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KILLING DIVISOR CLASSES BY ALGEBRAISATION

Alexandru Buium

O.Introduction

By singularity we mean any germ (X ,0) of analytic
space; throughout this paper all-singularities are assumed
to have dimension 2 2. By algebraisation of a singularity
¢X ,0) we mean a pair (X,0) where X 1is an affine
cohplex algebraic variety and ‘o_é X is a closed point
such th‘at (X 0) 0 (Xan,o)' as analytic germs. By [9]
any coﬁﬁiete intersection isolated singularity has an al-
gebraisation (X 0); one can of course assume X normal,
1t was conjectured by J,Kolléf [?] that any hypersurface
igolated singularity of dimension 2 éas an. algebraisa-
tion (X,o) with - ClL(X)=0 . 1In }fl of this paper we will

prove that ast least one cankill modéli™in ~Cl1{X), more pr@aw@;
COROLLA&Y_l; Any~cbmplete iptersection isolated singu=~
larity’ (:ﬁ,o) has an algebraisation (X,0) such that

ClL{X) “Hdsshinitely generated,

hNote that in the ahove corollary the divisor class
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group  C1( Cyﬁfg) is far from being finitely generated
: !

in general; for instance {;“«_“w i th@: divisor
classes on the vertex of a cone over a emooth irrational
complete ihterscction cu%ve in projective épace depehd
on g moduli, where g is the genus of the curve. On
the other hand by a theorem of Grothendieck[slone has
1 Cgﬁig)mo\ fo;'any complete interecection isolated sin-
ke :

gularity (X,0) of dimension > 4. This together with
our Corollary 1 implieﬁ that any complete intersection
itsolated singularity of dimer'sion 2 4 has an algebrai-
satﬁan (X,0) such that C1(X)=0.

In §]2 weitake a closer look at the group Cl(X) ap-
pearing in Corollary 1 in the Z-dimensional case, We first

closed , n

associate to any embedding Y 7 of a normal surface

N

L43]

Y with finitely gererated clas group.- Cl1(Y) two decom-

- ¥

positions of Cl1(Y)/torsion- into finite sets

Cl(Y)/torsion = \\vf/Sr _— Fy
e : d

where roughly speaking the S.'s are the sets of classes
of fixed length =r with respect to some canonical eucli-
dian metric and the Fq's are sets of classes. of ‘curves

of fixed degree=d (see §‘2 for the precise definitions),

For any r and d we can form the sums

By e o

o
. {22)
p(eFdnor =

—— =

We will prové-that these sums can be killedg\ﬂhich may be
interbreted as a symmetry property of Cl%:

COROLLARY 2. One can choose X in Corollary 1 and:
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an embedding X & A"  such that all CT;d vanish,

- e
-~

The methed of proof of the above statements is to
"move” inside sufficiently large linear subspaces con-
tained in the contact orbit of the singularity and to
consider the monodromy produced by this movement .,

We are 1ndébieﬁ to J.Kollar for his lefter EJJWhich

was the starting point of this investigation,

L Killing madul i,

For any algebraic variety. . ¥ let hpo(xj denote the

tr ! ; KO} X i K : : :
Hodge number hP (X) where X is some smooth projective

; = - : _ = ; . oo .
model of the function field.of h; since  hP are bira-

tional invariants of smooth projective varieties, the de~

~

finition above is correct. We will prove the following:

THEOREM. Any complete inersection isolated singularity

(:E,o) has an algebraisation (X,0) with hpo(X)zo for
1< p<cdim(X)-1,

REMARK, If X is a normal algebraic variety then
Bl i El() s Proitely o aenorated Indeed, C1(X)

“Cl(U) where U is a Zariski open subsetisof a smooth

projective variety X, Now th(Y)mO iff pPic®(X)=0" hence
(by the heron-Severi theorem) iff rPic(X) is finitely ge-
nerated  and we are done, In particular Corollary 1~ from

f’O follows from the above Theorems;
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The rest of this ¢ is devoted to the proof of the Theorenm:

The key point will be a variation on an afgument from [1].

