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ON THE CLASSIFICATION OF SINGULARITIES

OF DEGENERATE DEL PEZZ0O SURFACES AND

STRUCTURE THEOREMS

by

°

Ovidiu PASARESCU -

The aim- ©f this paper is the determinatién of groups
of singularities which lies on the degenerate Del Pezzo surfaces.
More, we obtain structure theofems for many types of degenerate
Del feézo Surfaces. :

We’ll work over the field € of complex numbers. We’ll

use the standard notations from [6] and [7].

Surface means an integral C-algebraic scheme of dimen-
sion 2. We remember that a surface X is called normal iff all ks

local rings are normal)a surface X is called Gorenstein iff all

its local rings are Gorenstein (or, equivalent, the Grothendieek
dualising sheaf is invertible, so the surface X has a canonical

ditviisor) .

Definition: A rational normal Gorenstein surfdce with

ample anticanonical sheaf is called (degenerate) Del Pezzo surfa-

ce if it is nonsingular (respectively if it is singular, for "de=
generate").

Let be d:=¢&.m§, where X is a (degenerate) Del Pezzo
surface. In [27,[%],[%] is proved that 14d<9. We want to establis
all possible groups of singularities of X for each value of . d and

to obtain the structure of the surface X.



Pa

‘"mhe method which we'1ll use, detailed presented in§)§l,2,
is bhased on the resulte from “?,,{bl L8 , where are obtained strucs

ture theorems for normal Gorenstein surfaces with ample anticanoni-

cal divisor. Namely, for each J@{Irz,um'ESj)X igan elliptic cenc:

(i.e. 2 cone‘over an elliptic curve) or is rational;and is obtained

.
4

by contracting connected configurations of irreducible curves with

self-interseciion (-2) that lie-on-a surface X', and X' is obtai=-

ned by blowing up jmd) points 1n!7 most general po

0

: e
dt1on 1nﬁ

( : 7 .
(see 91 for de iLnlfLOHU>. A Brieskorn's theorem affisms that the

singularities of X - obtained by sontracting the above connected

configurations;, are determined - up to an analytic imomorphism = -

The method drsed will .consist, in the case of

by configurations.
ailopal normal Gorenstein surfaces with ampie anticanonical di-
visor (i.ef (degenerate) Del Pezzo surafaces), in the determina-
Eiom, for.each d651;2,,.,,7}, of tha connected configurations of
irretudible curves with self~intersection (wZ)lthat lie on-the
blown up surface X' in all.possible cases :(i.e. for.each possibis

ity of "arr nngOP1 of the (9~d) points in almost general posi-

{.“,r

tionslnl ).

In this paper ‘@re obtained complete results for each

dé;2,3,‘v.,9} “nﬂ partially results for d=1. Iné&Ztis analised

& S Lle o
the case d= e f% th@ case =4, in %4 the case d=Z2 and 1r ﬁdié

the others cases.
We remark that for d=3 (i.e. the case of cubic suxrfaces
ind o all groups of.possible singularitieg are determinde in

.4Jtoo for d=4 (i.e. the case of complete intersections of typne
I : . £

'(2[2) in§74) are determined in.(9jtqo and for d=1, d=2 are deters

mined in {ll]. But the methods used in these papers are different
from ours. T N : g i
mhe method used in this paper has the advantage of beilng

applicable to all possible cases and it gives structure f}wprnms

= R .
e el o T S (R A
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Some General Results About Algebraic

Surfaces

AT

""1

(with the necessary references)

Q}

=

If X is a nonsingular ®@onnected.surface

/
note Pici{X) the Picardigroup of&

1f x€X, we note X(x) the

up the point xeX.

x ¥

I e X,

- £l
1 Rp€X (%)

an02:°f4x

this é‘ we'll state = without proof - some theoren

which

andtJ
¥

will be useful

(over €C) we
the canonical  sheaf of

surface cbtained by blowing

Yt
I

_L"“‘}.)’

face obtained by blowing

,ﬂ,‘,xrex(x x2),.,,;(xw

=
XL

suxr

5

i S, we note X)) - the
s il
up succesively the points X;,.:.,X..
e e A %
Let be§;=)xl,m..,xr;, with

3.f S E

Ie

6?2(2\5xrj), Tlen 1re e are

: : 2
pointsiiy, L. . X, infP “ (), we have:

the total transformers

sl 2
1€1P7r XoElr (27) pevesx €

of the

2 2 : N T A i A :
PchP?(Zi))ﬁ PlcﬂDZ(ﬁyVIy:Z@ya_ the isomorphism being
! i ,.«"-ﬂ '1:"1 s - }‘:‘
"{ e ( I{ o du g / E gk F e e o p e I }:’)
: S ; : s . : w2
where EC is the inverse image .*’ ) of a line imfF«_ .

In Pic(p?

form‘awZ’— basis and:

)
- (=

,’Ej:o, 0<i#
ol =%

()

-

3

—3E +El+m.,+E

if5]ys 12 Z =

(7)) the elements

i =
i>0

o
Sl IR % SWkh X, 2l .

further omsi

>4



X?eﬁz(x3),o..,xfﬂPZ(ZTﬁxr;), r$B.,ikhe polntsiof Z: aresin-an

almost géneral poéition q

»

i) any 4 of them. are not on a line (if rz4);
ityaany 7 of them are nofi.on arconic  (1f rz7)k:
iii) ()3, 1£j€r-1, the point x, -qw 2") (withgsz

:%xl,o.,x y) does not lie on any Component E of E,

i (1&1£ 3 suchy

o E3=-2.
Al : .

Definition (see for example(i])c Let be f:X - ¥naideg 1n~

gularisaticn of the normal singularity of dimension 2, (Y,y).

A S i : y : S ; =4;
is called minimal desingularisation iff the redueed fiber £

y)

re

‘does not contain as components irreduciblé curves Coyrwad bl
o (C)=0 and(fz=—l (i..e. exceptional curves of the,fir&tﬁkindi.
f T4ts kﬁown that, in the conditions of the definition,. .
there are always ﬁinimal desingularisations.
Let be X a (degenerate) Del Pezzo surface and
d: Oi ¢J. We'll call d the degree of X. It's known that 1€ds9
(se [ﬁ [57 (el). :

All disiclear if d638 9; (seeLZj LSJ,[%J)

Theorem A (27 [s] [8;) Let ¥ ‘be a (deagenerate). Del
Pezzo surface with degree déﬁl,zpww.;ﬂ}. Then there exist a set.
of (9-d) points in an ‘almost general szitioh such that ﬁéEQ(Z)
(whe;e’§<-~x isethe minimal desiﬁgularisation Of X); more, Ik
~actions by contracting all the irmreducibie curves c on X with
ﬁQkC)=0‘and C2$—2 fto éinguléf points of X which are rational dou-
‘ble points).

‘In accordance with theorem A we can try to classify the

singularities of degenexate Del Pezzo surfaces X for each value

dé§1,2,,..,7}, Using theorem A and the next theorem B, we see



i
(Sa]
H
&

that théysingularities of X are determined (up to an analytic iso-

morphism)iby the configurations of irreducible curves C with

o)
?Da(7)=0, C2:-2 whidelhs lie on X, =

%

ILf X—==X is as above amd x€X is a singular polnty
,—...]_ ; ¢ & .
1 (x) 18 a configurations of curves C with ?k(C)=O, 02:_2 as
components. We can associate tO“grl(x) argraph. For example,

eh - :
3£ (x) has 3 components we can: associate the graph

2 =2 .2
O—O—O
64 Q«’—- . QB

where every circle represents one component, and two cirgles are s
joined if the two components which correspond. them are cut trans-

versally.

Theorem B'(Brieskorn'C§@3). Let: (X,x)~and (X' ,%x").be

two singularities which are rational double points. Thern (X, x).
\ /\ i

and (X’,X’) are analyticallybisomorphic (i?e'[DX,xz a&,lx, where
theycomplétions are- given by-the maximél ideals) if and efmly if
the graphs associated to fFibers 772 (x) and 7' ' (x').are isomorphie
«where~;"and ﬁ/‘are the minimal desingularisations of (X,x) and oo
(X' ,x') respectively.

Henée the graph associated to the fiber of the minimal
‘desingularisation in the singulér rational double point x4 detesza
mines£(up toian analytic isomorphism) the type.of singﬁlérity.

We consider the next kinds of rational singularities

(to the left it’s the standard local equation-and to the right

there is the graph of the fiber of the minimal desingularisation):

= —2_
bl Ol D . ST
(An)" Z +22423—O, CO—= \ B o ;- > 7
e, e, &




. Z ~E§$' —2_ —2. D
‘ W o sl T e S
(E6) Jtot2=0; ) <3 ;i;; € C%%,
/' S
3 g —2 Be- -~ — —2 B
(E7): z 4z 2oz, =0; L (OO )
sy ) e s g —{ )
T Rl Sam e
Coe. -
(B3¢ 2342542220 P s e ) s
gl il 2 or et T gl st ) L o)
% —;LZMS C’e’ ; (15, CQ G
Ch.
&

Tt is known that every singularity whieh is rational
doublespoint

S

one of the above kinds (see for instanee (i]'ﬁﬂ

Hence a (degenerate) Del Pezzo surface has one or more
singularities of type An(ngl), D (nz4), Eg, B or Eg or it is non-
singular.

