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On the embedding of l-convex manifolds

L

with. l-dimensional exceptional sev
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Introduction

Let X be a l-convex mﬁnm,old and SecX iis ekceptional
setQX ig called embeddable if there exi .t a holomorphic
embedding of X into GKXPQ for suiteble k, LeN.

When X has dimension 2 a result of ¢.Banica [1],proved
also by V¢ Var Tan [13 é] ,qééer%s that - X 18 embeddable
(in fact in thig case we nay éllow X to’ nave 91ngu1arltie» .

The pufpo;e oT the present paper’ is to generalizé
this result to higher dimensions.Ve confider a l-convex
manifold X such that its exceptional set 8 is an irreducible
curve.Under the asSumption.that_S te not rational (i.ec

1 ) we prove that X is embeddable.

s s : S B
A ginmi 1 v result holds if we assume that SEP™ and dim X#3

(gee Theorem 5 ).

The technique of proof enables us to obtain also the

following resu udl -t e
'.If X is a complex manifold (no4 nooossar17v 1- convox) apd

~'SCX is an 1r"“du01%1 exceptional curve with the above

propertics then the fundamental clasg of S in X does nct

e yanish (gee Theorem 6).



1 =Preliminaries

Throughhut this pébér we ghall not distinguish between
holomorphic line bundles and invertible sheaves,

If X 48 & complex menifold and I, is a holomoxrphic 1ine_'
bundle on X given“by transition funpfions {gkﬁ} corres-
ponding to an open covering {Uk}‘of X,a hermitian metric
on L is a system {hk% of Cw functions hk:Uk~»(o,aﬁ such
that h/h,=|g, ]° on UpaU,.

L is said to be Nakano semipositive if there exists
a hermitian metric h:(hk) on L suph that -loghk is plurisﬁb~
harmonic on Uk for any k.

Lgt now X be a l-convex manifold ahd geX dts exceptioﬂél
set.K\is said to be embeddabie G can be'realized ag
& oloéod analybic uuhmdﬂlxold of sone Ckxme

ine following theorem of M.Schneider [}5] proved also
by Vo Van Tan [13 a],gi#es Sufficient and necessary con-

ditions for a 1l-convex manifold to be embeddable.

Theorem 1 Let X be a l-convex.manifold and SCY its excep-

tional set.Then'X is embeddable iff there exists a holo-

morphic line bundle L on X such that L S is ample.

If X is a complex manifold we denote by K=K the cano- | ¢
nical line bundle on X.In order to precve our results we.

shall need also the following "precise vanishing theorems”:

- Theorem 2 [10] f 13 b] Let X be a 1-convex manifold with

excepi "al set S and let L be a holomorphic line bundle

on X such that Lfs'is ample.Then HY(X,KeL)=o for qyl.



.

Theorem 3 [5] Let X be a Kahlerian manifold and L a

st
s <

Nakano semipositive line bundle 6n X.If DccX s & rela-
tively compact strongly pseudoconvex domain with smooth

boundary then HY(D,KelL)=0 for gzl

2 Mai@ results

PO e e o s

: . 4 2
Definition Let S be an irreducible curve and 7:S—S

; 2 : i ; : 2 s e
its normslization.S is called a rational curve iff S=P~.
The following theorem explains us the behaviour of.

the canonical bundle in the neighbourhood of an excep-

tional irreducible curve.

Theorem 4 TLet X be a l-convex manifold and assume that

its exceptional set S is an irreducible curve,Suppose
caghat s

03

a) S is not a rational curve

or

13

b) S¥P" and dim X»4

Then K g is ample.
The proof of Theorem 4 is based on several lemmos.

Lemma 1 Tet X be g l-convex manifold,ScX its exceptional

] * 1 o : r L) -
gset and k=dim S.Then for every FeCoh(X) it follows that
HYX,F)=0 for g> k.
Proof

By a theorem of Narasimhan [9] Hq(X,?)EHq(S,%ﬁS) for

any qro.fHere ¥ g denotes the topological restriction of

¥

,V -t ) . G ;
Jto. S, hence ?4n i3 not 8 coherent sheaf on S.However,
B
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by a result of Reiffen [11 uutv ] the cohomology groups
Hq(393ﬂq) vanieh for q>k and the lemma is proved.

TLemma 2 Let X be a l-convex manifold such that its excep-

B

-~

tional set S is l-dimensionsl. qun S has a Kahlerian

neighbourhood.

A proof of this lemma can be found in [ﬁo pe. 135} In fact

[

3+t igs shovm that S has an embeddable neighbourhood.

