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NANDOM VANIAjJTE$

By Dan Volcu lescu

[ha noa. .conr , ru t ing randora var iab lee in  bhe t i t ls

.a,!
Gan be t l lu . t t rkd by the f  o l lowing exanple

Le t  G  be  the  (non-ooupu ta t i ve )  f ree  # roup  on  t r .qo

genera to re  ane l  t e t  o  j  ( i = t ,Z )  bo  t i ae  un i ta r i es  i n  t 'G , )

c o r r e s p o n c l i n g  t o  t e f t  t r a n s l a t i o n  b y  t h e  6 e n e r a t o r s  a n d  c o n *

'  r l |

s i d e r  {  e  f  i o l  t h e  f u n c t i o n  5 ( a ) =  5 -  ̂  . L e t  f u r t i r e r  x n  b e
fi,e .J

opera to rs  o f  t he  f  onn  X j=  f j ( u r )  'Tho  ops ra to rs  t j  r aay  bo

v lewer l .  as " r *ndon var iab lect '  lv i t i i  moraents  <XT (  ,  5  > ror
. ) )

equ iva len ' k l y  ve i th  d . i s t r i b r " r t i ons  g i ven  by  t l ae  ana ly t i c

f u r r c t i o n a l s  / r a  w i r e r e  f t g ( t ) *  ( r f x r ) 8 , 5 >  ' w i t h  t l : e s s

cc ,Rven t ions ,  t l i e  c i j " s t r i bu t i on  o f  Xa+Xn d "epende  on ly  on  the

d . i s t r i bu t i ons  o f  X rL  and  X ,  and  the  a im o f  i ; he  p resen t  paper

i s  to  eXp l io i t a te  th i s  ro la t i ons i r i p .Th is  u ray  be  v i c rqec l  as

a  non-0o r :uu ta t j " ve  ana logue  o f  t he  a r ld i t i on  o f  i ndepenc ien t

rand.ou*var iab les .  f  nd"eed.  i f  G in  the above exc.mple is  rep laced"

b y  t h e  a b e l . t a n  f r e e  g r o u p  o n  t w o  g e n e r a t o r s ,  t h e n  ! v e  h a v e

pr€c i se l y  the  ugua l  s i t u "a i i i on  o f  i nc lepend .en t  r snd -o tn

va r iab les  fu r  v r i r i ch  ac r l i t i on  He{ {ns  cOnvo lu t i on  o f  t he  d i s -

tn tbu t i  ons  .

I n  F t ] ,  w h e r a  w s  b e g a n  t t r e  s t u d y  o f  t h i s  k i n c l
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:

Of nCIn*comrriutat ive i .nt lo pend.e nce of randorn vartablee r ws

cer ta in  func to : '  f  rom rea l  Hi&bar t  s  pac ss endcons t ruc ted  a  ce r ta in  func  H iShGI ' t  spa (
/

con t rac t i ons  to  opera to r  a lg 'eb ras  w i th  epec l f i ed .  t race  s ta t i es
. :  -

and"  un i ta l  comp le te l y  pos i t i ve  maps 'Sh is  func to r  aay  be  r$ -

gand.ord. as t l ' to analogue ln our noa-commutative framowork

o f  the  func to : :  wh ic le  assoc ia tes  to  a  i : ea1  H i lbe r t  spacs  the

_ &
t u  *a " rgeora  w l tbe  respec t  to  the  Sause ian  meanure  On  t t  w l th

the  t race  s ta te  oOr re ,$pond ing  to  th i s  aea8ure .Re la te r l .  t o

t h i s  $ j e  a l s o  o b t a i n e d  t h e  c o r r e s p o n d i n g  c € R t r a l  l i n i t  t h e o r e m ,

the  1 j " r x i t  c l i s  t r i bu t i on  i re inS  a  ce r ta in  s rod i f  i ed  a rcs l .ne  }a .w '

rn the c orni l iutat ive s i  tuat i  c\n ,  addi t  i  on of randoru

va r iab j -ee  co r responde  to  convo lu t i on  0 f  C . ie t r i i ) u t i ons  r  wh lch

in  turn cc, r responds to  adc l i { i ion of  the logar l thrne of  the i r

Four ie r - t rans fo rms  (near  the  o r ig in ) '  I n  the  p resen t  p f f "p€ r

w€  €Xh ib t t '  t he  ana logue  o f  t he  toga r i t l am o f  the  Four ie r

t rans fo rm fo r  ou r  nonconug . ta t l ve  s i t ua t i on . I t  t s  ob ta inec l  i n

a  ra the r  d i f f  e ren t  way .  Fo r  t l r e  d i s t r i bu t i on  r  a t  a

random var tab le  cons ider  i ts  Cauchy i **nsfor ror

f t (  o \  _ (  d  n ( !  ) .
u\4./ = \ 

-rr--T
r  z ' $

G(z )  =  , ^Ln* * r - z * *  2 r -3 * .  r , .

w h e r e t h e t r i l . r s . r e t h e n o n e n t s o f t h e r a n d ' o m v a r i a b l e . T h e n
. d

t he re  i s  a  se r i es

& f (z)=Rn(7r )+nn (f ) z+il1(f ) 
"* '  

'  '  '
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such tha t  fo r

K(z) *z+ fr- f $A)

ws have

r (  . ,1  ) *  s ,
G ( z )

ShE se r ies  R"y  G)  i s  the  ana logue  o f  t he  l oga r t thm

of  the Fsur ier .  tnansf  or ra .T laus t f  f  , ,  / r  r f  :  are thE d ie t r i -

but ions o{  X l rXg and.  X1+X,  in  thc cxanple g iven at  the

beg inn ing  n  then  we  leave

O ri) /b,lrytG)

Th is  g i vee  then  the  poss tb i f i t y  o f  compu t ing  tbe

Cauchy  t rans fo r l : l  o f  h  and  then  
/ t  i t se l f .

I f  our  non-cosnutat ive rand.oar  var iab lee ane eel f *

ad"$oint  then the i r  d . is  t r ibut i  ons are probabi l l ty  Heasures on

T)
K , W e  s t u d y  a l s o  t h e  a n a l o g u €  o f  i n f i n i t e l y  d i v i . s i b l e

H6asures  and  o f  se r , r i "g roups ,  We p rove  tha t  i n f  i n i t e  d . l v i s  i b i l i t y

o f  f 1  i n  the  p resen t  f ramework  i e  equ lva len t  to  the  requ i renen t

6'

t ha t  , t \ y  Q)  have  rea l  coo f f l c ien te  and  an  ana ly t i c  con*

t tnua t lon  to  the  upper  l ea l f  p lane  euch  tha t

I n s

For  a  serntgroup of ,  rooasuree (  h  ) *  r ,  O le t  G(zr t )  be t t re

Cauchy - t rans f  o r ra  o f  / a  A .Then  G(z  r t )  sa t i s  f  i es  a  quas i - l l nea r

equa t ion  o f  t he  conserva t ion  l aw  t ype

? c ' -  r ) +  + L ( z n r )  Y  ( o ( z , t ) )  =  0\ i a  r  u
a t  3 z  

-  '

,  ' ^  t f l
whene Y s  e f t  .Th is  equat l "on  may be  [n te rpnotod .  as  e  sys-
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tem of  two quaf i l l tnear equat lons for  f  t  and t ts  HlLbert-
i

t rans form.

t l le  pap6r  has f  our  e  ect , i  ons.
'

Sec t ion  L  t s  devo ted .  to  p re l i n ina ry  ma te r ia l .
. .