Let be_(al,...,aé)éjvﬁs We consider the polyncmial

rlngdf[Tl,...,TSj which is graded such that

Then

JP U8 o iy -

s == Proj(dfﬁl,...,Tg)_

is called the weighted projective space of weight (al,.a.,a )
(see[ﬁloj toolk. :

0

Let be the graded rihg

X%—C)H (A @

m?O

where (R(X))m=HO(X,Q);m) and the multiplication is

tensor product. Because(J

given by the 14
is ample, there is the canonical iso-.
morphismn : -




Theorem C ([83). Let X'be a (degenerate) Del ‘Rezzo sur-
face and d=0J. () (€71,2,...,9f) ¢ Then:

; al : ]

) if do@ then P(X)aéfﬁo,...,Té)/I, deg Ti=l (0£i€d) and i@ :iscge=
d ! : e v

ncrated by “ﬁ%wﬁ) quadricey; An partlcular, for d=4, X issthescoms

plete intersection of two quadrics. 1nﬂ> (i.e. of type 2#2) in

4
7ok

. i1) “{£)8=8 then R(X)ZC(r;,T,,T,,T;]/(F), deg T;=1 (0153} and

« ' . 0 1 3 8 h'.
deg F=3; hence X 1s a cubic surface 1nﬁi 5 , e

iii) dFad=2 then R(Xfiéik,y,z,£7/(F), deg x=deg y=deg z=1,

deg t=2, def F=4, hence X is a hypersurface of degree 4+im tHe
weighted. projective space/P (1,L,1,2);

iv) if ‘d=1- theh R( 4[; ,A,L]/ pindeg XZdeg y=l, ;deg z2=2,  ¢egy

t=3 deg F=6, hence X is a h: vpersurface-of doqree 6 in ; G, 1,2, A

corollary ¢l ([8)):

i CESEE thenog;l is very ample *and its global sections agive an

embedding of X J'_n//>d as a spbvariety of idegree d;

§d) it ed=2s ThenxD—Q Lb‘very ample and its global sections give

an cmucddlng of X ln{D as a subvariety of degree 8;

G ie o ] th9n¢d;3 is very ample and its global sections give

‘an embedding of X inj)6 as a subvariety’of degree 9.

Notation: We’ll write, for example, D, 2A,3A,, if the surface X
has oné «ingularity of type D,, IwoO singularities of type A,,

three singularities of type A, and no others.
chree O YE 2 &
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§>2.The Classification of Singularities and Struckure

Theorems for Degenerate.Del Perzo Surfaces of

Degree .5 (i.e. ratiepal normwal cubic surfaces inj93)
In C4j is oktained the classification of singularities
of cublc-surfaces inﬁ>3, starting from equations; the number of
lines contained on each type of surface is obtained as well. In thic
& ~ we'll obtain these results again with another method and, mo3,
in the rational case, we’1l determine the ways these surfaces
can be obtained starﬁing fromj}’2 and effectuaﬁing blowing ups and
contractions (structure theorems for rational normal cubic surfaéesg
classified after singularities).
Let X be a rational normal. cubic ‘surface inﬁ>3. Then
q);fida(l)' hence theorem A §1 cén be applied; hence X is obtained
by blowing up r=9-3=6 points frOHLPZ in an almost generai position
and then contracting the integral curves C with g~(ﬁ):0 and

R (see also theorem C ix)).

2 N__

Lemma 1: Let X—%>X be the minimal desingularisation.

=l e R |
ip oD . - . ot
Then X=p° (Z), w1th2;=}Pl,...,P6} in an almost general position.
Pic XQZ?GQZﬁ with E_; ~E;,...,"E; & Z - basis (see §1).Then the

e P e

integral curves C€X with £ (C)=0 and C2=—gi(cog3§.c=0) are of one

of .the following kinds:

inverse images of lines which contains 3 points in 2 ),

-

or el 1,0, 8, 1)}

(the inverse image of the conic which containsg all the points of 2



as f@r as they exist.

Proof: ’ ) »

~/ .
Let be C=(a; b.,,...,b )ePic(¥), with ﬂL(Q)=0 and

17 %6
c?=-2
We have¢J§:(—3;—l,—l,ml,~l,ml,ml) (seeé§1), Then:
Dy C = 0c=3a é?mi (L)
c?=-2 a? —E:bi = 2 - (2)
But.

(Zbi)256(2b§) (Cauchy) .

Replacing from (1) and (2) we obtain:

But €2 0, hence aé{0,1,2}.

Solving in integer numbers the systems

Sl ’ |
} > : for a§§0,1,2}

we obtain exactly the curves in the lemma.

Lemma 2: The lines on X (i.e. the exceptional divisors

of the first kind) are the (isomorphic) images by 7 of the divisors

on X of one of the next kinds:



(@=L, 050, 0, 0, ﬂ}
or Ereaatad b Do, 00

(inverse images of lines which contain 2 pointg«sin 27 3,

(inverse images of conies which contain 5 points in/7 ),

S

as fQr as they exist. :

Proof: - |
Bl (/() i = g 2 i 4 % .4.

We have: Y. ¢=1 and C°=-1 and we apply the same method
as in the proof of lemma'l.

The lemmas 1 and 2 are used for the determination of
integral curves C with Q}(f)zo and c2:«2, of the intersection -matrix

B " ~/ 2
of these, for the determination of lines D< X and cf the intersec—.
tilen matrix of the lines.

Because every rational normal cubic surfacc in P~ 1S
obtained by blowing up successively 6 points in an almost general
position inp = and by contracting the integral curves C with

: 2 2 : :
3 (C.)=0 and C“=-2, everythimng comes: back to the analysis cof all
fow
essentially different possibilities of arrangement of the 6 points
in an almost general positions (totally 88 cases,-see Appendix 2,
p1).

Let’s analyse, for instance, one case of arrangement of

thé 6 points in an almost geﬂeral.pOSiﬁion (fig;l):

55(411)




e

In fig.l the fagt that the points x;,X,,X4,%,6re encir-4

: 3 : 2 : : B
cled means that they are in[FP“: the fact that we have joinmed

Xy r %o ¥y with a line means that the three 'points are collinear; the
& J

&{ 3
arrow f' means that X is infinitelyinear point of x,,:butisatis-
2,
7

fying the condition of almost gemeral pcsition (see &1); theicondi-
tion 5=(471) means that X corresgponds to. the dlrc >tion igiven by

the line.which contains x, and x,. Using lemma 1 and-the position

of points, we obtain that the integral «curves Ci on X suchsithat
p (C,)=0sand Ci <72 axre (in the-basdis L : ~El,..,,~E6):
Lo
C,=(1: 1, ¥, i, 0, 0, 0)
Czr\l; IS 0l R i S
C3=(O; 0 2B =, Shs )
C4:(07 Q@0 0, =1, 1)
g 7
The intersection matrix is
6. 0
0 L
(C :
—J lr] P 1
[_ Fovid
Hence, the configurations are:
2 —2 —Z =
i B U o) @
& @ & '
e 7 Koy 5 E G»/

and, because:these two connected configurations are contracting

to double tational singular points, and - using theorem 4 = the
o/ 3 .
configuration on X determines the singularity -up to an analytic

isomorphism)it follows that Xt ‘wAlAB singularities (one singulari

ty of type B; and one singularity of type Ajy) .



ml2m

N

- Using lemma 2 we can daetermine all "lines on Z “(isomor-

phically transported in X by ), ‘hence;all lines on X (how many

they are and how they or cut). Using lemma 2 and the position of

pointes we obtain that the lines on X are:

Dy
D5s’_<o, 00 s Qg Bl
De={(0s 0, 0, 0, 0, 0, -1),
D.7=(2, Gasalee s o RS 1)

1l

fDEs D s
W e

A~

Hence X (hence X too) has 7 lines (which are the excep-
tional divisors of the first kind} which are cut as in the next

graph:

Kualysing .in the same way all possible cases we obtain
s

P TR SR T oy Ao G AR R SN I S R I S




it ©. Then X has one of the follewing groups of singularities, all

15 2By ; By, 3Bg, ARopiBg, 4R

By2A 5 A 28, , Ay

As2R7, BB PR B

2. o

1{

st

Be, Dgi 3R, Aghy, Eg) ., in accordance with

&5 l 7.
table 1, Appendix 1, or it is nonsingular.

Observation: In the tables. i-6 of the Appendix 1 on

«

the first column thefe is the qroupiof singularities, on :the second
column there iscthe number of lineé and: on the third column there .
are the almostigeneral positions in whigh+can be arranged- fhe points
f#m order to dbtain. the group of'singularities oE- the first.column,

In tdbl&E3 is peE given the number of the exceptional divisors (co-

of the Appendix 1. The samé notations are used 1n Appendix 2" too.

- —— T
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&3._Uhe Cla531 Ficatdonof Singularities and Skrugture

‘Theorems for Degcnorate Del: Pezzo Surfaces of Degree

4 (i.e. rational narmal ‘complete intersectiens of

e - pmed
two hyperquadrics inf~")

A )

In (9 ./ the classification of groups of singulariities
of these: surfaces is obtained too; but using anLher methods. We’ll
appily a-similar method to that ofé;Z and-we’ll obtain againiallzithe

possible groups of singularities and more, structure theoremsg gimi-

lar to theorems in the Lable 1 from the Appendix 1 (see. table 2 im
the Appendix 1).

Let X be a rational normal ‘surface of type. (2.,2) inlP

L

(i.e. the complete intersection ¢f two hyperquadrics inj?é). Becaus
o "is very ample it follows from the theorems A and G 4bL) . that

X is‘obtained by blowing up r=9-4=5 points inm an almost general mpor-

P

o ; 2 ; 7 i i
gition ‘infP°, and by contracting 'the integral curves: C with

A C) =0 rand Cz -2. 3 . !
1o -

Lemma 3: Let x—L5% be the minimal desingularisation

»0f. X. Then XEW“(X) wichQ:§Pl,...,P5§ in an almost ‘general position

Pic X 4/6927 with By =E

5 |
A

SRS
% wTS as /Z - basis (see $1)..;Then

o~
the*integral curves Cc X with & (€)=0 and C2=~2 > AJ§.C=O) are

of one of the next kinds:

23

(inverse images of lines which contain 3 points inZ2’ ), as fgr as

\

on X (i.e. the excentional divisors

e

ofthe divisaols




on X of one of the next kinds

(the inverse image of the conic which contains all the poinis ind9e
as f@r as they exist.
The proves of lemmas 3 and 4 are analogbusly: to those

of lemmas 1 and 2 respectively ¢ 2.

