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ON THE TSOTROPY TN TI. IERMOELASTOVISCOPLASTICITY

by Sanda CLEJA-TIGOTU
,

INTRODUCTTON

I n  t h i s  paper  we  d i scuss  the  i so t ropv  o f  t he  the rmoe las to -

v i scop las t i c  body  w i th  i ns tan taneous  p las t i c i t y  (o r  sho r te r

t h e r m o v i s c o p l a s t i c  ( t . e . v . p .  )  b o d v )  d e f i n e d  i n  t h e  p r e v i o u s

paper  t  r ] .

The point  o f  v iew adopted there is  the same one wi th  that

p r e s e n t e d  b y  M . M i h e i l e s c - S u l i c i u  a n d  I . S u l i c i "  t 2 ]  a n d  E . S 6 o s

F - l

l l J  i n  wh ich  the  concen ts  o f  t he  p laS t i c  and  e las t i c  de fo rma t ions

are s imul taneously  in t roduced wi th  the a id of  the const i tu t ive

and evolut ion equat ions;  these deformat ions are not  thouqht  of

an k inemat ic  concepts

'  
He re  the  q rad ien t  o f  de fo rma t lon  i s  mu l t i p l i ca t i ve l y  de -

composed in to 1ts  comPonents.

T h e  l o c a l  c o n f i q u r a t i o n  l _ 4 , 5 ]  i "  u s e d  i n  [ : ]  t o  d e f i n e d

the current  local  thermoplast ic  deformat ion FP which as thermo-

glast ic  deformat ion F€ is  not  a  qradient  o f  some c{ lobal  de-

formatio" I  g- r  r l  .

The  te rm " j -ns tan taneous  p las t i c i t y "  i s  added  to  those  o f '

t he rmov iscop las t i c  as  i n  t  6 ,7  ,87  i n  o rde r  t o  spec i f y  t he  P resence

of  the rate indel :enc lent  par t  in  evolut ion equat ion of  Fp and of

the work hardening var ia lbe.



rn  the  f i r s t  sec t j -on  we  b r i e f l y  reca l l

a s s u m p t i o n s  o f  t . e . v . p .  I t ] .

l \ 'vo concepts of the material symmetry

body ,  i . e .  k -ma te r ia l  symmet ry  re la ted  to  k

some o f  t he  bas i ca l

m a y b e  u s e d  f o r  t . e . v . p .

re fe rence  con f i gu ra -

# i  an  rn r : l  t4  - rna ter ia l  symmet ry  cgr resp6nd ing  tO the  cUr ren t  lOca l"xt

re laxed conf iqurat ion as both of  them are j -nvolved in  mathemat ica l

d e s c r i p t i o n  o f  t . e . v . p .  b e h a v j - o u r  o f  t h e  b o d y .  
'

He re  we  cons ide r  on l y  t he  ma te r ia l  i so t rooy .

We point  out  some quest ions:  what  is  the re la t ion which

can ex is t  between the two concepts of  the isot ropy,  which of  them

is  addequa te  to  desc r ibe  the  behav iou r  o f  t he  app rop ia te  t . e . v .p .

b o d y .

Since the admiss ib le  thermoelast i -c  const i tu t i -ve funct ion

by means of the evolution system becomes an operator depending on

the h is tory  up to  t ime t  o f  the cr radient  o f  deformat ion,  Fk ,  and
' i  r ' ' t

o f  t h e  t e m p e r & t u r d  0  N o l l ' s  c o n c e p t  1 1 2 , 1 3 J  o f  t h e  i s o t r o p i c

body  re la t i ve  to  the  re fe rence  con f i gu ra t i on  k ,  as  a  s imp le  ma-

1 - c r i  a ' l  m a v  s e o m  n a l - t r r a l ' l r z  t O  b e  C O n S i d e f e d .u e !  r q r  r r r q l '

Tn  the .second .  sec t i on  o f  t he  paper  we  cons ide r  t he  res t r i c -

t ions which can be imposed on the const i tu t ive equat ions i f  the

mate r ia l  has  i so t ropy  i n  i t s  re fe rence  con f i gu ra t i on .  de  P rove

t h e r e :  i f  t . e . v . p .  b o d y  i s  k - i s o t r o p i c  t h e n  t h e  t h e r m o e l a s t i c

respons  func t i on  i s  an  i so t rop i c  one  w i th  respec t  t o  t he  l e f t

Cauchy-Green e last ic  tensor  V€ and the proper  va lues of  the

cu r ren t  1oca1  r i gh t  s t re t ch  p las t i c  t enso r  UP a re  a l l  equa l

There are no favoured proper  d i rect ions of  the p last ic  deforma-

t i on  a t  X .  I n  t h i s  l as t  po in t  o f  t he  p roo f  we  essen t i a l y  use  the

re laxat ion condi t ion which is  the usual  ador ; ted one in  t 'he des-

c r i p t i on  o f  t he  p las t i c  de fo rma t ion .



I t  f o l l o w s  t h a t  t . e . v . p .  b o d y  k  i s o t r o p i c  a n d  p l a s t i c a i . l y

i ncompress ib le  undergoes  on l y  the rmoe las t i c  ( f i n i t e )  de fo rma t ion

and.  on the other  hand the evolut ion funct ions descr ib ing the : :a te

o f  p las t i c  de fo rma t ion  a re  skew symmet r i c  va lued  tenso r .  Bu t

a  the rmov iscop las t i c  body  maybe  o las t i ca11 .y  i ncompress ib le  de -

fo rmed  a l so  bv  to rs ion "

In  conc lus ion  the  concep t  o f  k  i so t ropV  i s  much  more  res -

t r i c t i ve  and  i t  w i l l  be  no t  addequa te  i n  t he  desc r ip t i on  o f  t he

t . e . v . p .  b e h a v i o u r  o f  t h e  b o d y  w i t h  s p e c i f i - c  m a t e r i a l  s y m m e t r y .

T h u s  a  t . e . v " p .  b o d y  i s  e s s e n t i a l  d e p e n d e n t  o n  t h e  r e f e r e n c e

c o n f i g u r a t i o n  k .

fn  the  theo rv  o f  d i s loca t i on  i t  i s  assumed  tha t  t he  o r i en -

ta t i on  o f  t he  c rys ta l l oq raph ic  s t ruc tu re  i s  ma j -n tened  du r i ' ng

r 1
s l i p  de fo rma t ion  l t aJ .  The re  ex i s t  one  favou red  con f i qu ra t j -on

the  l oca l  na tu ra l -  con f i qu ra t i on  a t  t he  i n i t i a l  momen t  to  ,  t h i s

may  be  the  f i xed  k .

We pass  to  the  o the r  concep t  o f  t he  i so t r :opy  th i s  be inq

i  ndpnondr=n t  o f  i - l r r r  n ro r r i  o r rg  one .  We p resen t  K - - * i so t ropy  i n  t hef , f  r u s y u f , r q u r r  u  v !  t " ' - -  - "  -  - ' x t

f ou r th  sec t i on .  I {e  conc lude  tha t  t he  the rmoe las t i c  cons t i t u t i ve

func t i on  i s  i so t rop i c  i n  r / e  and  FP ,  and  the  evo lu t i on  func t i ons

in ' f f  and FP,  where J f  is  the Pio la-Ki rchhof f  svmmetr ic  tensor

re lat ive to  l (x t .

I f  we consj -der  that  . f$  sat is fy  the temporar ly  invar iance

r . l

cond i t i on  L :J  then  a l l  t he  func t i ons  w i l l  r esu l t  i so t rop i c  i n

Ve and respect ive ly  in  7 i  ,  ds ther :e were assumed in  the men-

t i oned  paper .

In  th i s  case  we  ob ta in  the  ex i s tence  o f  one  re laxed  con -

f i q u r a t i o n  K , - ,  d e d u c e d  f r o m  t h e  a c t u a l  o n e  b y  a  D u r e  e l a s t i c  d e -
" x c

format ion and such that  the rate of  deformat ion is  addi t ive ly

a w n r o q q o d  h v  m a a n q  o f  i - h r a  r a t e  O f  t h e r m O e l a S t i C  a n d  t h e f m O -g ^ y r 9 a r u u  v J

p l a s t i c  s t : : a  j . n .



'  
Th is  choise of  the p last ic  d .efor :mat ion such that  Fe the

elast j -c  deformat ion becomes a symmetr ic  r )ure deformat ion is

p r o p o s e d  b y  E . t { . L e e  I i r ] "  S o m e  c a s e s  w h e n  t h e  a d d i t i v e  r e p r e s e n -

tat ion of  the rate of  deformat ion fo l lowing f rom the mul t ip l i *

ca t i ve  decompos i t i on  o f  t he  de fo rma t j . on  q rad ien t  a re  p resen ted
F {

'  |  - F  tr - n  L 1 5 J  "

This  means we can develone the theory based on addi t j -ve

decompos i t i on  when  we  cons ide r  t . e . v .p .  body  Kx t - - i so t . rop i c  ve r i -

f y i ng  a l so  the  tempora r l y  i nva r iance  cond i t i on .  Th i s  was  a  bas i s

fo r  much  works  i n  e las t i c  p las t i c  ana lys i s .

T h e  s e c o n d  c o n c e p t  o f  i s o L r o p v  i s  a d d e q u a t e  f o r  t . e " v . p .

b o d y .  w e  c a n  c a l l  t h i s  k i n d  o f  t h e  i s o t r o n y  t h e  p l a s t i c a l  i s o *

# rn r - r r r  c i nad  i t  i s  re la ted  to  K . ,_  wh ich  i s  used  to  de f i ne  thel v r q u e s  L _  _ , X t  * J  L t J € L l  L L ,  \ l . ( : l -

cu r ren t  l oca1  the rmop las t i c  de fo rma t ion  tenso r .

The  equa t ions  desc r ib ing  the  behav io r  o f  t he  i so t r :op i c

e l a s t o - p l a s t i c a l  d e f o r m e c l  b o d y  w h e r e  c o n s i d e r e d  i . t  [ 6 - B J  "  T h e r e

the  re laxed  con f i gu ra t i ons  a re  i soc l i na l .

