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ifuiee t.irin, "srrry tiieo:.c;:r$ of Doilrls*r,-,rc:e1ir* t.rus for varl-or.ts elr{{j$ers, of
operatorij ltsre 6g1"vetr. ru parbiellJ$Jr tiic prublelg of thr: l.nelusloir of il=e o:dcr
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i<lnBlirrv ft]n :;. J. iicllton and 3. ierriu f6lr i-i. Lor.nfcl.rler Lr], ,u. rt,: r*gtcr 
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i:lrsc'l ot }1.'-ii:r}";-1r.r.1 **ri'"'rI-*i tl*otr;r" l_.,:;;:r::11 i.{r:" v:Lrious.-r.pp.t^S.*i?tir)1:; tr} s,pj;i. l;{j.j.:a_
ble optrrrt$y's iurd ti: trlrg cir'-r;rc.*+:r..1:latii:n cr. il i i l l:ru:C ;1ener*,ted by t.ile fl_::l.tc
x'l.nii il ;;i.r]::lt crs.
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1. Frellnlnarles

1-, vi'11. always d.enots flre !3entJ-ty rap of a set rir.
3or an ordefed vector space B we slrall- use tlie etandancl notationrel

$*  *  
[ * l  x€8 ,  ' x>7o! ,

f T . r

L*,yJ= ln\z€t,  o t  *e 4.

lle say tha1b tlie posi-tlve eone l* k tlre orcererl vector spaee s is fieyr{r3'n-
t1n6 lf E=[**E*. rf E ls an orilered nornec vector str]ace we saJr t]iet. sn ls b-etr-
let i.f there ls a)0 such that for every x6=E ttlere is y6s verifyi.r.g _y<:r< jr
and l lVl[aafixlJ. r j",rory b-str ict cone is gericretisg" By eorol laqy l.Zs of trr] ,  j . f
tire posS-tive eone of an orrlered Banach sp€lee is closoql and gonerating, i* i* **o
b-str ict.

'Ihe veetor $pace of all llnear uaps betrreeu tso arderect vcctor spsices tru
ordered in the usual way: U>/A It U(E+)Cf+.

For i1)rF vector lattices vith F order ecarplete we desote by I*(nuF) the
vector Lcittice of al1 ov"Jer bounded 1lnear rraps Lt:E -.g- p.

3f ErF are nanach spece$r, f(Arfi) wi].L be il:o Barr:,ch spaco r:f al-]" linear
continuous@ps u :jI -+.F" ?be <iual of a Banacb opace H sil-1 be denotcd by Er.

A sot i't i-n a Banach lattice F ls called L-bounrled if for ever3, €)0 ttr.e!-e
ls $68* such that l l( lzl*y)*l l<t for e're::y x.e$. sver.y conrpac.B set is L-I iounrtedi
the solid eolr"rex i:r:l-l of an !-bou*ded. set le L,-ircru}tled. ff ii t* a B.snach $pitco
and F a lls"&2s5 J-attico, Lif(jJril) 'cil-l be the space of all Llnear nnp* UrD _$F
sthlch carry the usit ball of S into aa t-bounfled subset of F. tsver7 corepaet 11-
near'map fron E to l t  is tn t 'sJ{Erf}.

lot s bo a-rr Arcirinedran vector Lattlee. frre eenter of fi l.s tlie set of
al l  l i r :ee:r ' l r-- ips u:s --> F for wir ich ttrere is a)0 such t irat l$(x)[< alxl for
eYery u'(8. lienote ay S,ul tl:o center of Ii; it ls a sui:algebra, of the ali3ebra
of a'11 linear i:ilps oll s and a vecton Lattice having iu es stron6 or:tler unlt.
fho croduLus [$f at U €%{u) ls given by

lu [  {x }  =  lu(x) l

for every x€l l*.

Lot $rl'lre /rrcl:Ltqed'iaJr vectov latticcs. tiho toneor prccluc.t il6f irr ttto
senso of D. ll' i 'r'enlin {lJ]} ls an Arctrincdi,a$ vector Lcltt:.ce ard ti:ere 1er a
canonlcal Liesz bi.. : :rorpi i lsn {,r: l lKF --+l:61.; se u$c the nctation x@y for $4xry).
Tire couple {:;6:'rf ) is univer"srl ln tlic follot;ing sense; for overiy.rl.rciil*cclan
vector lattj-ce G anrl every Rlesz birnorpirism e:XKf --+.S tl:cre tn e,:r rini-que
llleglz uorphi"sin pr.u$r *+ G srrch tllat g*QV. i;6 yoca]-l tnat th.e lJ":roar iiiap
U:l l  4. F ls a Rleea rrorpir isrn l f  fU(x)l =U(lxl ) for evory x(I{; t t ie bi} inoar rx&p
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9IE'XI '  . - ,) 'G ls a Rless blmorphiom lf  lQ(*ry) l= 9( lxf  ,  ly l)  for every x 6IJ, y€T.
fite canonlcal morphlsnn ,f mAucos an i.nJectlve map fron the algebraic ten$of, D'o-
duct H6Ir lnto ii6r; we shall identify ]16F wiilr tts lna.ge ln tbr.

. Z. prineipal flcciules .

I'le collect bore ths basie aefinftions and results se sha1l noed frorn
principal modules theory (see bzl and. [f  f ]1.

A lattice-orCercd algebra with unit is an Archlnedia-n vector latticc A
with a strong unlt s endoved r*ith a bilinear rnultlpllcation wirlch is a Biesz bi-
morphism and edmits e ari algebraie unlt. 0n every lattice-ordored algebra wlth
unit o tre ean give a rrorn by

l l * l l  = rns [ala€%, lx l(  aeJ.

BJt a lattlce-ordered subal-gebra of tlre lattice-ordered, algebra A we shall mean
a oubalgebra sbj-ch is also a vector l-attice,

L,et A be a lattice-ord.ereii algebra vtth unlt. By an A-aroiluJ.e se shaLL
mean a vector lattice I ehich l.s'an algebraie module over. A sucb th.at the nxrp
(arx)p-9's26 (frorn AXII tnto $) is a Rlesz binorplrj"snn

Th.e cente* Qlnt of an Archj-medj.an vector lattice il i$ a lattice-ordered
aS.gebra r*itir rutit; the ma,p (U,x) t--> U(x) defjnes a structure of €(U)-nodule on
E .

