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'  
0n the embe.lcl.:.ng of l*oolitrr€x nanj-folds

. r ' r i th 1-ci imensi.onerl  exceptional set

I/lihnear C 0LT01U
' ,

. '

I n t roduc t ion

I,et X be: a l-colt ' ; 'ex inanifo.l ci '  ancl ScX i-ts exceptional

se t .X  1s  ea l lec l  embcddab le  j - f  there  ex is ts  a  h .o j -omo: :ph ic
r - 0 ^'  

embedd ing .o f  X  i n to  g i r * lP "  fo r  su i t r : b le  k ,  t e ry .  . '  " '

Y{hen X has cl jmendj-on 2 & r 'esu-l 'c of C'Bi inj 'cf ,  pl  ,provea
r 1'  

a lgo by Vc l ra.r :  Tan l i l  cJ 'a$ser: ts t 'hat  X is embeddable

( i n  f a c t  i p  t h i s  c & s e  w e  r , r a ]  a . l 1 o w . X  t o ' h e l . * r e  s i n g u l a r i t i e s ) ,

I .

The purpoe e  or '  the  present  paper ' i s  to  genera l i . ze

th j -s  resu l t  to  i : ighcr  d i i ;ens jons .Ye con8tder  a  l -convq: l r

nrani fg ld t  such t 'h:r t  i ts  except iorral  set  F .1s au l r roducibl-e

cu . rve .Under  the  assunpt ion_tha t  S  is  no t  ra t iona l  ( i ' e '

i t s  normal iza t ion  is  no t  F1  )  we prove tha* 'X  is  embeddab le '
1 ,

A simi lar  re.gul t  holds i f  ' r le assl ime that S4tP- and. dim X*l

-  
(  see Theore rr  ' )  )  .

T h u t e c h n i q u e o f p r o o f e n a b l e s . u s t o o b t a i n a l s o t } r e . .
fo l1o' .T ing re,su1t :

.  
*  - ' -  : - -  ,

, :

ScX is  an  j . r re r luc ib le  except iona l  curve  | r i th  the  above

_ propcy l ies  t i ren  the .  funr lamen. ta l  c lass  6 f  s  in  x  c loes  no t

v a n j . s h  ( s e o  T h e o r e m  6 ) .
I



* ?_*

:l- . P r"'e l. i nr i ::i i.,r. :: i. c s

Throu,Shou b t i r is  p&.per \x/e shal1 not dis-Llnguish between

6 c l l r  a.  r rcr  o . , ' t  

'  '

hc,1oruor:phic l ine bun, l les and inve:: t ib le sheaves,

I f X i s

buncl le on

.a, cor:np)-ex mani:flolri. end l., j-s a holornorphic line

X  g i ven"by  t rans i t i on  func t i o r r s  { *n t }  co r res -

pon,ding to an open cover j -ng {U}r}  of  X,a hermit lan metr j .c

on  L  l s  a  sys tem {nn \  o f  C*  f r r .nc t i c ,ns  hO:Un-+(or* )  such

thet hklh g= leni lz on l lonl I  g.

I  i s  sa id  to  be  lTakano sern ipos i t i ve  t f  there  ex is ts

a  hermj - t j -an  mt : t : : i c  h=(h i . )  on  I  such tha t  - loghn is  p lu r isub-

harrnoni.c on U, f o:r: al 'Iv k.
K

l g t ,  nov  X be  a  l - -convez  nan i fo ld  and ScX i ts  except iona l -

se t . , { ,  i *  sa id  to  be  enbec l r lab ] .e  l f  i t  can .  be  rea l i zed  as
\ v ?

8,  c losec l  ana l ; r ' f i s  su-bnar : i fo ld  o f  so tne  0^x lP* .