We  dea l  i n  t he  th i rd  sec t i on  w i th  the  concep t  o f  t he

the rmov isco l : l as t i ca l l y  equ iva len t  con f i qu ra t i o r r s  wh ich  w i I l  be

u s e d  i n  t h e  d e f i n i t i o n  o f  K - - .  - i s o t r o o i c  t - o  r r - n -  h o r l r r f f i' x t  v v u v

Here  we  use  the  fo l l ow inq  no ta t i ons :

h  a b o d y ,
u

6  e u c l i d i a n  s p a c e  w i t h  t r a n s l a t i o n  v e c t o r  s p a c e

\  '  a Y  - - >  t  1  l i n e a r  m a n n ' i n o  1Ll-n = 
1A: Y ---> V I  l l -nea]-

o r t h  =  f  0 € L i n  l Q Q r = r J  i l - t u  o r t h o g o n a l  g r o u D ,

I nv - l i n  C  l i n  t he  sed  o f  a l l  i nve r t i b le  l i nea r  mapp ings ,

s y m  =  
{ A €  L i n  \  o = o t ] ,  w h e r e  A T  . i s  t h e  t r a n s p o s e  o f  A ,

'  (  r  . .  1
U n i m  =  l A € L i n  I  l d e t .  A l  = 1  !  ,

Psym -  t he  se t  o f  t he  a l l  pos i t i ve *de f l ned  symmet r i c

; ^ * - . . t  * - ^
r r r o . y I J J - r r 9  >  t



Skew -  the  se t  o f  a l l  . skewsvmmetr ic  tensor ,

IoJu ,  lo1"  
-  the  skewsymmetr ic  and respec t iv  symmet r ic

par ts  o f  the  tensor  A ,

K- -  a  loca l  con f igura t ion  a t  the  po in t  X '  i "e .  the
x

equ iva lence c lasse  de f ined by  the  conf iqura t ion  K by  the  re la -

t i o n  (  =  i t  I  r  c o n f i g u r a t i o n  o f  f i ,  V (  t ' ^  " - l ' l  - ' ?
" ' x  t  '  ) n  o I  ' / 0 :  V (  o  o  K  / \ X ( x ) = L ) r

q  f h e  f a n o e n t  s D a c e  a t  X  ,\ t X

R the  se t  o f  rea l  numbers  ,

2 r f ( i , 9 , 5 ) G s y m  i s  a  t e n s o r - o a r t i a l  d e r i v a t i v e  o f

F  t  f r ,  0  , o (  )  w i t h  r e s p e c t  t o  f i e  s y m ,  i . e . ,

! . ( 7 , *r r m  ;  t  ' r ' (  f +  / 5  A ,  e  , 4  -  3  ( I , 0  , d , 1 1 =  2 . - F  ( V , 0  4 1  ' a
^ r J l

S + U

I'tHE-ts1$.-oglrAF"J-o"gl.s.g9P,!3,s,f199-opY

We b r ie f l y  reca l l  some o f  t he  bas i ca l  assumnt ions  o f  t he

mathemat i ca l  (ax iomat i c )  p resen ta t i on  o f  t he  the rmov iscop las t i c

bod ies  w i th  i ns tan taneous  p lasL i . c i t y  I t l r  abb rev ia te l y  deno ted .

t .  e .  v .  P .
.1)

L e L , f J  b e  a  t . e . v . p .  b o d y .  T h e n  w e  h a v e  t h e  f o l l o w i n q  a s .

sumpt ions :

4 .  l .  F o r  a  q i v e n  m a t e r i a l  P o i n t

^ /
where  X ts  a  mot ion  o f  a  ne ibourhood

X at t ime t for anv ( N , 0 )

g the

the current

f  * . , f r  o f  x  a n d

t empera tu re  f i e ld ,  t he re  ex i s t  KX t  €  Inv l i n

l o c a 1  r e l a x e d  c o n f i q u r a t i o n  ( c . 1 . r . c . )  a n d

-ha rden ing  va r iab t re  (w .h .v .  )  and  a  func t i on
#-

A:.3.  The Cauc\ 's t ress tensor  is  g iven

T ( X , t ) = f r .  ( F :  , 0 ( X , L ) , 4 K  )
"xt "xt - 'xt

(  F*, 'd I  -

" ( " .  
€  R -  the work

"xt
+ c / ' r  +ha{ -
L t ,

- n - - ,

1-rr ru . t

( 1 .  r )



A
' L 7 h  6 f  A  k '

" V̂ ' X r -

i s  de f i ned l - r t r

the current  local  thermoelast ic  deformat ion at  X

u ; . . , =  V / , t x , r ) u  - ; i
"xt

f u : "  The  ac tua l  raLe  o f  K . -  i s  g i ven  by  the  evo lu t i on
X E

a t r l I i f  r  n h

"y 
(FB ) 

- 1=A,, ( Ji , ,  ,  0 (x,t) ,  4.,, )^xt  Kxt  Kxt  Kxt .  Kxt

* ,Lu 7 Br. ( fk- 'xt  "xt - 'xt

t oge the r  w i th  i n i t i a l  da ta

, 0 ( x  , t - )  , 4 y  )- 'x t

K . . ,  = K o  ( X )
xtr

a'\

\ r .  z  )

( f . J /

( 1 . 4 )

in  which

( 1  q \

i s  t he  cu r ren t  l oca l  t he rmoo las t i c  de fo rma t ion  a t  X ,  re la ted  to

" * * r= * * " . (Vk  
( x )  ) -1

t he  Ioca l  re fe rence  con f i qu ra t i on

svmmet r i c  P io la -K i r chho f f  s t ress

k=X, ( .  ,  t ^ )  and To
v  , r x t

t enso r  co r respond ing

i s  the

to  K . , .  :
I \  L

( 1 . 6 )

to  the  cu r ren t  y ie ld

d
JI = a . t a f  F '

a,^xt ^xt ( F :  ) - t r ( x , t )  ( r ' 3 ,  ) - roxt ^xt

p ]as t ic  fac to r  assoc ia tedHere

su r face

4,,, is the^xt
g n  ( f f u  ,  o ( x , t )  d n  ) = o  d e f i n e d  b v- 'xt  "xt  - 'x t

tr  ̂ *.= 2r7^u" ,*^*r) ' i i * )rFnrr, ,{KxL) i)

i n  wh ich  ,=  ,Uo*a ,  0 (x ,  t )  )  "

{ l ! . ,  The evolut ion equat ion tor  A.,_ is given by^-xt

( 1 . 7 )



7 -

?**.= l*". (' 'un*r' n tin"i **", 
" 

'u^*r) ( I ' B )

wi th  the  i n i t i a l  da ta

&. K =do (x)
' .Xto ( 1 . e )

4. . .1 .  The confJ-gurat ion K.*  and the funct ion f , ,  saf  is f r r-  x t  ' K " t

the re laxat ion condi t ion :

the posi t ive-def ined symmetr ic  tensor  Uo.  is  such that
D

f K  ( U o , 0 ( x , t o )  , d u  )  = 0
"xt "xt

( r . 1 0 )

i f  and  on l y  i f

.  
T IU o = r  n  ( 1 .  1 1  )

By taking into account some other assumpti-ons Lt ]  the fo l -

lowing proposi t ion and remarks hold:

PJ"-L-I .  The thermoelast ic const i tut ive funct j -on has the

" o b j e c t i v i t y  p r o p e r t y " ,  i " e .

t n " ,  (QFe ,n ,on"a ,  =n t * "a  (Fe ,g , * * "a )  Q t ( 1 . 1 2 )

f o r  a l l  Q € O r t h .

2)  The Pio la-Ki rchhof f  symmetr ic  s t ress tensor  T, ,  is^xt
given by

with

( 1 . 1 3 )

( 1 .  1 4 )
a a r T o

r--  = f  ! ' -  
' l  * I l "

- K - - .  " K _ . '  ' K . - ,- x t  - x t  - ' x t

R e n r a r k  1 . 1 .  F r o m  ( f  . 2 )  a n d  ( f  . 5 )  o n e  s e t s  t h e  m u l t i p l i c a -

t ive decomposi t ion of  the deformat ion c l rad ient  FU in to iLs

components



a
Ft =F1* I.I '- k  ^ K . . , - K . , ,

x 1 -  x f4 .  U  r \  U

( 1 . 1 5 )

to obta in some evolut ion system for

f r o m  ( 1 . 3 )  a n d  ( 1 . 8 )  w e  r e w r i t e  a l l

f onc t i ons  i n  Lhe  fo rm:

R e m a r k  I , 2 .

con f i gu ra t i ons  o f

g iven too.

Together  wi th  in i t ia l  data one of  the reference

a neighborhood of  a  mater ia l  po ints  X must  be

Bema,qJ:*.]..J. rn order

the var iabLes FB and d. .^ x t  ^ x t
evolut ion and const i_tut ive

o*". ,' , {". ) =ok ,, ,o **r, tfl".,

so  bo th  re fe rence  con f i gu ra t i on  u= f l ( .  r t o )  and  cu r ren t  re -

laxed loca1 conf igurat ion Kxt  are ment j -oned.

The evolut ion system for  ( f?  ,4u )  is  obta ined in  the-'xt "xt
f o rm:

t?". ttfl*.) 
- l=Ak ,' ,u**r.tfl*.) + <^**i Bk (z ,**r",u[*.,

i*".='o t"o^".,u1". '* tA"i. mu (2, u**.,"[".,

in  which

z = ( f i -  , g  ( x , t ) )^xt

with

f ,^".=nu t l":. (rR*.) t) tuo,ufl*.)-tJ"
6 ( x r t ) r d r .  , r ' f ;  )^xt ^xt

a s  i t  f o l l o w s  f r o m  ( 1 . 1 3 )  -  ( r .  1 5 )  .

T o  ( 1 " 1 7 ) - ( I . 2 0 )  o n e  a d d s  t h e  i n i t i a l  d a t a .

R e m a r k  1 . 4 .  B v  m e a n s  o f

( r . 1 5 )

( 1 . I 7 )

( 1 . 1 8 )

( 1 . 1 9 )

( 1 . 2 0 )

the complementary plast lc factor

L u mav be wri t ten as- 'xt[ i ]  p *  t h e  p l a s t l c  f a c t o r
I "xr



( 1 . 2 1 )

4 '
when fu u-'xt

Fu r r ra- ,1r .  have the samf s ign.  A11 the funct ions in  ( f  .21)
/ "xt "xt

are expressed by means of  h , ,  and F, ,  rewr i t ten in  the form^xt ^xt
( 1 . 1 6 ) e

In  the above re lat ions the dependency on g -  the tempera-

ture gradlent  has not  been ment ioned in  order  to  s impl i fy  th is

presentat ipn a l though in  the prev ious paper  g was presents

One may therefore draw to the fo l lowing conclus ion:

The admiss ib le  termoelast ic  const i tu t ive funct ion wr i t ten

under  the  fo rm (1 .16 )  by  means  o f  t he  evo lu t j - on  sys tem becomes  an

operator  deoending on the h is tory  up to  t ime t  o f  the funct ion

1
f t , ,  =d , ,  .  L  (X ,  t )  +b , ,

K . , ,  K . , ,  K - . ,
/ lT AL XC

/v  +  \  - r - ^
\ r l ,  L /  |  v T 4 ,

X T

s

K. TSOTROPIC THER}4OVTSCOPLASTTC BODY

( r  . 2 2 )

of  the mater ia l  svmmetry  for  a  s im-

consid.ered i f  we take the above

of  the mater ia l

( 2 . 1 )

a  s i rnp le  ma te r ia l  a t  a  pa r t i c l e

conf  iqurat lon r^r i th  X=k (X)  .

0

N o 1 l ' s  c o n c e p t  I r z , r f l

p le  ma te r ia l  may  na tu ra l l y  be

conclus i -on in to account .

the const i tu t ive ec{uat ion of

where  k  i s  a  l oca l  re fe rence

Fur ther  on the thermomecanica l  response

w i l l  on l y  be  cons ide red .