A prlncipal A-nodule E is an A-nodule errdowed witir a J-ocally solid topolo-
gy sueh tira.ti for every x(il the set 

fax[ae AJ fr d.ense ln the pr5:retpal- order irte-
'al 

generated, by x. Tlris is equivalent to require tire set 
{*1" e!fr,e] ] 

to t,"
dense r" [o'" ]  for every x€E+ or to requtre tho set {a*l"Z[-*rel l to-bc aense
.  r  r  .  t  t 1  -  - , -  

-  -  
L  I  J J

rn  L- lx l  ,  lx l j  : for  every x(E.

$itI08itl{ 2.1.( tte]l T,et E be an Archinedlan A-modu]_e eodor,,ed wj.t}r a loca- .

1.1-y solld^ 'copology. Ti:en E is prlqcipal" 1f and only lf for every nelghborhood y

of 0 and erreqn xrr xr€E sueh that x,,Axr=O there are el t  are,L such that aln6.2=
=0 and xr -a*xr€V,  I=1t2.

rf $ ls an order cornplete vector lattice and xrr xn E, xtAxr=o ve c*n
flncl band projections Pr, Pr. sueh t lrat PIAPr=0 and xO-.3.(xr)=0, I,cl12. i lence,
by theoren 2.1, E 1s a princip* %tli)-nodulo for overy }ocally eoLid topoLog;'
on E.

If ArB are lattice-ordere$ er"Igeliras wlth unlts e l, uA, by the uirlversal3.ty
properiy of *68 tliere ls an u:tique stmcture of lattice-ord.ered algebra on g613

buch  t l i a t  (a r@br ) (a r@i r r )=a ra r8b i l oa , fo r  a r  ra? .€A ,  b l , b r€13 ;  i t s  un i t  i F  o r8e r .
$upirose that lI is an Archinad,ian A-moduLe and also a 3-nodule. flren we

can glve an u:rique st:iuctu:ie of rtdfi-ulodule on $ such that (a8b)x=a,(bx) fer
evexTf  a€!" t  b€ts ,  x€I l .

let E be an a-raodule and let F be a B-moduloo suppose th8t IJ and I, ar.e
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prlnclpaL, that 3 ls ordor cornplete and lta topoXo€y $.e order contfnuou$o I)o*

nota by ti(llrP) tho veetor lattlee of all contlnuous l!:lear maps 3,n Lr(fiof ) "
Deflno struetures of A-rn,rdule and B*nodule on t,|(Urf) by

( n u ) ( s 1  -  U ( a x ) ,
(bU) (x )  *  b t i (x ) "

Tlron Li(i l ,f) beoornes an /rEB-modulen fho solid stron6 topoLogy on L,$($rF) has

Bs a t rasl ,s of 'nelghborhoods of  0 the sots lu iu€l ; ( I i ,F)n lu l (x)€TJ for every
x €E+ ancl e'rery nolgtrborhooci Y of 0 tn I',

t i i l iOnriit 
Lr,t [t:]) l,Jith reepect to the soll.d strong topoLogyo Li(grF)

l,s a pri-ncipal A$S-ncdulo.

3, AdditlonaL results about A-moduLos

It ls weLl" hronn that lf B is o subatgebr:-a* of a latt!-ce-ordered algebra

A and e6;.8 then lts elosure F is a 1a,ttlee-srd.ered subalgebra of A.

Df;fl-l{Itl0t{ 3.1. Let E be an A-,nodul.e endowed wlt}r a 1oca13-y eo}1d topo-

logy antl Let S be a subal6ebra of A. tr{e say tlrat B i.s S-pnlncipa} if for every

EIo xA@i-i such that xr{*?=O and overy neigl,borbood Y of 0 fut E tlrere are b,,r b,

B such that xr-bx, 6 V a.nd bx, € V.

fiH0lilili 3,1" Let E be an ArchlmeClan A-nod.ul-o erulolted wltir a locaI}y scr*

}ld topology aird let B be a subalgebra of A con'taining on ?hsn fi ler S-principal

if and on1.y lf li ls a prS.ncipal t-mcd.ule.

?B00iln i' 'lo ahal1 apply ti:.oorem 2.1" Let E be B-princlpal ancl Let Y be a

nelgbborh.ood of 0, lirere ls a soLici neltlirborhood !tr of 0 sucli, th"at i'l+l,J(V. Talce

*1,  *A5l i  su.ch t4at  xrn*A=0.  By t l re  hy l ro thes ls  there la  bfD such that  x , -bxr€

(l{ and bxr€ }'1, }ut bl=b, br=e-b. }'rom

1xr- lb,rl *il =' llxrl *lb:.*rl[ ( 1 xr-lroxrl

tt fsl"Lows that 
"r-lUrl 

xt61{. 1{e have

( l b r l z r l ba l  ) x , '  ( l b z l x l  -  l ba :e t l

hencs  ( lb r lA lbe l  )x r€ i ' r r  s in l } -a r ly  ( lb r ln lba l )x r ( t ' t .  Consequent ly ,  l f  c r= ,

= | b i l  - l b r I I I i r r l  t l : e n  c r 6 S ,  c , , A c r = o  a n d

I  x . , -e ,x1 l4  I  u i -1o* l  x r l+ (  lb r  I  n l  u r l  )x r r

therefcro x.-crx1€1{+1ICY" As V 1s arbitrary, wo have otrtained that E ls B-prln-

c:-pa1..

Conversely, $upposo that S is F-principal. Let x,, ,  KZ€H bo suclr t irat

xrAxr=0 nncl l.et V bo a nelghborhooC of 0 ln S. thsro ls s, solitl neighbr:rhood

tI of o srich t lrnt i{ i+l ' ICV. ; ly tho irypothests t irere aro ci. *pQB such ttrat arAea=,
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e0 and xr-c*x*€i{r 1*1r2t $e $Lay assnus tlrat crel0,e]. trst 6)0 be sucir t}rat

6(x, ,+xn)€ ! l .  Ther"e l .s b€B with l \* t*bl l<€. .  Ho have

1xr-bx1 l  4  lx , -c , r * r  lo  lc , *u lx , ,
r :xo( l*r*r l r"  [ r : -e , l*r(  l t r txn-erxe)l  * l* f  e*el+ [ i r -cr i  xr{

( lxr-crxu\ + lu-c,, | =*r,

henee xr-bx, (Y and. lrxr€V" As V 5.s a.rlrltrary, r*e have obtatnecl that fi ls li-5rrtn*

c1pal.