The fo1. io ' ,z j -ng theorern of  I i [ .Sc]rneic ler  [ tZ]  ,p ioved al-so'

by Vo Van Ta.n [ f  l  e, . ]  ,  g ivcs suf f ic ient  and necessary con-

d l t ionr :  fo : . '  a  
' l - convex  

man j . fo ld  to  be  embeddab le .  :  . .

g lggig--L Let X be a.  1-convex manifold anr i  ScX i ts excep-

t i o n a i  s i € t .  T h e n  ' ) {  i s

morph ic  1 lne  bund le

I f X i s

n ica l  l ine

sha l1  need .

complex

bund. le on

a . 1 s o ' t h e .

l r ^ l  f i "  * ' l
r-- J Pr .,1*  Theorcrn 2

embeddab le  i f f  t he re  ex i s t s  a  ho lo -

L  on  X  such  tha t  L l "  l s  amp le .  '
I D

manifold r le denote by K=K" the cano-

.  X .  i n  o r C e r  t o  p r c v e  o u r  r e s u l t s  w e

f o 1 1 o ' r i 4 g ' t p r e c i s e  v a a i s h i n g  t h e o r e m s ' 1 :

let  X be B, 1-cbi iv€f 'manifold -wi th

1et t  be a i : .o lomorphlc l ine bundle

ar,rple .  Then l iq (  X;  K6l  )  .=6 f  or  q>.1 .

e x c e p t i o n a l  s e t  S  a r : d

o n  X  s u c h  t h a t  l f ,  f s



I!:1"-u-:-li] Let x be a, Kiihlerian manifotri and r, &

Idakano semiposit lve rlne bun.cl lo on x. rf Dccx is a 
"or**'

tLvely conpirc 'L strcrr :g ly pseucloccnvex cjolna. in rv i th smool,h.

bound,a-r:y tl:en l"lq ( n, I(e,1.., ) =o f or g>1 . ,

2, I '{a:i.n reslul-ts

Def in i t ion le t  s  be an i r rec luc ib le  curve and n;3*s

r  -  i ' ,

i tg  norms l iza . 'u ion .s  i s  ca l led  a  ra t iona l  curve  i f f  d= [ r1 .

us the behavl .ou: .  of

the  canon ica l  bund le  in  the  ne ighbourhood o f  an  excep-

t iona, l  i r : reduc ib le  curve  .

.Tt]g-gigg-A let X be a ]-convex nanlfolrL end assune that

i t s  e x c e p t i o n a l  s o t  s  i s  a n  i r r : e d u c i b l e  c u r v e , s u . p p o s e

tha t

a )  S  j - s  n o t  a : : a t i o n a l  c u r v e

or
1

b) Sgipr- anrl  dim X>,4

T h e n  K f  o  i s ' a m p l e .
f  D  4  - -

The prcrof of [ ' ] :eorern 4 is baseC on severaL lenr, ias"

I9 Ig l_L le t  X be s  l -convex mani fo l .d ,ScX i ts  except ional

set  qnd k=di rn  s .Then for  every g.cot r (x)  i t  fo l - lor , , ,s  that

H q ( , - i , F ) = o  f o r  q > k .

I

By a thcoren of  i , tarasimhan t9]  ua(X,F):6Q1:s,SiS) f f , "
a n y  Q l o . l l e l e  F f ,  c l e n o t e s  t t r e  t o p o l o g i c a r  r e s t r i c t i o n  o f

5  to  s ,hencc  F / ,  i , :  no t  B .  coherent  sheaf  on  s . I lourever : ,



by a resr.r l t  of f i .ej . f fen [ f f  Srrtz 4 the co]:omology groups

sQrs.  ; l - " )  vanish for :  q>1< at rd  the lenmta is  proved.
r i  t " l ' ,  

l l j /  
Y 6 r .

I$IUA-A L'ct X be a l-conv'ox mai:ifolt l

t i -o r la l  se t  S  is  1* , l lmens iona l - .Then S

neig'lr.bourl.rood .

Reniarlt t irat

t h e  m , . p  E  i s  b i  j e c t i v e

such 'bh.at j- ' ts excep-'

has'  a Kahl-er ' larr

s i n c e  R Q t * 1 ( / ; ; - 6  l o o r  Q r o  ( r r  i s

A pr .oo l i  o f  th is  le rnn t t l  ca .n  t re  founc l  in  [ f  o  p .15 ' t .Tn  facL

i t  1s sh, t ' ; in tha-t  S has an embeclda.ble neighbourhoot l .

