INSTITUTUL ~INSTITUTUL NATIONAL
DE PENTRU CREATIE
MATEMATICA STINTIFICA SI TEHNICA

ISSN 0250 3638

ON SOME RESULTS OF BUSKES, DODDS, DE PAGTER AND SCHEP

by
Dan Tudor VUZA
PREPRINT SERIES IN MATHEMATICS
No. 66/1984

BUCURESTI



ON SOME RESULTS OF BUSKES, DODDS, DE PAGTER AND SCHEP

by
Dan Tudor VUZA )

Novemben 1984

The National Institute fon Scedentific and Tehnical Creation

Department of Mathematics, Bd.Pacii 220, 79622 Bucharest, Romania



Qlf SOME RESULTS OF BUSEES, DODDS, DE PAGTER AND SCHEP
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O.Introduction

The theory of principal modules wae developed by the author duriasg the
years 1980-1981 in ths papers [&5},[9] circulated as INCREST preprints, Some appn-'
lications of it were presented ay the Firot Romanisn<GDR deminar on Banach space
theory held in Bucuresgti, 1981 (see [10]),» &t the International Confercnce on
operator algebras and ideals held in Leipzig, 1983 (see [‘63]) and at the ch Ige
ternational Conference on operator theory held in Timisoara and Hereulane, 1984
(=ee Eiﬂ)» s A

This theory provides an unified framework for the proof of various results
in the eycle of ideas which arouse with the Dodds=Fremlin theorem on compact 0D O e
ators ( [fr’i.:l},, We mention its applications to Mebensor products ([’i(}] and [121'?1),
to an alternative proof of Schen®s theorem on kernel operators, to approxiumable
o?emtors, to the characterization of the band generated by finite rank operse
tors ( [‘i‘}}]), to the relation between the order ideal and the closed algebraie

- ldeal gensrated by an order bounded opsrator on a vector lattice ([14]) and on
an ordered Panach space which is not a Banach lattice ( {1 5;[) . |

Recently, Buskes, Dodds, de Pagter and Schep proved in [ 2:1 sone results
which are in fact ecasy consequences of our theory, It is the purpose of this Do
per to clarify this point, showing how the results from [21 can be deduced from

oure and even be improved and put in & more general framework,

{ePreliminaries

Let E be o Riesz space, We denote by [x, ]the order intérval {z’zC—E,
x 43@}, B(x) will be the order ideal gencrated by z€F. If DCE wo denobe by
D" the subset of thode x€ I for which there 18 a seguence (x&)cD such that ﬁzn’f‘ X3
eimilarly we define D‘I, By D/’\ we denote the subset of those xE&E for which there
is a net (:;::S)(‘_,}J such that };ST X; similarly for D...°
If D is a subset of & topological space, D will be its closure,
¥e recall the monotone approximation theorem proved in [14]:
THEOREM 1,1, Let E be & Riesz space endewed with a locally solid topology
C and let DCE be an order bounded sublattice,
a) Suppose that B is gworder complete and T is metrizable and ¢=Fatou,
Then BCDJ/}() DN . ‘
b) Suppose that E is order complete and ¢ is separated and Fatou, Then

BC D*H\l’n D’i"m\ =
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Let E,F be Archimedian Riesz spaces, The tensow product E@)F in the
sense of Fremlin ([5]) is an Archimedian Riessz space and there is & canonical
Riesz bimorphism \{):EXF@ EQF; we uze the notation x @y for Y(x,y), The Cotw
ple (EQP,Y) is universal in the following sense: for every Archimedisn Rieaz
space G and every Riesgz bimorphisn QD:EXXE‘«»@ G there is a unigue Riesz morphism
@:E@F =% G such that P=@\V o The canonical morphism ¢ induces g ONB=t0wone
map from the algebraic tensor preduct E® F into ERF; we shall identify EQF
with its imege in BE®F, The vector sublattice generated by EQF equals EQF,