Slijj0Rni,l 3.2. Let S be an Archlrne{ian A*modu}e endorqed lrith a localJ-y

eolid topology an,l let B be a subaL6ebra of A containlng e. Consider a vector

subspace F of H and a vectcr subspace FO dense j-rl, I wlth the foLLowlng proper-

t i es :

I  )  n r -  C F .L ,  " * 0 ,  ,  ?

l l )  Tor every x€FO ancl every noighborhood V of 0 i .n E there is b(3fl l0oe-

such tha'c b:<)O anC (e-b)xo( V.

Then the f oL1"owlng a.re trr:e I

1) fhs elosure F of !' Ls a vector eublattlce of, S.

11) (F)+ ** equaL to the clogure of FAE*.

lti) F ls a pri:tclPal B-modulo.

BR00$'. Fle'st rEa slr.rw that for every sol1d neighborhood V of, 0 atrd every

x€FC fi iere ts y6Fflgn such that x+-y€V. Indeod thero ts be Bfl[gno] sr"ren tha,t

bxVQ and (p-ir):rngV" As bx€F and

x**bx * x*-(b>:)* = x*-bx*€ V

the resuLt fcllJ-ol.rs.

Fron *he above assertlon, i) foLl.ows at onee. To prove 11), take a$y

x6(S)*. Ley V bo a neiglibc'rhood of 0 and let !I be a eol"Ld netghborhood of 0

ouch that l ' l+lfcTo As x€F, there ls yEFO suctr that x-y€tl.  frcrn

lo-y*l =, lxo-Fol ( I *-yl

l t  foLlous t irat x-;1€il .  There ls aLso z(FflE* such that y+-ze\I. trt  fol-]-c'ws th

x-a(Y; as V is arbltrary, x bcLongs to the cloeuro of pA$+.

By 1), In is rr S-modulen To prorre lt ls prlnci.pa'1- j"t ls enoughn ar:cord.ing

to theorer' , i  3.2, to shovr tfrat F 1s B-prlncipal. Let xU, *A€f 
'be such tt iat :{ lAx'.,

=0 ancl let Y be a nelghborhood^ of 0. Consld,er a solld noighborhood' 
"{ 

of 0 suc}i

that l ' I+! l+l lCV. thcro ot*- tr,  l2€f, such t irat x*-Fr€'" lr f=lr!.  As

l v rn  Fe I  =  l r ln  sa-* lnx2 l (  l r r * r r [  + l r r -x2 l
we have that yrAyr€'d+!f. Shere ls b€Bn[O'oJ sr'ech that

b(rr-rr) 7 o, ( e-rr) t11-rr){,€ ti"



fr.

tr{o havs

Si-(tst*Vp)* o Xt A Ir( tr ' l+l{.

Shercforo

( 
"-tr)\ 

*' ( e-i:) (vr*(yi-.ya)*)+( e-b) ( r,*rr)*6. l{+u+rri CV.

0n the other- side

6yZ hy -h(rx*ya) * byt-(i:(rr*rr) )* *' brr*ir(91-Y2)**

b(r t * (11-va)+)  6  t i+ l lc  v .

As V is eirbitrary rvc have obtalned tha.t F is p:rlnclpul-.

{. l}-pai-f,s
I

D:lI'UtI5lI0l,i 4.1" $y a- B*pa3.r we slraLl a'e€rn & coupl"e (nrcl forned, blr a

Banaeh 1at'r;.'.r-ee li a.nd 
^a 

tla:raeh $pac{, G' ordered by a b-stri"ct cone tcgethcr tritit

a positive *cntinuous li-rreah' slap ilG '-* H'

Dlj;rIi{.rttI0i,[ 4.2. let (tsrG) be e. I]-pntr. A uiap U <6n) ls cal-led G*centrai-

i f  thcve is Y(1L(C'G). sueh tf iat ITJ*i i i .

1ie d.o-nots tty cQn(:,;) the set of all G-eentral rnapsg €ntnl is a subal{ie*

bra of q {;t) con'ba:lnins lB.

Djtilri{11-Ii}i{ 4.3. }J* uay tbat a B-palr (ure1 ls prtuieipal. tf *ue @,(s}-*r**

duls E 1:; €rtr l-princi.p:r1,
jf (UrOl isr a B*pl1lr anci F ls an oi'der conpLete Sanach l-attice we l-et

L l , l r (ErGuF) ; :e  t i re  subset  o f  a lL  UCL*(S' I ' )  t :ueh th . ' : t  lU lJ€LU(E'F) .

! i10 0$1TI0 i {  4 . .1 .  I r i { r ( i l rGrr )  ls  an or t ler  idoal  $ 'n  Lr(Er f ) .

pR001-r" lr;t .t*i be the solirl huLl of l(3C), i3O bein$ the elosed unLt ball

of 0. Tiie asliertlorr wi.ll i:e p::overl J.f we sho&l that L,t*i*(ErSoF) colncl<les wtth "ette

set of al- l- U€r,r(Ers') sttch 'bhat lU\(n) is L-bourtdc'd-.

0f cou::so i f  lul{ l ' t)  is lr*bor13c1ed the:l 1I€l,f ir{E'$'3), C&elersely, let

U€L',f I"(I lrGrr). Ar: Go 1s b*str lct thers is a-)0 such that f,sr overy x€8* ttrere

is  y€G v i .b i r  -y{x  4V u: t i *  l ly t l4a.  Lct  E> 0.  As lUl ( ,1(n3*) )  ls  lJ*boi indet l  t t rere

ts  z(F*  r " r . rc i r  -bha. t  l l  (  { lU l t ; ( : : ) ) l *z)* l lca for  every x€e}* .  tons i r ler  x6 l ' l i  * i rere

is  u€ l i - ,  r . r : rch t i ' re 'b  lx l<  l - l (n)1.  go 'o€BC t l rore ls  vCal lO for  wh*c l r  -v<t l (v ; l t

f ,olLour; t irat l ;(u)l< ;(v) o Frer::t

l l u i t " ) l (  l i ' {  (  l . - " 1  ) (  l u l (  l ; ( n } l  ) <  l u l ( J ( v ) )

l1( lul(,r  (v) )*.r)* i l  < e

hnvo t i ia,u l t(  l lul(xl l  *z)* l l  se for ovory x€!, i"  I le$ce tul(u) ls L*borrndos.

and



?,

E r c . ;

Let SrF bo Bwsach spaceso A htl"ateral lde*l of L(8nF) *s e. voetor gub-

t j €  t ( 5 , F ) .

