
INSTITUTUL
DE

NnrrMnlcA

i

TNSTTTUTUL NATIONAL
PENTRU CREATIE

grrNTrFrcA gr rrHxrcA

r $ $ ! r  0 2 $ 0  3 6 3 8

HOLOMORPHfC .2-\,'ECTOR' BUNDLESJ. ON ?:-TORI

WITH ALGEBRAIC DIMENSION ZF*RO 
.; : . ,*

by

Vasi le BRINZANESCU and Paud 'FX,ONDOR

PREPRINT SERIES TN MATHEMAT. ICS : . '  ,

No.  5B  / . L984

- ,l::1 
' 

P'

-  g i l ; ' ,
.q' r:

- ' ' . ;
.  (  i . i l l . l - :

' '  1: ' , , .  ; i , , .  t

. ...:- ,-,
i-.:

L'fi'1;,,i,'; .;,

BUCURE9TI

t  I  z  a , t  r ' l i  / l



}IOLOMORPi{IC 2_\'ECTOIT BUNDLES ON 2*TORT

I{ IT l l  AT,GtrBRAfC Dl} tEhtSrON ZERO

by

Vasi .J .e BRINZANESCU and Pa.u l  FL,ONDOR*)

I ) o o c n t h o n  1 q k 4v . v v | ] | v v . v ,

* )  
Cun tna ! -  I n , s tL tuX ,L  0  ( \  l . l c t . Lhen tc t t i . ca  ,  S th . .  Acad ,omiz i ,  14  ,  7  01  0 .g  ,

B t t chc t t t e , . 4  t ,  R .o  man i  a .



l lOl,Ol:ORiTHIC Z--VECTOR BUI,IDLIIS 0t{ Z*TORI

r{l.TI.{ ALG] BP,ATC Dr},iH}.]$ICL\ ZnllO

Vasi i -e  Br inzdnescu c l t : . r j  paul  I , londor

'  i t  is  a  c lass ica l  resur 'L  that  on compact  complex , ,

surfaces the topological cornnle>: 2-veetanr l : :unrl l-es are v;ei i :  ,  l

d .e termincd by the i r  chern c lasses c t  anc cu,  vahich can be . .  ,

arbi.trary chosen (lvufuo] l .  rt  is r"**n tu*. sclrr*anzsnberqer

[ z J l t h a t o n a , p r o j e c t i v e s u r f a c e e V e ] : y t o p o 1 o o i c a i l ' 2 a v e c t O r

bunCle has a holo inor ; lh i -c  s t ructure i f f  i ts  f  i rs t  Cherr i  c l -ass

i  ^  ^ C  I - L . -c l  ls  or  th .e form cr(L)  wl th '  L  a holcr rnorphic , .  J- ine brrqd. le .  Jn

the ahal.yt. ic nonprojectj .rre ca,$e the ::esurt is n,:, , l i .ongie.: r-rrrer,

a"s '  . f  or i  ho lomorphic  vector  bunclLes one has rest r ic t ions on c?. , j

( see  l i ' l e r : cwa . jg - r ' o rs te r  [ : ] ,  p rop "4 .3  o : :  p rop . l  i n  t h i s  paDe . : ] . i , -

Thj-s pal:)cr is concernecl rvit i :  the st"uiy of hc]c.r,,o::phie

st ructures on 2-vector  bundles,  on tor i  v i ib .h a lgebra ic  d. imen-

s ion  zc ro

rn  the  f i r s t  sec t i on  we  shov r  t ha t ,  f o r  a  2 * to rus  x , : , . ,  \ . - :

wi th  a lgebra ic  Ctme"nsion . j *1=,6 and the Neron-Sever i  group

l { '9 t : l ) *0,  a  topc logica l  :vector  buncl le  wi t } r  chern c lass 
"z

(cr=g in  th is  case)  has a hol i iurorphic  sbruct r r re .  i f  f  c r7ra.

Tn the second,  sect ion of  the paper  we prove. that  the

qua' ' irat ic i : : teriection f orm on i lre l , ieron-s.everl group l is (x)

of  a i l r? ; torus X,  wl th  a lgebra ic  d j - rnension a(X)=g,  is  negat ive

def  in i te  ( i t  is  a .  c lass ica l  r r+sul t  o f  Kodai ra [a ]  t . r re t  th is

quadrat ic  form is  negat ive seul -def in i te)  "
' ! ' ' ' ' i :  rn  t l *  th i rd  sect ion we gJ-ve,  (by us ing the above resur t )



I , .

