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ON CERTAIN INBUCTIVE LIMIT C%—ALGEBRAS

Cornel PASNICU

~It has been suggested by £.G. Effros (ESj;ﬂﬁhaL a study
of*inﬂubtive limits of Cx—aléebras of ‘the "Eorm H@(x) & F (with
F fiﬁiEe4dimen$ional Cx~algebralygas a «generalization ©of A:F.-
—algebras, may be of .imterest. l .

11

“ay Y Indeed; such algebras are,'for instanee, those considered
\ : : -
N -
by Q.Bunce and J.Deddens . §in; I3}
“The.present paper contains general,results concerning
S : s . : I e
idductive®iimits ot algebras .0of the form f?(x) ® F as.weil as
L7 &tructure theorem for ‘a-certain class of inductive limits. Sy
X0y Fo ' G2
of C -algebras of the form L ) ® M .
. ; s e R ; %
For each pesitive integer pal, lek %g tS«p)) be the C -als

*gebré-generated by all weighted shifts {(with respect to zome

fixed orthonormal basis (e )

-.of ~the Hi :
3, of «the H{lbert sPacegg ) of

period p.

Given a strictly increasing;.seguence of’ positive integers.,

(ng)' wiﬁh Ny d;y?ding:nk+l for all k7Y therﬁuncefDeddehs.
algebra, denoted in this paper_tg'gﬁéljnk))[ is ﬁg'\)(fgx(S(nk)))

(see YBJ), where VY :B(H#)—=B ) /K@) is the canonical 'surjection
. .

onto the Calkin algebra.



It $ollows from ({2}, roof of Theorem 2 2) that for py 2
Y (Sf*(s(p"))) is #%-isomorphic to Mﬁ(*ﬁ('i‘i) }== tbhe algebra of ald ;=

p X p matrices whose entries arggscontinueus functions on the upit ..

teircle T. Under .this isomorphism, ifx8 is jthe weighted shift given .,

o) g i et ol
7 — = “{m i — = ., ;
by Se =d .. e .1 (my 0), where &1wq3 o for all my 0, thégh

i l(z}:@iii fqrrlwﬁiugp—l and

y &, m=diz Ve

[

Y (8); ;=0 for all other ;5

T

76

Using these X~isom0rphism$xggch,7§£«QK})“is x—isomorphiqjijit

to the inductive 1imit of:

€ en, Ly ecTIom, Ly

whtre fof each k,‘f’k is a.parfﬁwjﬂyf~isomet:ic %~homomorphism .
: 14 / n ; ‘
which is compatlblf with the‘toverlng map - T az‘"_%z kfl T (Ln’

the 'serise-'of Definition 2.2.below)
We shall now state the main tesult‘of this paper.
ToWe fix two strictly increasing sequences of positive inte- oo
gérs (py ) (qk),'witn pk»&resp.qk) div¥djngfpk+u Qp%s?'.qkti} EG:;W

all Kyl

We consider systems of the form: .-
A -/}J
¥ (1%) M -—w—-l-ﬂ'? 4 (%) g M > e e

P19 ‘ e B

" where for each k, /lk is -an arbitrary isometric *-homomorphism

»compatath with the coverlng mao Tza ( l’ é) '; S
i e e & o ’ . ‘
a”k—naggz;“ﬂ*~; Kﬁzé,K+ljtk)€ T2 Denote by Jg( )) the corres=

pondinc' nouctwve dmdats Notn th watk, there is a large freedom in

: v R 4 _-X S
choosing'the./\k s. A Hatural qﬂeqtlon arises: what C -algebras
j%((j}g}} can one get (up to #-isomorphism) in this way ? and the

answer we give is contained in the following:



Theorem

E‘a'olr‘;‘Cx ‘algebra ./C((A V) iz %-isomorphic to the (sgaftfial)_.‘--;;,
c*-+ensor product JE 1)) @fg (qk))

ma paper is divided into three sections.

Section 1 deals with preliminaries

Se ,t¢on 2 considers %-homomorphisms compatible with, a_co—
vefing‘ map; their local structure: is given and; unﬂcr some ade.?
tional assumptions, also théir global 'formis established, It 18
shown that there is a canonical-map,\ which is a bijection, bet-
‘ween the set of all %-homomorphisms compatible with a fixed co-
Veril‘ldill'l'lc"té; and the set of all homomorphisms between certain eeonti=
nuous flelds of Flnlte dlm@“slonal g —alqebrds.

Section 3 contairnis the proof.of .the; above men«vlonpd theorem.
‘l‘};e ‘main step in the proof is a.l'emn‘n,a“wh‘ic:h; asserts that 4in
% f ‘5 T & 1 : W“x.) ‘@m 1@ M aré i.s‘o.metric X—homomorphisms

compatlble with the coverlnq map T 9 (z 13?:2‘)""—_?(Zg‘j,.-’,zg),€ Tz

-

tp,q & N) “then:- ;g‘(.)=u‘f(.)'uxﬂfor some unitary v € E:f("rz) S MnP’I

B

§1 3
In the sequel, for a finite-dimepsiopal c¢*-algebra |
e each M], will. be embedded in A, in the canonical way
1 e : i » '
e G Moreover, C&f X'ls a compac* metrLC space,

we shalLoften'identlfy, in the canonigad Vay, ‘g(x) ® A= "ﬂ(X A)

For £ €’~g X)) @ A, we define fk {-ﬁ’a;: \X-)L_&-Mk, B 1(1\(n,_by
e i e :



n n
f(x)=® <L .(X)€'® Mk.

(=A) ’ wa € X,
i=1 i = :

ran

The group 6f all unitarieshof . any unital -\,X—.alqeb:u B will -

be denoted by U(B). If B=M_ ,then, we put U(m) :=U(MI,_) .