I n  sec t ton  2  we  ob ta in  ou r  ma in  rosu l t  abou t  the  $e -

a ? j
r i es  :n  7  wh ich  g tven  the  so lu t i sn  o f  t i l e  add i t i on 'p ro i ; i } "enn

Soct ion 7 contatne var io l rs  rcsu l ts  ahout  t i re  ad.d l t ion

\ {e  a re  * tudy ing  i r i  t kae  se l f -ad  j o in t  case  1 .€ ,  t k re  d ie t r i bu t i one

.t7,

ar' ,e probabi. l i ty measu.res on i f i . .

S e c t i o n  4  d e a l s  w l t h  i n f i r i i t e ' t l i v { e i b i l i t y  a n d .  s e m i -

ff irQu.pe,
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a 1
S I

gb is  sec t i on  con ta inc  p re l tn i "na r ies  abou t

far i i . l ies of Hon*conri lutat i .ve randors*variables .Red.uced-

- *
U'  *a IS€Dra la  f ree  p rOduc te ,  t houg f r  conoep tua l l y  re la ted ra re

' l

no t  i nc lud "e  d  l ee re ,  t he i r  ro le  be i .ng  red .uced  to  a  m in i i l um in

t h e  p r e s e n t  p a p e r ,

fVe  bs6 ln  by  roca l l i ng  ,  i i l  a  e l i 6h t l y  ada .p ted  ve rs ion ,

facts  f rom S 4 of  f {o ] .

L e t  ( A , f )  b e  &  u n i t a l  a l 6 e b r a  o v € r  6  t o g e t h e r

w i t h  a  s p € c i f l e d  s t a t e  c 1  ( i . e .  a  l i n e a r  f u n c t i o n a l

' l -

? l A * > L  s u c h t h a t  ? ( t ) * I . ) . A n e l s m e n t a  
e  A w i l l

I

ko v iewed as  a  t t ra ,ndon var iab le r t  the  t td . l s t r iOut ion t t  o f  wh iCta

is  the funct ional  f ,  ̂ ,  C fX]  -*> C g iven  by

f((t)= C r/to(Xn)= Y ( * o ) . r f  
A  i s  a  B a n a c h  a l g e b r a ;  a R d "  Y  i s

f *  e x t e n d s  t o  a n  a n a l y t i c  f u n c t i o n a l  s u c h

f  ( t  (a)  )  w i lere f  is  a  t ro lomorphic  func 'b i  an on

6  . In  cas6  A  i s  a  0 *  -a lgeb ra  and  t1  i s  a  C  *  -a lgeb ra i c

s t € r t e  ( i . e .  P  i s  a l s o  p o s i t i v e )  t h e n  f o r  s e l f a d i o i n t  a o t h e
I

dls  t r lbut ion f  *  ie  a  probabi l i ty  Incasure on 7R wl th

c o&pac t  suppor t .

I. 1.g9{!S!L!on. (f{.t l) .tst (A' Y ) bS,e uJite}-.9}e,e}Se

g - y e I  C  w : ! 3 n - S p S g i f i . g , S . S . t - a ! g Y  S n d l e t t d  A . c a ( c e  I )

pe .s-ungls.e!{gs-'3he-IgniU (A u ) r e r :ni.1"Llg*gg$g$*Ir€q- }{

con t inuous  then

that  f t  * ( t )=

Y ( * t %  r r .  * n  )  =  0
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r n h e n e r / € r  & r  e  A r .  w i t t r  L + l  L a * . o o  A  i n  a n d  0 " y  ( * j )  g g l
# d * j -

" v

L{ d{ n.$*lg*'.*-ly $f *.qlrFpq!g, x* 4 A (Sk:lg!.!S *. € a) g}:J

FS calrSd-JrS g"*Lf jlg;La:iLt}lr. of SsFglSig]:;:ag A, eqi-glgj-9!-pJ

r  I  |  *  
' ? - \  

- !  -  a

| +! u x, (qqs!es.-!ir-efv { t,*.}) ;s--lsss,

,r-2*T*ps_pssiri-srl(n"il ) 'II {, u,t} U -s.Jrs9-J"$S. -99
ry :

f-lqnisIts of (A, T ) -!heg fi uou SlSleir.4g*9!ry*-9!' /t * ggg f o"

F H ( x t e r . .  i X ; i r Y 1 r "

@ rg ' qg lrqYs-

...1]*) g,u,c3*!M!*C$s,isl4--iss g--erissg d .t"g HJ

(i) ?n ig-]:"o+p3e-ne q:rq.*-gl 4s$.rgsn l g j h g x a l s Y

t a k e n  { ; o f : e t h s r g

( i i )  Fa+u(xn)= ln  (  f  ^ (x )  r .  . . . ' ,  f * (xa)

( i i i . )  P n ( x * - ,  o  '  "  l x n  n l t  t a  "  t l n ) = ? o ( J 1 n  "  "

(ev )  :  :  tS :  c [ x ] * - ' c l g (1 ) *1 ,

r ,.!hs J*)-efe.t3-gQ

,  f u ( x ) a . c . ?  7 v n { x n ) ) l

a '  v  - l i  ) ;t J n t a t ! " ' l ' ' n

. ,
t  l i nea r  f  i s

J J

Rn (x1r  "  .

Se. !q-vi

( i )

( i i )

( i i i )

( f  md,*u)=Pn(  3  (x) , r . r  f  3 r  {xn) ,  ?  
(x )  

"  " ' 't Gn))

t.f.B,P.P*s:LLig

. o*r,), gus!*Lhg! s-ej-gtggt:.!.9 r{ j @ i r

Rn gS,-

R o ( x 1 r . . .  r  e x u ) = x * * R o ( x { - t  '  r  o  '

n o ( ( 5  m  ?  )  ( x ) , . . ,  r , ( ' g  m ' l

= R o (  5  ( x ) r i . r , n  $ { X n ) ) + R o (

n i

\ , \
1o n-L/

)  ( xn ) )

a (x)
L

t 3 r  |  3  t ?? (xn) ) ,
{-

There are rini.leggar pg]jvlSryglg*tli}-}!-t,q$.9I c.?S;I$'LgU!39
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R* sg'6iqfJinq (i) '( i i)  r( l i i )  g*e **,r1lgge:

Ptoo l i . ] l xcep t in6  ths  un iquCIneoe  s ta te&on t  the  p ropo*

e i j i -pn co i "nc i , r les  wi th  Propcs l t ion t+o/ ' t .0 f ,  f . t i l  -

I f  T n  a r e  e o n e  o t h , e r  p o l y u i a l s  s a t i s f y i n g  ( i ) - ( i i i )  r

then there ar6 po lynor ; r ia ls  I {o  (xUp.  "  u  sxr . , )  ,hocrog€n€ol ls  o f ,  d"egree

n  suc l i  t i i a t

R r = H n ( R t r . . , r R n )

anel

Hn (x1r

T h e n  ( i i i )

H n ( x U r . . . e r x r . , ) = x n ,

I  r  a  .  exn)=xr- f i ,  (x { - r .  .  .  .  rxn- t )

i n p l i e s  H n  i s  l i n e a i i , s  o  t h a t

n E n
\c[o Ji  o J.ro

w i . t bF o r  a  l i n e a r  f u n c t i o n a l  S  I 6txl -* C

f  ( t ) = 1 ,  r v €  s i r a l l  w r i t e  R n (  f  )  f  o r  n n ( 3 ( x ) , o . . ,  f ( x n ) ) "