" '  nesessary and sufficient, contl lbions for a.n integer.$,-,to be .i,. i

the ":Eiscri-mLnant. of a f i l trahle 2-vee,tor bundle H wilh;'given,

f  i r s t  Chern .cLass  c ,  ( l l l { " 'NS (X) ,  in  the  case o f  a  2 - tc , r ,us . : :X  w i i l rI '

ere tiftraiLe mearls:',,f,hat E has a rank one,s,*pphg€"a.,o4, ja  { i i ) '=11.  Here f  i l t rab le

suhlsheaf . Fsr algeb,raib sur:#aces every trolomorphic bupdle - i . ,s

f i l ' tra.ble. I t  is a remarkable fac'b that on nonalgebr,aic surfa-

ces  .Ron f i l t r ab te  bund les  ' ex i s t  ( see  E lenc rva jg -Fo r : s tne f  , [ 3 ] ,  . - i , , :

.  P r o p . 4 " g J . ,

" i ' r" ' ' i "  We'i i l ish to thank Constantin B.lnicd f or introduc,i ng $,,$,.. ; , ,

to  th is  subject  and for  some usefu l  d iscuss lons dur ing the

preparation of this paper. . i : :  . ;

1 . 'Two-vector  bundles on nol t ,a lgebra ic

sur faces

complex surface

'dd-mensl.€n, :rli€t'  \:"

. Let X- be ,a.,. C,OIilIlAGt

! r i ; : ) , . , .  , i *d i%A( : l ;  r5u  i t s  a lEebra lC

with F*

compact complex

r l

and le t  a  (x )  =

E be a holomorph:c

vestor  bundle of  ran l l - r  e fh:Xl , - f r : i '9 , - ,ca l I - ,ed f i l t rabre i f  there

e x i s t s  a  f i l t r a t i o n  , , 1

0  =  F o C  F l . C .  . . C F ' = E ,

exists

coherent subsheaf,

For r=2 the vector

an exact sequence

o f  r a n k  i ,  
. i - = 0 , 1 e - , . . . s E .

bundle 'E l -s f  i l t rahLe - i . f f ,  . t i rere

( 1 )

where LrM are holomorphic .]-$ttrrerb-rlndJes

complete intersectlon of corf l*niension z

E 1 e n c w a J g - F o r s t e r ,  I g ] ) .  : :

\
.  '  : '

' a n d Y i s a l o c a l l y

orl n X empty :  (see



"r:?ir,-,'1.: i;,, p4Qqggllf9Jy. -I: Ler X:he

Lic.js.u$.face and let aeNS (X) ]*e

morphJ-c , ?*vector bundle E on ,X

a nonal"gebraic compactranaly-

f lxe. I .  Then, for  evcry hoI. : -

w i t h  c r ( E ) = a r  w e  h a v e .  " ,

* z

P::oof . The Riemann-Roch theonem gives

X {x, E} =zfitx, a*l *$(c, ( x) . +ia,2 } -c i$$.}". " . 'r i  :;,- i ' ;r ' i

f f  E is nonf i l . t rable,  then

Ho (x rE)  =0 ,  H2 ' (x rE) ja i l ( '  ( x rs*6  x* ) ,4*Q

(Elencvrajg*Forst,er, [:J] " rt follornos -th.&€-;.,:, 
n j

f r  t * ,8)  = ;h1 (xrE)- (  o ,

ts )> *rr{ zN$, 0*l *$(c, (x}-raou 2 ), $*.$ .

hence

r 4 { r  I f  E  i s  f l l t , r a b l e

! L  ^ !
Lrtcl t-

er(Ej>/zf,$,CI*) 4('c1 (x) . a+a2 ) ..r ).

we ( 1 )

& = c r  ( L ) + c . '  ( l { )
J - I

c ,  ( B ) = c r  ( L ) c . ,  ( M ) + 4 e g
Z L I

I t  fo l lows tha t ,  the  d isc r im inant

. . ,
A  ( B )  = c 1 ( E )  ^ - 4 c ,  ( E )  =  ( c ,  ( L )  - c ,  ( t 4 )  )

= c r ( L @ M - 1 1 2 * q  d e g  Y .

get 'ffom the exait sequence

2-4 d.eg Y=

:
v

{, )-,,,1-11;- u, ,

1,

I 1 *

"l
&



Er=q+wF

j i : :  . l i . ' 1  . i  ; .  t : i . .  . : i i '  B y  a

surfaces we

resutt of Kedaira..fr4'J";
,)
"* 0 f cr, ev-e]:}: LgPie Xt

. .

o xr- { rlffitr,a Ig ebr aI"s ::'i

hence

c lass l ca l

h a v e  c .  ( L )
I '

A ,  ( s ts.. 0,

or  equiva lent ly

c r ( t r i > * " ' "

. 1  ' )
bundle E that c,  (E)>r* l  (E) "  'arnd

' l t

c r ( n ) b * t ( E ) ' ,  W e  d o  n o t  k n o w  i f

.buncLles wi th

.  Thel 'examples

S'ob s,ter , L 3] ,

hund les .

C9R0*!ARY 3-, tet

,surface. There exist  on

holomorphie. strrrcture on

morphic st i :ucture.

