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ON CERTAIN I} iEUCTIVE LIMIT Cf*ALGEBRAS : . ,  :  r , , 1 .-  
r1  . . ' ,1 .  i : : '

.CoINEl PASNICU

i ' ' ,  . . ,  . - { t "1as  been  sugges ted  by  E , ,G . .  E f f ros  ( t 5 j i  t haL  a  s tudy  , . . : j ,

l - ' t t *  o fo in( tu ; t lve l imi . ts  o f  C*-a lgebras of  the form %fn E F (wi th

f "  f in ' iLe 'd i rnensional  C*-a ' lgebra) , r '  las a"gener .a l  i  zat ion -of ;  $ l8"-

*a lgebras,  may be of  in tere€- t , . '

" ' i r i ' : t : r , ' i t "  Indeed,  "such a lgebras afer :S,pf  insLaneer .  thOse'g. .Qpf la 'd- f f id
\' \

by  V .Bunce  and  J .  Deddens  ( i n : f : 3 ,1 )  . ,  , r ' , , , :  ' . 1  
"  l :  ,  

' r , ; r  : . !
\

'.,1r!:;r'r "'The".pres.en:t,-,pa"per 
'contains ,5jqneralil,i59sults conceqr,i.$g

i r rb r : c t i ve , l im i t s  o f  a lgebpaq .o ' f  i : he  fo r rn  %tX l  @ F  as .we l l  as

" ' "L t 'g t t r . rc tu ie  
theorem for 'a .  oentq in c lass of  induc 'L ive l i rn i ts ' ,

,. i:

- ,  .F

-? t  '>
i r . . :

of  C^-a l -gebras of  the form 
'6  (T ' )  S Mn.

.  "  gebr i  'generaLed by a l l  weighted

f ixed or thonormal  bas is  (e*)*1r ,6r

p e r i o d  p .  , . i :

Given a s . t r i -c t Iy  increasingT, .sesuepq.e of  p .os i t ive in tegers ' " , ; : l

' ( nk ) ,  
w i th  nn  d i v id ing  nO* ,  f o r  a l l  k -  ? r ] ^ . , ,  t he . .B .unce -Der . l dens  

, , 'l r x > -

a lgebra ,  deno ted  in  th i s  pape i  , , t  , .&J*9u ) '1  ,  i s  U  V  t6x ts (no ) ) )-'i1 
fr

( see  [ : ] 1 ,  where  I  zB (K) - -+B \&)  /KW)  i s  t he  canon ica l "os 'u ' r j ee t i on
s

o n t o  t h e  C a l k i n  a l g e b r a

- i t  +

Fo i  
' each  

pos i t i ve  i n tdge r  F  7 r : I  ,  l e t  %a(S , , (p , ) " )  be  the ,C^ -a l , : ; ,

shifts (with respec!. "qq"",,&q{Se

,q f . " t he  l i i l be r t  space  K ' l '  o t



l r l r , . , '  r

. t -

r t ' l f ,oI lows from (\21 ,  proof ,of  Theo: iern 2.2) that ,  tog, , ,1P)7' ; f , r , ' . " : ,

|  ( y x ( s ( p ) ) )  r - s  * - i s o m o r p h i c  t o  M r ( g ( T ) ) F  t h e  a l g e b r a  o f ' " , a ' J " J - l ' , : ) , ; - '

i++, ; ; '  p r i tp matr ices' , .whbse entr ies ate. : ;Contr i rug,r ls funct ions on th, .e, : i l *Fi?, : . t ,* .

,  c j_rc le T.  Under th is rsomorphism, i  f  ,  s is r the weLgh i :eci  sh; f '$ gt ivet t  ; . i : , .
j : '  

€ r  -  ' ( m . , , 0 )  '  w h e r e  J  ,  ̂ = C -  ' r o t  a 1 l  m 7 7 0 ,  ' t h e r r  :by s"nid** l -em+t (*  ?t  0)  ,  where J,nnp=C* ' rot  a l '  -

'  V  t S ) ,  Q ) = A ; 2 ,  V  ( s ) i * . , , ( z ) = ' f , . . : r  f q r  l t i * { p - t  a n d '  - ' ' :  l
L r L )  L J  

' - ' l - + I r f  ' t ; I -  - - '  : '  i " - r ' :  ;

: l  t s l  *  . = 0  f o r  a l l  o t h e r  i ,  j .
t r  J

Us in g th'L s e *- i somo.rph i smS,'g,+ch''6", {, (q* },, )... i s

to che inductive : l imit of :

*- i somorph i-S-,it;, i, i l,

' . .  :

where ' for
i / ! \ .  .

. , i

t f  t  r ,  *  Mar  % ( (T)  *  p lzz  &*  ' )  '  ' '1 j  '  r '  
; - r ; ; ;  i

Vtti.ft 'fs"i :brnpegnfe. .  wi th thq co'{el i tg map J lz l*42,^ l i  "  'br  ( in.

ttie -serrse o f  De f  i n i t j - on  .2 .2 .be lo r , ; )  .  : i .

f

each k" ,"Y k is 
" 

jr!", /r7^ isometr-1c *-homomorphism

:  . -  , l1k+  L /n* -^  , ,  _ .

i 'We  sha l l  now s ta te  the  ma in  re iu l t ' o f  t h i s

'  ; : ' : ' ' . .r ,{r lc 
f ix twor"str ict ly increasj.ng scque.nees of

gers (pg) , i  (qo)  , 'w i th  Pg;{ resp 'Ql* ) ,  d iv ' i .c1 j ' lng rPk+' '  "

a l l  l ;  ) 7  l .

:  We "consi -der  systems of  thc form:  -* " \

\8 t,-z) g tnr*

whe i :e  fo r  each  t< '  A r  i s  an  a rb i l r a ry  i so tne t r i c
.)

compaL ib l i e  w j ' c i ,  t he  cove r ing  ' pap  T "  )  ( z r , z r )

' r l .  - .  .  , t *  
/ n '

,  ,  . + , k * r ' P k  -  Q ' k + r { q k r  
€  1 2 .  D e n o t e '  a y  J 6  tl -+"(z  i  ,z  )

pondinet ln , l t rc t i r re  l inr i t ' 'Not€ " 'bha" t ' , there is  a

.  |  - - l ^ ^ L  r "

choos i r r lT "  i : 1e  - / lO ' " .  A  f l a tu r , i . ' q i l es t i on  a r1ses :  wha t  Q^ -a lgeb ras

f t t tAr )  ) '  *un  one ge t  (up  to  * - i somorph ism)  in  th is  way ?  an-d ' t [e* * - -

.9,1'

l nil:l r

' r ' . .1 ' : '

' i -

:'r l

paper .

*-homomorPhism

( / l  k )  )

l a rge

the corres-

f reedom in

answer tnl*  give j -s contained in the fol lowj-ng:



Theorem

E;6.i i 'C**,al  
--  , ,  . r fr  (  Lf lor I  is,1x-isqmorphic to the (s1: 'at.ra1 ), , , , . , , '

c*-*.enso:: ,product ft, t ' (no) ) 6i-dil.gk) ) '

Sectiani iZ cons.iders *-homomorphisms ,cbinpatible withnl;,$";9o- :: ;s." ' ,

ver j -ng mhp;  the i r l  lbca l  s t ructure.  is  g ivgn and,  und 'er  some addi -

t ior ra l  assump€' ibhs, ;  a lso the i r  g lobal  f ,brm is  establ ishe<lv , " I , ! '  is  ' t , " -

shown  tha t  t he re  i s  a .  canon i l i l 'map ,  wh ich  i s  
"  f ; i j ec t i on ' ; , ' be t -

'norphisms compali}r le *,.n a f ixec. co- .weei? :t'Tiffsset of 'ari *-homomorphj-sms' coml

ver ingr 'Ra$,a. ,a  t l ie '  set  o f  a l l  homomorphisms between cer ta in  cont i -

: ir:r '  . Seetion 3'contaj-ris" tne- proof, of. the,"'above men'sionad'*,lheorem'

"rfie'imrin step in the procf is a. rerr6na,,wh{cE asserts th'at if,,,',;,,,,,.irr'i':;i;.:jt

6 ,f ,V n2) e % -*-.r, E'<'vzli61ll6;' are is.emetr:ic *-hon^Tlfrhi"mu'
f  

' J . .  
. )  D  . . t  2t ' "o*put ib ie 

wi th t i re 
'cover ing map r i  )  (2t ,7-- 'Z)  Q"i , - , , i )€ r-  . . . : . .

(p ,q€  N)  - then 
{ ' t - r=uY( '  

) 'u *  ' ; fo r  6ome un i ta rv  ' ' '  6 ! t ' f  )  I  Mnpq ; " r ' - ;

tr

rh.ei"praper is, ' divi-ded into lhree sections '

Sect lon I  deals wi th prel imdi 'nar+es " j . . r

:K

nuous f  ie lds of  f in* i te-d ' imggig ' ion"1t9"--ulg.gp'ras '  " ' . ' *u- .

A= @ M'-
i = l  

^ i

6 r  '
J

the sequel, for a f inite-di{rens' j"cnaf

,  each M, .  wi l f  he embedded in  A '  i .n
" i

' ' r : : i : ! ! q i  '

it;i -'i'ti:T

-a lgeb ra  : '

e canoni 'cal waY

mgtr ic .  gPace' '

l 8  tx l  6  a -%(x ,A)
: '

l . ( i d n ,  .  b Y :  . .