A'8pace T will be called/bmbolically T€ ARjJan absolute
retracty or anl 5R~sgace,‘*ﬁ.ff T is a compact metrizable space Ana s
whenever T is embeddedsas a subspécvce of sametrizable spacei ¥,

there “is a retraction of V onto T (see, for instance I i

The ‘following result will be necessary in proving Proposi- ...

k., 1. Fheorem '({1} oL@y

Let T be a compact metrizable space.. T €AR if and enly if

T is’homecmorphic: to a'fe;tr;_apt of the Hilbert cube. Qw (Q%%}I{Q_%})ﬁ
: _ . ; v lEe

Let'C; D be unital Cxl—algebras. 'I‘wr #-homemorphi ﬂqj‘gfc»sg

—>D are said to be inner equivéalent it,, there is a unitaxy ue€Ds _:

>
such that j@ (o =.uf( 2 )ux



sisEm—— S

[
Letsus.give the defindtion (probably well-known) of a homos

; « : E *
morphismiéof continuous fields of C -algebtas.

2.kiDefinition. ket T be"a“tapelogical space and ledi Gj=

) (1=14,2) be"two ceptinuous fields of CX"-afJ;ge_bras;;ts

i f3 ‘\\‘,A,:‘,.(x
(B, (£) g

({6]) 3 Then;f :(Gft)te"l i$ said to be a homomorphism_ from %f’l to
A iff: 1° every @‘(Ot is a x—hon.lomorphism:\ of C"-algebras fxom
E) (E) to B, (t); 2 Suwakes T ] into i 5 (If we consider fields

of unital Cx—algebras, each &ﬁt is takencanital).
(]

Let X,Y be two .compaci .metficl‘,e.;spaqesi, let A8 be two finite-

a p~fold icovesring map

dimensional CX~algebras and«let §7ﬁ..':Xé~vr%Y be
(pe'#).. We denote by {Xl(Y) 1%y (‘Y)f,-'-f&'»xp"(}’v)} the fibre of 7’

at Vi ye¥&Worseveony &€ ‘(f(X’; A&;‘»Az.anu every vy € ¥, -introduggiithe

notation:

.

& f(X)=@f(xi(y))
f(x)=y di=1

We now define two continuous fig {dsi of Cx—algebraszﬂag
£1=(E, () ey 1)) given by

p
Ely)ls @A , yveEY
1 S

F=ltsyvi—s o fm|redmieay
e e

o -
PE-P I

and ‘52 , the constant field on . Y, Bf fib;:e B.

3 oo
2.2. Definition. A x-homomsipivism ¢ :‘g(x) ® A—>%(Y) @ B
£




Fn
Hh
©o

is said to be.%¥-compatible, or compatibie with'# , i:
i ; 7

}Z (ge ® 1)=9 & 1, . g &6

Let I be the set of all W <compatible X—%ouomorphlsmg.from
¥(x) @ A to €Y) & B and let -JL be the set of all homomerphisms

from (glvtd- G ,. We consider the map f : W ->JE given by:

P ( ' ) () )
y f(x) y Pr ;

where _}ZT(»‘)K V&, f@‘“@(x) Q. A

2. Preposition

Fis a bijection.

. }?roo'f': For any f € ‘é(.X). ® A, the map Y. 3y =~y Ry( @ i)
: : W (x) =y '

; € B is continuous (because ﬁ('f:)é ‘»‘g‘(Y")‘ ® Bj) and therefore ths de f i
:~
nition of J° is consistent.

Oon the other hand, for a given R =('Rt)t€.Y € JE the for-
mula:

_‘d.(f) (y)=R @ f(x)),_ f€9%X) @A, yEY
' g
; y?(x o

!

deflnes e homomorphlsm 25 %7 X) @ A -—-—}‘ff (¥Y) ®-B '(t.he fact that
_ R . takeq f‘ ¥ into “g(Y) & B 1mlees the COntlnulty of the ‘map ';
'jg(f),foranyfﬁ(g ) @ A). _ : i

s Bu_t'f is 7" compatlble because for every g € ’{(Y) anu

L every. v &Y ‘one gets:



Jlgep @ 1) W=R (@ gy x).1)=g(y).1
: px) =y

T e
We have: § € NE and & (Jdr) =R.

¢inée the injectivity of < is obvious, the proof isi gompletes:

Ehb

Y :]
2.4. Propeosition : : -

Let } LX) @ A" _-ﬁ»“t’: (Y) @ B be a 79 —=CON ~patible #=h oMo
morphism, where f ¢ X ey Y is a p—folucovggrlng map (p'éN)»-,

Then, for each y' €Y tliere exist: V.€ '?/w(y’); U, € l”(x’)

(where {x .,x’ S is the fibre of 79 at.y') sueh £hat U. N U.=§Zt}__,_
if 1¢E

1wy J{p, 1753, homeomorphisms z 2V mnpy U w1th the property

that : )0 3 zizidv (L €idp) » _ﬁrhoQOorphism§ Yl ; ,,f' 1A e d B and
Ef“@ @, RJ(B))s suich that: &

FE) (y)=uly) (

ab

@

e TN N e
l\fi (£ (2 G2 1wy

fertall Hi& Y(x) ® A and all yé€ V.

Proof

It is enough to consider the cace when A= @ Mk

iFor every y €Y, (X)) @2 fs———-?f[(f y) € Ml('B)

101, -+ SO that it ds @

is-a

unital, finite- dlmen51onal ¥-represent

direct sum of irreduciblcwx—repréSentationst Therefore for any

e ‘@'(x) @ A and any y € Y=

; | e Renee
FE) =a, ) C G £, o) 2] )8, 67

T -
o

(2) o where u, (y)€ U® ,q'(y)€sh. (y)e€ {kl,... }'{ﬂ, z 1Y)

| for y €Y and 1€igq’ (v)



“Using ‘(l) ~and the hypothesis},fit is éasy to deduce, that
Zi (S5 e r‘ZC'I, i belong to the fibfelof A at v, for all v £ o
For each y €Y, let gly), ry (y)ed r, G sk .‘:q ) () (whe~
re i‘rl (51l ,r y‘)?j c ‘{kl,‘. :.J.,,kn"}) be the positiwe ntegerst

and let x(])
Y

o
determined by the condition that:

gl q(y) ; ﬁ , )
oy gl = ; e AN TS :
= (g @ Myt e o % i——»—-—-}f’(f) (Y)CM; ;

£ €L %) @5
defines an isometric, unital - homomorphlsm}br
. We denote: gu=q(y.’), rs=r, (s J (v) ~!X(j)l ~HQX Y& 1 Lo, -
by €Y, 180 fo (v) . (Here, for a finite set-F(CX), |F| is itsscar

dinal number).

