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ON THE CLASSIFICATION OF SINGULARITIES

OF DEGENERATE DEL PEZZO SURFACES AND

STRUCTURE THEOREMS

by
o

-\-.
ovidiu pXstnnscu

The a im of  th is  paDer is  the determinat ion of  qrouos

o f  s ingu la r i t i es  wh ich  l i es  on  the  degenera te  De I  Pezzo  su r faces .

More,  we obta in s t ructure theorems for  many types of  degenerate

D e l  P e z z o  s u r f a c e s

we ' I l  wo rk  ove r  t he  f i e ld  c  o f  comp lex  numbers .  I r I e ' 11

r 1  r 1
use the s tandard notat j -ons f rom l6J and L7 ) .

Sur face means an in tegra l  C-a lgebra ic  scheme of  d imen-

s ion  2 .  We remember  tha t  a  su r face  X  i s  ca l l ed  no rma" l  i f f  a l l  i t s

local  r ings are normal ,  a  sur f  ace X j -s  ca l led gofe4sie in  i f  f  a l l

i t s  l oca l  q ings  a re  Gorens te in  (o r ,  equ iva len t ,  t he  Gro thend ieck

dua l i s i ng  shea f  i s  i nve r t i b le ,  so  the  su r face  X  has  a  canon ica l

d i v i s o r )  .

De f i n i t i on :  A  ra t i ona l  no rma l  Gorens te in  su r face  w i th

ample ant icanonica l  sheaf  is  ca l led (degeneJate. )  Del  Pezzo sur fa-

c e  i f  i t  i S  n o n s i n g u l a r  ( r e s p e c t i v e l y  i f  i t  i s  s i n g u l a r ,  f o r  " d e -

genera te "  )  .

Le t  be  d , := t ) * . cJ * ,  where  X  i s  a  (degenera te )  DeL  Pezzo

su r face .  I n  LZ l  ,C57 ,  FJ  t=  p roved  tha t  1<d<9 .  We wan t  t o  es tab l - i s

a l l  poss ib le  g roups  o f  s ingu la r i t i es  o f  X  fo r  each  va lue  o f  d  and

to  ob ta in  the  s t ruc tu re 'o f  t he  su r face  X .



2 *  

i

i h e  m e t h o d  w h i c h  i , ^ : ; . " 1 - i  r l s e r  o e t a i l e d  p r e s e n t e d  i n . !  $ I ' 2 '
r ^ 1  f ' 1  r - 1

is  l - ; rsed nn -Li- :e resul ts:  f  : :orn [ . i " ,  ,  Ls I ,  La i ,  where are obtained 3t ] r"" tc:

tu re  thec : :en is  -1 :o r  normal  G lore i rs te j .n  s r - ' . i . j l aces  w i th  a i lp le  an t icanon i -

-  -  ' '  t -  , r L  a /  i  ^
c a r l  d - t v i : : c r .  N ; i t r i e l y ,  f o r  e a c h  . 1 4 J 1  , 2 ,  '  "  '  i i i J )  X  i s  a n  e l l i p t - - i c  c o : l e

( i "e .  ?  ccn€ :  u r - ' r - J l - ' an  e l - l - i p t : i c , : : u rve )  o r  i s  ra t i ' ona l  and  i s  c ;b ta ined

by contr ; rc . i - ing cr : i r i rected cct i f ig*r :a t ions of  i r reducrb l -e curves wj" 'b- i " :

s e l f - i t r l e r s e c l : i o n  ( - 2 )  t h a t  l i e  o n  a  s u r f a c e  Y '  '  a n d  X '  i s  o l : t a i *

.-O.^J. .r1 /-

necl by ):Ic,i"':'rr-rg up (9-"d) points ir;T6$g:i-ri*ggLe*I-gI -JgF-{fgI t"nll"-

( s e e  6 , f  f . o r  r l c i i n i t i o n s )  "  A  f : r j - e d k c t , . T r t s  t i i r : o l : e m  a f f i L r n l : '  t h a t  t h c

ue connecte lc i
s ingr: lar.r l - ies Of X obtair :ec1 L'y , , . lo i . ] t - . ract inq the abo'

conf  igurz r . t ions ,  a re  c le te rmj ,ned *  up  Lo  Er i  ana ly t i c  ' i ' : ;omorphr ism *

by  co i i f  i .gur :a t i c r1s"  
' i i : c . :  m.* thor l  usec l  w i l l  cc l l s is t ,  in  the  case o f

ra t - io r ia l  normal  c lo re l i sLe i r i  sur faces  t^ l i t l r  a lnp Ie  an t icanon ica l -  d j - *

r r i s o : :  ( i  "  e "  ( d e g c n e r a t c )  D r : 1  P e z z ( )  s u : : ' ; : f  a C e S )  ,  i u  t h e  d e t e r - ' m i n a ' *

t i o n  ,  
. f . c : r  e a c h  d " ( l I  i 2 ,  ,  ,  .  , 7 ] ; ,  o f  t t . . e  c o l i n e c t - e d  c o n ' i ' : i ' g u r a t i o n s  o f '

i r rcc luc : i l : -Le  c l r rves ;  v i i . ' t - ] r  se ,L f ' * : : .n te rsec : t ion  ?21 tha t  l ie  cn  the

b iov ln  ' - : t . i l  s r i r f  ace  xn  i . i l "  a l l  poss ib l .e  cases  i i , ,e .  i ' o r  '  eac ' i t  poss l i : : i - - :

f - i t y  o f  a r rdnEe l r ie l r i - -  o f  i l ^ re  (Y"C)  po in t ' s  i i ;  a l " ;nos t  genera l '  pos i - "

A / .

t .  o u >  i t - t  X '  ' )  
"

for  cach

ana l i sed

t  t ^ -
and iriN r,, -, {,

. r [

l + r

' l q

l -

-": )

In  th is  pa.pel :  are obta: i -ned cc 'mplete l :esu

t-
Ae lz ,3 ,  .  , .  , 9  )  anc l  r : a r t i a l -1y '  r sG ' :1 i - - s  f u : :  i l == I  '  i n 'S r  2

J

/ - - '  t
b . i re  case  c l=1 ,  i - n  { i : " t t " t e  case  d= '4 ,  i n  { r4  the  case  d

.  t h e  o t n : r : s  c a s e s

i {e  remark  tha t .  f o r  d=3  ( j - "e .  t he  case  o f

[ *1  t " " ,  f  o

( 2  , 2 )  i n  F
I

maneo l -n  t

f  rom oul :5 .

The

r n n ' l  i  n : i h l  o
TL tJ LJ 

'2 .'

(  - , r '  
' :  :  l  i :

n r r h i  r -  s u t ' f  a r - e S
v u p r v

t n |3 )  a l l .  g roups 'o f  pos .s ib le  s ingu la r i t i es  a re  c l . eLe rm inde  i n

r  cr=A ( i ,e .  Lhe case of  .  co i l tp- l -e te iu tersect i -ons of  type

a)  ane dete: :mi-nec1 in  Ig7tgo ancl  for  d '=] ' '  c '=2 are de '1:er*

t l l  .  Bu t  t he  me thods  used  i n  t -hese  pape l : s  a r .e  d i f f e re r : t

.  . , ,  i f  
_  ^

methocl  used.  in  th is .  papel r  has the 'ac lvantage of  b{* ing

to ;r. l . l  pos:s"i" i : le casjes a.r l 'cl  i , t  9j,-rres..s.Lructrr::r-:  t | . . :c: lerr is

; . r - i :  : , , ; ,  , , ,  . : ,  1 . , , - . i  r : , : . 1  i , , . . ' . 1  , . ' t l ' . 1  . : l  ;  1 . 1  1 1 . ' - ' i - r r l i l i l i : i  ( t j i - '  : ' l  : t t :  j . ' i t l : t l l ' l  : ;  i r

i
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r$ . t .  Some Genera l .  Resu l ts  About .  A lgebra ic  sur faces

rn 
f  n  th is  $.  re  i  1 l  s ta ' t :e  -  wi thout  proof  some t i reore ins

(vr i th  thre nece:ssary references)  which r " . ; i1 l  be usef* : l  fur ther  on, .  ,

' I f  X  i s  a  nons ingu la r  connec te< l  . su r fa -ce  (ove r  q ;  we

no te  p i c (X )  t l r . e  P i ca rd 'ag rcun  o f  rX  and tJ  the  c i : non ica l .  shea f  o f  X .

l f  x6X ,  we  no te  X (x )  t he  su r face  ob ta ined  by  b i -ow ing

u p  t h e  p o i n t  x G X "  I f  x . , € X  ,  x r € X t r . . ,  I  , . . . '  r x " 6 X ( x r )  ( x r ) , : .  " i  i x - * r )
I  L  , l -  l .  L  I

a n d Z , = i x t  , .  " . , * r l  w e  n o t e  X ( Z )  t h e  s u r f a c e  o b t a i n e d  b y  b l o v ; : L n g  : '

u p  s u c c e s i v . e l y  t h e  p o i n t s  X l , . ; .  r x r

e F ' 0  r 1 x'  -  ' 1

po in ts

e

e l^  ^the to ta l  t ransformers of

n 7
line j-n{l- -'

vihere E i b  t h e  i n v e r s e  i r n a g e  i n P t t Z )  o f  a
n

I n  P i c  ( f  ( f  ) )  t he  e le i r i en ts

A' .  -Ea
" o '  " L t

6

.  a .  f  
. ' . r

f o r m  a Z  -  b a s i s  a n d :

I )

z l

? \

.?.qf lrri.-t*-qt {s}: rf T. =lxi.o " - - ,*=,1 wit'h xl

L e t  b e  T = l \  r . . . , x r }  ,  w i t - h  x r e l P z  ,  * z r f "  ( x r )  , . . . , x r

, J )  "  T h e n  ;  L f  E l  , . .  " , E ;  a r : e

r  n 2 ( 2 . ) ,  w e  h a v e :x I r . . . ' x r  l n J i '

, ^ 2 r e \ \ ^ /  
' )  -  r ' - / i ' : ' 7 . T  r 1 - -  . r - * .

.L,rc W \/-) ) = pic tP " @Zt"-'y'G)iy 1,he 'tsotnc'ohism beinq
t



* r&2(x ,  ) ,  . .  . , * r f r '  t z r1 "

almost gele{al  pos- iL iog

.

r:S.8,r, She r:oints of [- o** *n"an

4 -

L r
y l  t ' r

i f f :

: .  i )  any  4  o f  them aa ' ie  no t  lon ,  a  l ine  ( i f  r> .4 )  i  " r ,  )  ' r  i '

.  : ,  i i . }  a n y  7  o f  t h e m  a r e  n o t  o n  a l c o n i c  ( i f  r ? \ j . ; l  l ' " .  i :  ,  '  ,

a - l

i i i )  ( . v ) j ,  rL3( r *L ,  rhe  ps in .  * j  + f lP- "  € l  (w i th l f , ,= '  i !

1 .  

' '  

" \  

J  

' -  - -  - t

, . . , x ; ' / )  d o e s  n o t  1 i e  o n  a n ] l  c o m p o n e n t  E ,  o f  E t  ( l s i < j ) ' '  s u c h
J '

) \ , = - 2 "

/ -  1 .  -  . ; '
Def in i i t i on  ( see  fo r :  examp le l f J ) .  Le t  be  f  :X  rY  ,a '  des ' i n :

gu lar isat ion of  the normal  b in . lu l . lar i ty  o f  
'd imension 2,  (Y 'y)  . r ' ' f  ; , '1 ;1

I

i s  ca l l ed  m ig ima l  des ihgq la f ]ga  i f f  . t he  reduced  f i be l '  f - ' ( ' y ) re

does not  conta in aS compon-ents i r reducib le  curves Cr l ' "w* i th ' :  ' i r , ' :  r

po ( C) =O and C z=-I ( i .  e. exceptional curves of . the--f:"f .9*.1*i i ;nd) .

, :  '  . .  - ,  i 11 ru  known  tha t ,  i n  t he  cond i t i ons -  o f  t he  de f i n i t i ooT . . , : ; i : : ,

there are always minimal des-i-ngularisations. !.  i ' . i i , i l i i

te t  be X a (d.egenerate ' t  De1'  Pezzo sur face 'and

6 r '=a ) . : , 4 ; .  W" {11  ca l l  C  the  &greg  o f  X .  I t ' s  known  tha t  1 (d<9
X X
. - -  t - " 1  / ' 1( s e c l , z J , L s l , L a J )  :

!  ' t  t r 4  f . 4  r - ' 1

A11 r-s clear i f  6€JB ,9 | (seel.2.; l  ,-.1"5:,1 , L8j.) .  ,  .  
'

- -'7

Tlrgglgm_4 ( f i l  , f i l  ,Cdl .  Let  L,be a (deg-eneraue,) .  Del  : .

. P e z z o  s u r f a c e  w i t h ' d e g r e e  a e J f  , 2 4 . . , ' . , . , r y ) .  T h e n  t h e r e - e x i s t  a  s E r , t . ' .

r nat #F E)of  (9-d)  po ints  in  an a ' Imost  genera l  p-os i t ion such '

(whe.r :e  ?, . . . - -  X is  the min imal  des ingular isat ion of  X) ;  more,  7

. -  act j .ons by contract  j  ng a l l  the j , rqeducib le curves € on X wi th

?*  (C)=0-and c4=-2 ( to  s ingular  po ints  of  X r ' rh ich are rat ional  .dc. ru-

b l e  p o i n t s ) .

i r : : , . r rn  accordance wi th

singu.larrjit,ies of degenerate",

t lAF t- ' r  1 1 r '  .  Using theoremu * / r t L r . . . . t t l

- 1  _ -- 7 ^ t

& l -  ^ & .
L r l c t  r -

.  
'  

i i ' -- ,eJ  -  
f

-t: :',
i ,

i .  r l

theorem A we can t ry  to  c lass i fY the

Del .  P.ezzo sur faces X for  each va lue

A and the next  theorem B,  we see



:.i,

:

i r-1,.

^,'-:: 1., . -,

::::a..j ' ; ;!r

q *

! r ^ a - !  r - L  j : - - i  - ^ U l a f i t i e S  O f ,  X  a f eL I l 4 l L  L { l ( t ; _ Y d J i r r Y

morph isn . * [  iby  the  conf  igura t ions

) ^ )
P  ( P )  = 0  ,  C ' = - 2  w h i c h  l i e  o i r  X .
{  a '

debermined (up

of ,  i r reduc ib le

to. an analgttc iso:r

curves C wtth

Tf  X t r rx  is  as abotre and xGX is  a s ingular  Point ,

T i  
-L  

( * )  i s '  a  con f i gu : ^a t i ons  o f  cu rves  C  w i . t h  ? " - {C )=0 ,  C2==2 '  as

componend"s.  We can a 's isoc ia ' te  to , , f i l1(* )  a" 'g t ia ;2h.  For  €xamp; lbr ,  ' ' ' '

.  - t

iS  n- t  ( * )  has 3,Componenfs we Cdrr r  dssociate the graph . . , r r : r i  r l " ,

. ':,| .

a- c.
L

-- -/

()

cornponent,  and two cj-r-E"i [ :e,$ dre", ' : i

.  cor l :espond .  ! ,hem are cut ' ,  t rans-

f i .": 
' ! ( ' :: '" - l '

where every c*j, ;rcle represents one

jo ined j  f  the two components which

v e r s a L l y .

Theorem B (Br ieskorn fa" l  I  .  I .e! :  (x,>r)  ; 'a,r : ,d (x '  , 'x"  )  '  be

wo..s ing,u lar i t ies which are rat ie laa] - "  doub' le  po j - r r ts .  .T l1 lg t* : : r : (Xrx) . : .  . . , . "
/-1

'  
r e  ana ly t i ca l  ( i .  e  -  O  - ,  - -=  du ,  . , ,  wh re re 'a n d  ! X ' , x ' )  

' a r e  a n a l l ' t i c a l l y  i s o m o r p h i c  A , X  n  , ^

thd. completions are'Ei 'ven byl the: 'maxi,rnal. .{.deals) i f  arrd @l,I} 'V i f

the graphs assoc. ia ted to  f ibers f f  - ,L  ( i l  a .nd '7 i ' - l  ( * ' )  'are isomorphip,

whar.e'T a^a 7tt utu the minir ira& desingular.{sations of (X,x) and' '-r-;- ia

( X '  , x ' )  r e s p e c t i v e l Y .

, ;  l lence the granh associa. tb .d, ,  to  the f  iber  of  the min imal  .

dersingularisation in the singular nationa,I double point .x,"" .de'bel$r;a

minesl  {up to  an analy t i -c  isomorphism) the tyBe.s ' f  s ingular i ty .

We consic ler  the next . i  k i i , rds of  r .a t ional  s ingular i t ies

( to  the le f t  i t 's  the s tandard local  equat io l " ! 'and to  the r ight

there is  the graph of  the f iber  s f  the,mi .n lmal  des ingular isat ion) i :

n * ]  2 2 ^( A r r )  :  z " '  - + z i + z i = o ;

n - ' l
( n ^ )  :  z ' . , '  

n  
* o  - 2 ,  - 2 * n  -

I I  L  ' t ' z  
LZ  2 * r  3=U i

Q4 Q.
t

--2- -L
r.1 '

4 . ,

*"2_.
/ a \- _ -LJ._
( )
"a<

.-^2. 4

'> ' \7.9
- . " .

- Z -,{-)r-(;-;'e--'+--
Y ) -+ -+-a -f :

(.i e
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4* (_-:

known that  .every 's ingu, larJ , ty  
whi .ch is  ra t ional

c 1  a

one  o f  t he  above  k inds -  ( see  fo r  i ns t+u rc 'e  hJ ,  j l : ) .

a (degenerate) Del Pev.Ao surface has one or mo"r,e-

t ype  A r . (n ) l ) ,  Dn  { . r7$  ,  86 ,  E7  o r  E :g -  o r  i t  i s  l 1oF I :

I  t ' . i s

doub lc . ' po in t  i s  ,

.  ' H e n c e

singular: i t i .es of

s ingula; :  "

r i - n g  A  L I  l i

L e t  b e  ( 4 r , . . . , a  
= ) e N + t  "  w e  c o n s i d e r  t h e  o o l y n o m i a l

. . .  r t r l  w h i c h  i s  g n a d e d  s u c h  t h a t  t ,

Then

d e g  T r = a r r  i = I r s '

l

, ! T t ,  A a F

/ r  ( a "  , d . , r . . . , a - )  g  P r o j  ( € { - T , r  ,
t t  I .  z '  S '  r

,l-l )
,  * . s / ! .  / 1

is  cal led the l rg ig l r .gsg Prg. ject ive spqcg
,\

( s e e L  1 0 J  t o o )  .  r . ' :

Let  be the graded r ing

o f  w e i g h t  ( a 1  , . . . . t , a s )

R ( x ) = ( 9 H o
m7a

: : :  where (R (x)  )  m=Ho tx ,  c ;  lm)  
and the mul t ip l . icat ion is  g iven" ' ly  the t ' ; '

tensof product.. Becaus"tJ; '  j -s ample, there is the canon'; i- 'gg'1 iso-'

.  morPhism

(X,c.r;nn)

w i- tl: ir ''-
. ,!1r

1

(  1  \ : t ,  , i  
' "

'  .  ,  " - . . - . Y:a* ir : ra7i  ( j i  (X) )  , ( r *n  fe  J ,  . r , l )



v -

tleq'=Lg t[a1) . Let  X be a (deg 'enerate)  DeL'Rez;zo sur*

-  1  - .  /  )  r , )  t C l ' t  
"  

o i t  * n o - .t a c e  a n o  o = * * .  
Y  

( - / t r z r . . ,  t r i i : .  t r r t r ' r r .  . .

i )  i J_dp- ! "  tnen R (X)Y6ho ,  .  .  .  tT t  / I ,  deg  T i= l  (O( i {d )  and ' r  i s l ,  ge-

d ( d - - ? \  v  . l  c _ + , h r ;  r \ . r 1 _
nera t .ed  t ry  9Y31 qr r .adr ics ;  in  par t j . cu t ra r ,  fo r  d=4,  I '  rb  - ;L - r re  . . ,L r l , t - '

'A ..';

plete intersect ion of  Lwo quadr ies '  ,Lnfp "  ( i 'e.  of  type {Z' ;2)  i t t ' '

A -

. , i r . . ' ! r

1r /ct=J trnen

^ r . , v J r t ' - -  1 " - '

r -a r ,  r - r  e=z  rnen  R(X) :€L ) {1 \  r z , ' , c l i  G )  ,  deg  x=des  y=deg  z : !L ,

def  F=4 ,  hence X is  a hypersur f  ace of  degree 4 " i :n  the

p ro jec t i ' ve  spaceP (1  ,L - ' , ; : I  , ' 2 )  ;

. i i \
L L  ]

deg

d e g  , : r ,

weighted

i )  r f  ' -d7,1

embeddi:rg

F=3 ;  i r ence  X

o twl4tf frr,-  rTt rF .f '  1-c \  \ . / \ , /=  *a to  r  t  L  r  t  2  r  t  y

i s  a  cub ic  su r face

/  (F) ,  'deg Tr=r (o€i.-1i l l  ancl  ;  l ' r i l . ;

i n F 3 i "  . i i , i , i l ' i , 3 ; ,

dreg z=2 r, rd.Q.S :;

n  f '  ( 1 , 1 , ? . , 3 , ) :

i ts  g lobal  sect ions g l ive an *

o f  deg ree  d ;  . . .

Co::o1lary cr ( feJl '

- ' l

thencJ* t  is

crf X in l/'d

very ample, 'and

as a subvar ie tY

r a /

an embedding

a

Tlnerv) *' 
,."