2*"2(EKFt  (E)  2 .  t * l  tu )<o)  . $., i''i, ;

of  nonf i l t ra l le  bund.J.es g iven by Eldncwajg- ; : . ' i ' i , '  , l

have the same seeond Chern c lass as f  i l t ra l :1e ' r ' "  ' l ' : " I

X  be ,a  nona l -geb ra i c  compac t . . ana ly t i c  - '

X topological Z-vectoti,' bundle'sl:E .srith;

det:.;E'i which do. net have any h0&s:fr

we Eet, for a nonf i l trable '  . : ' i : .

for  a  f i l t rab le bundle E: 'bhat ,

there ex is t "  nonf  i l t rab le '  'n* . ,

. . ! , - . .

has a holo-

's,*nrpLe, f i l -

c l a s s  c 2 7 0  t

of  d imension

$, txr

THEOREM 3. 'Let X be a; ' ;{r lev'r.r* with the N€ron-Severi

group q{S iX}  =0 ( then a (x)  =9} . "  ,

.-,  * ; :  ( i)  A tcpologi.cal- 2-vector .bundle E on X

morphic  s t ructure i f  f  c ,  (E)70- .

; ' , i r . :  i .o ." ( i i )  The set of classes ,df isomonphism of

tr ' .s:Exile,2-vector bundles, wj,th f i-xed second Chern

cari:,,{.e's a naLural structure of compLex manifold.



+, Progf*' ( i) The hypothesl's, N$ (X,) *0 lmplies that

c.l (tb,*O for any L€Pic X. flte!:g" for any holomorphi-c 2-Sector
I

bundle E on X we have I

c ,  ( E ) = s ,  ( d e t  E ) = 0 .
J I

Beca,ug:e X, ld*)=o and cr(x)=0' '1" ' t ,  fo l lov,rs,  by the Proposl t ion

,  v . r $ "  
z  

r - i * .

b u n d l e s ) .  i
*

Now, I6t E be a topo,logical Z-vector bundle vrCth ho.,-., ,  "

l"ornorphic structure on det E and,-G",n*sr",(E)>0" It  folLows t irat , ,
z z

C"  (E ) '=s '  (de t  E )=9 .  The  case  c . ,=0  i - s  obv ious :  by  the  resu l t
I I /

- - a  a * - l :  r i r - ^ l - - J  -

"i of Wu E is (topologicatrly4; litu:iviaLr, hence has a holornorphier ,'

: structure (the t,rivial one') " 
i

: r . ;  , :  Now suppose that c"r)0.  We can ,ehoose L€P: ic X vl i th , ' i
, z

ir)f::,.,.. :, t,ft$tVtc X=Pico X is a Zz.t-crrus). Let us takb. a locallyrr,b:ornple+

-, ;"i,,1.,, , te inteisection Y of codifrrensis;1",!,: l iru,X with deg Y=c.rp-;;r '451fl.";1
z

consider the extensions , .  ' ,  ' i '

0 --+ L -+ E'-*Yv--+ 0 "

-i. rt-:* By us ing the isomorphisrn, , ,Hom(S91f ,13f , :&rd t l ie  local  dual {Xfy

isomorphism

1

qx lL r ,  (Yu r r , )Eno(y ,ay ) ,  ' - . . { )1 ' '
'  lAv

3 / \

.iur*. , , the exact sequence of sma11,*.Berms in the llxi-spectral'r$€Qt1€str''.n,

ce  becomes  i  '  i '  r '

1  ' t '  . .  / \  )

\ . . , i  . , ,  ,  0 - "+Hr  (x rL)  n  o r r r l t * l yy r t )  - -+  H"  (y ,0y)  - - t  H ' (x rL )  op  " ' -? " '

B u t  H 2 ( x r L ) E t r o { x r L * 1 * .  s i n c e  , Y 0 * i t  f o l l c i w s  t h a t  H g f r ; r , r } = 0 .



& 5 *

sfoQ,{o) "
i f , has no

ment I of

i ' : t '

' r i ' i ' ; ;1:;  i1;. ; l ' ' i

.  . n  +  )  4 r

!hgorg4, s i r rce.  I {"  (X,  L E M^) =H" (X, L Q M^1 =61 i t  fo l lows that

. 1  t

:  d im  Ex t?* , t "  &  M,L )  =cZ .

Then:h'g obtaln the parametrization of

n * l

rnd,epc,l, i f I-1"(xaL^)f0 there Lexistg a d$v,j.sox D :bi!.,X,, 'S.i i, i lh.thaf 'n
r r c  a .  ,  t :

But x being a r6hl*rr manlfold hri th p(x)=i i ,*ks (x)=0,

cltvisors, hencc. t!&.pur r' conflredf oti.oi*.
n

take an element in uxt f .o (YyrL) which has the ele-vx

Ho(xn Ex t l )?  t to (v ,e fy )

as i lg image. By Serre [6], ::bhe ccfresponcling

0 + L .-+E t--efl, --, 0
I

gJ.ves a hotromorphic bundle E' with

.  c  Z ( E '  )  = d e g  Y = "  z

Thep,'pq, is; topoJ.ooically isonrcrphie v.l ith g and Urai.proof

o f  ( i )  i s  f i n i s h e d .

i , , i  .  i ,  ( l f  ;  We use essen&ial ly [3] ,  T; I - i . "2.2.  The sirnpS-er.

f,, i , l trable 2-vector bundles, with fl.xed,sbOond, eheln class

cr)0, are given by the ex"lensi"ons j

where r,ft't and v is a locally

sion zero and length cr .  The
1 &

ned b1z.  B .  As H* (X,  L  6 M^)  =S

complete intersection of dimen-

,el*tension i.s uniqrrely determi-

(it follc,ws from Rieman.r,r.Roch

j ' ' ;

the set  o f  c lasses of



.  n .  : r  
" . :