I n  o r d e r  t o  d l s c u s s  t h e  c o n c e p t  o f  k - i s o t r o p i c  t . e . v . p .

body  we  s ta r t  f r om No I l ' s  de f i n i t i on .

Let

rn  / v  +  \  =
+

( F ' ,  X )
c;
0r,

K

be

L r
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D.2. r .  T \n lo  locar  conf iqurat ions k  and F are mater iar lv

i"gT_gfo-n1S. at X if

+ . *

. T ( X ,  t ) =  F y ( F t , x ) = 9 8 ( F - ' X )  ( 2 . 2 )

hold . for  a l l  r t  in the <lomain of  F.  and- J <

e . (x) =?=- (X) .r ; 1  ) K  .  ( 2 . 3 )

where k (x; =6 ,  F (x) =X

we suppose that .  the domain of  7  conta ins the h is torv  of

a l t  i nve r t i b le  l i nea r  mapp ings .

The local  deformat ion f rom the conf igurat ion k  to  the local

con f i gu ra t i on  E  w i l l  be  deno ted  by  H :  
' *

H =  V  ( [ " k - t )  ( t  ( x )  ) = R o ,  * ] t

2,-.2:2. H€rnvlin is li;Fyryge!ry.-g_{3,Igf"gfT:rl_+qg at x if by the

loca l  deformat lon H to the reference conf igurat ion there corres-

ponds a local  ionf iqurat ion E tnat  is  mater ia l ly  isomorphi -s  to  k .

P" .?. : f  .  Let  gL (x)  ne the set  o f  a l l  k -svmmetry  t ransforma-

t i ons .  Then

1)  gk@. )= l  Heun im lFo  t r tu  , x )  =Tk ( r , t r )  ,  f  o r  a l l  F  (  t )e  rnv l t "  I  e .5 )

2)  The l two symmetry  groups gk (X)  and gk (X)  are re la ted by

t 2 . 4 )

( 2 . 6 )qr=Pq .  P - f

with P*the local  deformat ion f rom k to  F.

P.:?:1.  A t .e"v.p.  body at  X and at  t ime t  is  e1gg$ggl}

de formed i f

"Pu l *a=t  (2  '7  )

,  - - pwhere U'T.  is  the posi t ive-def ined symmetr ic  tensor  f rom the
"xt

polar  decomposi t ion of  t *n,
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r ;?.J. Let H be a

body wi th  instantaneous

k- symmetry t rans format ion

p las t ic i t y  a t  X .  Then

for fi t .  e .  v .  p .

( 2 . 8 )t^"a tntnxxt 'o '  d 'n"a) =t*"a 1ne '  6"t ;

for al l  (Fe, I  , l  )€f lT( the domain of f  n ,  with^xt 'xt

H , ,  = r3  H(FB ) - l^xt ^xt ^xt
( 2 . e )

Proo f .  I f  H  €q .  (X )  t he re  ex i s t s  a  1oca I  re fe rence  con f i qu -*----"-a -K'

ra t i on  f  ma te r i a l l y  i somorph ic  to  k .  The re fo re  to  a  g i ven  h i s to ry

up to  t ime t  o f  the deformat ion qradient  F and of  the tempera-

tu re .0  the  same va lues  o f  t he  s t ress  co r respond ing  to  the  cho ice

o f  k  and  E  respec t i ve l y  as  re fe rence  l oca I  con f i ou ra t i ons  a re

equal .  Thus two local  mot ions I  and X '  may be def ined as

r  (z )  =Fk (K, t  )  = v(x,T)"  (vk (x)  )  
-  I

F ( u ) = F l V x t * ,2  )  .  ( vE  (x )  )  r

The temperature f ie ld  in  two processes

c o n s i d e r e d  t o  b e  t h e  s a m e ,  i . e .  0  ( x , ' E ) = 6 ( x , t )

B y  u s i n g  A . 2 .  t w o  p a i r s  ( K - -  ,  4 , ,  )  a n d

determined such that  

, 'c  ^x t

tXa)=

( 2 . r 0 )

( 2 . 1 1 )

(N ,e )  and  (V ,d  )  i s

,  v t e R .

( K - . * r " ( 7  )  m a y  b e
"xt

f T  ( f f i  , 0 , V a  ) = f r .  ( F :  , 0 , 4 u  )
"xt "xt "xr -'xt "xt "xt

The connect ion between the thermoelast ic

c o r r e s p o n d i n g  t o  a  c h a n g e  o f  c . 1 . r . c .  i s

( 2 .  1 2 )

const i tu t ive func-

g iven by formulat ions

t'l
'R*. tufir. '8 'vx*.'='^*. (Ffi*'n (t) 'o'o*"t'

w i t h  0 = 0  ( X , t )  a n d

( 2 .  r 3 )
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frxro ̂*l=n (r)€ orth ( 2 .  L 4 )

The re lat j -on between the corresponding current  locaL thermo-

plast ic  deformat ions is  g iven bV

tR".=U*L.(VE (x) ) 
-  r=p (r) r f l*.u-t (2. rs)

w h e r e  H  i s  d e f i n e d  b y  ( 2 . 4 )

Us ing  the  decompos i t i on  ( I . 15 )  o f  t he  g rad ien t  de fo rma t ion

in to  i t s  pa r t s

ri ri =F.9 xP
^'xt "xt "xt"kxt

( 2 .  t a )

( 2 . 1 7 )

( 2 . 1 8 )

and  connec t i on  (2 .15 )  be tween  the  cu r ren t  l oca l  t he rmop las t i c

deformat ions when both mot ions are considered there resul_ts

F *  = F :  ( F P  H r r B  ) - r ) p r ( t )"xt "xL "xt ^xt

o r  r  w i t h  ( 2 . 9 )

a 6 a m
E :  = I ' -  L I  p ' ( t )- Kit - Kxt"K"t

F r o m  ( 2 . L 2 ) ,  ( 2 . I 3 )  a n d  ( 2 . f g )  o n e  o b t a i n s  f o r m u l a  ( 2 . g ) .

The  tenso r  Hx .  gUn im i s  ca l l ed  a  K . , * - svmmet ry  t rans fo rma t i -on^xt -- -.xt_ 
-,' - __

i f  ( 2 . 8 )  h o I d s  f o r  a 1 l  { r , e , O  d . ) € n . ,
^xt

The set  o f  a l l  Kxt - .symmetry  t ransformat ions wi l l  be denoted

bY 9T(- 'xt

\ . 2 . 2

r )  F l  e o ( x " - D  ' - l
, .xt  ^ "t 'k*a) 

1n**a

2)  H, ,  €  g. ,  then^xt ^xt

( 2  .  r e )



- 1  a
T {  *  h  ( f "
L . a ,  \  v Doxt ^xt ^xt

- rF

, 0 ,  4 u  )  H ; -  =
"xt -'xr

=h, ,  (HT c:  H, ,  ,0,  4 . ,  )^xt ^xt ^xt ^xt ^xt

^ e ew i t h  c ;  g i v e n  b y  ( 1 . 1 4 ) ,  f o r  a n y  ( c ;  , 0 , 4 u  )  i n  t h e  d o m a i n^'xt -'xt '.xr
of hr..^xt

1 )  r f  H  €  g , -  ( x )  t h e n  H , ,  d e f i n e d  b y  ( 2 . 9 )  b e l o n s s-K oxt

the notat ion

s t ress  tenso rs  T

but  corresponding

by

Kxt

to t enso rs

( 2  , 2 3 )

( 2 . 2 4 )

( 1 . 1 3 )  
'

the func-

1 3

Psssg.
to  q - -

n ,- 'x t

2 )  w i t h

( 2  "  2 0 )

( 2 . 2 t )

( 2 . 2 2 )

N 6 A

Et"  =Ft -  H
"  f ,  

'  
a ,  

t ' \ ,^xt ^xt ^xt

i n t r o d u c e d  i n  ( 2 . 8 )  w e  o b t a i n

T ( x , t ) = f , ,  ( f i : ,  , 0 , 4 . - ,  ) = f , ,  ( F :  , 0 , 4 , ,  )^xt ^x* ^xt ^xt ^xt ^xt

The Pio la-Ki rchhof f  svmmetr ic

a s s o c i a t e d  t o  t h e  s a m e  T ( X r t )

a

f ;  , r espec t i ve l y  a re  re la ted
K- 'xt

s ince

I f  we consider  the thermoelast ic

t h e n  f  r o m  ( 2  . 2 2  )  a n d  ( 2  . 2 3  )  t h e

?r,, =H;t i,, H;T^xt ^xt ^xt ^xt

fr ., =aet i3 (F:. )'- rr (x, r) (f ':, ) 
-r

^xt oxt ^xt ^xt

t i o n  h  h a s  t o  b e  s a t i s f i e d :^xt

JIand

the

Kxt

const i tu t ive ecruat ion

fo l lowing condi t ion on

wi th

f ;**.=nn".t6?". 'g'd*".)=H*l.rr**. ( t i*.  ' '  '  r  **t '" i l .  Q '25)'
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t: = (fr: )rF: =ir3 c: Hnxt oxt '  Kxt  Kxt  -  Kxt--Kxt { 2 . 2 6 )

We consider  f i  an isot ropic  body at  X and k an und. is tor tec l

l oca l  con f  j - gu ra t i on .

We s ta te  the  fo lLow ing :

l J - J . .  I f  f i  i s  a  k - i s o t r o p i c  t . e . v " p .  b o d y  a t  X  t h e n

i )  The thermoelast ic  funct ion hr .  j -s  an isot ropic  mapoing
p a " x t

o f  C - ;  C ;  c .  P s y m ,  i . e
"xt

So we  s ta te  tha t  HR,  €  gv  l nvo l ves  (2 .20 )  W
"xt "xt

h, ,  (gctHT ,o ,d , ,  )  =Hh, ,  (ce,  0  ,  d ,  . .  )  HT^xt oxt oxt ^xt

f o r  a l l  H €  O r t h .

2 )  T h e  l o c a l  c u r r e n t  t h e r m o v i s c o n l a s t i c  d e f o r m a t i o n  i s

c o n f  o r m a l ,  j -  .  e .

tl".= 4".*R".

( 2 " 2 7 )

( 2 . 2 8 )

wirh RP € orrh , /.u e R--
"xr / Kxt- ^'++

3)  The symmetry  sroup wi th  respect  to  K"a wi l l  conta in t .he

o r togona l  q roup .