A
o f  X  r n [ P "

very 4mple and

as a subvar ie tY

qj tonat  .sect ions g ive

d e g r e e  B ;

i  t e

o f

- ?
j - i i )  j- j" 'd=.l  thencnjr*" is

'an embed.d ing of  X i r , .P6' v

Ng!g.Ugg-1, we' 11 write,

has g1g' " i ' ingularitY of

th l :ee s- i r :gu lar i t les of

very ampre and j-ts gtobal sect-Lons gi 'ue
'

as a subvar ie tY of  degree 9.

fg.r.",1.5,ample, D42At3A2r if the surface X

type D; ,  i ,wo singular i t ies of  tyoe AI,  .
I +

type A,  andto oth.ers



- B -
.

a

$, 2. 4e classi- j l lc.et iol  df j9i lgulari t ies pn* Sfrubtufe

TlFo r ein s. I gs D g,cte n e rqt e _ggl*I9g3g_ S ur 5 qc_e s . o f"

lgg.Lga : (i . e ., ra-tional- riormal cubic surf aces tnp J 
)

l r i  L  AJ  i s  c i : t a ined  the  c lass i f  i ca t i on  o f  s i -ngu la r i t i es

o f  cub i c  su r faces  i n fP3 ,  s ta r t i ng  f rom equa t ions i  t he  number  o f

l i -nes conta lnecJ on each t \ rpe c f  sur face is  obta i -ned as wel l - .  In  th i :

Iy  we' I l  obta in these resul ts  ag 'a in  wi th  another  method and,  no. fu

j -n  the  ra t i ona l  case ,  we '11  de te rm ine  the  ways  these  su r faces

can be obta ined star t ing f romf 2 
. . rd  ef  f  ectuat ing b lor" r ing ups ano

{
con t rac t i ons  ( sL ruc tu re  theo rems  fo r . ra t i ona l  no rna l  cub i c  su r faces ,

c l a s s i f i - e d  a f t e r  s i n g u l a r i t i e s )  .

Let  X be a rat ional  normal  cubic  sur f  ace , .n  lP3 .  Then

rS | \C* t t l  ,  hence  Lheorem A  5 i1  can  be  apo i i ed ;  hence  x  i s  ob ta inec

)
by  b low ing  up  r=9 -3=6  po in t s  f rom /P "  i n  an  a lmos t  genera l  pos i t i on

and then contract ing the in tegra l  curves C vr i th  f ,  tC)=O and
a -

C"=- -2  ( see  a l so  theo rem C L i ) )  .

/\,
Lemma 1 :  Le t  X - -LaX  be  the  m in ima l -  des ingu ia r j - sa t i o r r .

. \ J ) -

T h e n  k / f P t  ( f )  ,  w i t h L = | P . , . ,  p  f  i -  2 n  : r ' l  m r r q l -  c r + n c ' r a 1  p o s i t i o n .
.  

I -  
'  .  t -  

6 )  
f r r  q t '  s l r r r v r  L  Y u r l e l s :

p i c  i : 7 A / 6  w i t r ,  E o ;  . - E 1 , . . . , - E 6  e .  Z  -  b a s i s  ( s e e f  i l . T h e n  t h e

in tegra l  curves  C€ iw i th  Po- {C)=O and C '=-Z  t r -Qd.C=0}  a r :e  o f  one

of  the  fo l low ing  k inds :

o r

l ( \ .  - ' r  r  n  n
\ w ,  L  f  L  f  v  ,  w  ,

( 1 ;  l ,  l ,  I t  0 ,

0 ,

0 ,

0 ) ,

( 2 ' ;  1 ,  l ,  L ,  L t  I ,  1 )

f i nve rse  images  o f  l i nes  wh ich  con ta ins  3  co in t s  i n  |  )  ,

or

(the i -nverse ima, f ,e  of  the conic  which corr ta ins a l l  t l le  Points  of  Z)



as fQ"r as theY exist.

P r o o f :

C 2 = - 2 .

But

we obta in

(see f i  r),.- t \9-1,
I  ; . :

r / 1 \

( 2 )

1 . ' , i , . ! . . - ,

i " !

L e t  b e  C = ( a ;  b ' , . .

tt. ,,,.t

We have d"z= ? 3; - t  ,X

t<) a, a, = 0 ca> 3a

, ) 2
C o = ' Z  ; a '

4'/

. , h . ) e P i c ( x )  ,  w i t h  P *  { e ) = o  a n d .  ,' o

, t
( fb i )  '56 (Zbl)  (cauchY) -

'  
-  j  . : . .  

-

Rep lac ing  f ro rn  ( r )  and  (2 )

.t ')

( 3 a ) t 6 ( a " + 2 )  c = )
' ' )
C  = )  a - S 4 "

7 -  b . = 3  a
l-

7 b?=u'*'
.  : . . .

exact ly the curves

o b t a i n ; , a -we

But  L2  o ,  hence a1a ,L , ,? ,1  .

$olving in int,eger numb€rs the systems

.. 'i

;!"1 :it i':r;'i

)
1
I
t

l ' ). for  a€50 ,L  ,2  f

in the lemma.

of

on

" i  '1 i " ' i ' ,emma 2: .  The l j .nes on X ( i .e .  the excer : t ional  d j 'v isors

the f i rs t  k in<l )  are t 'he ( isomorphic)  images by T1 af  the d iv isors

X  o f  one  o f  t he  nex t  k inds : "



9T

I U

t ^ .  - ' r  n  n  o  o  n ]\ u ;  - L 1  t . ' t  w ,  u 1  v t  
" 1 ,

1 1 .  1  1  n  n  { r  ( l l
\ . ! ,  L ,  L  I  v  t  e  I  v  t

( inverse images of  conics

as f ,&r a.s theY exist .

wh ich  con ta in  5  po in t s  i n  f )  ,

P r o o f :

We have r r )* .  C=r  and C2=-I  and we apply  the sa ine met l roc l  '

as  j - n  the  p roo f  o f  l emma ' I .

'  
f ,he lemmad I  and 2 are used for  the detern inat ion of

in t .egra l .  cu l 'Ves C wi th  fo  (e)=0 arrd C2'=- '2 ,  c f  the.  in tersect ion 'maLr : ix
.\)

o f  these,  for  the determinar l ion of  l ines DC-X and cf  lhe in t 'o : :sec- '

. ?

Because every rat ionaJ-  normal  Gubic  Sur f  a 'cc in  /7 ' i  is  ' - .

obtained by blowing up sucee-s.sively, 6 r:oi 'nts in an almclst genera'r"

pos i t ion in tP 2 and by contract j .ng the in teSJra l  curves C wj  th

t  (C ' t=A  and  C2=-2 ,  eve ry lh i , ng  comes  back  to  the  ana lys i s  c f  a l l
ro  

' i  € fo ron* '  n . ' cq  E  the  6  ' po in t s  
"essen t ia l . l y  6 ig *e ren t  poss ib i l i t i es  o f :  ra r rangemen t  o l

i n .an  a lmos t  genera l  pos i t j - ons  ( to ta l . l y  B8  cases , l " "u  Append ix  ? ,

or

6 1 )  .

( inverse images of  l ines whLch conta in 2 poi r : ts  , in  Z)  ,

( 2 ;  1 ,  i ,  1 ,  1 ,  1 ,  0 )

the 6

Le t ' s  ana lyse r ' f o r  i ns tance r  o r l €  case '  . o f  a r rang 'emen t  o f

p o i n t s  i n  a n  a l m o s t  g e n e r i a l  p o s i t i o n  ( f i g ' r )  :  '  " ' : "  r

t r

F  I  A  1 \

5 = [ + r r i



l l t  i

1 1

f  f Y .  r .  U I I g  ! (  V L  9 r r r ' ! u

c led  means  tha t  t hey  a re  i n ( ! : .  t ' he  : f ac t  , t ha t  we 'have  j o ined

x . , x^ , x - . I ^ / i t h  a  l i ne  means  tha t  t l r , e  L . i r reb  po in t s  a re  co l ' l t nea : : ;  h i : e
I . z ' - 1

q4.

arro\^r  i? '  means that  x '  is  in f  rn ' i le '&,1 i ' .ngt t  po int  o f  xr  r ' ,1 ' luL ' -sat is*
, .  

- - ' - ' -  - - - , -  -  -  
5  t i '  l

v
4.' 4

fy ing the condi r ,L ion of  a lnLcst  qenera l 'pos i t ion (see $>1)  ;  the co i id ; i *

. t ion 5=(4r1)  means that  *5 correspohd.s to  the d i rect ion ' , r , * . , iv ,en by" , " '

- - -  J  r r ^ - . - ^ -  1  ^ * * ^  
' l  

- - ^

tne  i rne  Wnach conta inS X,  and x r .  USr l lq  1 -e4q1a I  anO.  the  pos ' ' - t ion
I  4 - -** .  *

of  po ints ,  we obta in that  the i :n tegra l  curves Ci  on X suc l r  that  .

:  - E  . - E - ) : '  r ' - -  "  , r l '
l J  \ - . i  /  U i  - ]  L  < t L W  \ I l I  L f  I s  p c ' - ! r  u c , ,  p I  t  "  

'  l  " 6
1 , 5 _  r '  l -  ( J

'  C l = ( l i  I ,  4 . ,  4 ,

n  = ( t i  1 ,  0 ,  0 ,v 2 '

C 3 = ( 0 i . . 0 ,  0 ,  0 ,

The  i n te rsec t i -on  ma t r i x  i s

* 2 0

n ^
v  - 4

0 0

0 1

0 ,  0  r ' 0 )

L ,  1 ,  0 )

- r ,  1 ,  0 )

0 ,  - 1 ,  1 )

0 0

0 1

- 2  1

L - 2

t r  r  \  =
\ e i . v i /  i  +

J  L I J

L

"-1
I
I

I
I
I
I
I
I
I

)

Hence ,  t he  ccn f i gu ra t rons  a re :

* L

c
t

and,  because, , i these two connected conf igur :at ions are contract lng

to dotrbLe rat ional  s ingula. r  po inLs,  and -  us ing theorPm B the

(\'/
conf igur :El t ion orr 'x  deter ln- i -nes the s ingular i ty  -up to  an analy t ic

isomor, i :h . i * in , i t  fo l tows that .  X l ia 's ' 'AtA3 s inqular l t ies (o.qg s ingular i

t y  o f  t ' ype  A ,  and  one -  s i -ngu la r i t y  o f  t yne  A : ) .



phi .caI Iy

' l -hr : rz ar . - .

n n ' i  n t  r a q

L 2

. J

,  99]n9.*lel l [1*?. we can di:termine al l  ' l ines on ] i  ' ( isomor-

t r a n s p o r t e d  i n  X  b y  7 ' )  r  - n € n c e , a 1 1  l i n e s . o n  X ' { h o w  m a n y

'and how they or  cut )  .  iJs ing lemrnar  2 and the oosi t ion of  : :

we  ob ta in  tha t  t he  l i nes  on  X  ,a re :  l

D r . = ( 1 ;  0 ,

D r = ( L i  0 ,

D 3 = ( 0 i - I ,

D n = ( 0 ;  0 ,

n U - ( 0 ;  O l

D U =  ( 0 ;  0 ,

D r = ( 2 i  0 ,

1 ,  b , .

0 ,  J - ,

n n
v l

* 1  r )
L t  v ,

0 ,  - ' 1  '

0 ,  0 '

"t 'l
r l

1 ,  0 ,  0 ) ,

! ,  0 ,  0 ) ,

0 ,  0 ,  0 ) ,

0 , .  o ,  o ) , "

o t  0 ,  0 ) ,

0 ,  0 ,  - 1 ) ,

1 f  1 ,  1 ) .

The in t 'ersect ion matr ix  o f  l ines is

( n i ' D j ) i , j

r . { ' i  
Hence X

d.ivi 'sors of

( h e n c e  X

: ,
t n e  t l - r s t

1 0

0  1 '

0 0

1 n- I  U

0  - 1

0 0
' I

l l

same way a l l
-9

a r:.*';j j-. f i .: li r..r-i'

- 1

l 0

: 0
' 1 i _  u

0  - l

0 0

I U

0 0

0 0

0 0 J
f

o  o l
0  0 l

.l
o  r [ ,  r
0  1 !

Ir  r l
I

|  - l  I

: l

'L

{ l

0

0

t i ona l

g rapn :

I

too)  has 7 l ines (whlch are the excep-

kind), which are cut as in the next

* / ,

q
_l

poss iP le  cases  v re  ob ta j -n

' i  n i  zi 
' i i .r :Lt.h 

ar: icthc.r '  mel*hocl.)

A r ia i ys ing  i n  t he

- 1 - -  - . .  - - . - - , . , r l r  |  ' - - ' v ] l  i  : : r ' i  
' l  

r ;



i . f r f y3 .  Then  X  i ras

p o p s i b l e '  A t  ,  2 A 1 ,

D4'  A3 2Ai , t ;  Ar2A.  t

teplg-J, ?'ppend.ix

-  i 3

Theore in I .  Let  X be a : :a t ionai -  normal

one of  the fo l , lcwj .ng grouPs of

A 2 '  3 A 1  r  A t A z " ,  A 3 ,  4 A 1  f  A 2 2 A L

A4*r l  ,  A5 r '  l t5  ,  3AZ,  A*5Al  ,  E5)  ,

L t  c r  i t  i s  ; r o n s i n g u i a r "

cubic su::f,ace

slng ulari, .Eieg.; 'a: i- l

,  A s A l  , , t . r ! . F 2 ,  , b Q , ,  , '

in accordance wi-l :h

. :  !$ ieqv* !Lqn:  I 'n  the tab l3s l - -6  of  the Anpendix '  1  Qrr , '  11, i

t he  f i r s t  co lu - rnn  the re  i s  t he  g roup  o f  s : . ngu la r i t i es ,  on ' t he  second

column there is,the rr 'Jmber gf : l- ines ancl c,n the third colunn there- '

are the a lmost  genera l  pos i t ions in  whic .h.cdr  b€ arranged" the polnt 's

j . n  o rde r  t o  c - rb ta in  the  g roup  o f  s ingu la r i t i es  c f " t h .e  f i r s ' b  co1 -umn"

In !ab* Ie.3 is  nou g iven the numter  of  L .h 'e  excer : t ional  d iv isors (co-

n, ics)  r . :  sh6 notat ions in  the . tab les are expla ined j .n  the beginning

of  the Appendix  1 .  The same no. ta t : io lns are used in  Appendix  2 '  too.



L 4 ;

i

.p I . Ihe s1.assj.fj.c$ :i.g[' oi 9++gq]qri!+es- +Ud.,stf-r+S.tr$e

Tlreorems for  nq iq.ar_I .49_pq1 Pezzo Sur faces .o f  Degr . - :e-

!  ( i . e "  ra t i ona l  no rma l  comp le te  i n te rsecb ions  o f

two hyperquadr ic s in[Pa1

r "  L1 l  t f ,ur  c lass i f icat ion of  c{ rourrs  of  s ingul :ar , i t ies ,

o f  t hese .su r fa . ces  i s  ob ta j -ned  t -oo ,  buL  us ing  ano the r  n -e thoCs"  We '11
r-

app ly  a  s im i l a r  me thod  to  tha t  o f  b  Z  and  wer l l  ob ta in  aga5 .n  a l J -  t he

possi i , r . le  groups of  s inguJar i t ies 'and more,  s t ructure theorems s*rn ' i . * '

lar  to  theorems ln  the tab le I  f rcm the Appendix  I  (see babl -e '2  ) t , { r :

t h e .  A p p e n d i x  I ) .
..4

Let  X be a rat . ional  no: :mal  sur f  ace of  tyne ( .2  n.2)  i .F  
' *

A

( i .e .  the complete in tersect ion c f  two h1 ' t rer .c luac l r icc  i .n f l , l ; )  .  Becau.s

* 4
cCx r -s  very ample i t . : fo l lows f rom,bhe theorems A and C i ) , , ,  . ( f : l )  fha! ,

X  i s  ob ta ined  by  b low ing  uo  r=9 -4=5  po in t s  j - n  an  a lmog t  gu : re ra l  po ;

.)
S j - t i on  Ln lP t ,  and .by  con t rac t i ng  the  i n ' ceg ra l  cu rVQF. 'C ,w i th  ' :

a

fr 
(C =0 and. C'=-2.

- / -
. '  ,, !SIUS_J_: Let X-4-:x

N ) .

o r  x  "  T h e n  # t p "  ( Z )  w i t h  Z  = J P  
, ,

p i c  ?  z  7 O  7 s  w i t h  E o ;  - E L ,

the integral curves C.tr.  r , t i th

of  one o f  the  nb> l l :  k i -nds :

.m- ln imatr  des i rLgular isat ion :1 . ,

in  an a lmosfu, , ,9ener ; r i  : tpOsi t iO,n

as  Z  '  bas i s  ( see  . f  i }  .  .The r r
' )

and  C"= -2  t r>  " JX .C=0)  a re

be the

7. . . r " 5 )

-T t, " 5

(  ( c )  = 0

; ,
( l n v e ! b e  I m a g e s

t h e y  e x : L s t .

or

( 0 ;  - 1 ,

( l i  I r

of  ,  : l ines which
I

0 )

L ,

L ,

n n

1 n
L J  v  t

c o n t a i n  3  p o i n t s  i n f ) ,  a s  f & r  a s

T h e  l i n e s  o n  X  ( i . e ,

a l : / ]  i :J ie  { i .sc ,nrorc l r t -c)

the except ional  d iv j -sors-*

in ' ragc ls  hy ' l i  c t f -  t l :c  d i .v isr ) r :s

Lerma 4 z

c't l: lre 1 .j '  l*: l t 1; i. i^r' l)



,a  . .  i "  b r ] .s  ,

t 5

/ - ) - .
on  X o f  one o f  the  nex t  k inds  : ' " :u  ' ,  ' ,

t . l .  - ]  o  n  n  ( ' ;  )
\ \ J r  

- L  
I  w  f  w  I  v f  v t  ,

o r  ( 1 ;  I ,  I '  0 ,  0 ,  0 )  ; '

( r nve rse  images  o f  l i nes  wh ich  c6n . ta in  2  :po in t s  i nZ , : ' )  r .  ' / r : :

g I .  Q ;  l ,  1 ,  1 r  l . '  l - )

s  a l l  the oornts  i -nJt )  '. :  ( the inverse image of  'b .he conic  which conta in

5 r  f a ' t  a S  t h e y  e x i S t .cl;' +qr

'

o f  l e m m a s  1 a n d  2  r e s p e c t i v e l y  t { Z l '  ' ' ! '  ' r ' : ' '

us inq the sane techni .cs a-s  in$ z  ( to tat ly  28 esent . ia t .1 .1r

. , , ,  t t  ,  ) i  d i f f i i en t  cases  o f  a r rangemenr  r f  t he  5  po in tb  i n  a ] -mos . t  genera l  ' " - l i

>endix  Z,  6  4) ,  we obta in the next  theorem (par t ia l -

.  i r z  os tab l . i shed  i "FJ  too ' ,  us ing  ano . the r  rne thod )  : '
- L J

/ i  .  - - - - a  - - - - ^ c

.  , :  r : i  
l l re*o;em ?:  LeL X€rP* a rat ional  normal  su; r face of ' type "  

'

.q '2 , .2)  .  T i ren X has one of  the f  o l iowing qrouns of ' '  s ingular i t$es '  a l }

p o s s i b l e ,  A 1  , ) n r . ,  A 2 , ' 3 . A ! ,  A t A 2 ,  A 3 ,  4 a y  A z ,  2 A L '  A 3 A y  A ' 4 n  D 4 '

- - - ^ r l - -  1  ^ '  . i + -  ' i o  h n n *

.  . f l - .ZA, ,  D.  in  acco: :c lance wi th  !gp. }g ?, ,  'Apoendix  1 '  o t  i t  is  non-" '
, ' t  L  J

s ingu la r .



f t a .
:

1 6

r h e c I a s s 1{ ! c-a Li g[*-cJ"-q-i1tgg lg51t i e L a.g{" s t r ugL1]re

rhec r emq,l ?g*qgls-1]9-qg!g*!s -1,- .p-9 z.t-:p I t$ {3ggi*gjl. ge [I.ge ?

Lernma 5: Let

N

i n teg ra l .  cu rves  CcX

of  the next  k inc ls :

( inverse images

( 2 i  ! ,  1 ,  I  '  L t  . L '  l ,  0 )

\ v  t

+rfr

( in . rerse rmage of  conics

- - - .+q  . {P r -qs  i heY  ex i s t '

which conta ln 6 noints

I r - . .  ( ._r  f l ] t f t "  cLass i f  ica b ion of  grouFs of  s i r :gu la: : i t ies 'o f

; i s o b t a i n e d t o o , h u : L r r s i , n g a n o t . h e r m e L h o d . . l ; { e ' ] . ithese sr - r . r faces is  obtaaned

app l ]  a  s lmara r  me thod .  t o  tha t  o l : 9 r  a i l d  we '11 '  ob ta in  aqa j ' n  a l l  uhe

poesible grgups rof singula:: i t ies and more, struct 'U're theol:;&r. ls 'si ' 'm1.*

lar  to  theorems' in  the lab le 1 f rorn the Ar :penCj-x  I  (see ta"b le 3 in

the Apperrci i>< 1) "

Le i :  X be a c legenerate Del  P 'ezza,  sur f  ace of  degree 
'2  

'  I t

fo l l .v rs  f rom the theorems A (SI)  r :haL X j -s  oh l 'a inec l  by b lowing ur)

x=9-2=7 points  i t r '  an a l tnosL genera l  pos i t ion fn ' fF2,  and hy cont ' r 'ac* '

t j -ng the in tegra l  curves C wi tn  P.* . (e)=0 a 'n t l  C2=-9-

x .  Then  Xnr , , z  tZ )  l v i t h  Z= |p1 r . .  , , r 7 \  i n i , an  a lmo-e . t . genera l  p l l s - i ; ' h i cn

p. rc  ?=  Z / -@.ZW wi th  Eo;  -E t , . , . , -qF  as .Z  -has is ,  (see-6  1) ' . , ; ! ! ' h 'e ' r l r  
' ' rhe

*Z+X he the mini 'rnal desi 'ngulari 'sa't i .on of

with F* (c) =C and Ct=*Z (+oCV' A-.o\ arci of one

s(

L ,  a r  o ,  0 ,  o ,  0 ) ,

or ( f  ;  l ,  l - ,  L t  l '  0 ,  0 ,  0 ) ,

o f  l - i nes  wh . i ch  con ta in  3  po in l s  i nZ )  '

: . n Z ) ,



* ; L 7 ' '

Proof  :  -  s imi lar  to  t i re  proof  o f  lemma I  .  Becamse the :

number  o f  t he  e :zcep t i ona l  d i v i so r : s  i n  t h i s  case  i s  no t  a - t  a l l  s ta *

b le  fo r  a  g i ve :n  t - ype  o f  su r f . ace  ( ' ' t yoe "  Ineans  the  q roun  o f : s in$u la -

r i t j - e s )  w e  c l o n ' t  i n s i s t  i t r  t h j s  d i r e c t j o n .

u s i n g  t h e  s a m c  t e c h n i - c s  a s  i o 9 2  ( t o t a l - t y  3 0 8  e s s e n t i a l -

I  .  I . ,

I y  J i f f e r e n t  c a s e s ' o f  a r r a n g e m e n t  o f  t h e  u o i n ' L s  i n  a h r r o s t  g e n e r a l

pos i t i ons ) '  see  Append ix  2 ,  h3 , 'we  ob ta j . n  the  nex t '  t heo rem (pa r t i a l l r

) ' - ' ,  
: :  '  

t '  
j '  :

e s t a b l i s h e d  i n  I  f U  t o o  u s i u g  a n o t h e r  m e t h o d )  :

' r i : eo rem 3z  Le t  xc rP6  . ( see  co l :o , l a ry  C I ,  t  r )  a  degenera te

D e L  P e z z o  s u r f a c e  o f  d e g r e e  2 . . T h e n  X  h a s  o n e  o f  t h e  f o l l o w i n g  i l

;

l t r o u p s  o f  s i n g u l a r i t i e s ,  a l l  p c . s s i b l e :  A 1  ,  2 A 1  r ' "  A ? . ,  3 A 1 r  A t A Z ,  A 3 ,
I J . L

4 A 1 , ,  n r l a ,  A 3 A t ,  2 A 2 ,  A 4 ,  D 4 ,  # 9 2 A y ,  # f o Z ,  A 4 A t ,  A Z h 3 ,  P > g , D A ,

5A i ,  823A1 ,  A5  ,  D5 ,  3A2 ,  A5A1  .  .  &Uor ,  
6A1  ,  A tAzA3  ,  

' - '  
h r r? t '

2 A - 3 ,  A 2 A q ,  A t D 5 ,  A 6 ,  D 6 ,  E 6 ,  , 4 3 O y  H r 2 o l ,  A ' 2 A 5 ,  L i n U i  a ' r ,

E . i  j - n  a c c o r c i a n c e  w i t . h  t a b , l e  3 ,  A p p e n d i x  1 "
i .