J-sranronphisrn,iof, s,fmple, fi"ltrable 2-veetor bilndlessi'$,:*...LH fixed,,r

Cher* c l -asses 
"1=0, 

cr)0 as . fo l lows: 'Consider the comblex

manifold

,  S = Pic--X :r  Pi .c^ X x$l( ) 0

r..rliffi* ',11.:'l is the Douady*space, of locally complete -{-aiietrsec= "*,:

t j-ons of dimension eetro and ' Iengt.h c. in X (by a resul,t  of . ' : . . .' 2

Fog#.r.ty' .tdrls is nonsingular)". .rrom [1] we obtain on is a. ve*{:i
@

tor  bundle t r  of  rank c, ,  s,uch thatr .  for  arr f  s=(LrMrY)€S we ha-. ,.z

ve

€"/ *u6*gs*ttd (?y ah l,{r L) .

Then the desi red nrodul i -spe{cq: I r i11 be an open. set iwl',*h.e pro-

''lr'ilji'iT

ject ive space F ( t )  .

'F* .r ,1r.  -bet i :us conclude

,  Let  X' . 'be a. ,2- torrrs wi lh

this secLion: :with the following.'.r"emarlet

NS.(X) ;=0,arrd le t  us consider  th .e holo-

' , |
: :.1.T'.i

morphic Z*veeteir bundles on X:.wj-th w5r0. In this. ia.ser the vees,

: , : : ,  tof, t 'bundles' are topologlcal ly.., tr i :r  la}, and f l l trable (even'dl i l i .* '

a  2- torus x  wi th  i \ is  (x) lOl" t , , ,s€€ Elencr . , ra ig- {ors ter  [ f ]  .  fh ,ese

,  ,bundlBs may be decomposable,  h .ence of  the . form L@M, wi th  
'  

,

LrM€Pic. X=PicoX, or indecompos'able and. then they are...rrcnt;f : i . t : : : : : l

vial extensions of the form

0 --+ L -t.E --+ L --9 0

' .
t 1 +

( i f  r r $ i ,  t h e n . u r ( x r p i * @ . L ) = 0 ! ) .  , r n " , t l r e  f i - r s t  c a s e  t h e  p a i r  ( L r u )
I - f

is uniquei-y.determinec;l up -toli.the--order. and, in t 'he second

case, the extension is unique;ty determined by S" I t  is  c lear i

how these two sets of vector';bundles can be parane"t**hed.



on th€ Ngron-',Seve,fi grcrup of' ' i l ' ' r ' '  
2.  The intersect lo i r  form

a 2-torus

'  i , . :  ,A eOmplex

l s ,a  l "a t t . i ce  o f

a

2*torus x i-s isomerphic with E"lf , where f'

rank 4 ln  C2.  one has a natura l  isomorphism

of, al.t"ernating integer*valuedr'2- f 'nr.mr

. , ,

H (trz,f t -[ rl l u hermit,ian form on C2 with rmn ( f xh c4-

Since the imaginary paqt rtrtttli:,'c>f a h'ermitian form lI is an a}g

ternating 2*form which cleltel4nines completely H, we may consi-

) ^  "c ler  H(Cz, [ t1  as a subgroup of  ALL' - ( , f  , f l ' )E 'A ' (xrg) .  i ' t r i t l r  th ls
z

ldent i f icat ion one has by the theorem of Appel l - l lumbef, t : ' , r ' ' ,

{ t v l u r n f o r d f 5 j )  
' ' ' ;

n
N s  ( X )  = H  ( C ' , f  )  .

an a"nal-yt , ie isomorphism of the 2- torus'X, 'we ' ,

the lattice generated ,by the column vecfi 'Prs of :

llod ulo

| . t .

can taKe I '  De

the matrix

{r
l=\o

0  ' n t + i p t

i  er+ ie2

matr ix. We

r r + i r r ) = ( r ' B ) .

s r+ Is ,  / '

I p r  t r \
* = [ * ;  

" ; ]

that ,  D=det Be)0.

P i s called the perj-

( v r  t r \
8. ,  =ReB=[ . r ]  * -  I 'J  \ ' I I  " L I

. D  - TD  
z - '

have :J .r ' i1 .1 -,'i:.{

' t  a -
H 4

of ttz Nx,V.) v,rifh the {ipace

on It . Let

and we can ciroo.se B such 1l. i i i . " ; : :  i



t?.-:T:t-

,

6rgixlsider
^ A

space. f i= r, l i th

and:'take oo 6(4 also

r t

- -  l

tne- complex,

tne comptex

; ' -  ,
a . 2v€Cb.$r;. space q, -

"g,t'hrtciture given

the real 'fift-etor

the matrix+;:

as

by

- r \-2 i
a l

.., _/-u.oit 
*82 -BrB;t.tl

'n={
" \u;t uitn, I  

'

'=(;; ' :l)"

O skevr;symmetric 'ana 
I

ntarn*afB-BtAr*lg=o J

fo
.r= [

l rt - 2

the c,prnp}lq?q, strueture given by the matrix

Let f ,R4->C2 H* the map given lry the matrtix r ilr

, "  . {  i . i  
" . * -

Then FJ*'JF'and sinc.errf t#l=l the nrap f ex,bendg to;,a,1.r ana"L:+.l,.

tcpol ogi ca I s tanda :r<1,t*qpw,.R I,ld!r.n-l- t

girren by the matrix J", anc the i, ,

. t : -  ,  l i i

can be: refarrnulaLed-

'  . i . !

t lc isomorphism between thb

with the cornplex structure
.l

complex.  torus X=V /F .