 )
I f  S  i s  &n i r reduc ib le  curve  lve  denote  by  r f :S*>S j ' t s

normal iza t ion .There  is  en  in jec t i ve  rnc ; r 'ph ism o f  sheaves

t O  L  ^ , r n  ^ , r A! r . ! - r fY-9g whe::e zc^l ,  
$ Ls tne o-r l i i 'ect  i rna.ge af  0g (1.e.  the

sheaf  o f  t rea .k ly  hc lonorph ic  func t ions  on  S) . Ie t  R t  be  i ;he

shea,f  on Sj  of  1.ocal1y consta.nt  real  val t recL funct ions e.nd'

simila::ly def ine [r.1 or. 3. ff ff g]-f/, j .s th.e na,tural inclrrsion
D L - ) U

map then k= i "  j  i s  &n in jec t i ve  morph ism o f  sheaves"J ,e t

- ' r 1
Lx.ua /q  re  ) -+ rJ ' -1s  ' rY(9* \  r leno 'Lc  the  inducec l  map on ,cohomology '
1 1 "  a . l . I  \ l - ' r L ' - C r )  

' L L  
\ v t ' ' r : \ / S , .

] , :nr-?_z_ 
l l 'hc'  rr tap kf is surject ive

.  Proof

. i lonsi.der f i rst t i re connutat ive diagrarn
| '

1  r u  ( X '  1  - - r
II' ( S,Rd) -.---> 1{- 1 s , r/,g) l

r T  r t
_ l R , t

r r L / . 1  l y r ? _ . i  I  , l r a f  q  f f  ( r " 4 \
.  I I  \  r )  e / t" [ r ' j  i -"r t  \  " : ,  "*-S ]

f in j - te rnorPhism) " t '

- t h e  m s r p  t r  i s  b i j e c t i v e  s i n c e  1 1 q r u u ( [ 1 5 ) = o  f o r  q ] o  ( i f

U c S  i s  c o n t r a c t i b l e  i t  f o - 1 l o 1 ' i s  e a s i l y  t h a t  H q ( 2 r - t ( U )  n n q ) = o

ftrr  q>0;sir ice any p.oint  in s Jr .as a fund.arnental  sys: tem of



r

cont l re ,c t lb le  open ne ighbourhoods lve  c leduce tha t  RQi fn ( [13)=o

f o r  q l o  )  "

the  rnap c (  1 l ;  b i jec t i ve  s ln , :e  B  1s  I t lh le r ian .
, . .  ,

I t  fo l lovs f rom the corcrnutat lv: l ty of  th is diagrarn that  P 
:

ls blJ e ct i ' i , "e ,  . '

Consir ie: :  nol i  the comrnute. t ive diagram :

g i

11 *I--tgr 1

---.4*>
i x '
o

The rnap v is snr ject ; ive because supp( l f* t lg/ [ t - r )  is  a f in i te

se t . I {enbe k* is  sur jec t j . ve  anc l  Lenuna 3  is  p roved.  .
t  P - l

T,emni l  4 Let S be an i r reclucible curYe and | [ :S*S i ts

rrormb, lLzt i i ion. l ,et  l ,  bc a hol-ornorphic l ine bundle on S
\

r " rh ich ' i s  topo1og j .ca .1 ly  t r i v ia l .Th 'en  ther :e  ex is ts  a  ho1o. -

morp): ic l - inc, :  bundle L '  on S r i , ,h ich can be given by constant

ty 'ernsit  j -on funct ions { *, .  t} ' , ' r i th lepgl

n t r - ,e r , ' )  i s  t he  t r i v l a l ' 1 iue  bunc l l e

?roof

. l  \ . -  )Le i  Z {= tU i i  bu  a  f i n i t e  open  cover lng  o f  S  such ' tha t  ;
-  I  .  .  a  r  a l  ! , J - - - -  - ^ - L J - - -

L l '  i s  t r i v i a l  a n d  a l l  i n t e : : s e c t i o n s  U , ,  0  . . . 0 U . ;  & r e
l u {  - o  * r