Theproof will..be given in several skteps.

““Step 1. We shall prove that»{

(%) “the map q(.):Y - N is constant on a neighb o rhood of y!

(l)) (1)

If this is not true, .then (3) (v in ¥, Lineys —ylhE
: t
(3 ) positive ir:,tegers a’'#gq, ridxr, & . /-rq, (where '{ri = ,L:’i\» &

5 ; l ', - . 7
(= {kl""' k ,;quch rtvat q(yé ))=q . (yt( )) =r; (&, Ldader e

We consider two casesy

Qge (@)= ’3) r\.{‘_rl,.'.c} ’3\ { g 135 q‘v.

;I.-f_.'ef:;:’,L A é L(?();) &M (C ‘é’X) cgz A), then ;- u51ng

gex) ©
< < - vl '
the factisehat: }"ﬁy_ is}iSometric (yc Y),we obtaJ__n:
; . . e o
: 1mi~i}{ (l)(@e l (1()1))\\ =lim || @ e ‘ (l) “ i
el Ll i ik .

& s : 2 Sl e

g e .sznzo o
st r-i‘;f',/ , '

~

i=1

o e (G (v)) be the subsets of the fibre ofs y/at v, ofe



a contradiction. o ' 2

Cagie (bl (D) r'E{rl,...A,rq}\{ri‘,...,r(’l,} ?

Ife’i=l @1, € LE@M ,(c BX) @ 1), e have:
‘y(x) r & r Ay e
> q, \ N S ; q . i
sl b el <1 B, 5
Esla v g=1 i‘ 'v;y =iy Y i
=h N [X(fl;)
s ¥
a contradiction.
The proof of Step 1 is complete.
o~ -'U : 3 :
Let V€& y’) ke a neighbgihood given by (%).
We denote X -Xz Vs oy 124 8, (y)} , 1£14q. We choos e
U, = Lr(zi AR, 1<1<q, 15Sgsi Ve EV such that evexy ¢, .

e Epil A7 )
a . e V l en e .
map 7’1}5‘ lls.m_q o + given Ly %9145

(X):=’7‘5’(X) (x€ U, :) is

a homeomorphism and U, Sf\Ui,é,=Q,for anvrkfica, 18, 88€ 5. o
7 14

s#s’ (it is possible siace ¥ is a p-foldcovering map)s Using

smallé® neighborhoods, if necessary, we may suppose that V =V.

Step 2. We prove that:

{(r xr ), (y))l 1<j<q\ {(r S, )]1'j<q} on a neighborhood

of vy’ (snaner then V)

P e (2) o (Zos
If this is not true, then (@) (y.°") dm 0F, Alimd
, =i = _ Y teN - o
= )ﬁgésitive.iptgqerS_rl; r24;7{5£ rq~(f;i732,.i.;§q augh that
ifor any'ﬁgiSq and_%ny t € N: Lok .
3 S (2 e
rl(y% )—ritz{kl,..g.k‘x / sl(yt ) Sy
(1)
(r ;gj)!l,{qu’)—r‘{(r ,sj)lléjdq"j i



Using the fact that }’If . ds dsenitrice (l}/GY), we obtaing.
1 .‘I’ A

| & £ lx \2)5 l! 'ee d X Pl eddeias.

e

we may suppose that:

vim v ey = ) (g Sk Ty Wl 1idgy 1gEgE §
il ‘ , -

Let us observe that @

; ) o~ > ; E 5
B Jsa, ¥gs, s'gsi , s#s’ (Let:usisuppose thut ( 3) l{ioé;q x
‘ (d- ) 13.2)
) 3 e , ’ = : = pr° (s)=1v ° (s’
( ,_;3:; : -,sogsio v 8,78/ sueh. thap x,:= ¥ (=T (5]

(€ :75/ ;l( f\y’ls MBS e *7” is a covering map, (3) g€ ‘y‘(xé‘),‘

o
(3) "\/y, (< wy ) such that -the mapuyfo:[lxé_w-'—-ﬁv Vy' oy nny |
7’0 (x)e= 7”\(}()({' x(., UXO,, il (c":l 'r)iomeor;‘zorphis‘m. Then (3) t e (U, )€E I8
1 ) i
such that 2/ (so) : V-t*»'o \‘Sé)é UX TEFE L ; bec use
e _ (1) T % _ k
f{ ey e T — X R = .
)ﬁo\'é}_‘t (so)) T 2}}.f )('.yJC eror t7,to, it foilews Ehat
(1'0) (10) r e e ;
L s =W, (sl for t Yyt . Bsontvadiefion.
We denote
e Lt g v*(l)(g’i)wj , o

Then, (2]} can be written:



: . e . ‘
(3) max ' lf; I X(l)“ = max l‘fr fxg})ﬂ , e BX Qb
1£i¢q it o 1¢i¢q ~55,_,i/ i ' el

Using (L),'one can find a map+=f € E(x) ® A which coritradicts i

(3).

s stHésproof of Step z is . complete, We may suppose that
r. (g)=x2 Si(y):si or: WKilq, BN . |
Step 3. e jprove. that:
fow farbitrary U] e’zfg_ v@”)),]jiﬁq,l{%ﬁs.,”(3)‘”&276”),
i,s i,s o p
b} o 1 s
Ve V such that: X;l%\Ui S#¢ if ye V' and 1¢i4q ,:&sds;
7 £
3 s : 7
EE bhis dsgmior true, then () 1&ileqg o (H) R € X(l ) Sl
we Vegns « 3 (yt“)) J 1 V such thatsylim yt%)ﬁy ﬁand
g t
<o BEErn : i 1
X‘?égf\w;¢wfor tEN. Let f, ¢ ¥(X):"® A be such that (fl)r (x".) me
y i
t
1 €M (2 a), supp £,CW, fl(X)CZMr:, (a_A).VThen, we /have:
Ty i 1
i 1
q g
g{,,( & (f’)r (J)) =1 4m Qf 3 ¢ @:(fl) : x(%)))go
& e s oy y £t 4 y i=1 o
% -t .L
t
and since-ggy, is isometriec:
7 —
(fl)r."(x )—'0
l -
a ﬂontradlctWQM
TP{S, the nroof of Step 3 s complete.
We may -suppose that Y(l)ﬂ Uy TP Jf ye V and 14ifqg, lésis,.