Now, the AppeLl-ur$nberb bh-eorem

and rve.-have

. . : -
(see $.e1der [aJ t ; The condit, ior

{ - { - t
B "A,  B+A:B-B -A^+A.=6

r z z s

I  . t !  . _  i  . . j . ,

i:"

express the fact that

t,lan form H on O2 " The

nonical  basis of  O2 is

A :-s'th.e imaginary part,

matrix of the hprmltian

n matri.xt,he hermitia:

' ; . - .
"  / .  -  " l

I

I
I

ImH of*:$, hdrmi-

form.-Jm :i$$la.Ca-



TO

- ' l
Ho= (A rB l -Az )R2* t iA l .

Thc aLqebra ic  d imension of

(see Elenqwa jg=FCIrseer

-;..  Everl '  A€NS (X) is

!  t  -  -  n ts tm l la r r y  ro r  A '  .

o { a

c ,  ( L )  "=2Yd  -P r -e ; i  "

Y,

J .

the torus X is girrsn 6y

r ^ 1  !
[ 3 J  ) .

the  f i rs t  Chern  c lass  o f  a  l ine ' l :und le

* i

r!usfs|ry!?{,

a(x)-m6*{rank 
"ul  

*o po:; i t , ive semi-def i " i ie}  '

L€P i -c 'X  (A=c r ( i , ) ) :  r f  we  i d .en t i f y  t i r e  g ronp  L l2  ( xo%' )  w i th  , . ; ,  i
. ]

AL$(f rWithen the cup-pr,oduct en t l2 (x',w) becomes theuexteriCIl ie,

product .  c f  2- forms (see Murnford. [SJ) .  The in tersect ion form orr ' r ' .

the Nergrr-Severi group is given b1z the formula :1:i

r + \  l o  1 6 \ ' .
b/,, o'rl-z o)**,

rat ic intersectton

. j,,,.," l:r \ 
.t

@ ) ,
' '  

i

,form lue :l radFor.*,t*,te ,quand,

.  t ra{-

LEMI4A 4. Let A€NS (X)

bundte Iegic X. Then, .wl th

be tbe, , . . fLrs t 'Chern

the .above  no ta t i ons t

c lass  o f

we. have

,  , /  +

' |  : '

a l ine

A e NS (X') then't"A i 'satis-

c ,  (L  )2=7a  de t  H^ .

.- 
- --.+*!

gfgof  .  By d i rect  compr11ag1on. .  I f

f ies the concli . t ion t i  i  , :

ntern+efn-ntnr+43=o



r)\ J 
€ (nrsr-etrr-F2s z*42'il +0(rr+x:r-Ppi-fqr+?=0

\4t  
1 0 (nrsr*ql rz+p2st- t rez)+urr+t"sz-Pp z-dqz=o 6

- L

1 l  - ,

orr  equiva lent iy  . , '

Reea.ll that

D=clet. B2=p ZsZ"Q2r z

and denote

D r = d e t  B r =  P r S r - 9 r f r .
I  J .  

- . I  
J -  

- I  
I

Computing det H,. rve have: '  .
A

J i

c- D ) - U 1 + a d - F d l =

.

=o (02  (o r .?y+G(-e lo r

=n 1u$-p{-ra) :

nad*tHo=Q2 (q1*z-stez)  (nrrr*r1F2)+9(Qrsr-srqz) { f r r -Snr) ,* , ,  i  :

: e2  {n r " r -e l r z )  ( r ru r -n rs r } -9  i r rF2 r 'p ' r se )  (d r  z . , / 1y  z l  
- , r . r

f - ( ^ ) ' )

' * . , .  Lool< i .ng on the powers of , 'S 'an:d us ing the formulas (21 \ t r€  l l ld . ) , r ' ' : "

futher computes :

o2derHo=e2D (Dr-D) +on dur+'fsr-prr+ocr1) +D gf -PVl = ;,;r-{' ' i,- +

Finai ly  r re  get

2D derH^=z 1u,f-pV-08) *ct (L) 2.
A



;  THEORHM 5. Let X b.; a'2'toru'e with a'Lgebrai*, iJ ' .dfftnension

a (,5) *0. Tr.reo the quadrat,. i,;, i-.nruers,ect,lon farm ct (t) z i:n'" the

Nersrn*$ever i  g ' roup l {S (X) is negat ive.  c lef . inLte.  
'  , '