Let's fix some notations. Put f%:@&],..,itn] = polynomial

| I |

; . e /) . .
ring in n variables, O‘wﬁ{?lﬁu..ﬁtn} = convergent power
series ring in n variables. The set of germs of:analytic

‘ h- - <3 e e : s
matpe. of ¢ o) —> will be identified with . The
: s : '
contact group [9}”0?109 on (D will be denoted by X,
Now for any finitely dimensional linear subspace L

of tlA+...+fPA let dL be the naximum of the degrees
§

of the polynomials in L ‘and consider the injective
dC =linear map el —2 A[}O] defined by e(F) =
d
L. .

. - g / 4 B 9 ,.‘J £y . ; > am s
= tO«F(tE;tG""’Lﬂ/lO)' Let IIL be the projective space

associated to elL), Clearly IFL is & linear subsystwnof
; i : “ :
l QQ e )\ where IP =Rroj(A[t _]). Call. L a large linear
" - ; o =g
space. ifithe set-theoretic base locus of the linear system

IPL consists -only of the point 03(1:0:..;:0) and if ‘the

associated rational map RL:IPn ~~~~~~~~~ 7I?L is genmerically

finite~to-one.
To prove the Theorem note that G%?O'Z @/t
L)

S 2 3 ! o 5L .
where (Fqpeeayfy) € @D° is some finitely determined germ
i -3 : =

fs)

[9]. So the Theorem will, be proved if we prove the follewing

lemmas:

LEMMA 1. If . fé-COs iSaa:finltely determined germ

then there exists a large linear space L such that

Q

b=

SN contaime an open Zariski subset.of L~
P

LEMMA 2, If L+~ is a large linear space then there

exists an open Zariski subset U of L% such that



: , (we have
for any (f15’°‘5fs) e U, -hpm(Spec(A/(fl,...,fs)))ao

for 1 <€ p < n-s-1,

S

Proof of lemma 1. Let m be the determination order
nf f. We may suppose that the components of f are po-

lynomials of degree < m. Let N be an dinteger 2 m+l,

LS A

let L, be the linear space spaned by fl"“’fs and Lo

a linear space of homogenous polynomials of degree N such

Nel

2 ~
that the corresponding map IF  ~--e-aa--z >E?{L2) is

everywhere defined and finite-to-one (for instance let L,

. N N = ; ,
be spaned by tlﬁ"°9tn Yo Fut LleéaLz. It is easy to

check that L is a large linear space; on the other hand.,

if w denotes the composition of canonical maps

S

L= > L

s -
-uw~ﬁ>/\Ll then the complement in L® of

b 00

-1 s -
w T (0) clearly lies inside K f.

Procf of lemma 2, By Hironaka's resolution there exists

a diagram

: P aiiee et

o8 .

where gt ié'a,biratioﬁal brojective:morphism, Visds v
smooth and h is everywhere defined. Fut <kfsh§ka§L(l),
By Bertini®s theorem [3, 9,33] there exists a non-empty
open Zariski subset D of (IPL)s such that for any

(Hy,o.c4Hy) € D the scheme-theoretic intersection
=4
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is smooth and connected. Let U ©De the nreimsge of D

o Ao bergn s et aan (1P, )7 canglet L f e
unoer -pvw«LJ~ o : J 7z ¢ A l,-oobs
& L. bhe the polynomials corresponding to Hl*'""Hs' Then
S is a smooth prejective model of the functiopn field of

Spec(A/{fl5e,.,fc)). Let's ‘prove-that hP2(s)=0 for

1<p=< n-s-1l. We have an exact sequence

5

A%

. « i3 = = < o

where 3 1is the ideal sheaf .of S..on V. Since hP (V)=
Ottt - o -

=hpd(gw Yeo™ar Ml weiondy have to prove that

< n-s, Pot E:@ki”l)gasj we have the exact

iC . N
HY(V,3)=0 fbr q <
Koszul ccmplex
s 2

O =5 ke . o NGB R v e

i
Since X E are direct sums of negative powers of E
we have by the Grauert-Riemenschngider vanishing theorem [47]

q 0

that H'(V, /N E)=0 for any i=1,..,s -and gt ag=1L.
Decompesing the Koszul complex into short exact sequences

2 ol . u.q i ~
and applying induction we get H7'(V,J)=0 for g £ n-s

and we are done. : i

2. rkarhingd Cr;d.