{

^ t  t  A



:t il
'f, s - rlr e c lL s s s i fi c a t i g:''--*5' ij* f-ii.L 1 {!g! P :*il.l-*- "l*;lgSslg
)/ 

r o :rJ;'*:-:;;;;;"F';';*:';****-*" **'

Ii: g*x*pt;;,s,.t-*f #"r,i:! r.*fi ,:i,ii"* "-n f;*-H gfi .a**fi"iril"f a.s"gs*S**-en gffg

r-..-t 
*s#*fuf

I n  I l Z ,  J  i : h e  c l a s $ 1 J : ' i . r * t i c n  o f  q r o t l p $  o f  s i n c r u l a r i t ' i e s  L r

thesie t t r ' :c*g of gtr f  faCes j .S Oh1;. l ine al l  tOrJt l : ' i * inci  anothe::  met ' t rccl"

inlef  Li-  apply 4a si . : i r i l .ar nret i ierr- i  ta i -haf,  
" f  

j ' )  2 anrl  wee ' l l  or l f ' * ' i "n

' '  ' ' ' | *c i ' i ' l - ' l  a r trd"1'r  l r ' t "bj ' t jg a;rr1 m*l"en structt ' r : rel
aclain ai . i .  Lh*:  pt ' ;usible c:{rcups of s lr iqo' : tJ- ' l r ' t "bi ' t ' :s Fi ;1{1 mc

i. :heorerns si :nj . l -arr  " i .g) t i :eorems in the ' : t 'a l :1e I  f ' rom the Ap;:encl ix 1 (st l+

r : .eb les  4r  5 '  6  in  the  3r ' i r? :end ix  tJ  "

t € t X b e a d e . q e n e : : a t e r } ' i : l F e z t o g u r f n c e c r f c i e g r e 6 ' 6 J : : $ " 6
, , / -

o r  
'1  

, I t  J :o l . ] -o rvs  l l i :om the  theorer ' '  ,A  
(J1 i  t l r ' a t  X  is  ob t 'a i r tcd  br r  ? : ' io -

w i n q  u p  A t  3  o r ' 2  i r * l n ' t s  i t  e " r ' i  a L r , o s t  s e : r e ' ' l  p o s i t ' l ' o n  t n y 2 "  ; ' € s ' e e *

t i . r re ly r  an i l  by  cCIn{ : rac t in<r  the  ln te rqr : i+ ' l  c l l r v€s  C v l ieh f * tc ) *8  anc l

1

C - * - 2 .

IgflSg.-J.: Let- X he a ifesen.erate Del Pezzo surface of d"e*"

5 and ret i*z*x i:e the n:ir"i lrnal clesin.',ularrisatic'n 'uf x' l fhen
.)

--  ) ,n n ?i  rr  , l  i -n af l  al tnost c l t inerf i l  posi t icn. x, f i  lP- i
{ 2 )  u  v r i t h  Z -  1 t - '  J  r P Z ' t r 1 6 } ' 4  )  :

,1

XXZA '74  * r th  Eo ;  *E tn  - I l 2e  - f i 3u  -84  a *7  *  ' r r as in  
{ see  i>1 }  "  T i r * ' r n

N  ) -  ^  f  /  i  s r .

ingetr ra l - .curves eC; 'vr i th  f *  (C)=0 ancJ C'"=* .2(*u* . 'C* f i )  ' i ' r ' : i ' - 'e  * f

o f  t he  nex t  k l . nds ;

grqe
r : /

y&p^

Fi -c

the

one

'+) J.

i 0 t  * . i ,  L n  0 r  0 )

, a  $  I  1  n 1
( I ,  I f  ) ,  L t  u /

{ j r :verse imaqeis  Of  L lnes w- i r i .ch ssv i t j ; r ' in  3  pOints  inZ)  t

: "  
fa ' :  a :  t l - reY ex is to .

4

ISSSS l :  Let  be Xt V'  t  as in lemma 6'  Then the l 'J 'nns'c:

x  (1 .e .  t l re  except iona l  d iv isors  o f  the  f i rs t  k lnc l ! "a re  the  ( i somor-

a\)

p?r ic )  j .maq. " ls  by  i f  o f  
' the  

d iv isors  on  
- f .o f  

one o f  the  rex t  k inds :

.
9 g  ( r ;  l s  1 ,  0 '  0 )

( lnverse lmagies of  l - : l -nes whlch conta in 2 points  in  Z )  t

as f.Sr l . : i  Lhe:\t exist ' '

a..re analogouslir t"o t ' lrsr* o:
Tlhe ASgUg.* CIf lemrno 6 and 7

r .  . . ' .  ' i  : , n r i  l i  ; - a  1 . : , ; ' ' ; , -  i i , ' i : 1 1 1  : $ ; l  ". i " :  
r . r . : t .  - r -  L  r r r

/ : - . . - " . - . l l



1 9

-  d i f fc : : ; *n i :  cases of  ar rangemenr:  o f  bhe 4 points  in  a lmost  genera l

t
pos i r i r : r s  i n tp ' ,  see  Appcnd ix  2 ,  )p4 )  we  ob ta in  the  nex t  t heo rem

(par t i a l l y  e r ; t an - i i shed  i n  [ f  2  j  t . : o  us lng  ano the r  me tnod)  :

tr
Theoren  4 :  Le t  X4? t  ( see  co ro .L la ry  C f  , , 6

i . _

t e  De I  Pezza  su r face  o f  deg ree  5 .  Then  X  has  one  c f

g r o u p s  o f  s i n g u l a r i t i e s ,  a l l  p c ' s s i b l e ,  A I  ,  2 A l ,  A Z ,

in  accordauce wi th  tab le 4,  Ap ' rendix  I

'  ,  Lemna 8:  Let  X
.\J -

degiree 6 and let  X r i*  X be

t '
. v r ! ^ l l r \  t , r . i l - h r '  ' *  ^  ?
r r = t l t  \ i - t  w r L r l l  = i H I r v Z r v i , l

. J  , ^ ,  -  ?pic  XY /0 U "  w : - t .h  E - . ;  -B,
O '  I

ther  in teqra. l  curves C .T

o f  one  o f :  t he  nex t  k inds :

1 )  a  degenera -

fhe fo l lowir :g

^ n 7 \ ? \

" r n z t  " 3  |  " ' 4

b e  a  o e q e n e r a t e  D e l  P e z z o  s u r f a c e  o f

th 'e  min ima l  des ingu la r isa t ion  c - r f  X .  Then
' t

j -n .  a i ;  a lmost  Eenera l  pos i t . io i :  : 'n lP "  i

,  , 8 . 2 ,  - - E 3  a s  7 (  -  b a s i s  ( s e e  d r f  ) .  T h e n

wi  j -h  t ,  f  e  )  =0 and C2=- 2 (c= )O:y.C=O )  a t :e/ 6 * \ - /  v  '  
y | - -  

- '

or

( 0 ;  - 1 ,  L ,  0 )

( 1 ;  1 ,  L ,  f )

the inverse image of  the, l tn 'e whj-ch contaj-ns al1 the points of  T)

as f,gr as .they exist

o n  X  ( i . e .  t h e  e x c e P t i o n a l

( isomorphic)  imageS bY i r  
,o f

k i n d s :  '

N

L e m m a  9 :  L e t  b e  X .  X , T  a s .  i n  i e m m a  B .

d i v i , so rs  b t  t he  f i r s t

the d. iv isors on.  X of

Then the i ines

k ind)  are tL te

one of  the,  next

( 0 ;  - 1 ,  0 '  0 )

( f  ;  l , ;  1 ,  @ )g



(rhe i. ir .r ibrse image' of rhe l:-r icl lr l i i ,cl l l  c 'ot"rtain al l  t l ie poinbs of C ) t
\  \ ' r & v  - -  - - - J  -  -

as f&r as LIrcY tsxis L '

' , i  T t re proveq cf  iemrnas B and > :€ l f€  s imj- Ia : :  to  thcse o. f

: ^
l en imas  I  and  2  respec t i ve lY  (  SZ)

^ 1  . ^ : - " .  ,  C  n  / . r - - . + r 1 1 \ r  5  ; : e c 6 r r . | - i a ' l  l W
Us ing  the  Same t -ec l  t n j - cs  as  i . f i  $>  Z  i  t oLc l r r y  v  | j ; , be r rq . -Lo !J -J

r rancrc lmcnt  .o f .  the 3 points  in  a lmc\st  genera l  " ,d i f fcrbnt  cases of  ar rangemgnt  .o f ;  the 3 points  in  a lmc\st  ge l

) (
pos ib ions i .n2 l ,  see Atrpendix ,  .2 ' ,  i l5 ' )  \de ,op l ta in  the next . theorem ,

'  I  l  i l \  -

1par t . : . a l l y  es t .ab l i shed  i n f  f  2J  ' [ oo '  us ing  ano the r  me thod) :

a  .  - ,
Theorem 5 :  Le t -  X  € [P"  ( see  Qp , fo l l a : : y  c l , - 6  1 )  a  degenera -

te Del  pezza sur f  ace :o f  < legree 6.  Then X has one of  the fo l i 'owing

q r o u p q  o f  s i n g u l a r j - l : " e s ,  i a I I  p o s s i b l e : A 1 . ,  2 A r ,  A Z ,  A I A Z . t n  a c c o r -

dance wi th  tab le 5,  SPPendiN l .  :

.  Lemma l0 :  Le t  X  be  a , l egenbra te  De l  Pezao  sq r f ' ace  c ' f

deg::ee 7 and iet ?-4x be. the minimal desingularisation of ,X': f,hen

.J  )  . r  1 2 ?. ,  t  
^ /  '>

V " l  A l  w i t h  Z = 1 p . , , p 2 \ ,  P t n F ' ,  P z € f  (  l P t l ) ;  P i c  - i  d [ @ Z  '  w i t h
r .  I  a '

E o i  - E l - ,  - r , 2  a s /  -  b a s j - s  ( s e e ( ,  r l .  T h e n  t h e  i n t e g r a l  c u r v e s  c c x

with P (c)=0 and C2=-2 k : tc^) : ; -C=s)  'are of  one of  t i re '  uext"k ind:
/ . s .  .  - .  x

( 0 ;  - . 1  ,  1 - )

as f@r es theY ex is  b.

. 1

,\"/
'  L e m m a  1 . I :  L e t  b e  X , , X  |  | |  a s  i n  l e m m a  1 0 .  T h e n  t h e  l j - n e s

a  \  ! L  ^

on x  ( i .e .  the  exce.p t iona l  d iv isors  o f  the  f i rs t ' k ind)  a re  the
4 - /  

:  ^ c  ! 1 - ^  * ^ - , +

.esomorphic) images by 7f of the d' ivlsors on X of one of the ne4t - ' l

.  k i n d s :

.  ( 0 ;  - 1 '  0 ) ,

g r  ( 1 r  1 ,  1 )



2 L. :
t .

t .
'  r  

' '  '  r  :  '  '

,  . _  . '  
:  : i  

.

( t f re inverse image of  the l ine which contain al l

as  {g r  as  they  ex is t ,

'7

Theorem 6 :  LeL  Xc fP '  ( see  co ro l l a ry  C l

Del .  Pezzo sur face of  degree 7.  Then X has only

type Al ,  see lablel lr Apoendix 1.

; . i  ; ,  
' i ; ,

, . ' -
the  po in t$  o f  f i  ,

The proves c'f lemmas f0 rld 11 are similar to those of

lemmas 1 and, 2 respectively {&2) .

,  Using the same Lechnics as Ln $ 2 ( totaI ly 2 essent ia l l -y

€ s r  s e e  A p p e n d i x  2 , 6 6 )  w e  o b t a i n  t h e  n e x t  t h e o r e m

(par t ia l ty  es tab l i shed 1n  ( tZ l  too ,  us i r rg  anot f ie r  method) .

a - ,

, 9 I )  a  d e g e n e r a -

one  s ingu la r i t yte

o fB



2 2

Oi ' r  t he  C tass i - f i ca t i on  o f  S ingu la r i d iesf b . o f

enerate l - re l  Pezzo Sur faces of  Deqree

|t, 
-.1

In  l " t  
t_ l  the r . : lasc i f  r -cat j -on of  groups of  s inpJul -ar i t ies

of  L .hese sur faces is  obta i .ned.  fn  order  to  apply  a s imi lar  method

to  tha t  o f  $Z  to  ob t .a in . the  poss ib le  g roups  o f  s ingu la r i t i es  an<1

structure theorems r1p|e see that  we have a 1Ot of  work,  and i t 's  im-

poss ib le  to  d .o  i t  w i thou t  us ing  a  compu te r .  We '1 l  w r i t e  oe rhaps
i

another art icle with the structure theorems (a ' table ,kr,r"J^on' to ta-
'  ; 1 . .  ,

bles 1-6 in  Appendix  1)  obta ined usLn,q a cot i iputer

I n  t h i s  6  w e ' l l  o l - r t a i n  o 4 l y  n a r t i a l " r e s u l t s

ows from the theorem A (t1] that X is obtained hry blowing ui-/

I=B points  j -n  an a lmost  genera l  poS- i t ion in{n 2 and by contrac-

t } r e i n t e g r a 1 c u r V e S C w i t h p o ( e ) = 0 a n d . c 2 = - 2 .

fo l i .

r=9 -

t ing

\
. N - -

Lemma^ i2z Let  X-4x

of  x .  Then n  e f2  (Z)  ,  w i rh  L -Lp ,

r ion i r |z ,  Pi"  {  e/@28 with

Then Lhe inlegral- curves c cY

are of  one of  the next k inds:

be the min imal  des lngular isat ion

t . . .  t e '  !  i n  a n  a l m o s t  g e n e r a l .  p o s i -

E o ,  - E l  r .  . .  , - E g  a s  Z  - b a s r s  ( s e e  f  f )

wi th po-(C) =O ar id C2=- L kndX. C=0 ) .

( 0 ;  - 1 ,  I '  0 ,  0 ,

( f ;  1 ,  t r ,  1 . ,  0 ,

0 ,  0 ,  c ,  0 )

o ,  0 ,  0 ,  o )

( inverse images of  l ines which c o n t a i n  3  p o i n t s  i n Z ) ,

-.4-*-.4Ft

1  n  n \
L t  v t  v t

or

O T . ( 2 t  L ,  1 ,  l ,  L ,  L ,
!,

( i nve rse  images  o f  con i cs  wh ich c o n t a i n  6  p o i n t s  i n Z ) ,



o.{

( i nve rse

havinq a

a.s f8r as

( 3 i 2 ' ,  I ,  1

2 3

,  r ,  r ,  1 ,  L ,  l - )

the ooints [ . '  and 'o fi  mages

double

#l ' rarr

o f  cub i cs

n n i  n 1 .  i  n

e x i s t .

whlct r , r , :conta in a l l

one r:oit i t  oj l  Z ) ,

,:.i i Sfgpg:!!*9!__f : For. eve::Y

l i s t  (1 )  ,  there  is  a  deg 'enera te  D 'e l

f laql_ Sin.i lar to the Proof of lemrna, I (S1)

grou.p of  s ingular i t ies in  l l tg , t '

Pezzo' surf, 'bce of degree one';-- '  "

L i s t  ( r )

Xcf76 (see corol lary C] )t i , , ' )  t$f ) ,  havinq this cJIcrLL!):*of singir lartt ' ies ' '

4 t ,  A Z ,  Z , A t t ' A 3 ,  A l A 2 ,  3 A l ,  A 4 '  D ' 4 '  A r A 3  '  ' A 2

D S l . . A a A i  n ,  D * A 1 - , '  A ,  Z A y ,  A 2  3 A "  , .  A l t  2 A 2 '

' E a i  A s A r , l ' r D s  A t r A 4  2 A 1 t  D 4  z A L i  $ : 3 A 1  '

6 A i - - } 4 A - 2 1 t D 4  A 2 i  D 4  2 A 1 r  & 1 A 2 A 3 , ,  3 A 2 r  
. 2 A 3 ' E 7 '  

A l :  D 7 ' A n A 6 r

,  At  D6,  At  86,  AS 2Al  ,  D5 2A1,  p 4 r fA i+ Ar-  4A' r : * - '  A1A2A4";  , .

A Z A 3  ,  2 A 1 ) ' A I 3 A " ,  ' A l

B 7 '  . , 4 1 ,  A I A T '  D 6  2 A t

2 D  a '

proo f& r  we  f i nd  i n  eve ry  case ,  do  a lmos t  genera l  oos i t i on

, , L n f  2  o f  t h e  B  P o i n l s  P I , .
,{.d._::Jr'

.  .  ,Pg,- 's,uch Lhff i  lemma L2 and the

t ind  on  #  rP2  (z )  ( z= {  p1 ,  .  .  . , eg } )  exac t l v- ( ^
same techn ics ' : aq '  f ny  

' l  Eo  :

the desi t f ;e 'd  .eo, i f igurat ions of  in tegra l  curves" .C pv i th  f *  (C)=0 and

)  , (  - r

Co=-2  ( see  APPend ix  
' 2 ,  

V  t  )  '

.  q . . r j ,  r ;9 , I r ina l l ! r  le t {a 'o ,bser l 'e  that  we can i 'mprove the conta in

' '  4  
3orem, (E)  )  i t  fo l lows that

of  prcpr-oA: t ioh t  '  rndeed,  f rom i  z  j  ( r  rheorem'  ( f r i )  I  L l

^  ^  (  - - i  ! r ^  I p  r / n \  - n  
)

t he  nu :nbe ;  o r  cu rves  CC X  w i th  fn - {C)=O anc l  Cz=-z  Ls  f  
(  B '  To  be

ZAt; ; r ,2A2, 4Al,  Ab' ,

5 4 t ,  A 3 . A Z , r  A 6  ,  D 6 ' ,

A 2  4 A 1 '  2 A t . 2 A 2 r

2 A 3 t  A 5 A Z ,  A 3 A 4 ,  A 3  D ' 4 ,  8 8 ,  A B ,  D & n  . D 5  A 2 '  . ,

,  A l A Z l S ,  2 A t  2 A 3 ;  E 6  A 2 r  A 3 " ' D 5 ;  2 A ; * ' '  4 A 2 "



mor:e precise

f r l v . i  1 - ' i  n r r ,  ^ ' 1  
' I

Y t !  I  L r r r Y

union of  gra

a l l  ob ta lned

t 0

, h  = 9 - , & . < x l  ,  w h e r e  b - ,  i s  t h e  s e c o n d  B e t t i ' s  n u m b e r '' /  / - z '  z

the  poss ib le  g rcups  o f  s ingu la r i t i es  ( such  tha t  t he

ohs has not  more then 8 p icks)  we note that  they are

for  the granhs f -  (not  necessary connected)  rv i th  (  6
t l'T'

ryAJrrr. When I has 7 oi/,,|-ur{ it might appear the following grouos of

s lngular i t ies (corresponding to  the graohs ) -  wi th  7 4ra{qx which

are not  ment ioned in  the proposi t ion t )  :  A4

A tA2 ,  D4 ,  A3  2AZ  (we  used  the  f  ac t  t ha t

than  6  s ingu la r i t i es  ,  t oo ) .  Fo r  t he  g raohs

in  the  case /9  =8  ,  hence  b ,  (X )  =L .

Using fZ]  t t f t "  remark a- f ter  theorem I )  in  th is  case X

j .

has  the  ra t i ona l  cohomo logy  t yne  o f  P  
t  (L .e .  X  andF '  have  the

?

same Bett i 's  numbers,  see [171. Using . to* f :1,  theorem 7' ,  f )  for
J_

r f=8,  i t  fo l lows that  the graphs f  wi th  S '1 l { i l44 which appear  are

exac t l y  t hose  i n  P rooos i t i on  1 .

concluding now,  the only  "exceeding qroups of  s ingula-

r j - t i es  wh ich  can  appear  on  degenera te  De1  Pezzo  su r faces  o f  deg ree

except  those in  oroposi t ion 1 are those for  the graphs [ -  wi th  7

, v o r t x ,  n a m e l y  A ,  3 A 1  r  A ?  5 A 1  r  3 A f  2 A 2 , A I  A Z  D 4 ,  A 3  2 A Z

(wh ich  i n  f ac t  don ' t  appear ,  [ f f ]  )  abou t  wh ic6  the  me thod  o f  t h i s

r  i  f  t h p w  r e . r 1 1 y  a p p e a r  o r  n o t .
I  d o n ' t  g i r t e  a n y  a n s w e r  r - . : -  L l l c y  l E s r a -

3 A 1  r  A 2  5 A 1  '  3 A r  Z 4 z ,

i t  c o u l d n ' t  b e  m o r e

( with a u,a-tt* *" are



a ) Pr.eti-mina].-y notation.?