Note tnat Lf ,I gry!_ep:1."-.to*ggS!yi]S Juts*!L-tI3]S.o

tlren t ffi q als o ex tend,s.,.t-9. qI-,qTqJl S-*Ig!-g-!ig-!3].:Inc1e ed"
J 4

3J  3 ,  r l  a re  ana ly iS i c  then  i t  i s  oas i i y  se€n  tha t  wG can

f i n c l  C r - a l g e b r a s  w i t t r  s p s c i f i e c i  s t a t e s  ( n '  y r )  1 1 = t 1 2 )  a n e i

,  . e lemen ts  *d  €  A j  such  tha t  3  =  f  on ,  T= fua  
anc l  f  o rm ing  the

reduced"  f ree  p rocuc t  ( : i u ,  Y  i  X  (Aa ,  Y  i  ( see  [ t r1  S  t )

$rc have 3 W ?- 
= 

l ,  g(a1)r f f rG2) wlr ich ie &n anarvt ic

f u n c  b i o n a l .

S i r r r i l a r l y , c , o i ' r s i " c l e r i n g  s e l f - a d  j o i r : t  e  I e . t e n ' b s  i t  i n

e as i ly s e € n t hat .i{ 9, t -S-gs-q-qjo-S.sriug$",t];v-S u tT:og-! e rl-,, pr g:

b a -  c i l i t y  n , e a s u r e , s  - r n  R t h e n sffiYa t s o  e x t e , #  * "
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e 9 al4!ag_!tX__Eu pport 0d prob-gPlllgX $S,aSqIe. QF*-.-:*"*

r1'l
Tlg*sns.:9.!-Lgg H MLurnc,tiq$$.ls.olggg!*ctlJ

eq$p-or{i-eL}rgiiabi1.Llx*qsqsu4es-Sti R wilf*be Sgllsd, rgs:g

a , - .  l .  !  - . -c  onvo lu t i , on  "  i t bb rev ia ted  F*convo lu t i on .
1 ..1|+

I r e t  u .$  a l so  reca l l  some fao ts  abou t  a  co r ta {n  ex tens ion  r

of rhe cunrr*alselrra 0n (see L93 , l -1r i  , fgJ, fv l  ) .An in Csl)
)

t h t s  ex tens ioR nay  be  rea l i zed . ;  on  the  fu l l  Fock*epace

fl-{no) = C 1@ ffi nn&*
'tu> I

wbere H* ie  a f i  n-d iaeneional  conip leX'  Hi lber t  spaoe wt tn-  an
t l

ft

Or tk rono rnoq f  bas i s  61 r . , .  ; €n .The  a l geb ra  we  a r€  i n t enes ted .

i .n r is  t le  C* -a lgebra  Fn gen€ra tod  t ry  the  le f t  c roa t ion  ope-

n
r a t o r s  { u  ( t <  j S n )

c,

( r f ,  = * j  sE ,  E€ f i i l n )
Const r le r  a lso  the  s ta te  €  n  c ln  Uo g iven by

G  r Y \ - . / y q  - P - t = ^ - !  f n tG  r Y \ -  , / v , r  l >  - T r ( X  ( I -  u t  u t L . . n  , n _  R ,t n t " " ' - . \ J r * t

As exptainod tn ( f l ; l  $ ? or fai  )  t rre pair  (  En, {  n) Hay

be  v iewed"  as  the  reduced .  f ree  p roduc t  o f ' n  cop ies  o f
. ; '

t

(  81,  El) . t lh is  l :upl iec that  q-J9,ry.* , ] ,U &1r.n.1&n S,bgg.g

^  ?  r r l ^ r  0  \ r  V  - ! -  . a - - - r  i -  t  V  e  \uj e c"( f  jJC C p 15.J1.!S.3-_19 ( d n1 L *,r .
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I  c "

In  th i s  ssc t i o i :  \ t €  ob ta in  ou" r  n ia ln  r s f l u , I t  0oncern in#

ths  ae id . i t i on  p rob lsm" !Ve  f j " r s t  ex t r i . b i t  ce r ta in  Toep l i i ; z

op€rators  for  wl :1c1:  tk re ac ic l i t i .on takes a par t icut lar ly  s i r i rp le

f  or rn"We so l rs  the addi t ian Srrob ler r i  by  sbowtng how on€ f indc

s u c h  a  f o e p l i t z  o p € r a t o r r  g l v e n  i t s  d t s t r i b u t i t n "

S la  uss  th rouGhou t  the  d -e f i n i t i one  and  no ta t i ons

i n t r o d u c e c l  i n  -  t .

2 , L o L e : n r i a .  f  n t ire 'tran el on var i ab le tn

x=( tou*. . ,o dir.

( F n ,  €  o )
g
q,.

< I + Z
,'. *4
l \ * I

u_
1 " 6  i j €

{ .s  j  s
a { .

1 1 .  .  . I k

4 i  '  t  ( r ' , " ( ,
n  " a - r  o ' r l r  ^ { "  * k

.tL

i v h e r e  o n l . v  a  f i n i t e  n u n b e : :  o f

t,hg_jr g$ e,-$.i e i r i bgp i -o n- 3g

dr+ fr- ( Z*
k = 1 -  A g i u €  n

d
+ 6  A { k

?rosf* ' r , i le  have to strow t t rat  E o(Xa)= 6n(f )

f  o r  a l l .  la  )0 .?h is  can be  seen as  f  o l l .ov is  ' I ' ' l o te  f ; lns t  t f  a f

€ - (  ! - , . , , { ,  ( :  . , .  ( :  ) * o  v r h e n e v e r  p + q  >  o  a n d  {  o ( T ) = ! ,r.t ..lt - ' ."r p *l *q

W i t h  t h i s .  i n  i n i n t l ,  a f t e r  € X p a n d i n $  X I n  a n d  Y H  o u l :  a $ s € r t i o n
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co rn i .ng  the  F -convo l "u t i on  and  i l r e  R*se r ies  o f  conpac t ry

suppor tee l  probabi t i ty  r ieaf iur "qf i  on R .Par t  o f  th is  nater ia l

s € r v s s  a $  a  p r € p a r - a t i c x  f o r  t i ;  n e x t  e e c t * o n .

By  C  s r6  sha t l  deno te  t i r e  ee t  o f  p r .obab i l i t y

f r i sa$ure$  on  K  w i th  co i r i pac t  euppor t . *o "  
f  

*  F  w6  sha l l

d e n o t e  b y  l o l (  I  )  a n A  n ( f l  )  t h e  l e a s t  u p p e r  b o u n d  a n d  r e s --  t  ' l

pect lvery  the largest  lower  bound"  of  the suppor t  o f . f  . ,J 'hen

d,(f )*ti l(f )*"( f )

I tecal l  ai ]-s o that

l s  t h e  d t a m e t e r  o f  t h e  n u p p o r t  o f  /

R{y )* {. a y (x)

n(  f r  ) *Rr(  1.  )  7  x(  y  ̂ f f i  yu)
( i i )  r n a : r ( d { 7 t ) r d (  

f z  
) )

I r2( f  )=  l . * ru  f  (x )* (  f  *a  f  G)>2
V/ i th  respec t  to  F*convo lu t i on  F  i s  a  semi fg roup  ann

/ D  I  r D l ^  r . \  , f
VJ =  

{  / "  
n  ( f  IRL l f , t J  =0 f  i s  a  subsen igroup.Note  a lso  bhat

r n r

/ ^  t t  b t  as  f  o r  the  usua l  c  envo lu t  i  on  is  the  c  o r r  es  ponc l i  n6

tr"aloslate ,of ' 'R m a ri>

/y  
.  ULU-  and,  tLU i  w i l l  c lenote  i l re  so ts  o f

R-s ,e r ie  s  o f  measures  f  : ron  f  ane"  re -q  p€c  t i ve l y  q  .