(6]

ot dy . . 164 s
Using the same technics as ing9 2 (totally 28 esentially

differen

- cases of arrangement »of the 5 points in almost genesral
ositions;d see Appendix 2 532) we obtain the next theorem (partial-
, PE 1 9 .

- A “ . 3 » A . ’ J 5
ly established 1ni9] too, using another method)

O i : > it
Theocrem 2: Let X&P® a rational normal surface of- type

$2-.2)+» Then X has one of the following groups of singularities, all
possible: AI’ZAi’ A2,HBA1, A1A2, AB’ 4?1, AZ’ ZAl, A3Alf A45 Dy
‘ﬁéZAl’ D, Ain sccordance with table 2, Appendix 1, or it is nens

singular.



5&4a The Classification of Singularities and Structure

Degenerate De! Pezzo Surfaces of Degree

L e

e S . : ; . .
In {+3)the classification of grours of singularitics g

these surfaces is obtained too, but using another method. We/ll

apply a similar method to that Qf§;2 and W@}ll obtain aqain all the
possible groups ‘of singularities and more, structure theorems -simi-
lar to theorems in the table 1 from ﬁhe Appendix l'(éee table 3 in

the Appendix 1).

Let X be a degenerate Del Pezzo surface of degree 2. Ik
follows from the theorems A (&l) that X is obtained by blowing up

r=9-2=7 points in an almost general position inP ©, and.by. contracs

. Sy . Gt s
ting the integral curves C with.2 () =0 ang L =78.

e

S

Lemma -5:sLet % % he the minimal desingularisation of

e B : = : ! : , : ey
X. Then X=/P™(Z) w1th2,={P P73 in‘an almost general position

l,(,(.a_,

2 o

S 5 R D Y 1 = < N i b, . [ - t 1 R e i

Pic X=/48Z  with E_i wEl,.,;,wﬂf,asif ~pasis (gee 917 . Then' tie
s

>0 O

integral curves C<X with P, (e)=C and C"=-2 (bcégﬁ C=4 aré.of one
1 ot e o4,
of the next kindas:

®

or e e B e
(inverse images of Jines which contain 3 points i

-Of 4 (2; Ly 1r 1, ll-ll 1, O)

(inverse image of conics which contain 6 noints e

_as fgr as they exist.



@

5 _1_7 e

Peooft = -similar o the proot of Loy 1. Because the
number of the ezceptional divisdrs in this case is not at all sta-
ble for a given type of surface ('type" means thé groun of'singula=
ritieé) we don‘t insist iﬁ this® direction.

Using the same Eéchnicg as in§92 (totally 308 essential-
Ly different cages of arrangement of ‘the points in almost: generai
poéiLiQns) see Appendixl2,¢33, we obtain the next theorem (partialls

established in (ilj too using another method) :

Theorem: 3: Let Xcip (see copollary:Cl, 1) a degenerate

Del Pezzo surface of degree 2.. Then X has one of the following

groups of sinqularities, all possible: Ay 2A],'A BAl, ARy, Dgy

;ﬂ_ SA ()Al,, By AoAL, ;ﬁ 7

15 j,; 3A1., g; 2R 4, A'ZAS, ,Q}D6,. Ao,

O
Lt

Eo; in accordance with table 3, Appendix 1.

————————]
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L :
{>5. The Classification of Singul arities and Structure
Theprens for NDel Pezzo 7”V3&C@% of Dearee

dcls, %’zi

g o e
In [12} the classification of ¢ioups of sinoularities ¢*¥
these tvvres of surfaces is shtained too, using another method.

ply a similar method to that of§52 and wa'1l ohtain

groups of singularitie

in

and more, structuze
theorems similar to theoremsin the«table 1 fyom the Appendix 1 (see
+ables 4, 5, 6 in the Appendix i

et X be a degenerate Nel Pezzo surface of degree d=5,6

or 7. It follows from the theorem:*Aa (41} that X is obtained by blo-

L3
Ny

wing up 4, or 2 points in an-almost general position inf ©, respee-

tively, and by canbra cting the integral curves C with? {(c)=0 and
; &
5
£ =2,

&gmm‘ ﬁ: Let X be a Degenerate Del Pezzo surface of de-

(&
oo

gree 5 and let K—ﬁgx be the minimal desincularisation of X. Then

i ' 2

YEPE(ZY), with 7= ﬂ» ,LR,P?éﬁﬁS in an almost goneral position sl
- 4

Pic Y2 X* with E ot ~Eq ~Exys =E,, =E asZ - basis (see $1}. Then

the‘lni@qrjl curves C<SY with'’ f (cy=0 and C‘mwzﬁﬁﬂk7.CmG}-ax& of

one of the next kinds:

v

or Bk o500 0

s

(inverse images of lines wulcn contain 3 points ing ),

as far ac hey QXLQte

Lemma 7: Let be X, %, # as in lemma 6. Then the lines o

¥ {(i.e. the exceptional divisors of the first kinc).are the (isomor~

. A
phic) images by 7 of the divisors on X of one of the next kindss

(0; ~1, 0, O, 0),
o G e

(inverse images of lines which contain 2 points in &)y

as £Ar s they exist.

:

The nroves of lemma 6 and 7 are analoaou%lv to thgse

(£ 2
LR




= lgm

. different cases of arrangement of the 4 points in almost general
S e Sl ey i -
positiong infP”, see Appendix 2, }4) we obtain the next theorem

(partially established in ((120) too using another method) :

g

! =
Theorem 4: Let X<P~ (see corollary Cl, £1) a degenera-

te Del Pezzo surface of degree 5...Then X has one cf the following

groups of singularities, all pessible: Al, 2A1, Az, AlAzf A

Lemma 8: Let X be a degenerate Del Pezzo surface of

S, s
degree 6 and let XL X be the minimal desingularisation of X. Then

)

e : = i bl - i ; 2

X=p© (2 w1th41tfﬂl,92,93} in an almost general position inf j
t 4 >

S RIA Wy ) 3 4y : . : 4 :

Pic X=X w1th'EU; “El’ “Ez’ ME3 as & - basis (see‘§1)$ Then
A oy ‘

the integral curves € < X With: g«(e)=0 and C"s+2 kaM);aCSO) are

of one of the next kinds:

(the inverse image of the line which contains all the points ofZ )

as f&r as they exist.
ESIE) T i 3 g !
Lemma 9: Let be X, X, # &as in lemma 8. Then the lines
on X (i.e. the exceptional divisors of the first kind) are e
: p ~
(isomorphic) images by 7 of the divisors on. X of one of the next

kinds:



e D

+

(the iuverse image of the line which contain all the poingsrof 2},
as f@r as th&y‘exiva

The proves cf lemmas 8. and S -are-similar to those of
lenmas 1 and 2 respectively ( £2).

Using' the same te@hnics asiidnd 2 {(totally 6.essentialidy
different cases of.arxangemcnt of- the 3 points in almost general
pOsitionSvinﬁ>2, see A;pendix_Z,gﬁS? we obtain the next theorém

(partially established inC'lzj too, using another method):

Theorem 5: Let_XCﬁDO (see,qqrqlla;y c1,$ 1) a degenera-

te Del Pezzo surface of degree 6. Then X has one of the foliowing

Yy

groups of singularities, call possible:Al, LAl, A2, AlA2 in . aceor=

dance with table 5 Appendix 1

. Lemma 10: Let X be a degenerate Del Pezzo surface of

: 4 Pl TR i ; 5 : ;
degree 7 and let X—X be the minimal desingularisation of X. Then

X’—J?Z ) with Z='§‘P1,P2§, lé/’72, P ggv (ZP 1) ; Pic X X 2z 72 with

Egi _Elf s

with;g (c)=0 and C2=-2 Q%ﬁ%ﬁf&&) are of one of the next kind:

as Z - basis see&} . 'Then thc Lnteqrai curves CCX

(0; -1, 1)
as f@®r as théy-exist.

~ : .
Lemma 11: Let be X,'X,lr as in lemma 10. Then the lines

on X (i.e. the exceptlonwl lelsors of the first kind) are the

.asomorphlc) 1mages by T oF tha lelsors on X of one of the next

fklnds:

or (1 l,,i)



e -

(the inverse image of the line which contain all the points of>"),

as'ﬁgr as they exist.

The proves of lemmas 10 and 11 are similar to thosé of
lemmas 1 and 2 respectively (§2). .

Using the same technics as in § 2 (totally 2 essentially
different cases, see Appendix 2, §$6) we obtain the next theorem

(partially established in [123 too, using another method).

Theorem 6: Let X<7P7 (see corollary Cl,~§l) a degenera-

te Del Pezzo surface of degree 7. Then X has only one singularity

of type Al, see table 6, Appendix 1.
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&6. On the Classification of Singularities of

-

Degenerate Del Pezzo. Surfaces of Degree 1

Jn [llj the claésif;cation of groups of singularities
of these surfaces is obtained. In order to apply a similar method
to that of §2 to obtain the possible groups of singularities and
structure thgorems’m%‘see that we have. a let of work, and:itis im;
possible to do it without using a.éomputer. We'’ll write perhaps
another article with the structure theorems (a'table,4éw¥£i to.ta-
bles 1-6 in Appendix 1) obtained using a computer. |

Tn this & i1 et only partidl results.

Let X be a degenerate Del Pezzo surface of degree 1. It
followe frem the +theorem A (&l) that X is obtained by blowing up
r=9-1=8 points im:an almost gemeral poSitioﬁ inﬁ>2 and by contrac-
t%ng the.integral curves C with'ﬂk(é)zo and C2=—2.’

