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THE COMMUTANT MODUI,O THE SET OF COMPACT

OPERATORS OIr A von NELII1ANN ALGEBRA

by

Sorin POPA

TNTRODUCTION

Let  B($ be the a lgebra of  a l l  l i .near  bounded operators

acting on the Hilbert space >L and J{()t) c ) l '>(X) the ideal of compact

operators onX.  Let  Mc b(Y1,)  be a norm c l -osed *r -subalgebra.  Then

the operators T 6 X5(\,U that ccmmute with M modulo the set of

compact  operators have a l l  impor tant  s ign i f icance in  the s tudy

of  the a lgebra M.  A f i rs t  problem to be set t led about  such

operators is .  to  dec ide whether  or  not  they are ccrmpact  per tur -

bat ions of  some operators in  M' ,  the commutant  o f  M in  15 ($.

I f  T  i s  t he  p ro jec t i on  on to  an  i n f i n i t e  d imens iona l  H i l be r t

subspace then a typ ica]  obst ruct j -on for  i t  to  be in  M'+f i , ( ) t )  is

to  ex is t  a  uni tary  e lement  in  M whose rest r ic t ron to  the corres*

ponding Hi lber t  su-bspace has nontr iv ia l  inc lex.  However ,  i f  vze

requl - re M to be c losed in  'D ($ in  the weak operator  topology r  i r

o ther  words i f  M is  a vo l l  Neumann a lgeb: :a ,  t l ien such nontr iv i -a l

inc lex cannot  appear .  This  faet  was c iar i f iec l  by Johnson and

Parrot t  who proved in  [4 ]  that  actua-L ly  any operator  commut ing

modulo the conrpacts with an abelian von Neurnann algebra M c 43{X)
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has a compact perturhation that conurrutes with M. From this they

der ived the s : .mi iar  resul t  for  prcper ly  in f in i te  von Neumann

algebras and for  f in i te  von Neumann a lgebras wi th  d i f fuse center ,

thus reducing the problem to the case when M is  a type I f . ,

f  actor .,  l

1  fn  th is  paper  we set t le  th is  remain ing case in  the af f i r -

mat i -ve and so end up the proof  o f  the fo l lowing genera l  resul t :

THEOREM A.  I f  M is  a von Neumann a lqebra acLinq on a

Hi lher t  space {  and T is  an operator  in  B(n that  commutes moclu lo

the set  o f  compact  operators wi th  a l - l  the e lements in  M,  then T

is a compact perturbation of an operator that co:mmutes i l t i th M.

fn fact  in  the i r  paper  Johnson and Parrot t  s tudy a more

genera l  problem: t -hey consider  der ivat ions of  the von Neumann

a lgeb ra  M in to  the  compac ts ,  i . e .  l i nea : :  app l . i ca t i ons  \  t u  -

- - - -+J { (N  sa t i s f y ing  t r  ( * y )  =b (x )y+x t ( y )  f o r  x , y  e  M,  and  p rove  tha t

if  M has not type f f  . ,  factors as Cirect summancls then tr =adK for

some K€ 1((X) . Thus , for these algebras the f irst cohomology
tl

group  H t  (M , ' f t  (X )  )  van i shes .  I n  pa r t i cu la . r  ,  L f  t  =ad  T  fo r  an

operator  TC)b (X) ,  th is  resul t  impl ies t l ia t  for  some K 6&(}{ . ' ) ,  .

ad T=ad k on M and hence T-Kc M' .  Thus theorem A is  an immediate

consequence of  H4 ( tq ,  J< (K)  )  =0

We shal l  actual ly  s tudy th is  der ivat ion probl "em and the

p reced ing  theo rem w i l I  be  a  consequence  o f  t he  fo l l ow ing :

THEOREM B.  Let  MC B(yJ be a von Neumann a lgebra and

tr  lM " - - - r  R(X)  a der ivat ion of  M j - r : to  the set  o f  compact  operators.

Then there. :  ex is ts  Ke R(K)  such that  b=ad K.



The proof of 
'the 

theorems vri l l  aefha heaviJ-y on our previous

r ^ 1resu l t  [ 8J ,  wh ich  shows  tha t  a  de r i va t i on  o f  a  f i n i tE  t ype  I I t

factor  M in to the comr:acts  is  automat ica l ly  cont inuous f rom the

uni t  ba l l  o f  M wi th  the s t rong operator  topology in to R(X)  wi t i t

the ncrm topology.  For  the sake of  .o*p ' . t . r ress we therefore in-

c luded an appenCix wi th  a proof  o f  th is  resul t .  The rest  o f  the

paper  is  dev ided in to three sect ions.  In  the f i rs t  one we prove

the theorem up to a technical Lemrna. This lemma j-s proved in

sect ion I I .  . In  sect ion I I i  we make some comments and ment ion

some consequences

T. PROOF OF TT{E MA]-N R.ESULTS

To prove the theorems we need some lemmas.  In  order  to

just i fy  the lemmas we a l ternate them wi th a sketch of  the proof

of  the theorems.  Since we actual ly  prove theorerns A and B for

type I I t  factors  r  W€ need to in t roduce f i rs t  some notat ions

regard ing f in i te  von Neumann a lgebras.

So ,  un less  we  made  o the r  spec i f i ca t i ons r  w€  c leno te  by  M

a gener ic  f in i te  von Neutr rann a lgebra wi th  a f ixed fa i th fu l -
r r  1  / )

n o r m a l  t r a c e  i  ,  E ( 1 ) = 1 .  w e  l e t  l {  x  l l 2 = T ( x ^ x ) - ' o  d e n o t e  t h e

Hi lbert  norm implemented on M by c and 1,2 (mrrg )  be the comple*

t ion of  M in th is norm. When we regard the pni t  of  M as a rrector

)
i n  l , ' ( i u t ,  G  )  we  deno te  i t .  by  1o .

Note that  M acts  on f ,2  ( t ] r - t i  )  by le f t  and r - ight  mul t . ip t j - -

ca t i on .  We iden t i f y  M  w i th  the  l e f t  ac t i on  on  L2  (M,E ,  )  so  tha l

M ' ,  t he  commutan t  o f  M  in73$"  (M ,6 )  ) ,  i s  t he  se t  o f  ope ra to rs

of  r ight  mul t ip t icat ion rv i th  e lements of  M.

I f  B C M j -s  a vor l  Neu.mann subalgebra (a l lways assumed to

contain the urri t  of M) then E* denotes the uni-que normal t 'race
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preserr r ing concl i t ional .  expectat ion of  M onto B (Fol ) .  Then Eg is

just  the rest r ic t ion to  M of  the or thogonal  pro ject ion of  1 ,2 ( tU,  e  )

t L Z ( u , e ) .onto the c losure of  B 4o in  L-  (M ,  T '  )  -

L ,et  now E be a der ivat ion of  M in to the ideal  o f  compact

ope ra to rs  on  the  l l i l be : : t  space  r ,2  ( t ' ' 1 ,  G) ,  j - . e .  t : i t r

- - ' ' )d  (1 ,2 (U,6 )  )  is  a  l inear  map wi th  the prooer ty  b(xy)=.