'r;iJ,;

: .  i  . .  ' : :

1 1 '

',;" 
i,;

i - g i , -  - t

._x

rh
In

ttofi 'o ''

we sha l l

1  3  j -  . (  n )  .  .Moreove r , ' l f  ) i " i s  a  compac ' t :
:  " '

j  ' -  i . , .

of ten i4entify, in the . gangniica- i l t4{"i

For t e g (n €l A, we define tof "dl+-e+to i



n n
f  ( x ) =  @  f ,  ( x ) €  o  l ' I u  ( = A ) ,  :  x  €  X .

i = 1 .  ̂ i  i = r  ' ' i

5l:

The gro\ rp of  a l l  .un i t , i - r j -esrof  4ny u.n i ta i  C^-a1qe; ; . I ;  "B wi l l

be  d .eno ted  by  U(B) .  r f  B=M,o  
" , ' . t hqn ' .we  

pu t  U (m)  :=U(Mr r , ) '  i :

. : " , , " - . : . t . f :  
: ' - -

a Hpace T w,i lr  be

retrag,t ,  'of an: rAR'-spd'ce , ff  T 1s a coir ipact metri iEble sp'rce and

r  , - l  -  - t -  1  ^

wheneve.i,T is embedde&"as.,3 subspa,ce of 'a,,49"!r izable sf; lce",r1Vr

ins Lance ' t '  1 l : )'  :  ' i : h e , r e ' i s ' a ' ' : : e t r a c t i o n  o f  V  o n t o  T ' ( s e e ,  : t o r

, i ,1r , ,  Th i i t . fo l lowing rbsul - t  wi I I  be necessary in  prov ing Proposi -

t ion 2 .5.: ' ' . l

,i1;:;t

,qtld

l .  t .  T h e o r e m ( t l ]  ,  p ; r 0 0 ) i . 1 i . , . : . ' : .  - ' ' . :

Let T be a compact metrizable space'.; , f . ' i .AF,; i f  ,r4rld 44.1y i f  ,  ,

:  
:  ( '  1 -

T j-s,:homdomorphic,"to a rqg!gi!, 'of .ng.}i ,tbert cube 0'- ia-':TJllA,g$,

7 - ?
+ t r+: : l r  j , ; : i t$ .  f ,  ,y  $" . , "4C ,  D  be  

' un i t a l  
C^ -a lgeb r :as .  T \ ' I o .  * rhq rno l r t c ' ,  .  r  J - , J , .  . ' -  "

saic to be inner equivalgnt. ' i f , ;r-r there is a 
;unit-ar.y 

uc'D .,-.  i l

Let

-3 D are

such that

tr



5 -

'  ' - :  Le t :us '  g l ve  the

morphi.s;r l ' .o:f,  cont. inuous

(prob,ahly vreII-known) of a.:,hot1to?

C x - a l g e b r a s .

(

9 2 .

def i ,nit- ion

r l -e ros  o r

i . ' i i-: i 'ur'.

":i. i

ep
l . l , ; , .  Dgfi l i t igl.  Le,L T ]:e."a: ' : tcipoloq,i lcaj- spa.ce and let l  ,6r= ., : i

= ( (Ei (t) i,rg"i:i Fi.) ( i , , I  ,  2 ) be ' two crg&tinuous '  f  ields of Cx'-a.JcEe-br.n's;p::
l .  r n

t io l l . 'Thenf  = ' (# ' t ) . . ,  id  sa id  to i  be  a i  homo{norp f r i sm f rom Hr  te

A  r r  - ^  { a'  ' , -  ,  8,, i f f  :  to.e.jery Jft is a *-homomorphism..of Cx-algebras ,fLmorn

Er(t)  to r ,2rc) ' '  z t  #." . tuKu" f  , . into f  ,  , i ' i ' t  we.consider f i te lds

^1

o f  u i r i t a l  Cx -a lgeb ras ,  each  X  * "  i s  t aken ' .un i ta l ) .

tr
Let XrY be ' two compacu,,metrici lspaces' i '  le'L A;'B' 'be two' f i 'nite-

l ,  ' : l  i : ;

(p € $t!,. We dbnote; by

at  y ,  y€Y. '  t 'or  every

no ta t i on :

E t

r r

and V,

.,'We

(dn

iE

f id  lds,  rs f  C^-a lgebras

t  r  1 \ i ' f* i

on Y. b'f  f  ibre' B.

ti]

*
d i rnen,s iona l  C^-a lEehras  and. , ,  Ie t  f  r rX ;++Y be a  p- fo lo  cov3r ing  n lap  . :

{  x,  ( : '  )  , r<z(y )- ;  .  : t ' . ; , ,  x ,  : {Y) }  the f  i -hre of  
Y 

,

f '€'V''$,1 l$rjit,arl.iii,.,.ever:'y' y € Y, ,introduc.g;rbhe

now .:de,f ine two continuous

,  \ \  t - l  \(y)  ) , , " . r '  ,  |  
' . ,  

)  g iven bY
Y  \ 4

v
( y ) = @ A  ,  y € Y

I

f=iYt yp--4 e r (x) lr €'g(xi ',"s 4'.  f  6 )=v

,  t he  cons tan t  f i e l d

2 . 2 .  D e f i n i t i o n
7  A  - . / )

. A x_hoftor,-:r..r.r. ' i  
"^ 

p , S {x) €} A+\i(y) E B
I



1 S sald to  } :e

F ,n;"y w ro) =s I re

or cornrratib.r e with ' f  ,  i f  f  t
----_T--

q'O,,€ ' tv)  "  
'  

'

.  Le t ' iTtne Lhe seL of  aIL V:€gmpat ib lg ,*-hcr. iomorphisns.  f rom

g(x) @ A to €tv l  S B anci  let  36 ne the set of  a l l  homomorphi ,sms

f rom ? , ' '16 V ,. *" consider the rngp g 
: I/e "+Jt ,J,Lven by,: ,

^ - !  
L a

r (x) ii:,,!

R
' 4

where fu lt,

€ B i s

n i t i o n

m u l a :

r  (x)  I  { t r l  tv l  i i

!  ; , ,

i .r,

t ' <  € t x l  @  A ,  '  y  e Y

( t h e  f a c t  t h a t
l '  ' : '  r

o f  t h e . m a p
_L_

. i .

i  ; ,

, ^/r-.6(Y) ffirij,,,

: comDat ib le ,

F rfr=R= (Rr) r e y

'u/

f  (x) =v

y  E Y ,  f  Q , € t x l . . & , & ,

2 . 3 .  P r o p o s i t i o n

- f  Ls  a  b i jec t ion  ,  l i t  - ie : , . : r i '  ,  ,  t ,  . . : . : . ,  i '

t p"gbf , Fror .any f € 4,Cxl Q. A, thelmap;;i$py t+-) *o (.r,,,,,f:-,
-  

Y \ x ) = y

cont' inuous. (becaur.se frcse v{y) g B) and there-fore the defi.-
r b 6

o f  " f  i s  e o n s i s t e n t  .  ' i  , .

hand , fai a grv9nr; R =(, R.) t e, ! 
U J' the 'fiq5- .'

frct (y) = R ,, ft.T=o5 
(x) ) ,,'

def ines  
' ; i i x ' -homomorph is* . / ,  

f t x l  p  / {  - }€ fv )  e  e

' t t -  -  i a . t 'r't Ia
[ i . .  taKes t  . , . .  in to  Y fv)  6}  F impt ies the cont inu i ty

.  . r' :  r
. d r c l  ,  f o r  a n y  t < € t x l  8 A ) :

I
'  ' '  e' ' :t i : ' is 

/ 
-compatible becaus'e for every g €

e v e r y  y € Y  o n e  g e l s i



t  i  i v , l i , .
t  - . . ,  ,  , , ,  i .f e*f

.  ( Q  N ,  U  ( B )  )  s u c h  t h a t :

we have , f € ??r and F rlr =Y'. ,  r,
IT' '  S fn,6b" the in j . .1lrr i t)z of f  i .s 

, 
obvious '

3:.r
' i

2  .4  ,  P {opos i t i on  ,  ,  , ' ' . ' , .  ,

,  " : :  . 1  ,  , :

. ,  . l '

the proof 1sr' ,gpmPIefl.e+

7' :  L . d t  p ,  V $ )  E A , ' - ) € f v l  E B b e a  / * c o n f : r a t i b l e * . - h o t n o ' "J

mor:phism, whe:rd f  .X-)  y j -s a p-folc l . 'cover inE Inap. (p( N)". , l11. , :  . " i * r

T h e n ,  f o r  e a c h  y ' €  Y  l i r e r e  e x i s t :  \ / - €  V { y - ' )  ,  U i  €  t 4 1 t " i )

i ( r , , , h 6 f e  { * i  , . . . . , " ;  } .  i s  r i r e  f i b r e  
" t  f  

a ' c  y ' )  s u c h  t h a t  u i n  U j = Q .

i f 1 . ( : . i ; : ' - i l * u , i f J , h o m e o m o r p h i s m s z , z Y U , w i t h t h e p r o p e r t y

- ,, \f. . A ,-r R anrl
thar f  "  

zr=id* ( , ) -$ i . {p)  r  .Frhomor 'urnfr is lS Y t , . ' ] .of  pto '1!r ' l ' l+ 'B 
and

,:'

( f  )  ( y ;  = s  ( y )  (

fo'r al l  f .  e V$) @ A and arl l  y 'g Vn

Proof

j :  €  g ( x )  @ A  a n c  a n y  Y € Y t  . : . . .

r : r  
r t  ts  enough to consj -de. r  the"qase ' ,when A=,@,\ .  '  B=Ml.  '

} = - L  l -

.  , ' :  ,Fo r  eve r l r ' , y  eY ,  
' tE (x )  6 l  A t  t ?+ I5  ( f  )  ( y )  e  Mt (=B)  i , : f u ,  a  

.

un j - ta ] ,  f in i te-d imensj -onal  * - represent .a i lo , i i . l '  so that  i t  " i .s  a

d i rect  sum of  i r reducib ls*^*- repre-sentat ions.  Therefore f ,or  any

I
L

( 1 )



, U s i i r g ( I ) ; i n d t h e h y p o t h e s i s ' , l . i t 1 s e a s y t C . , i e d u c e ' t h a t

" l Q )  
, . . .  ; r & , ,  

f i )  
b e l o n g  ' ; o  t h e  f i b r e '  

" f .  
' , Y  a t  i z ,  f o r  a r l -  y f  Y .