1£ 56

ffe

s an irreducible curve we denote:by W:§~9S its
normalization.There is an injective morphism of shéaves
d%gﬁﬁlgg where Rﬂjg ig the o-direct image of d% (i.e. the
sheaf of weskly holomorphic functions on S).Let RS be the
sheaf on S of locally constant real valued functions and

o : o : J ! : ;
similarly define Ry on 5. If1R§ U% is the natural 1nclu31on
A |) X
map then k=i:j is an injoctivc morphism of shoavvu,uet

1 : :
k:H (SVRS)-%H*(S,ﬂ}9§ denote the induced map on cohomology.

-~ 4 ¥} . & 4.
Lemma 3 The map ¥k is surjective.

. Proof

Consider first the commutative diagram
P Y oSy
H™(S,Ry) —>H (f),d)sv)

S'?
i |
v Poles,

i (S,nkﬂg) /%bg)

Remark that : .
- the map & 1is u1geciive gince RQW «7 =0 for qro (¥ is a
finite morph;sm), ,
_hihe map i istbijective sin@e Rqﬂ;(mg):o for gro. (if

: { S e
‘UcS is contractible it follows easily that HY(x (U),Rﬁ 20

“Tor dgressince any peint din 5 hag a fundamental system of



contractible open neighbourhoods we deduce that Rqﬁ%(ﬂg):o

for qr0- )s

C.

~
(o

- the map « 1is hijec{ive since S is Kahlerian.
It follows from the commuTatlvnty of this dlaﬁram that F
is bijective.

Consider now the commutstive diagram :

it (8,7Ry )—-Lﬂl (8, BIy)

ol e ot

HH(S,Rg) —re> H(8,0g)

The map v is surijective becauce supp( 7T Rz/R.) is a finite
' e e

- ® o . . . .
set.Hence k" is surjective and Lemma 3 is proved.

Lemma 4. Lét-S be an irreducible curve and ﬂ3§—4$ its
normalization.Let T be a holomofphic 1ine bundle on S
whicﬁ'isvtopologically trivial.Then there exists & holo-~
morphic line bundle L' on S which can be given by constaﬁt
trangition funetions {Flﬂ with er‘ =1 and such that
ﬂ(L@L Y. ig the trivial 1line bandle on S
Proof
Let U:{U,% be a finite open coveringiof's'such’ﬁhat

Li i “trividl ‘and all inters octlonq Us 0 wankinlled @Te
U 10 1.

‘connocted and contractible.let h, € O(Uknbg) denote the

ke
transition function» for L.Since L is topologlcally

trivial and the coyering’u.;s topologlcally acycllc We.

can find holomorphic functions/k cQJ ﬂge) such that
exp(?ﬂi%kg)zhké and'%k€+}€s+xsk:o on UpnlUynl, for any e Bomi

| P
Hence{kkﬁ-defines a cocycle in Zl(u,d%).Set: Ui:% l(Ui),



A e o :- ‘,',v' 2 3 ity .‘t'( _Lq Drs
W ={U.) ana®,, A 742, ,} 19 & cocyele in 27 (U, MU,

Consider now the commutative diagram :

s Ry R i e
B (U,Rg) ——> T U, 7,0)

m}/ : \n
'

(5, Ry) > nts,m0%)

Note .that :
i % . : : B
~ the map k" is surjective by Lemma 3
- the map m is bijective because U is topologically

acyclic

g injective

vils

-~ the map n
It follows that p is surjective.This implies that one
can find a cocycle {cke%ezl(ﬁ,ﬁg) and holomorphic fun-

A /§
on: Uunlly < form
i

14 (ol ({“ ol ha 0\ e A
ctions ff&/(Jk) such that %k& 1kfﬁ,“cke

anyikel.,
If L' is the holomorphic line bundle on S with tran-

gition funclions gbezexp(NQWiche) it followms from our
6% . 7 P

] p 5 1 § .

congiruction that {exp(Eﬂlfk)j defines a nonvanishing
i . * | ¥ . ; G 3

section . in N(I8L'),hence TW(LeL!) is ‘the trivial line

bundle and Lemma 4 is completely proved.

EEQ:E_S Let S be an irreducible curve and T:85—8 its
‘normalization.Suppose that there exists a holomorphic
1ine bundle T on S such that Hl(S,L):o and L dis the
trivial line bundle on S.Then S is a rational curve.

Proof .
There is’a canonical morphism~of.sheaveévLﬁ;ﬂgi*L.
lf.we set ?l;kerq and ?gzIm? we get an éxaot séﬁuenée

Since Hl(S,L):o by hypothesis and Hz(S,?i)zo because



dim S=1 it follows from the long exact sequence of coho-
mology that H'(8,¥,)=o.