Thq f o11-oio i  ng two ler; :nas give es t  inat es f  or t  i le

suppr : rbs  o f  F -c  onvo lu  t i  ons  .

}'t'W*ls! ft, fz I O .'l{.q*"bqvs

( 1 )  M ( f l q ) n n r ( f e )  4 .  r , , r ( f  o N f ,  )

z 4(yoW7, )4 aV\, t )+d(r ,ar. ;



Ig lg{* . (1)  Lef  (4 ,  Y )  t t re  von Neuf f iann factor  r iene-

r a t s d . b y  t L i e  l e f t  r e g u J - a r  r € p r € c e n t e ' f i o n  o f  t h e  f r e l  g l : o t l p  o n

t v , i o  g e n e r a ' h o r e  G  t o g e  t h e r  w i t i t  i t , s  t r a c e . L e *  '  j ( i = l '  t 2 )  b e

t h o  c a n o n i c a i  u n i t e . r i e s  S e n e r a t i n g  A  a n d  l e t  X r = X f  e  ( u r ) ' t  b e

sucb  tha t  fX* *  f  j  ( i =1 ,2 ) "$ inc "a  f  i s  f a i t h fu l  l i t ( f i  )  and

tJ

m(  y t f f f z  )  co inc i r l e  v i i i l r  t he  l eas t  upper  bouncs  o f  t he

spCIc t ra  o f  X j  and  resp€c t i vs l )  XO+X,

Le t  G t€  G  deno ta  the  subgroup  s€nera .bec l  by  
" i ; he

f i r 6 t  i $ e n e r a t o : :  a n c l  I e t  g  €  d 2 ( C )  b e  t h e  f u n c t i o n  f ( g ) =

= ,  6 ' .  * " $ i n c e  ( u 1 ) ' n  h a s  n o  i n L n i a a l  p ] : o d c c t i o n s  w s  c a n  f t n ' i '
6  r s

1 t -  h ? '  - ^ ,  r r  . / - ^  f  . ,

Tu 
€ {- Ccol 4 ( G) suc h ti iat XT;.I ={" r}i 'n !T* 

J) =0 and

. /  . .  a 4  \  

k d *

l im (  Xt  ' {  
n,  {  n}  =$rP 

"-  
(Xa) "- t ' i (  V,  

) '

k*za.*

sinc r T u 
€' ( 'qur) ir ire have

(xz rl u, T o7 : ? (xe)*f;rrv )
f  l t i e  g ives

*( f ,ffi {ru ).:sup cr'(xu+x2) 77 
i:T". 

(<Xn*xr> , k, ( x> i

=H(. f + )+n( 4.

For  tha  o t t re r  i ne  qua l i t y  t t i  su f f  i " cee  to  rep lace

by *x  j .

f l  f t ,  )  f  ot lovrs f ro in ( i ) .( i i )  the  J -o t ryer  bound f  o r  d  ( f  ' t  t

The upp6r  bor ind  rw i th  the  no ta t l ions  o f  ( i )  i s  J . r * r *ed . ia te  f ro* t

d(f , {! f ; .  )*inf l i  xo+xn-tl l /  d
t e R ,

^ - i
TJ

{ ilfi I 
x+*tl{i +ni- ll xa -tll\ sc1 (f1 )*d(/q. )

Q , n " D .
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l v h e r e  N ( ; . t  ) = I n ^ " '  
r  l t ' o r  '  t ' l  L  r r  l

,  * \ f t u t p r ,  , l u \ f  ) l t '
I

grugg,The lower bounrl  for N( Lt^f f i , .n N/r*>
I

f o l l ows  lmmed. ia te l y  f rom the  obv ious  inequa l i t i ce

n ( F  ) 7 r  (  (  * ' u f  ( ^ ) ) L / 2  ?  ( R z ( f  ) L / 2
t -

For  t t re  upp€r  bound we cons ic ler  G i l re  f ree Srsup

ot r  n  genera tore  s t r r  "  " ,sH and t l . :e  eubsets  F ,  ( t  <  i  <  r , r )  con*
n t

s i s t i ng  o f  wo rds  o f  t he  f  o r : a  g . l :  $ l * " . .  w l t h  j #  t e *  *6 . ,
U 1  ' 5 2  - r  ' d

i1= i  ,k . , l  0 ,Let  (A,  f l  )  be t ) le  von l r leunann factor  gsnsrated by

the  le f  t  regu ra r  rep rescn ta t  i on  o f  G  anc l  \ f  i t s  t race .Ls t
:

f u r t h e r  u n 1 r . . 1 u . *  b e  t h e  c a n o n i c a l  u r : i t a r i e s  g e n s r a t i n g  A

a n d  l e t  X {  €  ( u u ) " r X u = X u o  b e  s u c h  t h a t  f 4 -  =  N , . * n r n
L i  d  J  J  ,  oJ  I  J

w e  h a v e  N ( 7 a d ' ) =  / / * ; f  a n d "  N ( f t T , . .  $ / n * ; = / / x n + , " . n x * / /  "

L e t  P i  b e  t h e  o r t h o g o n a J -  p r o j e c t i o n  o f  / t ( C )  o n t o
v

/ t { r r )  c  ( . t $ )  and  te r  t  e  ( 'G)  bs  rbe  ronc t ion
( , .  .
J ( a ) =  8 u , * . s i n c e

( x t f  , 5 >  =  Y ( x j ) * R r ( f / ' ) = o
we have

f f  p . x . ( r -p . l f f  =  l l  x  .  {  J l  = (R  ^ (  t t  . ) )1 ' / 2, r  d  G t  
' j ' l l  -  l l  ̂ j ' , . .  

a  t  i n

and,

( r-Pd ) xj { r-r3 ; =o
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! ' , 'e  pass n ow to  t i re  R-s er ies of  m€asures in  0  .  The

fo l l ow inS  J .e rnna  g i ves  a  cha rac te r i za t i on  o f  t he  -R-se r ies  o f

t h e s €  n e a s u r e e r o b t a i n e d .  a s  a n  e a s y  c o n s € q u € n c €  o f  t h e  t h e o r y

o f  t h e  N & v a n l i n n a - P i c k  p r o b l e r n  ( s e e  f  o r  i n s t a n  c a  f t J ) .

