridition

iterations

that

5 says

operations,

&2/
e
{62]

Condition 7 'says that (&

into a “tree of an operation symbol

Theorcm, The famil,

Alg(t,p) where te€SX% g™

and p € (S %Sa)5

closed under the algebraic

closed under substitution

defined by anothgzn:trees

least family satisfying evéryone of thc'following conditions:
;Ax) l, 2, % and 6,
)
€ b, Gena 7,
el ad 4,
Poeof. I, For each s € Sy uéS%, 'p: vand _c{e-"f((s,u),p)
( ‘" s U bsuw o ) -~ ol
9) .M ,u)<x E X5" " yeees X0 s o ) 'w{.ﬂ, ‘
Tndeed, if i :-(ul,u)(uz,u},.o(u\u‘,u)(s,u) then:
il u s,u
(g uy <R B e, fp’l,x>)((r( Gl

ul(s u)( G‘(o,u))) T
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. : o I ]
= st e (g "?-NJS‘“ CERITRRL (g 12 )

o= ful +1
Ly =ty e
; ) () (u u)
;:{/5(9>”)) 73 DsU ; 1 ) DR el ¥ Pl (¢ ful? > =
S N o ol e tal s i
- O{(Wﬂsgu)y<yu o SO gi(ﬁﬂasu))
1 ey Y100 e

TIy We prove same implications between the previeous: eight

conditions,

jo]

2% & and S imply 2 from 9 with Ayi Jor 4,

e

: Pa p 2%
since (y14l>

\J1
O

b)Y 2 and 4 imply

)
e’
no
o
)
Qu

% imply 5 obvious,

diesoang o dmply A obviois,

e) .1l and 4 imply 6 : withsithe same notation as in 6 ‘and

with-t = (s,u) it follows from S-dliot

+ _ +
—_ 7‘:'(u # "‘,"p ,Ll i p ,u ';"D 31,]. 04‘ & R
5 “eju) S Ferer ol 2

£):4 and 8 imply 3 : with thé same nptation as.im Fidd
follows from &= (&xY(2> that.’

T
/l_l 4;(’/ ‘290a09c‘< M>: Lé<""{12ﬁe'! (G(y(’b\) ) i

g) 5,7 and 8 imply % : with”the same notation as in 3 it

suffices to notice the equality
L T el tp ey -ip
L0l 2 3 = WS iyl 050 FDD S0 2

lIII. It follows from a) and b) that conditions B and"D are
equivalent, - |

Letj% be the.least famiivf fying COnstlOn Ay B the
 least family satlsLyan condltLon B and € the 1eaut famlly
tisfying -condition C, :

Tt:follows from d) that A implies D, therefore 4 implies B
then for each té€&S 5% S”  and eéch D ; o33

B (t,p) & Rit,p) .



It is easy to show that the family 4lg fulfils condition C, .

g ’ % ; A *
therefore for each p 2and eaci &t & SH

Bi(t,p) & 4lg (t,p).

 fep

T We prove th
Alg(t,p/ & fﬁ(t,p)
‘for . all p an sesRTt

It ‘is known that for eachr;;t_les* e e ' e

_({TZ (s u)} {G‘ }16 m}

" L;;?i;¥j% -
- o o - o ~‘ - 1 lm i 8 ? AT ik
is a free ) 4 algebra ‘generated by {*cl ‘1 c[.uﬁl]} where for -

all i e[lp\]‘ if p; = (8,8)85...5,) and hj €T <Sw’u)"-3 ?ﬁn]‘

J
: : o D .
. G'l (hlth; o8 0 ,hn) T I____ (~g‘i) < hl’h2’ ® 00 ,hn> = ‘ '"{:,;
< Slnce ‘there exists a nauu. al bijection between T Asya)ocud
and El ((s L)1) it follows that‘“ : e e ‘p

(ﬁl( (s,1) g €S )‘Ui}i’gé{tpl} }
is a free | —algebra genepated by : $xP2l i e \ul \ w‘f;ére
p T £ % :

- fot gll ie{_gpi] i b = (s,slsf,...s ) end o €T l((s el
J €[] then

if and only if'

u) .3 (s u) e
@5 (F5 (cr "L PHEACH - )’...,f ("1 n’; ) = f(G(s u)y

The ‘Following calculatioh, where:I'_= (Sl,u)(szl,u)..'.(sﬁ,:u)pi

u

G (s,u)
0 < 21,5 S e SO T L

~<11’ 2""’fn’ yp ):”: b: G-(iyu))), = = ~
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%’F ] 3 T ‘ 5 AERVE
= <£ ,f 7e-o;f ; ;y?} (J o 1"’!_!__,< {) (@1)?&3;,() . (Q?IW_)}/
1172 sl yio & r

(s ,J) (s, _,u)

e ;\]rg( . ><Il(ﬁ.§v ] ),qoo’ fn( ﬁ'l ph. ) > =
: : (u .U) <'~3 ,U_)

ST S WETORT )l T 2
?4. s : ;
e {85 .10) (s, ,u)

3 \ )
=0, &) 0 s fn(.:ﬁfl-n ))

shows that

” - % £ o)
Oi(f}-,lz?..o, ) IJ <.Ll,_..2,,.,; ﬂy_l_>'

As the femily P fulfils . - conditions'l and Ewit follows |

&

that
— A
Tl(t,p)i? JH(t,p)

for all téSxS*emd D e

It ifellows from a) snd e) thatfﬁ Pulfils conditiions 2 anf-is

6, 1,69 SL and §3. We shall prove~that PBrrulfils conditio 82 as .l

well,

We first prove by inductiom that R fulfils condition 6,

- . : o f |
1oeo} ‘with S < y%g)_)f) y%?)r>

,;

¥e B(t7,qr) .implies ¢ye B(t’,p'r)
for all t'€SAS and aq,p’,re(S»xs*)*.