- l . i , , I i ' o r : e a c h y ' { Y . , r e t q ( y ) , r , . ( y ) i . 4 r , ( v ) ( . . . <

r : e  { ' r ,  ( v ) , . . . , t q (y1  t v ' l }  c  { k r , ' . ' , . : . , , o r ,1 )  bq  the  pcs i ! - i ' ve  u$n tege" * ,1 ' ' , , ,

A n d  t b t ' x J r ) , . . . , * ( c t ( v ) )  b e  a l u  s ' u b s e t s  o f  t i r e  f i b r e ' c i " , . f ; a t .  y ,  i .

determine, l  by t t re  condi t ion that :  .  r  :

i i : ' i l  
'q ( y )  ] .  t 4 , ,  q ( y )

CI (6(x,)- ' )  g l ' t -  r*,r  )  ? @,
i = l  }  i , l '  i = I :

i;,i- ' r'

r
def ines .an isometr ic ,  un i ta l  * -homomorphism-/ - . -

W e  d e n o t e : "  q : = q ( y ? ) ,  t i = t - i  ( y f , ) . , ,  
" j  

( y )  t = [ x ( j ' ) [

y  € Y "  . & C " j , . ( q ( y ) .  { ' } l e r e ,  f o r  a  f i n i t e  s e t ' F ( r - X ) ,  I  e  I

d ina l  number )  .  r , ' . :

?he pr;-rcf wil1, -be given irr several slteps'.

. " f i t ep  1 .  We sha l1  p rove  tha t t ,

! ! r l ! ' . ' i

:: ,;-fq:,r,i,'Idldqri ' ,. -l:r

is  i ts  car-  ' '  t r { ;

:! ,r j1.l . ..i

-  i  i ,
; , 1 - : a - :  i  ' f i -

(x) '1the map q (. ) :Y -*:r N is

I f  th is  j -s  n , :L  t rue,  , then.  (

. A '  . . ;(3  )  pos i t i ve  i -n lege rs  q ' t ' e ,

c  { , k 1 ,  . .  . , o ' b }  s u c h  t h a t  q  ( y J

cons ide r  two  cases :

, ,  c a s g r ( a ) _ : ' (  3 )  r € f r i ,

; f - f -  e i= r ' i f ( * ,  O  I r  <  V (

Lhe fagc thal f  o '  
;s isomet

t t . i  q
t : " i i -F (r)  ( .6," ' f  |  " , : i. .  . t  l l ,  V a - '  L = I  * i ,  , r a

l t  , f  .  q  , 0 , - l t=l l  p) ,  ,  r  cE . -  lx i ; ' i l l=l i J  y '  i = l  r t l  a  
-  l l

n.eighb o rhood of 
- 

Y'

in  Y,  l in  Y; (n 
)  =y ' '  '  

,  ^
t L

,ri, (where t"ri i . ,i,.";i,!,fr
) ) = r i  ( r € N ,  r ( i { q , ) .

- f \, . . . . . t - q i .  . : . , 1  .

X) ,  e ,A ) . r .  t hen ; r : s "1 t  t

o b t a i n :

"'i t .J:l' ll =r= '

constant on a

- , .  ( 1 ) .
5 )  ( y t . J t e N

r ' r 1  . r , 2  ( . . .  t
I \  :  f I- l \ : ^ l  v  t f * , \ '/ - Y  ,  - i \ J t

' :  " , , r { ' r , } \  t t ' l

x ) .& ,Mr  
l c  

g ' (

r i c  ( y  €  Y ) ,  w e

r i l r i l l  g '

1 r ) l l  = i i m  l l  , @
l l  : ; L  f l i = 1

:

0

rri (v) I 4i,,4 ftn rvti''*',

r  € { lx t  t& A



a  con t rad i c t l on .

f f  e '

0=l ' im
t

I f  t h i s

( 3 ) trrcsit ive

for any J $i- iq

r ' € t r t r .Cas.e  (b ) ,  :  l3  I .  . . , r q ] l  f r i , ,  .  .  . , t ; '  ] . , t ' : i  '
l :

@  1 r ' € Vtx l  &,M, ,  (c 4( I ) ,  I  A)  r"sr 'e FeYe:

) ' (

" l l i ;

l[4"'
= ]

I  t -< j *q ] -={ t r1rsr )
' , -

then  V)

' : '

.: ' ! I

: = I
tf txl

l l  ? '
l l , 1

l l F  
"  

t t
- t .

q
( @

i  - t
I _ I.,P; .;il "Jil'r,ll' '

=ll ,$,"t, I "J*'11

" i ,  I  " ( i )  I

, r '

a  c o n t r a d i c t i o n  g .  ' t ' , ' , : : 1 : - , : ,  , ' l

The  p roo f  o f  s tep  1  i s  comp le te .  I  / ) ' ' 1  - ' -  "  i i - r  ' ' r . f t T r ( -1 -1  ; . r 1  , : , .

l e t .  ? a ' l / t V ' )  b e  a  n e i g h b , o g h o o d  g i v e n  b y  ( x ) '  : -  '  - :  r r  '

" '  w e  d e n o t e  
" . ! * ) =  

t " '  . r  ( y ' ) r A :  - .  , z i  . =  t l l )  ,  l ' ( i " ( q '  w e  c h o o s c  1 r '
Y  L l

Ui , * ,e  f t l l  , * ( y ' ) l i ,  
rS i$q ,  l * ( ' s . .& t  , 'Vo i6 ' i l f , ( y ' )  su ' c ih  i ! . ha t  eve r i / y 'S ' "? , : ;

*up , i '  f  , , , s , ,  u i . ,  
"  

€  Vo  ,  g i ve r ,  uv  , f  i , =  
( *1  ;=  f  ( x )  ( *  €  u i ,  = )  t : "

a  h o m e o m o r p h i s m  a n d  U i , = n U i , ; ' = , = @ .  f o t  a n 1 1 , . ] . ( i { q ,  l ( s ,  s ' 1 ' "  s ,  ' ' r ) : ' ,

sls' '  , i i t is possible sirrce / i" u p-f"ldpP.Vft{1n9 Fan\- -i-Qsin'g

"*u1'18' f , 'neighborhoods, 
i f  necessa{Y-,  wei  may suppose that Vo

g!5l!_]" We Prove that:

0'n, a neiQhborhoodt  t t i  ( y )  , s i  ( v )  )

o f  y  "  ( s r n a l ' I e r

l  r j : * q  ]

i s  no t  t rue ,  t hen
-

in teqe rs  r ;  (  r .  { .  "I  Z - '

a n , 1  a n y  t € W :

/ t \' *  t v j ' ' l i € t k r , .

I  t - .J sel  I  {cr,  ,  s,  I

/ 1 \
,  - r ,  ,  \ t l )  \  J _ -( ' d )  t Y t ' ) t e w . r - n

i F P

)  r  c '  c
. . (  r ^  ,  P l t e ) t . . .

U L L

I  i m  r  , ( 2 )  - u '
t  

- r

' ftSg.h that

1 t

t " q

{:f.i ,?i ) l x : s q \ .
( 1 )



Usirrg the fact. that

v ( i )
t r \ l )
J L

I U

{
J 7 *

t l _
l r - - *' ll(2)  :  im l l  & '

.  t  l l  i = t
l- tdr

Y

I

i s  i s o i : t r i c  V € Y ) ,  w b  o b t a j , n " i ; .

f  €  € tx l , . rg l  A .  
'

- ,  I '

r ) ,,,,,r?rJi )

ii ,.d,", 1

r i r l

f f  w e  d e n o t e :

a\3:

;

, l i  \  r  / . i  \
, X t l l u = . [  V , r . ]

\ 2 . )  -  t '\ rr . t

we ftiay suFrpose that * .

- . - . t u '
rSs-(P_i:,

Let  us observe that

v  G )  G )  I  ? / ( '

- e
i f  l d : [ 5q . ^ . i ' i l { s  i  s ' _ (s i

1 !1  t - ( so ,  ; ,= ; . . { ^  ,  ;
r)

.i.g
Y"  

(  ty ' \  l l .  s ince f ' t t  a  covg, r i -ngtmap' ,  ( i l )  -ug,e 
'0r t *0) . ,  

r  . i *

t 3 i  V - - ,  e  U W ' )  s u c h  t h a t  t h e  m a n  A  : n  
o

. y ,  s  -  \ r  : I re  lud lJ  
T  or " " ; *  

Vy ,  g i r  rn=r iay  
, . .  

, :  
:

fo6) := /tx) i. T 
€ ,t"o

s u c h  t h a t  . U  ,  
o  ( s o )  ,

f  "wl t ;e} , {=o 
)  )= fo(

, { t " '  , "o ,=  r rJ to ' ' ,= ; , ,  fo r  t  ) r ro ,  
:  

u ,conr ra ,c lc t ion) .

Then  ,  (2 ' i  can  be  wr i t t en :

' . .' :
f -

/ r  \  1  .
, r , ( a /  r ?  I  !
t J  \ D . l i  J  tr  

' r  
t J i Jq

r i m  t r J t ' , * 1 , =  e r ( i )  1 = ;  r f  - t  
f { v , } ) , : , i , ( i d s ,

. 1 .

\ D  I  ; .