.tolz
i - t

f  ( z )

c{. t

?  ( z  ) =

lrct a

z r-T..,+9( z r-
n J * " 1 d

( i )  =+  ( i i )  "Le t  f  6

and cou*q id.er  as in

K ( r ) = z +  p ( a " t )  " s i n . *

ule have
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)

C , { * t  c (a )  be  tk io  Cauehy-

' I heo ren  2 ,9  t he  se r i ee  l I ( z )

F

G(? )= , ; ( r )  i s  convs rgen t  i n
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@
sor : re  ne ig l tborhoocl  o f  @ vr€ c lear ly  have that  y  ( ; )=  y  &)  ts

conver i ; en t  i n  so i i t €  ne ig i rbo rhood  o f  0 .Reu ia rk  tha t

Ira z > 0 =+ Ira G(z) < 0 C*P Iru it(s) P 0.

l lenc e by the theory of  the Nsvern l inna-p ic lE probrem v/s  have

? "(_f.,,):-Lf rl f, n
1 " d i , k 6 r a  g j *  - f k  s  - -

t ' J
f  or  any / t t  -  - ' r  5a r ,v i th  rm {  j

r f  c {  i s  s u c h  t h a t  { r l t r t  }  0 1 , r n  , >  o f C { n f r ) l  z  e f r r n  r > g t '

t he  i neo ,ua l i t y  i n  ( i i . 1  fo l l ov rs ,

( i i )  =+ (  i )  0  ons ic ier  K(z)  =z+ y  4)  
anc l  re  t  H(  z)  hcs

euc h that  K( I { (  z ) )  =z in  s  ox ls  ne i5 ;hbornood of  $ ,o  .By the theory

o f  the  Nevan l l nna -P ick  p rob le ra  the re  ex i s  t s  a  ho l .o rco rnh ic

f u n c t i o n  & -  c * f i n e d  i n  t h e  u p p € r  f l a t f  p r a n e  s u c h  t h a t

fuz

and wh ich  takes  the  sa ] i le  ' ' ra lues  as  H in  a  ne ighborhooc l  o f  tu ,

41h 'i .: n'r" .r\r a dr r l r i r  y ' L r v a E r  %  i u  a c i ; u a l I y  t h e  a n a l y t i c  c n n t J " n u a t j . o n  o f  H  t o

t h e  t i p p e r  l r a l f  p l a n e . T i r e i l G ( z )  h a s  t h e  e x p a n s i o n  a t  4 r
H ( z )

o f  t h e  f o r n

a - J
G ( z ) = z ' - ' + - 6 1 2  + . . .

a n d  e i n c s  f n z  )  O  k >  I n G (  z )  1 g r G ( Z )  = m  a n d  G ( z )  i s  h o l o -

n ro rph ic  i n  sone  ne i$h l l o rhood  o f  @ ,$ re  i n fe r  t i r a t  G  i s  the

Cauchy* t rans f  o rn  o f  &  n€asure  i n  e  "

q.  s .  D ,

T h e  l a s t  t o p i , c  i n  t b i e  s e c t i o n  a r o  c o r t a i n  a f f i n e

,g.n.clgrnorlLri. f  r j ,S of (g , f f i) .
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Cons ide r  f  i r s t  a  fo rna l  po l \ , cn  no r tes  l y  (u )=n+

and f  (z )

" fhue

f f i  
- n  L  V ( s )  z

{ : t r e  s e r i e s  s u c h  t h a t  v  k k ) ) - z * l f h e n  w i t h  t } r o  n o t a t i o n e

o f  fh *o rem 2" !  t he  f f i ep  a t  t he  l eve l  o f  G*eer ies  $  -7  V  "  G

cor respond-s  a t  t he  l sve r  o f  R -ne r ies  rwhere  R(z )  =g" (24 ) '7 -1 -  to

n  - - - +  R " f  * 7 .  I f  t l r e c o e f f i c i e n t s  o f  t h e G s e r i e s  a r a

tho mononts  Of  a  rand.ora var iab le , t l ren WG have obta inec i .  en

a f f i ne  en r lo r : i o rph is io  o f  t he  semi6 roup  o f  d i s t r i bu t i ons  o f

rahr lom var iablef i  '

L e t  n o w  G  b e  t h e  C a u c h Y  t r a n s f o r s o f  sonCI  H€agur€

ne ighborhood  o f

tp  (E)  =  , , t  ( r )  ,  ?  (o )  =o  o  Y t  n*

I n  z  b O : - )  I n  V  ( z )  . > 0

Shcn ay o G is  a leo the Cauchy t raneforra of  a  u lsasurs

fn

t n  f ' r r ' , r h i c h  w e  s h a l t  d e n o t e  t (  Y  ) i ,  , I n d e e d

I n z  > O

(  Y o  c )

a n d  Y o G h a s

f ___i r( y

have 
r'

= = + f n ( y o G ) ( z ) 1 0

f.(  € 0, .Assr-trne ? is holoruorphic in soee
I

(C tn , )u  lo l  ^nd f f io r€over

( ? )  = (  y  o  G )  ( b )

the  co ru€spond ing ;  behav iou r  a t  ac

)f l s  an af  f  i r ie  eRdonorp l : isx t  o f  (  O,  l f r  )  1 .e .  w€

r( r.f

) ( r a
) (pru=

& 1 " )  '
r ( Y ) ( 1 r n f f i 7 r r ) f f i

s ( ?  ) (
Reraaric als o

r ( y { )

l , ^ )  N  r ( q

f"rlat

u t (  ya )=T( y,  o ' / .o
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F  0 ; +  I * Y Q A ) a

e the HacJallard Prod"u.c t

d e s i r e q  c o n c l u s i o n .

0 ?  b y  l { e v a n l i n n a - P i c k

p r e s e r v e s  p o s i t i v i t Y

have

i n  f e r

Q .  E .  D .

l J  x  r i ' h p n r " c l ' ' r - d  S e r i g s1  t  I .  ! L r v  r J 4  
" . , : ! , i j - _ - _ - _

ee
q

( z )  =  Z*
f r=0

* h a

o n l y  i f  r p  i s  t h e  f a
;J-r*-

Ior  s  er ie .s  o f a bo lo rnor h i c  f u n c t i o n  i n

*p::: e-, .[.9 i$,i]]-og PJ,gl, .oJ,
(C \jR) u .f oi su.c I: t ha t

Y(a)=  t ( z )
1 n  z ? e  s D  I * ?  ( z ) V  0

?roo f " the  su f f i c i ency  o f  t he  conC. i t i on  fo l l o t l s  f rom

L e m m a  4 . 2  a p p l i " e d  t o  t  ?  ( t  >  0 ) -

Coneern in#  t i re  i l €c$ ; l s i t y  i . t  i s  l i n r *ed ia te  tha t  Y  i s

and ? ( f ) .  f ' (z )  'so

ana l . y t i c  c  on t inua t lon

holcrurorphio in s on6 n e ighb or:hhoql of 0

what r;rus'b %e i l roveci is that Y has an



t o  (  \ n -  and  t ha t  l n  n7  A  e )  Im

Asslune V is  the

neasurs  i n  € o t h e n  t  y

Gf.  Using the c l raracter is&. t ion of .  &C

dens i ty  o f  &  in  f r

fe € e for  evory

L e t  a  )  0  b e  s u c h  t h a t  s u p p  f  4 c

heno  e  by  Le  n i : ra  1 ,1 "  $upp  f l+  <  [ -u r * ]  f  o r

c ( 2 , i , ) l  4  ( : t n f  { r - * i  ) - t
- a S x  ( a

rn fe : :  tF  i $  the  l ? *se r les  o f  a  measur . .o

t  ? 0.t  6 fr  ,Cl-early f ia * €,  and"
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R*s e: :1es of

f o r  p o n i t i v e

f  ( z )

a n  i n f i n i t e l y  c l j . v i s i b l e

r a t i o n a l  t  l s  a l s o  i n

ln Larn'r ia 1,1 and t i le

f t  t r  f ^  
=  

f * *a  Cons ide r  K (z r t )  =z*b  y  ( z -L ) ,H(z r t )  such

t l r a t  K ( I { ( z r t )  r t ) = z  a n d  G ( z r t ) =  * * 3 - *  s o  t l t a t  G ( z , t )  i e
i { ( ? , t )

t he  Cauc i r y  t rans fo rn  o f  {n t  . I t  r , v i11  ,be  a l so  coRvsn i .en t  to

c o n $ i . d e r  t Q J ) = G ( " - 1 ,  t )  .