' -  \  -  
' l

L e t  b e f  = t P '  P 2 ,  P 3 ,  P 4 ,  P 5 ,  n o  j .  s e t  o f  p o i n t s

) -
an a lmost  genera l  pos i t ion  Ln  lP '  (see  f  1 )  .

*  2 f -

APPENDIX 1

Le t ' s  cons ide r  t he  nex t  t h ree  f I -gu res :

6 =  ( 2  , 4 )

f igure I

5 = ( 4 , 1 ) e

in

t

f i gu re  3

o f  t he  no ta t i ons  i n  f i I -

t h a t  t h e  p o i n t s  P I ' P 2 , P 3 , P 4  i n

f  i g ' . 2  ,  t h e  p o i n t s  P  I  ' P  Z , P  3 , P  4

3  , 4  , 5  , 6 )

a conic

f i g . I ,  t h e  p o i n t s

i n  f i g .  3  a r e  e n c i r c l e d

( I , 2 ,

on

Exp lanat ion

The fact

P I ' P  2 , P 3  i n

Pt ft

P "  + 7 c

*F' r'

f igure

rP 4-n
l t 7



means that these poi.nts are

- The fact  that  there is an

point  PU j -s  on the to ta l

after the bl-owing up c,f P

t  (  . t

genera l  posL t ] -on  ( see  I  r i

i n  f i g .1  means  tha t  t . h i s

1 means that the

of  the point

the condi t ion

f i g . 2 , 3 .

T)* 1

a F

z6  - *

rn  F2
t

v I dq /

l
arrow Jr-n r1g.

l
J/

*?t

rrsformation E

nd  sa t i s f y ing

nalogousry an

t ra

1 a

. A

almost

a  l i ne  con ta in ing  the  po in t s  t r1 rP2rP3

three points  6. re co l l inea: : . -

t J
T 1 3  & l i n  6 = ( 2 , 4 )  i n  f i g . l  m e a n s  t h a t  t h e  l i n e  c o n t a i n i n g  P 2

and Pn sat j -s f ies the tangent  condi t ion gJ-vet r  by PO

-  Thd  no ta t i on  5= (4 ,1 )e  i n  f i q .2  means  tha t  t he  l i - ne  con ta in inq

Pt  and sat is fy ing the tangent  condj . t ion g iven by PU '  sat is f ies

the second order  'Langent  condi t ion g iven by Pt  too '

T h e  n o t a t i o n  ( 1 ,  2 ,  3 ,  4 ,  5 ,  6 )  o n  a  c o n i c  ( f  i g . 3 )  m e a n s  t f r a t

t h e r e  i s  a n  i r r e d u c i L , , l e  c o n i c  c o n t a i n i n g  t h e  p o i n t s  P l ,  P 2 ,  P 3 ,  p d

a-r .c  sat is fy ing the tangent  condi t ion g iven^by P6.  atd the second'

,  order  condi t ion g iven Uy P5.

b)  I ' i .na l  notat ions

Tn the tab les of  APPendix

in  a )  f o r  spec i fY ing  the

o f  f i g . I  w e ' l L  w r i t e :

( ( 1 ,  2 , 3 , 4 ) )

5 / L ,  6 / 2

1  w e ' 1 1

pos i t i ons

di f ferent  nota-

the points  as

use

o ftions th4n

fo l lows:

Ins tead

t t  i  ? \  ( 6 , 2 0 4 )
\ L  I  a  r J  t  ,

I ns tead  o f  f i - 1 "2  we ' l - 1  w r i t e :



( ( r ,  2 ,  3 ) )

6 / s / 4 /L
' ( 5 ,  4  ,  1 )

I n s t e a d  o f  f i g . 3  w e ' 1 1  w r i t e :

( ( 1 ,  2 ,  3 ,  4 ) )

5 / 6 / L

( L  , 2  , 3  , 4  , 5  , 6 )

Observat i -ons:

l .  fn  the next  tab les in  the f i rs t  co lumn there is  the group of

s ingular i t ieS of  the sur face,  on the second column there is  the

number of  l ines of  the sur face having the group of  s ingular i t ies

of the f irst column and on the third column tLrere are the posit ionr

in which can be, arranged the points in order to obtain the group

of  s ingular i t ies of  the f i rs t  co lumn.

2 .  f f  w e  d o n ' t  w r i t e  ( I  , 2 , 3 )  w e  u n d e r s t a n d  t h a t  t h e  r r o i n t s  P I ' P 2 ' P

ar :e not  co l l inear ;  analogousl l r  for  the conic '  '

/t.48;{
3 .  , 4  r J  /  f #  ^  

t  -  I I P ' " - ) P ^ l  '  ( h

,6 .h nhu l'

,(/ /

* * )

,Lr( ^) '

f  c r . ;

&'7

n 7 . 6 )

3  f 4 / ' T
6 

'/r";-+ 
; Z

e)1

il-<

.-v/LL^j'/L r4u, z
/

,Yu (9 '4^;

(;/



-  z8 -

, [  r .  T a b r e  1  ( p a g e s  2 9  l 4  l :  ( d = 3 )
J

3l 2

The group of
s lngu la r i -

t i es

Number
o f

l i nes

The  pos i t i ons in which can
n n i  n J -  q
i , v 4 r r  v v

be  a r ranqed the

Nonsingulat 2 7 genera l  pos i t i on

^r 2 L

( ( r , 2 , 3 , 4 , 5 , 6 ) )

( I  , 2  , 3 )

( ( L , 2 , 3 , 4 , 5 r 6 ) )

( L  , 2  , 3  , 4  , 5  , 6 )

( ( t , 2 , 3 , 4 , 5 ) )

6 / t

2Ar 1 6

( ( L , 2 , 3 , 4 , 5 r 6 ) )

( L , 2 , 3 )

( 2 , 4 , 5 )

( ( L , 2 r 3 , 4 , 5 ) )

6/4

( I , 2 , 3 )

( r  t 2 ; , 4 , 5 )

6/L

( 6 , 2 , I )

( ( L , 2 , 3 , 4 , 5 ) )

6 / r
( L ; 2 , 3 , 4 , 5  r 6 ) .

( ( L , 2 , 3 , 4 ) )

5 / r ,  6 / 4

A
ẑ

1 5

( r  t 2  3  , 4 , 5  , 6 )
( L , 2 , 3 )

( 4  , 5 , 6 )

( ( L , 2 r 3 , 4 r 5 ) )

6/2
( L , 2 , 3 )

( r , 2 , 3  t 4 )

6/5/r

L 2

( ( L , 2 , 3 , 4 , 5 r 6 ) )

( L t 2 , 3 ) ,  ( 1 , 4 , 5 )

( 3 , 6 , 5 )

( ( t , 2 , 3 ,

5 / L ,  6

( 5 , 1 , 3

( ( r , 2 , 3 , 4 ) )

5 / r ,  6 / 2
( r  , 2  , 3  , 4  , 5  , 6 )

3Ar

( ( L , 2

( 4 , 2 '

4 )  )

/ 2

)

, 3 r 4 r 5 ) )

6 / 4

1 ) , ( ( ,  1 , t )

( ( 1 , 2 , 3 ) )

4 / L ,  5 / 2

6 / 3

A 3 1 0

( ( L , 2 , 3 , 4 t 5 )

( 1 r 2 r 3 )

( 2 , 4 , 5 ) ,  6 / 2

( ( r , 2 r 3 r 4 ) )

6 / L ,  5 / 2 o

(  ( r  , 2 , 3  , 4  )  )
6 / s / L

( 5  , L  , 2 )

( ( L , 2 , 3 , 4 ) )  ,  c / f / /

( r  , 2  t 3 )

( ( 1 , 2 , 3 ) )

6 / 5 /  4 / 2



( ( L , 2 r 3 r 4 ) )

6 /L ,  5 /2

( 6 , 1 , 4 )  ,  ( L  , 2  t 3 )

*  7 1 -

( ( r , 2 , 3 ) )  ,  5 / 4 / 7

6 / 2 ,  ( 4 , 1 , 3 )

( ( t , 2 , 3 ) ) ,  6 / 5 / 4 / 2

( L , 2 ; , 4 , 5 , 6 )

( ( r , 2 ) ) ,  6 / 2

5/4/3/L

( ( r , 2 , 3 , 4 , 5 ) )

( L , 2 , 3 ) ,  6 / 3

( 2  , 4  , 5 )

( ( L , 2 , 3 , 4 , 5 ) )

( L , 2 , 3 )  ,  6 / 4

( 6 , 4 , 5 )

(  ( r  , 2 , 3 , 4  r  5 )  )
( r , 2 , 3 )  ,  6 / 2

( 6  , 2  , 4 )

(  ( r  , 2  , 3  , 4 )  )
6 / 5 / l

( L  , 2  , 3  , 4  , 5  , 6 )

( L , 2 , 3 r 4 ) )

5 / r ,  6 / 4

( L  , 2  , 3 )

( ( 1 , 2 , 3 , 4 ) )

5 / L ,  6 / 2

( 5  , I  , 2 )

( ( 1 , 2 , 3 ) )

5 / 4 / L ,  6 / 2
6 / 5 / 1  I  6 / s / 4

( 6 r 5 r 1 )

(  ( L  , 2  , 3  , 4 )
5 / L ,  ( 5 , r , 3 )

6 / 2 , ( 6 , 2 , 3 )

( ( 1 , 2 , 3 ) )

4 / t ,  5 / 2 ,  6 / 3

( L  , 2  , 3  , 4  , 5  , 6 )

( ( L , 2 , 3 , 4 , 5 , 6 )  )

( r , 2 , 3 ) ,  ( 1 , 4 , 5 )

( 4 , 2 , 6 ) ,  ( 5 , 3 , 6 )

( ( 1 , 2 , 3 ) )

5 / 4 / L ,  6 / 2

( L  , 2  , 3  , 4  , 5  , 6 )

( ( r , 2 , 3 ) )

5 /  4 / L ,  6 / 2

( 5 r 4 r l )

( ( r , 2 , 3 ) )

5 / 4 / L ,  6 / 2

( 6  , 2 , 3 )

A22A1

( ( t , 2 , 3 , 4 ) ) ,  ( L , 2 , 3 )

5 / L ,  6 / 4 ,  ( 6 , 4 , 2 )

( ( L , 2 , 3 , 4 , 5 ) )

6 / 3 ,  ( L , 2 , 3 )

( 2 , 4 , 5 )  ,  ( 6 , 3 , 4 )

( r , 2 , 3 r 4 ) )

5 / r ,  ( 5 , 1 , 3 )

6 / 2 ,  ( 6 , 2 , 4 )

(  ( L  , 2  r  3  ,  4  )  )

5 / t ,  ( 5 t L , 2 )

6 / 2 ,  ( 6 , 2 , 3 )

( Q , 2 , 3 ) ) ,  4 / r , 5 / 2

6 / 3 ,  ( 4 , L , 2 )

( ( L , 2 , 3 r 4 )  )

( L , 2 , 3 )  ,  6 / 5 / L

( 6 , 5 r l )

( ( L , 2 , 3 , 4 ) )

s/L,  6/4

( L , 2 , 3 )  ,  ( 6 , 4 , L )

( L , 2 , 3 ) )  ,  5 / 4 / r

6 / 2 ,  ( 6  , 2 , r )
( ( L , 2 , 3 r 4 )  )

6 / 5 /  4  ,  ( L  , 2  , 3 )

( 5 ,  4  , 1 )
A.A.

J I



* ) ( / * *

l- 2 J

2Az

( ( r , 2 , 3 , 4 ) )

5 / L ,  ( 1 , 2 , 3 )

6 / 4 ,  ( 5 , L , 4 )

( ( L , 2 , 3 , 4 ) )

6 / 5 / 4 ,  ( L , 2 , 3 )

( 6 , 5 r 4 )

(  ( 1 , 2 )  )

4/3/L

6/5/2

"4
R

( ( L , 2 , 3 , 4 ) )

6 / 5 / L ,  ( L t 2 , 3 )

( 5 , I r  4 )

r
I

I
t

( ( t , 2 , 3 ) )  ,  5 / 4 / r

6 / 2 ,  ( 4 , L , 2 )

( ( L , 2 , 3 ) ) ,  5 / 4 / r

5 / 2 ,  ( L , 2 , 3 )

( L , 2 , 3 ) )  , 6 / 5 / 4 / 2
( 5 , 4 , 2 )

(  ( L  , 2 , 3 )  )  ,  ( L , 2  , 3 )

6/s/4/2

(  ( 1 , 6 )  )

5/4/3/2/r

D^
=

6
( ( L , 2 , 3 ) ) ,  ( L , 2 , 3 )

4 / r ,  5 /2 ,  6 /3

( ( r , 2 ,) ) , 6/5/4/2

(4,2 t l - )

( ( L , 2 , 3 , 4 ) )  ,  6 / L ,  5 / 2

( r , 2 , 3 ) ,  ( 6 , r , 4 ) ,  ( 5 , 2 , 4 )

( ( L , 2 , 3 ) ) ,  5 / 4 / L , 6 / 2

( 6 , 2 , 1 ) ,  ( 5 , 4 1 1 )

r@&detdF*tp*w{ecl@@

( ( 1 , 2 ) ) ,  5 / 4 / 3 / L ,  6 / 2

( r , 2 , 3 , 4 , 5 , 5 )

A32a1 I s
( ( L , 2 , 3 ) ) ,  5 / 4 / L , 6 / 2

( 6 , 2 , 3 ) ,  ( 4 r 1 , 3 )

Ataz

( ( 1 , 2 , 3 , 4 ) ) ,  5 / L ,  6 / 4

( L , 2 , 3 ) ,  ( 6 , 4 , 2 ) ,  ( 5 r 1 , 4 )

( ( L , 2 , 3 ) ) ,  5 / 4 / r ,  6 1 2

( 6 , 2 , 3 )  ,  ( 5 , 4 , 7 )

f 2  
i  

( o , 2 ) )  ,

\ 
u'u,'

!  ( r , 2  , 3 , 4 ,

4 / 3 / r  
l t t t , 2 ) ) , 4 / 3 / 1

2 | 6/s/2

5,6)  I  ,u  ,5  ,2)

( ( r , 2 , 3 ) )  ,  6 / 2  N t  t t , z )  )  ,  s / 4 /3 /L

5 /4 / r ,  ( 6 , 2 ,3 )  
$  

a t z ,  ( 4 ,3 ,1 )

( 4  , L , 2 )  [

ii
t

I

b;

fr
T
I
I
f

(  ( 1 , 6 )  )

5/4/3/2/L
( r  1 2  1 3  , 4  t 5  , 6 )

( ( 1 , 2 ) ) ,  6 / 2

5/4/3/r
( 6 , L t 2 )

&

A4Ar

I t t t , z , 3 ) ) ,  
5 / 4 / r

\  a / 2 ,  ( 6 , 2 , L )
T

I  
(  4 , L , 3 )

4 1."*--  .**

I  t t t , t , 3 ) ) ,  ( r ' 2 , 3

N s t+ t t ,  6 /2
I  ts  ,4 ,  r )

A.
f

,  1 ( (1 ,2 ) )  ,  48 / r

I  unn,  (3 ,1J)
I  i t t , r , j i i ,  f t , 2 ,3 )  |  

t t r l l

I  utstntr,  (5,4,2) |  atst+t3/2/r
:i. ::1.-L-l a'.j:r,":::r;:^ia:t:Y::rYr'*.::::::"1:::r'l'4'''i:*':ii;-'is:::ff"ff:i':j; 

1"ri;:i'itr'iff'

'  
, , r ,  E t t t , 6 ) ) ,  ( 2 , L , 6 )

I t t r , o ) ) '  
( 3 ,  

I
A s/q/z/z/t ft s1a1z1z1rD- J

( ( 1 , 2 ) ) ,  5 / 4 / 3 / r



* a  !  *

I 2

3Az 2
J

( ( t , 2 , 3 ) ) ,  4 / r ,  5 / 2 ,  6 / 3

( 4 , L , 2 ) ,  ( 6 r 3 r 1 )  ,  ( 5 , 2 , 3 )

( ( 1 , 2 ) ) , 5 / 3 / r ,  6 / 4 / 2

i 5 ,3 ,1 )  ,  r c ,  4 ,  2 )

(1)  )  ,  6 /5/4/3/2/L

( r , 2 , 3  t 4 , 5  t 6 )

( { L  2 ) )  ,  4 / 3 / L

6 /5 /2 t  (3 t r ,2 )

( 6 , 5 , 2 )

(1,2) )  ,  5/4/3/r

6 /2  ,  (6  ,L ,2 )
( 4 , 3 r 1 )

A5At 2

E.
o

I (  (1 )  )  ,  6 /5 /4 /3 /2 /L ,  (3 ,2 ,L )



* 7 L  *

\  - r  m^1^1  ̂  1 (A: I \
9t  z.  IcuJIe z \u-?,

( ( r , 2 , 3 , 4 )  ) ,  ( L , 2 , 3 ' , 1 ,
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tb" *Xnljgati.on of 3|te-99Phi

A r  1 ) :  ( ( 1 , 2 , 3 , 4 1 5 1 6 ) ) ,  1 L , 2 ' 3 ) ,  ( 4 ' 5 r 6 )

2 ) :  ( ( 1 , 2 , 3 , 4 1 5 1 6 ) ) r , ( L p 2 i 3 )

3 ) :  ( ( t r 2 , 3 , 4 , 5 r 6 ) ) ,  ( L t 2 t 3 )  |  ( 3 r 4 r 5 )

4 )  :  (  ( r n z  , 3 , 4 1  5 r  6 )  ) ,  ( L , 2 , 3 J  ,  ( 1 1  4 '  5 )  '

5 ) :  ( ( f , Z , 3 o 4 1 5 r 6 ) ) ,  { I , 2 , 3 ) ,  ( 1 ' 4 ' 5 ) ,

6 ) :  ( ( L , 2 , 3 , 4 1 5 1 6 ) ) ,  ( L , 2 , 3 t 4 , 5 t 6 )

7 )  g e n e r a l  P o s i t i o n .

( 3 r 6 r 5 ) .

( 4 r 2 s 6 \  |  ( 5 r 3 r 6 )

AI



B  I  l " )  a )  ( { } , 2 , 3 , 4 n 5 } ) ,  6 / 2 ,  ( 1 r 2 r 3 }

b )  ( ( L 1 2 , 3 , 4 ) 1 ,  5 / L ,  6 / 2 ,  ( 5 ' 1 ' 2 ) '  ( 6 , 2 , 3 )

e )  ( ( L ' 2 r 3 , 4 \ ) ,  5 / L ,  6 / 2  ) ( 5 , 1 ' 3 ) ,  
( 6 , 2 t 4 \

d )  ( ( L t 2 , 3 r 4 ) ) ,  5 / L ,  6 / 2 ,  ( 5 r 1 r 3 ) r  ( 6 t 2 t 3 l

e )  ( ( r , 2 , 3 t 4 ) ) ,  5 / r ,  6 / 2 ,  ( 5 r 1 r 3 )

f )  (  ( L , 2 t 3 1 4 )  ) ,  5 / r ,  6 / 2 ,  ( r , 2 , 3 , 4 f  5 r 6 )

9 )  ( (  r , 2 , 3 , 4 ) )  ,  5 / 1 ,  6 / 2 .