-~

If we denote for L€idq, Iésés., yé Ve



A Slae
'{ 18 (y)S =% N Ul,s = .
we have:
(dade ok : 2 i
XY —.{zi,l(y),...,,,,ilsi(y)?}’ %

It isg. pl@&im: that 2z, Vmg. U, is*a homeomorphism and 7@ ovZ . b

i,8 1808 s |
ol if 14ida, 1{sds,

v L :
Using (1) am@ the previous zemarks, one gets for any
£ € QX))@ and any ye’{;:
9 2} (£). (y) =u, (y) (4%21 (s%l(fri'(z‘i s (y)) & lei = () "‘14.52 (y‘)_,‘ L

where U, (ye€ W1}, . y)€ B formsisidairildsss

D
S

“&11%the maps py S-(.) are constant on- a neighborhood:ef
// b

w' dsmaller thén ,\7)

1£ this isinot .true, then (J) 1¢I<q; 155.581»‘ -
(4) o

) (yt )tEN g N () Pi,seN such that: . ,
=l y(4)=y' lim Ay, ) =pl (14d Lo 2 bbscs )
e id 4 t pi,s Y,t Pi(S Sl i
(,.' y S e -
PEor s
MR e =
Le@:»,_; € €(x) @ A be such that: hr"i <ZI,S (p) =i 6Mr1 (€ A),

h(X)& M__(€8),

ks



h= Br)=0. for € X<§)\%{Zv «(yf)} . Then we have: ot g
re v LS

= 7 (4)
lim e (@ ( )y =
1m14£(%,h) s t (%(h)ﬁ'))

t

(trk ‘denotes the usual trace on%Mk , A€N) and on the gther
hand: : ,

7 6 7&, j /‘S‘ : (4 " >4 : féj “fd
}? /ér 9(3( L/"{ j’) u/m, (‘2‘- ;_,_/us (f ¢ )/Z//};‘_ (/*54(’%4 (5/,}’24‘;)))))3
2 e . -

A s b
AZ.-’ Z— /5; /GIEA (/?r/;‘ Cug/(”é ‘/(//7:" /r’/j-'- {""/f f ,w/ /’/ /“',_
2 9y
e o e f r
= vy el 7
s a 7{( /{j/ o (/Z,‘? (%’.‘4}‘ ///7 Jﬁ“ € Mf/?‘{‘y

a contradiction.
The-‘proof. of Step 4 is copmplete .

y")te Ny, 1fidg, 14sés, . Then

Let us denote-p. 1=P.
: pl,S pl,S

we may suppose that for anyﬂf‘ﬁ‘gxx) ® A and any Yy éﬁg wé'have:

PRI =) (8,( &, (1, iy 718 % Mg

dq 5 : ,
e denote G:=U(1l), S:= @ .« @ (1. @ Ulp, s)))-’ G/S:igm,.
i=1 s=1 i 4 : :
={;gsig€fG3 and /7 :G=—3G/S, el ¢anonical map. Then, G/S will

be embeddgd into. the setiof all unital,_isometric, xfhomomqrphlsms

from @& (&M ) to M. by the formula:
i1 e . =

n%}lg :

N

/ 2 2 " - ‘ / = 7 . K : = -
Hioned & (B, ) 2UE (@ (a, @_7/2 W ?fzﬁ



where g€ G .and 3 s € Mr wr 1€ iy d€s g §

The'previous results show khat,wecan define a conumuouc

e i
map @ SV G/, by the formula:

AT 4 g 2 /
Dol & (@£ (L yiidpad] th e
ORT s s %’f’) : /‘ 157

7‘2’&’ <: @()\)@,4

- ‘Stiep 5. We prove that::

. st
there is a neighborhood Vlé' ?)’(y\’\ = VlCV, and there is

é continuods map ‘E.:-Vl«-}Ggs@ch +hat the diagram:

A
G — G/S
=,
~
p-v\\ J‘v;,’,
st o

commutes.

Sinee G ig~a compac"t Lie group and.S.is a closed subgroup

it Gisanot difficult to see that (3' Jh e neighborhood U of @ (v ! Vo

in G/S, ahd a continuous map (y“‘ :U—> G such that /‘703(%:1%

Let ‘71C’.’{; be a neighborh6od fo;f y’r::i'n Y such that e (Vl)C‘:.,(_U
( € is continuous). We def\ine_'ﬁ"vl«u G.by u: 1= e 6’

wIt is plain that G is continuous and //cu. = @‘ i
Thus,  the proof of ‘Step. 5> lS complete

| T‘hf proof ©f the DrODOSlth"l follows from

2 /5«"

/\
=/

@‘ ‘(fv) - (@ (’f /)jjj-» (//Od‘jy)(@/ /’ i M{%)}!

where y(:‘Vl and if €i€(x)"cg3 B

4



2.5, Preposition

et"»?7:x w3y Y be a p-foleh covening map (p€ N), whewe X
is a compact metric space and assume Y is an AR-space. Themn,
there exists a partition (Ui%ﬁ?l

there exigt homeomorphisms zZy: f-hmwﬂU baflgfylnﬁ'-bptﬁ' 1d

wioefe X inte-clopen sets and

(14igp) such that:

)
(3

ifs %?(X) g)A'mM@_%ﬂy)¢3~B is a;§f7~compatibla #=romo—

|56

morphism then, there are u e%f(Y,{)(B)) and %-homomorphismg

-
7L RARRY I’ :A-—=B such that

}f!m (y>=u cp Y‘ L) ) uly e

for all £ €% (x) ® A and all y€Y.

Proof

n
Ft will be e@nough :to: con:1d01 the casge,when A= &EMk ok
1=l

}_.J

The: proof will be given in two steps.

step 1
We: prove the proposition’ unﬂ:r the addltlonal assumption
;l:hat Y=Q, (=the Hilbert cube).
- Since Y(=Q&)f'is a cohnecﬁed, locally path-connected, simply -
connected tOpo1og1caL SPaAe, theld is a homebm@;phiém HZX*%YiX

i {1,2, g.,px such that the dlaqrdm.