4)  The symmetr ic  par ts  of  the evolut j -on funct j -ons.  A, ,^xt
and B. , -  may be spher ica l ,  i .e .  lar .  1  

s  and l " r .  1  
t  sat is fy  th isoxt ^xt ^xi

condi t ion

Io**a (z ' d'  ̂"a'1 
u=t^*. (z ' '( '  ̂ *a) t

w h e r e  d x  ( 2 , & x  ) € R .
"xt "xt
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Ergg{ .  We beg in  w i th  the  second asser€ ion .  I f  6  i s  a

k - i s o t r o p i c  t . e . v . p .  b o d y  a t  X  t h e n

"n*.=tl*." 
,tR". )-t e n*".

f o r  a l l  H 6 O r t h = g O  a n d  ( 2 . 2 A )  i s  s a t i s f i e d .  F r o m  ( 2 . g )  w r i t t e n

ror r'f, =r we obtain
"xt

t " "a  t "n"a '  a  o 'o  **a '=o ( 2 . 2 e )

s i -nce  the  re laxa t i on  cond i t i on  A .4 .  ho Ids .  The  po la r  decompos i -

t ion appl ied to  the nonsingular  tensor  HT( invorves-'xt

H,, =*I ul^xt ^xt ^xt ( 2 .  3 0  )

with * l"an orth uru uf i*an psym. The "object ivi ty property" ( t .  t2)

of  the funct j -on tn"a g ives

*l*.t^*.,uil*. , o o, u**., ,*X*.) r=o ( 2 " 3 r )

( 2  . 3 3 )

where

Bu t  t n "a ,u l " r , 0o ,  n * " r , =o  i f  and  on l y  i f  u i l " a= ,  s i nce  A .4

ho lds .  The re fo re

" r= (ufi* 
,) '= "i l*.n"*.=,rR*.1-rHrcfl*rH 

(rixr) -1 
e.32)

for  any H €Orthr  or

cB H=HCP.oxt ^xt

cB =(FB l r rPKxt  Kx t '  tKx t

l')

S i n c e  C ;  €  S y m  ( 2 . 3 3 )  h o l d s  f o r  a l l  I I e O r t h  i f  a n d  o n l y  i f
. "xt

( 2 . 3 4 )
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So

u?".= fo*rt

cB  = i .  r^x t  /  ^x t  (2 '35 )

( 2 .  3 6  )

wi th 
fx*a€ 

R** and the polar decomnosi t ion of  t l *a involves

F P = A . p P- Kxt / Kxt"'Kxt

a s  t h e  r i g h t  s t r e t c h  t e n s o r . U f l  i s  s p h e r i c a l .^xt
with (2.37 ) introduced i-n the evolut i-on equation for Ff,,^xt

w e  o b t a i n  4 ) .

3) We have proved that 
"^"a=Oil"a6 

Orth because of ui l"a=t.

So we have ob ta ined gv' .xt

r )  As  Hn__ .  may  be  any  o r thooona l  t enso r  t he  re la t i on  (2 .20 )
"xt

impl ies that  hr .  is  an isot ropic  mapping of  i ts  f i rs t  argument .
"xt

Remark  1 .5 .  r f  I  i s ' k - i so t rop i c  a t  X  then  the  the rmoeras t j . c

cons t i t u t i ve  func t j -on  i s  an  i so t rop i c  one  fo r  any  Kx t - . . 1 . r . c .  and

the proper  va lues of  the current  loca]  r iqht  s t re tch termoplast ic

tensor  UP are a l l  equal .  There are no favoured proper  d i rect ions
"xt

o f  t he  p las t i c  de fo rma t ion  a t  X .

? . 2 : 4 . ' L e t  f i A "  a  k - i s o t r o p i c  b o d y  a t  X  w i t h  k  a n  u n d i s , - '

tor ted reference conf iqurat ion

1)  I f  a l l  the thermoplast ic  deformat j -ons are incompress ib l -e

'  then the body undergoes only  thermoelast ic  defo: :mat ion.

2)  The evolut ion funct ions Ar .  and Bo.  are skewsymmetr ic
"xt "xt

( 2 . 3 7  )

t enso r  va lued .
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Proo f .  We  work  i n  t he  hypo tes i s  o f  T .1 .2  and  we  suppose  tha t

k  i s  an  und is to r ted ,  re fe rence  con f j -qu ra t i on .  The re fo re  (2 .28 )

ho lds .  S ince  a l l  t he  p las t i c  de fo rma t ions  a re  i ncompress ib le

T,P-Kxt

with

( 2  . 2 8 )

( 2 . 2 e )

( 2 . 4 4 )

r Di . e , t r  L f ;  = Q  t h e n  b y  ( 2 . 2 8 )  t h e r e  r e s u l t s
"xt

S O

f* -o
-'xt

As Fŷxt
=f  (or  r ' f l__.  =Ro€ or th)  then P* 

-1 .  The gradient  o f

o 
^"ao ' ^xt

deformat ion is  therefore expressed bv

. h  - ]=F5 (F5 ' -= 4.illr+frB 
' 
(Rl, ) r^xt ^xt 

fn*, 
^xt ^xt

a ? a o ' \ '

F. =FI R: =U- R-k  -Kx t - -Kx t  -Kx t - '

6 r,\
R=RI Rl;

oxt ^xt

S o  t . e . v . p . .  b o d y  a t  a n y  t i m e . t  u n d e r q o e s  o n l y  t h e r m o e l a s t i c

d e f o r m a t i o n  s i n c e  ( 2 . 7 )  h o l d s

From (2 .  38 )  and (  1 .  17 )  we obta j -n  that

.  A , ,  ( 2 , 4 , ,  )  ,  8 , ,  ( 2 , / -  )  e  S x e w  6^xt ^xt ^xt ^xt

In  conclus ion the concept  of  k- isot ropy is  much more res-

t r ic t ive and wi l l  be not  adequate in  the descr ip t ion of  the

t . e . v . p .  b e h a v i o u r  o f  t h e  b o d Y r

S o  t . e . v . p .  b o d y  d e p e n d  o n  i t s  r e f e r e n c e  c o n f i g u r a t i o n  k .

Fu r the r  on  th i s  w i l l  be  f i xed .

Mprt A./. aaA
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3. CqRRENT tOgU RELAXED CONFTGURATTONS THERMOVISCO.

in  [+ l
val-ent

PLASTICALLY EQUIVALENT.
a

The  de f i n i t i on  o f  K . , - - i so
XE

uses the conf igurat i -ons OK_J - - -  - -  =- 'x t

t ro ly  which wi l l  be adooted

the rmoe las top las t i ca l l - y  enu i -

6

r  J ] : =. K

: 'xt
3)'

where

:  - 1
x  f t  ) - ' = A -  ( f ;  , g , d , -- - x t . ^ . x t ,  . . K _ , ,  .  - '  

R , _ ,  r  v  r  - .  
Rxt ^'xt

and at  the in i t ia l  moment

'  - t'  K r . *  =K^  (X)  ,  d
^ 

"o 
l''

to  K*a.  This  means that  eKXt  as wel l  as KXt  may be used

in order  to  character l -ze the therm.omecanicSl  response of  the

4 . . "  .  n .  p  .  body  a t  X

Therefore i t  wil . l  be necesar.y to analyse the consecfuences

tha t  f o l l ow  f rom the  de f l n i t i on  o f  t he rmov iscop las t i ca l l y  ( t . e . v .

p .  -a l1y )  equ iva l -en t  con f  i gu ra t i ons  .

D...3: ,1.  TVo sets of  conf igurat ions KXt and R*a ( t€R) are

t . e . v . p . - a I l y  e q u i v a l e r t  a t  X  i f  t h e y  c o r r e s p o n d  t o  t h e  s a m e

p r o c e s s  ( X , , 0  )  a n d

u n*.= *n** ( 3 . 1 )

" r (x,t) =tU*.,"f i*., 0 ,.d R*., =t**.,r i*.,

w i r h  0 ( x , t ) = 0  a n d

" i , . ,=  
vxcx, t )o - ; i

"xt
VXG, t )  "  E* l

d, . ,  )^xt
( 3 . 2 )

( 3 .

". '*  
t lu* i  

"u*.t f ,&. ' ' ' *&. '  
(3'4)

( 3 . 5 )

= { ,
Kxt

o

( 3 . 6 )
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T h e  p a i r  ( K x t ,  d * - _ .  )  i s  a l s o  t h e  s o l u t i o n  o f  ( f  " 3 )  a n d
xt.

( r . 8 )  w - i t h  t h e  i n i t i a l  c t a t a

K**- =K^ (X) ,  dn_,,  = {o
" t o  v  

" "ao

One necessa ry  has

3 o ( * o ) - ' 1 = p o 6 .  o r t h  ( 3 . 8 )

as  a  consequence  o f  t he  be low  p ropos i t i on .

P : - l - , . I .  r f  ^ *a  and  R*a  a re  t . e . v .n -a l l y  equ iva len t  con f i c ru -

rat ions at  X then

1 )  ( 3 )  P ( t ) € o r t h  s u c h  t h a t

- t
K*.K* i=P ( t )

a a I T l

2 )  F +  = F ;  P ^  ( t )
"xt "xt

3 )  J ( T  = P ( t ) T u  P r ( t )"xt '.xt

4 \  p P  = P ( 1 - ) t P- k  ( 3 . 1 2 )
"xt "xt

g{99g. The f i rst  nroperty is a consequence of  a i .*  re laxat ion

cond i t ions  and o f  the  "ob iec t iv i t y  p roper t l z "  Isee  t l .

2 )  F r o m  ( 3 . 3 )  w e  h a v e  t h e  f o l l o w i n g  e g u a l i t i e s

&.= 
v(x,t) "Krl. (\..Klr ="\. rtr {il ( 3 . 1 3 )

S o  ( 3 . 1 0 )  f o l . l o w s  f r o m  ( 3 . 1 3 )  w i t h  ( 3 . 9 ) .

3 )  A s  a  c o n s e q u e n c e  o f  t h e  d e f i n i t i o n  ( f . 6 )  o f  t h e  p i o l a -

-K i r chho f f  s t ress  tenso r  f l *  re la t i ve  to  R . . .  and  the  fo rmu lae^xt xt

( 1  ? \

( 3 .  e )

( 3 . r 0 )

( 3 . r r )
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( 3 "  2 )  a n d  ( 3 . 1 0 )  t h e fo l l ow lng  re la t i on  ho lds

(a

^ -v+

(1 .5 )  o f  t he  cu r ren t  l oca l  t he rmo-

i n t o  a c c o u n t  t h e  r e l a t i o n  ( 3 . 9 )  t h e

re lated to  each other  bv

( 3 . 1 s )

( 3 .  r 6 )

( 3 . 1 7 )

=dr  F :  p  ( r )  (F ;  )  
- r r  

( x ,  r )  (F?  )  
- rp r  

( r )  =p  ( r )  I i u  p r ( t )  (3 .  14  )^xt ^'xt "xt "xt

uH* .=U" t  o  (  V  k  (x )  ) - l=P ( t )  Kxr  (  Vk  (x )  ) - l=p  1 t )F lx t

T . 3 . I .  I f  K - *  a n d  X - *  a r e  t . e . v . p . - a 1 1 y  e q u i v a l e n t  t h e n
XE )(t.

r )  f v  ( F e P ( t ) , 0 , d n  ) = f r .  ( F e , 0 , d , ,  )
"xt 'xt 'xt ^xt