' connected  anc l  con t rac t ib le . l . ,e t  hke  u  ( f * (UOnU9 )  d .enote  the

t r a n s 1 t i o n f u n c . L i o n s . f o r I , . S i n c e I 1 s t o p o 1 " o g i c a 1 1 y

t r i v i a 1 a n d t h e c o v e r i n g ? ( i s t o p o 1 o g i c a 1 1 . y € i c y c 1 i c r v e

can f  ind hol .omorphi-c funct ions l teo&-Ulcn-Ug).  such that

e x p ( 2 ? I ' i X k { ) = h k {  e n d  X k ( * } ( s + } s k = o  o n  U U n U r n U *  f f o r  a n y  k ,  e  , s .
( ^  \  1 .  ^  A  1

I l e n c e { f u J  d c f i r : e s  B .  c o c y c l e  t n  7 , ' ( l { , d s ) . S e t :  u r = o - ' ( u 1 ) ,

I I1(  s ,  f *R

"i
u 1 {  s , R ,

cr
r ) 9

4
I
I
I
I

\ r )
ar l
t-t

rroCIg)

i x

r 0 \
J "  S '

- ' l

on

and such that
aJ

D .



A r 4 r .  

11 = {t j r}  &nd X ke 
=Xk

Consider  now the

rn 
'z,L 

1?.1 ,fYn(!g) ,Lurt .$ uri i"

commutati.rre

&  c o c y c } e

dlagram :

nl( t r  ,Ro )

m \  
"

1 +
H ' (  S  ,Rs  )

-!--ul.l1(r{ ,roLcg)

Iv
a-tr*uf (s,tt*{93)

N o t e , t h a t  :

the map k#is sur ject ive by T,enr,na 3

tho  map m J .s  b i jec t i ve  bec i : ,use  H ts  topo log ica l l y

a c y c l i c

t h e  m a p  n  i s  i n j e c t i v e

I t  fo l lo rvs  tha t  p  i s  sur jee t ive .Th j .s  imp l ies  tha t  one

can f ind  a  cocyc le  t "o r ]  uz r (X I ,RS)  and ho lomorph: i . c  fuo l -

ct ions tue/Ceul such that
./\ /,\ /\
)ke-fto*f,  ="ke on UrrnUn for

a n y  k r 0 .

.  I f  .L '  is  the ho lornorp l - l ic .1 lne bundle on S wi th  t ran-

e i t ion funct ions B] rg =n*F(-2rc i r ) ,e)  i i  fo l l -or ' rs  f ront  our

const ruct j -on that  luon(2r i i fn) ]  i " f i tus  a nonvanlsh ing
'  5  I ! -

sec t ion  i n  
,1Y^ (LsL ' ) ,hence  

t ^ (LoL t  )  i s  t l u  t r i v i a l  l i ne

bunr j le  and lenrna 4 is  cornplete ly  proved.  \

lemrna 5 T,et S be an l-rreducible curve ancl , t :3-tS i ts

normal izat ion.Suppose that  there ex is ts  a ,  ho lomorphic

l ine bundle T. ,  on s  such that  Hl (s ,L)=o an<i  fP\  is  the

t r iv la l  l ine bundle oo 3.Then S is  a  ra t ional  curve.

Proof

.  There

I . f  we set

S ince

(p

1s a  canon ica l  morph isn 'o f  sheaves  1J- r t t * ry rL .
p

T'=kerv  and F^=fm@ rve  ge t  an  exac t  sequence
r . . .  t  z

o *-+I1--l *F Z--+o
1 -

H' (Sr1 , )=o  by  hypo thes is  and  t I2 (s r3 r r )=o  because



d im S=1  i . t

mology th.at

C ons J-rie::

o f  coho*  I

o *'F 
z--+t{ofl}L 

-*J!x! *o

Tr *kJ 
0'L 

. ' 

"'l i ince r ]upp11' " r t  r -1  is  a  f j -n i te  set  i t  fo l - lovrs  that
t -

' l  *  r tr ' {  
"2'  

I  - I  ' r  &
H ' ( S , ' l * l ' ) = o r h e n c e  H - ' ( S , ' T r , - f i o l ) = o . J l i - r . t  H t ( S ,  I | * n n l , ) g l i ' t ( S o t r ] I , )