X --——-————%7 v 2,...,/}



comniites, where «{ |0 e ,p’k is'ia discrete topological space.

and ";J; dénotes -the canonical profeotien. if(see, for instancek 7d).
. ' : =] et B : :
For ‘each 1§ifp we define: Uj nel-sy (M % {_13) , the homeos:#

morp 1ism ‘1 E e T 1,15

Z,:=—‘I~l@ e o
i i

i “"Let us consider two neighbarhoods u=U €& U'( ), V= Véb Wi
Yy v

given by hj )= (yat) s ye ¥ and zL,Y -—-_ﬁ»LJ #

givea®*by Proposition 2.4, where yl‘,yzg~ ¥iwFt 1s notvdifficult

to sce that there are positive integers ¢, rj;4r,4 ... & rq,
( 3‘(71,...,1? S(:Sk £ k} ....,sq Ry Ei.’S]
(Eeizia, 1{;sgsi), where each {1i, s] 1,2, «.,pYy and Jg,i,.‘,,-s};#‘ii,s"'j,,

=

for 11 i , whenever s#s’, such that, if Uiand ¥ are smalidenough v

- "T’f) (v‘);h (v)4 gz (Sé (£ ul2 () D 1 b))a g ) ®
g (& Neo)es A Y b\ s , Iy
'f) n?; ? ' v i=1 s=1 Ti (i, sd pir;'-Sua-: :
i for of € ¥ (x) @ A, y € U, where udc L u, @) o
and:
Sl
40 A 2
& () (v)=u, @) (810 (5, Gy o @E@1, Dy
for £ € ¥(X) @ A, y&V, where U, € Hﬁ (v, U(B)). . Heme i

(Not: that v=0% is a connected space).

Using (1) and (2), one: getlss:

o gny = (Lvdgnv) W

. W, a‘a ;;f" ERE L
where we G (0 ﬂV,-ﬁ( @ ( 1. ® (/'(_ s Hiks

Lot us. suppose that:.
SRV 18 a roetraet of W

"Us'nrv this assumption, ¥ follows that there exists

(% t:ﬁ) ’@ (f ® U(/&:A))/’}' such that:

=1
‘\\

A=/ /5~r/

51

T % XN T e



-

kom0 )F

If we define:

(L., (% A el
-~ {f (/7‘4/‘/) 7 / jlf’ [

'zfé*'.v % (n*’\:.) = a
LUV g Ly &) W/L;)«j~.f/f,,'2’f“if
we obtain a map: £& € "‘é? {”»UU'V‘; Z/”f{)} such that:

vuv

N e
}ZQ/[,J(?/:/?: 4«6 &’ ( @ (Q/ g/}é (’,,g t%/j.}&}:}} / Jf}{/ ; (.?}

for fe4(X) @ A, ye UUV.

Using Proposition 2.4sandsdhe fact that Y=Qw is a compact

a2 7

space, we can find a closed covering of Y., denoted by .i_v .‘Ij 1

“tauch “tHat sen each V. a formula 'as in the-relations.- (1) .or(2)

(] .
holds gnd each V is a produf*t of closed interwvals.. “[g o
K)

such#thats j) IO ] for ., KLy kﬁ/} v where .A is f"ll’lltc“

subset of #. Using a rafiniment uf {V 'S if neqe__s,g;a;ry;,;i we,

e 7

2 = e

\‘ X :

may also supyose that: gj#(jZl\i )0 Vt+1 ang: (JL;lV ) Vt+l s a o
: §

retractief V for eachs I$t{m—I: mY 2).

Ly
The#proof irff“the case Y=Q,; now follows using the ‘Pres
S .
vious discussion for 9 V.J-; ;and Vi 14tdm-1
=L

Step) 2
Let «fe’:X’——:ﬂ’ be a p-fold covering map, where X' is a

v ; : ) ’ & =
compact metric space and Yie Q> 1sia retract of Q. ;__Tﬁet

fg ‘g @ A-§v‘(f(Y @ B bz—; ar '-compatible’ X~homomorphis}m,;‘i;v

: )
We shall prove the prop051tlon for;ﬂ and AQ(W

ik it QDVlOUS that U ds e connected, locally I‘jathfnpn‘nec—

ted, simply connected space;, as in Step 1, there exists, a.parti-
3 A :
DRI . 3 : e

of X’ into clopen sets and there exis&. hemeo-
L2/ B

v P 2 o : . » ? el : \
morphisms$ "E,c" Y«-—H_]‘A satisfying >ﬁ ) Zi—-ldy, (1€idpiees

L g goal ny



\
Using Prop8sitien 2.4.and the factéthat &' “is a connected .space

it is notidiffiéult to see that sfherer mre; positive integers

qexl s it ({r e ,, Cifk, .k {-..,,qugl, ,;,.,._,.sé),
, {disdy (1% 4 »g; f’ .5&,5 Jwhezseach fd,s.2 € N2 .1@"3 and
(i,s)‘ £& i,s’} For s;és’) such that:
- Bt a P . -
‘/ W ihd., % "
? 19 b=ty f@ (& (] Ry O L2 Wity
AT R V& M ) /"54,4 :
for f'(:'i«,g(x') ®z‘4 oy e, where uf(y’)é-_U(]) We denote
= q’ s :
G:=U(L), S:=® (& (1, @ Uty 09, G/s:={gs]| g€c} . Let
g = Lol i 4

e

' +G ——y G/S be the canonical map.G/S will .be_embgdded in the

i’

set of all anital, isometric %-hom cmorpnlsm:ILom e {}s Iu ke
: i=1 ,i.