2 l  a )  ( ( L , 2 , 3 , 4 \ ) ,  6 / 1 ,  5 / 2 ,  ( 1 ' 2 ' 3 )

b )  ( ( L , 2 , 3 1 4 ) ) ,  6 / L ,  5 / 2 ,  ( L r 2 , 3 )  |  { 6 ' 1 ' 4 )

c ) ( ( L , 2 , 3 r 4 ) ) ,  6 / r ,  5 / 2 ,  ( 1 r 2 ' 3 ) ,  ( 6 ' 1 ' 4 ) ,  ( 5 , 2 , 4 )

3 )  a )  ( ( ! t 2 t 3 1 4 ) ) ,  5 / L ,  6 / 4 ,  ( 1 ' 2 ' 3 )

b ) ( ( r , 2 t 3 r 4 ) ) ,  5 / L r  6 / 4 ,  ( L 1 2 t 3 ) ,  ( 6 , 4 , 2 1  ,  ( 5 f  1 ' 4 )

c )  (  ( L t 2 t 3 , 4 ) ) ,  5 / L ,  6 / 4 ,  ( L , 2 , 3 ) ,  ( 6 ' 4  t 7 ' \

d ) ( ( r , 2 , 3 , 4 ) ) ,  5 / r ,  6 / 4 ,  ( ! t 2 , 3 J ,  ( 5 f  1 ' 4 )

e )  ( ( r , 2 , 3 r 4 ) ) ,  5 / r ,  6 / 4 ,  ( 1 , 2 , 3 \ ,  ( 6 , 1 r 4 )



e )  ( ( 1 , 2 , 3 )  )  ,  4 / r ,  5 / 2 ,  6 / 3

c  I  1 )  a )  ( Q , 2 , 3 , 4 \ J  ,  6 / 5 / L

2 ) a )  ( Q , 2 , 3 ) ) ,  4 / L ,  5 / 2 ,  6 / 3 ,  ( 4 , L , 2 )

h )  ( ( t , 2 , 3 ) ) ,  4 / L , 5 / 2 , 6 / 3 ,  ( 4 , L e 2 1  ,  ( 5 t 2 t 3 )

c )  ( Q , Z r 3 ) ) o  4 / L n  5 / 2 ,  6 / 3 ,  ( 4 t L , 2 ) ,  ( 5 , 2 ' 3 )  '  ( 6 r 3 ' 1 )

d )  ( ( 1 r 2 r 3 ) ) ,  4 / r ,  5 / 2 ,  6 / 3 ,  ( L , 2 , 3 0 4 t 5 , 6 1

b )  ( ( L , 2 , 3 r 4 ) )  t  6 / 5 / L '  ( r 0 2 ' 3 ' 4 ' 5 r 6 )

e )  ( ( L , 2 , 3 , 4 ) ) ,  6 / 5 / L ,  ( 5 , 1 - ' 2 )

d ) ( ( L , 2 , 3 r 4 ) )  |  6 / 5 / L ,  ( 6 r 5 r r )

2 ) a )  (  ( L , 2 , 3 r 4 ) )  ,  6 / 5 / I ,  ( L , 2 , 3 1

b )  ( ( L t 2 r 3 , 4 \ | ,  6 / 5 / L ,  ( 1 , 2 , 3 ) ,  ( 6 ' 5 , 1 )

c ) ( ( L , 2 , 3 , 4 \ ) ,  6 / 5 / 1 ,  ( L , 2 , 3 1  |  ( 5 ' 1 ' 4 )

,  3 ) a )  ( ( L 0 2 , 3 ' 4 ) ) ,  6 / 5 / 4 ,  ( I t 2 , 3 ' t

b )  ( ( r , 2 , 3 , 4 1 J ,  6 / 5 / 4 ,  ( 1  1 2 , 3 1 ,  ( 5 ' 5 , 4 )

c )  ( ( L , 2 , 3 , 4 j l ' n  6 / 5 / 4 0  ( t 1 2 r 3 J ,  ( 5 ' 4 ' l - )

r r .  L l a )  (  ( 1 , 2 r 3 )  )  '  5 / 4 / L ,  6 / 2

b )  ( ( L , 2 o 3 l l '  t  5 / 4 1 L ,  6 1 2 ,  ( 1 , 2 , 3 , 4 s 5 t 6 \

c )  (  ( L t 2 t 3 ) )  ,  5 / 4 / r ,  6 / 2 ,  ( 5 , 4 r r )

d )  ( ( r , 2 , 3 ) ) ,  5 / 4 / L ,  6 / 2 ,  ( 4 ' l - ' 3 )

e )  ( ( 1 , 2 r 3 ) ) ,  5 / 4 / r ,  6 / 2 ,  ( 4 , L ' 2 )

f )  ( ( L , 2 , 3 ) ) ,  5 / 4 / t ,  6 / 2 ,  ( 6 , 2 , 1 )

g )  ( ( r , 2 , 3 ) ) ,  5 / 4 / L ,  6 / 2 0  ( 6 , 2 t L )  '  ( 5 ' 4 ' 1 )

h ) ( ( L 1 2 , 3 ) ) ,  5 / 4 / L '  6 / ? ' '  ( 6 , 2 , 1 ) ,  ( 4 ' 1 ' 3 )

i )  ( ( r , 2 , 3 J 1 ,  5 / 4 / r n  6 / 2 ,  ( 6 , 2 , 3 ' , )

j )  ( ( 1 , 2 , 3 ) ) ,  5 / 4 / L ,  6 / 2 ,  ( 6 , 2 , 3 ) ,  ( 5 ' 4 ' l )

k )  (  0 . r 2 r 3 )  ) ,  5 1 4 / L ,  6 / 2 . ,  ( 6  t 2 t 3 J ,  ( 4 , L , ? \

1 )  ( ( r , 2 , 3 ) ' , ) ,  5 / 4 / r ,  6 / 2 ,  ( 6 1 2 1 3 \  t  ( 4 ' 1 ' 3 )



\'

4 8

r r  2 \  a )  ( ( r t 2 t 3 J \  '  5 / 4 / r ,  6 / 2 ,  ( 1 ' 2 , 3 )

b )  (  (  r t 2 , 3 \ ) ,  5 / 4 / L t  6 / 7 . ,  ( L , 2 , 3 ) ,  ( 5 , 4 ; 1 " )

r r r a )  ( ( r o e 1 1 '  4 / 3 / t o  6 / 5 / 2

b )  ( t t : 2 ) ) ,  4 / 3 / L ,  6 / s / 2 ,  ( 1 , 2 , 3 , 4 , 5 , 6 \

.  c )  (  ( L , 2 1 1  ,  4 / 3 / t ,  6 / 5 / 2 ,  ( 6  , 5 , 2 1

d )  (  ( I , 2 1 ' ) ,  4 / 3 / r  n  6 1 5 / 2 '  ( 3 , L 0 2 )

e )  (  ( 1  , 2 \ )  ,  4 / 3 / L ,  6 / 5 / 2  |  ( 3 , L  o 2 )  '  ( 6  t 5 , 2 \

f ) ( ( r , 2 ) ) ,  4 / 3 / L ,  6 / 5 / 2 ,  ( 4 , 3 , 1 ) ,  r c 1 5 t 2 1

D  r  1 ) a )  ( ( L ? 2 , 3 ) ) ,  6 / 5 / 4 / 2

b )  t ( r , 2 , 3 ) \ ,  6 / 5 / 4 / 2 ,  ( 1 , 2 , 3 t 4 t 5 t 6 )

e )  (  ( L t 2 s 3 ) ) , 6 / 5 / 4 / ? - ,  ( 5 , 4 , 2 )

d )  ( ( L , 2 r 3 ) ) ,  6 / 5 / 4 / 2 t  ( 4 t 2 o L )

2 ) a )  (  ( L n 2 , 3 1 1 ,  6 / 5 / 4 / 2 ,  ( L , 2 , 3 1

b )  (  ( L , 2 , 3 )  ) ,  6 / 5 / 4 / 2 t  ( 1 ' 2 , 3 '  |  ( 5 , 4  t 2 )

r I  a )  ( ( 1 , 2 ) )  ,  5 / 4 / 3 / L ,  6 / 2

b )  ( ( r , 2 ' ) ) ,  5 / 4 / 3 / I ,  6 / 2 ,  ( L , 2 , 3 t 4 0 5 t 6 J

c )  ( ( r , 2 1 , 5 / 4 / 3 / t ,  6 / 2 ,  ( 4 ' 3 ' 1 )

d ) ( ( 1 , 2 ) ) ,  5 / A / 3 / r ,  6 / 2 ,  ( 6 , 2 ' L )

e )  (  ( r , 2 )  )  ,  5 / 4 / 3 / r ,  6 / 2 ,  ( 6 , 2 , L J  ,  ( 4 r  3 ' 1 )

f ) ( ( 1 ; 2 ) ) ,  5 / 4 / 3 / I t  6 / 2 ,  ( 3 , I , 2 1

E  a )  (  ( 1  , 6 )  )  ,  5 /  4 / 3 / ? . / I

b )  ( ( 1 r 6 ) ) ,  5 / 4 / 3 / 2 / L ,  ( 1 n 2 , 3 ' 4 , 5 , 6 )

e )  (  ( 1 , 6 ) ) ,  5 / 4 / 3 / 2 / L ,  { 3 , 2 , r 1

d )  (  ( 1 , 6 )  )  ,  5 / 4 / 3 / 2 / t ,  ( 2 '  1 '  6 )

F  a ) ( ( 1 ) ) ,  6 / 5 / 4 / 3 1 2 / r

b )  ( { L } } ,  6 / 5 / 4 / 3 / 2 / t ,  ( r , 2 , 3 ' 4 ' 5 ' 6 }

c )  ( ( 1 ) ) ,  6 / 5 / 4 / 3 / ? / I ,  ( 3 , 2 , L ) .
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The t ree  o f  cases  fo r  d=4 (see 3  in  the  tex t )

Groups of casesf
.--.-rA

--'1i"--*:v 11
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E
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\ r *  + . a l. * 
8:l

r ----'+al
e --=--* b )

A t_)
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The exp!4na!_l-on of_the qrepl3

l ( L , 2 , 3 , 4 1 5 ) ) ,  ( r , 2 , 3 )

( ( L , 2 , 3 , 4 1 5 ) ) ,  ( r t 2 t 3 )  t  ( 2 t 4 , 5 1

genera l  pos i t ion

B  I 1 " )  a ) ( ( I t 2 r 3 ' 4 ) ) ,  5 / I

b )  t ( r , 2 , 3 , 4 ) ) ,  5 / 1 ,  ( 5 r 1 r 2 )

2 )  a )  { ( 1 , 2 , 3 ' 4 ) )  ,  5 / 1 ,  ( 1 r 2 ' 3 )

b )  ( ( t r 2 t 3 1 4 ) ) ,  5 / r ,  ( L , 2 , 3 ) ,  ( 5 r t r 4 )

''--'--* a\
n*---oO,

,Z--$<i'l- \

\,)<f;i
{ ,ezi
\,/ \: l

1.-=--r"1y
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3 )  a )  ( ( L , 2 0 3 1 4 ) ) ,  5 / 4 ,  ( 1 ' 2 ' 3 )

b ) ( ( L 1 2 u 3 r 4 ) ) ,  5 / 4 ,  ( 1  , 2 , 3 ' , ) t  ( 5 r 4 r 1 )

r r  1 - )  a )  {  ( 1 r  2 '  3 )  )  '  4 / L ,  5 / 2

b )  ( ( L , 2 , 3 ' t ' t ,  4 / L ,  5 / 2 ,  ( 4 r 1 ' 3 )

c )  (  u " r 2 , 3 ) ) ,  4 / r ,  5 / 2 ,  ( 4 r l - r 3 ) ,  ( 5 , 2 , 3 \

d )  (  ( r t 2 , 3 ) \  ,  4 / r ,  5 / 2 ,  ( 4 , 3 - o 2 l

e )  ( ( L t 2 t 3 \ l  |  4 / 1 ,  5 / 2 ,  ( 4 t r , 2 J  |  ( 5 1 2 1 3 )

2 )  ( ( L , 2 t 3 l r ,  4 / L ,  5 / 2 ,  ( L , 2 , 3 )

c  I  a ) ( ( 1 , 2 ) ) '  4 / 3 / 1 , 5 / 2

b )  ( ( t , 2 ) J ,  4 / 3 / L ,  5 / 2 ,  ( 5 , 2 , 1 )

c )  (  ( 1 , 2 )  )  o  4 / 3 / L o  5 / 2 ,  ( 5 ' 2 r 1 )  '  ( 4 r 3 r l - )

d ) ( ( I , 2 ) )  t  4 / 3 / r ,  5 1 2 ,  ( 4 r 3 1 1 )

e )  (  ( 1 , 2 )  )  ,  4 / 3 / r  |  5 / 2 ,  ( 3 , 1 '  2 )

c  I I  a ) ( ( 1 , 2 ' 3 ) ) '  5 / 4 / L

b )  ( ( 1 , 2 r 3 ) ) ,  5 / 4 / r ,  ( 5 f 4 r 1 )

e )  (  t r , 2 , 3 j ) ,  5 / 4 / r t  ( 4 , L , 2 )

D  a )  (  ( r , 2 )  )  ,  5 /  4 / 3 / l

b )  ( ( r , 2 \ ) ,  5 / 4 / 3 / L ,  ( 4 r 3 , 1 )

e )  ( ( 1 , 2 ) ) ,  5 / 4 / 3 / r ,  ( 3 , 1 , 2 )

E  a )  (  t l )  )  ,  s /  4 / 3 / 2 / I

b )  ( ( 1 ) ) r  5 / 4 / 3 / 2 / 1 ,  ( 3 , 2 , 1 )
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Thre tree of eases for c'1**2{see $) 4 in the text)

Groups  o f  cascs
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7aj

,^42\
__/"\;iv Lr-

\, ^---ft\- /..->rc)

a )
b )
e )

=-=--3 2i-r' --'- 
> e)

:--;

- - 4 a lar=<?l
\fii

"42ie )
r )

The_ e)rplanalion_ot thq. gIaPL:

A 1)  a)  genera l  Pos l t ion

b )  (  ( L , 2 t 3 , 4 , 5 , 6 1 7 ) ) ,  ( L 1 2 , 3 r 4 ? 5 ' 6 )

2 l  a )  (  (  L , 2 1 3 , 4 t 5 , 6 1 7 ) l  t  ( ] . - t 2  t 3 J  t  ( 4 r 5 ,  6 , 7  , 2 r  3 )

h )  (  (  L , 2 , 3 c 4 t 5 , 6 r 7 ] ) ,  ( 1 r 2 r 3 )

3 )  ( ( r L , 2 r 3 , 4 , 5 , 6 r ? ) ) .  ( L t 2 t 3 ' , t ,  ( 4 r 5 r 6 )

4 )  (  ( L , 2 , 3 r 4 t 5 , 6 , 7 ) )  ,  ( L , 2 , 3 )  ,  ( 4 t 5 t 6 ) ,  ( 2 ' 5 t 7 J

5 )  ( ( I , 2 t 3 , 4 , 5 , 6 r 7 ) J ,  ( l r 2 r 3 ) ,  ( 4 0 5 s 6 )  |  1 2 c 5 r 7 )  r  ( 4 , 7 t 3 1

6 )  ( ( L , 2 1 3 , 4 , 5 n 6 n 7 ) 1 ,  ( I , 2 s 3 ) ,  ( 4 , 5 , 6 \ ,  ( ? . 0 5 t 7 )  e  ( 4 r 7  1 3 ) ,  ( L t 7 ' 6 : }

? ) a )  (  ( r , 2 r 3 t 4 , 5 , 6 , 7 )  ) ,  ( I ? 2 t 3 l '  ,  l L 1 4 r S J  |  ( 2 , 3 , 4 , 5 1 6 r 7 l .

b )  ( ( L 0 2 , 3 r 4 r 5 r 6 2 7 ) 1 ,  ( L t 2 , 3 r ,  ( 1 r 4 r 5 ) .

S ) a )  (  ( L , 2 , 3 e  4 , 5 , 6 , 7 ) ) ,  ( I , 2 1 3 ) ,  ( L r 6 , 7 )  r  ( 1  n 4 , 5 l  r Q , 3 r 4 1 5 0 6 c 7 \

b )  (  ( L , 2 , 3 , 4 r 5 , 6 r 7 1 )  ,  ( L 1 2 t 3 r ,  ( L r 6  1 7 \  t  ( 1 r 4 r 5 )

g )  ( ( J . , 2 , 3 r 4 r 5 , 6 , 7 ) ) ,  ( r 1 2 , 3 ) ,  ( r r 7  1 6 ) ,  ( r r 4 , 5 ) ,  ( 3 r 6 r 5 )

1 0 )  (  ( L r 2 , 3 t 4  t 5 , 6 r 7 )  ) ,  (  1 , 2 t 3 )  |  ( 1 r 7 r 6 ) ,  ( 1 r 4 r 5 ) ,  ( 3 , 6 , 5 )  r  ( 3 t 7  ' 4 t

1 1 )  (  ( L , 2 , 3 t 4 , 5 , 6 , " 1 )  ) ,  ( L , 2 , 3 ) ,  ( L r 7 , 6 ) ,  ( I  1 4  1 5 )  t  ( 3 r 6 r 5 )  t  ( 3 ' 7  |  4 ) '

( 5  r7  t2 ' , t  ,



5 7
' t

1 2 )  t  ( L 0 2 r 3 , 4 , 5 1 5 p 7 1 )  t  ( L 1 2 ' 3 )  F  ( 1 ' 4 r 5 )  '  ( 3 t 6 ' 5 )

r 3 )  (  ( r t 2 t  3 1 4 r 5 , 6 n 7 ) ) ,  ( L , 2 e 3 ) ,  ( l o 4 o 5 ) ,  ( 4 , ? , 6 \ ,  ( 4 , 3 r 6 )

1 4 )  (  ( L r 2 , 3 1 4 , 5 e  6 ? 7 )  ) ,  ( L 1 4  o 5 ) ,  ( L u 2 , 3 ) ,  ( 5 r 3 '  6 ) ,  ( 4  , 2 , 6 )  ,  ( 4  0 7 , 3 1

1 5 )  (  ( I , 2 , 3 t 4 1 5 0 6 , 7 ) ) ,  ( L , 4 , 5 ) ,  ( I , ?  r 3 i ,  ( 5 ' 3 ' 6 )  o  ( 4  1 2 , 6 \  r { 4 u 7  r 3 ' } ,

( 5  e 7  s 2 )

1 6 )  (  ( L , 2 , 3 ,  4 , 5 , 6  r 7 )  ) ,  ( 1 r 2 , 3 ) ,  ( L  1 6  u 4 ) ,  ( 2 , 6  1 5 ) ,  ( 3 f  4 ,  5 ) ,  ( 3  1 6  r 7 ] .  .

B  I  f )  a ) ( ( I t 2 r 3 n 4 , 5 u 6 ) ) ,  7 / 6

b )  ( ( L , 2 0 3 , 4 , 5 r 6 ) ) o  7 / 6 ,  ( r , 2 t 3 , 4 , 5 r 6 )

c )  ( ( L , 2 , 3 , 4 , 5 , 6 \ ) ,  7 / 6 ,  ( 7 r 6 r I )

d )  (  (  L 1 2 , 3 , 4 , 5 1 6 )  ) ,  7 / 6 ,  { L , 2 , 3 r 4 e  5 1 6 )  o  Q  1 6  o L )

e )  ( ( 1 1 2 , 3 , 4 , 5 r 6 ) ,  7 / 6 ,  ( 1 1 2 , 3 , 4 , '  . 6 , 7 )

2 ) a )  (  { ! , 2 , 3 , 4 r 5 , 6 } ) ,  7 / L ,  ( 1 r 2 r 3 }

b )  (  ( 1 r 2 , 3 , 4 , 5 r  6 )  )  ,  7  / L ,  ( 1 1 2 , 3 ' , )  ,  ( L  r ? . , 4  t 5 , 6 , 7 )

c )  ( ( L , 2 , 3 r 4 , 5 r 6 ) ) ,  7 / L t  ( I 1 2 t 3 l ,  ( 7 f 1 . r 4 )

3 ) a )  (  ( L , 2 , 3 , 4 , 5 r 6 ) ) ,  7 / 4 ,  ( 1 0 2 r 3 )

b )  (  ( L  t 2 , 3 - t 4 , 5 t 6 1 ' . |  |  7 / 4 ,  . ( L , 2 , r  3 ) ,  ( 2 , 3 , 4 , 5 , 6 , 7 )

c )  ( ( L 1 2 t 3 , 4 r 5 r 6 ) ) ,  7 / 4 ,  ( r ? 2 t 3 )  |  ( 7  t 4 , l \

d ) (  ( L , 2 n 3 , 4 , 5 r 6 ) ) ,  7 / 4 ,  ( r 0 2 r 3 ) ,  ( 7 , 4 t 5 1

e )  (  ( L , 2 , 3 , 4 , 5 1 6 ) ) ,  7 / 4 r ,  { I t 2 , 3 1 ,  ( ' 1 , 4 , I ) ,  ( 2 , 3 , 4 1 5 , 6 t " 7 }

a ) a )  (  ( L , 2 , 3 r 4 , 5 r 6 ) )  ,  7 / 5 ,  ( 1 1 2 r 3 ) ,  ( 4 r 5 r 6 )

b )  ( ( L r 2 , 3 , 4 , 5 r 6 ) ) ,  7 / 5 ,  ( r t 2 , 3 1  0  ( 4 t 5 1 6 ) ,  ( 7 r 5 r 1 )

5 ) a )  ( ( I , 2 , 3 , 4 , 5 r 6 ) ) ,  7 / ! ,  ( 1 " r 2 ' 3 ) ,  ( 3 r 4 ' 5 )

'  
b )  t  ( L r ? . , 3 , 4 t s r 6 ) ) ,  7 / L t  ( L t ?  ? 3 ) ,  ( 3 r 4 r 5 ) ,  ( 7 , L 1 4 )

c ) ( ( r r z , 3 , 4 1 5 1 6 ) ) , 7 / r ,  1 1  , 2 , 3 1  ,  ( 3 r 4 r 5 I ,  l 7 r J . r , 6 1

d )  (  ( 1  , 2 , 3 , 4 , 5 1 6 )  ) ,  7 / L ,  ( r 1 2 1 3 )  t  ( 3 r 4 r 5 ) ,  ( L r 7 , 2 , 4 , 5 , 6 J

6 ) a )  ( ( 1 r 2 , 3 , 4 , 5 r 6 ) ) ,  7 / 3 ,  ( 1 r 2 r 3 ) ,  t 3 ' 4 r 5 )

b )  ( ( l ' 2 , 3 , 4 , 5 1 6 ) ) ,  7 / 3 ,  ( 1 t 2 . 3 ) ,  ( 3 r 4 t 5 ) ,  ( 7  1 3 t 6 ) '
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1 )  a )  ( ( 1 r 2 , 3 , 4 1 5 r 6 ) ) i  " l / 6 ,  ( t r 2 r 3 ) ?  ( 3 0 4 r 5 )

b )  ( ( t r z u 3 , 4 1 5 o 6 ) ) ,  7 / 6 ,  ( 1 r 2 r 3 ) ,  ( 3 0 4 r 5 ) ,  ( 7 t 6 , 5 \

c )  ( ( r r e , 3 , 4 1 5 1 6 ) ) ,  7 / 6 ,  & , ) , 3 1 ,  ( 3 u 4 r 5 ) ,  ( z s 6 r 3 )

d )  ( ( t , 2 , 3 , 4 1 5 0 6 ) ) ,  7 / 6 ,  t ! , 2 , 3 1  |  ( 3 r 4 r 5 ) ,  ( L r ? . , 4 t 6 t ? t

e )  ( l L , 2 o 3 u 4 r 5 r 6 ) ) ,  7 / 6 ,  ( L 1 2 ' 3 t  N  { 3 r 4 ? 5 } ,  ( L , 2 , 4 , 5 , 6 , 7 J  e { 7  s 6 , i

s )  a )  ( t L , 2 , 3 s 4 t 5 , 5 ) ) o  7 / L ,  ( L t 2 1 3 ) ,  ( 1 r 5 1 6 ) ,  ( 5 t 2 t 4 : } ,  ( 6 , 3 , 4 ) .

b )  (  ( 1 1 2 r 3 r 4 r 5 1 5 )  ) ,  7 / L o  ( 1 s 2 , 3 1  t  ( l r 5 r 6 ) ,  1 5 1 2 , 4 ) ,  ( 6  r 3 n 4 l "  o

( 7 r L f 4 ) .