J r L l r y

because r  j . s  a  f in i te  morph lsp . lVe  c leduce th .a t  I { * (S ,06)=6
. r J

and conr:eeuent ly 5gf,1 ,  i  .  e.  S ls a rat icnal  curve. lemma 5

1 s  c o m p l e t e l y  p r o v e d  e

\ ' {e  e . re  novr  in  a  pos i t i -on  to  p rove  Theoren 4 .

a)  Suppose f i rs 'L  tha t  ,3 ' j - s  an  i r reduc lb le  curve

vrh ich  is  no t  ra t iona l . i ' , ' e  p rove  tha t  X IS ls  a rnp lee
O D 4

I t .  i :  e a s y  t o  v e r i f y  t h a t  H ' ( S , Z ) ! H ' ( S , f ) e n  f o r  a n y

irredu-cible cur:ve ano j . f  F is o.  holomorphic l ine bundl"e

o n  S ' b h e n  F  i s  a m p l e  j - f f  c ( f )  ( t h e  C h e y ' n  c l a s s  o f  F )  i . .

cor re ,spond-s ' r tnder  the  a .bove isomorph isms to  q  s t r i c t l ; r

p o s i t i v c . i n t e g e r . ' C o n S e q u e r r . t 1 } ' t v e h a v e t o p r o Y e t h a t .

c ( r f s ) > o .

Y/e  rema. rk ,  f j . r s t  t ha t  
" (K is )> ro . Indeec l . ,  

i f  c ( f l  S )<n  then
-l

K-r  ( the  dua l  o f  K  )  l s  anrp le  v rhen res t : " i c ted  to  S .
1 -1 .  ' t  -  ;

3y Theorern  2  v re  ob ta in  I I ' (1 , ,  KsK- ' )  =o , ] rence I1 -  (X  ,U* )  =o ,

i f  S  d e n o ' L e s  t h e  i < i e a l  s h e a f  o f . S  t h e r o  i s  a n  e x a c t  s e -

quence of sheaves on ,-(  :

o -r! -- (9. ----> U-/"J -> o- 
it it' -.

' 1  . 7

Since l i t  (X,  Oy) =o and I{1 (  X , l  )  =o (  by T-,enrma 1
,  ] I

)  we ded,uce

fo l . lows f rom the  long exac t  ser luence
1

I I - ( S . 9 ^ ) = o "
a -

no1"i  the exac:t  sequcr lce

,  , , 1 '
f ronr  the  long exac t  se  {uence c f  cohomology  tha t  I { ' (S  r$g)=o

which  imp l ies  S ! iF1 .  Th is i  con  t rad  ic ts

S ls  no t  a  ra t iona l  curvc .So ! ' re  must

our  assunpt ion  the t

have  
" ( l ( f  S )>o .



*ij*

I

In orcler:  to prove Thr::oren 4 j . .n ca-se a) we ha.ve only

'Lo ve:r i fy '  that c (K lg ) ro . i
C i " , ' . * ^ . . ^  + . 1 . . . ' +  t r r \  \  rD u l r p o s e  r i r u t r  c ( K l S ) . = o , h 6 j 1 1 c e  L , :  = K l S  i "  l ; o p o l o g i c a J - 1 y  ' b r i v i a l

f f  n:3*S r ienotes the noi ' r ra l izat : -on of  S f rom lemrna 4

the're ezj ,stu a holornorphi .c , r . j .ne blrnd. le L,r  on S r ,vhich eCI.n

b e  g i v e n  b y  c o n s t a n t  t r a n s i ' u i o n  f u n c ' b i o n s  { * U . }  v i t h

I r , **, -" ? . \ .

IBr , r l=1  and suc ] r  tha t  l i " ( le l t  )  l s  the  t : r l v ia l  l i ne  bund le
!\J

o n  S .