,  s l s '  ( Le t  us r  suppos€  ' r - r :  t t  (  e  )  I - ( i odg  . . , , : ; *

o l " 6  s u c h  t h a r  X o ! =  # ' ' '  ( = o ) =  J ' " ' , 1 ; , .  t "

,  i s  a  h o m e o r , r o r p h j - s m .  T h e n  ( 3 )  t , = t o ( u ) . o ) ( . l d
( :  )  '

Ut 
*,tq'.-r**r,r^a 

,,  i  r  .r- tr.. " t . .  . - o ,  -  U*  i f  ' t  T t . t o  ,  ;  bec  i use  , l
t ,  O
t t -  ,  . ^ .

n ;  r s f l l C v f ' ) l  r o r  t ) z r o ;  i t  r o  l o w s  t h a r



1 I

i i
( 3 )  m a x  l l  f s

r S i s q r l  - i x(i) l l  = mAX l l  t -  l ' * , ! i ) l !  ,  r  e frxl  er h
I t  t (  i {c l  i l .  ; f ,  ,1 . , ! , , -J  , l l  . ; .4  .

r i  .  , . . - . . .+: '*- . , i : ; . ' . .  ,* :1i '  Us, i jng ( I) , 'one can f ind a . t rrap' ' f  ' ,€ €.,$) @ A which c.ontr 'acl*.c1--s, , ' : : . ' , r

f o r ' a rb i r ra ry  u i , "  eV l i , r ( y t ) ) ,  13 i3a r  r ( s {s ,  , '  1$ ) , v ; !6 .T ty ' ) ,  . :  -  :

v. 'c V such that,  x,! i )nui . lQ i f  y € v'  and r l i t , {  , . ; . . }$s-{sg 14'. '
Y  r r b

' : j ! .  . : .  I  I

=I-  , .€  M.  '_  tc  A) , r  suPF f  lCW, f  i  
(x)** t r ,  ' {G.A)  '  , ,Theq' '  wel i ' t laye i

t i r  . i ,  i _ . , ,  i i , .

7
and s ince  Q - - '  i s  i somet r ig : ' - ' ' '  " ' '

J y

a contradic t . ion.  
'

Tl- r  c {-he nr,r ,of  of  Step 3 is comple' teJ  |  ' -  ; )  t  u r r v  j . J ! v \  - - - - - t -  -  -  -

f i l  . '  
' :  

' e

" '  . .  ,We,,nra1r. , ,suppose that x. f*{pn,ug'aal@ i f  y€ V and 13i3q, }-(sJst '  ' :
y  _  j . r . '  

; .

, i l f  i , r e  d .eno te  fo r  ' I $ iCq ,  ' t ' { s ( s r r  Yd  V :  :  l

Step-j.  We prove that: :-. :-. ;-.- , : , , , , . .  . : ,

"  
( i l 1  )  t o  : - , ,

' Y  * t '  
|  :

t



-l: I

{ ' r ,  *  ( v ) } / i ' l
- r l  \ r / n  T T- A r ,  

i l  r i  
_ =

I  - t "

we have :

any

. . ; ; i  l l

i i . i , l

rv

I t  i s  p la in  tha t  z ,  o :V - -7U .  ^  i s , ' a  homeon to rp l . r sm and  t '  o r t i . . .E i . t : - : ' .
a r S  '  J . r S  /  

r . , ' $  :

=1d.* i t  t .< i f t ,  t .4s(s,
V

- r

! i ;s : r  us ing (1)  ar rdr  the prev ious remarks, one gets  for

f  € ,  V? (X)EA and  any  y€  V :  :  " , , : r ' i ) , 1 : ,

f g = i

"  
. f  

'  "  L  -  
i = l  S = I  

t i  r r b  -  
b ' i  r g  

\ Y r '  ' 7  - r " : :

:h4here u2, ' ( l r ){ :€ Ti ,( l - ) . r  pi ,"  (y)€ t l  fc- :r ; ' ; I3 i{qr '  f {s(st  ; - ,qir1fJ,1. i ; : l ;

; : .Etep 4.  we shal1 prove thaq. i : - . . i :

q reighbonhoodrcr,{:  a l l  . , t .he maps p. ,  ^  ( .  )  are constant' a r S

y '  (smal le r  t r ren  Vt  .  i , ,

'  : "  I f  th is  is  not  * t rue, ,  then (  A )

I  A \  . A '

( A )  ( o i = ' ) a e s  i : r  v ,  ( 3 )  P i , " € N - s u c ' , f r  t

( 4 )'  l i m  y ;  "  = Y '  ,  l i m  P . ,  ( t .  )  = P l
.  u  

J  t  t a r S ' t , t '  t a t S

+ - r

L<  s j s : - '  r  1 :
-L

.  ,  , : . i ; r  ; i r  I  . - l f  i : '+

1-< i-<q;

h a t r  -

( r ( i ( q ,  l J s J s t )

i ,eg..n:g qfCxl €) A be such thaLi hr- (r i ,E (y')  )  =tr i  
"r I .  

(c '  A),



1 3

'  
h  (x)  =0 fo i

r G
I

7' l  im  ' r r .  ( 64  (h )
. 4 1
L.

h a v e : ,  '  i ' r ; :

:. .!?.$l* &

a ,contradic t ion "

The proof of Step 4 is. co,r.Ep-Iefigi" - - ' : :": ' :

Le t  . us  deno te 'F r ,= " ,=P i r "  (Y ' " ' ) ' ( , €  N ) . , - - , l . $ ' . i dQ ,

-  t r

may suppose that for a4y -"f ,#''$)tXl @ A and any

i"

ii.

::t,.
t^r rJ

r,6, tf,flfl; e,tf)
. s.,

' w a  r l e n o t e  G : = u ( 1 ) ,  s : =  i 6  (  @  ( r -  6  u ( P .  . = ) ) )  '  G / ? : . f ; i ,  i
' '  r r v  

i - l  s = r  
t i  L  t o

= t  gSl  g € c]  and r t  zG*4G/S, birc i te ' 'dhonicdl  map'  Then '  G/S wi l l

be embedded into the set iof  a l I  uni ta l ,  isometr ic '  'e-homomo5Phisms
S ,

q I ' !

f  rom O (  @m* )  to  .u ' t  ,  by the formula:  :
i : l  r  t i

#,:,ri,',t1, ytv$r,, . i l  X

il/4tf '



' r A

where g € 6 ;and' a., 
" 

€ S.. " ' '  r-{i$q' ' . lq(s'( ' t '  '
r r D .  t i -

, r \6 ; 'prev ious resul ts  show :&ba$'  I {e ' 'can

A  ' - t  t  r  1 -  ^  . : ^ v . m r r l  r  r

map LJ  :V ' -€  G /s ,  by  the  fo rmu la :

define a consLmuou'g

i , . .

t.
I
j

,  t i l1

i!;,ff)ltW,

11

oiyt{$,,#, f, (i,;tfii) -fflf,,

S t e p  5 ._ - . We Prove that :

thejre is a neighborhood v,  € , r {y" : t  '  Vlq ' : / - '  and there is

* -' i:,E ̂  slr&gh 1--h.a!. lire diagram: ", i,,
a cont inuous map u:vt ' - '? \ : : l  5 lF{v+i \ -rr :+e e'---

G
F i .  +

. \ l . a

^a- -, l otq
' r r /

v l

commutes.
t l r : . r i l . ' t . :

:  Lie grouP and,' i  Sl is 
'a 

closed su'bgpoup ! ' !

.  '  .  nej_ghborhood tt p! 
'@, (y') r,rr,r i . ;

i t  is  not  d i f f icu l t  Lo se 'Q t tL 'a t  ( i5 ' )  a

in  G/S,  and a ccnt inuous map t  
:U- i  G such t l ra t  iV" f ' '  =1dU

Ler \ r rcT u.  a  neighborhood o- f  Y; : i ' in  
y  s l r :ch that  O (V ' )  . '  ' ' rg

,  . : \  inuous). we defJne. t :vr"-":)  G',by at=t " €lV ' l
( ( ?  i s c o n ' t  

r  A-
,r ' r t  is plain that I  i "  "cont inuous and .  

' / /  
o ' (L e A 

lV

Thus,  the  proo f  o f  S tep  5 .  i s  comple te '  -  ' '  J ' i : ! r '1 ' r ;

:
The proo f  i ' r f  the  pr 'opos i t i cn  fo l lows f rom: '

o,v,i)(#,,,, $,,, f,
w h e r e  y 6 v ,  a n d  r  g u ( W  @ A '



1 5

2 . 5 .  P r o p j : s i t i o n

Let i j i . . \0 ' :X -+Y be a p-f .o).cq,gs.\ze5r ' ing map (p€ b{) ,  whe: ie X
I  

- - -  a  -
I

is a compact metrj ,c space anc1. assu$e Y. is an,.AR::.gp6,ee. Thenn

there exie,ts a pa,rt i t ion (IJi ') ' ' l=I"qf. x into clopen sets dnrl

t he re  ex i s t  home.omorph isms  
" .  

, ' g1 , *4 - ;4 .u .  sa t i s f y i . ng  : ; f  . o ' z ;= id "l _ ' - L l

(  1(  i . r ip)  such th ,at :
7

Lf -l9 : W , f x l .@ A '  ; a { r y )  e ; ;

b '

i -s b, : t lP -compa"tibl.e. 4-homo-: ' l

r':{,}

r: ii;

morphisr t i , ' lL,hen, thgre are u e4$, tJ(e))  ,a:nd x-homomorphisms

f  , "  "  '  f r :a-+a such that

{  rc t  (y )=u(y)  (A / r ,

f o r  a l l  f .  e , . 4$ )  € t  A  and  a l l  Y€  Y -

' t d r

f , ( z : ( v t ) ) ) u ( y ) ^' ; L -

,' ..f;. !

3rry
n'

I.t Will be enough .to,,.con.s.i,cler. the gzu-e]${heni' A= @- Mo 
.-Li r.

i  =1 " i '

B=M.
l_

T h e . t r r o o f w i . 1 1 b e g ] v e n i n t w o ^ s t e p s ; , i ' . l . . L ' . . '
. .1  .