Ml by the formula: : L.
. - md
.;(»Q for? _f“}v : L ‘ /. ) : T‘ £
//d)(ﬁ/zg%/ éwf)) . Cﬂ/ﬁ«\( ‘_vx.-f ))/f

A=A D=

where g ¢ Ehand b, €M , , 1&1idg" 5 14{s{&s’ . Then, wesmmy @ fine
i,8 rs N .

a continuous map v‘@’ syt -—-w;;?*xé/s by the formula:
/)(g;(ca /,»* (z“ (,>yz//}/ )ﬁ/(////_/

forer’ f 6%

B

o .Let r: O o v besa retraction. Using Step | ,".if £oLlows Ha iy

; - -
'that (d) a continuous map ul:Q — G such that the diagram:



- 15 = !
: Eo 3
G £ 5 G/.S" .
~
N )/
.\ u
X o
N
o #
AN l’”

e
commutess Then, if we dencte by iy' the fmelusioen of Yf.iQto

&

, and u':=uteii ', we obtain the following commutative diagram:. .
1 Y : 4 - ; i

i :
@ G’/;S"

\» o

27 x\\\ >/4

Sinmice’ u’ 4% weritinuous, Step 2 is complete.
The proof of the proposition now follows from Theorem l.l. ...

Step- 1. andiStep 2.



Insghtiesisection we shall giviéi theuproof of the theorem iska=a
ted in the introduction.

Boklany 1£kgp and any 1él\q (where 'pivand g are positiye

integers} we define the map:-..

2, Vi F At
[0z f/].%c,“{!zi ﬁ“z;.z-w(c’n([ fadl “""‘)J EXB (4 /’z (’/t//////y "E"

¥ ¢ ny

. When working with elements of the form G?Vf(z e
; 1
\BKoyp L

(where €€ (1% @ M, et €10,2W], lkép, lélgg) it will
be convenient to-assume that the:set of -indices (k,1l) is endowed

withathe lexicographical wirder. .

el Lemma

jgf jflﬁ @)M —w-®%f(T7)'® M ‘:be an isometric

npg

“X-homomorpnlsm compatible with the ‘covering map ¥ 3(21,2 e e AL

}mwm%(zg,zg)ﬁ TZ, where p,q € N..Then, there:lexists u - €

¢ Lreto, 20 ]2

¢+ Udmpe ) sueh’ that @

1,(. /

'%/a_)(@zf;az{,j a/rz ))::aﬂ, i )A(‘L kit ;éiff,zf)/}-zycﬁﬁz*{)

n

R : Ll
ror F @) @M. bt efo,2Wh.
Proof e
9 :
Using Proposition 2.4.and the fact that jz{ is isometric.

one can easily get:



>

e 4 o\ S g \ -, ; Yoo o
}8 (£) (exp(it,) ,exp{it,)) u(tl,tz)( & f(zk'l(tl,tz))),—«\ b E5)
(k,1)
i for! e “ﬁT Ja@ M Cand t .t 680 jQ? - where u(t t:)*@
(,i) e s e o € e r e
€ Ullnpq) dfor dlL t,,t,
Let ¢ be the canonical mapifrom G:=U(npg) onto G/S:=
Pq
»igs !qt.@j ;. where S:= & Twln. We embed G/S into the set of
1
i Pg
all 1uom9tr1c, unital x-homomorphisms from & M. toM as.in
1 H npq

the proof of Proposition 2. 4
Using (1), we can define a continucus map)€> {0, Z'TJ =¥ G/S,

by the formula: :

r e Tl i
4E] fR

2 ;
2) ) ® MD.

€fo,2M) %, sede
Since EO,Z?)'Z’is an AR-space, using Proposition 2.5.one

feor (tl,t

gets . a continuous map %%»:m£0¢2ﬂ}'%w_m?6vsuch that the diagram:

e
GR-«-‘-«—-’-;. L/s”
= )
&\ &
j{ N
N fo,007 2

commutes. The proof.is complete.

3.2. Lemma

~

}ér zé’ %} % & M -m—§&;W2) @/anq are isometricux-ho-

: 2
momorphisms compatible with the icovering map T 3.(2 2 )?

> (2 1,zq)ﬁ"i‘ , where p, q@ Nr: then they are inner equivalent.



Proof

By ‘Lemma 3.1, (=) le'ﬂ{f & T%f({o,éﬁ] 2’ U(npq))Sucb that:

u/\:mm”) /a?i,“::,
| P e writ b (@ fik, b b gtied)

}&%}(x_&,{f(//f/ &) i(/ ‘... fﬁlﬁ/"{ ' /)((““ /[2{/?;8 {‘,\,,5)/’/ (/49/ ikf:

/ s < Sl ~ ey ‘? 3 = > / ‘_ -~ i
for £ € ECTI® 1, . Luty € Lo, 27
3 /

Wetdefine G:=2 x 4 ., where Z_ =2 ‘Z o Dol ok Let
i - g p/p q/q

{é%{%gEG be the canonical ﬁv+honormdl hasis ot l? ). We comrsi-

de thg following - isomorphidsms ot'groups‘G, (xl,h )pmm_mﬁ(h ﬂl,hz)f

S

€G, G'; (hy,/hy) peemmp (hy,h,0) €06 (16 2, - .(resp. 16 zq) denotes:
the image - @f 1 € Z. by’ the ‘canonicalimap frem:Z onto Zp {zesp. by uw
the ‘canonical map from Z Onto‘Zq)).:We also define the operators

4 7L = : _ : =
5,15, €B(L fG)) by bl(é?a):e,._..i,. 3 8, (@q)=€3—1 ¢+ 9€ G.

s, (g) 50l
“We "edmnisider- the bljectlon Yo adiler, 2, .,pq} —3 G obtained

identifying the matrix:

2]

i Do dr iy 9 7

(02! q+2 Zq

L(p— q+l (p-1)q#2 .... pq |

(with entrie§ in &) with the matrizxs T



(p-1,q-1) ook el e (p-1,0)
@8 (1, 1) 1)
&(O,q~l) o R (0,1 (0,00
(with’entrkﬁ‘in G=Zp % Zq)° gﬁ~induces in. an obvious way an_iden+
tification between the canonical orthonormal basi§ of Cpq‘and

2

lQ(G), which induces an identification M£q=B(l (G) ). We denotewiliug

.