1{e yecaLl j;iltt the clual- sf a Bsnacit l,atttco has order contlnusus nsrrft

j.f arril or.;ly *:i' fur over). *'€Sf urnd every t> O thers i* y€En such that f((x-y)+)(

(g for" c'very x€,{i  vit lr  l lxl l( ! .  I} ini}a*3.y' I{ h.a.s order continuous nora l f  for,

aver': i  xtT+ aIl ,J every t)0 t]rere ls g(Ef euch that (f-g)+(i:)<t for every

f  €Nr u i "Lt r  f t f l l<  t  ( for  the procf  o f  those as$or t loas eecr ' [e ] ] .

t i i l j , isHlt 4"1. Lst (; ioG) be a prlneipal B*pair such'Lhat Er irers ordsr con*

tinrrous not:iito i,e'u P ire a,Banaeh Lattlce w"lth order conti-nuous noril. Consid,er e

clcsurC biLateraS- *.deaL J isz tt0r?) " Shen *he set of ali" lJ€tWr(g'GrF) sr*ch *lla*

vT€y i lr  a banl 1n l l fr(srl)rf j)

Tho proof of the theore$ ri11 reLy on tireotrem 2.2 and on the fol1owln6

Ie rr ral

LEli l ' lA 4"1. Let Erf 'be Ban.:rch la'bt lces srreh -i :hat i . . lr  a.nd I 'have order con*

tlnucr:is norasi an$ J-et ii be a bounded solid subset of jj. Consirletr the solid. se*

nilro:u or-, o* t".(nrl") girren b1r

i)i.'{u} * sirr lll tu I ( *} ll }x 6 r-lJ

;,st i.i€Ir:-tFrS)* h", such tn*t $(I,1) {s !-bounde,*. Ttrren the so1LC strong topo1.o6y

5.s s'dron1;er o$ [-iloU]trmn the topo]r:5y d.ef1ned lry p**

I 'nC0ir" I t  i j i r f f ices to proys ttrrt  fon evk-ry 970 t i icro 1s x€E+ such t i :at

prr(Y)( i l . r(x) l l+t r ;hoi:over v€ [CIru] tbe*aus:o l f  vt ,vz€ [al ,v] thcn 1vr-vnle [oraq
and uc r,r.,ly all;;11; ti:e ir:sov'r i-neqiiaLlti ' tc I Vl*1Ial i,

l'Jithr.r** i-c;r: *f g;e:;arality lrrs lsay &;$iii.:-:i* that ivi is cot:taln*d' ltr tlre unit

of, i i . I 'et; Lzo. As i l( i 'r) 1s L*b*uuies tirev* is y6F* sueh trrat l l(u(:c)-y)nlla' l:

svery x (M r1E* with llxll( 1 " 
lis F lns or:dc:' cor:*fulucils norm tl:ere j.s 

t€ 
Si

-l i ::;t tf*L).|(yj<t/) fcr a.{c:'; '  f,€.Ft with l[f l i<t" A* Ef iras order contlnuou*

t l rsso i .s : : r€ i l *  suc?r t . i ia"b I i?{%}((x*oaJ+)1€/3 f ,or  every x€i l  wi t } r  [ lx l i ( t "
'd€f rri i ] ,.r.,ui let x6linu+, 't€T:+", l l f l l< l. irk: i: iev*

f { y( x} ) *, t t--fr ) { I ( x) ) +fu ( Y{ :r?.t ) ) +r ( v( xu } ) (

L tt^tr) *{l;{ :r) ) +ii' ( sL ) t { x*x, ) n) +f, ( r'(,<. } } "

Err  * .

sn!rs.' J ,t L(Bn}') r 'rLtlr. t i ie proper*y tirat \ ' i iJVd )wnenever U€J , V6.L(E'E) anr.l

ba.L.l"

for

gt.r-cil

I,e*

tr-i ).n(u(:r) ) (r*r,  )*tu{r}* lr}+(f*fe )*{ lr .)  4

f( {tI( x) -:r)n.)+t f*fL) tt) < ze /3.

E(r i {x))d l [v t l t f l l  : , tu)  +L

z

fience
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pe.{( biJ*$ } ( pn ( { b-n ) 1I) +p,u ( ail-v)..( 1[ ua l$,0 ( u ) opla( au*v] ( e i

as B*ci,i ttre abovr: ineqlvll-lty l-nplies

ll { lu);r*v; \ <6 ,

As J t, a bilater.ll i{3ea1 we lurve (tU).r €U I ?16 A * eLosed ancl 6 ls arbitra*

r y n  V J  e y .
t tow 1ct  (U6) be a net tn B and U6t$r(ErG,I?) be such that O(u;f  U. ae

I irai: ord*r cc:,ttin"uou.,? norn, U6 *U in tiro *:}tO strong topolo8y" By lemna, 4.1e

n*(Urtl) *-y0e henc": l lU[J-UJll4 0. As U'J€:f rtrtd. J is c]osod it fol. l.ous tirat

tJJ € y . Theref ore i] i.s a bacd"

- f i *

0ORi l IJLARY r1"1.  Let  (UnC) and,  f  be as ln"bheoren ' l '1  ar td

b() sucir that 0 <\J I V , If VJ i.s compnct then ItJ is ellso compnrc'l;.

I f  Erf are I lagach spaces, a inap 1J6.Ir(Er1') rai l l  be called

l f ( v ( x ) ) \ x 6 M f l l l o ,

tire r"osui"t folktw*.