\

\
o, § peatie o B R e : =8 : . :
\ Lemma 12: Let X—5X be the minimal desingularisation

of %. Thenli’é?Z(Z), wich,f{Pl,...,P8}'in an almost'geﬁeral posi-
e A D) Gy o ; S : > : :
tdon aml, PleiX = J@7° with Egi ~Eyre..,~Eg as 7/ -basis (seed§ 1)

Then the integral curves ccX with {%}C)=O and C2=—2 @dﬁd§3C=0)

are of one ot the next kinds:

(inverse dimages of lines which contain 3 points ine )

s -
e

(CRE e g e B NE S8 ]

o)
=

(inverse images of conics which contain 6 points in2 ),



or R e T R

-

(inverse images of cubics whichwucontain all the points of wlisrand
having a double point in one point of Y Yoy
as: 8 asthey emist,

Proof: Similar to the proof of lemma 1 ($1) .

Proposition l: For every group of singularities inm thex

list (1) there is a degenerate Del Pezzo surface of degree one; "

"6 . B . 3 . . 2 .
Xc P~ (see.corollary Cl M@@lél), having this group~of singularit.ies.

List (L)L
Ay, Ry, 2By, Ry, AA,, 3By, Ay, Dé, ARy, B, 2Ry 2By, dn, . Ay
Dg, BgByy D4j%l, Ay 2By, Ay 3, , By 2By, SRy, Ajhg, Agr Dey
E i BgNj,?Dg Ry, By 2B, Dy 2A1) B, 3B, A, 4A;, 2A;. 2R,,
6A; R A5y Dy Ayy Dy 28y, AgAAL, 3A,, 285, Eq, Ag, Dy, AjBgs
A, Dg, Ay Egy Ag 2A;, Dg 2By, Dy ?AJ,.A3'4A1% AJESR,
A A. 2R} A 3R, B 2h4, Achy, BBy, Az Dy Eg, Ags Dgr Dy By,
Bn. Ay, BgBAg. Dg 2By, AjA A, 2By 2Rg, Eg Ay, AgDyy, 2By ARy,
2D, .

; Proof: We find in every case, an almost general position
uinﬁ72 of the 8 points Pl,...,PQ,'such thagfigﬁgjlemma 12 and the
2y : ; /\fder? 2 = L
same -technicsas 1n§)2 o find o X= (Z) (a—{Pl,...,LBE) exactly
the desired configurations of integral curves. C with }1(C)=O and
c2=_2 (see Appendix 2,9 7).
w.Finally, let!/s.observe .that we can improve the contain

of proposition 1. Indeed, from.(Zj(l Theorem, (E)) it follows that

o 2 :
the numbey of curves CZ X with P (€)=0 and C =-2 is 4 £ 8. To be
L ;

)

(72



more precise,/ﬁzﬁ—/%(x), where b2 is the second-Betti’s number.

Writing: all the posgible grcups of singularities (such thatvthe
union of graphs has not more then 8 picks) we note that they are
all obtained for the graphs [~ (not necessary connected) with £ 6
m@@j%h when | has 7Qﬂﬁj;x it might appear the following groups of
singularities (corresponding to the graphs'f* with 7'm%lzw which

ll
AlAZ' D4, A3. 2A2 (we .used the fact that it couldn’t be mone

are not mentioned in the proposition 1): A4 3A A2 SAl, 3Al aﬁQ
)

than 6 singularities , too). For the graphs (- with 8'votéw»we are

in the ca53ﬁ5=8, hence bZ(X)=1.

Using (Qi}(the remark after theorem 1) in this casefd

has the rational cohomology tyve ofﬁ>2 (1oe. i X andﬂDZ have the

)
same: Beftiistnvnbers, ~sece [é]). Using now féj, theorem 7,.f) for

n=8, it follows that the graphs [ with 8*v0ﬁ§& which avpear are
exactly those in pronosition 1.

Concluding now, the only exceeding grouns of singulas
rities which can appear on degenerate Del Pezzo surfaces of degree.

except those in proposition 1 are those for the graphs [~ wath o

" : 5 ’
voiex , namely A4 3Al, Ay 5A 3A 2A2, A, A

17 1 D4, A3 2A

2 2

(which in fact den’t appear, fli]) about which the method of this

é don’t give any answer if they really appear or not .



APPENDIX 1

a) Preliminary notations

ISEaBE DL e, PR, P6}a set of points
in an almost general position in[Pz (seed1).

Let’s consider the next three figures:

6=(2,4)

figure 1

Bl

(1,2,3,4,5,6)

on-a .conic

figure 3

Explanation of the notations in fig.l - 4.8

- The fact that the points Pl,P2,P3,P4 in fig.l, the points

Pl'P2’P3 ime Bilged withe points Pl’PZ’P3’P4 in fig.3 are encircled



gl

means that these points are inﬂj2,
x %
- The fact that there is an arrow |in fig.l means that the

7

point PS is on the total transformation E] of the point Pl
after the blowing up of P, and satisfying the condition of almost

general position (see §1). Analogously in fig.2z,3.

- The fact that there is a line containing the points P,,P,,P,

in fig.l means that this three points are collinear.

- The ﬁwigém*6=(2,4) in fig.l means that the line containing P,
and Py satisfies the tangent condition given by Pe.

-~ The notation 5=(4,1)e in fig.2 means that the line containing
Py and satisfying the tangent condition given by P,, satisfies

the second order tangent condition given by Pe too.

- The notation (1, 2, 3, 4, 5, 6) on a conic (fig.3) means that
there is an irreducible conic containing the points Pl, Pz, PB’ P4
ard satisfying the tangent condition given by P6 and the second

« order condition given by Pg.

b) Final notations

In the tables of Appendix 1 we’ll use different nota-
tions th@&n in a) for specifying the positions of the points. as
follows: |
~ Instead of fig.l we’ll write:

R B
5l - 64
(1,2,3); (6,2,4)

= .Instead of £fig.2 we!ll write:



7
G 25,0 3))
L
1

- Instead of fig.3 we’ll write:

5/6/1

(1,2,3,4,5,6)

Observations:

L. “Ingthesnext tab;es in the first column there is the group of
singularities of the surface, on the second column there is the
number of lines of the surface having the group of singularities
of the first column and on the third column there are the position:

in which can be arranged the points in order to obtain the group

of singularities of the first column.

2. If we don’t write (1,2,3) we understand that the points Pl’PZ’P

are not collinear; analogously for the conic.

3 fa,/,m) (n € ) besdl

Fe

%/& mw;«wﬂj/ <

57 e
L e
, Z at e AT d CW&

e

(~7 /7/27 6).
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&1. Table 1 (pages 28 — B e dd=3)
Tt o) 3
The group of | Number The positions in which can be arranged the
singuiari- of points
ties lines
Nonsiﬁguléi 27 general position
i .
((1,2,3,4,5,601((1,2,3,4,5,6)) €61,2,3:4,5))
'Al 24 D3 (1,2, 3:4,5:6) 6/1
(0 23, 4.5,600 1 1152,3,4,5)) ((1,2,3,4,5))
(5, 2,3) 6/4 6/1
(2,4,5) (1,2,3) (6,2,1)
28 16
e S B G 2 .3 4 )
6/1 5/l 6/4
(B 2.3.4,5,6)
(01, 2:3;4,5,6)) (1,25 3,4:5)) ((1,2,3,4))
A, 15 (L, 2,3) 6/2 6/5/1
(4,5,6) (1;2:3) |
(T 23, %5560 (15,2304 ,5))
(3,253); (1,4,5) 6/4
(37645) (2 2) ;L6 %)
38, 1:2
(L 2:3,4)) ((1,2,3,4)) L2,
B/, 6/2 S5/ 62 4/1, 5/2
(234, 5,6) (5 lpd) 6/3
(T a2:35855)) ({152 -3.4)) (0152 8 A0
@io GlLs e 6/5/1
(2455 = 6/2 (5.1-,2)
AB' 10
G123, A0 e g ((1:,.2,3))
(1,2 ,3) 6/5/4/2




) 3
((1,2,3,4,5)) ((1,2,3,4,5)) ((1,2,3,4,5)) )
(122030, 6/2 Qe 250 6/4 (28, 6/3
(6., 2,;4) (6,4,5) (2. 4:5)
(LT 23 040 (123 )] (A
5 /15 672 5/1, 6/4 6/5/1
(5l i2) (12,39 (1,2,3,4,5,6)
AlAZ ikt ‘ :
a2 A (i, 35400 (43,23
6/5/1 6/5/4 5/471., 6/2
{65:55-1)
i
((1,2,3,4,5,6)) ((1,2,-3,4)) (C1:2,8))
da P ey s s B L (5L, 3) o oo
(82 60 ;05,860 | 6/2, (6:2,3) (1,2:3,4,5.6)
(il 2,30 (602237 ((1,2,3))
B AL, 6/2 5/4/1, 6/2 SHA/A . 62
(1,2,3,4,5,6) (554 00 (6203
A,2R, |8 ==
Cer, 2,354 )) (1,2,3,4)) ((1,2,3,4,5))
Syl (52 5kt (552,87 613, (1, 23]
60 (6 23) Gk 600 ) (204 .5) , il6; 300
ER 0 s (1 2 12 Bt e
5715 i6/ 4 (6d,2) 6/3, (4,1,2)
(i 2,.3,4)) (@,2,3,4)) (1;2:3,4))
6 52 (0,230 afs/ 5/1, 6/4
(il B 0, 2,8) (6,5,1) @.2,3)., (6,4,
(1, 2.54)) ((1,2,3)), 5/4/1 ((1,2,3)), 5/4/1
6/5/dy (1,253 6/2 (4,1,3 62 (6:2,1)
(5:4,1)
A3Al 7!
((1,2,3)), 6/5/4/2 ((1,2)), 6/2
(1,2,3,4,5,6) 5/4/3/1