V i i t h  t h e s €  p r € l i n i n a r i e s  s e t t i e d  n  t i r o  r e s i i  o f

:  ;  t h e  p r o o f  ,  w h i c h  i s  r a t h e r  l o n g ,  w i l l  b e  d i v i e , i e d .  i n t o

1  s t e p s o

g-!-9r,_r..f!g_€Sgigs V is_ !q€. T.qxlo.t.s_eglSs- S_Ls
I

.U4o*io.rp.ti.c*frlngljio.Ir*..1.! sSXg neiAlr.ilglfno.g ol (C \ il U { lt',

Since G(z17)  is  the Cauchy - t ra .nsf  oru*  o f  f r  
we in*

fe r  tha t  Y  i s  ana ly t i c  1n  sone  ne ig i rbo rhood  o f  C . t t *n * .  t i : e re

ls  &.  ne ighborh i rod.  o f  to  r i , rhere K(zr t )  fon Od t  6  t  ars  a lL

u n i v a l e n t "

{*a/2' ,a/2 J ancl

O d t 6. 1-, f ir le impl i  es

t r yor  squl .va] .€n

f ( " , t 1 /  d  ( i n r  I n - 1 * l ) * t
* n S x  $  a



*eB-
' .  )  \

f o r  A d  t  g  { . ' H e n c o  t h e  f u n c t i o r : s  {  c ( . r t )  f  o < t s { .  a r e

nni f  or ia ly bourrded.  on compact eubsete ofql : fet |$) ' { -*- l , * - t ) .

S i nc *  
1 ( ,  

r t )  i s  t he  i nve rse  o f  K ( "  r t )  i n  $0$ i s  no lghbo rh r : o ' 1

o f  e o  n i n d . e p e n d e n t  o f  0 g t < ' l - e i t  i e  e a e i l y  s € s n  t l : a t

, * ' ' . r y

t  * - "  d ( , , t )  i s  c o n t i n u o u s  w h e n  t h s  G ( . , t )  a . r €  o o n s i d e r e d
'' .,' . ]

wit i r  the 
lo lo10$y 

of  un i f  or rn  c  on\ '€ l :Se nc€ in  s  oue neiS4hbor-

hood  o f  O"By  tbe  un i f  o rn  bounr lec lness  on  c  ompac  t  su .bse  te  o f

JE

( j )  trye inf er that t  *--? G(. r  t)  i .s ac tual ly c on t inuou'$

f  or  the : i  .  " . . :  . " :  topology of  un i f  or rn  c  onver66nc6 oR c onpac t  
.

eubsets  o f  u t  "For  6"  e '  C \R le t  F  be the e egnent  f  o '  9"1

and le t  K 6 t rJ  bo a conpact  conv€x ne ighborhood.  o f  f7  .

T h e n r g i v e n  S T 0 r t h e r e  i s  €  > 0  s u c h  t h a t

I  t ( { , r ) *  4 l * $

f * E < g ' t ) * t l ' 5

f o r  T r ,F ; r<  anc  0  {  t d$ .  . ' I l r i s  g i ves
- t

lE,  goi  t ) -s(  6 , ,b)-(  5o- 4) I  {  8 14, -  5u I

lA(  gu , r ) -0" t t rn , * ) l  v&-  s ) l4u^

i f  { r , \ r * K  a n c i  0 d  t 4 F  . F o r  6 < t , $ ' ( . r t )  i s  u n i v a l e n t

in  I {  i f  0 {  t  <  €  .Le t  K4  4  K  i l a  ano the r  convex  co :npac i ;

ne ighborhood of  f  and assul l6

s
sr&

* " + f \ r
' 4 '

r h e n  { f t g , t ) -  
g l  e  6  f o r  1  e  } x  i r u p l i e s , i n



';
n n* 1 9 _

d

v i6w 0 f  t he  fac t  t ha t  (G( -  t t ) ) (  3  K )  i s  t t re  boundary  o f

*\/ .v

( s ( .  ,  t )  )  (K )  ,  t ha t  (G ( .  ,  t )  )  (K )

t ll 
^*

0  <  g  - < - f  ;  t 6 e  . i n v e r s o  f l r n c t i , o n  a f  G  ( , , t )  r , v h i c h  i n  s o n s

ne ighborhood  o f  0  i s

A

n ( z * ' , t )  L + t z f  ( z )
: -r,

has  an  ana ly t i c  con t inua t lon  to  so i  e  ne igh -bo rhooe l  o f  l '  .The

7

(6 rRJ u I ol

r} le def i .nu fJt by

J A  r =  { " C r , t ) l z e C  , r m  z

. I l  , -=  1 ,  I  rnz  ;>  c , r ia  (z+ t  Y  (u -11)  >  o  1 .
t l ,

$ i n c e  I m  n 7 A * 7  I n  H ( a r t ) z  0  a n d

t1

z=H(z r t )+ t  f  ,  
, rO ; )

poLn b  4o  e  ( { \R /  ue ing  arb i t ra ry rvue in f  e r  tha t  
Y  

l :as  an

ana ly t i - c  con t inua t ion  to  soue  ne lshborhood  o f ( c r R ) u { o / .

An inuec l i a t c  cons€quence  o f  6 i t ep  l  i s  . ! he , l [  H ( . r t )

Ir-:ls,les liyg Jn.-e ops- n qis'F3*er!.tog, oS fd \$ul€l. Ind, *a in

some ne ig l iborhbod o f  F  w€ hrave

z=  I i ( z , t ) + t  V  (  ' r - , 1  ,  ,  )I  H ( 2 ,  t )

a n d  s i n c e  Y  i e  d e f i n o d  i n  $ o m e  n e i s h b o r h b o d  o f

an rd .  (H ( .  r t ) )  (  A  \R )  (  C  \R  tho  bqua t i t y  w i l l .  ho ld  f  o r  %

' r  r  R  )  u  1* l  impry ins  rhe  in ie  c r iv i ryi n  so r ie  ne ighborhooC o f  W

o f  H ( . r t ) .

c l e a r l y  J Z u C  { * e  C  l r o , " > o } .

Ste  p  2 . ' lTe  havo

w e  i n f e r



J
tud

f r * C  { r  i  t r u z  ) O e r r u  ( n + t  ?

I 'o r  thc opposi  t  e  inc l .us i  on

equa t ton  sa t i s  f  i od  t rY  I ' { (  z ,  t )  .