By lemma 2, S has an open ncigtr lourhood l I  which is

KHhler: lan a.nd shr i .nkj .ng U i" f  necessary we ne.y qF.sume tha'b

t h e r " e  e x j . : ; t s  a .  c o n ' t i n u o u s  r e t r e . c t  g : U - r S . L € t  S c U t c c U  b e

a s t : :ong ly  pseudoconvex  ne i -ghbou: :hood o f  S  v , r i th  smooth

1  t  , . 9  1 . -  )b o u n d a r y  a . n d  l e t  L / = i V ' I  b e  e . n  o p e n  c o v e r i n g  o f  S .  s u c h

tha.t  T, t  i ,s  g iven o:r  Y' . r1I , ' ,  by t l ie constants g,-n rv i t l "  l . -  l :1
K  ' -  - r l (  r  l 6 k g l * r '

:  . r  r . . , t  _ - l  N  ru

Sc 'L  V , - t  =  P- ' (V , -  )cU anr i  on  V,_nV^ co t le l r le : :  the  t ra . r rs : - t ion  fu r rc -
,  t {  I  '  

i i '  K ' (
l\
' N

t ionq  Bk I  t  = f ,ke ,  S ince  gke o . re  c01]s te rn ts  i t  f  o11or ' ' r s  tha t  ' che '

. ,  t r J  1  -  f \ )

C O C y C l e  { 9 , j " L  r i e l " i n r . r s  n  l 6 r l n m n z ' r r h i ' '  
' ' l  i n e  b U l d l - e  I , r  O n  U .

L b k t j  " -  - L - L f . v  v q j r u J - \ ,  r - '

^ t 1  V J

a n d  L ' I  o = f , r . l , l o r e o v e r  L !  i s  i { a k a n o  s e r n i p o s i t i v e  b e c a u s e
l D

j

l r u  !
l  n  I - 1  f n -  oh *  l '  |  ' nnn .n  

TheO: :e : : i  3  O f  G fa f f e f , t  S ,ndt A p 4  l - -  r v *  c a t l J  N r L . r ' r \ - , t l l

Riemenschne: l r ie r  r i re  se t  H]  (u  t  r  l (d ,  )  =o ,  !t : ) v  "

N o w  c o n s i d e r  t h e  e x a c t  s e ( i u e n c e  o n  U t  ; .

, A
( ) c )  o * t Y * O , , , * r 1 n  ' ^ '

u '  
' 1 i ' / I  - * - ) o

where 7 1s the

F r o m  ( r )  v r e  g e t

i d e a l  s h e a f  c f  S .

the  exac t  se r l ue l t ce  o r1  U t '  :  .

(x -x )  o -+rc# , ,e1* - \xe f f , - - - txd ,aCI f t - " - )o .  
-  '  ' ' '

2 ,  

' r y  

/ \ r  IT l r r  T n ' r n . o  ' r  r r ' - ( f i 1  v . i ' . r a ^ / \ - : o . s i n c e  L r J 6 = 5 r . t h e  1 o ' g  e x a c t\ u  t r \ . J !  " - , :  
-  

l , r : *  
t / I l g  I U , ] 6

sequence of  cohoirxc, logy : i . .mpl ies " i ;ha'L l i l  (  S,  X f  oel ,  )  =o 
"  But

, v

- t{- /!

TL'(Y- l"6Lt)  i ,g the t r iv i .a l .  l i r : .e buncl le on S an<i  f ron Ler i l r l le 5
l L )



fi

i . t  fo l lows that  S ls  a  ra t iona, l  cur :ve whi ih  cont rac l ic ts

ou r  hypo thes is .Consequen t l y  a )  i s  p roved . .

h)  Assume that  sgpl  and n=dim x>4. \ye shar l  prove :v t

d
.  * h o *  " lur.r(r r. ,  tr lS 1S AmpIe.

..
.  ' . . ' i '  :  Let  N^, ' .  denote t t re normal bundi-e of  S ln X and Ko the . .