i (e
1 2 3
({1;2,3,4)) ((1,2,3,4)) ((1,2))
= il 23] /504, (1,2:3) 4/3/1
5
6/4, (5,1,4 (65,5,4) 6/5/2
((1,2,3;4)) (@231 5/4/1 ((1,2,3)) ; 5/4/
G5/ (1,2,3) G A 12 6/2. dd2.8)
(571,4)
A, 6 . _
((a5;2.3) ) 6/5/4/2 G 2,300 02,350 ((1,6))
(5:4.2) 6/5/4/2 5/4/3/2/1
: 230 el 2,3) ((1:2:3))% 6/5/4/2
Dy e AL, 52, 6/3 4,2,1)
G 23800 i6/1 - 5/2 (352,80 - Bla/L, B/
@280 e, ), (5,2:8) (6.2, 100504, 1) ;
A2B, 5 -
CCE 2,90, 541, /2 (1, 28), Bla/o/1:6/2
(62,3, (4.1,3) (1,2,3,4,5,6)
((1,2,3,4)), 5/1, 6/4 ((1,2,3)), 5/4/1, 6/2
(0 3) 6, 4,2), (5:1,8) (623 (5,4,1)
A2, .
Sl i 2)) 40, 52, 2) ), 4/8/1 (1,200, 430
a2 6/5/2 6/5/2
(5,2,3) (1,2,3,4,5,6) (6.5,2)
((1,2:3)), :5/4/1 (0L,2:3)) . 6/2 ((3:2) ), 5/4(5/
cio g2 i S 6,23 672 (4:301
i 3 (20,20
AA, 4
(L 28, (1.,2,3) 200 5602 ((156))
) 5/4/3/1 5/4/3/2/1
(5,4,1) { (6;1:52) €,2,3,5,56)
(), 4@/1 o i . e
g 3
6/5/2 (3,1,2) 6/5/4/2 (5 4,2) 6/5/4/3/2/1
((1 2) ), 5/4/3/1 ((l 6)), (3 2. l) ((l 6)), (2 l 6)
Dy e 5/4/3/2/1 5/4/3/2/1



—35d

w

! ((112,3)) 7 4/11 5/2r

3ol :
2 412), (6,3,1), (5

6/3 G200, 573185 Bl

o) B30 6, 4,2

PN

RS A P B A M S R GBS S

s

(0,20, 4/30
2 ;6/5/2, (3,1,2)
(6,5,2)

((1,2)), 5/4/3/1
612, {6,%.2)
(4,3,1)

T 6543 2
(1,2,3,4,5,6)

A s S A A

(1)), 6/5/4/3/2/1,

AN

i

(Br2yk):

i Sk e Wl

o e i S e T B

e o N T

S e
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N TR

AT LY
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Table 2 (d=4)

2 3

g S oy I v Cresh GeaTuey o e o B AR T LA S TN A T AR AN TG BRRNTE " = x
16 . .
general position
2 5 : e cnes
) e R L B AL o8 ARG i

12 G203, 4500 - (ha2,3)

({152:3,40)., B/

RS Ry

((1,2,3,:4) ), 5/1y 5/1/2

9 ((1,2,3,4)), (1,2,3), 5/4

((1,2,3)), 4/1, 5/2

8ok e, 2 = S, (2, 3)

((1,2,3Y), 5/4/1

sk B I NI TR R

((1,2,3]4))1 5/4l (112r3)

(5,4,1)

((1,2,:3)) - 4/Ly5/2

(4,1,3)

S

O
N s L

N

G2, 32, 30 5/

(5,1,4)

((l 2 3)), (41112)

4/1, 5/2

((1,2)), 4/3/1, 5/2

(01,2,30) . 5/ (5,4,1)

A s s s B kit

i
.\:u_-m =

. e
B R

TR AT SRR

0,20 e d/L

B2 (1,2, 3)

el

((l 20y 5/4/l

(4,1,2)

BRSNS S RN LB s ot s i s

E((l 2)), 5/4/3/1

A R R e ) 5 e

4, | 4 ((1,2,3)), 4/1 5/2 (4,1,3), (5 2 3) i

Errnomemumno P a4 1
L e

PR R ORI ] T

(L, 2,300 401, 5/2

(A 152) (592 3)

((1,2)), 4/3/1, 5/2

(4,3,1)

e it e S, 1, ot

3 ((l 2)), 4/3/1 5/2

=R MTIETT @ % £ i -q(;-w)g'("nl’

s e T

et

s

AT T TR B T St

A,

(w20, 5/4/3/1 ’

((l))

2 L2000 S/4/3/L,

£ B M I LT YR AP L AT A1 __+e-h- TP

T T e

(B51:2)

B Sicn R

T N W N TRAEI

3

((1,2)), 4/3/1 ,
By o =) 4,3,1) 5/4/3/2/1

A T D AP TN 500 AT L SR 7 A KA e

B e

2 ((1, 2)), 4/3/l 5/2

A AT T

&y o P AP S
TR TR R

AR T AR AT A
et st AL MR

wwwww O

(5,2,1), (4 3.1)

AT

1 (1), 5/4/3/2/1, (3,2,1)
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Sl

22 35805 ) 05 6/, /2

0238 5 6/ L, 12

G160 9 38

(6,1,5)

¢ 3. Table 3 (pages 33-41) (d=2)
b 2
The group The position in whichican be arranged the points
of singu- e : : :
larities
filonsingns General position {
lar ;
» (0. 2,3 ;4,156,775 ) (01,9,3,4,546,1)) (61,2, 354,5,6))
1
(1,2,3,4,5,6) (1,2,3) 7/6
(0.2, 34 ;5,00 )) ((1,2,3,4,5,6,7)) (11,2, 3,4,5:6))
2A1 (14255 3) (12,3} A6, (7,6,1)
| (253,:4,556,7) (1,4,5)
((1,2,3,4,5,6)) ((1,2,3,4,5,6)) ((1,2,3,4,5:))
7/6 7/4 6/107)2
(1,2,3,4,6,7) (1,2,3)
((1,2,3,4,5,6,7)) (15 2,:8.4,506)), 1/8
(1,2,3),(4,5,6) (1,2,3,4,5,6)
o
((1,2,3,4,5,6));;7/1 1,2, 38,50 ) 1/6/3
(2,73
G012, 3,4,5,67 1)) ((1,2,3,4,5,6,7) ((1,2,3,4,5,6,7)) ;
L2 By By 0, S )Rl 6, T) (a4 5y, @
(2, 3,405,657) (1;2,5) {3,6,5) |
((15,2,3:8;5,6)% - 1(1,2,3,4:5:6)) ((1,2,3,4,5,6)) ;
e R ) Tty B2 3) The5 k1243 §
|
1 : 4 i
3a, o [02,3:4,5,6,9) (T, 1) -

(1,2,3)

(12,3405, 6/4, 1/5

(0123, 4%) 1 /503, 6/3

/2




- 34 —-

il 2
(01,2, 8 8.5, 657)) G, 2,3, 4:5,6)) G012, 3,4,5,6)0) /1
(1,23, (4 556) 716, LT84, (L,2,4,5,6,7)
(25 Ty @7 8. 4.2 06) (2;25'3)
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((1)),7/6/5/4/3/2/1

5,7)

((1,2)),5/4/3/1,
7/6/2,(3,1,2)
(1,2,3),

((1,2,3)),
(5,4,1)

((1,2)),7/6/5/4/3/1
(3,1,2)

7/6/5/4/1

((1;2)),6/5/4/3/1p7/2,(3,ly2}

((1,2)),7/6/5/4/3/1,(4,1,3)

2, ) b2 (L2, 3) ) S LA Ly 6/
7/3i(5p4:1)9(6r2r1)

T3r (102,30 (591, 4
(65214) P(7’374)

|

|

(7,3,

((1,2,3)),6/5/4/1,7/2,
(4,1,3),(7,2,3),

1) (1,4,5,6,2,7)

€Y 2 30 AN, B 16/ 2., T4,
(12,33 ,06,254) :(5,1,4),
, (7,4,3)

((1,2;3))f5/4/196/217/3r(5p431)r
(6452,3)5(7s3yl)

Cl1525 33 ), 5/ 87 L5 1/ 6/2
(4,1,3),(6,2,3),

(1,4,552;6,17)

C(L,25)  B/4) 3 T/6/2,
C16,2) 3 abe, 5 6]

((1,2)),6/5/4/3/%, 7/2,
(7i211)i(1i3p4r556p2)

((1,2,3)3 ,5/4/1,6/2,7/3, 48,3 208
(652530 i klds))

R SR TG 2 AL 23)
(545 1) 6706029

((1,2)),5/4/3/1, 7/6/2,

(4,3,1), (7,652)

((1,2)),5/4/3/1,
14672y $3142),

(6,29 ]

(L, 2) ), 6/5/4/3/1,
T/ b2

(4,3:1)

((1,2)),7/6/5/4/3/1,
(371F2)i(ll3i4f5'607)

(6,2,1), (4,3,1)

G20 ) S/ 243N, V62, (

(1)), T/6/5/4/3/2/1,
v(1,2,3,4,5,6)

((1)), 7/6/5/4/3/2/1, (3;2;1)
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Appendix 2

We’1l use the same notations as in Appendix 1.