=  b ( x ) y + x  b ( Y )  f o r  a l L  x ' y € ,  M .  L e t  A  c M  b e  a  m a x i m a l  a b e l i a n

*-subalgebra of  M and assume b van- ishes on A.  fn  case M is  a

type I I t .  factor  i t  fo l lows that  A has no min imal  pro ject ions.

Thus  i f  k€ - .K  wou ld  be  a  compac t  ope ra to r  such  tha t  [ * , * ]  
=  \ ( x )

fo r  x€M,  then  i n  pa r t i cu la r  lX ra ]=C.  Bu t  a  compac t  ope ra to r  K

cannot  cornmute 'wi th  a c l i f fuse abel ian rzon Neumann a lgebra unless

K=0. 'Thus we har . re to  prove that  f rc im f , lo=0 i f  actual ly  fo l lows

tha t  5 : "0  .

Assume t r  *0 .  S ince  M i s  spanned  l i nea r l y  by  i t s  un i ta ry

e lemen ts ,  t he re  ex i s t s  a  un i ta ry  e lemen t  v  6  M such  tha t  t  ( v ) l o .

Now we want  to  construct  wi . th  the help of  A and v some

other  abel ian subalgebras of  M on which 5 behaves as bad as

poss ib le .  The  key  techn ica l  pa r t  o f  t h i s  cons t ruc t i on  i s  con -

ta ined j .n  the next  lemma. I ts  proof  is  qu i te  e laborate but  has

l . i t t le  to  do wi th  the rest  o f  the proof  o f  the theorem. Th- is  is

why * .  prove i t  separate ly ,  in  the next  sec" t ' ion '

1 . I .  ! ' g$y* .  r f  ACM i s  a  d i f f use  abe l i an  von  Neumann  sub -

a lgebra and v (  M is  a uni tary  e lement  then there ex is ts  a se-

quence  o f  un i ta ry  e lemen ts  (un )n  i n  A  such  tha t  { t u r r v )K ) r ,  t ends

to  ze ro ,  j . n  t he  weak  ope ra to r  t opo logy ,  f o r  a l l  k lO '

The next Lemma shows why Lemma I . I  is  important for  us.
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L .2 .  LEMMA.  Le t  f  : t l  * - -+&( r ,2  (M,  a  )  )  be  a  der iva t ion ,  v  &r rC

(ur r ) r .  some uni tary  e lements of  M such that  
t l r (ur r )=0 

for  a-1-1 n.

L
I f  (  (unv)" )n tends to  zero in  the weak operator  topology for

a. t l  k lO then <t r  t  ( r r r r r )k)  Lo,  {u , .v)p to  )  
'  tends to

( t r t v l  t o , r  t o )  1o r  g=p)  0  anc l  t o  ze ra  fo r  a l l  o the r  k  and  p "

3R9OF.  S ince  t  (u r r )=0 ,  we have

.  k - t
|  ((u,.v)o, =H (urrt) =t '  t  (v) (*rrv) k-s-1

and

5t t , r- t r , . , t ,o,  =H (v-1..r- t )  "  5(u--1 ) ' r l t  t , r - t . t i t ,k-s-1n F b

for  any posi t ive integer k.

Since t t r r l  and 6 ( , r -1)  are compact operators and (urrv)  k-s- t  
,

, rnt  t r r - t r r r t )k-"- t  tends to zera in the weak operator topoloEy i t

fo l lows (see e .g .  Lz ]  ,  chap.  5 )  tha t  t r {v )  { r r r rv )k*u- t  lo ,k -s - t  }  0  r

and 6(v - t r . t ; t  ( r , , - tu r r t rk -s -L  !o  ,  k -s - { -  }  0 ,  tend tc  zeYa j -n  nor tn .

Thus ,  s ince  un ,  v  a re  un i fo rmly  bounded in  normr  w€ ge t :

( i )  l l  t ( 1 u , . , v ) l t )  ! o - ( u r r v ) o - t * r , 6 ( v )  t o l l  - * ; * 0

(ii ) ll t t (,r- 1.rr,1 I k I to ll -J;" o

for  any posi t j -ve in teger  k .  I f  k  < 0 then the s tatement  fo l lows l lor i r /

e a s i l y ,  b y  ( i i )  .

i f  k>  0  then  bY  ( i )  we  have  fo r  any  P

t  < t t  {u,rv)  k)  
to,  (urrv)  n t  o,  

*< 6(v l  t " ,* r t  (u*v)  p-k+t  
to>\  xo 0
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But i f  p-k l - l l t  then ,r f , t  { r r - r r )p*k+l  tends to zero in the

weak operator topol-ogy, so th.at  bfrr i* t r ro ( tnt)p-k+'1- [o tends to

ze to  in  norm.

The case k=0 is t r i -v ia l ,  because then (urrv)k=t and

C I .  E .  D .f , ( r ) = 0 .

f t  turns out that  the preceding lemma is a key observaLion

in  the  proo f  o f  the  theorem.  TO see th is ,  le t ' s .  suppose fo r  s im-

p l i c i t y  tha t  <  E(v )  to , r  to ,  =1 .  I f  we assume fu r ther  tha t

E( (unv )O)=0 ,  t l t ,  k *0 ,  a t td  c leno te  A r r= {u r . v f "  t hen  the  c le r j ' va -

- (
t ions  b lO ,  res t r i c ted  to  the  subspace Ar ,  1o  '  a re  spat ia l l y

n
isornorphic to a sequence of  der ivat j -ons f , r r , t*(Trf  )  **-

? l . k
- r  K ( r , ' (T ,  , a  )  )  ,  by  send ing  (u  v ) ' '  t  t o  z ' -  and  the  ope ra to r  * . r v' n

to the mul t ip l ica, t ion by z  operrator .  Wi th these notat ions lemma

1.2  says  tha t  6 .  t end  to  behave  as  the  de r i va t i on  ad  P  imp le -

t.he )
mented pyFpro ject . ion onto the Hardy space H:  (Tr l^^  ) .  But  by

4 ,L  i t  f o l . l ows  tha t  bn  a re  un i fo r rn l y  so -no rm ic  con t i nuous '

so that  ad P woulc l  be so-normic cont i t ruous as wel l .  Th is  is

e a s i l y  s e e n  t o  b e  f E l s e

Of course the uni tar ies unv may not  generate abel ian von

Neumann a lgebras j -n  the n ice way we need.  But  we can s l ight ' ly

modi fy  them to do so.