D I . i L  "  , >

asnon ica l  1 . ine  bund le  c f  $ , I f  we use the  ad junc t ion  fo r -t  v s r J

r  . . "  i  mula '  K l r=KUsdet(NJtX)  we obta in  the fo l lowing formuLa for

the Chern c lass of  K [  ̂  :
I D

c ( r l  S ) = c ( I { s ) : c ( . d e t ( N S l  X )  )

' * , ; .  s i n i e  s : p1  we  have  c (Ks )= -2 .On  t he  o the r  hand  a  r esu l t  o f-  D '

,  l au f ,e r  t e  ]  g i ves  the  fo l l ow ing  es t ima t ion  :  c (de t (N ,  
t x )  ) : 6 -n+1 ,

. '  Hence u/e obta in  c( f  f  S) )n-3>o.  and Theorem 4 is  complete ly

provec l .  :

,  i , '

:  Rernar lc  l t  a i rn  x=3 anc l  sgPl  i t ,nay tappun tha.b K ig  t r i -. -  
r .  -  . . :

,  v ia l  in the neighbourhoof l  of  S.  I f  NS 
I  X=g( cr  )e ( ! (c)  ,  cr< c '

i s  t h e  d e c o m p o s i t i o n  o f  I [ r , "  i n t o  l i n e  b u n d l e s  a n d  K  i s

t r i v i a l  i n  t h e  n e i g h b o u r h o o d  o f  S  t h e n  ( c . . ' ,  ̂  t  f ,  ' 1  1 \
' * 1 , u 2 l C L \ " r s - L )

( - 2 , o ) ,  ( - l , r ) )  ( s e e  r , a u f e r  [ g ] l . t l e n c e  T h e o r e m  4  d o e s  n o t

. 
hold i f  dim X=3 and SgFl.I f  dim X=2 and Sg!P.I easy examp,les

show us thet  l ( lo  rnay even be negat ive.
I D

T h e o r e m  5  l , e t  X  b e  a  l - c o n v e x  m a n i f o l d .  s u c h . t h r a t ' i t s

except iona l  se t  S  ls  an  i r reduc lb le  curve .Assume tha t  :

,  a )  .S  is  no t  a  ra t iona l  curve

or
- 1

b )  . S Y t r t  a n d  d i m  X * 3 .

T h e n  X  i s  e r r b e d d a b l e .

procf

rn  case a)  i t  fo l lows f rom Theorem 4 that  n  L  is  ample.

By Theorem 1 x  ls  ernbeddable.A s in i rar  argument  showus



that X i .s enrbericlat: l .e i I"  S*ttr l  anri  cl im X)4"

r f  x  has  d i rnons ion  z  then  s  i s  a  d i v i so r  and  i f  we  deno te

by [sJ  the cor i ]espo ' r l ing l ine bu 'd le  i t  fo l lor , , rs  that  f r ] - t
( the c lua] -  o f  [ tJ  I  : ! -s  ample wher : . rest r : ic . tod to  s . , , iga in  b) ,

Theorem 1 we d.educe that  X is  embeddab. le  c

Renark r t  seems very l ike ly  thet  rheorem 5 shoulc l  ho ld

for  any curr re  S"  " '

complex  man i f  o lc l ;  ScX an i . r reduc ib le ,  compact

i ts norrnal iza. t ion.  The i rnage of  the fun-

t  i n  t T  ( T  r y n \  . i -  ^ ^ 1 1 ^ - )  . L l\A ,  a  z  i s  ca l1ed the  fun .damenta . l_

stralghtfo: : ro iard consequ.enee of  Theoren 4

topoJ .og ic :a1  resu . l t  i

be a complex nani fo lc l  and ScX an j - r redu_

cu.rve such that :

rertiol:a.J. curve

I,et novi, '  X be s
N

curve anrl 5i: S->S

dementa l  c lass  o f

c lass  o f  S  in  X"_4.

is the f 'o1- lovr ing

Theoren  6  Le t  X
* * % i * -

c l b l e  e x c e p t i o n a l

a ) S i s n o t &

or

b)  S ;pr  a r rd  c1 j .n  X*1 .

Then t l r .e  fu r ica i ren ta l . .  c l r . rsg  o f  s  ln  x  does  no t  van ish"

n  F . ^  t l

JS-T{:JI. ln- L-tl bJ Vc Van Tan ir1"s proved that any l-convex

manifolcl .  X r,vj- th 1*cl imens:i .ona.l .  exccptional se.t  is Ki ihl-er ian.

ur r for tunate- l - ; ; i ,es  l re  she.11 s 'eerh is  pr .cc f  is  fundarnenta l ly

vr rongra 'nr l  r rery  un l1ke1y to  be "pa i ;ched upt t .