Consider now the ezact sequence
. 7O L
o > N* L — 'f—ﬂ(‘;{.‘“" =0

Tt”l -
K is a finite set it follows that

P
Q- ~=nJ

Since supp(—=
2
VY:L _1(_

L &r 59 PR o i v
B (s, Y=0,hence H (S, W JrL)=0.But HL(S, Tr*L)2H(S,7*L)

¥,

Lon, ol g & ' 2 ko
because 5 is a finite morphlsm.We deduce that H (S,Og):o
and consequently Séwl,ibeo S is a raticnal curve.Lemma 5

is completely proved.

We are now in a position to prove Theorem 4.
a) . Suppose first that S-is an irreducible. curve
which is not ration315We prove that K}S is ample.

?l“ 7 o
S Z)2E.Lor. any

.It is easy to verify that H (8173 (
irreducible curve and if F is a holomorphic liné bundle
on S then P is ample iff c¢(F) (the Chern olass-of B
corresponds ‘under the abové is omorpnivus to a étrictly”

positive . ntersr.Jolqnmueﬂfly we have to prove that

»c(K)S)>o.

We remark.first that c(K|.)z0.Indeed,if
SR : :

(the dual of X ) is ample when restricted to S.

I(A,Ywh 1) -0, hence H (v X):O‘

By Theorem 2 we obtain }
If %Y denotes the ideal sheaf ofgS there ig an exact SCm

quénce of sheaves on X -
0->'?)'~s</x- -->(ﬂ //~>o

e e ‘
 Since H (X JY>«O and H (Y 7) 0 (bv Lemma 1) we deduce

£

from the 1ong exact sequence of cohomologv tnaf H (u(ﬂ ) 0

1 ;
which lmpllvu SEP~ .This contradicts our assumption that

S is not a rational curve.So we must have c(K]S)ao



e

In order to prove Theorem 4 in cdse &) we have only
to verify that C(K‘S)#oo

1

brivial,

Suppose that c(K}S):o,hence L:=K|s iz topologically -
0

If N:S—>S denotes the normalization‘of S from Lemma 4
there exists a holomorphic line bundle L' on S which‘can
‘be given by constant transition functions {gka} with

lgy 1 =1 and such that (LeL') is the trivial line bundle
on §.

By Lemms Z?S has an open 1eighbourhood U which is
Kahlerian and shrinking U if necessary we may assume that:
there exists a continuous retract p:U—=5.Let ScU'eclU be
a strongly pseudoconvex neighbourhood of S with smooth
boundafy and let?}:{vj§ be an open covering of S‘éuch
' =5

that L' is given on VynV9 by the constants Eicp with |

5
Skt
L et g W £ o
Sct'Vk:: (V. el and on anvgcons1der the transition func-
\ 3 J4¢ . f =
L. 2 ! o ’
tlona‘gkazr

=gk€°Since By BTre constants it follows ‘that the

: ~ - it .
cocycle {5@6} defines a holomorphic line bundle L' on U.
; TR :

~s r~d .
and L'}S:L'@Moreover L' is Nakano semipositive because

5 b v L
gyglzl for any k,f .Prom Theorem 3 of Grauert snd
% .

: % o~
Riemenschneider we get Hl(U',K®L’):o.

seo

Now consider the exact sequence on U!

(¢) 5 B s U ———»‘y(pv./f]-m)o
LIRS Ut :
where ¥ is the ideal shesaf cf S.

From (%) we get the exact sequence on U' :
(*%) o -—KeL'®T—>KeL'—>KeL'@ U7 —> o,

2 I & oy ‘ | '
(U',Kel'wd)=0.51ince L‘{gzb*‘the long exact

{82

By Lemma 1 H

: T :
sequence of cohomology implies that H“(S,KIS®L'):0,But

n

¥ : T S e ; Y |
ﬂ(K§Q®L') ig the trivial line bundle on S and from Lemma
[



it follows théﬁ S is & rational cﬁrve which contradicts
our hypothesis.Consequeﬁtly a) is proveéq :

b) Assume that S¥PL and n=dinm X>»4.We shall prove
~ that Kis is ample. ‘ : |

Lét NSIX denote the normal bundle of S in X and KS fﬁe
canonical, line bundle of S.If we use the adjunétién.form
mula K)SzKS@det(NgiX) we obtain the followihg formula for.
the Chern class of K’S 1 .

o (K| g)=c(Kg)=c(det(Ng 5))

1

Since SZP~ we have C(Ks)sz.On the other hand a result of

Laufer [6] gives the following estimation : c(det (W ))smn+1,

S X
Hence we obtain c(K[S)>nm3>o‘and Theorem 4 is completely
proved,

< o

' e 1O 2 Ll
Remark If dim X=3 and S¥P~ it may happen that K ig tri-

vial in the neighbourhood of S.If NSIX=CKCI)@O%02)‘,é15029
is the decomposition of Nle into iine bundles and K is
trivial in the neighbourhood of 8 then (cl,cgk{kul,mlj,
(»é,o),(a39l)} (see Laufer [6]),Hence Theorem 4 doeds not

1 1

hold if dim X=3 and S=P~.If dim X=2 and S=P eagy examples

show us that X may even be negative.
S : S

- Theorem 5 Let X be a l-convex manifold such that its

exceptional set S is an irreducible curve,Assume that
&) 8+is not e retionsl curve
b) 8% ana aim x#3.
Then X is embeddable.
A Procf
AIn case a) it follows from Theorem 4 that K g 1s ample.