1.3.  LEMMA. Suppose the f in i te  . /On ldenmann a lgebra M has

no atoms and le+- (wrr) 
r,  

be a sequence of unitary elements in M

such that E(wI)  __=-+0 for ar] .  k#0. Then there exists a sequence
n - n

of unitary elements (r,rr).r, in Iul such that f (vf;) =O , k' l} , and

It wrr-vr, 1\



PROOF.  S ince

d i f f use  abe l i an  von

M has no atoms each

Neumann siubalgebra

t '  j .s contained in some

A*cM,with sepa.rable predual.Then
n

(A_ ,  3 l ^  )  can  be  i den t i f i ed  by  some measure  p rese rv j -no  i somor -'  n '  t A
n

ph ism V  n  w i th  Loa  (T rn  ) ,  where  1 r  i s  t he  no rma l i zed  Lebesque

measure on the thorus T.  Moreover  Yn can be chosen so that

,pr ,  ( * r , )  = f r ,  ,  where f r ,  (e2 T i t  
)  ="2 T ihn ( t )  

f  or  some nondicreasinq

f u n c t i o n  h r r : 1 0 , 1 ]  *  [  o , t ] .  B y  H e 1 1 y ' s  s e l e c t j - o n  p r i n c i p l e  t h e r e

ex i s t s  a  subsequence  (ha  )n  tend ing  eve rywhere  to  some nond ic reas -
. ^n  

l "  .  Thus .  i f  
^  - -  ,  ,  ^  r r  i h  ( t )  

t heni n g  f u n c t i o n  h :  l o , r l - - " L 0 , 1 ] .  T h u s ,  i f  f  ( e t  . t  r ' c ) = u " '

f t  tbnds everywhere to  f  so that  by Lebesgue's  theoretn J t [  d1^
n r n r n n

- rJ f 'df  for  a l l  p,  which by Lhe hypothesis impl ies_ J{: jL:0,_
* J n  m L , . ^  [ - ,  

I
y rw .  r r ruD  

.1v  r f . ) a1=  jOa l  f o r  Lau rean t  po l ynomia l s  q .  Le t  , - "2 t  i t

a n d  d e n o t e  g - ( . 2 T r i s ) = [  t  i f  0 3 s ( t  T h e  . n t w i s e  l i m i t' z  
L c  i f  t s s s  I  

' n  9 '  l - s  a  P o l

of  cont j -nuous funct ions of  norm one on the thorus.  Thus by the

S tone  We ie rs t rass  theo rem o -  i s  a  no j -n tw ise  l im i t  o f  po l ynomia l s' z

q  w i th  I l  q \ t  I  L .  f t  f o l l ows  by  Lebesgue ' s  theo rem and  tho  r . l rF -
r ' - O  I : ' t -

r
c e d i n g  e q u a l i t y  t h a t  f g - " f d p = [ g - a n ,  w h i c h  m e a n s  t h a t  J  a t r ( s ) = t ,-  

) " 2  t  ) - z  t

where  \  i =  t he  Lebesque  measure  on  [0 , r1  .  Th i s  imp l i es  tha t

h ( t ; = 1  a n d  h e n c e  f  ( z ) = v  i s  t h e  i d e n t i t v  f u n c t i o n  o n  [ ' .

Now, s ince h,  are monotone and converqe' K

n
everywhere to  a cont inuous funct j -on i t  fo l tows

un i fo rm ly  to  h ,  i . e .  l l  h f .  - h  \ \  , o  
-_>  0 r  so  tha t

n

But  f  was taken to  be any l imi t  po int  o f  f r  ( in  the everywhere
n

conve rgence )  and  shown  to  be  equa l  t o the  i den t i t y .  Thus ,  f  be ing

the  un ique  l im i t  po in t ,  [ l  f r r - f  t l r n  -+  0 .

w e  c a n  
'  = )  -  s i n n a  ( r Fbake  r r ,=  Y , . t  t r l .  s i nce  l rP=o  ,  T , t v [ )=o  fo r  a l l

plo. Moreover l \  wn-vnl l  = l \  y^(wrr)- ?,. ,(vrr) l t  = l [ f - fr ,  l l  -> O

tha t  h ,  converna-  -  - - k  - - " ' - - Y v

n
\ \  f _  - f  l t  0 .r l  4 k  *  r l a o

t l

We are now ready to  prove the theorems.

Q . t r .  D .



THEOREM B .  te t  K  be  a  H l l be r t  space  and  M€"8 ( ! t )  a  von

Neurnann  a l . geb ra .  I f  t :M  *+  3 , (  K )  i s  a  de r i va t i on  o f  M  in to  the

ideal  o f  compact  operators then there ex j -s ts  a compact  operator

K  €&(  K )  such  tha t  b  =ad  x .

f

P R o O F . N o t e f r o m t h e b e g i n n i n g t h a t b y | . 2 i n L 4 J ' >

automat ica l ty  norm conl inuous.  By |  4 ]  we only  need to prove the

statement  in  case M is  a type I1 : -  factor .  Then M has a unique nor*

ma l  f a i t h fu r  ' b race  G  w i th  l e (1 - )=1  ,  and  we  can  use  the  no ta t i ons

in t roducec l  a t  t he  beg inn ing  o f  t h i s  sec t i on .  we  cons ide r  f i r s t

the case when M acts  s tandarc l ly  on)(  r  so that*  =1 '2 1W,- f ' )  and

14  ac ts  on  i t  by  }e f t  mu l t i p l i ca t i ou .

.  Le t  ACM be  a  max ima l .  abe l i an  von  Neumann  suba lgeb ra .  S ince

M i s  o f  Lype  I I t  i t  has  no  m in ima l  p ro jec t i ons ,  so  tha t  A  i s  a

d i f f use  abe l i an  a lgeb ra .  By  Ia ]  t ne re  ex j - s t s  a  compac t  ope ra to r

K  s u c h  t h a t  [ t * ) = [ X , u l  f o r  a ] - 1  a 6 A .  T h u s ,  b y  t a k j - n g  i f  n e c e s -

sa ry  ! - ra  K  i ns tead  o f  6  ,  we  may  assume 6 lO=0 .  We show tha t

i n  f ac t  b  =O on  a l l  M .  To  do  th i s  we  p roceed  by  con t rad i c t i on '

I f  t  is  not  ident ica l ly  zero then there must  be a uni tary

e l e m e n t  v € M  f o r  w h i c h  I  t , r l l o .  s i n c e  X = 1 2 ( M r G )  w e  h a v e

fr - t  o= [ *= X so that  there ex is ts  nt  , *Z€ M such that

<  t  t , r l  (  t o x n ) ,  v  l o x 2 )  = 1 .  T h u s ,  i f  w e  d e n o t e  b y  * L ' * i  t h e  c o r r e s -

ponding operators of  r ight  mul t ip l icat ion by * t  and respect ive ly

* 2 ,  t h e n  (  
" i * t ( v ) x { ( t o )  

,  v t o ) = t '  N o t e  t h a t  M ) x  r - - - - +

, X  / ,  \  r  , , i 1 1  ^  l ^ - . 1 . . ^ r - . i n -  n €

. *2  b  ( x )  x i  i s  s t i l l  a  de r i va t i on  o f  M  in to  the  compac ts ,  vd -

n i sh ing  on  A .  T i rus ,  by  rep lac ing  i f  necessa ry  L  w i th  
" ; *  

E  (  ) x , {

we  may  assume,  i n  add i t i on  to  the  p reced ing  hypo thes i s ,  t ha t

< 5  t , r )  t , r , t  t o )  = 1 .



By Lemma 1" I there exisrl. unitarv elements (rr.,) 
r, 

su.ch that.