I I .  l )  a )  (  ( L r ? . , 3 r  4 '  5 )  )  ,  6 / I o  7  / 2

b )  ( ( r , 2 , 3 1 4 r 5 ) ) ,  6 / L ,  7 / 2 ,  ( 1 1 6 , 2 , 3 , 4 , 5 )

c )  ( ( L t 2 2 3 , 4 , 5 \ ) ,  6 / 1 ,  7 / 2 ,  ( 1 r 6 r 2 , 7 e 3 0 4 J

d )  (  ( L , 2 , 3 1 4 , 5 ) ) ,  6 / r ,  7 / 2 ,  ( 6 r 1 , 5 ) .

e )  ( (  r t 2 , 3 1 4 r 5 ) ) ,  6 / L ,  
- l / 2 ,  ( 6 ' l - ' 5 ) |  ( 7  t 2 r 4 )

f )  ( ( 1  r 2 , 3 , 4 , 5 J ) ,  6 l L ,  7 / 2 ,  ( 6 r 1 r 5 ) ,  { 7 0 2 n 5 \

g )  (  ( r , 2 t 3 , 4 r 5 )  ) ,  6 / L ,  7 1 2 ,  ( 6  t L ' 2 )  |  ( 7  n 2 , 3 )

h )  (  (  r , 2 t 3 , 4 , 5 ) ) ,  6 / 1 ,  7 / 2 ,  ( 6 r 1 r 2 )

1 )  (  ( r t 2 t 3 , 4 r 5 ) ) ,  6 / L ,  7 / 2 ,  ( 6 r l - r 5 ) ,  ( 1 r 5 , 2 , 7  1 3 , 4 |

j )  ( ( J . , 2 r 3 , 4 , 5 J )  |  6 / L ,  7 / 2 ,  ( 6 r 1 r 5 ) ,  ( 7 , 2 p 5 J ,  ( 1 ' 6 , 2 , 7 c 3 t 4 J

k )  ( ( L , 2 . , 3 r 4 r 5 ) ) ,  6 / L e  7 / 2 ,  ( 6 , L , 2 j ,  ( L , 2 , 7 0 3 n 4 , 5 j ,

2 t  a ) ( ( L , 2 , 3 , 4 , 5 ) ) ,  6 / L ,  7 / 2 ,  ( 1 ' 2 , 3 )

b )  ( ( L , 2 , 3 , 4 , 5 ) ) ,  6 / r ,  7 / 2 ,  ( L 1 2 , 3 )  |  ( 1 r 6 , 2 r 7 , 4 2 5 )

c )  ( ( L , 2 , 3 r 4 r 5 ) ) ,  6 / I ,  7 / 2 ,  ( L , 2 , 3 ) ,  ( 6 ' 1 ' 4 )

d )  (  ( r , 2 , 3 r 4 r 5 ) ) ,  6 / r ,  7 / 2 ,  ( r ' 2 , 3 ) ,  ( 6 , 1 , 4 ) ,  ( 7 , 2 1 5 )

e )  ( ( L , 2 , 3 , 4 r 5 ) )  ,  6 / I ,  7 / 2 ,  ( L , 2 0 3 \ ,  ( 6 , ] - t 4 )  |  ( ' 7  t 2 t 4 )

3 )  a )  ( ( L , 2 , 3 , 4 r 5 ) ) ,  6 / L ,  7 / 4 ,  ( l - r 2 , 3 ) .

b )  ( ( r , 2 , 3 , 4 , 5 ) ) ,  6 / r ,  7 / 4 ,  ( L , 7 . e 3 )  |  ( 1 r 6 , 4 t 7 , 2 , 5 \

c )  ( ( I , 2 t 3 , 4 r 5 ) ) ,  6 / I ,  7 1 4 ,  ( I , 2 , 3 ) ,  ( 6 r l . r 5 ) ,  ( 7 , 4 , 2 J

d ) ( ( L , 2 , 3 r 4 r 5 ) ) ,  6 / L o  7 / 4 ,  ( r t 2 t 3 \ t  ( 6 , 1 - r 5 ) ,  ( 7 t 4 , L )

e )  ( ( L , 2 r 3 , 4 r 5 ) ) ,  6 / L ,  7 / 4 ,  ( L t 2 t 3 ) ,  ( 6 r 1 ' 5 ) .
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f )  ( ( r t 2 , 3 , 4 , 5 ) ) ,  6 / 7 " 0  7 / 4 ,

g )  ( ( L , 2 f 3 , 4 1 5 ) ) ,  6 / L ,  7 / 4 0

h )  ( ( t t 2 , 3 , 4 , 5 ) ) ,  6 / L ,  7 / 4 ,

r )  ( ( T , 2 t 3 , 4 , 5 ) J ,  6 / L ,  7 / 4 ,

5 )  a )  ( ( I , 2 , 3 , 4 ' 5 ) ) ,  6 / 1 ,  7 / 3 ,

b )  (  ( r , 2 t 3 1 4 r 5 )  ) ,  6 / I ,  7 / 3 '

e )  ( ( r , 2 , 3 , 4 , 5 ) ) ,  6 / r ,  7 / 3 ,

d )  ( ( ! , 2 t 3 , 4 , 5 ) ) ,  6 / r ,  7 / 3 ,

e )  ( ( L , 2 , 3 , 4 , 5 ) ) ,  6 / L ,  7 / 3

6 ) a )  (  { L , 2 , 3 ' 4 ' 5 ) )  '  6 / I ,  7 / 5

b )  ( ( L , 2 t 3 t 4 r 5 ) ) ,  6 / L ,  7 / 5 ,

c )  ( ( L o 2 t 3 1 4 r 5 ) ) ,  6 / r ,  7 / 5 ,

d )  (  ( ! t 2 r 3 , 4 , 5 \ ) , 6 / L ,  7 / 5 ,

e )  ( ( r , 2 t 3 1 4 r 5 ) ) '  6 / L ,  7 / 5 ,

f )  ( ( L , 2 , 3 1 4 r 5 ) ) r  6 / r ,  7 / 5 ,

7 \  a )  ( ( 1 1 2 t 3 , 4 , 5 ) \ ,  6 / r ,  7 / 2 ,

' b )  
( ( L , 2 t 3 1 4 r 5 ) ) ,  6 / 1 ,  7 / 2 ,

( 7  , 4  ? 2 )

( 7 r 4 , 5 )

( L 1 2 , 3 )  |  ( 2 , 4 1 5 )

( L , 2 t 3 \  |  ( 2 t 4 , 5 )  |  ( 1 1 6 r 3 , 7  t 4 1 5 \

( 1 r 2 r 3 ) ,  ( 2 t 4 , 5 \ ,  ( 6 r 1 r 4 )

( 1 t 2 , 3 )  |  1 2 , 4 t 5 \ ,  ( 6 , l n 4 J  t  ( 7 , 3 ' 4 )

( r , 2 , 3 '  |  ( 2 , 4 t 5 ) ,  ( 6 r 1 r 4 ) ,  ( 7 r 3 r 5 )

( r , 2 r 3 )  |  ( 2 t 4 t 5 \

( I , 2 t 3 )  t  ( 2 , 4 , 5 \ '  ( 1 r 6 r 5 , 7 , 4 ' 3 \

( L , 2 , 3 ) ,  ( 2 , 4 , 5 \ ,  ( 6 r l - r 4 )

( l 1 2 , 3 l  ,  ( 2 , 4 t 5 ) ,  ( 6 r 1 r 4 )  '  ( 7 r 5 r  3 )

( ! 1 2 r 3 ' . t ,  1 2 , 4 r 5 1  ,  ( 6 r 1 r 5 )

( 1 r 2 , 3 ) ,  ( 2 , 4 1 5 1  t  ( 6 r 1 r 5 )  t ( 7 ' 5 ' 3 \

( t , 2 t 3 ) ,  1 2 t 4 t 5 \

( L , 2 , 3 ) ,  ( 2 r 4 , 5 )  |  ( 6 r 1 r 4 ) .

( r t 2 r 3 )  |

n , 2 ,  3 )  ,

( I t 2 ' 3 J  t

l T t 2  1 3 )  ,

( 6 r 1 r 5 ) ,

( 6 , 1 , 4 )

( 6 ,  L ; 4 )  ,

( 6 r 1 r 4 ) ,

{ 7  , 4  t 5 J
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I I f .  f )  a ) ( ( I 1 2 , 3 t 4 ) ) ,  5 / I , 6 / 3 t

b )  ( ( r t 2 t 3 , 4 ) ) ,  5 / r ,  6 / 3 ,

c )  ( ( L r 2 ' 3 1 4 ) ) ,  5 / 1 ,  6 / 3 '

d )  ( ( 1 , 2 , 3 , 4 ) J ,  5 / L ,  6 / 3 ,

e )  ( ( L , 2 , 3 , 4 ) ) ,  5 / 1 ,  6 / 3 ,

f )  ( ( L , 2 , 3 1 4 ) ) ,  5 / L ,  6 / 3 0

g )  ( ( L , 2 t 3 1 4 ) ) ,  5 / r ,  6 / 3 0

g ' )  (  ( r , 2 , 3 ' 4 ) )  ,  5 / r ,  6 / 3 ,

7 / 2

7 / 2 0  ( l . r 5 r 3 o 6 t 2 t 4 )

7 / 2 ,  ( 1 r 5 r 3 0 6 , 2 , 7 )

7 / 2 ,  ( 5 r 1 r 4 )

- l / 2 ,  ( 5 r l r 4 ) ,  ( 1 . r 4 r 3 0 6 , 2 , 7 )

7 / 2 ,  ( 5 r 1 r 4 ) ,  ( 6 r  3 r 4 )

7 / 2 ,  ( 5 r 1 r 4 ) ,  ( 6 r 3 r 4 ) ,  ( 7 , 2 , 4 )

7 / 2 ,  ( 5 r 1 r 4 ) r  ( 6 , 3 , 4 J ,  ( 7 , 2 , 4 1

don t  t  appear ,( 1 r 5 r 3 r 6 , 2 t 7 \

beeause i t rs  impossi l : le  to  have f rom the point  P4 three

t a n g e n t s  t o  a  c o n i c r  n a m e l y  t h e  c o n i c  ( 1 r 5 t 3 , 6 1 2 r 7 ) '  '

h )  (  ( L , 2 t 3 t  4 )  ) ,  5 / L ,  6 / 3 ,  7 / 2 ,  ( 5 ' l - ' 2 )

i )  ( ( r , 2 , 3 1 4 ) ) ,  5 / r ,  6 / 3 ,  7 / 2 ,  ( 5 t L t 2 J ,  ( 1 ' 3  t 6 t 2 , 7 t 4 \

j )  (  ( ! t 2 , 3 t 4 ) ) o  5 / L ,  6 / 3 ,  7 / 2 ,  ( 5 , r ' 2 ) '  ( 6 r 3 r 4 )

k ) ( (  L , 2 , 3 1 4 ) ) ,  5 / L t  6 / 3 ,  7 / 2 ,  ( 5 t L , 2 ) ,  ( 6 , 3 , 4 j ' , ( x r 4 q ) '

1 ) ( ( r , 2 , 3 , 4 ) ) ,  5 / r ,  6 / 3 ,  7 / 2 ,  ( 5 t r t 2 \ '  ( 6 ' 3 r 1 )

n )  ( ( t 1 2 , 3 1 4 ) ) ,  5 1 l  ,  6 / 3 ,  7 / 2 q  ( 5 r 1 , 2 ) '  ( 6 ' 3 ' 1 ) '  ( 7 , 2 t 4 1

m )  ( (  t , 2 , 3 , 4 ) 1 ,  5 / r ,  6 / 3 ,  7 / 2 ,  ( 5 t L r 2 r '  ( 6 r 3 r 1 ) '  ( 7 t 2 , 3 )

o )  ( ( L , 2 , 3 1 4 ) ) ,  5 / L ,  6 / 3 ,  7 / 2 n  ( 5 r l r z ' , t  t '  ( 6 t 3 , 2 )

p ) ( ( L c 2 0 3 1 4 ) ) ,  5 / r , 6 / 3 , 7 / 2 ,  ( 5 t L t z l  ,  ( 6 , 3 , 2 ) |  ( 7 o 2 o 4 l

q )  ( ( ! t 2 , 3 r 4 ) ) ,  5 / 1 ,  6 / 3 ,  7 / 2 ,  ( 5 1 1 r 4 , ) ,  ( 6 , 3 , 4 ) t

' ( 1 , 5 , 3 r 6 r 2 , 7 )

2 ,  a )  (  ( L , 2 t 3 ' r 4 r ) ,  5 / L ,  6 / 2 ,  7 / 3 ,

b )  ( ( r t 2 t 3 , 4 ) ) ,  5 / L ,  6 / 2 ,  7 / 3 ,

c )  ( ( L , 2 t 3 , 4 ) ) ,  5 / 1 ,  6 / 2 ,  7 / 3 ,

d )  ( ( L t 2 t 3 , 4 ) ) ,  5 / r ,  6 / 2 ,  7 / 3 ,

1 7 , 3 , 4 ) .

( 5 r r r 4 )

( 5 r l r 4 ) ,  ( 6 , 2 , 4 \

( 5 r 1 r 4 ) ,  ( 6 , 2 , 4 1 ,

( 1 r 2 r 3 ) ,

( 4  t 2 , 3 )  ,

( L t 2 , 3 ) ,

( L , 2 , 3 1  |
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3 )  a )  ( ( L ? 2 , 3 , 4 ) ) ,  5 l L ,  6 / 2 ,  7 / 4 ,  1 I , 2 , 3 \

b )  ( ( t , 2 , 3 r 4 ) )  ,  5 / L ,  6 / 2 ,  7 / 4 ,  ( l ? 2 ' 3 ) '  ( 1 r 5 r 2 , 6 1 4 , 7 '

e )  ( ( L t 2 ' 3 1 4 ) ) ,  5 / I ,  6 / 2 ,  7 / 4 ,  ( l , 2 t 3 l  t  ( 5 ' 1 r 4 )

d )  (  ( L , 2 , 3 , 4 J l ' ,  5 l L ,  6 / 2 ,  7 / 4 ,  ( r t 2 , 3 ) ,  ( 5 , 1 ' 4 )  '  ( 6 , 2 , 4 )

e )  (  (  I , 2 t 3 , 4 ) )  ,  5 / L ,  6 / 2 ,  1 / 4 ,  ( L ' 2 , 3 )  |  ( 5 r 1  , 4 1  ,  ( 6  t 2 , 4 )  t

( 7  |  4 , 3 \

f ) ( ( L , 2 , 3 r 4 ) ) ,  5 / L ,  6 / 2 ,  7 / 4 ,  ( 1 , 2 , 3 1  '  ( , 7 , 4 t l )

g )  ( ( r t 2 r 3 , 4 l J ,  5 / 1 ,  6 / 2 ,  1 / 4 ,  ( 1 r 2 ' 3 ) ,  ( 7 , 4 ' 3 \

h ) ( ( L 1 2 , 3 , 4 ) ) ,  5 / L ,  6 / 2 r  7 / 4 ,  ( r , 2 , 3 ) t  ( 5 r r r 4 ) '  ( 7 t 4 1 2 )

1 )  (  ( r  , 2 , 3 , 4 )  )  r  5 / r ,  6 / 2 ,  7 / 4 ,  ( L , 2 r  3 ) ,  ( 5 r r r  4 ,  ,  ( 7  t 4 t 3 )

j ) ( ( r , 2 , 3 , 4 ) ) ,  5 / ! ,  6 / 2 ,  7 / 4 ,  ( r , 2 , 3 \ ,  ( 7 t 4 , 3 \ ,  ( 1 ' 5 ' 2 , 6 , 4 , 7 \

c  r  1 ) a ) 1 ( ! , 2 , 3 ' 4 ' 5 ) ) ,  7 / 6 / L

b )  (  ( r , 2 r 3 , 4 , 5 \ )  |  7 / 6 / L ,  ( 1  1 6  1 2 , 3 t 4 t 5 )

c )  ( ( L , 2 , 3 , 4 , 5 j 1 ,  7 / 6 / L t  ( 1 ? 6 ' 7 , 2 t 3 , 5 )

d )  ( ( L , 2 , 3 , 4 , 5 ) ) ,  7 / 6 / L ,  1 6 , r , 2 )

e )  (  ( L t 2 t 3 , 4 r 5 ) )  ,  7 / 6 / L ,  ( 6 r ] - r 2 ) ,  ( 1 ' 6 r  7 , 5 r 4 ' 3 \

f )  ( ( L , 2 , 3 , 4 , 5 1 ) ,  7 / 6 / r ,  0 , 6 , L )

g )  ( ( L r 2 , 3 , 4 , 5 1 ) ,  7 / 6 / L ,  0  r 6 r l ) ,  ( 1 r 6 r 2 t 3 ' 4 , 5 1

2 ) a )  (  ( I , 2 , 3 t 4 , 7 J 1  |  6 / 5 / L t  ( ^ L , 2 , 3 )

b )  (  (  L , 2 , 3 , 4 , 7 ) )  ,  6 / 5 / r ,  ( r , 2 , 3 '  t  ( 1 r  5 , 6 , 3 , 4 , 7 \

c )  ( ( r , 2 t 3 , 4 , 7 i ) ,  6 / 5 / 1 ,  ( L 1 2 , 3 \ ,  ( 6 r 5 ' 1 )

d )  ( ( L , 2 , 3 , 4 , 7 J ' ) ,  6 / 5 / L ,  ( 1  1 2 r 3 ) ,  ( 5 r 1 r 4 )

, 1 r 2 1  3 r  5 )

3 ) a )  (  ( L , 2 , 3 ' 4 ' 5 1 ) ,  4 / 6 / 4 ,  
( l - ' 2 ' 3 )

b )  ( ( t t 2 , 3 , 4 1 5 ) 1 ,  7 / 6 / 4 ,  ( 1 r 2 , 3 ' , 1 ,  ( 4 , 6  t 7  s L

c )  ( ( L , 2 1 3 t 4 , 5 ) ) ,  7 / 6 / 4 ,  ( L 1 2 , 3 ) ,  0 , 6 r 4 )

d )  ( ( r , 2 , 3 r 4 r 5 ) ) ,  7 / 6 / 4 ,  ( L t 2 , 3 \ ,  ( 6 ' 4 r 1 )

e )  (  ( L t 2 , 3 r 4 r 5 ) ) ,  7 / 6 / 4 ,  ( r 1 2 1 3 )  t  ( 6 r 4 r 5 )

f )  ( ( ! , 2 , 3 , 4 , 5 ) ) ,  7 / 6 / 4 ,  ( r , 2 , 3 ) ,  ( 6 ' 4 , 1 ) '

, 3 r 5 )

( 4 , 6
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4 )  a ) ( ( ! , 2 , 3 1 4 , 5 ) ) ,  7 / 6 / L ,  ( L ' 2 ' 3 ) ,  ( 2 t 4 r 5 )

b )  (  ( L t 2 t 3 1 4 r 5 ) ) ,  7 / 6 / r ,  ( r , 2 t 3 J ,  { 2 , 4 t 5 )  |  ( 1 . r 6 r 7 , 3 , 4 t 5 J

c )  )  (  ( I , 2 , 3 1 4 r 5 ) )  o 7 / 6 / 1 . n  ( L r 2 , 3 )  |  ( 2 t 4 ' 5 )  |  ( 7 , 6 t L )

d ) ( ( r t 2 t 3 , 4 , 5 J ) ,  " l / 6 / L ,  ( 1 , 2 , 3 j ,  ( 2 , 4 , 5 1  ,  ( 6 r 1 r 4 )

5 )  a )  ( ( L , 2 , 3 , 4 , 5 ) ) ,  7 / 6 / 2 ,  ( 1 r 2 ' 3 ) ,  ( 2 t 4 , 5 \

b )  ( ( L , 2 , 3 , 4 , 5 ) ) ,  7 / 6 / 2 r  ( 1 " 1 2 , 3 ) t  ( 2 t 4 t 5 J '  ( 7 , 5 , 2 )

r r l - ) a )  ( ( I , 2 t 3 ' 4 ) t  6 / 5 / L ,  7 / 2

b )  ( ( r t 2 , 3 , 4 ) ) ,  6 / 5 / 1 ,  7 / 2 ,  ( 1 r 5 r 6 1 2 , t 7 , 4 )

c )  (  ( I r 2 r 3 , 4 ) ) ,  6 / 5 / L t  7 / 2 '  ( 1  , 5 , 2 r 7 ' 3 t 4 ' )

d )  ( ( L t 2 , 3 , 4 ) ) ,  6 / 5 / L ,  7 / 2 0  ( 1 r 5 r 6 t 2 t 3 , 4 \

e )  ( ( r , 2 , 3 , 4 ) ) ,  6 / 5 / L ,  7 / 2 ,  ( 6 , 5 r 1 )

f )  ( ( 1 , 2 , 3 , 4 ) ) ,  6 / 5 / r ,  7 / 2 ,  ( 6 , 5 , 1 ) ,  ( 1 , 5 , 2 , 7 , 3 , 4 )

f \  ( ( 4 t L , z ,  t ) ) )  C / u / 4  t  7 t z  ,  { 7 , 2 , ) ) .