Q  l - a n  I
G

Wei,;$fiove the proposit ion"'r}t lCe'f ' ,  the addit ional assumption

e)
t h a t  Y = Q *  ( = t h e  H i l b e r t  c u b e ) .  

'

. . t  -  '  r ^  ^ ^ J - ^ I  o i  m n ]  r :

:  S ince  y  (=Q-  )  i "  a  connec ied ,  1oca1Ly  pa th -connec ted '  s imp ly  I

connecteo, topolo$,ical 
'space , therei is a ho-meomoi:phism' 11 ; X-4rYi x

r 1

x  f  r  , 2 , .  , .  , p 5  s u c h  t h a t  t h r , e  d i a g r a m  i

4 -J.4 X* { ie,...,f\
el -1' J ,  

/ Y
Y



c o f i r n i  l t e s ,  w h e r e  {  I , 2 , . . , , p ]  l s  a  d i s c r e t e  t o p o l o g i c a l -  s p a c e

ancl /  denote:s the canonical pro:ieott 'rrrrr* ' i ( lsee '  for instai le'gf i '7: ' I) :" 'r ' ' '

- ' ' ,  i  F o r , e a c l i ;  , l g i g p  w e  d e f i n e :  U r r = u - l  ( v  x  1 i 1 ) ,  t h e ' h o m e o : r : , r  
"  

i

r n o r f , , i s *  l r r : Y . " + Y  *  i . 3  g i v e n  b y  h i ( V ) = ( Y , i ) ,  y  € Y  a r r , i  , : - {  n - +  u i ;  r

- ' l
z . r " = l  

- t r  
h ,

a . L i " ' , -

i  Let  us consider two neightrorhoods u=. i i€ VtV;,  v=7€7Xr;"r . , ) . . ' , , ' -

1 6

'  . ) . ' .  I

, " ' ,4  1 : l ' t_ : ; l l

giver .  r '6y, 'P i :oposi t ion 2 "  4 , ,  where Y 1" ,Y 2 € Y ' .  I t  is

to  s , )e  tha t  t he re  a re  pos . i t i ve  i n tege rs  q ,  . r t { ,

r  ( i ^  y  ] c t r l  , . . . , k n ] ) ,  s r , . . . . , s q ,  p i , "

; J ; :  ; ; = r l r , ,  whe re  " . " i ' t i , s r  n  t ,  , ' ; , . . . ,P3
f o r  r 1 1  i , ,  w h e n e v e r  s f s ' ,  s u c h  t h a t ,  i f  U  a r r d '

not ,d i . f  f  i ,c . tar l t  . . .  ; ; '

t . r L  1  r ^  . ; . -  : - ,
a Y

,  E i r s l

(4.) ,  ,
' I  d*r,
\ J  

i
q

I  
r o r r

.  s .q r- '
( y ) = u , ; ( y )  (  6  (  @  ( r

"  i = l  s = 1 '

€ , € r x :  6 l - A ,  y € u ,

o*,(? [ i  ,  s l  tv ]  t  e

where ru € 4;,N ,

and :

. ' * i  6 1
\e l

t

(No t

' 
,{lri-(y) =ru (y, ,r$r,,'g, ,;r, k i, ,E 

(x} t:,'8 rF - :,dl,Jil*u 
(v,},1,

f o r  f  < g ( x )  € t i 1 , , ' y Q \ 1 ,  w h e r e f  u u e 6  ( v , l y ' ( B ) ) .

o ,

t h a t  Y = O *  i s  a  c o n n e c t e d  s p a c e ) .

Using ( i )  a t rd  (2)  ,  .on.e gc*Y"s:  : r .

where  ' ^ feq  (unv ' ,

vnv  =  ( (uy r )1unv ) ,w

9. r';
gc y,,c!,* u,f^ i l )  .  : ftt;; !

T  ^ . t -

(uu)1

suppose  tha t :

U ' n V  i s ' a  r e t r a c t  o f  V "

th is  assumpt ion,  l i t  Sol lows
/1'

( @
6e/

" . '  I  r r

that  there ex is ' ts

s u c h  t h a t :

' 'U 's*ng 
.

I

i  e 4 (v, , " '6
,(:l

44d $il;".s&f;,.I i, s,lJ*,..

V are srTr4l : ; ] i l ;Enough' i7r

I  ) ) ) u - , ( v ) ^
D .  . .  U' a irs'. i . :

i

U ( B )  )  ' q : i )



L7,

I I  W E

1^/
i fuv

d e f i n e :

I
lH ; *"{( / L 'v "..

€ i uu"{, tl ( il) such that :vle obtair: a maP UO, 
{ 

(

o
dg

f  , . . t '

F|P,W= &xunffJ,,i 9r, yfr (ara;*,l P) e 
fi$slor* yJo

f o r  t  e  € t x l  @  A ,  y €  u u v .

Using proposit ion- 2. 4"l&nrl i ,rrg-h€ f acb that Y=O* is a co,mpact i-
*,

space,  we.  can f ind h 'c los€d eoqep' in 'g  of  vr1" 'dgnoted by J  v '1  l ' " 'u  1 u ) = L

such thut 'On each V.  a formul la . "as,  ih l  the re ' la t , i 'ons,  ( f  )  or , " ( ;? ' t ) , - ,Jr . ; ' . ' , , .
I ("q? r ...* ? " r V t

holds g.pd each V-, is a product of closeci in' , t 'ervqJ-s ,f$.Jj '  ,  ,  r.

, . ' ,  1  i - ,
such .that:r ,  t , !J '  =[o ,* I  for, .  k b., t  .  uC n wh,€re -/ tr  i= #, f  ini te , , '  , '-  - l<  

L . ,  rk  J  - - . -  t ' !> : ' , t f . ' - ,  ' * , f  , r r .  '  " i - ' - r  
i

subset of N. using a r.af,iniment of tu-,lT=ru., if neG,e$p.f.+-{!*f -g91 , ' i ,1,:-,.",
J .  

t  ' l  J - '  t  I  
- "

may arso ,suppose,that ,  E6 * ' t  0 un) i1 ' !  vt+t , ,anv^ ' . ( . t j -or) f l  v t+r : ls  a e1-r , r ;
i = l  J  u ' '  j = l

i
retract of Va*, i  f  or eac-i l , , .  , ld t{ 'm- t l  (m} 2 ) . .  '  :rrr,  ;

(!l

" , ,The::,proof ir i  the case Y=Q,. r lo\^i fol l-ows using ttre pYe- , 'r , '

v i ous  d i scuss ion  fo r  .U - l ' . i , r and  Va* .1  r  r1 . t (m- i .
'  

i = l  ' J

'  
Q l o n  )
v  u v l - '

,  "", f  
' r" '-- lY' be a p-fold covering *1n, *:."t t  {. : f : :r 4i 's; 3 *i

' r  -  ^ d  . : . -  - ^ & r r a { -  ^ 4  r t *
compact merrr-c space and Y f.g go is a retract of g-, ! .ot.

f

6,, 4 $, ) @ A I V(y' ) 6 B ba*,.Ori f 
, - ic'mpatible *-hor1omo$phiqrg".qa,.t:,

r : , . 1
r ie ,sr rar l  prove the proposi t ion,  for  

f  
'  una 

{ )  
: '  ; ' : . ' " ' ; '  

' . '  ; , i , . *

I t  j "s  obv ious that  Y '  is  a  connected,  Iocal ly  path-eo9;nec-

-  - -  J

te . .d ,  ,s impty connected spacet . .  aS in  Step l - '  there ex is tS- ,a-1:P4f t i -

e t -  f
. - t ion (U- , .  ) ' :  o f  x ,  in to c topen sets  and there ex is t '1 'h ,o.41@o-

.  n . 1 : /  i

m o r p h i s m s  e ) ,  Y - r U ) .  s a t i s f y i n s  f  
' o  z l = i d y ,  ( l - 4 i . ( I i J r *

.<fg'(ff.,

: '
. ' '

lt1,

*

a.L *l . '..r

i...

. :

: ' '
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IJs ing Pro i5.os l t ion 2.4,and the fact . i that , ,V ' ' '  is  a  connected qp.ace

i t  i s  no t f ' d i f f i cu l t  t o  see  tha t *& l i l e l : e ' a re jpos i t i ve  i n tege rs

, .  i

^ ,  r t  I  r t  J  .  . J  y - ,  f i - t  
'  \  r .  ' c  

k  t ]  e t  e tg  r r l <  t 2 L . . , .  (  t q ,  \ . t t l . . . . .  r t q , J  6 .  t o l , K Z f  . . , "  ' o r " r t r l ,  s , , I r .  " .  r = q l  |  '

pi , "  ,  ( . { . ;s }  ( r . { i -<3 ' ,  *A*r l {w}reg ' :p ' .  each ( ' { - ,0 :s  )  €  h ,2, . . . , t }  and ; ; ,

d i , " > l < i , s i )  t o .  s # s ' )  s c r c i r  t h a t :  .  :  ' , : 1 ,  :

9V* V'),*&fw#,' (#,t ' - t ' 1 ' ; v t  , ^ - r , , *I f r,, \e?i;a> 
V ,!*

y'",
7,;a

,'j))of ,*

, A A

f o r  f '  € , W ( x ' )  @  f r  ,  y ' €  Y ' ,  w h e r e  u ( y ' )  € u ( r ) .  w e  c e n o t e  r *
J '  s if  - f  

r  |  1

G : = u ( 1 ) ' ,  s : = . @ .  ! , @ ,  ( 1 r l  & u  t i ' * ) ' ) r , ,  G / s : = t y s l  s E c l  . , L e g  r , .
A = I  S = I  I

Fl, r:G'-.+ G/S be the rca'noq**cgl rnaplGlS wi11.'be,::emb,pdded,' in t-.he
g '  s j

set of al l  unital,  isometric *-hom omorphd-pru.Sto.m 6 1, '&,; ' i r ,  )
.  ' l -31 

l .  ] -

Mt by the formul- 'a:

G *'P' ,t l"

.  , h Y

iirg) (g-,t q , 4.,r)) *Ytt '  Y, 
u*d 

" 
'  
"

to -i.".

r .  I

,i ;,

t , 1 . " . , r " { '

2' , ,4:'
( f f i  (e

ls /  4o{

where  g  {  G  .and  b .  . €  l " [ - ,  ,  I ( i - { q '  ,  I ( s . ( s i  .  Then ,
J _ 7 >  , i

a corrt j-nuous map :S':Y' --*E:' ,G./S bS rtuhe f,ormula:

f o r  y ' €  Y '  ,  f  '  € :  'W(x ' )  E ,  A .