. K ,(  (unv) ' - ) r ,  tends to  zero in  the weak ope: :ator  topolcgy,  . r -or  a l l

k f } .  B y  L . 2 ,  <  [ t { u r r v ) k )  t o ,  ( u n v , P  t o >  t e n d .  t o  i .  g o r  g = p }  C r

and  to  0  fo - r  a l l  o the r  i n tege rs  k  and  p .  By  I "3  the re  ex i s t

urri tary elements vr, € M such thert l t  vr.,-urrv \\  ----r 0 an,C. c (rr l) =0,

for  k lO.  Since 6 is  nor :mlc cont inuous th is  impl ies that

. ( , k . , p .(  b ( v - )  { o , v [  t o )  t e n d  t o  t  f o r  k - p ]  0  a n d  o t h e r w j - s e  t o  0 .

Le t  A -=  1v* i  "  and  p -  be  the  o r thogona l  p ro jec t j - on  o f
N  L  N J

a -

K=1,-  (M, G )  onto A'  lo.  Then p'  commutes vi i t .h Ar. .  Therefore al l

the  app l ica t ions  An;  a  *  p r rE  ta )nr .  a re  der iva t ions  in to  ther

compacts  and,  s ince  l l  n , .  6  t * lp '  l l  g  l l  E  (a )  U ,  they  are  by  4"1

uni forml lz so-normic cont inuous on the unl t  bal ls of  A".

Le t  Ld  ( f  , f  )  ac t  on  r ,2  { r ,1*  )  by  le f t  mu l t ip l i ca t , i .on  (  p  i s

i t r te normal ized LebesEue measure on the thorus T) "  Denote hry 1l  n

the nieasure preservinc isomorphism of L€ (Er7'* .  )  onto (An, Gla )' . ' n

def ined by $o(M f . )=t l  ,  where M,  is  { :he operator  o f  Lef t  mul t i *
z

p l i c a t i o n  b y  r J r , *  ( T , 1  ) ,  a n d  b y  u r r : L 2  ( T , 1 ^  )  - - o  r , 2  ( 1 4 , 6 ' )  t h e

co r respcnc l l ng  i somet i : y  a t  t he  vec to r  sDace  l e r re l ,  i . < r . ,  , k  b * ing

the usual  or 'bhonormar bas is  in  t2  $,  f  )  ,  ur ,  (zk l  =r r f ;  t  o .  
T l i r - rs

urruf ;=err .  Then def ine t  r , r t€ ( r ,  f  )  *+ B(r ,2 ( r , j  )  )  by [ , r f i {p=

=uf i  b(y; l (Mf))urr .  s j -nce uf  V*t t ryur,=[ l ' . for  a l l  f  € f , ( r , f  ) rvre have

t.(ng4 =ufip,. 5 r t;t0^{) t 
"tfrr4 

) p,,u,,=u* b t q*tttrg ) u,,u*

.v"t tn4un+uf \ , ; ' (*du,,uf i  t t  v; thg)ur,= t , . tn4)H% *,o\$ 8* LnX)"

Thus 5 r., are derivations and

operators o t n take val-ues into the

12 (r  , r ) .  ryoreover,  s ince (Sr, ( r / ' - i ) l l2=l \ f t t i l "  and 11 t t f ru, . l \  s  \1 r  l \  ,

fo r  f  €  L"o  (Tr ln  )  and T '€  B(L2 ( l ' 1 '1 ;  ) ) ,  i t  fo i lows t l ia t

It 5n 1 S h b 11 and that 5 
" 

*** uni-formly 
"o,ti ir,.ro.,u 

from the r-rnit

b a l l  o f  L s  ( T , p )  w i t h  t h e  n o r m  l l  l l e  i n t o  . k ( i 2 ( T , 1 *  ) )  w i t h

.  _ - x < ,
s j . r r ce  U ;  b (x )U '  a re  comPac t

compact  operato l :s  on
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the  usua l -  norm By the  c te f in j - t ion ,  b '  a lso  sa t is fy :
4 n

<b- -  (M_k) | , ,  z ' '  7  tend to  { .  lo r  i=p}  0  and to  0  o therw ise .z

Let  q :  be  a  f ree  u l t ra f i l te r  on  IN.  For  each f  €  L f t  (T , f  )

denote A(nr)  =w-l im 5.  tvt*1,  Then A is a l inear map and, s ince
+ _ _ - 1 1 )r  f l * ts \^1 t

n (n 1{ 
=l;; 6 "0't5 XFI TL 

(6n(H{) rrf He l*(m*)}i.: * 5,,t nr) n{i T* *+ f, ,,(n*\"
)=A( r t4 ) t { { : l , l qa ( r ' rn ) ro i s  a  de r i va t i on  o f  L *  (T , f  )  i n toTS(n '  ( r ' , n ) ) .

Since a( f1p . is  a  weak l im i t  po in t  o f  t , . tn4) rnV the  in fe r io r

semi cont inr : i ty .o f  the norm 1n the weak operator  topologl ' ,  ia .  fo l -  ; .

l o w s  r h a r r r n f f l ! ) \  {  s u p l l b ' t l t g ) i l  . r r r u s  r l A \ g s u p t t l , r U  f  l f  5 \ t.  ' . -  L ' ' n n

a n d {  i s  s o - n o r m i c  c o n t i n u o u s  o n  t h e  u n i t  b a l l  o f  L e  ( 8 , 1 . ) .

M o r e o v e r  a * ( t q - f ) l ,  
" P >  

i s  e q u a l  t o  t  f o r  k = p > 0  a n d  t o  0

o the rw ise .

)
Let  nov i  P be the or thogonal  pro ject ion of  L"  (T,  , * . )  onto

t h e  H a r d y  s u b s p a c e  H 2 ( r , r ) = s s n { . , o t k t 0 } .  T h e n  a n  e a s y' t

computat ion shows that

L n L ? 1
(  ( P M z - M r p )  ( z ' " ) , z v  )  = (  a ( I { z )  z ' - , 2 '  )

and  hence  6  co inc ides  w i th  ac r  P  on  Lau rean t  po l ynomia l s .  Bu t ,

s ince  A  i s  so -no rm ic  con t i nuous  cn  bounded  se ts ,  t h i s  and  the

Kapalnsky densi ty  theorem - imply  that  A =ad P on a l l  L*  ( r  ,  f )  .

Thus  ad  P  i s  so -no rm ic  con t j -nuous  on  the  un j - t  ba l l  o f  L *  (g r f  ) .

Th i s  f ac t .  j - s  we- l l  known  to  be  fa i . se  (e .g . ,  see  [ZJ ,  chap .7 )  "

Bu t  l e t ' s  p roceed  w i th  ano the r  a rgumen t ,  more  i n  t he  sp . i r i t  o f
j-s a rank- one operato{ sc that_led- P) (t4.,)

this paper . Note that 6'(Mz ) = !P , t iz"l f- i ;- i  cor{pact operator f or

any Laureant  po lynomia l  
2 . .  

Hence,  by the Kaplansky densi : ty

theorem and the so-normic cont i .n i . i i ty  o f  ad p on the uni t  ba l l

A5

of L* (rrrr^ ) ,  i t  fo l lows that ad P ta.kes values into the com-

pact operators.  Thus by la l  tnere exj-sts a compact. 'operator K

r tlo ,-1 !"(i

such tha t  Ln"* ,  d -  (T ,1 r  
{  

=0 .  S ince  L  (T ,  
1 )  i s  max imal  abe l ian
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')
i n  B  ( L ' ( t r , f  ) ) ,  j - t  f o l l o w s  t h a t  P - l { = l { y  f o r  s o m e  g e  r j T r , 1 ^  ) .