2 )  T h e  p a i r  z  =  ( T  . ,  ,  0  1 x , t )  )  l i e s  o n  t h e  c u r r e n t  y i e l d  s u r -

f a c e ,  i . . " .  f r n - .  ,  G ,  d -  ; i 3  ,  i r  a n d  o n l y  i t  z  = ( T  ^ - - . , 0  )  l i e s  o n
"xt "xt -'xt

t h e  c u r r e n t  y i e l d  s u r f a c e  S ?  ( d  +  )  i . e  .  F  *  ( 2 ,  4 v  ) = 0
"xt "xt "xt "xt

3  )  r f  l n *  Q  ,  d  x  l \  =  
#o  fo r  a l l  po in ts-'xt "xt

. , \ 1s i g n  , L x _ _ .  = s i g n  ^ R . , ,
Kt "xt

z € S v  ( 4 u  )  t h e n
"xt "xt

Proof . trr7eassume tha t  t he  p rocess  (  i l , ,  0 )  i s  such  tha t  a t

(dn  )  and  the  p rocess  i s  a  l oad ing  one  and- 'xt
(T  =  ,  $ )  {  sv  (do  )  .  F rom the  assumr : t ions^xt ' ^xt ^xt

I t l  concern i -ng  a  t . e . v .p .  body  the re  resu l t  f  * * r r r ,  n * * r )=0 ,
t*

*  ( 2 ,  d
3xt

fA
R. , ,xc

)  <0 and the fo l lowino evolut ion funct ions are zera
X t

^  m -  ( 2 ,  d -  ) = 0\ Z r 4 T  , . ) : U r  , , , ?  \ a r - \ ?  t
"xt "xt ^'xt

By  us ing  the  de f i n i t i on

plast ic  deformaLion and tak ing

, _ I ) - _ Dcensors  .b ' *  and . t ' i ,  wr I I  be^xt ^xt

the moment t ,  ,  nt^"a

on the other hand Z=

r\

( 3 .  r 8 )

So we have
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and

x".x" l=an*a (  z,  /o*a)* o*ra 'n 
*rr ' ,  

u*"a,

k*.=t*, 
"'u ̂ "r'. lryJ\ 

,lz 
'o( 

&.) ' 
?ry.=tn. u'r\r'

(3 .  19  )  w r i t t en  fo r  t he  r : l as t i c  comp lemen ta ry

evolut ion system becomes

( 3 .  r e )

( 3 . 2 0 )

\ J " Z r )

By means of

f a c t o r  ( 1 . 2 1 )  t h e

K

( 3 . 2 2 )

are composi te func-
^l

nere  A ,_  ,  B ,  IK K

t i o n s ,  i .  e .  f o r

( 3 " 2 3 )

n o w  a  l i n e a r  c o n t i n u a t i o n  o f  (  F , 0  )  o f

t j -me t  on  the  in te rva l  ( t , t+  t  )  w i th  t  >  0

l o a d i n g  p r o c e s s  I  i . e .  G ' ,  0 ' ) ,

)  w i t h  z e  ( t , t +  € r )  a n d  t r <  I  b e  a  s o l u -

1 9 )  a n d  ( 3 . 2 r ) r  f o r  ( t r  , 6  )  w h i c h  s a t i s -

= t ,  the  fo l low ing  cond i t ions

d.y = {,,^xt  ^xL

l oc1 l y  ex i s t  s i nce  a l l  cons t j - t u t i ve  and  evo=

cont inuous  w i th  respec t  to  ,O i * r ,  * * *a )  [ t l .

may be  a rb i t ra ry  as  (L l ,  0 r )  i s  an  a rb i -

o f  the l inear  cont inuat ion of  (  t r '  ,  0  )  a t

iR". ,rR".) 
- 1=frr (M) + (a;. r,+'to 6 +do) Bk (M)

fk ,  Ey and respect ively

ins tance

t u  t u )=Ak  (hk  t t i * . ' 0 '  4 *x r ' "R* .  ) ,  I ,  * n " . , u i * . '

Le t  us  cons ide r

d i r e c t l o n  ( L t , 0 I )  a t

that  corresponds to  a
t\,

Let (R*o ,  d,7
t  ^xt

t i on  o f  t he  sys tem (3 .

f i es ,  E t  t he  momen t  e

fr"a=*"a '

Th is  so lu t i on

lu t i on  func t i ons  a re

L
There fo re  K- 'x t+0

t ra ry  g i ven  d i rec t i on

t i m e  t .



not  depend on (L.  ,  o  ,  )  , t , , .  ^=*- - .
-L -L xt:*O "Xt

2 2

' = N

Sim i la r l y  we  cons ide r  one  l oca1 ly  so lu t i on  (R* "  , ' d  7  )'  ^xt
ry N

o f  t h e  s y s t e m  ( 3 . 2 0 ) ,  ( 3 . 2 1 ) ,  f o r  ( X , , 0  ) ,  w i t h  t h e  c o n d i t i o n s
 f N ' i  

/

K - * = K - .  , d #  = 4 ;  a t  t i m e  t = t ...\ L /\ L ^xt ^xt

*
The r igh t  hand der iva t ive  a t  t ime a  R*r *o  does  there fore

On the other  hand there ex is ts  p (s  )  e  Orth such that

X  r y  - 1

KX= (KX" )  -=P  (s )  (Y )  s  €  ( t  , t +  € - .2 )

A  . - l  ,  r F  L  - t  r F
K x t  ( K x t )  - = p  ( r + 0  )  p -  ( t )  + p  ( t )  K * t * 0 K x ; p '  ( r )

f f  we  d i f e ren t l a te  (3 .24 )  w i th  respec t  t o  s  and  we  chanc le  s  i n to

t  we  qe t

( 3 . 2 4 )

( 3 . 2 s )

( 3  . 2 6  j

( 3  . 2 7  )

( 3 . 2 8 )

Here

P  ( t + 0 ) p '  ( t )  =  w  ( t ) 6  S K e w

B y  m e a n s  o f  t h e  e q u a t i o n s  ( 3 . f 9 )  a n d  ( 3 . 2 0 )  t n e  r e l a t i o n

( 3 . 2 5  )  b e c o m e s

A ?  ( Z , o ( u  ) - P ( t ) A x  ( z , d u  ) p r ( t ) =- 'xt "xt "xt ^.xr

1=w ( t )  +P ( t )  A n"a"n* ,
rrl

( z  ,  d  , ,  ) P '  ( t )
^xt

l A t  ( 2 , / . v  ) - p ( t ) A x  ( 2 , 4 u  ) p r ( t ) 3 = = o-'xt - 'xt  "xt "xt

By consider ing the symmetr ic  and the skew-svmmetr ic  par ts

i n  ( 3 . 2 7  )  w e  o b t a i n

and I
 J

1  -  t  z  .  r  S  T .
t \  v  P ( t )  t B r .  ( 2 , 4 u  ) t " P ' ( t ) = 0  ( 3 . 2 9 )

"xt "xt ^'xt

as  in  may be  arb i t ra ry  we ge t  {  e r .  (2 ,  4  u  )1"=O wh ich
"xt 

- v oxt ^xt )

con t rad ic ts  the  hypotes is .  There fore  FU (2 ,  &u-  )=0  as'xt ^Xt
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qnggg.  Bv  the  de f in i t ion  o f  the  p las t i c  fac to r  Iu  i t
"xt

fo l lows that

lu*.= }uFru, uul; fo*. * )r7(z , *0i., 6

cr
, fv'.X ze

F n  ( z , d u  ) = 0 .
"xt "xt

In  order  to  prove asser t ion 3)  we suppose that

z z ( t u , 0 ( x , r ) ) € s K  ( d o  ) ; l r .  > 0 a n d  A * '  - < 0 . T h e n r h er\Xt "Xt "Xt ^Xt ^Xt

f o r m u l a e  ( 3 . 1 9 )  ,  ( 3 . 2 0 )  ,  ( 3 . 2 L )  h o l d .  . B y  a  s i m l l a r  a r g u m e n t  t o  : .

t h a t  u s e d  i n  2 )  w e  o b t a i n  ( 3 . 2 9 ) .  T h i s  l e a d s  t o  ) " , ,  = Q  w h i c h^xt

cont rad ic ts  Lhe assumpt ion  l * *a=O.  So i f  On"aO 0  then OU"ar  O.

And we a lso  have lR . ,  -4  0  i f  and  on ly  i f  I  T (  <  0 .
*t "xt

Further on we show that for  a given process (  f l ,  0 )  there

is  no t  poss ib le  to  have lo  =o  and Lu  <  ( )  s imu l taneous ly .  By
"xt ^xt

u s i n g  p . 4 . 4  f r o m  [ r ]  t h e r e  r e s u l t s  t h a t  f o r  a n y  f > 0  t h e r e  e x i s t

a  t g e ( L ,  t +  e  J  s u c h  t h a t

(  in. .  ^  ,  8(x,  te I  ld*  )< 0 and Fq (Tr ,  0(x,  z6) ,d v )=0-'X ca "'x zr '\ es \", \a"

I t Ie have arready proved that leads to a contradj-ct ion "

L3*3. rf ,  .  t^*. ,  U*r.) then

, 1 "  = t r , .  + 2  l T Z g *  ( 2 ,  v  ) t u . o t ( t ) = 0  ( 3 . 3 0 )^xt  ^xt  - i i  ^xt  '  Kxt ' '

wi th

a ,  ( t )  = b r  ( t )  P  ( t ) ( 3 . 3 1 )

wi th  the notat ion

( 3 . 3 2 )
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2, FG, 4u*r, = bu*,

and

fru*., oo*. , o ,4 R*.) .,

2n 7'z,uu".' = \ufr*r, fu"*, o,4R*.) .

B y  d i f f e r e n t l a t i n g  ( 2 . 1 1 )  w i t h  r e s p e c t  t o  t ,  t > t r  w €  o b t a i n

T n =p ( t )  [  j i - *  *  vu qJ ( t ) -o( t  ) i  . ,  1  n t  t . )^xt+o '  ^xt nxt- Kxt '

On the  o the r  hand  f : i om T .2 .1  we  have

) u{u*rt fu". ' 0 , *v*r'= }nF^irrT **r, ,, u**r,

P r ( t '  ) n F  G , * u * . ' P  ( t )  =  o r i | ( z , o ^ * . ,

r f  w e  c o m e  b a c k  t o  ( 3 . 3 2 )  w i t h  t : . : g l  - .  ( 3 . 3 5 )  o n e  o b t a j - n s

the fo l lowing re la t ion between ) ,T and L u :-'xt "xt

R e m a r k  3 .  1 .  I f l } rg7,  n ** . )  e sym rhen I  o*.= l^*a 
. tot

a n y  ,  a t * * r ,  * * " a , .  F o r  i n s t a n c e  i f  t ^ * "  ( 2 ,  X , * * a )  =

Y n  ( i ( f r r .  ) , 0  ( x , r ) , & u  )  w i t h  j ( T i , ,  )  t r r e  i n v a r i a h t s  o f"Xt 'txt "Xt ^Xt

i iu  then the above proper ty  holds.
"xt

ne ,ga {k  J ,? .  r f  } , .  -0  rhen  \ i f  E_F  }  
a .  a r  ( t t o  s ince  ^v

'txt ' J, ^xt
a l s o  v a n i s h e s .