We recall that an f«algebr'a is an algebra which is also a Riesz 8pace
such that its multiplication is a Riesz bimorphism, In this paper, however, by
an f=alzebra we shall mean an Archimedian feslgebra A having an element o which
is an algevraic unit and a Strong order unit, Wo shall consider on A the norm
kassociated with its order uwnit, If Ai are f-algebras, i=1,2 and @i 18 the unit
of Ai then A1®A2 is also an fealgebra; its unit is ea,rgmgo Namely, by the
universality property of ’A,]@A.g there is a unique structure of fwalgebrs on
AT@AP_ sueh that (&1@)&2)(?}1@91)2) =a,b,®ab, for every a5, €Ay, 41,2,

It is knowa ([5]) that L4@4, is dense in A8 by

The center Z(E) of a Riesz space is an fealgebra,

1E will be the identity map on a set E,

Let E,F be Riesz spaces such that F is order complete, Lr(E,F) will be
the Ricez space of all order bounded linear maps from B to F, If B and F are
endowed with locally solid topologies, L%(E,F) will be the order ideal of LKW(E,F)
consisting of continuous maps, We shall write Lr(F) for Lr(}é‘,F):: similaxrly
for L:;,(Eé‘), IT M 418 a subset of LF(E?R),IO’[(E,I&) will be the topology on E gence
rated by the seminorms xm3 £(Ix|) with f¢ I&ﬂLr(lﬁ,m)+, By E;; we shall denote
the Riesz ppace of all order continuous lineay forms on &,

The dual of g Banach space will be denoted by Ef; Tt will be the transs
pese of a linear map T,

For a compact space X, C(X) will be the space of all continuous fenctions
ont X,

2,Principal modules

Ve recall here some basic definitions and results from principal modue
les theory,
Let A be an fealgebra with unit €o By an A-module we shall mean & Riess
space E which is an algebraic module over A such that A+E+C E_‘_G For E Archimee
- dian this definition implies that the map (2,%) > ax (from AXE into E) is &
Riesz bimorphism, If xckh and MCA, Mx will be the set {ax]a’-eiﬂgg
Suppose that E is an Archinedian A-module and also a B-module, Then
by the universality property of A®B we can give a unique structure of A®B-
~module on E such that (a@b)x = albx) for every a €A, beB, x€E,
A principal A-module is an A-module endowed with a locally 80lid toPO0
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logy such that for every xCBy Ax is dense in B(x). This is equivalont to each
of the following requirementss ‘ :
a) [0,z J [bﬁélw for every xE B,
h)[}[x ,Ik:l m-[wmg%i$ for every xCE,
From these conditions it follows eas 2ily that if P is a principal dense
A-submodule of an A-module E, then B is also principal, w :
. The notion of a principal rodule was intvoduced in [&l (ses also [?{Z)@
EBvery Banach lattice & with a qQu . intorior point is a principel %(X)e
rodule, -
The following wonctone approxinmation theorem wss proved in [}%1:
THEORE 2.1, Let E be @ principal Ae-module and let x E*,
a) Suppose that § is ¢-order complete and its topplogy is g-Fatou and

netrizable, The

Box] skl s = (b, o]

ﬁ? Suppose that B is order complete and its topelogy is Fatou and separze

ted, Then
i
sl T o odae

This result is deduced from theorem 1,1 observing that [b é]w is a-bbmn«
ded sublattice, As [;,,elz is alse a bounded sublefttice for every x(§E+ we have
the following coumplement to theorem 2.1: '

A THEOREN 2,2, Let B be a principal A-module and let Xfiu s

) Buppoze we are in case a) of theorem 2,1, Then

[:-E,:’{I = ( [ ,0]‘5) = (tm@-@]X)M

b) Suppose we are in case b) of the soren 2,1, Then

Ees] = (ol = (nsalall ™,

93

Let B be an A-module and let F be an order complete Bemodule, We define

structures of A~module and of Bemodule on L (D, ) by
(va)(x) = U(ax), (W0)(x) = vU(x),

In this way, Lr(E,F) becomes an A QB-module,
If E,F are endowed with locally solid topologies, the solid strong topolcoe
gy on L'(E F) is the topology having as a . basis for 0 the sets '