Xi£=3~ & siog”' yt=l, 2., vand let.'{eg l}

" be the canoni-

cal set.of matrix units for B(lZ(G)) (e eq7}= <.,ei}e{;pg,l€ G)w

Using the relations:

(,Z/?(//;/(fy((a?/ ;;j [)(guy "g}}”’)‘a)»

?[9/)( ,6J7€f<c)) _/C/(ffi(, M.aa,e//l)
//5‘9(?*}@/

one can obtain:

SR R ‘
""ﬁ’(’”?”"“) cgi) ( /‘c%[w,zf///%z ®.5) Aﬁ/’

,a},( 2//)@;{( 0) (/%(go ”n//’fzz)®f) Af"fﬁ

B e
w/zéf /dm & 4 ', A @/c'ﬁ; _/vzma(

\..

~
74

z{, zﬁ- e Clro,277 77 /M‘ ffj
S
( We. wese e cfwouf Lol /Qf@ é’o%f/



In the same way one can def izre 54?;/; éiy{g . Thenione
gets: :

, i , A2 ,
j féégf(/o?/}} "l)';f*-%fsé‘ (G- ,)mm’f (205-)" /1’4 g:(t/ 3 ((¢/< e ,}

TE L7y
",3'2/) Va & /;) Laria /
Lwif;*i’f—fg B, ¢ € (Lo,27] T), 1<K /o

RBzs
L

£

(J_,,.u//,,?"‘%’",c'g (00 =y 2707ty (0)- (é&/ Z
(3) % - D

Wheore <ge CClo,20l, Th, 14844

»Por a scalar valued path g avoiding 0 we denote by A {g)
the anqle~5weeped by:g with respect to theip01nt‘0m<see‘£4]).
If in addition g is closed then A(g)=2W'W(g) kwhere W(g) is.the
winding number of g).

Let us suppose that we have found maps Xy, X, € %? ([os2ir], T

l’képq, such that:
(4) : }(,,5 (o) = )2 Geli /,s‘.'ﬁg//;za.
(5) Xg (27) ‘5/\,(,6) (c) - Ycé) y ///;/f;:

A( A Am_))~ O e /4155/52‘.‘
(a way in)which one can find suchmaps will be given latexr)=:

gitiits. suppose talso that wé have proved ithiacs(4) , w(5) and

(6) imply:



Y g ity
GZ/!/ /5, (£) (277) = '\ 14 (L) (}(u( )(g//] .,/{;g/ 43;;;3

(8) 5

(the proof Wil ibesgiven later) .

Cput (), )y

on the boundary

£6r Aanys

g
C.’B& 7

(6} -and (8) allow us to define,

1{k4{pg, a map Ty & of the set 105 AR

as in the following picture

&
qm\ = A (4) X,\gx-,ﬁ,!
/'t.//‘
~ ) ' .
/8 ‘%m Vi)
S c\ Y . 27 i
VA
s P B
AT
it (tl,O)——Xk(tl), 0gt, 21
7, k2R ,t2)=b A, () (tz).Y}\l( )(tz), 04t 4 28 .

fsee

2y t\’g(a 7), and because V\T(Z =0

1t is clear that
1), 1éképa, LE follows that eaqh~Z, has a COntlnuO“S extension

o »2’5.:‘1 2 also denoted by Zk’
D ;
10, 2113 e U‘(npq) by :

up oSt

zk:[o,zul a T,
- We define T

U(/'(-l//:zt.z’) = A’—éf; k /

-

i /

w that if we plit '£O

We sho r any tl,tzﬁ[O,ZT\] :



U(exp(itl),exp(1+?)) U(t1 t2‘

then: ﬁa “"(;f(T ) & M Ti) and Q;(})=U2&(})U

.1:

*
Indeed; let us'prove the fixst statement (the secgnd one -

will be-then obvieous). Faor any t? & {0,2&}, we have ;

Ul = 2 2o Je e (2 ) g €0, s e 7 XA
=% = pes g ) & /22 s ; g > 4373 ]
2 (/C\f, ﬁ/ w/ /{x ?! (c, 2:.?,;,“) = g?; 'Z;Q (<4 2‘::‘][;& =] (%ﬂ. J,ﬁ/
: 1 S # ¥ ‘3?’\5.“’
(z&/ (&/’Zg_)//){, ((_)},ZJ )} ({} ’{lfgg,/* ,,32 (O éi';,f:/( {'Z//J )/‘455-(04{2}2)’:

/2

;fi ZK, L L ek ?4; e Cm’cz/gpcmg O/{}\///)

f') : ; ¢ 2
' ACTELT8 e IH))

‘ T v v’«‘? v s > -
(1, & /(fj/{fz 4&,‘,,@3/1; &€ ., I(485) = WZ’,é (;?// //é,ﬁ\.
=/ ' oy

\: | /\/(/\ ; / Z\ g) /C/’m.)
\

which is obvious,
. In¥a 'similar way, one can prowe that for any t, € L0,2%]
we have:

U§t1,0)=g(tl,2t2)

<am

Now, we shall show thaﬁ if Xk(O),‘Xk(Zli), Yk(O), Yk(2l &
€T, 14kipg, satisfy (4], (5) and #46), then they alsc sasisky (8s

Let us introduce the notations: introdud ."-'ﬂ;h;;

X (o) *-g; AR Ly, K= gf, Xy A?/)j_/jz =

/’2 o o R i
Y0 = ; Y,(ffé*/-/yz . sn,,z?/;c); g}/ Lg G2y o

-.



A= . C=@ 1y :
; A"r/pk 4 g By Ag ;;iz’

Then, (8) may be written:

//Oé?gﬁz’/?) )/(-Z/}’ ) 743%:: é C(“? #/:XQ”)/£<E7 ( é{j‘. (370106/ féy‘}) /

9 LBen) ZewIX@)RE L s LCCa)-R dropyio) X p*

On the other hand it is easily seen that: iu we e @ Seaib

X =
{10)

T

eﬁ

We have:

P i) - (o) Xo) P*2 % = (& (/0)) Saip,

(11)

on W ( -’ v h '
" FA ﬁé’//,) A, 27)-f; ,_,zﬁ 2D Ay a0) Xt0) g }2’ i

1 I

andz .