L 3 . ? .  L e t  K . r *  a n d  R - -  b e  t w o  t . e . v . p . - a 1 1 y  e q u i v a l e n t  c o n -
^C Xt,

( 3 . 3 3 )

( 3 . 3 4 )

( 3 . 3 5 )

f i gu ra t i ons  a t  X  and  a t  t ime , t .  Then
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f )  The symmetr ic  par ts  of  the funct ion"  AX__.  and Bn
"xt *'xt

sa t i s f y  t he  fo l l ow inq  re la t i ons

l o ' " .  (2 ,4  ) t  ==n ( t )  lan  
*  

e ,  A  )  l s r r  t t )

w h e n  w e  p a s s  f r o m  o n e  c , l . r . c .  t o  a n  e q u i v a l e n t  o n e ,  R * a

2)  The ra te  o f  the  t rans format ion  p  (T)=R- , .  K- t* 'xt - 'x t

- i r  ( t *o  )  p  ( t )  =  lp  , . ,on* .  (z  , ' ( )p r  ( t ,  -ou*a  (z  ,  d  )  I  
t  *

wi th  the  func t i ons  A . ,  an r l  R  sa t ' i . s f v ins- 'Kxt  * " -  -Kxt

\ r  O r 9 e ,  " ( ) i u " l A x x t  k ,  d  ) - p r , . , o 0 " .  ( 2 ,  /  ) p ( t ) J u = o

on  the  v ie ld  su r face .

* < . L * >  l p ( t ) e o  G , 4  ) p r ( t ) - B r  ( 2 , < ) ]  u-'xt "xt "xt

( 3 . 3 6 )

( 3 . 3 7 )

( 3 . 3 8 )

( 3 " 3 e )

3)  Fo r  any  z  €Sn  (  4 , ,  )  t f r e  p las t i c  f ac to r  co r respond inq^xt ^xt

to  o* t  and X*a are equal ,  i .e .

^-  = , t r
Kxt Kxt

4)  The evolut ioh funct ions correspondl -ng to  the two consi -

de red .  t . v .e .p . -a I l y  equ iva len t  con f i gu ra t i ons  a re  a l so  equa l

1 r  Q , 4 ) = 1 ?  ( 2 , < ) ,  m " .  ( 2 , 4  ) = l 4 r  ( 2 , " 1  )
"xt "xt "xt 'txt

here

d t T ^

z = ( t t  u  ,  0  ( x r t ) )  a n d  z = ( p  ( t )  J  I .  
p ' ( t ) ,  0  1 x , t )  ) .

"xt "xt

( 3 . 4 0 )
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N

l ggg l .  Le t  (  / '  ,0  )  be  a  l inear  cont inuat ion  o f  (  / "  ,0  )  a t

t ime  t  o f  d i rec t i on  ( r . r ,  0  r ) .  
I ^ Ie  deno te  by  (o "= ,R"= )  f o r  some

t  <  s  <  t +  t  t h e  t " v . p .  e q u i v a l e n t  c o n f i g u r a t i o n s  w h i c h  s a t i s f y  o t

t h e  m o m e n t  t  /  - 1 /  g  - T .  .  T h e i  e f o r e  f  r o m  ( 2 . 4 ) ,  ( 1 . 1 9  )t x t - " X t ,  ^ X t - ^ X t  .  I I I c I e L U

a n d  ( 2 " 9 )  t h e  f o l l o w i n g  e q u a l i t y  r e s u l t s

A ?  ( 2 , 7  ) +  < x - -
" x t  " x t  " x t  " x t  ( 3 . 4 I )

+  r A ,
' txt  "xt  r

But  Z  =  7 i  i s  equa t  to  n  =  & i  by  de f in i t i on  (3 . I )  o f-'xt ,^xt
I  a  \ z  n - r ' l  ' l r r  o c r r r i  r r a ' l  e r r . | -  r - n n f  i q U f  a t i O n S .v  f , J  v r r  u  v v r .

By wr i t ing the symmetr ic  and t i re  skewsymmetr ic  par ts  of

( 3 .  4 I  )  w e  o b t a i n

{  e  t t )  e , .  ( z  ,  d .  )  n t  ( . ) -A?  (z  , v  )  }  
s=o

L "xt "xt

and

t h n  7 { r ( t ) B K- 'xt  - 'x t
( 2 ,  4 ) p r ( r ) 1  s = . O U " i  

[  " 0 " .  
G , 7  ) \ s

s i n c e  t h e  f a c t o r s  i r .  a n d  1 r .  d e n e n d  l i n e a r l y  o n  ( L t ,  P l ) .^xt ^xt
T h e  s k e w s y m m e t r i c  p a r t  o f  ( 3 . 4 r )  i s  n o t h i n g  e l s e  t h a n  ( 3 . 3 7 ) .

F r o m  ( 3 . 3 7 )  a n d  ( 3 . 3 0 )  w e  o b t a i n

^u*.- Lx*r=2 \ri 2rFlt '{on*.-erao*rr} u

, "L, \T Drs 1^4 "*f-r.i\.t \i ?nrt'.lerr*;1"

w e  r e c a I l  t h a t  T o  h a s  t h e  s a m e  s i q n  a s  T \ n  ( s e e  3 . 1 7 )
" ^ x t  ^ x t

( 3 . 4 2 )

( 3 . 4 3 )

( 3 . 4 4 )
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T h e  p a r t i c u l a r  c a s e  , \ r .  =  h o  = 0  l e a d s  t o  ( 3 . 3 8 ) .  S i n c e- 'xt  "xt
(3 .44 )  a l l  t he  func t i ons  w i thou t  X  n  anc l  X  t  a re  i ndependen t

"xt "xt
o f  (L r  ,  0  r  )  t he  re l -a r ion  (3  "  44 )  w i th  (3 .  38  )  imp ly

( * f -  * , ) C
. 1 Y  I J -  Y l  =

I K - }'  t  t \ t !

^ . L

1 * \ ir orV 1uK- 'xt

: i n  * z  r . i ,- 'xt

/b ,,
Av r

 L

.  - L I

X C

and. ,,  T are
.  - ' x t

both T, ,̂xt

( r + 2  \  i  E n  T \ " . p r { B 1 x t l  u n )  = v  ( r + z  |  f r  D " T 1 t . 1 n o  1 t  )  ( 3 . 4 6 )
"x t  ^ 'x t '

t h e  p o s i t i v e  v a l u e  o f  p l a s t i c ,

( 3 . 4 5 )

then from there resul ts

pos i t l ve  then

( 3 . 4 7 )

nr.  )  \n 2rg1 " '5"n*. i

K--xt

I f

= l

h n # h  n 6 n l # i  r z nv v  u r r  r r s y  q  L f  v  E

N

a n d  h V  a r e^xt

it

Y f

B y  u s i n g  r e l a t i o n  ( L . 2 I )  f o r

( 3 . 4 6 )  m a y  b b  w r i t t e n  i n  t h e  f o r m

tuo*. ' "r*oo*a n r*t0".)  (r+z

=t t * "a ' " r *o^"a n  , * "n"a)  ( l+2 I

( L l ,  0  I  )  i s  a r b i t r a r y  b u t  d e f i n i n g

T AiTlt .  1", .  i  
u is nor zero rhen o(.

"xt

)  0 ,  w i t h

load ing  p l rocess .  f  f

ru.\
? = h u r w h e n"xt "'xt

{  r  r r r la .nrqBfrx t l tP)=

ii AnF!". l"n 1 
ul

- 'x t

there

r+2  t

^xt

c
1 .rl vJi vr 

!

K̂ 'x

Te76

i f  bo th  i=  and
t oxt

o b t a i n  f r o m  ( 3 . 4 8 )

l

d,  =1 t+2 {  i i  )oT \ " .n r lBRxt  1av)  / r+z ' l  
"n*.]

j - n d e r : e n d e n t  o f  ( L r , 0 I ) .  w e  h a v e  t O " a = t

L , ,  a r e  n e g a t i v e .  T h e r e f o r e  d ' = 1 .  T h u s^xt
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tha t  the  fm"a1: r "n . - ,  sa t i s fy  (3 .38)  too  and the  equa l i t y  o f
XE^r N

t he  p las t i c  f ac to rs  h , ,  and  L  v^xt ttxt

4 )  s i n c e  t h e  c o r r e s p o n d i n g  w . h . v .  a r e  e q u a l  b v  ( 3 .  r )  t h e

e v o l u t i o n  f u n c t i o n s  t h a t  e n t e r  i n t o  e q u a t i o n s  ( 1 . 8 )  a n d  ( 3 . 5 )

h a v e  t h e  s a m e  v a l u e s ,  i .  e .  ( 3 .  4 0  )  h o l d s . '

R e m a r k  3 . 3 .  The  t . e . v .p .  equ i - va lence  o f  KX t  and  f r *a  impose

the  res t r i c t i ons  (3 .36 )  on  the  symmet r i c  pa r t s  o f  Lhe  func t i ons

Ao  and  B , .  .  The i r  skewsymmet r i c  pa r t s  ge t  i n to  (3 .37 )  and- 'xt  "xt
a r e  s u b j e c t e d  t o  t h e  r e s t r i c t i o n s  ( 3 . 3 8 ) .

$gpefb - l- :3. I f  i  2*7 e sym then (3.38) holds and rhe
Jl

actual  ra te of  the or thogonal  t ransformat ion p ( t )  =Rxt  X* l  is

g iven by (3.37)  wi thout  any condj_t ions j -mposed on the skewsym-

metr ic  par ts  of  the funct ions Ar .  and Bo.^xt ^xt

\
j
//

4 .  THERMOVTSCOPLASTTCv
X E

fSOTROPIC BODY I^ I fTH

INSTANTANEOUS PLASTICITY

P. r ,3_ .1 .  The  t . e . v .p .  body  A  j - s  K*a - i so t rop i_c  a t  X

t j -me  t  i f  QK. , *  and  K . , -  a re  t . e . v .p . -a I l y  equ iva len t  f o r' -  xE xt '

Q 6 Orth

T . a : ] .  r f  I  i s

t  then

t . e . v . p .  i s o t r o p i c  b o d v  a t  X  a n d  a t  t i m e

and at

a l l

1)  The evolut ion funct ion= Ar .  and Bn are such that  the i r
. .*xt "xt

corresponding funct ions Af  and BO respect ive ly

A k ( J i , 0  , d , n P ) = a * * a (  T , & ,  / . 1 ( 4 . r )
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are  iso t rop ic  in  the i r  tensor ia l  a rguments ,  i .e .

Ak (e i i  oT ,0  ,  &,eFP) =eAk ( i  ,  g , / ,  r ,P)  aT ( 4  . 2 )

f o r  a l l  Q e O r t h

2)  The thermoe las t i -c  cons t i tu t i ve  func t ion  h-  i s  such^xt
tha t  the  func t ion  hU is  an  iso t ron ic  mapp ing  in  i t s  a rquments ,  i .e .

a | T - h
hk (oce et ,  o, { ,  eFP; =Qhk {ce ,  & ,"(,  FP ) eT

for  a l l  Q € Orth wl th

'  
( 4 . 3 )

( 4 . 4 )

n F**. (T , o , /)  t  "er= {A\t (o Ti or, s, a)} " ( 4 . 7 )

assoc ia ted  func t ions  J i . , * : .  and 1r  a re  i so t rop ic  maop l -ngs ,  i .e .