":ll ' ,a-

:): ' , that the quattrai:tc intersect.lon: form 'on tire group N$.[$}; ls ne-'

t
E a t . $ v e s e n l i - d . e f i n i t e ( c r ( t ) ? 0 ) b e c a u s e X i s a . n o n e I g e . b r a i c'.r '- J.

sur  face

+ rr ' : i ;  ,  , .  '  ,  Let us suppo.se that there exist,s .c., (L)=A€N$ (X)-o: c., {L}f&:.,

'- : such J; c, (L) 2=a. !'rom the Lenrma *";* ;:;";; ;;:=;::;;; '
I '  f I  :

. ' . ,hermit lair matrix i{O is uni-tary, similar to a diagonal matrix

wher6:&trXZCR 
'are the eigenvalr.res.of the matri 'x Hlo. sinqe*,r.i; 'ru,.:;

. ,  
\Xr=r iet  HU=$, i t  fo l lovrs that . l l=O. Because cr(L)=At 'O we i

get ft1#O and".also 7Z/.0" By changingtl-f necessary) A with *F++(:{:;rr.;r

(and tIO wlt,h"-Ha) we may suppose thpt w,Z?O. The.n'qhe hcrmit' ian,.

'ffatnix tiO is positive semi-deflnltd and thus it follows' that

a (x))z t ,  contradict ion.

. ,
RgSqRK. The s.tatente.nt of the Theorem 5 is no longer

trr- l ' i r j i l r t  the case of a 2-torus X with a.lgebraic dimension

a(X)=1r .  &s the fo l lowing exarnple shows.  F le def ine the Z- t ,orus

x py taklng

1 o ,  o  )
\  o  h r l ,

l t
Br=0 and B.= |,  L  

\ O

The equat ions (2)  become



i "3

-g {T *E*oo d ff nY.tr -|l=0,

andrthe solut ions are S =E=S=F*Y*0 atrd EeZ' ,  arbitrar11",-.r6s,, :

$ .4 'O wc $et  an e lcment  A€NS(X)  sueh that  A=* l ( t ) f0  enc i
,)

cr( t lo=0. The corresponcl ing leerrni t ian raa.tr lx Ho has the' , , fora '

n

s
tr

\
I

I
I

I
I

f
I

H  = l- 'A 
\\

and, is postt, ive semi-definl{:e of rank one" Then.the ' ,algebraic

d i m e n s l o n  l s  a ( X ) = I "

3. Fi l - t rabLe 2-vector bundles on nonalgebralc 2-tor i

'  ' '  In tfr is section we shdll  'use the -re'eult of f ihe,previous

sect ion for  the -s t ,udy of  the ex is tence of  ho lonorptdc f , i l t rab l -

,*;" ' : ,stf,Uctu,LeS-.on topological 2-v.ector b:r:ndles on 2*tori 'ndiEh*al1::

geb ra - i c  d imens ion  ze ro .  . , . - ' '  ,  .  ,  
: : ' . ' 1 " . . .  1 r ,  ' '

Let, X be a nonalgebralc 2-tonus. arid let G=i\.S (Xl be th$,-,

: . ,  Neron-severL group of  X.  I f  a6G then we denote by Ga=a*2G", ' . ' .Ehe

class of a mod.ulo the subg,roup ZC.LgfpAenotes the qua.dsaLic in-

t e r s e c t i o n f o r m ' o n G a n d . 1 e t m . . . , b e t h e i n t , e E r e r' a

IIt^ : =
d $ t * ) ,

LHFqBFI ' {*6.  Let ,  X be a 2-torus t r i th.a(x)=0 and let

G=NS(X)  be  the .Neron-Sover i  Er 'oup o f . ,X .  Le t 'aeG be,a  f i xed  d ' le

ment. Then an. j-nteger A is the d*scr:'iimsnarlt of ? fiiLrable 2-v
: ,

t,or bundl* I rqith c.r(e)=a',. ' inff:.: i i t--satisfies the cond'it iOns .

max
x€G"

( 3 )

( 4 )  A . ( m a  . ,  A a m u  ( m o d . 4 ) .



'1" 4

lf-li"*1;[.,' Let; l:j hc ,r r: j-J.trable Z*vector l:uncl.Ler ot: )i tuith

f  t . " !  * . . -  , - . ,  1  
' ;  

: . . 1 :u . l  \ i r l '  ' r -

0 . r l  L - - rp  i l  * " ,  l i  i f r  : . i  \ , " - . - - i .  C)

1:t: i, i : l  i ;$ 3c,ci.; ltui;], ( irxr.(^::t i i . i i ic,n 
" L{::t l lsl c-rr,t :: ' t,cte:

c 
" 

(I; ) =.h u c., (.i,) '."u 
r c ," 

(i1) *.r' ;