& 1. The tree of cases for d=3 (see§'2 in the text)

A

5
/-///?C
e

\E’
F

Groups of cases:

1)
2)

=

= s
—~—>6)
7)

a)
—a)

e %;454223
2 )b < e
Bl el \rf)
= —>3) ) o)
Q:I:::ﬁ)iizi) BT ' ’///Jya)
o ' b)

a) e e et
By e -
Teso) _a)
}"1\) 3)—«/?});
——3C
Y IQ::i;ia)
e)

",

5:i:§§;
—

%,I_[,] “‘“‘*-;JL) )

a)
e)



T
CE——IT
T LT
a) &1
o ol
| ”iﬂ - /") -
/ 1d) i ‘
e) a)
; 2l l/f) _ h)
Cl\\\\\\*gjfzzngg Aﬁégfffzzgq; c EJEEEEEEE?C)
c ~~——h & T d)
= /_/ \ji) \\;)
=27 L ¥} L
o \ ‘?i?
: ; )
N g )3
/?/’)f’:;ij;;
0 L
/ e >a)
b)
J a)
H)
ﬂf///f;ff,?
e —— ),
Qti:::e)
=)
/a)
2 ) )|
£ =) F = b

The expnlanation of the araph:

Asiaben (g Rl Y 0 9Ly, (4, 5,6)
S (O B A 9 3
B0y 2, 304, 5560 ) (s 2y 3 . {354,5)
B (g s G, 1 2,8) y L5 18.8,9) .
S e s e 12,9 L, A5, 4208y, (5,5,8)
G S G T

7) general position.



BT 1) ) (f1,2,8.4,5)), 6/2, (1,2,3)
by ((1,2,3,4,5)), 6/2, (1,2,3), (6,2,4)
2y a) ((1,2,4,5)), 6/4, (1,2,3)
by ((1,2,3,4,5)), 6/4, (1,2,3), (6,4,1)
¢y ((1,2,3,4,5)), 6/4, (1,2,3), (6,4,5)
3) ((1,2,3,4,5)), 6/2, (1,2,3), (2,4,5)

4y a) ((1,2,3,4,5)), 6/3, (1,2,3), (2,4,5)

) ((1,2,3,4,5)), 6/3, (1,2,3), (2,4,5), (6,3,4)
5y a) ((1,2,3,4,5)), 6/1

b) ((1,2,3,4,5)), 6/1, (6,1,2)

c) ((1,2,3,4,5)), 6/1, (1,2,3,4,5,6)

IT 1)a) ((1,2,3,4)), 5/1, 6/2, (5,1,2)
by ((1,2,3,4)), 5/1, 6/2, (5,1,2), (6,2,3)
e) ((1,2,3,4)), 5/1, 6/2)(5,1,3),‘(672,4)
aVILL,2,3,4)), (5/1, 6/2, (5,13}, (6,2,3)
e) ((1,2,3,4)), 5/1, 6/2, (5,1,3)
£y((1,2,3,4)), 5/1, 6/2, (1,2,3,4,5,6)
g) ((1,2,3,4)), 5/1, 6/2.

2) a)((1,2,3,4)), 6/1, 5/2, (1,2,3)

b) ((1,2,3,4)), 6/1, 5/2, (1,2,3), (6,1,4)

&) ((1,2,3,4)), 6/1, 572, (1,2,3), (6,1,4), (5,2,4)

3) a) ((1,2,3,4)), 5/1, 6/4, (1,2,3)
by ((1,2,3,4)), 5/1, 6/4, (1,2,3), (6,4,2), (5,1,4)
€y ((1,2,3,4)), 5/1, 6/4, (1,2,3), (6,4,2)
ay((1,2,3,4)), 5/1, 6/4, (1,2,3), (5,1,4)

e) ((1,2,3,4)), 5/1, 6/4, (1,2,3), (6,1,4)



R T

I Vi, 0, A/, 572, 6/ (1,2,3)

SRSy AN

B G0 2,000,
(4225200,

((1,2,3)),

c)
d)
o) =t 22300,
c T 1¥a)el1,2,3,4))
b) ((1,2,3,4))
e} 44X 2, 3:40)

d) ((lp213r4))

¥y 10,2, 3.,4))
B)4(1,2,3,4))

c)((1,2,3,4))

3yay Ll ,243,4))
b) ((1,2,3,4))

e d(1,2,3,4))

TT 1)a) ((1,2,3)),
b)Y {41, 2,3))4
e) ((1,2,3)),
a) ((1,2,3)),
e) ((1,2,3)),
£) ((1,2,3)),
g) ((1,2,3)),
WYL ,2,3¥)
£3(41,2,3) )0
G230 )
kY3 42:3) )5
1) 0A525,3) Y

4/1,
4/1,
4/1,
4/1,
4/1,
, 6/5/1
, 6/5/1,
» 6/5/1,

, 6/5/1,

+ 6/5/1,
, 6/5/1,

¢y 6/5/1,

» 6/5/4,
y 6/5/4,

» 6/5/4,

5/4/1,
5/4/1,
5/4/1,
5/4/1,
5/4/1,
5/4/1,
5/4/1,
5/4/1,
5/4/1,
5/4/1,
5/4/1,
5/4/1,

5/2,
5/2,
5/2,
5/2,

5/2,

2,
6/2,
6/2,
6/2,
6/2,
6/2,
6/2;

6/2,

6/3,
6/3,
6/3,
6/3,

6/3

(4,1,2)
(4,12),

(4,1,2),

(1,2,3,4,5,6)

(5,1,2)

(6,5,1)

(1,2,3)
(1,2,3),

(1,2,3),

(1,2,3)
(1,2,3),

(1,2,3),

6/2

6/2,
6/2,
6/
6/2,

(6,2,1),

(6,2,1),

(6,2,3),
(6,2,3)

(6,2,3),

(€6:5,1)

(5,1,4)

(6,5,4)

(5,4,1)

(1,2,3,4,5,6)
(5,4,1)
(4,1,3)
(4,1,2)

(6,2,1)

(6,2,;3)

(5,2,3)

(5,2,3),

(1,2,3,4,5,6)

(5,4,1)

(4,1,3)

(5,4,1)
(4,1,2)

(4,1,3)

(6,3,1)



~ 48 -

cp o A L0,2,3) Yy BAALL, 6/8 112 ,3)

by ((1,2,3)), 5/4/1, 6/2, (1,2,3), (5,4,1)

ITIa) ((1,2)),
b) ((1,2)),

Ce) ((1,2)),
a) ((1,2)),

e) ((1,2)),

£y ((1,2)),

4/3/1,
4/3/1,
4/3/1,
4/3/1,
4/3/1,
4/3/1,

6/5

6/5

b/512
6/5/:
/2,
6/5/2,
/2,
6/5/2,

(6,5,2)
(3:1,2)
(3,1,2),

(4,3,1),

0.1 3 el (ks 2, 3) ) 6/ BA 2

b) ((10213))6‘ 6/5/4/27
e)((1,2,3)),6/5/4/2,

a) ((1,2, 6/5/4/2,

2)3)((1,2I3))l

Il

c)((1,2),5/4/3/1, 6/2,

a) ((1,2)), |
p) ((1,2)), 5/4/3/1, 6/2, (1,2,3,4,5,6)

3))

6/5/4/2,
b)((1,2,3)), 6/5/4/2,

(5,4,2)
(4,2,1)
(1,2,3)

(1,2,3),

S/4/3/Y, 6/2

{4,3,3)

ay((1,2)), 5/4/3/1, 6/2, (6,2,1)

e) ((1,2)),

5/4/3/1,

6/2,

(6,2,1),

£)((1,2)), 5/4/3/1, 6/2, (3,1,2)

E a)((1,6)),
b) ((1,6)),
e) ({1,6)),
d¥6L1,6) )5

5/4/3/2/1

5/4/3/2/1,
5/4/3/2/1,
5/4/3/2/1,

Foa) (1)), 6/5/4/3/2/1

b) ({(1)), 6/5/4/3/2/1,

e) (1)), 6/5/4/3/2/1,

(1,2,3,4,5,6)
(3,2,1)

{(2,1,6)

(,2,3,4,5,6)

(3,2:1),

(L,2,3,4,5,6)

(6,5,2)

(6,5,2)

(1,2,3,4,5,6)

(5,4,2)
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& 2. The tree of cases for d=4 (see 3 in the text)

""""

™ 2]
g £ B il
Croups of cases. T =——»c

\ D.

19
—32)
T
_—a a)
/4)\»}") T_,_M.—/—M*/::b)
)
jfmwwmﬁmz)-e>h) ////////{ \\\%éﬂ
___=a)
Pty | \
| b)) — . a)
=il I -~
) N ——aub)
\\\\\\ ////7r Qi::d’ T30
o~ e)
e \\xz)

The explanation of the graph:

A 1)((1,2,3.,4,5)), (1,2,3)
2)((1,2,3,4,5)), (1,2,3), (2,4,5)

3) general position

B I1l) a)((1,2,3,4)), 5/1
b) ((1,2,3,4)), 5/1, (5,1,2)
2) a}((l,?,B,é)), 5/1p (11213)

b) (€1,2,3,4)), 5/1, (1,2,3),; (5,1,4)
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3) a)((1,2,3,4)), 5/4, (1,2,3)

BY{41,2;:3,8) . 574, (1:2,3) (5,4,1} °

2T 1Vt (02, ) 4T, B2
B 41,285 474, 572, (4,1,3)
Y L6 23005 411, 572, 14,1,38)5 15,2,%)
ay((1,2,3)), 4/1, 5/2, (4,1,2)
e) ((1,2,3)), 4/1, 5/2, (4,1,2), (5,2,3)

2)((1,2,3)), 4/1, 5/2, (1,2,3)

e. T a3 ((1,2)Y) ;" 48]3/ 1, 5/2
by ((1;2)); 41311, 512, 15,2,1)
o) ((1,2)), 4/3/1, 5/2, (5,2,1), (4,3,1)
A ((1,2)), 4/3/1, 5/2, (4,3,1)

Yol 28y s 813 ke B2y 13,1,2)