, rk (o i i  eT ,* ,d,  eFP ) = Fx(tr  ,  o, / ,  rP)

p r q - q { .  T h i s  t h e o r e m  f o r l o w s  f r o m  t h e  d e f i n i t i o n s  D . 4 . 1 . ,

D . 3 . 1 . ,  b y  u s i n g  t h e  a s s e r t i o n s  o f  t h e  t h e o r e m s  T . 3 . r .  a n d

\ . 3  . 2 .  O n e  g e t

derkt= u ̂ *,

The  re la t i on  (3 .36 )  w r i t t en  fo r  t he  two  con f i qu ra t i ons

3)  The funct iont  Fn ,  f f i r<  and 1v.  are such that  the i r^xt ^xt ^xt

( 4 . 5 )

( 4 . 6  )

Kxt=OKXt and K*a give us

and  one  s im j - l a r  re l . a t i on  fo r  Bo .  s ince  the  theo rem T .3 .2 .  ho lds .
"xt

By us ing (3 .37)  in  which the or thogonal  t ransformat ion R*aR* i=O

must be constant we have



and

3 0

g , Qi , e ,oO =o (+ E u (OiiOr , 0,a1 =6^xt ^xt

s i n c e  T . 3 . 1  h o l d s .

1 oaxxt (I i, * ,{ ) eT-AXxr (e T e\ ,g, d) I 
a+

+ t r ** . '  laBxxt  ( f r  '  0  'x )ar - 'R" .  to  J ior  '0 ' ( )3  "=o

since K"a depend on the history up to t ime t  of  ( / ,  ,  0 )  and

i t  i s  i n d e p e n d e n t  o f  ( L ( x , t + 0 ) ,  6  ( * , t + 0 )  )  f r o m  ( 4 . 8 )  w e  o b t a i n

the connect ion of  the skewsymmetr ic  par ts  of  An (and Br .  res-'  "xt "xt
pect ively)  wi th OU"a (and 

"O*a 
respect ivelv) .  Thus the evolut ion

funct ions o^"a . tU 
"** ,  

are changing by th is  ru le

QAn 6  ,  & ,  o ( )  eT=A-  (e i iqT  ,0  ,d )  (4  .g )
"xt ^xt

when the  c . l . r . c .  ^ *a  i s  rep laced by  Rxt=eKxt  .  on  the  o ther  hand

i f  z = ( l , n , a t n * a , d n " a )  t h e n  
:

( 4 . 8 )

( 4 . 1 0 )

( 4 . r r )

( 4 .  L 2 )

Al ready the reference conf igurat ion has f ixed and by us inq

t h e  r e p r e s e n t a t i o n  ( 1 . 1 6 )  a n d  t h e  f o r m u l a e  ( 3 . I ) ,  ( 3 . 1 1 )  w e  h a v e

on*a t  f * *a ' 0 '  d * *a )=Ak  (  
" * * r '  

0 '  dKx t , n? "a '

o?*. t oo*r' o ' ux*.) =ok (Q s'K{', g , 4 Kxt,q"Rxt)

F r o m  ( 4 . 9 ) ,  ( 4 . f 0 )  a n d  ( 4 . f f )  i t  f o l l o w s  t h e  i s o t r o o y  o f

the  func t ion"  Ak  and no  w i th  respecL to  the i r  a rguments  (5 i ,FP) ,

i .  e .

eAk ( i i  ,  o  ,d ,FP)  eT=Ak (g fQT ,0  ,  A ,QFP)

for  any  pa i r  (0 ,e )  and fo r  a l l  o r thogona l  mapp ings  A.
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3 )  B y  u s i n g  ( 4 . 1 0 )  w i t h  ( 1 . 1 6 )  o n e  q e t s  t h e  i s o t r o p y  o f

the  sca la r  f unc t i on  . f i *  w i th  res r ;ec t  t o  (  / ,Fp . )  ,  i . e .  (4 .5 )  .  S ta r -

t i , ng  f rom the  e r l ua l i t y  (3 .40 )  t he  i so t rony  o f  t he  func t i ons  I t

and  mO a l so  resu l t

2 )  F ina l l y  we  d i scuss  the  p rope r t y  o f  t he  the rmoe las t i c

f ' " -  ^ + {  ^ -  L \  ' . ' L  ^ -  ! L .  ^  1 -  ^  - 1 - -  r  -  r  ,tunct ion n*"a when the body is K*a- isotropic.  There are X*a=OKxt

and Kx t  t .e .v .p . -a I Iy  equ iva len t  con f igura t ions  cor respond ing  to

the  same process  ( f r ,h .  There fore  the  approp ia te  thermoe las t ic

const i tut ive equat ions are

N

, ?  = h T  ( C ;  , 0 ( X , t ) , 4 7  )--xt  - 'x t  - 'x t  "xt
( 4 . 1 3 )

( 4 . 1 6 )

( 4 . 1 7 ) ,

I  = h r .  ( c i  , o ( x , t ) , d u  )  ( 4 . r 4 , )KXt - -KXt  ' -KXt '  
^Xt

wi th  the Cauchy-Green r iqht  thermoelast ic  correspond. inq deforma-!  J Y r r  I

t i on  tenso rs

t f i*.=,ufi*.) rFixt and . i*.=,ni".1 tt i*. (4. 15)

F r o m  ( 3 . r r )  w i t h  ( 4 . r 3 ) - ( 4 . 1 5 ) ,  ( 3 . 1 0 )  v r e  o b t a i n

h-- - K locf*.or' 8' *fr*r '  =nno". tt i", '  o' { ^*. '  nt

and

Xt

I f  w e  r e w r i t e  ( 4 . f 6 )  i n  t h e  f o r m  ( I . 1 6 )  i t  r e s u l t s

no {eceeT, n,uu". ,"**.)  =ehk (ce, g,  u^". ,"R*.)  0t

w i t h  ( 3 . 1 2 )  t h e  l a s t  i s  n o t h i n q  e l s e  t h a n  ( 4 . 3 ) .

P:3 :1 .  Le t  A  be  a  thermov iscon las t lc  K" t - i so t rop lc  bod. rZ .

\ Then

1)  The re  i s  a  c .  1 .  c .  r .  ,  ? " . , -  such  tha txc



2)  The  func t i on "  Ak  and  Bo  respec t i ve l y  sa t i s f y  t h i s  re la -

t i on

ao fea'Rpe!,0 d,QuP; =01< (  J iRp, 0,  d,uP) er

nu*.=*i". n*".,oi*.,

for  a l l  e  €or th,  where f i 'Rp denotes the tensor

r:P m'7 *-= t*R*.' I'Jixxt ,*R*r) =Fr oo*.u

with

and

with

3 2

6 a

F; =V; 6i Psym- 'xt  . 'xt

rp #uP
i :xt "xt

fi=*i".ofl*.

i i  i  
= h n  ( B e  , 0 , 4 , R U P )- 'xt

A 6 )s"=  (vJ  ) '^xt

( 4 . 1 6  )

( 4 . L 7 )

( 4 . 1 8 )

( 4 .  1 9  )

( 4 . 2 0 )

( 4 . 2 r )

( 4 . 2 2 )

( 4 . 2 3 )

3) Thermoelast ic const i tut ive equat ion relat iv to f l "a u.-

comes

P-rp€. we can pass to the conf lqurat ion Kxt f rom K*,  by the

local  deformat j -on n3 € orthoxt

N
K. ' .  =R3 K-- .x t - ^ K - ' '  ̂ x t  ( 4 ' 2 4 )

1\E

a s  f o l l o w s  f r o m  t h e  d e f i n i t i o n  D . 4 . 1 .  T h u s  f r o m  ( 3 . I I )  a n d  ( 4 . 2 4 )

we  ob ta in  (4 .19 ) .  The re fo re  the  cu r ren t  t he rmop las t i c  de fo rma t ion

corresponding to  f l . * ' r i l l  be o iven byxc'



rp =f l , . , -  (vk(x))-1=n3 Fl ,  =fruB
"xt z\ e ^xt ^xt ^xt,

pw i t h  R  i n t r o d u c e d  b y  ( 4 . 1 8 ) ,  a n d  n f l  6 r  O r t h ,^xt
sors from the polar decomposit ion of f f l

"xt

R

The current  thermoelast ic  deformat ion

w i l l  be  equa l  t o

F 4 =
A v -

vfr(x, r) ,ft;i=ri*. ,*i*.y r=vixt
( 4  . 2 6 )

fn the fo l -

conf  ic rurat ions

( 4 . 2 7  )

( 4 . 2 8 )

{ ( '  ,  t )

/if
il

I
ll- ? n bt t*u = RU'

t-" Q  y * r ,

s l_nce

p P - m

Ak (e l tn 'e t  ,0  ,&,  eup)  =e (RP) TAt  ( i ,  s ,  d ,FF)nPeT

ot*i*.1t"no*. oui".

where v f i  is  the le f t  thermoelast ic  s t re tch tensor .'xt
lowing p ic ture there are p loted the above ment ioned

and  the i r  co r respond ing  de fo rma t ion  tenso rs :

lr
lr
I

t:
t l
: l

JJo
2 )  I f  w e  p u t  i - n  ( 4 . 2 ) )  

T 
for  Q we obta in

Tt. -.---:.--? (_, €

e-
R?*n

o (R3^xt

At

T
K * t

(  4  . 2 5 )

T-)
I I ! -  C  P q r r m  # 1 r a  { - a n -- V

i

correspondinq to  KXt

'J*O *.

and

o tnfl y r li,. Rf er=e Jilo ot-'xt ^'xt "'xt. "xt
( 4  . 2 e )
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By using the isotropy of  the funct ion Au in the r lght  hand

o f  ( 4 . 2 7 )  w e  o b t a i n  ( 4 . 2 A ) .

3)  r f  we use the thermoviscoplast ic  ecru iva lent  conf icrur ia t ion
N
K--  thenx t

6

n ,.= 
ttP".ltt?*.= tui*.) 2=Be

B y  u s i - n g  ( 4 . 3 1 ) ,  ( 4 . 1 7 )  t f r e  r e l a t j - o n  ( 4 . 3 0 )  b e c o m e s  ( 4 . 2 2 )  w i t h

q ( u  =  d-Kxt 
Kxt

*gttglk a..-r-. Here ?'.r,- i-s the locar current relaxed configr.r-x t
rat ion deduced bV f rom the actual  one.

r n  s u c h  w a y  t h e  c a s e  c o n s i d e r e d  i n  t t t , r s l  n a s  b e e n  o b t a i n e d .