'*l:c:n rte get

r r - , | - t l * n  r r \ l + , J  o r r  
' \ r : r i r  

-
f  1 .  . ' ' ^ i l t

h.e:rce

A, tc l  =*2- ' {Lr= { i . r - ' r r )  
2*a,re:g1 Y "

f 'C)i :  ; I ; :11-V=[1- 2f, .€ G_ ,

vJe treiv*

.A  tn t ( :  r i la " '<  4 t ; t i - ,n . . *0"
xc. Go* 

c:

r  ^ . . .  . "  f  .  . . r  r '  ; .  ^ - * ^  . ,  d  -r r r r .  c{ r r .y  . r :  p , .e(} -  w$ i rat le  xP*>c ' t -2t r  t "*" f i r  a .nd
Cii

r t ,  f  o l lovrs  t l raL $ ( r r ' )=*(x)  (nr ; . l  t l |  a . i td  1 '7s qe t

. l  t * ,  )  - x  x2=x2*4 r r * *4 t2=$$)  + .n  ( x t t t 2 )  .

tr 1;-11';r,ro (riccl 4 ) "

Conrzer :se lyr  l ,e t  xo*a-zt "o€.Ga suc i r  th i l t  { ,  t> : , r ) * In- .



r  . "  
' '  -  .

. .. i  * ^

w e t a x e u * a - t o , V = t o a n d v / e - h a v e u { . V = 1 , , T h e r e . ' e X i S t ' t + i n e

bund.Les LrMePic X such thatrrpl (L) *tr and .c, (t/I) =v ^'nrJ,..1,gg take Y

a.locally'  compLete intc:r*€c.&;i9n1 qf cclt l imenslon 2 i t i  rX such

+ t ' a . F
u r  l $ .  u

. t i , i  :  '  c reg  y  =  : (m^,$ , ) /A i

Y .is empty. If ufv ther' : r

+
c 1 (Lo@ 14) =Y-t tPg

I

**S, '  r f  u=vr  by tensor ing ( i f

of PicoXr we can suppose t i .* ' t

torus with algebraic dimension

J ;  
' d L 1 "-: )

. :

.  -  -  . -  - i  r .  . - . . i  & t rneCeSSa fY )  n  \ ^ r f -En  d r l  .
;ri

*
x'€^ "+' (Qxt#Iaia.+l' casp r'

izero has v isors l i  r .

nl
i . . , : . . r - f i /  i '

that tirere .i:Fi#

,.,f or,lA;=Il1*

anc l ' L *6

element

s ince a

we ha.ve

rl:..1

that

As't in the pfoof of Theorem

exist,s an extensibn

t t  
H2(x,  ra*E : , ;? i to 'qx rL*@ M,) *=0.

1''.i

0 - + L - t f , * t l ' 1 E Y n 4 Q '

with E a 2-vector bun<11e. . For E r^ie irave

l i ; : i '  Rlr$ASK. It is well- kuor'rn that for a nonalgebraic

2*,torus X with algebraie..*ddension a(X1=6 the rank of the

Nerbn-Saver i  group, I  (X)=rk t ' {S (X) r  takes the values Ct l r2

2



l , o . ' : ' ' J

:,[ ..:'. -," ...,.].;.

.a:.i ri.t., T::.'.,", '

.  l : . - , . .  : :  I  

. .

' r::p-, ; i i , t ' , , ' t i , i .. '

I b

we have agaiffr the f l,l,trabls 
'pa.rt 

of bha:15eq-
I j .

in this case i, lso fo.r nonf i l tra.ble bu-rd*e,s:w<l

!  : i ..  . . , i . 1 ,  
l ; . l j i . r r , . . _ ,  . r , . , . , * . i ; . .  ,

fol lbwing vfre"shall igive expllcit  f ,  ormulas. fo.tsit , , '

in the other cases. Next c'onsider ths',r, ic&s€

r , , : i . r r . ,  j . : ) f 1 . :

':r,.-i'i:i,i

Proof . It is suf"fto:ient tcr ,cornpute

6;1saii',:(i) dbl' obvlorrs, In the ,qa$e (!'1) let

on x  suc ih i ' that ,  c t (Lo)€G is  a bas is  ]o . f , :G.

d=ci (Lo)<o ana $ (x) = I-2a, "
. :

, '  ]

where x=0cr(Lo) d-eT) is an"arb*@,ap*y element of  G.^ For

x€G.  we have t=2k+t r ' so  S tm=(2k+1)3 , .d  bnd m.  i s ,c le i r l y  d ,

Let X,.  be a nonalgebre. f&, ' :Eofus 
'wl th 

a (X) =0 and,$ (X) =e ,

By the Theorem 5 the qua.&r,a.tx$s: form f=-'& ,*&, poRl,t+v.eAi"defini'

te on G=NS(X) and we have'- / . .8, i . teduced form for i t  (see; ' for

exampler[OJ).  This rneans bl i 'at  there exist ,s a basis {  e 'uZ}

lti :-A ;&itg, 3t'r(;F€€r f'or'' exanpler [31]:.3 ltr the cr*se :f (X):r0, f$ftfiq\ ,b,ound "r,

1,, f. l

m ris zero ancl

rem.3  ( i )  ,  " ,hu t

have Ado.
' ; i r : .-{ l i :1;,r j-  ; . . . t , . In- l  the

.l/ b$iec:bounds m*

P ( x )  = 1 .
J

r'*r: c-o8Pnl4nY 7" I^lith the same notations as

6 iet € (x)=1 ancl let .d b'e* fhe dl5cF,iminant of
'l

fonn$ . Th'en we have: i: il r'.,

(i) If, aeZG, then an' intege,r A ls-. 'the

i -6f.: ' :6 
f i l tr"able 2-vector bundle E u-!th c, (E) =a

A ( o r .  A a  o  ( m o d  4 ' 1  . l ; ' ;

(il1r re a$zcr- the same re$Sd,t hrrlds iff

A (  a ,  A = d  ( m o d  4 ) .  . F j

in t'&e iTheor.e-w

the',,iqt*@dratiq :

dascrrmrnar lE ,

t T f

the bound ,r; ' . The."