Aeeyr= X%r,u where uES*, ieUul] and t' = (ui,u) then

Yy*«x

=.lwith the sams notation as in 4 where p = qr end tf = (syu)

aple,n - e
: EQ(T" qprlp)..

i , :
\2’ = ]‘/"u (0( 58 & QQ >
e e e

then
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]
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= 1‘r‘L<0{lj,Q‘hqy,oooyfx 1y, (\Q{(y(l) ] ;y(rj) >) ) ; ;.
therefore, since by the inductive hypothesis
e J 6?((51,11) P o)
(et (tq)p'r o jit
- b Foiok
and Q{<y(l) ) Y(B) >e‘~} \t,»";\. I')
it follows that YyeR(t', gp'r).
.With the same notation asyin 5 where t' = (s,u) and
P gRsED
E ol 4“1’“"2’--“"%’ y* 2=
then
oy = 57, % Y50 e 0 8y, 5 TS
: s Rl e e e ) ,
ard L '.o. L \c P
§ 'mo‘éaily, ZJQ...,G( Y yqp P G\AQt}
ted "L . .
it / ap' r S i
Moo KT oT e ey %Yy Y if tqil <1 #&|p}
e e S TR

therefore it follows from thesinductive gypothesis that

Fre Bt aptr).

As 56 'implies 8, it follews frem-t) that ® fulfils con-

sitiqn %

¥or technical reasons, wé shall prove by -inductien on ;?’

that\h falfilsia strongef cbndition then82,
S tresss” and each auph, T €S gl
) ‘ g‘é (hitet ar)
and :
\Z“le (?‘)(Il;?’) forv 1€ Tk

= {chen

€. for each



“theretore it follows from the inductive hypothesis shat

SIE vak S 1 Slph “then
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Gor Yo 2§ b % A ";{/.:4 [N
'}é’(]q {élg%r\euoo,v‘tt})ﬁw;\&f ,Q_P /e

'[Je't Z = ]‘C + <g‘l$ ?‘2, © B_fv_—?«.:g‘-’ :) 2

1 i

;N r 8t | e 3 = 2ot o1 O 1%
T \3&“ ii u where u €S, i€ fiui] andatt = (ui,u_) sthen

; ql)"u ~ 3
¥z = x; € R jap VY

With tle same notation as in 4 where.p = gr.aend t' =i (s,0) ik

| ) : T
u .
i Mt<9{l’$(2’“”a<n’0{ i

then

i
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o 5 o ;
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+

0" : SR R
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\rz € {}?)(tgﬁ ap')

With 'the ‘same notation as. in 5w qr“ p ®ar snd t'=fgim) i

: D
'{" 1~‘Lp<°{]7 25“070"—19 yl>

then i
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ik
] e :
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= Nu (c{ .46{24,..,,0{ 5 }?’l \q\J(Z)) it ) \q\<1~
i-1q1 ’

$LE ié[‘\qﬂ the in_l etive hypothesis and -5 implies that

Yo B(t‘ apt)
g‘zé‘%_(t',qp")
byvthe'inductive.hypothesis, 3 andes

Since B rulfils conditions Sl, S2 and S3 it follawsifrom

~—proposition 9 that

P\t%(t)p) \;b(b ’O)



for all teors =@ p .
Viidle still have to show ﬁhat
A(t,p) € E(t,p)
for all tesxs™ end D. We shalil prove that é?rulfils'condgﬁipn Lo
Tt Follows from a) that € fulfils 2,
- We shall prove by induction that‘ﬁixmlfils S6., We shailil
us¢ the same notation as in the ‘similan.proof for B and we .shall -

omit the identical cases,

If = o(a? where ‘eX:'t' ==»"t'qr themsr- . ‘ . ’51'?‘)7
£ . Gampts o (Sldjpln o
¥5 = @) = &<y gy 5Ty s

therefore it follows from the Laductlve hypotnesis thaliu

Fwe Ll e

With the '‘same notation as in 7 wiere-p = lah 3 i
'\2’=\O<<ﬁ’7 1
then
¥y

i

0"‘<[—5YJ y-} =

g pte t v
(1) (3) .
therefore it follows from the inductive hypothesis that

T ve Ty, gt _
.Since 56 . implies 8 it follows from Z) fhat ¥ fulfils 3o

References
I ADJ (J A, Go quen, JJ W, Thatcher, E.G;Wagner and J.B.Wright),
"Initial algebra semantics and contlnuous almebIaG"
JACM, 24 (1977), pp.68-95;
2. ADJ"(%.G.Wagner, J.W.Thatcher and J,B.Wright), "Free continuous

heeries", IMB Research Report RC 6906, December 1977,



20 -
3 A&DJ (J.W.Tuatcher, E.C. Wagperiand J.B.Wright), "Notes om al-
gebraic fundamentals for theoretical computer scienge”,

MET 109 Foundations of .computesm science III, pertu@riar

Sl

(1979), pp.83-164).

4, C,C.Elgot, "Menadic computatish:end iterative algebrakes ..
& b i =1

theories", Procesdings, Logic Celloquium.1973, North

Hollend (1975), pp.175-=23@%: @

5. M,Niwat, "On the interpretation of polyadic recursive. program

schemes", - Symposia Mathematica, Vol XV, Instituto Natiqsz. iyl

nale di 4lta listhematica, Italy, 1975.