6 l  t t L , 2 , 3 ' , 4 ) ) ;  6 / s / r i  l / 2 , '  ( 7 , 2 , 3 ) ,  ( 1 , 5 r 6 t 2 , 3 , 4 ,

i ) ( ( r t 2 , 3 , 4 \ ) ,  6 / 5 / r ,  7 / 2 ,  ( 7 , 2 , 3 ) ,  ( 6 r 5 ' 1 )

j )  (  ( r , 2 , 3 , 4 \ ) ,  6 / 5 / L t  7 / 2 ,  ( 7  i 2 t l - J

k )  ( ( L t 2 , 3 , 4 ) ) ,  6 / 5 / I ,  7 / 2 ,  ( 7 t 2 t ] . ) ,  ( 1 r 5 , 6 t 2 , 3 t 4 )

1 )  ( ( ! , 2 , 3 , 4 J ) ,  6 / 5 / r t  7 / 2 ,  ( 7 t 2 t r ) ,  ( 6 , 5 , 1 )

m )  ( ( r , 2 0 3 , 4 ) ) ,  6 / 5 / L ,  7 / 2 ,  ( 5 ' 1 , 4 )

n )  ( ( L , 2 , 3 , 4 ) )  |  6 / 5 / 1 0  7 / 2 ,  ( 5 ' 1 r 4 ) '  ( l ' 5 r 6 , 2 , 7 , 3 j

o )  (  (  L , 2 , 3 , 4 ) ) ,  6 / 5 / r ,  7 / 2 ,  ( 5  n : - r A ' . )  ,  ( 7  t 2 , 3 )

p )  (  ( L t 2 t 3 , 4 ) ) ,  6 / 5 / L ,  7 / 2 ,  ( 5 , L , 4 ) ,  ( 7  1 2 t 4 )

q ) ( ( L t 2 , 3 , 4 1 ) ,  6 / 5 / I t  7 / 2 ,  ( 5 , 1 r 4 ) ,  ( 7 , 2 t 1 )

r )  (  ( r , 2 t 3 , 4 ) ) ,  6 / 5 / r ,  7 / 2 ,  ( 5  r r , 2 )

s )  (  ( 1  , 2 r 3 , 4 )  ) ,  6 / 5 / I ,  7 / 2 r  ( 5  r 1 , 2 )  ,  ( 1 , 2 , 3 J

t )  (  ( L , 2 , 3 , 4 ) ) ,  6 / 5 / L ,  7 / 2 n  ( 7  ' 2 , 3 j  |  ( 1 r 5 , 6 , 2 , 7 , 4 )

u )  (  ( r t 2 , 3 , 4 ) ) ,  6 / 5 / r ,  1 / 2 ,  ( 5 , ! r 4 J  ,  ( 7  1 2 , 4 J  |  ( 1 , 5 '  6 , 2 , 7 , 3 ) .
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2 ) a )  (  ( 1 , 2 , 3 ' 4 ) )  ,  6 / 5 / L ,  7 / 2 ,  ( 1 r 2 , 3 )

b )  (  (  L t 2 t 3 , 4 ) ) ,  6 / 5 / I t  7 / 2 ,  ( 1  , 2 1 3 \  c  ( 1 ' 5 '  6 ' 2 ' 7  ' 4 )

c ) ( ( L r 2 , 3 1 4 ) ) ,  6 / 5 / L t  7 / 2 ,  ( 1 , 2 r 3 ) ,  ( 6 ' 5 ' 1 )

d )  (  ( L , 2 s 3 , 4 \ ) ,  6 / 5 / r ,  7 / 2 s  ( L 1 2 0 3 )  |  ( 7  ' 2 t 4 )

e ) ( ( L t 2 , 3 t 4 ) ) ,  6 / 5 / L t ' 7 / 2 ,  ( L t 2 t 3 l  ,  ( 7 ' 2 ' 4 ) |  ( 6 ' 5 ' 1 )

f )  ( ( t . t 2 t 3 , 4 ) J ,  6 / 5 / r ,  7 / 2  ( L , 2 r 3 ) t  ( 5 ' 1 f  4 )

q )  ( (  L r 2 r 3 , 4 \ 1 ,  6 / 5 / L t  7 / 2 ,  ( 1 r 2 , 3 ) ,  ( 5 r 1 ' 4 )  '  ( 7  ' 2 ' 4 \

3 ) a )  (  ( r , 2 , 3 , 4 )  )  |  6 / 5 / I o  7 / 4 ,  ( L t 2 t 3 )

b )  ( ( L ' 2 t 3 , 4 \ ) ,  6 / 5 / L t  7 / 4 ,  ( ! t 2 ' 3 '  |  ( 1 ' 5 ' 6 ' 2 ' 4 t 7 )

c )  ( (  L , 2 1 3 , 4 ) ) ,  6 / 5 / 1 ,  7 / 4 ,  ( r , 2 , 3 )  t  ( 6 ' 5 ' 1 )

d )  ( ( r , 2 , 3 , 4 ) ) ,  6 / 5 / L ,  7 / 4 ,  ( 1 , 2 2 3 \  t  ( 7 , 4 r z ' . )

e )  ( ( r , 2 r 3 , 4 ) ) ,  6 / 5 / l ' t  7 / 4 ,  ( ! ' 2 , 3 )  '  ( 7 , 4 , 2 ' . ) ,  ( 6 ' 5 r l )

f )  (  ( 3 - , 2 t 3 , 4 ,  )  ) ,  6 / 5 / r , ' l / 4 ,  ( r r 2 , 3 )  |  ( 7 , 4  t r )

g )  ( ( ! t 2 , 3 1 4 ) ) ,  6 / 5 / L ,  7 / 4 '  ( : I t 2 ' 3 ) '  ( 7 ' 4 t ] ) '  ( 6 ' 5 ' 1 )

h )  ( ( r , 2 , 3 , 4 ) \ ,  6 / 5 / r ,  7 / 4 ,  ( 1 r 2 , 3 ) ,  ( 5 ' 1 ' 4 )

1 )  ( ( r , 2 , 3 , 4 ) ) ,  6 / 5 / L ,  7 / 4 ,  ( L r 2 , 3 \ ,  ( 5 , 1 - , 4 ) '  ( 7 ' 4 ' | 2 J

j ) ( ( 1 , 2 , 3 r 4 ) )  t  6 / 5 / I ,  7 / 4 ,  ( L 0 2 , 3 ) t  ( 1  , 4 , 2 ) '  ( 1 ' 5 ' 6 ' 4 t 7 ' 3 )

A ) a )  (  ( I , 2 , 3 , 4 ) )  ,  6 / 5 / 4 ,  7 / L o  ( 1 ' 2 ' 3 )

' b )  
(  ( L , 2 , 3 , 4 ) ) ,  6 / 5 / 4 ,  7 / r ,  ( r r 2 t 3 r ,  ( 4 , 5 , 6 r r , 7  1 2 )

c )  ( ( r t 2 , 3 , 4 ) ) ,  6 / 5 / 4 ,  7 / ! ,  ( I , 2 , 3 \ ,  ( 6 ' 5 r 4 )

d ) ( ( r , 2 , 3 , 4 ) ) ,  6 / 5 / 4 ,  7 / L ,  ] L , 2 , 3 J ,  0 , r t 4 )

e )  ( ( I , 2 , 3 , 4 ) ) ,  6 / 5 / 4 , ' l / 1 ,  { 1 , 2 t 3 ) '  ( 7 ' L ' 4 )  |  ( 6 ' 5 ' 4 )

f )  ( ( L t 2 , 3 t 4 ) ) ,  6 / 5 / 4 ,  1 / l t  ( r , 2 , 3 \ ,  ( 5 ' 4 , 1 )

g )  (  ( r , 2 , 3 , 4 ) ) ,  6 / 5 / 4 ,  7 / L ,  ( 1 , 2 r 3 \ ,  ( 5 , 4 , 2 )

h ) ( ( ! , 2 , 3 , 4 ) ) ,  6 / 5 / 4 t  7 / r ,  ( l ' 2 ' 3 ) r  ( 5 r 4 , 2 \ ,  ( 7 , 1 , 4 )

r )  ( ( r , 2 , 3 1 4 ) ) ,  6 / 5 / 4 ,  7 / L ,  ( L , 2 , 3 ) t  ( 5 , 4 , 2 ) ,  ( \ , 1 r 4 , 5 ' 6 ' 3 ) '
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7 / 6 / 2

7 / 6 / 2 ,

7 / 6 / 2 ,

' 7  
/ 6 / 2 ,

7 1 6 / 2  |

7 / 6 / 2 ,

( 1 r 4 r 5 r 2 , 3 r 7 \

( 7 r 3 r 1 )

( 1 r 4 r 5 e 2 , 3 , 7 )

( 7  | 3 1 2 )

3  r 7 \

6 r  3 )

3 , 7 )

a )  (  ( 1 , 2 f  3 )  ) ,  5 /  4 / r ,  6 / 2 ,  7  / 3

b )  ( ( r t 2 , 3 \ J i  5 / 4 / 1 ,  6 / 2 ,  7 / 3 ,  ( r o 4 ' 5 , 2 ,

c ) ( ( L r 2 t 3 ) ) t  5 / 4 / r ,  6 / 2 ,  - l / 3 ,  ( 1 0 4 ' 2 ' 6 '

d )  ( ( L , 2 , 3 ' , t )  |  5 / 4 / \ 6 / 2 ,  7 / 3 ,  ( 6 , 2 , 3 )

e )  ( ( L  t 2 . , 3 ) r ,  5 / 4 / L ,  6 / 2 ,  7 / 3 ,  ( 6 , 2 1 3 )  t

f )  (  ( L o 2 t 3 ) )  |  5 / 4 / t ,  6 / 2 ,  7 / 3 ,  ( 6 , 2 0 3 \  ,

g )  (  ( 1 , 2 ! 3 ) ) ,  5 / 4 / r ,  5 / 2 ,  7 1 3 ,  ( 6 , 2 , L )

h )  ( ( L r 2 , 3 ) \ ,  5 / 4 / L ,  6 / 2 ,  7 / 3 ,  ( 6 , 2 t l j ,

i ) ( ( 1 , 2 , 3 ) ) '  5 / 4 / L , 6 / 2 ,  
- t  

/ 3 ,  ( 6 , 2 , L ) ,

j )  ( ( L t 2 , 3 ) )  |  5 / 4 l L (  6 / 2 ' ,  1 / 3 ,  ( 5 , 4 , 1 )

k )  ( ( L , 2 1 3 \ ' , l t  5 / 4 / r ,  6 / 2 ,  1 / 3 ,  ( 5 , 4 1 1 ) r

1 )  ( ( L t 2 , 3 \ ) ,  5 / 4 / r ,  6 / 2 ,  7 / 3 ,  ( 5 ' 4 ' 1 ) '

m )  ( ( 1 2 2 p 3 ) ) r  5 / 4 / L ,  6 / 2 ,  i / 3 '  ( 5 ' 4 ' 1 ) '

n )  (  ( 1 , 2 , 3 )  ) ,  5 / 4 / L ,  6 / 2 ,  
- 7  

/ 3 ,  ( 5 '  4  '  1 )  '

o )  ( ( L 1 2 ' 3 \ l t  5 / 4 / L ,  6 / 2 ,  7 / 3 ,  ( 5 ' 4 ' 1 ) ' ,

p )  ( ( 1 , 2 , 3 )  ) ,  5 / 4 / L ,  6 / 2 ,  
- 7 / 3 ,  ( 4 ' L ' 2 )

q )  ( ( L t 2 t 3 ) ) ,  5 / 4 / L t  6 / 2 ,  7 / 3 ,  ( 4 , 1 ' z ' , t ' ,

r )  ( ( r t 2 t 3 ) )  |  5 / A / r ,  6 / 2 ,  1 / 3 ,  ( 4 , r ' 2 ) ' |

s )  ( ( r ; 2 , 3 ) ) '  5 / 4 / L ,  6 / 2 ,  7 / 3 ,  ( 4 , r , 2 )  '

I I I  1 )

r v )  1 )  a )

( 7 r 3 r l - )

( 7 r 3 r l - )

( 7 r 3 r 1 )

5 /  A / 1 ,  6 / 2 ,  t r  / ' 1 ,  ( 1 r  2 '  3 )

5 / 4 / 1 ,  6 / 2 ,  1 / 3 ,  ( l r 2 ' 3 )  '  ( 5 ' 4 ' 1 )

( r t 4 r 2 t 6 ,

( 7 r 3 r 1 )

( 7  , 3  t 2 \

\ 6  , 2  2 3 )  t

( 6  , 2 1 7 , \  t

( 7 r 3 r 1 )

\ 6  , 2  , 3 )

1 6  , 2 , 3 )  t

{ 1 , 4 r  5 t 2 r 6 , 7 )

t L , 4 r 5 r 2 , 6 t 3 )

i 5 f 4 r 1 )

r q , 4 r 1 ) ,  l L r 4 r 2 , 6 , 7  r 3 )

{ 5 , 4 r 1 ) ,  1 7 , 6 , 2 ) .

2 )  a )  (  ( r , 2 1 3 \ )  t

b )  (  ( r  1 2 1 3 \ \  t

(  ( r , 2 ,  3 )  )  ,

1 ( } , 2 , 3 )  ) ,

(  ( t , 2 ,  3 )  )  r

( ( L , 2 , 3 )  )  r

( ( r , z r 3 ) ) ,

(  ( t , 2 ,  3 )  )  ,

5 /  4 / r ,

5 /  4 / r ,

s /  4 /  r l

5 /  4 / r ,

5 / 4 / r ,

5 /  4 /  1 ,

b )

c )

d )

e )

f )
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g )  ( ( L s 2 1 3 ) )  t  5 / 4 / 1 ,  7 / 6 / 2 0  ( 4 , 1 , 3 ) ,  ( r , 4 , 5 , 2 , 6 1 7 )

h )  ( ( r t 2 , 3 \ \ e  5 / 4 / L ,  " 7 1 6 / 2 ,  ( 4 ' 1 , 3 )

i ) ( ( L t 2 t 3 ) ) r  5 / 4 / L , 7 / 6 / 2 ,  ( 4 ,  1 ; 3 ) ,  Q t 6 J l

j )  ( ( r , 2 , 3 J ) ,  5 / 4 / r ,  7 / 6 / 2 ,  ( 4 , 1 , 3 ) ,  ( 6 ' 2 , 3 )

k )  ( ( t t 2 ' 3 ) r ,  5 / 4 / L ,  7 / 6 / 2 '  { 4 ' 1 0 3 ) '  ( 6 ' 2 t 3 )  t  ( l ' ' 4 ' 5 ' 2 t 6 t 7 )

1 )  ( ( L , 2 1 3 \ \ ,  s / 4 / 7 - t  7 / 6 / 2 ,  ( 4 , L , 2 \

m ) ( ( r f  2 , 3 ) ) '  5 / 4 / L , 7 / 6 / 2 ,  ( 4 0 L , 2 \ ,  f i , 6 , 2 )

n ) ( ( L , 2 , 3 ) ) r  5 / 4 / r t  7 / 6 / 2 ,  ( 4 , r , 2 \ ,  ( 6 , 2 , 3 )

2 l

D I I )  a )

b )

c )

d )

e )

2 )

1 / 6 / 2 ,

' l  /6 /2  |

7 / 6 / 2 ,

1 /  6 / 2 ,

( 1 r 2 r 3 )

( r t 2 t 3 ) ,

( 1 r 2 , 3 ) ,

( r , 2  , 3 ' , )  |

a )  ( ( r , 2 2 3 ) \  t  5 / 4 / L ,

b )  ( ( r , 2 t 3 ) ) ,  5 / 4 / L ,

c )  (  ( L , 2 t 3 ) )  |  5 / 4 / L ,

d )  ( ( L J , 3 ) ) ,  5 / 4 / L ,

( l - ,  4 ,  5 , 2 , 6  r 7 \

( 5 r 4 r 1 )

( 5 r 4 r 1 ) f  Q o 6 t 2 )

( ( L , 2 r 3 r 4 ) ) ,

( ( t r z r 3 1 4 ) ) ,

t ( r , 2 1  3 r  4 )  ) ,

(  ( 1 n 2 , 3 1  4 )  ) ,

( ( t r z r 3 , 4 ) ) ,

( ( L r 2 r 3 r 4 ) ' , ) ,

7  / 6 / 5 / L

7  /  6 / 5 l r  ,

7  /  6 / 5 / L  n

7  /  6 / 5 / L ,

7 / 6 / 5 / L ,

7  /  6 / 5 / L ,

7 / 6 / 5 / L l

7  / 6 / 5 / r ,

7  / 6 / 5 / r ,

7  /  6 / 5 / L ,

( 1 r 5 r 6 , 7 , 2 , 3 )

( 1 r 5 r 5 1 2 r 3 r 4 )

( 6 r 5 r 1 )

( 5 , 1 r  2 )

( 5  r r 1 2 ) ,  ( 1 r 5  r 6 r 7 , 3 r 4 \

a )  (  ( L , 2 t 3 , 4 ) \ ,

b ) ( ( L , 2 , 3 , 4 ) ) ,

c )  ( ( L , 2 , 3 ' 4 ) ) '

d )  ( ( L , 2 r 3 1 4 ) ) ,

( l r 2 r 3 )

( r  t 2  1 3 \  |

( r , 2  t  3 )  ,

( 1 r 2 r 3 ) ,

( l r 5 r 6 r 7  r 4 r ? )

( 6 r 5 r t )

( 5 r 1 r 4 )

3 )  a )  ( ( I , 2 , 3 , 4 ) ) ,  7 / 6 / 5 / 4 '  ( 1 ' 2 ' 3 )

b )  ( ( r , 2 , 3 , 4 ) ) ,  7 / 6 / 5 / 4 ,  ( 1 r 2 , 3 ) .  1 4 , 5 , 6 t 7 , r , 2 )

c )  (  (  L , 2 , 3 , 4 )  ) ,  7 / 6 / 5 /  4 ,  ( 1 '  2 , 3 )  ,  ( 6 , 5 '  4 )

d )  ( ( 1 , 2 , 3 , 4 ) ) ,  7 / 6 / 5 / 4 ,  ( L , 2 , 3 ) ,  ( 5 , 4 ' 1 )

e )  ( ( I , 2 ' 3 1 4 ) ) ,  7 / 6 / 6 / 4 ,  ( 1 ' 2 r 3 ) '  ( 5 ' 4 t l ) '  ( 2 ' 3 ' 4 ' 5 ' 6 ' 7 )



2 \ a )  ( ( t 1 2 1 3 ) ) r  5 / 5 / 4 / r ,  7 / 2 ,

b )  ( ( r t 2 , 3 ) ) ,  6 / 5 / 4 / L ,  7 / 2 ,

c )  (  ( 1 , 2 ,  3 )  )  '  6 / 5 /  4 / L ,  7  / 2 ' ,

( r r 2 , 3 )

( 1 r 2 , 3 ) ,  ( L , 4 , 5 ' 6 , 2 t 7 )

( L , 2 r 3 ) ,  ( 5 , 4 r 1 )

I I l  a ) ( ( 1 , 2 ) ) ,

b ) ( ( 1 , 2 ) ) ,

c ) ( ( r , 2 ) ) ,

d ) ( ( 1 r 2 ) ) r

e )  (  ( r  , 2 ) )  ,

f ) ( ( 1 , 2 ) ) ,

5 / 4 / 3 / L ,

5 / 4 / 3 / r ,

5/  4/  3"/L ,

s /  4 /  3 / r  t

5 / 4 / 3 / L ,

5 /  4 / 3 / r ,

7 / 6 / 2

7 / 6 / 2 ,

7 / 5 / 2 ,

' 7 / 6 / 2 ,

1 / 6 / ? . ,

7  /  6 / 2 ,

( l r 3 r 4 r 5 , 2 1 6 )

( 1 r 3 r 4 r 2 r 6 , 7 )

( 7  , 6  , 2 \

( 1  , 6 , 2 1  |  ( 1 r  3  , 1 1 5  t 2  1 6 )

( 4 r 3 r 1 ) .
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g ) ( ( 1 , 2 ) ) o  5 / 4 / 3 / 1 ,  7 / 6 / 2 ,  ( 4 , 3 , 1 ) ,  ( 1  , 6 , 2 )

h )  ( ( r , 2 \ ) ,  5 / 4 / 3 / t ,  7 / 6 / 2 ,  ( 6 t 2 , L \

i )  ( ( 1 , 2 ) )  ,  5 1 4 / 3 / L ,  " 7 / 6 / 2 ,  ( 3 t L , 2 )

j )  (  ( 1  , 2 ) )  ,  5 / 4 / 3 / L ,  7 / 6 / ? ,  ( 3  , ! , 2 ) ,  ( 7 , 6 t 2 \

k )  (  ( 1  , 2 ) ) ,  5 / 4 / 3 / L ,  7 / 6 / 2 ,  ( 6 . , 2 , r \ ,  ( 4 ' 3 ' 1 )

E r l ) a )  (  ( r , 2 t 3 )  ) ,  7 / 6 / 5 / 4 / r

b )  ( ( 1 , 2 , 3 )  ) ,  7 / 6 / 5 / 4 / L ,  ( 1  , 4 , 5  ? 6 , 7  t 2 \

c )  ( ( 1 , 2 1 3 ) ) '  7 / 6 / 5 / 4 / r ,  ( 5 ' 4 , 1 )

d )  ( ( L t 2 , 3 \ \  |  7 1 6 / 5 / 4 / L ,  ( 4 , ! , 2 \

e )  ( ( L , 2 , 3 ) \ ,  7 / 6 / 5 / 4 / L ,  ( , 4 r L , 2 \ ,  ( 1 ? 4 ' 5 ' 6 ' 7 ' 3 \

f )  ( (  r t 2 t 3 \ J  t  7 / 6 / 5 / 4 / L ,  ( 1 , 4 , 5 , 6 t 2 , 3 J

2 )  a )  (  (  1 t 2 , 3 \ ) ,  7 / 6 / 5 / 4 / L ,  G , 2 , 3 ' )

b )  (  (  L , 2 , 3 \ \ ,  ' 1 / 6 / 5 / 4 / L ,  ( 1  , 2 , 3 \  ,  ( 1 r  4 , 5 , 6 ' 7  ' , 2 1

c )  ( ( L t 2 , 3 ) ) ,  7 / 6 / 5 / 4 / t ,  ( 1 , 2 , 3 ) ,  ( 5 ' 4 ' 1 )

r r  a )  (  ( 1 , 2 )  )  ,  6 / s /  4 / 3 / r ,  7  / 2

b )  ( ( 1 , 2 ) )  ,  6 / 5 / 4 / 3 / r ,  1 / 2 ,  ( 1 ' 3 , 4 , 5 , 6 , 2 )

c )  ( ( 1 , 2 )  )  ,  6 / 5 / 4 / 3 / I ,  7 / 2 ,  ( 1 , 3 , 4 , 5 , 2 , 7 \

d )  ( ( 1 , 2 ) )  ,  6 / 5 / 4 / 3 l L ,  7 / 2 ,  ( 4 ' 3 ' 1 )

e )  ( ( r , z t t  ,  6 / 5 / 4 / 3 / r ,  7 / ? ,  ( 3 , 1 , 2 )

f )  ( ( 1 , 2 ) ) ,  6 / 5 / 4 / 3 / L ,  7 / 2 ,  ( 7 t L , 2 )

9 )  ( ( r , 2 ) ) ,  6 / 5 / 4 / 3 / L ,  7 / 2 ,  ( 7 t L , 2 \  |  ( 1 ' 3 ' 4 ' 5 ' 6 ' 2 )

h )  ( (  r , 2 ) ) ,  6 / 5 / 4 / 3 / L ,  7 / 2 ,  ( 7 , 2 , L \ ,  ( 4 , 3 ' 1 )

F  a )  (  (  L , 2 ) J ,  7 / 6 / s / 4 / 3 / L

b )  (  (  r 2 2 l )  t  
' 7 / 6 / 5 / 4 / 3 / r ,  ( 1 ' 3 '  4 , 5 , 6  t 7 \

c )  ( ( r , 2 \ J ,  7 / 6 / 5 / 4 / 3 / r ,  ( 1 r 3 ' 4 , 5 , 6 , 2 \ .

d )  ( ( 1 , 2 ) ) ,  7 / 6 / s / 4 / 3 / r '  ( 4 ' 3 r 1 ) '



6[1

e )  (  ( 1 , 2 )  )  ,  7 / 6 / 5 / 4 / 3 / r ,  ( 3  , L , 2 ' , 1

f )  ( ( 1 , 2 )  ) ,  7 / 6 / 5 / 4 / 3 / r u  1 3 s L s 2 }  N  ( 1 r  3 0  4 , 5 , 6 , 7 |

c  a )  (  ( 1 )  ) ,  7 / 6 / 5 / 4 / 3 1 2 / 3 "

b )  (  ( 1 )  ) ,  7 / 6 / 5 / 4 / 3 1 2 / L s  t L ? 2 0 3 ? 4 ' 5 ' 6 \

c )  (  ( 1 - )  )  ,  ?  / 6 / 5 /  4 / 3 / ? . / L ,  ( 3 '  2 '  1 )  .
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$ a "T6e tree of  cases for d=5 (s*e $ 5 ln the text)

Groups of  cases

A

{4,
\ :

- ------ztl
^ 

\.t.=r,

,^--'>t1
*l'4' '-->4)

--''T"'...--._>", 
'

R ( J

\rr'2' ',- - -----=5 
a)

oi
--v

g<:-rtt
--)>'ct ,4r,

A 1 )

2 )

B I

th g-nl*gg glipn _ gf Jle_Srglq s

generaS- pos i t ion :

( ( r , 2 r 3 1 4 ) ) ,  ( 1 , 2 t 3 )

f  )  a )  (  (  I , 2 1 3 \ \ ,  4 / L ,  ( 4 , I , 2 1

2 \  ( ( t , 2 , 3 )  ) ,  4 / r ,  ( L , 2 , 3 1

a )  (  ( 1 '  2 )  )  |  3 / L ,  4 / 2

b )  ( ( L , 2 \ ) ,  3 / ! ,  4 / 2 ,  ( 3 , r , 2 '

a )  (  ( L , 2 \ \ ,  4 / 3 / L

b )  ( ( t , 2 1 ) ,  4 / 3 / L ,  ( 4 , 3 , 1 )

c ) ( ( 1 , 2 ) )  t  4 / 3 / L t  1 3 , L r 2 l

a )  (  ( 1 )  ) ,  4 / 3 / 2 / I

b )  (  ( 1 )  ) ,  4 / 3 / 2 / 1 ,  ( 3 , 2 r 1 )

, ( r l  t t n , z ' ' s ) ) '  + l L '

I I
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The tree of  cases for d=6 (see--.\,5 in the. Sgtg!