In this éy we suppose dim f =2, We begin with some

general Tonstructions.
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First we will show that for any noemal algebraic surface

¥ whose class group Cl(Y) - is finitely gernerated, there

exists a“canonical®“positive definite () -bilinear form

. en - ClEa@ @ .- Indeed take an embedding j,:¥ —> Y%

\,

6f Y into a2 naormal projective surface fl such that

Yl\\Y is the support of an anmple Cartier divisor Dl and

take a2 desingularization glle--47Yl, We will define

the bilt#near form on ClL{(¥Y)® @ in terms of Y, and X,
~ -

and then remark it actually depends only on Y. Since

0. = ; ; s = .

h \Al)xb the intersection form P on Pic(xl}QQGD is

nondegenerate, Let M be the kernel "of the surjection

bt

PiC(X1}®dQ ——CLY )y . Siﬂce My contains an ele-
: . : X,
ment x with \PQX)X) > 0 (take for instance x:glblg§l)
it follows by the Hodge index theorem that Pic(xl)c@dD=
o , _ —_ 4 : s
=M, @ M, and ¥ is negative defimte on M, . Identifying
pa = ¥

1._L
1

CL{¥)®R ~with we define Y to be - restricted

e

Sl : :
to M7 . o check independence of y on -Yl and Xl
take another compactification j,:Y X5 and a desin-
gularization gsiX, ——> X, and let M, be the corres-

ponding kernel, There exists a smooth projective surface

b

X and birational morphisms b1 ‘and b, making the fol-

3

lowing diagram commute:

X

91
AV ; v
v 3 do <




Using the fact that bi are both compositieons of blowing
ups one immediately identifies the quadratic linear space

i il v
0. with the quadratic linear space N where Ni =

et

:Kﬁr(?ic(xz)wﬁQ-M-~a Ci(Yi)®ﬁg 2 CL{Y)ed) ). Finally

A 2L
it is easy to see that N,=N, lence N =N and we are
- e ¥ 2
done,

atfine
e ) :
So, for any nermal algebraic surface Y whose class

group is finitely generated we have a canonical decompo-

sition

Cl{Y)/torsion = S
Cl{Y)/torsiar N4 S.

where er{043 “hybo<50<):r} are obviously findte,
" Now for any clesed embedding of Y above into an affine

n _ : R
space /A one can associate enother decomposition

Cl(¥Y)/torsion = -~ By i e
d, 3

(which will depend on the embedding) a® follows, It makes sense

to speak: -of the degree deg(C) of a curve G on Y: it

n N

D LA .

is the degree of its projective closure © in TP

Define Ed C Cl(Y)/torsion by

ﬁd m§c&=¢l(@)5 C=irreducible*Gurve on Y with deg(C):d}
and put Fd“Fd\‘(FrJFZ\j"'“’Fdal)' It is easy to .se&”that
Fd are finite sets and their union is al¥iEsat  Cl(XY)/torsion.
Iadeed let ¥Y+¥ be the closure of Y in 8"

section of Y with the hyperplane IPn"lfuat infinity, Y

; D the inter-

1

the normalization of ¥, Dy the pull-back:of D on Yis

oSy



gty =¥, & desingularization and Dmg%Dl. By [g)p"172]
there is 2 very ample divisor on Xl of *the form = H=
:kD+§zaiEi where k » 1 end E, are irreducible curves
contracted by. ‘g, In particular the image ofi H in CI1(Y)
is zero, Since any divisor R on Xl may be writen as
R~€-mH where C is an irreducible curve and m is an
integer we get that any class in CI1(Y) may‘be represen-
ted by an irreducible curve., To see that Fd ‘ere finite
note that for any irreducible curve G on Sy e have
(G‘H):k~d@g(u£G})+zgﬁi G“Ei) where u:Xl-mwm»'IP ie

the canonical morphism, Furthermore for any i

£ deg(u(G)). It follows that the strict transforms on
AN Al /
X of irreducible curves on ¥ of bounded degree have