T h u s  4  ( p - K )  ( r k ) , r k >  =  
J ,  *  Q ) z k ) r - k d r =  - !  V t z ) c 1 2 ,  f o r  a l l  k .  B u t

t r i m  < K ( r l ' ) , r k )  = 0 ,  r i . i i .  < p ( z k ) , " k )  i s  t  f - o r  k > 0  a n d  0  f o r

I  k l '+a"

k  E  0 .  Th i s  g i ves  the  des j - red  con t rad i c t i on

wj- th  th is  we f in is t rec l  the proc; f  o f  the case when the type

I I t  f  ac ior  I r [  acts  s tandard lY o*  \

In  the genera l  case M'  is  anyway semi f in i te  an<l  by lOl

t h e r e  e x i s t s  a  u n i q u e  s e m i f i n i t e  t r a c e  G ' o n  M ' s u c h  t - h a t  f o r

a n y  p r o j e c t i o n  e ' 6 .  I { ' ,  6 ' ( e ' )  . i - s  t h e  c o u p l i n g  c o n s t a n t  o f  M  i n

p ( e ' X  )  .

Let  AC M be a  max imal  abe l ian  * -suba lgebra  and assume

\ ^
D l  n = u '

t t  v ' r , v )c . t . l '  a re  par t ia l  i so tne t r ies  w i th  r , ' l *v1=v  ) '5*=" '  
anc i

6 ,  ( e ' )  !  t  t h e n  M > x  r - 7  v ) t  t " 1 " 1  c a n  b e  v i . e w e d  a s  a  d e r i - ' r a t i o n

of M act ing i -n i ts standard forrn" By the f i rst  part  of  the proof

i t  fo l lorvs that  
" ;  

t  (x)v{=O for any x6'  M'  s ince Mvi ancl  r ' iM'

where  u j , , r )  sa t i , s fy  the  above c r rnd i t ions ,  fo rm a .  to ta l  subset  o f

M,  i t  f  o l lows tha t  6  (x )  =o  ,  x  e  r4 '
'  

{ ) .  E .  D .

T.FJ9*EI4 +" Let M be a von Neumann algebr:a acting on the

Hi lbert  space ) / .  .  I f  T is an operator onK such that Tx*xT€:((  ' ,1)

fo r  a l l  x€  i {  then there  ex is ts  T '6  M '  such +-ha t  T*T '€  ?1  (K)  "

P IQqq.  Le t  6  (x )=L t , *J  ,  x€  [4 '  Then 3  i=  a  der iva t ion  and

tr tUl c a. ( >\ ) so that by the preceding theor:em t'here exists

K € k ( X )  s u c h  t h a t  ! ( * l = | x , x ] ,  x G  M .  H e n c e  L t - o , * l = O  f o r  a l l  
,

x  €  M  s o  t h a t  T ' = T - K  6  M ' '

0 . 8 "  D  "
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? .  PROOF OF THE TECHNTCAL RESULT

We p rove  a  s l i gh t l y  more  qenera l  resu l t -  t han  l .  I .

2 .L.  LEMI ' tA.  Let  M be a f in i te  von Neumann a lgebra ancl  ac l , t

fRpg!] .  Since ther:e exists a part i t ion of  the uni ty ( ! r*  ) . ,-  ' -  
f ' l _

wi. th  pro ject ions i t r  the center  o f  t ' t  such that  I '4p,  is  countably

c lecomposable f .cr  each i  I  i t  fc l l -ows t i ra t  i t  suf  f ices to  prove

the -sLa ' t -emer r t  f o r  M  w- i - t h  a  no rma . l  f a i t h f r i t  t r ace  E ,  G(L )=1 .  We

f f io .y  fur ther  assume M has separable predual .  Indeed,  instead of

A  we  qan  take  a  d i f f use  coun tabJ -y  genera ted  * - suba lgeb ra  o f  i t .

f f  M is  c , :untable decomposable th is  subalgebra wi l l  generate to-

gether  wj . th  t ,he sequence (u ' , , r ) "  an a lgebra wi th  separable predua1.

We use f rom ncrw on the nctat i -ons in t roduced at  the begin lng

a d i f fuse abel ian von Neumar ln subalgebra.

o f  un i ta ry  e lemen ts  i n  M .  The re  ex i s t s  a
k

tary eLements in  A such tha. t .  ( { IJurrvr ) ) r ,

f o n  a n y  k L t .

L e t  ( v - ) -  b e  a  s e q u e n c e' n n

sesuence  (u  )  o f  un i -
1 1  - n

tends t - -weakly  to  zero,

M

that

o f

o  1 * t

c c l a n

o f  s e c t i o n  ! . .

Let 3-)r0 , p € Si anO *F ne a f inite set of eleme,nts in

We denote by- f r . ) -  the set  o f  par t ia l  isometr ies w in  A such
k

1 " U t  r f  ( w y * ) ) \  (  $ . T , ( w x r ^ r )  f o r  a n y  1 * k  6 p  a . n d  a n y  k - t u p l e
i = 1

elements yJ ,  .  .  .  ,ype F Endow 
' l l l  

w i th  the usual  or f lder :  w

i f  w  i s  a  r : e s t r i c t j - o n  o f  w  i ' o -  \ ^ t  = w  *
o  s t r i c t j - on  o f  t . r ,  , . o  . . tw ;WdI t  i s  eas i l y

that ( ' ]$", t  ) is in,rucl ivel{ ordered. Let u be a max-i-mal element of i t .

We want to show that u is a uni lary

Suppose e=t *uqu l0 .  S ince  A is

eAe is a di f fuse subalqebra of  e i r te.

e lenen t .

abel - ian and r . i  6  Ar  €6 A and

Vtre denote 1-he ccr:responding
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reduced algebras Au a M" b)'  Ao a Mo" Let

y i  €  SJ  To  i s  c lea r l y  a  f i n i t e  se t

ca rd ina l i t y .

S ince  A^  has  separab le  p redua l ,  t he re  ex i s t s  ano

sequence  o f  f i n i t e  d imens iona l  * - suba lgeb ras  (A r r ) r ,  
Z  t

N  i t s

i-ncreas irrg

o f Ao . '

the sequel  Ee ,  for  B C Mo with

condi t ional-  expectat i -on of  Mo

t r a c e  z o  o n  M o ,  G o ( x ) =

l e  l r s  r
r * f k

$o= ijYr .\ ("vi
7-=Z

and we denote by

S P ,

1  c A for al l  n, such that 
$AX=oo. 