{v IUéL;(E,F), lul(z) € xi

for every x{lu and every neighborheod ¥ of 0 in F,
ZHEOREM 2,3, Let E be a principal A-module, F an order complete princie
pal Lmnvqule such that i$s topology is order continuous, Them.L'(u,E) is a prine



)

cipal.&égﬁwmodula with respect to the solid strong topology.
This result was proved in [31; it was also mentioned (without proof) and
used in [}O] and [?jlg

%.The resulte of Buskes, Dodds, de Pagter and Schep

Firse t, some notations from r219 If E,P are Rer% spaces with ¥ ordeyr
complete, ¢t will be the set of all linear en&omorphiams Moot Lr(u,°) with the
fOlthlua properties: ‘

" a) 04 pgt,  (5,0)°

b) ALlie&‘ln the linear ull of the maps T ep» PTT where WZZ(E) and P is
& projection on a band in F, :
Let E,F be Banach lattices and let F1
in Pe Qf vill be the set of all linear endomorphisms M of Lrﬂﬂ,?T) with the

he the order ideal generated by F

following properties:

B) M.lio° in the clowaze of the linear hull of the maps ¥ p@>y P77 where
e 2(B) and Fe 2(F), the closure being taken with respect to the norm associated
to the order unit 1, (,« - ) of z(L (L,; 1),

If 2€L (E,F), C *(7) will be the set {;4(”) Nec& similarly for Q(F),

Now we can list the mentioned resulis,

THEOREM 3,1, Let B be a Banach lattice with a quasi interior point and
let P be an order complete Riese space, Suppose that P;:separaﬁes'the points of
P, Then -
TN :

@ .

v) o ”] = G ( )T$TL for every T(EL (E, ?)
THEOREM 3.2, Let E,F be Banach lat 110@» with guasi interiocy points, Then

a) [0, 1 it )] +'T‘M\L

) [0,7] = Q"(1) i

MIEOREM 3,3, Let E,F be Banach lattices with quasi interior points, Sup-

for every T(ﬁLr(E,F1)+,

poge thas 5,7€L (5,F,) with 0<l8l€ (7] and let § be an order continuous Riesz
seminorm on the orger—idenl genernted by 7] in Lr(E,E1), 1f €70 is given there
exist elemenﬁscﬁ;,,,,,ﬂ € Z2(B), ogg.c.,d € 72{F) such that

\Z 0’07, \ U for every UEL (8,7) and g(u_{/io)i"‘ Jeg,
i=9 2

Theorenm 3.3 is an extension of a result of Kalton and Saab ([ﬁ]),



4.4 principality result

PROPOSITION 4,1, Let E be an Archimedian Risssz space on wiich there are
two structures of A-module: (a,x)i—» ax and (a,%)-»xa. Lot ach be given, Then
the set E, ua%g{xeaﬁ, 8 = Aﬁfgiﬁ a band in E, : :

PROCF, We consider first the particular case A = CG(X), E = ¢(¥)., By coro=-
llary 2,2 Lr ”] sthere are continuous maps h1,h :¥=>» X such that (ax)(t) =
= a(h?(c})w(%;, (xa)(%) :@{h (£))x{$) for every ach, x€L and t€¥; from this
it is obvious that E& is a b&nd@

Hew, for the gensral case it suffices to prove thsb EEY13 an order ideal,
because the order continuity of the maps X fes 8X, X-»xXz will luply that it is a
band, To this end, it suffices to prove that B (\L(") is an order ideal for every
xe&h e B0 let xe} given and let izgj he tne completion of E{x) with respect
to tne norm associateu with its order unit x, A ve the norm completion of A; the
two structures of A-module of E(x) ean be extended to structures of A-module on
E(x), As A is isomorphic %o a C(X) and E(x) to a C(Y), the result follows from
the particular case considered above, ‘

If E,F arve A~modules, lom (upf) will be the set of all A-linear maps
from E to F; we shall write LﬁdA(n) for homg(g,ﬁ)o