FR00r 0f Trl l:OR;ji, l  4.1." Lot B be l;ho set of aLl u€lti lr(E,G,f) sucti that

UJ€y " 
ClearJ-y i3 tc a "lcctoy sr.i,brrpr:.ccr. '1"{e 

Brovc first th.et B 1s an: or<le:r lda*I

o f  r ,u* (Er0 . r r ) .  te t  v ru€Lur (HrGr* )  be  suc l r  x r ra ru  l v l< lu lanc t  1 i€ .8 ,  Iy  t l r corems

2,2 an6 1.1, :;",(l;,r i is: e prtncrpaL qQA(8{y!*noaur1e. I lettce *}rere Ls a net

(ar)C @mA €rc1 rrucii that are t-ro8jp, 1sS t',l ancl arU --+V ln the solld

strong tr>1:clog:y; cl.early- *6U€ L-lUl '  IUU o

Let BO bo the eloscd. unj-t ball- of 0 and let i'I be 'ch.e soll-d lrul"L of J(BC)

i ,n  I ! .  B3r  the proof  o f  proposi - t :Lon 4.1,  IU](U)  ls  L-boundei t .  I33r  Lemna 4ol  t t

folLons ttrat p,,,(bU*T) -> 0" Th.erefore, for evcry e)O t l t":re ls uoe @(il6€tt l

euch that I,", .(aLr*rJ) <€./2" It  J.s k; icwr (seel{ } t i i :r t  €ntU)i&€$l 1* cienso *.n

€JEa$$i)e n.s Q,tit) is d.orrs:e ln V{E j-'i roLlows tha* €u7)@€tvl is

i[r* M @6%t:i l" r iencc iurime *u- i  e €*tnlg€trl  w:.tn l l**al l{e(?p"r(u)+t)*l,
Thus

Lo t  U rYrD  *P  F

apProxltlat,le

l lnean nxaps.i f i t l l o g i n t i - : e r r . n i f o r r : c } o s u r c o f a l l f l n l t e - r a n k e o n t l n u u u s

Every approxln:rbLe mrrp is corrpact; the s13t of all approxltnabJ'e nraps is a b1l-ater*

a} iEleal"

C0R0ITLA-p.Y 4.4. Let ( i lre) and F be as fur thoorem 4.1 and let UrVrn -yF

be such t i .rat 0<1i4.v. I i 'VJ ls approxlma.ble t iren l lJ ls aLso approxil t*.h1e.

lie pa.es l.ot to f;:ons exiit:ti:les of i3-pal::e. In a first plaCe, we consider

the cai;e of t:l:.rl ilcbi:l.err sjpnce$. Lct,f?, be n dotaal:r in [Rs. ?]re Sobolov sp$ce

UktF(C) 1; t;lo spr)-co o-i :rll !-lniegrable funetion on 'f)' havj'ng p-i'ntegrabLe

deri:rattrres ( i , i  t l ie scnse of t l tstr i .butions) of al l  ord'ers 4 kl t lrs norm 1s defl-

ned by

ilfll * ( 8.,'.,i \#*#Fr(t{ 
n 61;l/n .
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0n the . l iobolev spaccrr the foLlow*ng orclor reLatlon ls {Jlvent f >0 l"f f(t}7 O

for almost every t€4" In thls wa.y, a structurs of ordered Banach space wit lr

cloeecl eone l"s obtalned; lrclwevor, tltese silpce$ ere far from Banactr lattieos

(for insrta.]rco, the or.'der lntervals arc not norrc bou.nd.ed) " the raost funportant

ca$Bs rariien ti:e posltive c,.:ne ts genernting aro the f,ollowing:

g) k=:lr tn which ease !tr l 'p(,-0r) is a vector }att lce (tt iough not a l lanaeh

lat t iec)  .

b),fLiu bourr*ed1 haa a $mootb bou:: i lary an.$ kp7tt. in 4;nis case (see[.r]] t

evsry fr,rnct:icn in uktp(CI) is boundud; as ths constant f,unctions betorrg to the

sp€Iee, it foJ.lows 'bllat tiro. pcsltive cone is generatiilg.

Considcr a space \{l('p(0) ar:-th 6;cnerlrtj-ri6 cor}e r liutrtpose tira.t 1<p <c,o,

lhen'cl ie couple (r:p(,O), ir 'k 'pttr lr)) togethor rdt,h the Lnelus:lon rnap Jl i ' Ikop(,C)*->

--+Lp(,fl) f,:rm a B-pair sailsfyi:€ the }i;ypothcsi-s of theorcrn rl.ln i:rdeetl, lpt,/2,)

has orcier ccr:tinu,ouo d.ual; to see tha.t ilre palr ls pr'lncipalo noie tha-l 'clre

raul.tlprlcaiioyi by a c€-fr.inc{ion uith cor,ipact support j.n.ftr O.cfines ii lf}itpt.CI)-

son'ura3 qp on l:p(,0). r iolr Lf t> 0 is gi ' .ren anri f  
1,f.6tp(,f). ,) ar '* s*clr t irat

frAfr*0, there are conpact t l isjoint subsets Krr K, of JL such. t irat

(  t e * ( t ) [ P  a * 4 t .  r r l e  c s r n  f i n d  a  c
Jil,t Ko

ton rp witi:r compact support in .ff

such that (g eciunl-s 1 on K,, and 0 on Kr, Tlten

l l r , -q*, l l  gL, l l9rzl t  <t

(the norm boing; taken fn f,p(f lr)).  The asse:rt lon Ls provod.

As a seconcl e:re"npJ-e lre stleLL constnrct a B-pair (UrC; snd CI. Sanaeh Latt*

! 'satisfying tne hypoti:esis of theore*r 4.1 togeti ier sit ir  er, posit lve l ineat'

IJrIC *.F I' sLicir tirat UJ is eonpaet but nct rrppr"oxi"nabl-c" In'bliis ttay i.t u:!1"1

proved t l :at eorol lary 4"? is not a direct eonsotluense of corol3-ary 4.1.

itre br]-efly rccaiL tire construc'clcn of A" fiuaulsouskl"rs refle:<lve ]Janaeh

Latt ice uit lrout the approxJ.mation pr:operiy (for detai l$ seo [9]). net f inle

t i ie a-l-geb:'a of srrbscts af [ort]  p;cne:'ated by the 2n atons ttr-r]/?ft,  t /zr\] ,

i * l ' r .n" r2n.  j : 'o : :  every n,  le t  ?r ,  ue the pornutat ton , l r  { r  12s. . . r2sJ '3of l i rcc1 by

?n(Zi)-21-1 , ?o{Zi-t)=Zi" She rnap Po i:rduces a perrnutati"on botwee:r the atons of

.?r, anci therefore a rcap (denoted aE&iII bf gru) ,! frn

Sor  every nTrr 'a  par t l t ion Ao of  [0r1] i r : to  $r ,  d , i * jo i .n t  $r r -n ieasurable

sets of equal n}etl,sure ls ccn{:'cructec. The $zr"'nkovekl spir-ce E ls defineJ to be

the space of equivalcnce clasi;es of rncasurable fnn,:tic.nr: onftlrt] sr,rclr tlrat the

norm

r ro l l  -  r  i
t l r [  -  \  l _ ^ 6

IT*1

ls ftnS,te ( p( , p and r

i  s r :hsnt  14 {n n

oa
-f trnct

lce

roatr)

be

T- r {o t j *  l r ( t ) l  '  a t )  P l r )1 lP
B6t

belng eertain pc'slt ive constnnts) .