¢ It a)y{(1,2,3}), 5/44/1
b) ((1,2,3)), 5/4/1, (5,4,1)
cY((r1,2,3)), 5/4/1, (4,1,2)
D a)((l,Z)), 5/4/3/1

b) ((1,2)), 5/4/3/1, (4,3,1)

SR, 2Y )y 5A4/3/1, (3,1.2)

E ay({1)y, 5/4/3/2/1

b) ((1)), 5/4/3/2/1, (3,2,1)
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§3, The tree of cases for d=2 (see &4 in the text)

Groups of casesy




d)

1)

2)
/i.ﬂ
= 1)

——

——=5)
5)
e =

Nl

—a)

/b\

= \4{:3
by g/i“‘%—ﬁ}
> o)

Sf)
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inr )
BT T7H)

a)

b)

&)

e
= E)

== 1
B ITT 3)»&\\“};2)
xjﬂ

3)

/II

_,_,,;.III
C/"""M



_a) v )

2 b) /h)
4)/////23§ ., 2) 073)‘4(5;
o) B . = Y ]
) cjz):/izgg e
o)
a)
g
—Th i »
N ey ez Sr==p)

/ b) | 7 e)
\3 c??)%’—:if)
: - SS—q)
: i )
a) o
b) 3
c)
éd»




w

]
H

CE'Z)

e W
— D)

NC)
d)




- 56 -

, a)u
//ﬁi:::::i;bi a)
R S 1) b)
E = qd) C;EEEEEEEE?C)
)

The explanation of the graph:

A 1) a) general position
b)((1,2,3,4,5,6,7)), (1,2,3,4,5,6)
2) a)((1,2,3,4,5,6,7)), (1,2,3), (4,5,6,7,2,3)
bY) ((1,2,3,4,5,6,7)), (1,2,3)
3) ((11,2,3,4,5,6,7)), (1,2,3), (4,5,6)
1) ((1,2,3,4,5,6,1), (1,2,3), (4,5,6), (2,57
5Y((1,2,3,4,5,6,7)), (1,2,3), (4,5,6), (2,5,7), (4,7,3)
6) ((1,2,3,4,5,6,7)), (1,2,3), (4,5,6), (2,5,7), (4,7,3),(1,7,6)
Tya) ((1,2,3,4,5,6,7)), (1,2,3), (1,4,5), (2,3,4,5,6,7)
by ((1,2,3,4,5,6,7)), (1,2,3), (1,4,5). |
8Ya) ((1,2,3,4,5,6,7)),(1,2,3),(1,6,7),(1,4,5),(2,3,4,5,6,7)
b)Y ((1,2,3,4,5,6,7)), (1,2,3), (1,6,7), (1,4,5)
9) ((1,2,3,4,5,6,7)),(1,2,3),(1,7,6),(1,4,5),(3,6,5)
10) ((1,2,3,4,5,6,7)),(1,2,3), (1,7,6), (1,4,5),(3,6,5),(3,7,4)
11 ((1,2,3,4,5,6,7)),(1,2,3),(1,7,6),(1,4,5),(3,6,5),(3,7,4),

(5,7,2).



L2509, 8,550, 0 e 11,2, 3%, €L, 45, 13,6,5)
13)((1,2,3,4,5,6,7),(1,2,3),(1,4,5),(4,2,6),(4,3,6)

14) ((1,2,3,4,5,6,7)),(1,4,5),(1,2,3),(5,3,6),(4,2,6),(4,7,3)
15)((1,2,3,4,5,6,7)), (1,4,5),(1,2,3),(5,3,6),(4,2,6),(4,7,3),

(5¢7,2)

16)((1,2,3,4,5,6,7)),(1,2,3),(1,6,4),(2,6,5),(3,4,5),(3,6,7).

B I 1) a)((1,2,3,4,5,6)), 7/6
b) ((1,2,3,4,5,6)), 7/6, (1,2,3,4,5,6)
¢)((1,2,3,4,5,6)), /6, (7,6,1)
a) ((1,2,3,4,5,6)), 7/6, (1,2,3,4,5,6), (7,6,1)
e) ((1,2,3,4,5,6), 7/6, (1,2,3,4, .6,7)
2ya) ((1,2,3,4,5,6)), 7/1, (1,2,3)
hY ((1,2,3,4,5,6)), 7/1, (1,2,3), (1,2,4,5,6,7)
¢y ((1,2,3,4,5,6)), 7/1, (1,2,3), (7,1,4)
3)a) ((1,2,3,4,5,6)), 7/4, (1,2,3)
b) ((1,2,3,4,5,6)), 7/4, (1,2,3), (2,3,4,5,6,7)
¢)((1,2,3,4,5,6)), 7/4, (1,2,3), (7,4,1)
a)((1,2,3,4,5,6)), 7/4, (1,2,3), (7,4,5)
e) ((1,2,3,4,5,6)), 7/4, (1,2,3), (7,4,1), (2,3,4,5,6,7)
£)a)((1,2,3,4,5,6)), 7/5, (1,2,3), (4,5,6)
b) ((1,2,3,4,5,6)), 7/5, (1,2,3), (4,5,6), (7,5,1)
5ya) ((1,2,3,4,5,6)), 7/1, (1,2,3), (3,4,5)
b)((1,2,3,4,5,6)), 7/1, (1,2,3), (3,4,5), (7,1,4)
c)((1,2,3,4,5,6)), 7/1, (1,2,3), (3,4,5%, (7,1,6)
ay((1,2,3,4,5,6)), 7/1, (1,2,3), (3,4,5), (1,7,2,4,5,6)
6)a) ((1,2,3,4,5,6)), 7/3, (1,2,3), (3,4,5)

b)((r,2,3,4,5,6)), 7/3, (1,2,3), (3,4,5), (7,3,6).



7

8)

I11.1)

2)

3)

Al 200 45,600, 146 2.3,
b) ((1,2,3,4,5,6)), 7/6, (1,2,3),
o) MA 2,35, 5,63), 16, (1,2,3),
S, 2, %85 63 ),

ey ((1,2,3,4,5,6)), 7/6, (1,

a) $115.2:53: 8,566) Vo THEs

by ((1,2,3,4,5,6)),

(7,1,4).

a)til;2,3:4,5) )
b)((1,2,3,4,5)),
e)Lf1,2,3:4,5} Y,
ady(1,2,3,.4,5));
a){11,2,3,4:5)),
£y((1,2,3,4,5)),
gy {1 :2:3:4,5) ),
By 61,2,3,4,5)),
L35 2,; 344551 )4
3y ((1,2,3,4,5)),
k)((1,2,3,4,5$),
a) ({1,2,3,4,5)),
b¥141;2,3,4,;5)),
c)((2,2,3,4,5)),
ay((,2,3,4,5)),

e) ((lr2r3r4i5))r

a)((1,2,3,4,5)),
b)((1,2,3,4,5)),
c)((1,2,3,4,5)),
AV (LE;2 ;3445 )

e)((lc213r425))r

6/1, 7/2
6/1, 7/2,
641y T/2,
6/1, 1/2,
6/1, 1/2,
6L, 12,
61, 142,
6/1, 7/2,
641 T2,
6/1, 7/2,
6/1, 7/2,
6/1, 1/2,
Bi1ly T2,
6/1, 7/2,
6/1, 7/2,
611, T/2,
671 1/4;
6/1, 7/4,
6/1, 7/4,
6/1, 7/4,

6/1, 7/4,

7/6 v (},, 27 3) 7

Tl e $1,2,3),

(3,4,5)
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o) (1,2, 300 6/5)A L, 712, (4,1,2), (4,2, 3)

e anRL 2R, (S, T2, (1,2,3)
B 230, 6L5/ALY, /2 (1,2,3),(1,4,5,6,2,7)

SV 2 AN oL, A2, Lr2e3)e (Sede D

11T a)((1,2)), 5/4/3/1, 7/6/2
By GLE, 2000 5/4/3/1; T/6/2¢ (Lr3,445,2:8)
eV 2 o BB L, T6/2s (19304024647}
Ay (152 ) 5IAL3LY, /672, (Ti642)
Vel 20 0y STA 3L /642w (746,20, (1,3,455,2,6)
£)((1,2)), 5/4/3/1, 1/6/2, (4,3,1).



EIl)a) ((1,2,3)),

2)

II

) Q0L 200,
h) ((1,2)),
£y (0L, 2) )
3) ((1,2)),

k) ((L,2)),

b) ((1,2,3)),
e GL1; 2, 3) ),
Ay, 2,3))5
e) ((1,2,3)),

EYGUL 202 )

a)((l,2’3))l
b) ((1,2,3)),

C)((172r3))l

a) ((1,2)),
by ((152)),
e) ((1,2)),

d) ((1,2)),

e k@ 2) ) 6/8 413/,
N CL 20 6518/ 3T,

g) ((1,2)),

h) ((1,2)),

Nl 2 )y M6 /E/A )31

B4/ 3/,
5/&/3/L,
5/4/3/1,
5/4/3/1,

5/4/3/1,

7/6/5/4/1

6/5/4/3/1,
65/ 4/3/ ),
6/5/4/3/1,
6/5/4/3/1,

6/5/4/3/1,
658311,

7/6/2,
7/6/2,
7/6/2,
7/6/2,
7/6/2,

7/6/5/4/1,
7/6/5/4/1,
7/6/5/4/1,
7/6/5/4/1,
7/6/5/4/1,

7/6/5/4/1,
7/6/5/4/1,
7/6/5/4/1,

672,20
(3,1,2)
B,

BT

(54,1)
Gl 28

(4,1,2),

(1.2,3)
(1,2,3),

(1,253

72
1/2,
7/2,
7/2, (4,3,1)
T2 431 2)
7/2, (7,1,2)
020 51920,

7/2I (71211)1

(A3 U1, 652)

{7:6,2)

(43,1

ol 8 L 679)

(1 ,;4,5,657:3)