1 )

2 l

a )
cases=b< ;b )

\r<;l

Ihe- ex-Plagalign- of the-gfaPh :

1) general  Posi t ion

2 )  ( Q , 2 , 3 ) ) r  ( 1 r 2 , 3 )

a , )  ( ( 1 ' 2 ) ) ,  3 / L

b )  ( ( r , 2 ) \ ,  3 / l o  ( 3 , 1 ' 2 )

a ) ( ( 1 ) ) r  3 / 2 / t

b )  (  ( r )  ) ,  3 / 2 / L t  ( 3 ' 2 '  1 )

6 .  The t ree  o f  cases jg r

C a s e s -'-'-'- 
A

\ - "

The q{pf 4nation €-!h9 glaPh:

A . 1 1 1 , 2 ) )

B :  (  ( 1 )  ) ,  2 / ! .
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[1t .  The proof of  the Prqpoj i l iog I  (  
$16 in the text)

In  th ls  ,h  tu '11  present  necessary  pos t t lons  o f  the  8  po ln ts

tn order lo obtain the desired groups of  s ingular i t ies on (degenera-

te )  De l  Pezzo sur faees  o f  degree I '  p resented  in  the  l i s t  (1 )

(  $  a ,  p a g e  2 3 1 ,

F o r  A r :  ( ( L 1 2 r 3 r 4 r 5 r 6 r 7 ) 1 ,  8 / I

F o r  2 A r :  (  ( L , 2 1 3 t 4 t 5 , 6 ) J ,  7 / I ,  8 / 2

F o r  A r :  ( ( 1 , 2 , 3 , 4 r 5 1 6 ) ) ,  7 / I ,  8 / 2 ,  ( L t ? ' , 3 )

F o r  A r :  (  ( L 1 2 t 3 , 4 r 5 r 6 , 7 1 ) ,  8 / L ,  ( L , 2 r 3 )

F o r  A r A r :  (  ( 1 , 2 , 3 , 4 r 5 r 5 )  ) ,  7 / I ,  ( I t 2 t 3 ' )  |  e / 4

F o r  3 A r :  ( ( I r 2  r 3 r 4 1 5 ) ) ,  6 / L ,  7 / 2 ,  8 / 3

F o r  A n :  (  ( I , 2 ' 3 , 4 \ l  ,  8 / 7 / 6 / 5 / 4

F o r  D n :  ( ( 1 , 2 , 3 r 4 r 5 j ) ,  8 / 7 / 6 / 5 ,  ( 6 ' 5 ' 1 )

P o r  A r A r :  (  ( L , 2 , 3 r  4 )  )  ,  8 / 7 / 6 / 1 ,  5 / 2

P o r  A r 2 A r :  (  ( L , 2 , 3 r 4 ) )  |  8 / 7 l L ,  6 / 2 ,  5 /  3

F o r  2 A r :  (  ( 1  , 2 , 3 , 4 )  )  '  8 1 7 / I ,  6 / 5 / 2

F o r  4 A r :  ( 0 , 2 , 3 , 4 1 ) ,  5 / L ;  6 / 2 ,  7 / 3 ,  s / 4

F o r  A U :  (  ( 1  , 2 1 3 ) l  t  S / 7 / 6 / 5 / 4 / I

F o r  D u :  ( ( r , i , 3 , 4 ) )  ,  8 / 7 / 6 / 5 / r ,  ( 5 , L , 2 )
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F o r  A n A r ;  (  ( 1  , 2 , 3 ) )  ,  8 / 7  / 6 / 5 / L ,  4 / 2

F o r  D n A r ;  ( ( 1 r 2 , 3 1 4 ) ) ,  B / 7 ,  6 / 2 ,  ( 6 r 2 ' l ) r  5 / 3

F o r  A r 2 A r :  (  ( r , 2 , 3 )  )  ,  8 / 7  ,  6 / L ,  5 / 2 ,  4 / 3

F o r  A r 3 A r :  ( ( t , 2 , 3 , 8 ) ) ,  5 / 4 / 2 ,  6 / 2 ,  7 / 3 ,  ( 5 , 4 , 2 1

F o r  A r 2 A r :  ( ( I , Z r 3 ) ) ,  5 / 4 / L , ' l / 6 / 2 ,  8 / 3

F o r  5 A r :  ( ( L t 2 , 3 1 4 ) ) ,  5 / L ,  6 / 2 ,  7 / 3 ,  8 / 4 ,  ( 5 ' 1 , 6 r 2 , 7 r 3 )

F o r  A r A r :  (  ( r , 2 , 3 1 ) ,  8 / 7 / 6 / L ;  5 / 4 / 2

F o r  A u :  ( ( 1 , 2 \ ) ,  8 / ' l / 6 / 5 / 4 / 3 / r

F o r  D u :  (  ( 1  , 2 , 8 ) )  ,  5 / 4 / 3 / r ,  7 / 6 / 2 ,  ( 3  , L , 2 )

F o r  E u :  (  ( r  , 2 , 8 1 ) ,  6 / 5 / 4 / 3 / L ,  7 / 2 ,  ( 3 ' 1 ' 2 )

F o r  A U A ' :  (  ( I  , 2 \ \ ,  8 / 7 / 6 / 5 / 4 / I ,  3 / 2

F o r  D U A ' :  ( ( 1 , 2 , 8 ) ) ,  6 / 5 / 4 / 3 / \ ,  7 / 2 ,  ( 4 ' 3 , 1 )

F o r  A n 2 A r :  ( ( r , 4 , 6 ) ) ,  8 / ' l / 3 / 2 / I ,  5 / 4 ,  7 / 6

F o r  D n 2 A r :  ( ( L , 2 1 3 , 8 ) ) ,  6 / 5 / 4 / L r  7 / 2 ,  ( 4 ' 1 , 3 ) '  0 , 2 , 3 ' )

F o r  A r 3 A r :  l ( L r 2 1 3 r 4 ) ) ,  5 / 4 / 1 ,  6 / 2 ,  7 / 3 ,  ( 1 r 4 , 2 , 6 , 3 n 7 ) ,  ( 5 ' 4 r I )

F o r  A r 4 A r :  ( ( 1 r 4 r 6 r B ) ) ,  3 / 2 / I ,  5 / 4 ,  7 / 6 ,  ( 5 , 4 , 8 ) ,  ( 7 t 6 r B ) '

F o r  L A L L A ' , :  ( ( 1  , 2 2 3 1 7 1 ) r  8 / ' 1  ,  4 / L ,  5 / 2 ,  6 / 3 ,  ( 5 , 2 r 3 ) ,  ( 4 r i r r 2 l

F o r  6 A r :  ( ( t , Z r 3 r B ) ) ,  5 / L ,  6 / 3 r  1 / 2 ,  ( 5 ' 1 ' 4 ) '  ( 6 1 3 r 4 J l

( 1 r 5 r  3 r 5 r 2 r 7 )

F o r  A n A r :  (  ( 1  , 2 ) ) ,  8 / 7 / 6 / 5 / L ,  4 / 3 / 2 .
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F o r  D n A r : ( ( 1 , 5 , 6 ) ) ,  4 / 3 / 2 / L ,  8 / 7 / 6 ,  ( 2 , 1 ' 5 )

F o r  D n 2 A r :  (  ( 1 1  5 r 6 , 8 )  ) ,  4 / 3 / 2 / I ,  7 / 6 ,  ( 2 , 1 r 5 )  ,  ( 7  t 6 , 5 )

F o r  A T A Z A 3 :  ( ( L , 2 t B ) 1 ,  5 / 4 / 3 / I ,  7 / 6 / 2 , ( 7 , 6 , 2 J

F o r  3 A r :  ( ( t , z r 3 r 4 ) ) ,  B / 7 / I 0  6 / 5 / 2 ,  ( 8 , 7  1 l ) r  1 6 1 5 t ? ' )

F o r  2 A r :  ( ( I t 2 , B ) ) ,  5 / 4 / 3 / I ?  7 / 6 / 2 ,  ( 1  , 3 , 4 , 5 , 2 , 6 j

F o r  E r :  ( ( 1 , 8 ) ) '  ' 7 / 6 / 5 / 4 / 3 / 2 / L t  ( 3 ' 2 r 1 )

F o r  A r :  (  ( 1 )  )  '  8 / 7  l 6 / 5 / 4 / 3 / 2 / L

F o r  D r :  (  ( 1 , 2 , 3 \ J ,  7 / 6 / 5 / 4 / L ,  8 / 2 ,  ( L ' 2 t 3 \ ,  ( 5 r 4 ' 1 )

F o r  A r A o :  ( ( 1 r 7 ) ) ,  6 / 5 / 4 / 3 / 2 . / L 0  8 / 7 ,  ( 8 , 7 , 1 )

F o r  A r D u :  ( ( 1 1 2 , 8 ) ) ,  6 / 5 / 4 / 3 / L , 7 / 2 ,  ( 7 t 2 ' L ) t  ( 4 , 3 ' 1 )

F o r  A ' E U :  (  ( l - , 7 ) ) ,  6 / 5 / 4 / 3 / 2 / L ,  8 / 7 ,  ( 3 ' 2 , 1 )

F o r  A u 2 A r : ( ( 1 , 7 ) ) ,  6 / 5 / 4 / 3 / 2 / 1 ,  8 / 7 ,  ( 8 , 7  | L \ r  ( L , 2 , 3 ' 4 ' 5 ' 6 )

F o r  D U 2 A ' :  ( ( 1 r 5 , 7 ) ) ,  4 / 3 / 2 / L r  6 / 5 ,  B / 1 ,  ( 6 ' 5 ' 1 ) '  ( 8 ' 7 ' L )

F o r  D n 3 A r :  ( ( L r 2 1 3 r B ) ) ,  5 / 4 / I t  6 / 2 , ' l / 3 ,  ( 5 ' 4 r 1 ) '  ( 6 , 2 , 1 ) r ( 7 r 3 t l l ,

F o r  A r 4 A r :  ( ( 1 p 5 2 ? ) )  r  4 / 3 / 2 / L ,  6 / 5 ,  B / 7 ,  ( I , 2 , 3 r 4 , 5 r 6 ) ,  ( I , 2 r 3 , 4 , 7 t 8 \

F o r  A r A t A n :  ( , ( 1 , 6 )  )  '  5 1 4 / 3 / 2 / I ,  8 / 7 / 6 ,  ( 8  , 7  , 6 )

F o r  A r A 3 2 A r :  (  ( 1 , 2 , 3 1 4 ) ) ,  8 / 5 / I ,  6 / 3 ,  7 / 2 ,  ( 7 , 2 , 4 r ,  ( 6 ' 3 ' 4 ) ,  ( 8 ' 5 t 1 )

J



For  A r3Ar :

F o r  A r 2 A r :

Fo r  AUA ' :

For

For

For  A tAU:

F o r  A r D n :  ( ( 1 , 5 ) ) ,  4 / 3 / 2 / I e  8 / 7 / 6 / 5 ,  ( I , 2 , 5 , 6 , 7 ' 8 )

F o r  B r :  (  ( 1 )  )  |  S l 7 / 6 / 5 / 4 / 3 / 2 / L '  ( 3 , 2 , L \

F o r  A r :  ( ( 1 , 5 n 8 ) ) ,  4 / 3 / 2 / L c  7 / 6 / 5 ,  ( 1 r 5 r 8 ) ,

F o r  D r :  ( ( 1 r 6 ) ) , 5 / A / 3 / 2 / 1 - ,  B / 7 / 6 ,  ( 7 ' 6 ' 1 ) ,

F o r  D U A , :  ( ( 1 , 6 ) ) ,  5 / 4 / 3 / 2 / L ,  B / 7 / 6 '  ( 3 , 2 0 1 )

P o r  E r A r :  ( ( 1 , 6 ) ) ,  5 / 4 / 2 / L ,  B / 7 / 6 ,  ( 8 , 7 , 6 \ ,

A r A T :  ( ( 1 r 5 r B ) ) r  4 / 3 / 2 / I t  7 / 6 / 5 ,  ( 1 f 5 ' B ) '  ( 7 ' 6 ' 5 ) '  ( L , 2 , 3 ' 4 ' 5 r 6 )

D 6 2 A l :  (  ( I r  2 , 3 , 8 ) )  r  7 / 4 / L ,  5 / 2 ,  6 / 3 ,  ( L , 2 , 3 ) ,  ( 4 ' l - r 8 ) ,  ( 5 ' 2 r B )  '  i

( 6 r 3 r g ) ,

F o r  A r A r A u :  (  ( t n a  , 7 l l  r  3 / 2 / L ,  6 / 5 / 4 ,  8 / 7 ,  ( 3 , 2 , I )  |  ( 6 ' 5 ' 4 )  '

( r , 2 r 4 r 5 t 7 r 8 )

F o r  2 A L 2 A 3 :  ( ( L r z t 3 ) ) ,  6 / 5 / 4 / I ,  7 / 2 ,  8 / 3 ,  ( 7  1 2 , 3 ' ) ,  ( 6 , 5 r 4 r I 1 2 , 7 )  '

( 6 r 5 r 4 r 1 r 3 r 8 )

F o r  E U A ' : ( ( 1 r 6 ) ) ,  5 / 4 / 3 / 2 / I ,  8 / 7 / 6 ,  ( 3 , 2 , i . ' ) ,  ( 8 ' ? r 6 )

F o r  A r r t ' :  (  ( 1 r 5 )  )  ,  4 / 3 / 2 / l '  S / 7 / 6 / 5 ,  ( 3 ' 2 ' 1 )  |  ( I  , 2 , 5 t 6 ' 7  t 8 J

F o r  2 A n :  (  ( 1 r 3 r 5 r ? ) ) ,  2 ' / I ,  4 / 3 ,  6 / 5 ,  8 / 7 ,  ( 2 , 1 t 7 \  t  ( B ' 7 ' 5 ) '

( 6 r 5 1 3 )  r  ( 4 r 3 r 1 )

F o r  4 A r :  (  ( I , 2 , 3 r B ) )  ,  5 / 4 / 1 ,  6 / 2 ,  1 / 3 ,  ( 1 r 4 r 5 , 2 , 3 r 7 ' 1  ,  ( L r 4 1 5 r ? ' , 6 r 8 ) '

( 6 1 2 1 3 ) t  ( 7 r 3 r 8 )

F o r  2 t > O z ( ( 1 ' 5 ) )  '  4 / 3 / 2 . / I ,  8 / 7 / 6 / 5 ,  { I , 2 , 3 , 4 r 5 , 6 )  |  ( L , 2 ' r 5 r 6 r ? , 8 ) '

7 4

( ( t r z o 7 \ j t  4 / 3 / l ?  6 / 5 / 2 0  8 / 7 ,  ( 4 u 3 r 1 ) ,  r c t 5 c z j

( 0 , 2 , 3 1 8 ) ) ,  5 1 4 l L c  7 / 6 / 2 ,  { 4 ,  1 r 3 ) ,  ( 6 r 2 r 3 ) f  ( r r 4 r 5 , 7 , 6 , 7

( ( 1 r 2 r 3 r 8 ) ) ,  5 / 4 / L ,  7 / 6 / 2 ,  ( 1 , 2 , 3 ) ,  ( 5 , 4 , 1 - )  r  ( 7  t 6 , 2 1

( ( 1 , 5 ) ) ,  4 / 3 / 2 / L ,  s / 7 / 6 / 5 ;  ( 3 , 2 , L )

' ( 7  
t 6 ,  5  )  ,  { 3  , 2  , L '

( 3 r ? r 1 )

( 2 '  , I  r 6 )



7 {-  T  J *

B I B L I O G R A P I I Y

l "  L .B6descu,  A!ggh!q i_q_,qqf . f - .e_qgs ( in  Roumanian) ,  Edi toAead,  r

B u c u r e g t i ,  1 9 I L .

2"  L .B ren ton ,  On  S j -q ruq l -a r  Comp lex  Sur f sqes ,v r i t h  Neqa t i ve  Canon l -

gP l-F:ry(Ugr Ji tll Ar-p] iq"a ti.o-nq- 9 sincT!],9,r*9o$pitc-!i-

llga}.iqts gf 92 lli tg_3 <r+mqgq,Lol.al Betlslpl. -tlsgs-

f3g3lig:, tr4ath " Ann .248 ( 19 B0 ) .

3 .  L . B r e n t o n ,  D , B i n d s e h a d l e r ,  l ) .  D r u e k e r ,  G . P r l n s ,  O n  q l - o b a I  e x t e n -

s"iol.: *9 JJ:tcil *:. ag=rnl- ancr* :Lngulg5- :},rfPees gl
^ )

the t€RolqgleaL_!y:?S gf-:!fi, Preprint, 1e82.

3a .  E .B r j -esko rn ,  Ra t i ona l  S lngu la r l t 5 ten  Kornp lexe r  F l l ehen ,

"  I n v e n t . M a t h .  4  ( 1 9 6 8 )  "

4 ,  J . W . B r u e e ,  C . T " C . I ^ I a I 1 ,  O n  t h e  e l a s s i f i e a t i o n  o f  e u b i e  s u r : f a e e s ,

J .  o f  t h e  L o n d o n  M a t h , S o c .  1 9 ( 1 9 7 9 ) .

5.  M.Demazure,  Sqr :Lage. !_c1g,DeI  Pe-z,zo,  Leeture Notes in  laath. ,

7 7 7  ( L 9  B 0 )  .

6. A. Grothendieck, J. Dieut{onn6, nl.ryg$=_gs g6pggFf Lu _glg.bqt-qg-*.

( n c n ) ,  r - r v ,  P u b 1 . t , ! a t h . r H E S  ( 1 9 6 0 - L 9 6 7 ) ,

7,  R.I lar tshorner AJqebfg! .eJieometry,  Spr inger-Ver lac,  1977 "

8 .  F .H i r l aka ,  K . I . \ . I a tanabe ,  Nor rna l  Gorens te in  su r faqes  11 i th  i r yp1q

an t i -eanon iea l  d i v , i  ze r ,  A rea ta ,  S inou la r l t i es  t

1 9 8 3 .

g .  I { .Kn i i r re r ,  I so l i e r te  S inc ru la r i tH ten  von  Durehsehn i t t en  zwe ieq

Q g * 9 r i k e n ,  B o n n e r  l 4 a t h . s c h r i f t e n '  l . l 7  ( 1 9 8 0 )  .

10 .  S. l . ' !or i ,  A generq l isat ion_ of  qo l lp lg_ le l l t_e- IEeq!_ lor rg,  J . l '4ath.

K y o t o  l t n i v . ,  1 5 ( 1 9 7 5 )

11 .  f  .Na ruk l ,  T .Urabe ,  On  s ingu la r i t i es_9 f  deqeng l :a te  Q ,e1  Pe izq

su r f  aees  o f  dec l ree  1  ,2  n  A rea ta ,  S i -nqu la r i t i es  r  198  3 .



L 2 , H.c .P lnkhamr  f_ l rnp le  EL_ l ip t l c_ ! . j rqg l r r j " l i *s ,  De l  pezzo sur faees

@f  ormat ions ,  p roe .  Symp.  in  pure  }4a i l r .  ,

30  (Seve: :a l  Cornp lex  Var iab les  )  ,  69-70  At {S ,  l ,gT  j  .

INCI IEST-Bueharest
Depar tment  of  l ' , ra themat ics
I l d  .  P d c i i  2 2 0  ,  7 9  6 2 2
I3uchares t ,  Romania "