Ban:;.ch snacc; E w-"1-1.1 bc caLled n.pproxiraublc if for cvory
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E)0 t i rere is U6rr(n,n) suclr  that  dtu U(H)(" .  nnd l lx-* I (x) l lce for  every x€M"
In tho SzirRkowslci. spa,ce E the follor+tn6 nonapproxlrnable compae-b sot i$

cons'brue'r;eCt 1et 0* be the set of a3-1 93o*rneasural.ile fi.lnetions eu.eh *hat lfl is
tlre char:rctenlsit ic funetron of ?n(il for somo JL€ As" gi.urr pI:=,[0iULJ" d*.]I*

ilao. I'! n

Is a coinpact nona.pprsxilnable se*o o(r, bei.ng rjone sultablo posltive rrumhers. As
the sets E' tr,rr.: -fjnite, 14 carr be d-tsposert 1n a sequt:nce eon\rerfilng to 0t l:ls
- ( l '  f  1 .  T , n *  I f  1 r o  * l r ^  n l  n e n r l  n a n r y a s  h r r l  1  ^ n  C . p  t t t .  l 1 / 2 t  -  1- t ,O '  r1ro, ,3  "  J ,et  K be the c losecl  convex huJ. l  - ,  l . r1 /  1 , i r r r  ln>r}3 and le t  G
be the vector sut'epace p,;enerated b)r K, Define on G the norrs rqlrj-ch mnkes K its
unlt bal- l" Then G beeones B; Banach $paee and the l"nclusi-on nap JrG,*.+E is coa-
paet but n-ot a.pproxiroable (see the prc'of of theorem 1.e.4 in [e]). ?ho or.dor
rel.at lon on E induces an order relatlon on Go fherefore, i f  wa prove that (ErG)

{s a principal i}-paar }te ruay tal<o f*E ancl U=lp ln ore}er to obtaj.ir our exarapJ.e.
flrst of 4.11U]ot us sh.ow that G* ls trr*strict. 0bsorve tlrat K is tho

set of al l" elc:rer:,ts X. eff i ,  whoru *rruro, f .r *rr" I  and er,=!.n/ l l trrf i l /e: fnrleod,
ths set n=0 rr=0

c = f( arr) [ a]r *o< 1\

Ls a.rcLosed subset of. the cor,:pact sjpace LO,tlN; as gn*+0r the rlap (an) {*>

t--+ I i1,,,8"., fron C thto E ls contlm:oeso so lt ta"kes C lnto a. conpact convex
n=0

eubset of E. Fron i; i ie construction of the sets Eo lt  ls obvious t l iat for every

n tirere is nr such thzlt { $rrl =grr, 
" llence, if

angne K

then

co

rr<5 anlsnl € r

which Broves our assert ion"

l{ow we shos t i iat (nr$1 is a prlnelpal pair. First se prove that the

nult lpl icatlon by the clnracterist lc functlon of ern, atour of . f i ,  Oeefnes a G-

eentral n'rap o;r E. Ind.eed, frorn the consfr.rctlon of tlre sets llr, lt is easy to

see t i lat U(s )4.G for evcry n) 0 and. that U(grr) 1s a convex conblnation of the

gu I s for suff iciently i-args n; therefore the restr ict lon of U to O ls contlnuousn
J .

l fov let$= U .f]", ,  The sot of a. l l  fJ-,o*rr*urable f 'unctions (tnat ts, the
n=0

funetions whj-cir *"o 93n-.:easurabl-e for sorco n)0) j-s dense lrr E. Sy the above

argurnslr'u, tire mu.].tip1ic.'ltlcn by sucir a functinn deflnes a G-centsal rnap on E.

Le* g)  0 .  bo g ivon anC 1-et  hr ,  i tn€E be such that  h 'Ahr=O. h 'o  can f lnd G-mea-

surabLe functlons hi, hl" suclr that i lrr i-hi i l4e", 1*rlr?1 replactng hL Uf ni-niAii !

we may ari$ufiro'bha'u b.tAhi*0. l , low let I  he the charactorl.st j .c functlon of the

support of nl" lJe lur.ve

0 r r
$=0

f = X
n=0
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l l  .ltnl *qn l l1 < ll ( e- g) ( ir, -n 1 )ll + ll ( e*:$ nlll 1[-

ll r i'zll < ll q( h z*nb)lt +ltcp ni-ll < t

(e being the furct ion tdent ical  one),  Slhe proof l.s complete"

5. TLre case cf s roflexlv'e F;rnach spslce

r,li-th closed genera.ting cctle

DIFII{If I0N 5.1. Let E be an sr.Serec veetor spaee" A latt lci .al eatenslorr

of E ls.a veetor Latttcs d sucir that E ls a "rec'tor subspace of f  arui. Uo*S04."

Iret ]J ba an ordereri. Bilnach space and lot E be a l-attlclal extenslon of

E.  Accord i - : rg  to  $4,  r ,  raap Ue€( i l , , r i l l  be ca l led E*eontra l  l f  U( i l )Cf i  a .nd t i ie

res'trictioir of ,i *o U is continuor.rsl the subalgobra of al"L l;-ceiltx'a1 mups wL}l

be clenotou i;Jr €,rti).