' .  
. . .  Let  r :9  o- - -4 v '  be a

.  r 3 rt ha t  (d  )  a  con t i nuous  maP

o'gr') ( 6,, {, /cd l,r,r, fit Yt)),,= f ,F) fy

we'.,cetr] .defi.ne

i ,-, 'st '

,ir €?J,],ows

draqra l$ :

usr-ng

such

' :

S t e p  l ,

that  the



t . i r Y

the inclusion of Y1 in,!" . : ; i :11..

f.o 1 lowiyrq commut ati rze d i ag r:41n-,*,' :,.: :
f i

' . .  S : i - h :oe .  u '  i ' s  f con t i n lous ,  S t ' e .B  2  Ls  comp lB te '  ' r ' *  : ' I

Thelproof  o t+ the proposi t ion,now fot lows f r .o ln  T i ieoret rL 1.1 'o*** ' -1

Step I. and. SteP 2,..

* r .  '  1 r , )
\  l d

\ d t
\ r

t t

; , * f \ t'  t  \ ' .  i t.  \  /1a)
, . ,  

; , i

commutedii i , frren , Lf we denc-b'e by i f , ,

Q -  ,  a n d  u r  ' = g ' o , - i . ' r  w e  o b t a i n  t h e

r:,,-g/-f

Jo '
Y,

tt
--.:-----*

fi.
\

, \
l/.' 

\

6

i 
-.lY;t-l

l , .  i

tr



$: .

' . .  f n  t h i s , . sec t i on  we  sha l l  g i vd  the ,p roo f ,  o f

teq i .n  . -he in t roduct ion

g'bsiany f- ik.{p and ar}y ldl"(E:,r(rvhere p and o

in tege rs )  we  d .e f i ne  the  i nap :  -

2 0

the theorem,s ibi?,--r , . r '

i

are pos i t ive " i ' .

€  L 0 , 2 t t J : ,
. r +
I  L . 1  1 w 1

L L

,. +__q-I

i l i . /  - .

t 7
us ing  p ropos i t i on  2 .4 .  anc l - ' t h€ r  f ac t  t ha t  p  i s  i someh" r i c

J

I { h e n  w o r k i n g  w i t h  e l e m e n t s  o f  t h e  f o r m  g '  f  ( z v - t  ( t r - , L . r ) )
i \ r - '  

( k ' i )  
n ' a

ti,,,,t2 € [.0,2fr J , rsk(1tr 1d1.$g) , it i"'i11

that  th ,a:s€ ' t  o f  ind icbs (k ,1)  is  endowed

o f d e r .  .  , "  "

' 7  
, t  )  n  )  ' )

rct  +$ ,  {  {xt  )  E Mn ---6 ' f : ls ' \ ' '  @ *r , I rg '  b" an isomet.r ic:  ;  , . ' '
,.j/  

t L- )
ftr*-*toiTLomorpfr, ism compatib]-e with the.lcovering map *:. 3 (zr,zr)[-**{t, :rt ;

i - ?  t z p , z q r ) € ,  T 2 ,  w h e r e  p , e  €  N "  r r , * r , ,  t h e r e . e x i s t s  u  
{  

e  :

( €  ( t 0 , 2 r t j 2 ,  u ( n p q ) )  s u c l i  t h a t ;

f f , {e;/ u lr ) . y u $) ) *.uy ( d, + ) " We i r *,, ('t Y,, 4 tt) zr,r, dl*

for r  e € tr2l  6l  Mn

Proo f

( w h e r e '  t , q ' V  $ 2 )  6  M n  ,

be conven.ient to as.sume

with, '  : the lexicographical

\  3 r 1 .  L e m m a

one  can  eas i l y  ge t :



t f
I
I

1
i . tu ' i t-. ' , j l

f ! kv", t 
(t 

L,Lz) )'),.aq,({*{,tr)s

vrhere u (tt , ty') ,iS -;';i9:? ."(c) tbr-l r'€ Vgz ) s l,trr 
. 
uru L i.,Lz€'rf 0 , 2T J'2 ,

€  u  (npq )  f o r  a l - ' l  t t , t 2  .  l

, Irbt 'rO"be the canonr.eal map,:fr.om

t p q
, = t g S  l g € G !  , . w h e r e  S : =  @  . q , .  I - ' .  W e '

1 "

aI1 isometric, unit 'ei l  *-t lonomorpll isms

t h e  p r o o f  o f  P r o p o s i t i o n  2 . 4 .

Using  (1 ) ,  we can de f ine  4  cont inuot l$ '  l r ld 'p

by  the  fo rmula :

3 . 2 .  L e m m a

G  s : U  ( n p g )  o n t o  G / $ : =  , : : ' '  - ' , j  i

embed:  ( ; /S  in to  the  q .q t , " rb f  ,  r l i , r ; i+ : :

pq
f  rom @ M. t.Jl 'M - - as in ' , ,

l n n p q
. 1 ' ; .

-ia
: f o , z 1 I J f f ? G / s ,I

' f o r  
f t r , t 2 )  

€ [ 0 , 2 i i t r ' 2 ,  g Q  € t , t q ? ; l - r q M ' i . , , r ' f : ,  i i r t ,
' ' " ;  ' ' t -  S ince  [0 ;2$J , "? "  i "  an  AR-spdce , ,  us i r f g ' , ,P ropos i t i on  2 .5a ,one

gets.a conbinuous map u{  r ,EO,r l f l l '?" -*G,rsuch that  t } re  a ia*g. , . * ,

Q (y',, {.) qi7f #r, 4 i /,. t*tl)' + ff) rcfrii4 ), yud}/ " .

' .  :
commute6,  The proo f .  i s  compie le

' . F t
L r "

-----*-'

fi ,h'.. I e
'4{ \t. I\ fo,.g7J 2

a

f  7  ^  1  . , h  " )'  
rf 6 , Y ,( tt" ) 6 t{. --; i 'Stgz, I Xr.,.)- are isomctrio"t*-ho-

- { L l } " r r Y Y ^

m o m o r p h i s m s  c o m p a t i b l e  w i t h  t h g : ; c r c l y € q i n g  m a p  T '  ! , , ( z l  , z r )  f f i '

p . . ' - - - .4  e\ , r | )  €  12,  where p, {€ Ni 'h in , :n  they are inner  eguiva lent .



2 2

Proo f

B y  I i e m m a  3 . 1 ,  ( H ) " F , o.r ,q
. a  .  1

€ tto ,2iT I  
z 

,  u (npq )) s.rch, that: ;| ' '::|:

F rf l twrr 4 s, ryr $ 4 s t {g,( fr, .r-, 
f r%/' 

( xi, 1 of,' #)} o.f ,, {* lu ) *,

f ,f) c gVu.A 1, uy ftf, il = & y; rt,f, ) (,ffi f,xa, d,, il)) ${{; .$ff

f", / € V{Tr& Mo , /0,/r€ {o,^eFJ.

v , ' : e ' d e . f i n e . . G : = r p , *  u q  , w h e r e -  7 . n = z / p Z  ,  3 q = r / ? ,  
.  L e t  

j
. 1  

' )

tgn1, gec b. the .canonical or-th.g,ito.r*rral bastls ef 1,'*(G) . We consi-
s r

c]lo6:.,btre f,ollowing"isoro.orph,is,rns of r,g,fiotlrps G..' (h1,h2) t*:+ (h;-t,h2'i,d.I

E ^ r ' , ( 1 1  
S z

\  \ : r  \ r  r  \ r r t , h 2 )  b . J f  ( h r , r n r - . r ] ) ,  € ( i G . , ( 1 . e  g p  ' " ( i e s p .  r  e  Z n )  d ' e n o t e s ' , .

. , t- 'he irnage gf I  € g ,by., the ' 'canonicali ' ,map frorn:: Z onto ZO (ieSp. 5v* '  r i i :r

t he , , , canon ica l  map  f rom Z  on to  n ; ) ) . , :We  a l - so  de f i ne  the , .ope l i abo rs  ; ' r

) -
s l , s2  €  B  ( I ' cg  )  )  by  s '  (P r ) '=e : . r . 1 , - , , _ ,  r ' '  . s .  (9 , - )  =€^ -1 , ^ \ ,  I  €  G-'  L '  x '  s t ' t g )  

z  I  t 2  \ 9 /

, ,  . l  W e  c o r r s i c l e r  t h e  b i j e c t i o n  
f  

z . t , t ' , 2 , . . . . t p g )  +  G  o b t a i n e d

, . 1 i - :  '  

. ' r . r " - i l  
' . l  i r :

f r . ' l1  I  2 .  .  q  I  i
l t ll - ^ t
I  q+ I  q+2  2q  I

lIt r
|  :  |  

' , ' . ,  1 '
t t
L ( p - r ) q + l  

( p r l ) q + z . : .  p g  J  . ( " : . r  l l "  , ; r  h

: .