PROPOSITION 4,2, If F is order complete them HomA(E,F)ﬂLi‘“(E,F) is a band
in Lr(B,F), ‘ ; ;
PROOF, Follows from proposition 4,1 obsarving that HomA(E,F) z=[A\Lr(E,F)§,

@

A structure of A-module can be given on Homﬁ(z’:ﬁ,f‘) by (aU)(x) = au(x),
If E,F are endowed with locally so0lid topologies and F is order coiplete then
HOHA(E,F){\LQ(E F) is a submodule of Homﬁ(E,F)e |
THEOREY 4,1, Let B,F be principal A-modules such that F is order complete
and its topology is'order contihuous, Then H = Hom (E,F)GL'(“ F) is a band of
L'(E,}) and a principal A-module with respect to the solid strong topology, Ve

have the rela.ts_ons

4
[O,Uls ([0,@1&3),1WT = ([0,@11})\ ks

[-0,0] = (f-«e G:IU)/I\M\ = ([-e,e]ﬁ)\w‘l’

for every ’{3646

PROOF, By proposition 4,2, X is = band in LI(E,F). By theorem 2,3, L(E,F)
is a principal &Q@hquuulﬁo

By the universality propsrty of A®A there is a Riesz morphism
AARA —> A such that XKf>§§ﬁ.) = an, for every a,,a,€A, Using the fact that
A®A is the vector sublattice generated by AQA we can see that cU =2(e)U for
every cc AR®A and everv!lele(in the left side of the equality U is regarded as
a nenber of the A®A-module L‘ (E,7) and in the right side, as a member of the

wmoqule?#7) Let bé?}ﬁ be given and let e be the unit of A, We have



e

(0,u] = [()9@@%3113 mr-;éi [O,e@e)U C[O,@}J“C.E)ml

hence [;O,G] wi@which ghows that Z’K is & principal A-module,

The last assertion is @ consequence of theorems 2,1 and 2,2,

COROLLARY 4.9, Lot E be & principal A-module and let F be a principal .
Bemodule, Lot 4 be the unit of A and let @, be the unit of B, Suppose that F
ig order complete and i%s topology is separ mheé znd order gontinuous, Consider
$he AGB-module ’Qf/w End, @P(L‘?(@gf}}f\fﬂiﬁ‘:(w?)) (the topolozy on L%{EQF) a&nd
on L@(m(,‘;,ﬂ,)) being the solid strong topology). Then Y is & band in L;(L;(};«:a?)}
& principa A@B-module znd we have the relations

[0,pt] = ([0,0 @w;mm ([0se,®¢ Aw“‘b

=l ( Eo @ 0,00, @] L = ([e @ e,e,®0,1H)

for every ME %+°
PROOP, Follows from theoren 4.1 applied to the principal AQBenodule
L;(E,F)o

How part =) of theorem 3.1 is a @pecial case of this corollary, Indeed,

YN

let B and F be as in theorem 3,1, let A = Z2(E) and let B be the .i'wsl{febra genew—
rated by the projections on bands in F; in this case, AQB = A®B, If we concie
der the nora topology on E and the order continuous separated topology |o’[(F,F )

onF then E is g principal A-module, F a pt’incipal Bemodule and L“(E JP) =1 (ﬁ, F)
Apply corellary 4.1 to [L= 1 $hen €7 is )3“0("1{’@1}? E() 1 69 111_11

4 i (b‘ ")’ 7 (h F)?
" -5 e : = 1+ V
hence [O”L (E,,”f*)] w=

5 Ad concerns part b) of theorem 3.1, this is alrea.d.y
a special case of theorem 2,3 combined with theorem 2.1y indeed, they inmply that
[O,Ll = ([0,6 @u,,_l }/W for every T€ Lr(}e},,lf’)% and it remazins to observe that
[050,@ nglx 15 precisely CY(T), , '
Couparing theorem 3.1 with the sbove corollavry, we remark the following
improvements: first, the condition that 'L?’ éepara’cesz the points of T is replaced
by the existence of a locally solid se "s“»}f“'i't\/d\ order continuous (possibly not

locally convex) topology on F, Second, we may take any /Ué% instead of 1]3 (E,F)"
© £