DlilF;lt{MIC'id 5.An llo say that an ordered Banaeh space Ii tras a. Sirrnclpa}

l-att lcial exi;ension if  thore ls a latt icial extenslon H of I and a aense vec'uor

subspace IJn of g $ith t l ie fol" louing propertyl i lor every 970 artd every *€Eg

there ls  uL €r$ ln [o, , f ]  a lc  y [E suc i r  that / fy f feg,  u(x ] /o  an.  ( rg ; :1( : r * )4  t r .
'tilt0R.ili{ 5,1, T'et I br; tr refle:clIre ]lana.ch space o:rdered by a closecl gener

ting cone d.nd let F be an or."dor continuous Bsrn:ach l-attico. Supposo that Il has

a prlncipa] }:rt t ieial extensloi l .  Let J be a eloseo bi latoral lcleal- in L,($rtr).

Cons i c le r  U rV : i l  = t f  suc i r  t ha t  O lULV and  V6 I , r r I (S rF )nY  '  T l ' , t r ,  Uey ,

PROOir. 1;{e sira}l construct a Banaclr Lattice ll rsitir orcler continuous dual

such that ( i tr l ;  ut l l  be a prlncipal B-palr w1'bh the fol lowiry3 propertyt for

every positive UIE --,y, I' there Ls an nriiq.ue positl're flfl --b I1 such that U=f,I.

Thus rr,rt applica.tion of tlroorcn 4.1 lrill eoncl.ucle the proof (rle rcilrrrlc tirat Er.r

boing closecl and gencrating, 1s aLso b-st:: ict).

tet f, be a prlncipa]. lattlcial extension o:f D prnd let K be the eonYex

solld hull- of t iro closotr unit baLl B, of E irr S, Denote b;1 t i  the vector subspace

of E sparured b;r K; G i,s an orrler i$ea,L of S, i lence a vector latt lce, As U(G)CG

for every U €qt(Y) , l t  fot lous rhrt G is a %otf ' l -$oi1ule. De:l.Lue tbc sol ld

gemtnorn p on Gol,y

p( x) = inf I alae In*, *€ aK3"

8y theoren 3,2 r, ir  h.ave t irat t i ie closl lre F of E wlt i :  xes.oec'6 to p ls a vector

sublattice oS G, tlia.'b (F)* is equal to tlre eiosure of })o and tiiab B is,*a prin*

clpat @-,.,od.uie. 
put Go*fnp-1(103) eri i  1et l{ be t}re complet3.cn ot#-* Ifu'0

J:S -* I l  ls t tre canonical nap, (grU) is a prlnclpal Ll-pair. i lvery posit ive

( i rence cc 'n , ; j .nuous)  l inear  uap UsE - -> I ' is  cor t t lnuous for  t t re  rest r ic t ion of

p to E; therefore tliere ls an unlque contlnuous llnear f,l$*4' F sucir tnat U$J.

As II* is t iro ciosuro of . f(E*) :Lt fcl lolrs tt i .at f ,  fr,  $oslt ive.

It r:erolin{i to sfiov ttiat }{f has ordor: eoutinuuus no:rlllo fo t}rts purpo$e



it sufftecs to pr.ove tr;nt for overy E)0 alid, evsry l-inear" porrltjr-ve flfr -+B

cont inuous for  p , rhere ig  yg( t r )n  sr tc i t  t l ra t  f ( ( lx l *y)+)4€ for  e \ rery  x€f i  r r l t l r

p ( x ) 4  t .

Let f i t  bo tne vector latt ico of a, i l  l inear form'si nn I continuous for 'p

anr* let (8.)X be t ire vec.tor lntt ice of al l- orcler continuous l inear fortr is on f i t  i .

obvious.ly, fr 'CT,*tfr0f). As E* is cl.os;eci, tbe rostr ict lcn of Gvery f €n!tcl i l  is

corrt inuous" l ierir:e the restr" ict ion of the rnrlprkrt*-p(i l t)X g:i .vetr Uy k(x)(f)*f(:r)

t o  E  i s  c r : * t i ' i i ous ;  f o : ' d (gn l l r )  andd( ( f l * )X rE- ' ) .  As  'Bu  i s / (u t . i t r ) * c ' i l t r r ac t  l t

foL lo l rs  i ; iur ' , ;  i . ; (BO) isd(( f i t f  r f l ' ) *co inpac 'b '  Let  t7  0 and le t  f  e_tU;)n "  As f r t

is or<le:r conplei;] ,  82$ anri AaO i:r"f4] inrpiy t l iat ' t i re.rre is q€(it)t  sucir t lu' t

r l l th y '€n. '  i ts  } l *  is

Ln{  l ie : rce  qL \ {V ' )

folLor,ts that

solia eonvex sst

U ,T IE  *g 'F  be

( lk(x)l *g),o(r')<E for evcry x €Br. i lxarni.rt i irg the proof of Bli i in [+l r,re see t]rat

g can bo tal:en of tne forn

. ] t

f , 1r'iv.-i)l
!"1

generating, for evel!"Jr i. tlrere Ls nI€U* such tlut -rt4 Yi4

Irirere ,==tto,, By 31C i" Lril o k i* a Rj-esz norphism. It
i = 1 ' -

r ( (  f  x [ -y)o)  ' *  k ( (  [x t -v)* ) ( r )  =  ( lk (x) l  - t<(v) )+( f )4

z (  l t<(x)|  -q).r(r)

for every *€.Bi i .  Tire set 
t* |*e 

f ,  r(({xl*r)*)<rl  ie a cl-osccl

conta.lning 8,.;  hernce it  coltalns evory x1}E wfth p(xlLt.
tt

C0itOLLAliY 5.1" Let H and I l  bo as 1n t l ieoren 5"' l  ancl Let

sr:ch tha.t Ae$1\t,I f  V is eonpact then U is als.: c,rrrrpac't.

COROLLAITY ),/n ], tet. i I  anct -b bc as Ln theorem 5"1 an' l  let U'\ ' :E --> F be

sucl r  tn , r t  l ) l tJ t ' { . I f  V is  approx:L inabre t l : ien U ls  a l -so approx ' inable '

l,ie ccnsidur nc.rr son$ examples of ,spaoes satisfyth*g the hypothosi$ of

thoorern 5.1" In ihe fi.rst pJ-ace , 
'ia.lrl ]1 to be ttre ;.lobolev spece OtxtFl'0) eucir

that 1 /-pzqo kp> r} arrrdJ), t'; bOu,rcled a.ncl lr,:,s a smoot]r bouldar;r' tirose cor:ctiti*nl

ensure tir"et E isl re-r^Iexive errrd E- ts ciosed an(:|. 8c'neratinrS. l,et f,be tho vector

Latt i .ce of a.t- l  functi .ons on..-0, ;  fru*"t.y fr i* u latt icial esterr*ion of s'  To see

lt ls principel, let t)0 and let f€B be gi l"enn ' lake g to bethe function lclcn-

t leequal  .Lo c  on {L,  c  be lng a su i tab le pos l t ive constant  s i ich 
9" t  l lg l l< t "

As f  ls  cont inuors o, r , f l  ( [5 ] ,  tneoren 5 '? .8) ,  t ] ie  se 'bs f4r=fb l teJf  ,  f ( t ) ] 'c !