(with entrie5 in n) with the matri 'xi i  =-----*
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( P - r , q - t )

( 2 , q - 1 )

( l , q - 1 )

l A  a - ' t \
\ v  r \ 1  L  t

/ ^ -  1  1  \  , .
\ jJ l A l + r

) ;. .
I

'  / a  1 \
\ L t L )

( 1  1 \
\ r t r , ,

( 0 , 1 )  I

( p - i , 0 )

i 2 , a )

l ' t  n \
\ r r v , ,

( 0 ,  0  )

(wi rh '  ent i ' ie$ in  G=Z^ x Z-)  .  f  ine luces in l ,an obvious way an- .*dg4- ' ,- p q ' u

t l f ica ' t io ,n ' :between the carronica l  or thonormal  bas is  of  Cpq qnd ,  , i i i i l r i ,

t 2  (C )  ,  wh ich  i nduces  an  i c ren t i f i ca t l pn  M; ;eB . ( : -2 . (C )  ) .  We  d .g r ro te , ,  i i r .
P q  t ; t T '

\  - l  r  o - l t
t r .  i = / - ' o  s .  o 7 o  ,  L = l  , 2 ,  a n d  l e t -  t . ' . ' i l g , l c c  b , e  t h e  c a n o n i -  1 ,

2  r  -  
, = )  u . ,  1 f i , l €  G )  ,c a l  s e t - c f  m a t r i N  u n i t s  f o r  B  ( 1 ' ( G )  )  ( i . e "  e Y . l i =  ( .  r € 9 -

U s i n g  t h e  r e l a t i o n s :  r ,  :  :

' : 1

uF (2'F

(!)

V ({*,zFJ T) ,

o/vrocts

fr{lrcf iz o), -} = #,:rr,!(rr*Ft,,: )

(" ". ,' i' {f) ,' , ,y r.tiat) , f t't ('' uF!/ e)il) , ,

/ e g c T \ @  
N u

one  can  ob ta in :

er i

')*.u g (ot,) = ( {*rrreunnJ ,6 S, ),,,Ar&,:r,

// /(." 
2U:af (.,o) = ( /g(ro,:n1,/y,)@ ^p. AF,,

l2
A-f,,, - Prr,c;,' 1o /xfrd

rsg</2 s
/le
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I n  t he  sa i i i e  wav  one  f l an  de - '  
A  Af L n e  / J 1 l : t ,  / J , J , p  .  T h e n . o n e

.  T J '

g e t s :

,Trl)tr,tt a-r " /o)
rtR( @,4rt

rtrf
| 'ug (',
4
L w[*r*

,, /(#sfr.
, ,t< / <fg

,  l A , 4 d l ? . ,'  
/ *

1  be  g i ven  l a te r )

v e d  t h a t  ( 4 )  ,  ( 5 )

Xa fu) ' Yn coS , /-<F r/t

Xs caiF) ' /un,n; b) K;*t (o)

Yo ten " t turd) rc)' Xs",p, {nS

, A i W 2 ) ; e' " \ trb,a)Xl** l  y,t  i  
-  \ ' /

i n  wh ich  one can f ind  such '  m.aps  w i l

Le t  . r : s  $ r lppose a lso  tha i :  
'wb  

have pro

p l y :

f &"6 {r,I ")*r*.f (ot.) * ty (t)I,rfoy(o,.) ,ff;6. fn)
r  t ) l  

" ]  
6

'e'i 
b.'*{r*r 6a o W Cfo,zil, 

'f/u 'l* f ;,fg " ,'

(3)
(,r*.) *- ̂u grl ,refil!{lg i.,o),

/ i

Ra t € ( n,nilJ, T],'t< fryr

. ' r ,Fo r  a  sca la : :  va lued  pa th  S  avo id ing  0  we  deno te  by  A  {g )

: t he  ang le  sweeped  by  g  w i th  respec t  t o  t he  po i -n t  0  ( see  i 4J )

I f  . i i r ;  .ad i1 i - t i .ur r  g  is  c , losed then a (g)  =Zi i 'W (g)  ( r t  
" r "  

W (g)  j -s  the

{ l

vr ind ing number c f  g)  .

ne t  i r s  suppose  tha t  we  have  found  maps  Xk ,Xk  €  € ( [0 ; .2 : , i I J ,T ) , , . , , , . ,

f d k + p q ,  s u c h  t h a t :

( 4 )

( s )

( 6 )

( 7 )

'

( a  way

( 6 )  i m

"5

..:l

.,. ,4" \ .

and



/ 3

$1 ' ,,,
Ir
$ . r
E . , a
t 4 '
t, }'i{^,
i
i:

t

i,

$
i

i.
i
I

l

i

t
I
I

allovl us rto

, ,A of  the

, ' . , ,  
t  ' " * '  ' ' '

define , fbr anjt{-

' -t, 2 )

ser Lo,zl i i - f rc. 'R" t

5 '

j

,,; I :t: r.

i;l 1j

'.".i 1,"

V  ( a ' T ) '  a n d
,  r r  i l s  c r e a r  r h a r  7 , k € , v ,  , , : ]  

:  
" : : r b e c a u s e  

w ( z ; ) = 0  t ' s e e

it follows tha! e-actt-:'Zk has " ::-";tnuous','exteo'F'rbn(7) )  '  
: : - : : : ' ' ,  u r 'o  denoted  uv  z r  '  zk ' [o 'z i r l  

z  ' - - : ' p  r '

u p  t o t o ' 2 ! t J  
_  _ ? . r 2  ) u ( n p { )  b y :

' w e  d e f i n e  u :  f  0 ' 2 i l J

* ,r{,./,) & Zo{/o'/")' /* ) "'ay tfl"{i) ':'/"^
U(tntz)=^ f  ' .  R, /  . :

'  E a t

i f  we Puc t .LJr
, L 3

a . f l v  C '  r  L ' )  \
v ' - r  

L  -

' t

[ 0 , 2 l l . l  i

/ ,oT)Y^,r0,kn) = ts*r#rrefl) X^*rni"') '-'/ '1fr'#'
(B) 6X,t i l(&tt ' /  t  A,(i l

( the Pr:orf
'  

But
:  . .  - . .  . -

:1(kdP9'  a

'as in the

,/r,{* e fo'2frJ'

I  l a te r )  '
w i l l  be  g i ve r

.  , - \  r e r  a n d  ( 8 )
( 4 ) '  ( 5 J '  \ u i

'  ^h +he bound'arY
map  Zk  t . l i !  u r r v

f o l l ow ing  P ic tu re :

We show thab



2 6 .

U  ( e x p  ( i t ,  )  , e X F  i . i * ' L )  )  : = , U  ( L I , l 2 )

r i i en :  ue  U t i f  t ' r z l  d ;  M - . . . ^ , )  p r r t  6  , . )  =u ' f  ( . ) u * .
i i . l rg - i  ,L

Inc1eec1,  Ie t  l . r=  13 ;or /e  uhe f  i r s t  sLa tement  ( the

w i l l  h c  t h e n  o b v i o u s ) .  . F . e . r  a n y  L Z  €  [ 0 , 2 i i J ,  w e  h a v e

: "  1  , i  . , ' . . , i . .  
i .  i i . . . .

! i

, . . ; . i .  i

t

; l

{f ft,fo.}.,, tg:;; y'*k*V g: az6'tu4&l%:, rc, {e,} (K, Z ro,S}:}* ),

" (a;- #//,-t:r )iuy to,.t, j)* =
Fe,
nf:,W ft4d,t.ln *? ( 

9e 
&Y

&frutizfiby(a,4,t) (#,,
ft

' 't''o9, z* fr|&l'l*

{-ril",fi @,$; /*j (u*Lt4ilfuf'r€ "u" 
t; '/

'L&4-Pr-ry) yr"dtfi

., i{r) ,/{,€{fr, ,

t*7 (* //e un,/ysad *o)
F2 a"r-),r*i l, -. ** ,.,,., drrltyr\(/nef, )ff 4ril1,0,# /" & s;7. '1,-'2 

re e$)zf z;ur d),y, eu! 
F'/rv"

KEi k=/ 
'\

6 0,,* (f*)"2^,,*) ro,4.) ,,*;f; {eE 4") .,

which is  . lbv ious.  j :

I n .  a  s i rn i l a r  way ,  one  can  p rove  tha t  f o r  an l t  t t  €

w e  h a v e :

N o w ,  w €  s h a l l  s h o v r  t h a t  i f  x O ( 0 ) ,  x , ( ( 2 i j  ) ,  v O ( 0 ) ,  Y k ( 2 i i  ) € .

q  f  ,  1 (J< . - i pq ,  sa t i s f y  (4 i  ,  ( 5  )  and . , , 16  )  ,  t h .en  they  a l so  sa t j - s f , v  (B )  .

"  
I  Let  us in t rod.uce the notat j .ons l  .  i : , i : . , : i : r - : l r ,  

'  
-  .

X r.r) * #, Xo ro) lu

Yrot = 
#,ypre1 vn

u ( t , , 0 ) = u  ( t , , 2 l l  )-  
I '  t '

---J'e
, irtil-iE, * ruFJ.,/u ,1,g,i.

, ,iy'{i,rl' 
#=rro 

ctF)'/o '1 l

l

1 o , z f i l



2'l

8" ( s

@ S r

6 * ' / n  ) .

& , y ' ,

/s,
@
t'/

i+ ..li J

Then ,  (B )  may  be

,,f dail fenfrfrf  
' ' '  

" . ! ^ 'l ; V i - ,  ,  r l

* .ri

-,, i" tot;;/rr

(s  Af r

' &ilfu*.73

r n r J .

A. g,reil E drd:Y@t n*&n *,(*oot) = I , ,,b* @tr)Wrffi,
' P,,;lf! ffip, {o) Yra)n 2o= cfr iqt)= E E A* I ro) ATz rrff

/'

l
t

* . i

4fi,,

' , * t f  s=Af r f .a .o , ,- ' - . * . n  
!  