Third, the monotone closure ’N/N/ is replaced byq\m\

We present now a monotone approximation result in principal modules
whiech coumplemnents theorems 2,1 snd 2.2, Some notations firsts if D is a subget
im the Riesz space B we let 2% be the subset of those x¢éE for which there are

sequences (a )CD and ("u_ﬂu)(;}’z‘.+ such that \;{wxﬂ\g u, end um\f, 0. ¥e lot D be the
subset of *rmos)@ X & B Tor which there are nets (;*:S)C D and (h%B_)CE+ such that

| R SI < L&S and \I/O If B,¥ ars Riesz spaces, DCE and UtE->F is an order con-
tinuous linear m,p then UMD 0()® and v(0¥)c u(nf,

TilEOR:M 4,2, Let B be an order complete principal A-module such that ite
topology is order continuous, Then [=]x| ,\:ﬂ:l] = ([we,e]x)c’ww for every x€ I,

PROOP, Clearly ([ma,e]?:)ow@c [«(:&i)sfiﬁﬂ For the eonverse inclusion, tal
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any y€ [=x|, zl]e, There is EIG,[} F‘tE\ such that y = U(x), By theoren 4, alle

( e ,é11H§1$* % as the map Vi=> V(x) from L (E) into B is order continuous, it
22 ¢

followa that yé([mvg@]”)guw

5:The proofs of theorems 3,2 and %,3

‘ For-m Banach lattice ¥, % will be the closure of the order ideal ?% £0NGe
‘at@d by F in F'* with respect to the topology IWI(FVW,FW)& It is knowm ([T])
that F equals the closure of F with respect to |ol(Fve,¥r), B

PROPOSITION 5,1, Let F be = Banach latitice with @ quasi interior poink,
Then ﬁ? and P are principal Z(F)-modules for the topologies [dﬂiﬁﬁgyﬁ) and
'l (F,71),

: PROOF, It suffices to prove that ?1 ig a principal Z(F)wmcdulg° Az F has

& quasi interior point, it is a principal Z2(F)-module for the nornm topology,
By theorem 2,2, F¥ is a principal Z(F)-module for Iol(F*,F), Again by thoorem 2.0
F‘ L*(“*J’) is @ principal 2Z(¥)-module for kﬂ(? JF) . .
THEOREM 5.1, Let E,F be Danach lattices wlth guasi interior pom‘tae The
following ave true: :

&) Let %rri,ncsz(”@qu)(ngla,“))/\m(l. (2,7)), Then ¥ is a pgmcipig
2(E) @ 2(F)~module for the solid strong tc"oLa“j (the topology on F being [ I (E, B
and the topology on Ly(E,@} and -on L;{Ly(ﬁ,r)) being the solid strong topology)

and we haveo

TS e, 1,,,@%,]}&)4“ = ([0, 1,®1,]W ‘M\J’
for evbryfdéyﬁ

») [0, fs:] - ([0,1,801.]7 }'M ([0,1,8 1, QN’

for every TeL?(B&')w

for every TEL (E,* T
The same results hold replacing F by P1,
PROOF, Part a) follows from corollary 4,1, taking into gccount propoalﬁioz
5.1; part b) from theorems 2,1 and 2,2; part ¢) from theorem 4.2,

Theorem 3.2 is now a special case of theore 2 5013 imdeed take f&xﬁ \
I.l (D,.?fl

and observe that [0,1, s @1 j‘ir (E - )C_Q and [0, ip®11JT cat(r) by the demﬁty
of Z(B)Bu(F) in %(F )@A(“)

ks concerns theorem 353; observe that by part ¢) of theorem 5,1 thers is
ce[-‘li;;@‘i?,‘iﬁ@’ipj sueh that §(SwcP)< &, As Z(L)@Z(F) is dense in 2(EK)®4(F),
there is d< 2(B) ®%(F) N EﬂE@w?,iE@@ such that Q(S~ATX € & this concludes
the proof, '

We remark that in our version of theorem 3,3, F1 is regplaced by F,
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