1

still bounded degree with respect to H, consequently by

J
the theory of the Chow variety there-are finitely many of

them up to algebraic equivalence and hence up . to linear

equivalence, since xl is a regular surface.

Gurs result3in this §} is the following:

FROPOSITION, Let L be a large linear space (see é’l),
: = : : S g
There exists a Zariski open~subset U. of L™, a member

f € U and a representation
JP :J7 = ﬁ&(u,f) e O(C}(X)/tarsioh,_$&)

where XmSpec(A/(fl,...,fS))? f;(fl,.;.,fs) such that if
Cl(X)/torsion = "/ Fq is the decomposition associated. .
to the embedding Xa& Spec(A) then:

ke F is glebally invariant under Jv for any d 2= 1 ..

d

5 ar ‘
2, The group of invariants (C1(X)/torsion) vanishes.




In the above statement O(Cl(xj/torsicn, %&) denotes
the orthogonal ¢group of the lattice Cl{X)/torsion with
Fespect o the-restriction of %%, In particular if /S _.
is the decomposition of the ilattice intc sets of vectors of
fixed Jlenath ther each S, 1is globally invariant under Jr .
This'together with the above proposition gives the vani-
shing of all iji in Corollaryvz fromf%l.

Proof of the Proposition. We shall use the notations
from the proof of Lemma ?,é)l. Eet P/ be-a sufficiently

general (s+l)-dimensional linear subspace of L, let IPpcr

J

= LPL be the projective space associated to it and let

B be the base locus of I?P on -V, By Bertini's theorem
LS}p“BZJ again, B is smeoth conpected. Lot bW — Vv

be the blowing up of V along B and let F be the ex-

ceptiohal locus of b. The rational map V ~--=c-=~=- > 1P
4

Ltts thensd g marphisn, Wo——> IPp, Let Aé}IPP- be

< _
a geperic point of ey (in Weil's sense) over the. common

field of definition of our varieties and morphismsD write
. ) & - v
A as an intersection of s hyperplanes in IPP and
: v
lift these hyperplanes to s hyperplanes in IPL corres«~
ponding to polynomials f17‘°'9fs &L put f=(fl,.e;,f8)e

How ift% U dis &8 in the proof of Lemma 20 and S V- cof-
responds to f then the construction from Lemma 2 clearly

vyelds a monodromv repru%;ﬁ_atlon g : 7’( f)~——4>O(H2(872))w).

We clalm that 1f ?’ Ir's ﬁ’( ,'k) = O(H2(897Z);¥’) is the«

1%
monodromy repre nentatlon defined by the family W —— IPP
(where U' is the Zariski open subset of P, above which

v
W » IP, is smooth) then Im(6) ;>Im(%); in particular

T
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any Srwinvariaﬁt element is I'-invarjant. Indeed pht
me"l(o)<: L® where w:L® -x>/i\ L is-th@ canonical
map. There is an obvious morphism (U‘\Y)r\P3w~—~7 !
which is a locaglly-trivial fibration with connected fibres
hencd the mep LW RY)APT £ Tul, %) e isbn-
jective and we are done, :
Now.since § is regular, PiG(S)mIm(HI(S,é@ﬁ)-oH2(S,W))
and since . f is generic it follows by the }heary in [10]
that the above subgroup of HZ(S,‘Z) is a @ esubmodule
hence ﬁz induces a repres@ntatimn‘ﬁjsﬂ“‘-~—~-4 G{Pic(S), v ).
To show that %{ induces a representation F as in the sta-

tement of the proposition it is eufficient to see that G

MOzK@r(Pic(S) > C1(X)) is a Jr-submodule. Let T be

n

the projective closure of X in TP and HzIPn"I/\T

40 I

where IP IP \\Lﬁn, Eet . 7 be the irreducible compo-

B
nents 6f the.exceptional locus of g:V——5 IP" and Eij

the irreducible components of Z;NS. Let q:S >T be

the restedctieh of g to 5. Then M, 1is spanned by

cl(qﬁH) and cl(Ei Now cl(qﬁH) clearly is JI-inva-

)

riant because it is the pgliwback on =5 of cl(bxg%CO(l)).