Lo be a l ine nunalh

Then we harm;1;;1ir;:,''i"" fi:



1 AL i

Ln. G such tklat,.  ,  i , :  i" . ; ' :

{ (u) *1x2-r rpxv+$:r2;

' i { 6 }

{or any u=xelt'ye2€ G .(-.<,y&r}. rxrhqrer -

0( 2/*(- ?$'-, €, . , 4 , '

.i '1.';';.jft{RT$ILARY 
B. With the same n.otatlons as in 'f;lqe: TheO'merr

(5)

, .  '6 '  Lgt ,  8 (X)=2 and e,  re ' , | r f ' r tg asl iebove. Let a=alel+a"ereG. : . t :- J r

' ' , r ' :r t , i i i :  r ' ,  .  Then the'conclusion of the Thecrett, | :holds withs " , i . f i i '  i r ' , ' "

i )  1a-=Q.; : : '  i f  a . ,=0 '  (nrod 2)  and a1=.0.  '  ( rnod 2,  i" 'a --J z

' : l : . i l ' ' . . , ' i i } r n = ? i f a ' = 1 ( m o c 1 2 | a n d d . , = 0 ( m o d 2 ) i_ _ ,  - . . a  t  
_ _  _ _ I _ _  t

-  i i . , ' r , , .  i i i )  * *= € i . f  ar=0 ( rnod 2)  and ar31 (mod 2) ;

i v l  m  =? l *2 * *7  i f  a ,=1  (mod  2 )  and  a ;s l  (mod  2 ) :' r  i " a  L ' - f - -  5  - -  - I  ' z

- ' ' ' ' ' '  . , i .  l l . .  
' ' i ,pr?oof 

. The case i) fs obv!,qu.s. Ir le, dhall  prove !!1sr' ; ' ' 'q. ' , ,

i .  . . i  i l . , . - v

case i i t l l  the'pi ioofs cf "t ' l lp' '  caseq i i)  and iv) '  be's'sio simi-r

, i  " '  
1a: :  to  the proof  o f  case ' i i , r ) , ,  are le f t  to  the; r read.gr .  I

- i$r , , - .  : . ' . i . ' '  , , : i r ; . ; ,  . : , : ;F  : - .  {  I  I f  u€G",  then u=2xeI*  (2y+1}  e,  l r5- th  . "XrYQZ. I t  fo1} , "#f4,*

that

p tul =l+4 t1x2+zy*v+lv2'+1tx+fs')' ,

.  and i t  wouLcl  be suff ic ienE' t 'o prov€' that '

for any x iY€Z* The el l iPq-q"-

)  ^ ?-1xz -zyxy-Ey '-l* - E Y=o

A ' f ^  /  n , /  n 9 /



I

4 v

haS'the center ln the point*  (Or- I1 and. does not intersect,

. , . -  . t  I  
2

: t : ' r-+.i6"I ihes y=l and y*-2 as tre can see using the condil- iono* '

(  51 : . ' '  I t  '  f  q l lows thaf  the e l l lpse is '  s l tuated in  the ' . rpg ion

' l ' , : ' . : . ' -  '  .-2<y<1 j

' : , '  ,"" 'r  Ttrel intersection wi{:.h, the,,!"Sn€S, y=Q and y=*1r.Sf€ '  . ; , , ; i . :1,

tlre,'points" :(0 r0) r t-f/,1,^ 0i5r.;orpspec$ively (0;--t), 
flt l,r-U ' .

Sinie l f / t l<L, i t  fol lows.; lbat thepe are no po-4pfie vl i t f r  : ' - ,  ,

i f i€bEer coordinates insid"e i .he: el l ipse, ani '  t l ius the.ine-

gua l i t y  (6 )  i s  t rue .  ' " - .  . r

. : : :  , . '  '  In the ,ease a(X)=0, f  
(X; .=;$; , t i1e computat ion of  the."" , ' r  r : r

bound m, can be d.one by using lhe Ftinko.i'1*ski reduced form o{"1,:'

the guadra.tic intq:se.-CLio'S,.Sor* S,,",'but the computa!..1on 4,?,,.

tedious and vre shall 'omlt't- i$.r '

,ra)-d ' REMARK.

mil" :ar-resul ts

I t  seems to

ln t l ie'ease

be quite, di-fffcul"t. to obf,-4.rn si.T,,:

of nopf $',!ft1ab19 bundLes o ;'1, rr,r"; .,- 4,-:rrt
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