By Theorem 1 X is embeddable.A gimilar argument showsus



that X is embeddable if SQPI and dim X>4.
If ¥ has dimension 2 then S is a divisor and if we denote
by {Sj the corresponding line bundle it follows that [SJ

(the dual of |S]) is ample when restricted to S«hgain by
. P A ; b

" Theorem 1 we deduce that X ig embeddable.

Remark Tt seems very likely that Theorem 5 should hold
y ¥

for any curve §.

Let now X be a complex manifold,ScX an irreducible, compact

.curve and W:S—5 its normalization. The image of the fun-

s ;
demental class of S in HE(X,Z) is called the fundamental
class of § in X.A straightforward consequenee of Theorem 4

is the following topological result :

Theorem 6 Let X be a complex manifold and ScX an irredu-

D .
e A g

E

cible exceptional curve such that :

a) S is not a rational curve
or
“’f")l : q T
b) "SEP™ and dim X3,

Then the fundamental class of S in X does not vanish.

433m§£k In EIB b} Vo Van Tan has proved that any l-convex

manifold X with l-dimensional exceptional set is Kghlerian.
Unfortunately,es we shall see,his proof is fundamentall
VT s :

wrong,and very unlikely to b

[¢)

"patched up".

According to his notations lét T:X—~Y be the Remmert
reduction of X.,We assume .2lso that the eiceptibnal get S
is’a smooth curve_andllet i be any point of S and sét
'Z:;X§T,§:=S\T.If'§ is a hoiomorphic line bundle on Y we
set E::1V(§) and L:=E|,.The author asserts that if'g ié,

i s i o i . (
positive then there exists a metric }hi} on: I suehs that 3



Ak

-,

-39 log hi\x)>o on Té,x
(%) “lop h.bd>o on Ny
el el j i T
—— £ i ¥ V
TN o o \ 2 . q
39 log hi(w)ﬁo on QZ,Z if 9eZx8=%s5

where Tg is the(ZarisiJ,xarncnf space to S at x and N§ -
9
c

is the complement space of T§ 2 a0 .
b

P

We shall show that (%) does not hold.We take ﬁ to be
the trivial line bundle on Y which is positive Sinoé ¥dg
Stein. It fcllow“ that L is also the trivial line bundle on
Z and () melles the existence of a4 C% function h: Z—>( 0 ,00)
such that -log h is strongly plurisubharmonic on Z\§ and
~log h!g is.strongly plurisubharmonic.Since -~log h is siron-
gly plurisubharmonic on 7.8 14 follows from the continuity :
of second derivatives that -log h is pluri&u)harmonlc o6 (R
By é~well known result concefning the extension of pluri-
subha}moﬁic functions (see Grauert-Remmert [4]) there exists
a plurisubharmonic function p on X such that p)zz—log'h.t
The m“x1mum principle for plurisubharmonic functions implleg
thaﬁ ) chonstant,hence ~log zg—constant This con rudmctu;
the fact that -log h}g is strongly plurisubharmonic.

The gap in the p”oox of Vo Van Tan is the follOWan :

since S::S\T is Stein. the metric fh % can be sultably mo- -

dified such that L) & is Nakano pos itive [87"but this can

v/
C

be done only on S and there is no control outSLde S

‘vzﬂ\’\«u“’& ' Unlen J"yv% M”Mx}jkfv’\ c{ {-—E/Wﬂ’luks- &i%'&owljﬁm

e ———

S N ahoqme%M CTurAe WI"UA ObWL H (‘S ('O > 1 “jﬁi/* e Qqél%
de. /Q/.‘uyﬁ %Y\,«m p\A.g,xu_:z W~ ,;U \,2,\ j}.«.@@,_dq‘“'%fﬁ" m_n@uﬂcu, QLMFQ
C(/V\/Jﬁiu &A{kt) (/(_\i’ L /T«.‘,dezu ) J/\U»\Q A4§: N() -W‘)u/me— d\b\/{,
o }L.A'}'\ﬂ/\uk CAANNE W/\ﬁ,L L\/v{, r‘ (% (9 >> 2.

q
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