'  '  7 '  b subeets of F'" '  ' f  i lerefore t: Iere i 'c
arc l  M:=\ i  l t  €J)r ,  . : ( t ) i  0  !  nse c l isJo i t t t  co i ' )pac-

^ o o ^ '  t  l  
^ : ^ -  ^ . . * , . ^ r F  ^ .  t p t  c r r n i ' l - . l i a t  o  < c t ( t ) 4  1  f o r  t 6 - l i l " ,  < p ( t ) = t

a u -runcr-1oi: i  
f  

' ; l i ' [h corcp:lct sup;: 'or[ on [tn sucir gi iat 0 <tf(t)C 1 for t€Ufn' Q(

for t€;.1, anC (?(t)*O frr a:Qtlr.  I t  fol lows t i :rnt t lre iaap U i lef ivred by tho n:ult i-

p l l -cat lor ,  . i r : ,  ?  
h. , .s  +;krc  prc ,cer t ies: 'U(  Qr t \ ln  fo ,1g1,  t r (  t )  7 /O,  (  t6 tU)( f+)< 8 '

' f i :e'*r proveti our asscrt ion. ..  -

As a seccno. exa;nple ts. l<a E to bs the spaee W$tp(grl) wtt ir 1<-peoo' '  I t

consists of t lrc clr isure 1' glr 'F1Oot) of t iro subspace formod by tho Coo-functions
k - 0

wlth conpact  s iuppor t  1n (Ort ) "  I t  can be proved t f ra t  a  f ,unct ion f  ls  ln  WO' '1Or l



ls orderecl by the closacl cone of aIJ- functtons takins o$Iy ponJ"t*ve valu*so

For 1c7 t, t ir is eorie 1s not normal (*trmugl: i t  !s: latt icial f ,ar t*{} l  for k), l ,

t l ie corre j"Et nslthoy latt lclalo. i lev*rthel.essn r,re pvovo that this cono is Senor$t*

t ing" Indced, lot f  €fr bc given er.nd. l"et a)0 arrcl tr)O bo nuch t l .rg. 'u f(t)<a<
lr |.- . --I

<b/4t\ !  for el./ery t 6[00 tr]" : leftne *rre functlons sgr " o ", f ik! LArl/4)--+ F. by

lr

sr . ( t )  =  t# t t ) ) *  +  u ,

4 ";i*  3 r . !  *

^3r
lf and only lf f ancl ttre derlvatives *'-t for

dt

r ' 1

ous funct :Lons on l0r1 l  vanish ing at  0  and I

t4 L<k-1 a:re absolutel.y covttlnu*
lr'

rn,i ffi fs in 1F1or 1) . Tho opace s
d tK

( f ( t ) ) *eeo( t )  f o r  eve ry  t€

a

rrEry \,re derf lns the f,uncttons h,.. ,ro.cr lnutlS/{.r1J*>

1t

ctx tl r v
I

g *  , , ( t )  =  \  g " ( s ) e s ,  1 { 1 ( 1 r "- 1 - 1  '  
J 0  

- ' t
- 

. i.."
. t i  ' 1  .

J3y lnduc"blon we have that (H(t))*  4ar( t ) ;  henco
a t

e Lo, t /4t on the other si<1e

&o(+r>/ fu t '"
CJ,early, eO(0)*9. In t lre same

->R bv

h i . ( t )  =  (  ( - t ) *  * , t )  ) o  +  n ,- ' : ; '  
u T ' " " + - ' " '

h* - r ( * )  =J ,  n r ( s )c t * ,  1  4 ' r - -41 r .

Clear- l-y (f( t))*4 tro( 'u) for t  €b/4,t ]ana a<.hO(3/4), l lence we &ay f lnd a e4*

-functlcn cg on [or1],';uch tlrnt

&r$) = iS,otll ,
d, t *  

*  d t '  
' '

,,{,p = Sotfr,

0 4  14  k - l ,

0 ( 1 ( k * 1

and q (t)7 a for t elt1a,;/$. Then tlre funetiorr

..,,

f^ eiven bv
U -

fo ( t )  =  so( t ) ,  te [o , l ]  ,

ro ( t )  =  9 ( t ) ,  *u I  f  , ?  ]
{z -1

r o ( t )  = . h o ( t ) ,  t e L i , {

ts  a  pos i t ive funct ron ln  E sueh thnt  f< f0.

No'rr $e prove that E lras a prlnclpErl lai'ticial extenston; tlius, l.t wi].l

provlde an exnmpLo of space satisfylng t ire l iypottresi-s of theorenr S.1. I irdce,lo
N 1 1

1lro space'E of nl} functions on L0,{ls a. latt i .ctal extenslon of E. As we }tave

already mentioncdl tlie subs'i:ace EO conolstlng of Co-functlons wlth compilct supp-

ort ln (0'r l)  1$ oenso in E. Let f € EO be given. Tltone ls SCII '  suclr t lrat 6 is



ldenti.call.y 1 on ths nuppor* of f,, L,et t)0 tre gtvon srnd. let 
\*glltgfi" Sh.sx"cr

Es g€ so nr . ie i r  that  0<9{t)4.  1 for  t€L0,1] ,g( t }* t  l . f  f (*?J 
, ' *u g( t }*o r . f

s(t)4 0. i i l ie nnp U 6;i .vi ln by *l ic uruL' i ,- 'ryrl l ' : : : . t ton irt 'g ls ln %rtt i , \o Clcnrly

6(rJL i ;  r , . i i c  u{ t }7$s on tho ot i r r . : r  * ido,  u*  (1-q1t ) ) f ( t i *41* ; ( t }  fe , r  *€ ,p,1J,
ft fal"lorrn tli*r,t tt;*ti){*;}<f*1, Ti,e 3:x,oof is coupS.oten
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