Accord ing to  h is .  notat ions l .e t  7r :  x -+y be the Remmert

reduct ion of  x . \ rYe assurne .e lso that  the except i .onal  set  s

is  a  smooth curve and 1et  r  be a4y po i .n t  o f  s  and set
' V / / \ t

z :  = x r l l , s :  = s r T .  r f  E  i s  a  h o l o n o r p h i c  l i n e  b u n d l e  o n  y  l v e
. , ^' s e t  F : = t t t ( i i )  a n d ' 1 , , = i J l r . T h e  a u t h o r  a s s e r t s  t h a t  i f  G  1 s

.  
. l J

pos i t i ve  then  i l r e re  ex i s t s .  a  rne t r i c  i n r l  on  t  such  tha t  :'  I )



\ r  -- d d  J . o g  h *  1 . X  )  >  o
I

1 1- I I -

\

Ah lT lv
V- t t  r  ^

J , X

( x ) -))

- d d

on

v
z e Z : S = X r  S

where TH,"  is  the (zar isky)  iangent  spece to  X at  x  and NHr*

i s  the  comp lemen t  space  o f  t 5 r *  t r  t r r * .  .  .
v le  shal l  shovr  that  (x)  does not  ho ld .v le  take f r  to  be

the t r iv ia l  l ine bundle on y .  which is  pos i t ive s i r :ce y  is

S te in . I t  f c l l o rvs  tha t  t  i s  a l so  the  t r i v i a l  l i ne  bund le  on

z  and  (x )  imp l i es  the  ex i s tence  o f  f l  c *  f unc t i o r i '  h rz -> (o ,oo )

'  -1og i t l$  is  s t rongly  p lur isubharrnonic .S inee - l -og h is  s t ron. -

g1y plur isr i-bharnionj.c on Z'.$ l t  fol- lovrs frorn t fre continuj-ty

of  second der ivat ives that  -1og h is  F, Iur lsubharmonic  or r  Z.
gy ; iwe1I  l tno, rn  : 'esur t  concern ing the extensron-o,  ; ; ; " ; -

\
subhalmonic .  funct ions (see Grauer t - 'Remmert  A7 )  the: :e  ex is ts

& ph. r r isubharnonio funct ion p on X such that  p  
I  Z=- f  og h.

'  The maximum principle for plur isubharmoni.c funct ions irnpl iea

t h a t  p  | . = c o t : r s t a n t , h e n c e  - l o g  h  / X = " o r r s t a n - t " T h i s ' c o n , c r a d i c t s  
: '^  

l )  
- - o  ^ ' l s

the fact  that  - ros i r lg  is  s t rongly  p lur isubharnonic .

fhe gap in  the proof  o f  vo yan Tan is ' the fo l lowing !
v

s ince  3 :=s .T  i s  s te in  the  r : re t r i c  { .n * }  can  be  su i tab l y  no -

.d i f ied such that  t  jH is  lda l rano pos i t ive [s ]  u" t  th is  can

be done onl .y  on X and thcre is  no cont ro l  outs ide X.

V^-"L u^Jr^ i:**' cLA5\-,^\) lil* "t t*n"o- 5 ,e-1^Xi-.r,a#^ol
$ it o. r.a-r:ior^a.{. c<^r:a.l-e *"il^ &*O Ht{S,dr)a L .l-luo .V*. u",1ft,6' 
,j'zJ"tt*-fl 

trr.t*^- 
p\^aa\..&r{.* , il ,r9^ i**u!^.*--*r{-,d,nfrJ*. ,^^or: .;:

r .,..|{r ,,-W c-,t t fr.2o"€*A{/) t.C.Q ^t * 
" 

orJrr^.rue:l** S ia
\-</\/\'r2-<L\^ 1

ov ruo*.a'..,-t .i.r'* *cilU- J*,^.--niC; 62- jrZ.
c '  )  - s ,

1 o g  h .  ( x ) r , a

1og h ,  ( .s )  >o

]\T r.* ' s ,  x
f F  . i f- Z , z  1 -on
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