- -  - I a f  u _

l r o )  
{
I' ,1- fr Ap,/ (0) Af,tbiA

/
l fe i iave: i : i

= $ C ctrt\'i*ra r), fiI:r rh (f)uocy' {6}!,,;; ..'. -

i:r (9) EBail gcro)Xb)A:A** 6ec:F).8 *rotyiolpnf n - ,,,

On the  o ther  har rd  i t  i s  eas i l v  seen tha t !  ,  r . .  , ^ . - r , .+ . *  ' . - r . ' :  t .  ;

"*-**j ri,,ri

lEi *

4-BrBil ,E.,torr l  Xrol e*nn = C/f ud) ' , i , !  i . ,  ,  r i ' ,
( 1 1 )

= e ,A,"rPDhF;r rzr).5 ATrroshjstd,xb)Axf #

Lt$.2
i !,,r- ,

rz kF]*

' Ap, !:'/ b H Buti apr raril d ag,railflr {o/n a ̂ . 
n.



' Q
- v

doto,f A

Afr)

Af,

fra

,)Yrofr */*x * rxawngt #).xo {,{r{*, A, bt)firic

'= I''A*.
r/ u //) *A 

rt' r 
;i,svJ I 4n, nsh fl ,M{ r#j Ebo'i,-

, Us,ing this f,act and ( 1f J ; weii Obtain 1(9 ) . ,,:rpfitrr, 1,1*,' -r :lll

we c lose the proof  showing h.ow one ,can.  f ind maps Xo,Yg ,  . ; , ; .

f (k(pqr ,  wi th  the proper t ies (4) ,  . ( ,5) ,  (6 : ) , .and ( "7I .  " "  1 .* j '  . . ' r '1 i i ' , i l t r

F i r s t  o f  a l l r  w€  choose  r+ 'omer ' comp lex 'numbers  Xk (0 ) ,  Xk (2T?  . )  r . '  ;

Y k ( o ) ,  Y k ( 2 T i  ) €  T ,  1 4 k - 4 p q ,  s u c h  i h a t  ( 4 )  ,  ( 5 )  a n d  ( 6 ;  a r e  s a t i s *  i

f  j .ed.  We : ,consider  then X{  ,  Vf  e  t  (  [O, ,  ZTt l  , ,T) , : l3k-{pg ,  $uph Lhat  :  . '  i i

x i ( o )=XU(0 ) ,  x i ( z f i  ) =Xk (2 f r  1 ,  Y i ( 0 )=Yo (0 ) , ' i V , f ( z [  ) =Y* , ( ? ,$ , j ] - ; 1 , , . ] - { k {pq ; i "

F3';;s';t' .',

,.i I
f t - r r i { . ' n  i

r(tr i ,.1* : i""

( 1 2 )

I t  1s  eas i l y  seen  tha t :

w h e r e n O € 2 ,  l d k " < p g

( 4:,i ' ti n,,ot Y^|,,a \ s
\ /,r,, iio Xxrrnr' fr' /

\ r
/ r+ t .r;.'"r 

,i..,j

we have:

t - .  e .  :

( r . 3 )
, '

and :

( r 4 )
A . ( d e t  u s  ( . , 0 )

t

A (riet 
"/ la 

) =A (der 
}F l) 

) =o

) + e ( d e t  u o ( 2 T  , . ) ) -
I

-  d . - -  ^  
' )

' ' '  on  the  o ther  hand,  s ince :  de t  u6 ' :  tdeh; 'u*a  €  5 { te ,z i i J . . '1  , . f J . ,  " i .r r

-  
A ( d e t  

" F ( . , 0 ) ) + a ( d e t  " f  
( 2 I [ , . ) ) -

-A (det 
"f

-A  (de t  
" . f  ,  .  , 2 i  )  ) ' - e (de t  " u t  ( 0 , .  )  ) =0



t o

Us ing  (2 )  and  (3 )  ,  oD€  gQts  r , ' ; ' ,

;  ( r 5 )

and '"

( 1 6 )

i. '1"::
i'.:i{ i i

|  !  t . , . , ' t  . t l

F r o m  ( r 3 )  r  ( 1 4 ) ,  ( r 5 )  a n d  ( 1 6 )  w e  o b t a i . n ;

fx. lft
( 1 7 )

"  
' .  . . 1 1 i  i i

Y r  "  '

( r 8 ) *k*Y 
11 tx

"fide"ffittg1tt.

irli i; 11";-g

E,A(6i =T,Arcil ' '
By .  v i r t r re ' , o f  { . 12  )  and  (L7  } ; ,  we

pq

)  n , : 0
k = I

r , { fher ib fore,  i t  is  eas i ly  s€€r l : -  ibhat ' th .ere ex is t -  "x l  r '  '  '  , *pg

. , y ^ * €  Z  s u c h  t h a t :  i ,
.L /Y  

Enac:  ' ' '  
t t  l

-x  
i z  (x ) -Y t<+nk=o '  *  1  (  k i 'Pe

harrg i : ,  . . i .  - ;  r , , . ,  ,  ,  .  {

i , i :r!. j
r i

xr-
N

X k , Y k e t ( [ 0 , 2 i i J , T )  s u c h  t h a t  f o t  a n y  l ( k - ( p q :

t o ,2 i i !  
=x i  

l t o , z . f i }
e,(Xr . )  =A (x i  )+2 l t 'xU

to 
lt o ,2il] 

="il 
I {o ,2n}

g s t n g  t h e s e  r e l a t i o n s ,  ( 1 2 )  a n d  1 f B ) ,  i t . f o l l o w s  t h a t :

A (det uy: (O , . ) ) -A (dcb u ,g' (.Tfr"n) ) =

J3
= A ( a e t  u r z  ( 0 , . )  ) - A ( o e t  * r a  ( 2 T i , . ) ) + n .  L  A { b i . )  r . r . r ,

f  I  r = I



3 0 , l  r : l

r /

A ( W' c  \ f x r& )Xs r *e i l  y ,

6 ̂ , r0,
, a) " "  

'
rt)

The proof  is  complete.

3.3. ggggg5.. Any two isonietric *--hro_momorp!'risms from.i 'r. - . :,1-

Vtr)  6 i  Mn & 6$)-  @ Mnp_ccrnpat ib ler  wi th ' . ;hq.  cover ing map i  

' :

ln€r eguivalerrt .  .The argumeat is l '  i - , ' i ! - . rr  i :

s. i , rni l ,aruw*i th thaf given in the prcof of  Lemrna. 3.L and Lemma 3.2. ' : {

a n d  e a s i e r .

s

Usi i rg th j .s factr , .one c-arr lpnove thdt ieach r t tAOl )  is  *- i "o-

mo::phic to the inductive:rt: Imit. of,. :6n17

; 7
@.

?ff) @ iY- {, ' }, V( n'6Mr,
. " l

( J
rar, l ' r .e:re {or each k, ,O.,- is "an arbitrary i-sorrietr ic *-*1s'omomorpir i .sm -r '  ' ' -

'  j  i \  
n , . , . / n -

c o m P a t j J 1 ] : , e . w i t h . t h e c o v e r i n g m a p T l z H Z _ k + ' , . - k € . r . . . . ' , . : ; :

t t , tf,

the in t roduct ion

For any k,  ," t  
{  J l)  ,  € s,  *  ron* €rn * nnpo+, be

(resp 
f I ' '  , 4 <n.€i rqo * 4 fr, u. *ru_*, ) ' ' .r isometrl" x-lro*o-

morphj-sm compatible with the cove:re*ng map.if  g",rr.-- l  
"PO*I" 'k 

, ,
. -*-_q;-*1.- ./cr.

(resp. with the covering map T )z-t i - l . i+,2'K+r 
'K 

(  T) an-d i :Le' tsr. ' .*rn ,

0 x , t V e )  I  M o  )  @  t € g )  e r  i 4 ; : 1 ; * i 4 Q 2 )  I  M o ,  o ,  " , ' b e ' t h e
YK Yg l-kYk

slls:tlemrr

, 7 . .' o ,
J ' *  

> r e t

, i : ; l : r i ' '

A ,

obvious ,c- isomorphism. For  every, i i  ( r5 ,  -Let - / I  
O ne the * -homomor-



pirJ-sm gj-vcn by

? 1

the condi t ion th a t ..$ry,6.,d.ilg g,r am :

commutes. rt is cl,ear that AtOls. an isometric x-h-grnomorphi.si l l , i lc-. ' fu,- ; - q.*r/& ..ek+r{9u,, ^compat i .b le  wi th  the cover in .g map T"  ? ( r t , rz)  | - * , (a ;^  ,oZ , . . , . ,

' ) r

€ Tz , k€ N,By Lemma 3.2 it follows that A'if u.rrA4l=, are-.q*n{rer i
, t i

e q i r i v a t e n t ,  f o r  a l l ; k ) 2 I . , { f h e r e f o r e . . , f t ( ( " / i k ) ) : i s  * i } s o t a g t s p t u i c  t o , , .

the indu"ct ive.  l imi t  o f  the system: , ' : , . r '

. ,til ,72) ;' r0) ,'fZ)
' |'dfiTlu rl,t * ( W ( FY e *r,)W I e n w ry ) e rft rt 

"U s{Lffi - - r .

Using th is .  fact  and Remafk 3.3 we -conclude;  the | , : tc ia t , - ti:? ::.1

E]

grat i tude to

dri:'s cus s iofIS i',,:::. ;

tr

lt::.r'':l

rcM ,,1' l., i  ' :

I:'

r, ., .)i.

. i '

I  , ' ,

ac_!r,.oy i e 4 S g{nont ",' Th 6 "' autho r e xp f g.?.F,es- h j- s

Dan Voiculescu for many helpftl l-,,,a'f id; stimulating"
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