Then

11 EA;A Mo (v )  -Eo,  
n  *o (o)  11 , --*+ 0 for any y 6 Ivlo (see for

i n s t a n c e  I . 2  i n  l i ] ) . ( H e r e  a n d  i n

the same uni t  as Mo ,  denbtes the

onto B that  preserves the induced

=  G ( e ) - 1  G ( x ) ,  x e  e M e = M o .  H o w e v e r  t h e  e l e m e n t s  n " ( x )  a r e  a l l w a y s

regarded as elements in M )  eMe=Mo and the norm U \ \  Z ref feres

as  usua l  to  the  G -norm in  u ) .  Thus  i f  5  t  O then there  ex is ts

r o ( o )  1 \  ;  < ' 5 2 u e r i i .  i +
Y e  J l o  n  o  o "

€ l _ r . . . , e m  a r e  t h e  m i n j - m a l  p r o j e c t i o n s  o f  A '  t h e n  Z  e r = e  a n d

Eal  
a ,  , t  

(y)=Z. iy" i  .  Moreover ,  s ince e i  commute wi th  l r  f t r ' l
- - n , | - - .  " i  " A ; n  M o " '

we  have  Ea  I  n  u  Q)  =L  € i  Eo  -  ( r r )  o  Thus  ,  us ing  tha t - .. . o ,  ,  Mo  ' '  ' ,  
T  

- t -A ; f l  Mo  ' - r  ' ' i

6  / r r -E '  / y )  )e .  a re  mu tua l l y  o r thogona l ,  t  S  i  s  m ,  we  ge t' i  ' ,  "A; n Mo '.

fu 
" 

+ ll eivei-eiEA, n *o(o) "rtll=Z*rl' { ", rv-\n *o ,o, I ", ll I <

L

I t  f o l l ows  tha t  f o r  some LS igm
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l \ t

Cauchy-Schwar: r tz  inegual i ty

6

L
r ,  ( v )  e .
t v l [  3. t ' , t

so  tha t  by  the  d i sc re te  ve rs ion  o f  t he

i f  we denote th is  
" i  

by eo v /e have:

( 1 )

F a r

I I

i f

any

r 1 e r},*"

to

ext

J " e t  y r r . . . r y g

l i  eoveo-eoEaie (v)eo l l  ,<  Nt /2 t r  l \  eo l [  ,Mv € %

a , t ,  i n  pa r t i cu la r ,  eo lO
? t l o l - , : ' 1  ,
5 n =  l l r t o u o ; n  * " ( o r ) " o  \ t l k ( p '  Y l ' " ' r Y s  €  5 " J

w be  a  un i ta ry  e lemen t  i n  Aoeo .  such  tha t  6 (wn)=0 ,

cho ice  o f  w  i s  poss ib l -e  because  Ao .o  i s  d i f f use .

n ,a t  (w^ ' )n  
r  f  i s  S ' -weak ly  conve rgen t  t o  ze ro  so  tha t

T  than  some ro  r  w€  have  I  G(wnz ) l

f i n i - t e  se t  g
t '  

n  * t
r w€ denote by wo=w o 

€ Ao"o and reoard it .  as a

t ry  in  A Since wo e Ao has the suppo: : t  or thogr :nal

l lows that  uo=u*wo is  a par t ia l  isometry  in  A that .

nce  wo lO ,  uo#u .  we  show tha t  ac tua l l y  uoe  ? f  .  So

be  an  i rb i t ra ry  k - tup le  i n  I  ,  l sk ip .  Then

Note th

Denote

Let now

0 .  T h e

lows th

s  l a r g e

in the

! ' ina1.1y

1 isome

' i . t -  C ^
,  L W  ! U

f o I

n i

z

r . i  ^
Ll- c1

*
u L l

end s  u .  5 l _

k
( 2 )  l e t l - ( ' o y i ) ) l  = l

I * I

( u * w o ) V r ) \  t
k

G ( I T  (
i-=i.

k s

!  l r t . n .  ( uy t ) l l  *Z le  ( r t "  ( ' , voz r ) ) \
'  

i = l  J - L

w h e r e  t h e  l a s t  s u m  i s  t a k e n  o v e r  a l l  s - t u p l e s  z j - , . . .  , z s a  S  
a n d

tSss.p.  The last  ineqr- ra l i ty  fo l lows by the def j "n i t ion of  Fo and
t - t

by the fact  that  any product  o f  the form (Tt -  (uVr) )  (woVa)x has

t - t  i =1

the  same ' [ race  as  woey t * (L  (uVr ) )e .
l - : r
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N

For  a  f i xed  s - tup le  ,7 , , . . . .  t zse  5 'o  we have the  fo rmula

q s  t - l -
(3 )  { - .  { *o r i )  

"o= | . .  
{ "n -  { ro*oEA,  n  Mj " i  )  

"o )  
)wo (eozaeo-

i = {  t = , 1  i = 1  
- - O  - - o  J

J t

-touo; 
n *.o ("r)uo, ,rJI*o (*"' j  ) ) eo+1 (*ouoEa6o Mo (zr)eo)

Apply ing the Cauchy-Schw arcz inequal i ty  we get  the est imate

t - t  s
(4J i  r  t  t r ,  ,*o",  )  )  (eozreo-uoEa; A *o (2.)  eo) 

is.u 
(woeo "

s  t -L
"  (  f i  ( w - e ^ E . ,  A  a R  k - , ) '  e ^ )  )  T I  ( w ^ z * )  )  I

j=r- r r  
uoeoEa;f l  Mo 1" l 'eo)  )  

#*u 
t*o '  j  )  )  I

s t-t
g ll *ort"o.Ja;n*o(r.).o l l , l t (r*oiw;o\nro(r.)eo)) (-TT' (*orr)) i l2

Since wo is  suppor ted on eo and t ,  uo lA *o(zr ) t l  S \1 .2 j \ l  ,

i t  fo l lows that

s t-t
(s )  i l  t  n  woeo\n*o( r j )eo) ) I r * " " r l l l r s ,Tuz i l l  )s l t  eoU,

j = t + t  " " ' b " - - o  j = t  -  - r  -  
I  J

T h u s ,  i f  w e  p u t  t o g e t h e r  1 l ) ,  1 A ) ,  ( 5 )  a n d  d e n o t e

K= ( max lt y tl ) P i then we have
y€Fo

s s
(6)  te t r f  ( ror j l l ls  xZ. l l "or t "o.o\n*o,r . , "o l l  z l i  eol l ,  +

s
* I 6(jg t -"\nro (rj)eo) [

'uo;A 
*u (2 ,  )  eo)  )  l=  I  c  t  { to" t "o-" .EAJ f t  *o  (2 . )eo)
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S i n c e  * o 6  A o  c o m m u t e s  w i t h  E A r n  
M  Q i )  ,  L s j S s ,  a n d  s i n c e

s  s  ( n  - | - t )  
' r o '  1 " o  J

* l=* "  '  and  s  (no+ l - )  r  ro ,  i t  fo l - lows by  (1 )  ,  (6 )  tha t

S -
( 7 )  \  r t  f - f  ( w ^ z : )  ) l  I  x N 7 / z  5  e  ( . o ) + f , e  ( e o )

j = f '  o  J  o '

Th i s  l - as t  i nequa l i t y .g i ves  the  des i red  es t ima te  fo r  t he

te r rns  o f  t he  sum in  the  r i gh t  hand  s ide  o f  (2 ) .  No t i ng  tha t  t he re

are at  most  pNp ter rns in  that  sum, i t  fo l lows by (Z)  and Lhe.

de f i n i t i on  o f  u  tha t

\  e ( - iT,  t , rovr l  I  I  s  a a(uxu) +pNp (xnt /2+l t t  e(wjwo)
k

i  _ J t
I ' -  I

Thus j - f  vre cn&e b =o that pmplxxt  /Z*t) !E t  then uo=urwo

s a t i s f i e s

k
\  = (Jo (uoy1) ) \  s €-c(u[un)

f o f  a n y  k - t r : p l e  y . - , . .  " , y p € $  ,  t s k s p "  T h u s  r o € ' 0 f  a n d ,  a s  w e  h a v e

seen, u.ol  u,  uolu.  Th. is contradicts the maximal i ty of  
] ] .  