; A . ‘ o * . S ok | “ ’

P
e i)

A cez) 2 Br0) Yo 7 a 24 e f/w/ L’if, 1 lipw'f)

/, 41]5,/0/ A_f,s,.foj Waj// /? *(g)’{/o// /0/; /(OJA ~)/o)/?"'

~/7 //,.2///°/7 /{?ﬁf‘

2y z;rf; CZoVF, fo/'d/@z//o/ 27 /0



s

3"% b y . 4 & 2 : Lt . : ¢ : o
Dy, 0 ﬁf,{, 0) o) 2" A% = vaesmo (4 cancd ):%% W/ e
> & =N =

DAl ) D =) Vo2 Y5 B e,
¥ /9/2 LUVE @“fﬁj%/'[:z/// 4 f’/(’Z///ij 4@,;/23/‘.{]}25 g.fo)/’(faig}/fjf’f

Using this fact and (11), wewobtain {(9). R

We close the proof showing how one can,K find maps Xk’YR"
1{k{pq, with the properties (4); «5), (6) and e, E A

First of all, we choose szome:complex numbers Xk(O), Xk(ZH')ﬁ;

k(Rﬂ )€ T, lik¢pq, such that (4), (5) and (6) are satis-

fied. We consider then X',Yﬁg G0, 20 2,218k 4pg, “such that:

k(2‘i’i ¥, v e = (00 Y}-'{(.Z'ﬁ Y EY, (27‘, 1<¢k€pg.

k
It is easily seen that:

_ e /
/4; ( X4 '5;\,(,15) K;m’)

X£(0)=XK(O), X£(231)=X

. . ﬁ? 7 P g 5 ';. 4hww‘ Q 5
(12) % rsi) X Ay (8) Y e W
where nkE Z., - 1gkeng
B ' e R o ; e . By
B : On the other hand, since: det Ujié'detSHYp‘;EKL@AZNJquTJV

we have:

A\;‘«!Et uf{a ) =A (det u)(;la ) =0

L.

2 (Get ujg (.,0))+A (det u};(2‘ﬂ' ,.))i
(13) : ; : ' :

-A (det uj{(.,zﬁ ))—A(det~uj5(01.))?0
and:

A(det Gz (.,0))+A(det u],(zﬁ\,.)_.)—
(14) :

-

= (det U ol 24 ))-~A(det-uu}b (@, ) )=0



Using (2) and (3), one gets:iy

A(det uj[ (0. ) ) =2 (det ug (23i=) )=

(159 jols|
s A ) ) hidet e 2T len . ) Bl
f j; : Pk K
and
A (det u‘?{ (.,0))=-A(det u?r(.;,;Z"? ) )=’
€16 R \
=A(deditn . (.,0))=-E(det m 5 (., 2W) V. 2" A(C)
¥ e ]; -

From (L3}, (14)s (15) and (16) we obtain:

g2 i
e 2 A (6,)=7 A (Ly)"
Ret. R=f

By wirtusiof (12) and (17), we have;

sTheréfore, it Is easily seen:ithat there exist Xy,... 1 Xpg

yl,...,ypqvﬁ 7 such thati =

(18) 0.9 ls'k‘;’.’ jale|

+ V= -y, +n, =
L) ) e

Weldefine X

r ¥y € “(f(tO,ZTE],T)‘ such that for any 1£k&pg:

% | L0,273 7% | 10,23

7 == ( Y “—.‘v
A (X)) =A%) +2Tix

Using these relatiohs, (L2) anhd (18), it follows that:



v
)w;t? /)
/:’1 i Lot O , /5«5,4/52,
W}‘»&([J} )(’ﬂ (;(’.) %’3 S

The proof is .complete.

O

3.3. Remark. Any two isometric x-homomorphisms from::
Hg(T) @)Mn to €1y ®;an compatible withisghe covering map
T3z ¢—pzP €T (p €N) are inner équivalent. The éfgument s
similarewdith that given in the proof of Lemma 3.1, and Lemma 3.2,
and easier.

Using this fact),  ene can gnove thatfeach‘f%((nk)) is X;iso—
morphic to the inductive limit ofrany systemz ' Bl b

> e

CT)® 1, > CCTIER, >

where=ﬁM”eéch ke Q{? is wan arbltrarv lsonetrlc 7—homomorp11sm
7 st e o

2.1 a7 L . +
compatible with the covering map T 32 y—y z “x l c T.

)}

3.4. Weishall now give the proof of ithe theorem statediidsn

the dntreductions:

For any k, let ?f}il):*g('r) ® M — E(T) @M, .. be
; K . o Tk+4

(resp. ;j{ ' Q;Dl -®<é T) @ M _).anvisomeﬁric‘xfhbmo—
_k qk+l e

! s > 3 Lo : : : Pk**l/pk‘
morphism compatible with the covcrlng map B g t—pz " €

e Sl
(resp. " with the coverlnj map T 3Zitz € T) rand ~ledrakhs v

& (1 € () @ 1 >4 (1° o A e
@ (€M ®Mpr;) Q@ (B(T) @ HE Dy e(T") @i o R

N

obvious %*-isomorphism. For every g(&N,'lctJﬁ_k be the %x-homomor-



phism given by the condition that-the diadram:

24

/‘. 4 o

7 2 ---,z?l s g G 4 e & !

: eé/(’ /Cg;/% = L e A b “‘?:i‘g('f/‘&/; f
SRk AN M

) 5@1(” % S! kv
|
L : ® 9

4 /? ‘7‘7,@ e r: -’7/;“»)
(€CPe /7)o (e, 1=— %ww;; )& (0T 6 )

e,

S D

j 5
commutes. It is clear that /& istan isometric‘x~nomomornblsmeﬁ*:u
: . g
compatible ‘with the covering map T 3(71,22)F—m—%‘ pkH'pk ?k+1 )&

€ Tz , k€ N.By Lemma 3.2 it follows that f& and/\ LAY elpimer

~eéquivalent, for all'k'»l.:Therefore4fg((Jﬁk))"is=xJTsomorphic»tofw

the dndictive limit of the system:

s ,
@/‘/«? [Q?’ ’

‘E”'f’)éw LIa )?’f %wm/v JOETIS M, g 2

#Bging. this fact and Remark« 3.3 we concludg the pr roofi e
£
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