(u- t ) )  >  o

! \ re shal l  s y  t h e  d i f f € r e n t i a l

Fo r  % in  soxe  ne ighborhood  o f

an unif  orrf i  way provided t vef i tairs

irave

a a  , w h i c h  r a a y  b e  c h c r $ e n  i n

i n  s o n €  c o n t p a c t  e e t r w e

4

t z+h  Y  U-  * )  
, t )  ; 0

> 0  the re  i . e  a  ne ighnorhood

( z , t )  * 0

)

r i (  z+ r  f  ( r -a)  , t )  =z

a n d  h e n c e

Siku.rt  y (  ,-L), t)  y(r-r)-  #d z

R e p l a c i n g  ' z , h y  l I ( z r t ) r f o r  e a c h  T

VT o f  d2  euch tha t

?-ll*Czrr) y A*-*l- )+ *39
A n  

'  -  I  
r J t , . ,  + \  3  i

I . l \ & t  v /

f a r  ( z ' t )  €  V f " f  O , f J . L i k e  i n  S t e p  1 - r L e r n n a  , , 4 -  i n p l i e s

tha t  tbs  suppor t s  o f  t he  f t  & r€  i n  sone  conpac t  subse t  o f

R ,  w h i l e  0  <  t  {  t , w h i c h  e a s i l y  { $ i v e s  t i r a t  t h e  i { ( . , t )

f o r  0  <  t  <  T '  a r€  un i fo ru l y  bounded  on  co r lpac t  subsc ts  o f

C  \  R  /  w l : i ch  i n  tu rn  eas i l y  gJ j . ves  t i r e  con t inu i t y  o f

l ] O r n l > t  
* - - . - - - )  H ( " r t )  w h e r e  t h e  H ( . r t )  a r e  c o n $ i < i e r e d

w i t h  t h e  t o p o l o 6 y  o f  u n i f o r u :  c o n v € r g e n c e  o n  c o m p & c t  s u b s e t s

o f  C  \  lR .  . f he  sa$€  conc lus ion  t i ren  a l so  ho lcs  f  o r

? u
* ( "  r t ) . ' , r / e  i . nSc r  tha t  i . n  the  eqna l i t y
O ' / t  

f

--(  i - t (  z,  r)  y (  "- ,  
q--*)dr=H(z ,b)-z

. ?  b z  n l z r t )
t)

both  tenrns  aro  ana lYt ic  fo r  z  6  C \R and he  nc  e  l t { r



val i .d l tY for

va l td i t y  fo r

s x i s  t e n c e  o f

have

I ip

z - t  @

f o r  ( 2 ,  t )  e

7 1
a  

) L s

z tn  sono neighbonhood of  *

( z , r  )  e (C  \ /R )  xA , * ) . t u i u

t & p l l e s  i t s

i n  tu rn  imp l ios  the

,16 rR )x fo - ' - )  and .  we( z , t )

.? , iL (z , t ) ,p  (  *+ . )+ '4+  (z , t )=o
7 z  

' t  
H ( z r t ) '  E t

- -  l n \  -  a  
'

for (2, i l r . (( \Rl X fo,*J .As ie wel l -known C4J) for such

q u a s i l i n e a r  e q u a t i o n s  H ( n r t )  i e  c o n s t a n t  o n  t h e  c h a r a c t e r i s -

t i a  i . € .  on  cu rves  . -93  = t3 (  * -1 -y  w i th  z ( t )  €  Cr  r tR  fo r
c t  '  u ( z r t )

o  < t  < T  a n d  w h i c h  t h e r e f  o r e  a r €  s t r a t g h t  l i n e * q . t h u s

i r ( z , t )  i s  c o n s t a n t  o n  i t r o o t  
. 1  { r o - t ) , t )  I  o g t  <  T ( p r o v i c l e t l

,  /  - I .
z o + t  Q ; ' )  d o e s  n o t  c r o s e  t h e  r e a l  l - i n e  s i . € .  p r o v i d e d

A
I r a ( z o + t  

Y ( u o - ' ' ) )  
d o e s t i t t  c h a n g e  i t s  s i s n , s o r i f  l r e  z o  ) 0 ,

4

rm(zo+ t  ?  
( r o - t ) )>o  t i r en  zo= I { ( 2o ,0 )=H(ao+ t  F (u ; t ) , t )  and

he nc e zo€ .2u ,urh lc  t r  c  onc ludes Ste p-  2 .

S tep  7 , I f  q  i s  nq ! -q -g -on ,s tan t  thqn
;;-;L 

[ 
*-

r f  z e  C \ R , , l e t

Wo

a

lz l 'T( z) = l i r-r

z ->oo

fm %fiA

I m  Y  G )

t ( z ) = I p n

a G CrlR. )  O ,  t ( a )

= I J"ill

6 -r0
],w$ t

r = {
have

l r u z
I

*1im
( -+

k*$

0

t o

a i {
A r

nX, *6 ,
r  > o

s CI that

A ,

rra f ( "-t)
rm n-L

i jL,( y- (-5-)- - T (n€-..<-)) . =
r n S

n
In t,



- 7 t 2 -
/ v

Y (n*g +i tn{)- .p (Re { )
r n 5

= t inRc  y t  tn rg . r - i  & .$ ) r rn f  )=Re V / fa )=nr (p . t r )>  0
5 * o
o <0$)<t

H € n c s  t h e r e  i s  C  >  O  s u c h  t h a t  t h a t  f o r  u e  d f R

wi th  lz lV C $ i€  have

a-L pt* ln2(yt  )  < r(z)a a 1. ,1-.2xr{Vo ) .

f t  f o l l ows  tha t

In f i  / ' "C I lr lp, cf< l ,  I  r iaz / o, lzf > (a-tn eft)

S*0  { .  * {  l t r t  vc l : {  ,  \ r "  z  70 , [u l  >  qzn2( fae  ] i l 1 /2  !

' ' '

s'Iin fm(

% + o
rrn€ I 0

a

r>L/ n I

Sinc  e  f r ,  i s  connec ted  and  s ince  f  o r  l . a rge  t  we  l raver

J l r  n  l reCl  l r l  =e l  = f i  *e  in f  er  thar  for  rarse r

CI- c {uf  r 'u n

and  henc*  n  R .= f i  ,  t he  d .es i re ( l  conc tus ion .
t >  0

fo  see tha t  ,S te  ps  1 , - t  i rp ly  the  ass  er t ion  o f  the

tkreore;rrreuark that by $tepn 2 and 3, we have ;{ ,7 i  urt a co*ttoaf

I  p  ,  - 4 .  +

{ z e A  / r *  z 2  o , r n r 1 ( z - r )  > o l u . f i ! * = n
t > 0  c

I {e  nce rm {1 0  : - )  rn  y  G)  4 .  0  ana s ince
e +

?( g )= Y({  )  we infen that rn J}0 ==D r* ? (g) r  0, f  , f
t\ q, of e c oi^/i t*r.l f , a:\ r' n

\ r l s r v a

fn  the course of  t i re  proof  o f  Theoreu t l , j  vse actua l ly

e tud led  F -convo lu t i  on  se rn i .g roups .We sha l l  b r i e f  I y  d i scu rs "q

$ o n e  p r o p e r t i e s  o f  t l : e s e  s e n t g r o u p s . a o s t l y  c o n s 6 q u € n c e s  o f  t h e

Brsced, ; [n& proaf ,



*r7*

b e

. ; . .  , . , - r , , i  
. l

an T*oonvo*Tirua .lgt [o,oo) s \ 1f;e 0

@ ioe .  f * *o=  fuWf^  4  lu  
depqndF

^,
c,-o,qi:FrrllogfiJy qg t ggg-!" e i-g*qs$qgs$ grgb,$!s g.g"F tqlg"

|  €asY to  $€e 
rCI  f  &f '