3 . 3 . i .  L e t  f i  a e  t . e . v . p .  K * a - i s o t r o n j - c  b o d y  w i t h  a l l  c o n s -

titutive and evolution functions satlsfying the !.erypof?r-ly i j iy.g-
r i a n c e  c o n d i t i o n ,  i . e .

f  
^  1 l ' l )  = f  

" '  
(M) (4 '  23)

xt ^xt'

f o r  any  t , L l  €R  and  fo r  any  M in  the  doma in  o f  t he ,  f unc t i on  f , ,^xt
Then

r  )  The funct ions Ar .  and Br .  are isot ronic  in  p io la-Ki rch-^xt ^xt
h o f f  s t r e s s  t e n s o r ,  i . e .

AT( (Qi; 'OT ,o ,  d)=eAr.  ( i  ,  0 , / )  eT"xt "xt

( 4 .  3 0  )

( 4 . 3 1 )

f o r  a l l  Q € O r t h .

( 4 . 2 4 )
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2)  rhe  thermoeras t ic  func t ion  fK  ls  a lso  an  iso t ron ic- 'xt
f unc t i on  w i th  respec t  t o  t he  r i gh t  Cauchy_Green  the rmoe las t i c

t e n s o r ,  i . e .

x*a  
(eu tO ' t '  ,0  , * )  =e fxx t  f i Je  ,  $ ,d )e ' r  (  4 .25)

3) The yieeld funct ion Fn_-,  and the evorut ion funct ion
x t

* K _ - .  ,  1 *  a r e  i s o t r o p i c  s c a l a r  f u n c t i o n s ,  i . e .- txt  " txt

m
t ^ *a  (Q  T  a '  , 8  ,d ,  =  

%*a  
( i i ,  g  ,  & )  (4  .  26 )

4)  A11 the const i tu t ive and evolut ion funct ions are indepen-

dent of  r f
"xt

The  p :oo f  d raw immed ia te l y  f rom T .4 .1  i f  we  obse rve  the

independency of  FP of  the const i tu t ive and evolut i -on funct ions.

I t  f o l l ows

f k  ( M , K x t  "  ( v k  ( x )  ) = 1 )  = f k  ( M , K x t ,  o  ( ? k ( x )  ) - I )

o r
f  / ru t  r .P )  =f .  ( l , l . f 'P )r k  \ r ' r "  

^ * a i - t k  t t ' " t K x t ,  ( 4 . 2 7 )

f rom the temporal lv  j -nvar lance condi t ion in  which has been used

( 1 . 1 6 ) .  r f  w e  t a k e  t o  f o r  t ' i n  ( 4 . 2 7 )  t n e  i n d e p e n d e n c y  o f  F r )

resul - ts

T i - g . ? .  L e t  f i  a e  t . e . v . p .  K * a - i s o t r o p i c  b o d y  w h i c h  s a t i s f y

the temporal ly  invar iance condi t ion.

Then

1)  The re  ex i s t s  a  c . I . r . c .  ? " , ,  deduced  f rom the  ac tua r  one

bV a pure e last ic  deformat ion an<l  such that ,

2)  The deformat ion rate is  addi t lve ly  expressed

D=De+DP ( 4  . 2 8 )
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by means of  t l ie  ra te of  thermoelast ic  s t ra in

ne= { Ufi*.,tf i".t -t 
I 

=={iu {v*) 
*1J s

oP=l i [  rn f l  ) - t i=
"xt "xr

( 4 . 2 e )

( 4 . 3 0 )

3)  The  the rmoe las t i c  cons t i t u t i ve  ec fua t i on  i s  an  i so t ron l c

f u n c t i o n  i n  i t s  t e n s o r i a l  a r g u m e n t  B e ,  i . e .

Ti  =hf l  1ne,* ,o11-'xt - 'xt ( 4 . 3 1 )

and

nfr"a (esteT ,o , A) =on*"a (Be,o ,&) eT ( 4 . 3 2 )

f o r  a l l  Q (  O r t h .

4)  The const l tu t , ive and evolut ion funct ions are independent

of f 'B̂xt

! r o o f . ,  I n  t h e  h y p o t e s i s  o f  t h i s  t h e o r e m  T . 4 . I  a n d  p . 4 . 2

ho ld .  So  the  ex i s tence  o f  ? . . ,  such  tha txc

lAx,t) o I*r=F?*.=ui*.= ve € psym

h a s  b e e n  p r o v e d  b v  p . 4 . r .  T h e r e f o r e  f l ,  = ( v e ) - I  V N 6 , t ) ;  t h i s  m e a n s- . x t  \ v  t  e  v / v \ z \ r (

that  the conf iqurat j -on (*  is  deduced f rom the actual  one by ax t

pu re  e las t i c  de fo rma t ion .

The isot ropy of  the funct ions h, ,  ,  A, ,  and B, ,  wi th^xt ^xt ^xt
respec t  to  the i r  tensor j -a l  a rgument  has  been proved by  p .4 .2 .

The thermoe las t ic  cons t i tu t i ve  equat ion  (4 ,22)  re la t i ve  to  f l - -xt
b e c p m e s  ( 4 " 3 f )  w i t h  h ;  l s o t r o o i c  i n  B e .- 'xt
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These funct ions wi l l  be symmetr ic  va lued wl th  the i r  appro-

p ia te  rep resen ta t i on .  Fo r  i ns tance  the  reo resen ta t i on  o f  A r .

is  g iven by 
- 'x t

( 4 . 3 4 )

oo*.,f^*. ,0,d"1= Y"t:  t4*. )  ,g,d) r*Yi 1i (r*".) ,0,"r)fn*.*

*  \z( i  (  i l  ** . )  ,  n ,"13i  i * t

where j  (J i  )  denotes the invar iants of  . i i
'  

Therefore i i  f  has the same pr inc ipa l  axes para l ld l  toA v +

t h o s e  o f  B e  o r  v e .  
" -

F rom (1 .15 )  t he  exn ress ion  o f  t he  ve loc i t y  g rad len t

L (x , r )= i ' ;  ( r :  ) - r + r ' - t -  FP  (F3  l - 1 r r ' 3 ,  ) - rox t  KX t '  ' *  
KX t '  KX t  ' -  KX t '  , '  KX t

resul ts .  We consider  in  the second term of  L  the evolut ion equa-

t i o n  ( r . 1 7 )  f o r  r f ;
"xt

"i*. i**. 
("R*.1-l trf i*.)-1=vuni*.| u*".,o **. ,0, x.)+

( 4 . 3 5 )

+ t^ ** i  u**.  t  f \ .  ,0 ,  4,1 ,* i " .1r  tv l* .1-1

By us ing the isot ropv of  Ar .  and Br .  ,  the temporar ly  in-' txt "xt
v a r i a n c e  c o n d i t i o n  a n d  f o r m u l a e  ( 4 . 1 9 )  f r o m  ( 4 . 3 5 )  o n e  q e t s

F e  i p  r n p  , , - 1 , , o €  \ - 1 _- K  - X  r , . R  t  \ - . R '- -x t  - .x r  - -x t  - .x r  
(4 .36  )

= v e { A #  ( i i X  . , 0 , d ) + < l r . >  e ;  ( f g  , F , d ) 1 t v e ) - 1t ^xt ^xt ^xt ^xt ^xt

Since Oi"a . rU 
" f i *a 

*r"  isotropic we obtain that  they have

the same pr incipal  axes as 3i ;  r  ds arso has ve. Thus the

mult ip l icat ion of  ve wi th o" 

^* lnu 

""  
respect ively is^xt ^xt

( 4 . 3 3 )
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commuta t ive ;  so  Ve and (Ve)  
-  t  

i r ,  (4  ,36)  cance l .  Thus  (4 .  36  )

becomes

"i".iR".,uR*.1 
- r tnft*.) - 1=

=ofi*. 
"(*r, 

*,4) * t^ ni. "f*. 
, f,t". ,v ,4)

Concern inq  the  ra te  o f  f !  we  s ta te  tha t^xt

uR", ,tR*., -t=iixt 
,*i*., tnoi".ifl*. ,u?r.l - 1 tnfi*.1 r 

=

t"*o**a t oo*a , g,l, * t ,tr xxtt "o"a 
, t?*a ,b , {)

( 4 . 3 7 )

( 4 . 3 8 )

( 4 .  3 e  )

or

;R-.,%,-r=aJu\., u&., u,tv+.lti 
"&., r&o,*, &)

sat is fy  the temporal ly  invar lance condi t j -on

The  f i r s t  t e rm o f  (4 .34 )  mav  be  ca l cu la ted  by  means  o f
A a

! 'g  =v, ,  as^xt ^xL

s ince 
"4, -  

is  re lared to  r l  by-'xt "xt
( 4 . 2 5  )  a n d  t h e  f r : n e f  i  o n  A"R--xt

f ie /r '€ )-t=i: (R: I r*r i f ,  (v:, )-1- Kxt'- Kxt ^xt ^xt ^xt ^xt
( 4 . 4 0 )

. 1  6= ds+rp (Fp ) 
- 1

'.xt "xt

T h e  r e l a t i o n  ( 4 . 3 4 )  w i t h  ( 4 . 3 7 )  |  ( 4 . 3 9 )  a n d  ( 4 . 4 0 )  b e c o m e s :

r o  a  - l  IL ( x , t ) = F ?  ( r ?  ) - r + r ' p  ( F p  ) - L  l " ( * , t ) + l P ( x , r )  ( 4 . 4 r )-'xt "xt 'rxt "xt

By  tak ing  the  symmet r i c  pa r t s  o f  (4 .4L )  t ne  ra te  o f  de fo r -

ma t ion  i s  add i t i ve l y  exp ressed  i n  (4 .28 )  by  means  o f  t he  ra te

o f  t h e r m o e l a s t i c  s t r a i n  ( 4 , 2 9 )  a n d  t h e r m o p r a s t i c  s t r a i n  ( 4 . 3 0 ) s
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rn  conclus ion the concept  of  ** t - isot roov leads to  the

i so t rop i c

A h( v " , r v ;  o r

cons t i t u t i ve  and  evo lu t i on  func t i ons  i n  t he  pa i r
- J n

(  . i t ,p t ' )  r :espect ive ly .  I f  rve add the temporal ly  in-

var iance condi t ion they become isot rorr ic  wi t .h  respect  to  the i r

f i rs t  argument . .  I {hen we supnose that  the const i tu t ive and evo-

lu t ion funct ions depend on I 'p  on ly  t rouqht  i ts  pos i t ive-symmetr ic

par t  we obta in the same

r n  t h i s  l a s t  c a s e s  t h e r e  e x i s t  a  c , 1 . r . c .  K * a  d e d u c e d  f r o m

the actual  one by a pure e last ic  deformat ion and such that  the

rafe of  deformat ion is  addi t ive lv  expressed by means of  the rate

o f  t he rmoe las t i c  and  the rmop las t i c  s t ra in .

$Shng:{1s,9geTen}9.. rhe author

M  c r r f  i n i "  a a  S d o s . a n d  V . T i q o i u  f o rr r .  u u J 4 v l u ,  ! .  

f

have 1ed to the present  work.

w ishes  to  thahk  to  f  .Su l i c j -u ,

the helpfu l  d iscuss ions which
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