Hence u
K

must  be  a  un i ta ry  e lement  in  A  and i t  sa t . i s f ies  \  
-a  

tJ i ,  (uy r ) ) l s  t .
i = t

f o r  a n y  k - i u p l e  o f  e l e r n e n t s  i n F ,  l s k { p .

I t  i s  now s t ra igh fonvard  to  cons t ruc t  the  sequence (u r . ) r rCA:
:

We  f i x  a  sequence  ( * r r ) r ,  
1 ,0  

CM,  w i th  *o=1 ,  dense  i n  M in  the

I i i lbert  norm t \  t l ,  and for each n denote by 3 '=pr" ,  I  r r isn,  Or:*"$.

By the f i rst  part  of  the proof there exists a uni tary element

u € A s u c h t h a ln

k
\ C ( T f  ( u , . y i ) ) \ <  2 - n

. i  - ,
I - I
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f o r  a r r y  l - 3k12n  and  any  k - tup le

f o l .  V -  =V-  ,  V ,  = \ /  \ /  = \ /r L  ' t  ,  ' 2  " 2  ,  r k - t  " k - t  '

"-4J n .  I n  p a r t i c u l a r

O - { j * n ,  w e  g e t

r  t  t t
J n l . r " " ' r - t k

r r  = \ r  v-  K+': l  K J

E

,

K

I  G t t n -  ( u , " v r ) ) x n ) l  *  2 - n ,  t s k 3 n ,  0 s j g n .
i  - d  J
r - J .

k
Since (  1T (u

i = t
unj . tary  e lemert ts)  ,

S -weak1y ,  f o r  any

\ r  ) 1
n " i " n

th.is

k t  t .

are un.iformly bounded in norm (bej-nq

impl ies that  they converge to  zera

lNoE qf. J:f_. raking v'=tr in the

a sequence of  un i tary  e lements (ur r )  
r ,  c

converge c-'weaky to zero for any k l
l - +

=  i  (u *v ) ' ' ) ^  a l - so  conve rge  6  *weak ly  to
n

Q . E .  D .

3. } ' INAL REMARKS

3.1 .  I t  i s  qu i te  c lea r  t ha t  t he  s tuc l y  o f  (max ima l )  abe l i an

*-subalgebras of  a  von Neurnann a lgebra M and of  the i r  j ,n ter re la*

t ions should be impor tant  in  order  to  understand bhe a lgebra M

i tse l f .  Th is  fact  seems even more ev ider t t  in  problems of  coho*

mologica l  nature on the a lgebra iv i ,  because cohomol .og ica l  problems

can in  genera l  be so lved for  the abel ian subal .geb:ras of  M (c f '  I : l

f  , r1  tcJ r  cn the whole prokr lem remains to  get  the compat i .b i l i ty
L = J ,  L - \ / '  u v

o f  t he  respec t i ve  so lu t i . ons ,  by  re laL ing  i n  some way  the  abe l - i an

subal .gebras.  Hor ,vever :  th is  idea has not .  yet  been proved t 'o  be so

usefu l .  The proof  o f  theorenr  I l  seems to us the f i rs t  succesfu l '

approach c l -ose Lo ch is  f . ine.

Q "  E "  D .

preceding lemma r  w€ obta j -n

v
A  s u c h  t h a t  (  ( u  v ) ' ' ), - n - ' . ' n

e , V

t .  i3ut  then (ur.v)  "=

z e r o ,
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312 ,  A  d i f f use  abe l j , an  suba lgeb ra  A  o f  M  can  be  rega rded

in t -wo ways:  as generat -ed by i t .s  pro ject ions or  by i ts  un i . tary

e lements.  The f  i rs t  po- t r : t  o f  v iew mearrs  that  we can ref  ine in-

c luct iveLy f in i te  par t i t ions of  Lhe uni ty  j -n  A so that  the corres-

pond ing  a lgeb ras  genera te  A  as  a  von  Neumann  a lgeb ra .  Th i . s  j - s  i '

l i ke  rega rd ing  the  Bore l$ -a lgeb ra  o f  t he  i n te rva l  LO,aJ  as  be ing
p  1 -  k + 1 .

gener'ated by t le diadic intervals \ \  ,  ] :-:-f .) ,  ot equivalentty
*  

? , "  2 t '

t a k i n g  a  H a a r  s y s t e m  i n  L *  (  l o , t l  ,  \ ) ,  w h e r e  \  i =  t h e  L e b e s g u e

mea.sure.  The second point  o f  v iew means that  we regard A as being

i s o m o r p h i c  w i t h  L *  ( T , n ) .  T f  u G A  i s  b h e  u n i t a r y  e f e m e n t

corresponcl i r rg  to  the ident i ty  funct ion on T,  then u generates A

aS a Von Neumann a lgebra in  a very n ice i f  d !  r  aS Four j .er  ser ies

in u.  The f i rs t  po int  o f  v j -e lv  proved to be usefu l  in  manv s i tua-

t i ons :  see  fo r  examp le  [Z l  o r  even  the  p roo f  o f  2 .L  i n  t h j . s  paper .

The proof of theorem B shovis that tLre second point of vlevr may

a l s o  b e  o f  i n t e r e s t .

3 .3 "  Dur ing  the ,p roo f  o f  t heo rem B  we  avo ided  to  use  the

genera1  : : esu l - t  i n  [ { ,  t ha t  a  de r - i - va t i on  t t r ' { - a  p ' (  K ) ,  w l i e re

M C F() r ( )  - i -s  a  von Neumann a lgebr :a,  is  automat ica l ly  S -v 'zeakly

cont inuous.  However  th is  resul l :  : i ^s  fu l ly  used by Johnson and

Prarrot t  v i i ren so lv ing the non iL t  cases and a lso by us in  prov ing

t h e  c o n t i n u i t l '  r e s u l t  4 . 1 .  ( [ 8 1 )  .

3 . 4 .  A f t e r  E . C h r i s t e n s e n ' s  s o l u t i o n  t o  t h e  c o h o m o l o g y

p r o b l . e m  H t  ( M , K ( 1 \ )  ) = O  f o r  I r t  f a c t o r s  j - n  s t a n d a r d  f o r m  ( t { ) ,  i t

wa.s probrably noted by many people that the statements of theorems

A and  B  (o r  equ iva len t l y  n rope r t i es  (P f )  and  (PZ)  i n  l a l l  a re
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actual ly  equiva lent  in  genera l .  The argument  is  t "he same as the

one - ! -^ /e  g j .ve at  the end of  the proof  o f  theorem B,  when we get  the

genera l  case  f rom the  case  when  M ac ts  s tandard l y  on  X  "

F l

In  L4 j  Johnson and Parrot t  a lso obta j -ned some other  in te- -

rest ing resul ts  re la ted to  theorems A and B.  They provecl  these

resul ts  for  von Neumann a lgebr :as sat is fy ing the s tatements of

these theorems.  Since we now know that  a l l  von Neumann a lgebras

sa t i s f y  t hem,  i t  wo r th  men t ion ing  these  co ro l l a r i es .  The  p roo f

o f  t he  f i r s t  one  i s  a  t r i v i a l  consequence  o f  t heo rem A .  The  p roo f

o f  t he  nex t  two  can  be  found  by  the  i n te res ted  reader  i n  [ a l .