]gggUsing Lenr ia  l "L  l 'b  is  €asy to  $€e that  ^ f t  =

and &f  o  i s  charac  te r ized  by  the  c  ond i t ione  in  $hcoren

4, ,1 ' rT f  G(zo t )  i s  the  Cauchy- t rans f  o rn i  o f  l *  qoU 1o (z ) *

=  f r f rG ) ,  t hen  G(zn t )  sa t l s f i ee  t he  quas i l i r : ea r  equa tS .on

4 9 ,  (  z , t ) ?  ( G ( z , t ) ) .  * ( z , t ) = o
b z '  

' '  a t

Og, t  4co ,z €. {  ,Tw u

M o r e o v € r G ( . , t ) i s u n i v a l e n t i n t h e u p p e r h a l : f p } a n e

a n d H ( " , t ) ( 1  z e C ,  f  r m z P  o j ) = I 1 =  z e f l  t * z > 0 ,

- t ) ) :  o j  whe re  H (z rb )=  ; l -I n ( z + t  Y  t z  
* ) )  7  0 J  ' r t n e r e  

G ( z r t )

H ( . r t ) b e l n g a c o n f o r n a l n a p p i n g o n € m a y d e r i ' v e r € -

gu la r i t y  p rop€r t i es  o f  / \  by  s tudy ing  the  boun< la ry  o f  €  * .

S inc€  we  do  no t  i n t cnd  to  make  a  de ta i l ed "  s tudy  o f  regu la r i t y

p rop€r t i es  o f  f u  he re  r  w€  sha} l  on l y  p reeen t  ras  an  €xa l r l p le . ,

soBr€  regu la r i t y  p roper t i es  o f  f t  f  o r  l a rge  t  ' ob ta inec l '  i n

th ie  **Y '

Assurne t he supporL qg ta, i8 -!-o.t.- rgluc e9*!g*g--g}l$l9

pSi}.t,-[hen tFe,Lg ls, to g]1,c.! l*!h3! l f  t  7'vo'thgq fg
i-s abs cr-

tute ly c on tinqqw wi th res pjc t- j o l,-eb"eirjl!ig-t13q$-U.5-9-qgg-iJg*

Rad on-rEEo0Jg-9 s ri va tive rn t 3g--q-Qjli4-Ulggs

At,Bt € E (t > to) s..l1,-ctr lgai

. i v i o reovc r  the re  a r€
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/ ^  n  \  /  , 2 ' l p  L *  / ^ \ - '  7( A t r B t )  = l  s 6 :  r r . ,  |  * t \ s ) # O f

qrr4 nr* is rqgf .ajr j l t r l t ig . i j r  (An ,B{.) and
i r  

-  
u '

nr'  (a)

a-eat *-At

a  ) A *

A ls  o

$B + oa , l i r : t1isl
n *  ( a )

= *  o r o

a-aB* 3t -*

a  ( B *
f

/l ** l/".
l ln ' ..r '-: = $r( fa D1"/2, #

t-z* #'/2 
c' I

fo  se s  t l ia t  th is  is  ind e ed s  o ,  we bogin by F€rxtEr*

k ing  tha t  i f  l r l  anc l  t  a re  su f f  l c i en t l y  l a rge ,  then

- 3  C r * ,  f  ( r - t ) ) = o  h a s  p r € c i s e l y  t w o  s o l u t l o n s  d { ( t )
dO Z

( j J I , a )  and  we  have  x r ( t )  €  R  (  j = t , e )  and

Indoetl.ur, 'r i t ir  6 =z-t l , ,re have

* - (z+t  Y ( r -L) )=r -  t  5 ' r ( t  (€  )
a z

r r t ' l  . -
Our  asse r t i on  f  o l l ows  f ro rn  ? ' (6  )  =7 ' ( { )  and  Y / (o )  t  o :

On  the  o the r  hand  i f  I  z l  i . e  su f  f  i c i en  t l y  l a rge  ,
r a a

t l ren  +-  (z+ t  y  ( r - t ) ) l  o  .Tb ie  i s  obv ious  f rom
J z t  

'  
,

b

^t

& (z+ t  y  ( r - t ) )= t  5 t
o z

( a , f ' 6 ) o f  y \ g ) )

l t rext  rassum ryo u C , r in un7 0 (n e f i ' /  )  are such
,l rn

t t r a t  r n ( zu+ t  ?  ( t n - t ) )=O  and  } i n  , n=  "< .e  R  t hen  i f  t  i e
n-td

s u f f i c i e n t l y  l a r g e ,  ! v 6  h a v e  o t  €  / < , t t l  ,  d r ( f i f  . N o t e

'  t ha t  e ince  Im(zo+ t  f  t rn4 ) )=0  and  t  i s  l a rge ,  the  p roo f  o f

S tep  1  i i , r p t i os  %n i s  1a r6e"  We i rave

o ( 4  ( t ) .  r r . t ( t )  ( 0 .
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( ,r-1- \
\ . r n  , l

Y

A
l A  1 - - r \
r  \ & ^  )

t l

-l

- l o Y '- l  " n l
Irn

fm ,n ru rI

TJs ing  t i : ese

rlhe 1i;r i  t  of

p r o o f  o f  , S t e p ,  J ,

er (b ) ,  . (a  ( r )

f ac ts  and  tho

*riu f ,nl*an* ?/ (ne zf,a+r A, ra u;t )=
R *+{l0

o< 0o( 1
- 2 !  - t= o (  ?  ( x ' )

whish  i :ap l ieo  " (  
€  " ( e

J "

pr "oo f  o f  $ tep :  3  i t  i s

e a s y  t o  s e e  t h a t

4 = {z  eC {  r*u }  o, rn (z+r  p e+D*o I

i s  a  r e a l  a n a l y t i c  c u r v e  w i t h  r i m i t  p o i n t s  * t ( t )  a n e l  { a  ( t )

and f in i te  length.T i re  boundary of  J?-  ec luats  P*  Uf f io f  t l  ,

+ .o) U (-* 1 aa,r ( tlJu /-" f where 6(4 ( r)

T h l e  l n p l i e s  G ( ' r t )  w i l l  h a v e  a  c o n t i n u o u s  e x t e n s i o n  t o  K

s u c h  t h a t  { ,  e '  R ,  I  , o  G ( s  , t ) t  O }  i s  a n  i n t e r v a l  ( A t , t s t )
t , .

a n d  f r n  G ( s , t )  i s  r e a l  a n a l y t i c  f o r  s  €  ( A t , B * ) . B u t  * t ( s ) =

-  - - ' L  ' t , ; ,  G ( s . t )  w h i c h  g i v e s  t h e  d e s i r e d  r e s u l t  a b o u t  t h e
t f  

4 " r ' \ \ ' t

r e a l  a n a l t t i c i t y  f o r  n r .

The  a$ser t i on  abou t  t l r e  behav iou r  o f  * t  a t  A t  and

B t  i s  a  c o n s e q u € n c e  o f  f t  C  z * \  f ( r ) ) l  z =  o ( n ( t )  = 0  a n d ^
i.J

^ e l
- E C z + t 7 l z \ \  I  ' . \  ) O
E a i ' - ' -  t  \ L ' / ' /  l z . = o { r ( t , t

l l *r !1"*

$/2
i e  i nnad ia te  f ro in  the
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R ' l n

L3 , . J  " ,Ak i : i  
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