Consequently for any ¥E€ we must have

) =0
3)

(e1(a™H) Fel(E, ))=(¥e1(a™) . 0BL(E, ) )=(a™H.E,
Since by the theory in [}O] égain¢ cl(Eii) may be represented
by an-irreducible curvé it follows that A le(Eij)acl(Ekm)

for some % and mgcdn - fact it is easy to-see that in thes.

above we must have i=k



‘space of all polynomials  Af +/4f

. To see that the F 's —are globally dinvariant talke

an irreducdblercurve D on' 'Y of degree. d and let

0 be . its @proper trarsfo

1 L
By ﬁﬁj?or any- ¥e . one may write yﬁl(ﬁl):cl(uz)

where D, ds an irredutible curve on .8 suchthat
Lo

Dl and D, arie alcﬁbraically equivalent @8 cvcles on 'V,

A \
.in particular b (q"H.D,)=d and we are dcne.
8

T : e y e o : f”
Finally 5Upp0$e K E (CL(X)/torsien) e (Gl(X)/torsion)

ol . e
c(S)®WE =MOM  where Hﬂlg@ﬁ} and M identifies

with CL(X)®® » it follows that ‘& may be viewed as an
element « of Pic(S)®@QR and ia F'-in iant with res-

pect to the action /i + By Deligne's @Js it followa.that
ok € Im(H (W, 7) —> #2(5,7.)). Since hiOw)=hZw)=0

it follows that HE{Wﬁz;)mFic(W) which is spanned by
cl(bxg%éb(lj)) cl(F) and. cl{Z.) @d o ~ig @slinear com-
bination of clig H)j cl(B) eand 'cl(Eij). But now weiare
done because B & | C)G9wvl and éf may be expressed again

} oo . . pae——
in terms > of o " @(1) and* the Ai's so we get o =0,

lLet‘s close with three remarks:

1. The.simplest non-trivial example of monodromy action

&8s in the above Proposition is the following: take o

- 3 : ;
(X,0)c (€ ,0) to be the analytic germ given by f =0
1
_ homocernous, —
where fm is a nondegenerate polyromial of degree m=

i ot

Then f,=0 . is m-determined; take L  to be the large linear

H

where 3/“5 d. and

m«t‘]

fm+l is an arbltrary homogenous polynomial of degree m+l,
Generic-singularities f20° with ‘fe L  contain m(msl)
%fﬂ?§“ﬂ~JJ'lLJ[m(m+1) through the origin whose union is
given by the equations fmsfm+l=0 and which generate-the
G
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class group of the affine surface %fmoﬁ C‘dfsc One sees
immediately in this example that Dl+"'+Dm(m¥l) 15 the
complete intersection of f=0 with the Cartier divisor
fmmO so the class of the.above suym vanishes in the class
group, The monocdromy clearly acts by permuting the lines,

2. Kollar's-conjecture remains open,‘the that Kollar
proved his conjecture feor certain ratioaal double points
using moduli of K3 surfaces. An example of non-rational
singularity for which tﬁe conjecture holds 1s providad'
for instance by (f3:8)a(&:3;0> where fs is é generic
homogenous polynomial of degree 3 LQL

3, The monodromy action we introduced in ﬁfZ is re-
lated with another action which naturally appears in this
context, namely with the acticn of the contact group K
However the connection between the two actions is not an
easy direct one,; since this aspect is not relevant for

our problem, we won't ciscuss it here,
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