{4 ,5,652:3)

{3,4,5,6;7,2)

(5,4,1)

(1,3,4:5.642)

(1,3,48,5,2,7)

(1,3,4,5:6,2)

(4,3,1)

Byl 1,200 TLO/5LA 3/ Ly 4163+4454647)

YL, 200 T/6 /518134 L (L, 34405,642)

ay((1,2)), 7/6/5/4/3/1, (4,3,1).



e 2))5  1/6/8/4/3/Yy (3,1,2)

£)((1,2)), 7/6/5/4/3/1, (3,1,2), (1,3,4,5,6,7)

N
BTy A AE AL 2L (L2, 3,445, 6)
Sl (I ey (3,2, 1)
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$4. The tree of cases for d=5 (see (5. in the text)

A

/7
£ . — =B
Groups of cases —
—c

o)
/,/71) /I/\/y/‘ ~—0) e) /Q«)
A ~>'7\) ~ 6\ W
\ B & 0) C{‘—ﬂ—/ D"\\\~\‘} Q')
2) S s &
iy
The explanation of the qgraph:
A 1) general position
((1,2,3,4)), (1,2,3)
B el

B I1) a)((1,2,3)), 4/1, (4,1,2)

T

20l 2, 30, a0 Y 2 5 3)

alGlh 20, a1, )2

BIE 20, 3, 402, (3,1,
a)Cl152)), 4/ 3/1

bEL(l,2)) , 4/3/1, (4,3,i)
eyl 2, (3,1,2)
ayiln) ), 4.3 2/1

By, a2yl (3,2;:1)
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%5, The tree of cases for d=6 (see &5 in the text)

Cases~\N

The explanation of the graph:

A 1) general position
29 il 2300 e 1520730
Biga)i (1,209, 3/1
Bty 3l (3,1,2)
c a)((1)), 3/2/1
B LYY 32/, (3,2,1)

§6. The tree of cases for d=7 (see §

5

in the téxt)

A

//

Cases
%' B

The explanation of the agraph:

A 2((1:2))
B: ((1)), 2/1.



S

&7. The proof of the Proposition 1 ( &6 in the text)

In this & we’ll present necessary positions of the 8 points
in orderﬂb obtain the desired groups of singularities on (degenera-
te) Del Pezzo surfaces of degree 1, presented in the list (1)
( §6, page 23).

For A,: )2y 3,8, 566, TH) ¢ BS1

For 2A1:((1,2,3,4,5,6)), TI1,; 8/2

For A3:
Eor A2:
For A1A2:

For 3A

(l1:2;3:4:5,6)) , T/L; Bf2g- (1,2, 3)
(02, 2,3,4,8:8,7))y 8/L1;. 11,2,:3)
(¢1,2,3,4,5,6)), 7/1, (1,2,3), 8/4

13' ((112131415))1 6/11 7/21 8/3

For A,: ((1,2,3,4)), 8/7/6/5/4

For D (£1,2,3;4;5)) 3 8/ H6[5; (6,5,1)

42
For AyAy: ((1,2,3,4)), 8/7/6/1, 5/2

For A22A1:((1,2,3,4)), gf1/1, 6/2, 5/3

For 2R,: ((1,2,3,4)), 8/7/1, 6/5/2

For 4A ((1,2,3,4)), 5/1, 6/2, 7/3, 8/4

1:
For Ag: ((1,2,3)), 8/7/6/5/4/1

For D.: ((1,2,3,4)), 8/7/6/5/1, (5,1,2)

5



For

For

For

For

For

Yor

For

For

For

For

For

For

For

Pexr

For

For

For

For

For
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Agh: ((1,2,3)), 8/7/6/5/1, 4/2

D,A,: ((1,2,3,4)), 8/7, 6/2, (6,2,1), 5/3
ng2ay: ((1,2,3)), 8/7, 6/1, 5/2, 4/3

A.3A.: ((1,2,3,8)), 5/4/2, 6/2, 7/3, (5,4,2)

|
A12A2: (43, 2,3y, 5/4/1,.7/6/2, 8/3

5a.: ((1,2,3,4)), 5/1, 6/2, 7/3, 8/4, (5,1,6,2,7,3)

1

ot ((1,2,3)), 8/7/6/1; 5/4/2

Ag: ((1,2)), 8/7/6/5/4/3/1

De: ((1,2,8)), 5/4/3/1, 7/6/2, (3,1,2)
Eg: ((1,2,8)), 6/5/4/3/1, 7/2, (3,1,2)
AcA: ((1,2)), 8/7/6/5/4/1, 3/2

DByt ((1,2,8)), 6/5/4/3/1, 7/2, (4,3,1)
2,22, ((1,4,6)), 8/7/3/2/1, 5/4, 7/6

4

D 2A1: ((1,2,3,8)), 6/5/4/1, 71/2, (4,1,3), (7,2,3)

4
A33Al: ((1,2,3,4)), 5/4/1, 6/2, 7/3, (1,4,2,6,3,7), (5,4,1)
A24Al: ((1,4,6,8)), 3/2/1, 5/4, 71/6, (5,4,8), (7,6,8).

2A 23,: ((1,2,3,7)), 8/7, 4/1, 5/2, 6/3, (5,2,3), (4,1,2)

6a,: ((1,2,3,8)), 5/1, 6/3, 7/2, (5,1,4), (6,3,4),

(1,5,3,6,2,7)

A4A2:((1,2)), 8/7/6/5/1, 4/3/2.
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For D4A2:((l,5,6)), 4/3/2/1, 8/7/6, (2,1,5)

For D42A1: ((1,5,6,8)Y), 4/3/2/1, 1/6, (2,1,5), (7,6,5)

For AlAZAB:

For 3A,: ((1,2,3,4)), 8/7/1, 6/5/2, (8,7,1), (6,5,2)

((1,2,8)), 5/4/3/1, 1/6/2,(7,6,2)

For 2A.: ((1,2,8)), 5/4/3/1, 1/6/2, (1,3,4,5,2,6)

X
For E.: ((1,8)), 7/6/5/4/3/2/1, (3,2,1)

For A.: ((1)), 8/7/6/5/4/3/2/1

For Dg: ((1,2,3)), 7/6/5/4/1, 8/2, (1,2,3), (5,4,1)
For AlAGf {0Ys VY 5 645/ 4437270, B8/T, (BaT:1)

For A, Dc: ((1,2,8)), 6/5/4/3/1, 182, (7:2:1), [4,3,1)
For A Ec: ((1,7)), 6/5/4/3/2/1, 8/7, (3,2,1)

For ASZAI:((lr7))r 6/5/4/3/2/1, 8/7, (8,7,1), (17293r41516)

For Dg2A;: ((1,5,7)), 4/3/2/1, 6/5, 8/7, (6,5,1), (8,7,1)
For D,3A,: ((1,2,3,8)), 5/4/1, 6/2, 7/3, (5,4,1), (6,2,1),(7,3,1)
For Adh : ((1,5,7)), 4/3/2/1, 6/5, 8/7, (1,2,3,4,5,6), (1,2,3,4,7,8)

For A AsA,: ((1,6)), 5/4/3/2/1, 8/7/6, (8,7,6)

For A,A

2773

¢

2Al:((l,2,3,4)), 8/5/1, 6/3, 7/2, (1,2,4), (6,3,4), (8,5,1)
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For A13A2:

For A 2Ay: ((1,2,3,8)), 5/4/1, 7/6/2, (4,1,3), (6,2,3), (1,4,52 660

((1,2,7)), 4/3/1, 6/5/2, 8/7, (4,3,1), (6,5,2)

For Agh,: ((1,2,3,8)), 5/4/1, 1/6/2, (1,2,3), (5,4,1), (7,6,2)

For Agh,s (41, 5)Y, Af3/2/%, B/116/58; (3;2,1)

For RAgDy,: ((1,5)), 4/3/2/1, 8/7/6/5, (1,2,5,6,7,8)

For Eg: ((1)), 8/7/6/5/4/3/2/1, (3,2,1)

Por Ag: ((1,5,8)), 4/3/2/1, 7/6/5, (1,5,8), 17,6,5), (3,2,1)

For Dg: ((1,6)), 5/4/3/2/1, 8/1/6, (7,6,1), (3,2,1)

For Dgay: ((1,6)), 5/4/3/2/1, 8/1/6, (3,2,1)

Por E.ny: ((1,6)), 5/4/2/1, 8/7/6, (8,7,6), (2,1,6)

For A\A.: ((1,5,8)), 4/3/2/1, 7/6/5, (1,5,8), (7,6,5), (1,2,3,4,5,6)

For 062A1:((1,2,3,8)), 7/4/1, 5/2, 6/3, (1,2,3), (4,1,8), (5,2,8), 1
(6,3,8).

For A A,Az: ((1,4,7), 3/2/1, 6/5/4, 8/7, (3,2,1), (6,5,4),

(1,2,4,5,7,8)
For 23,2, ((1,2,3)), 6/5/4/1, 7/2, 8/3, (1,2,3), (6,5,4,1,2,7),
(6,5,4,1,3,8)
For EgA,: ((1,6)), 5/4/3/2/1, 8/7/6, (3,2,1), (8,7:6}
For AgDg: ((1,5)), 4/3/2/1, 8/7/6/5, (3,2,1), (1,2,5,6,7,8)
For 2R,:((1,3,5,7)), 2/1, 4/3, 6/5, 8/7, (2,1,7), (8,7,5),
(6,543), (4,3,1)
For 4A,:((1,2,3,8)), 5/4/1, 6/2, 7/3, (1,4,5,2,3,7), (1,4,5,2,6,8),
(6:2,3)s 17,3,8)
For 2D,:((1,5)), 4/3/2/1, 8/7/6/5, (L,2,3,4:5,6): 41,;2;5,6,7;8),
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