3 .s .  go_*o . . t lAR l .  Le r  n  : t s ( t )  *  )b (K ) /  3 ( ( \ ( )  be  Lhe  quor ien r

map in to  the  Ca lk in  a lgeb ra .  f f  M  c8 ( \ ( )  i s  a  von  Neumann  a lgeh ra

then the co inmutant  o f  r r ( ta)  in  \&(X) /R(X )  is  the . image by ' l1 .  o f

the  commutanL  o f  M  in  Tb (X  ) .  I n  pa r t i cu la r  t he  b i commuta r r t  o f

T  (M)  i n  b  (  { )  /  T ( (X  )  equa ls  r r (14 )

3 .6 .  COROLLARY.  Le t , M  c  t s (K )  be  a  von  Neumann  a igeb ra  a r rd

der ivat ion.  Then t  =ad r  for  some5 :M+ 1t( K ) -__> irl +6( 5{ 1 a.

T € , M + I ! T ' + X ( K ) .

1 9

3.7 .  t rS I *3 I .  Le t  Mc 8(K )  be  a  von Neumann a lgebra  in

standard form and U € b( N. )  a uni tary operator wi th U (M+ :} t (K )  )

= M *  J ( ( ' 1 ,  ) .  T h e n  U  c a n  b e  s p l i t t e d  a s  U = U ' U ,  v r h e r e  u | , u 2 €  B ( X - )

are  un i ta ry  opera tors  such tha t  UrMUf ;=M,  U2 ' Id , l ( (  K) .



4. APP"fINDl.X

I n  t h i s  sec t i cn  we

into the compacts ( [B] ) .

prove a cont inu i ty  resul t  for  der ivat ions

4 . f  "  T I {EOREM.  Le t  M  be a { :ype I I f  fact .or  act ing on a Hi lber t

space } t  Le t  S :M - -+X(  K)  be  a  der iva t ion .  Ther r  E  is  cont . inuous

from the uni t  bal l  of  M wj. th the strong operator topology t .o

X(  ! ( )  v r i th  the  norn i  topo logy .

3I9.9g. Nt: te f i rst  that  by [e] ,  t  is  norm cont inuor:s anc by

I : l  iL  i s  e i -weak ly  cont inuous .  s j -nce  M is  a  fac to r  i t  has  a

u n i q u e  t r a c e  A ,  6 ( 1 ) = i  a n d  w e  d e n o t e  a s  i n  s e c t i o n  1 b y  t t  l l  z
the norm rrrrplernented by ' t ,  s ince i t  l tz  induces the stror ig ope--

rator topo-]"ogy on the uni t  bal l  of  Mr wG have to show t t rat  i f

(*rr)* is a bounded seguence in r, 'r wj-th l i xn l l z 
-* 0 then

l l  b  (xn)  l l  - '+ '0 .  r t  i s  c lear  tha t  we on ly  neec  to  p rove th is  im-

p l i -ca t ion  j .n  the  case t '  a re  se l fad jo j .n t  e lements"  Moreover ,  s ince

tt  1*nl  l t r= l l  xru l lz ,  i t  fo l ro ls drar i f  l l  xrr l l  2 
-+ 0 rhen

l \  (xr . )+ [  Z 
.*> 0 and l [  (x, . )_ l l  2 

. -*p 0,  so that i t .  is  suf  f ic . ient  to

prove ' t i iat  i f  xne M are posi t ive el .ements and l l  * r ,  l l  2 
--+ 0 (equi-

va len t ly  = ( * , - . , . )  *+  0 )  thgn l t  b (xn)  t l  *+  o"  Le t ' s  f i r s t  p . rove

th is  in  case * r ,  a re  p ro jec t ions  in  M"  suppose th is  i s  fa lse ,  so

tha t  lhere  ex j -s ts  a  sequence o f  p r :o jec t ions  ( f r ) r ,  in  M w i th

a( fn )  *p  0  and n  St f r r i t l  ?  c )0  fo r  a t - l  n .  By  tak ing  a  sub*

sequence j - f  necessary ,  we may assume Z1b, t f r r )a  *  Le t  gn  be

the suprij; i i i lm of the pro j ections (ft ) l* e ,, 
. Then G (gn B Z_ c( fk )

K i n
tenc ls  to  ?: ;u , - i  w i th  n.  Let  sn*  be Lhe suppor t  o f  f *9r r f *  .  Then

"n*  
i f *  4 . , ' ; . i  

" * *  
i =  ma ;o r i seC by  gn  so  tha l  t ( snm)S€(gn )  - - - * '  0 ,

f o r  each  j - i xed  m.  Moreove r  s ince  gn  i s  d i c reas ing ,  f *g r r f *  i =



d ic reas ing  i n  n ,  
' so  

tha t

increases to  f *  so that

and so,  by the j -n f  er ior

enough we have

*rrrn iu dicreasing in n,  Thus ( f*-"r ,*)r ,

f  , ^'o  ( f*-srrrn) 1s weakly convergent to t  ( fm)

semicont inu j - ty  o f  the  norm,  fo r  n  b ig

ti tr tr*-srr*) t\ ? c/2

We may thus get  by induct ion 0n increasing seq{rence of

i n tege rs  f l r rn2 r . . .  such  tha t  t he  p ro iec t i ons  n *= tn ( , - " r - rU* r , *U

s a t i s f y  \ \ 5 ( h k ) t t  I  c / 2 .  T h e s e  p r o j e c t j - o n s  a l s o  i ; a t j - s f y  c  { h O ) s

S G(f^  )  - - - *  0 .  Iv loreover  a s imple inspect ion of  { :he def in i t ions
I l r

K

show tha t  (hk )k  a re  mu tua l l y  o r thogona l  p ro jec t i ons .  By  i a ]  t h i s

i s  a  con t , rad i c t i on .

Let  now (* r r ) r ,  be posi t ive e lements in  M wi th  t l  xn l t  g  1 and

(xn)  -* r  0 .  Let  xr r= Z-z-^n i  o*  the d iad ic  decornposj - t ion of  xn"
"  n t l  " "

r t  f o l l ows  tha t  f i e f f l  - ; - *  0  fo r  each  mx  t .  Le t  a>
-m

tha t  2  o  <  e /Z l iE l t  Then  by  the  f i r s t  pa r t  o f  t he

exists *o subrr rhar for n Lno , l t  *teff l  t t  
< 8/2 for

Thus, for n : no we get 11 f, (xrr) l i  1 L3-^ l \  t(ei l) l l  +Jr 
rn= t

t  t /2+  E, /Z=L .

0  and  mo l .  1  so

i:roof there

. - . r * i -
" '  -  " 'o '

u[it fl z-^t
mlmo

Q .  E .  D .
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