
TNSTTTUTUL INSTITUTUL NATIONAL
DE PENTRU CREATIE

MATEMATCA $rllNTlncA $l TEHNICA

r $ $ i l  0 2 5 0  3 6 3 8

ON THE THERMODYNAI'TICS OF TI{IRD CRDER

AND THiRD GRADE FLUIDS

by

ViCtOT TIGOIU
I

PREPRINT SERIES IN MATHEMATICS

N o . 6 9  / L 9 8 4

BUCURE$Tl

t t / ^ - t  9 r /  a ? q





ON TTIE TTIERI{ODYI{AMTCS O]N TI]IRD ORDER

AND THIRD GRADE FLUTDS

by

V i c t o r  T I G O T U * )

0 e - c e . n t b o t t  1 9  8 4

\ .
*' 0zytcuttmcn.t oI Lktt.hcnrttLe.t, Ncti-Lc:nctL 

'!.tt,st-Ltute- 
[crt ScienLL(ic cun"A Techn"tcaL

Ctteu.t Lltr,  Bd.Pacii  220, 7I622 Bttr: lru,te.tt ,  RctrnawLa.





ON THE THERMODYNAMTCS OF THIRD ORDER

AND THTRD GRADE FLUTDS

by

V ic to r  T fcOfU

O. INTRODUCTION

fn  th is  paper  we deduce the complete thermodynamics rest r ic-

t ions whic i r  can be obta ined f rom the Clausi ,us-Duhem inequal i ty  for

th i rd  order  and th i rd  grar le  f lu lds wi thout  the suppl .ementary hy-

po thes i s  used  by  Fosd ick  and  Ra jasopa l  i n  IS ]  
(wh ich  conce rns  to

the  ex j - s tence  o f  an  abso lu te  m in imurn  on  equ i l i b r i um s ta tes ,  f . o r

the  f ree  ene rgy ) .  Due  to  th l s  hypo thes i s  the  s t ress  response

funct j -on of  th i rd  grad.e . f lu ic l  does not  der :end on the th i rd  Riv l in-

-Er ickseu tensor  Ar .  On the other  ha.nd,  FS rnre have observed in

Sec t i on  1 ,  t he  d i ss ipa t . i on  func t i on  can  a t ta in  h i s  max imum on

processes which are d i f ferent  f rorn equi l - ibr ium (by equi l ibr i r . r rn

we  unders tand  as  i n  [ t , g ]  l oca l l y  a t  res t )  and  fo l  t ha t  we  have

considered that  i t  is  more su i - tab le that  we don' t  make use of  t i re

above ment ioned hypothesis .

rn the f i rs t  sect ion vre obta i "n genera l  thermodynamics res-

t r j -c t ions (more complete than those obta j -ned in  [2 ,  g ]  )  on the

c lass of  non-Nevr tonian th i rd  order  f lu ids and we annaJ-yse the

i t  "behavj -our  of  response funct ions at  equi l ibr lum. rn par t . icu lar  we



obser\re that the heat f lux must vanishebl on each process i f  the

temperature gradient  vanishes.  These rest r ic t  j .ons are usecl  j -n  t t re

second sect ion wi ren we decl .uce the heat  propaga'L ion equat ion in

the nei -ghbourho,r r l  o f  the equi l ibr j -um s ' ta tes.  Here we prove that

the thermal  conduct iv i ty  tensor  is  symmetr ic  and non-negat ive

d e f i n i t e .

.  I n  t he  th i rd  sec t i on  we  ob ta i -n  cons t i t u t i ve  res t r i c t i ons

for thj-rd grade f luids, which pre-serve the fundamental. characte::

o f  th- i -s  subclass of  th i rd  order  f  lu ids.  As a consequence of  t f re

res idua l  d i ss ipa t i on  i nequa l i t y  and  o f  cons t i t u t i ve  res t r i c t i ons

in the four th sect ion we can construct  L .he c lass of  funct i -ons

vihich can be chosen as f- 'ree energv- for lhese f - l- ir ic1s. Mo::eover

we obta in an - in terest ing i -n terpretat ion for  the normal  s 'Lress

coef  f j .c ient  t l .  I  and the comple i :e  descr ip t ion of  the f ree energy

whj-chr  or ' l  v iscometr ic  f lows,  is  a  l inear  funct ion of  t . rA?, ,
I

1" Ti{ERMODYNAI{ICS OF THIRD ORDER TLUTDS

l { -e  shal l  keep,  in  th is  paper ,  the def in j . t ions g iven in

i_ l ,2J for  a  genera l  t i ' r 'ermodynamics theory.  That  is ,  we shal l

ident i fy  the mater ia l  nar t ic le  X of  a  body g wj - th  the posi t i .on

X 6 € -  w h i c h  i s  o c c u p i e d  b y  t h i s  p a r L i c l e  i n  a  f i x e d  r e f e r e n c e

^ ?
c o n f i g u . r a t i o n  B € € ' .  w e  s h a l l  c l e n o t e  b y " t l ' t h e  v e c t o r  s p a c e

.  t r ? 3
attacnecl to i . ,

Let

( 1 "  1 ) x =  X  ( x ,  t )

t he  no t i on  o f  t he  bodyS ;  then  l v j - t h  t he  c lass i ca l  de f i n i t i ons

we shai l  harre for  the d.eforma. t ion gradient  and.  the ve l -oc i ty

gracl ient assocj.ated v,r.t-t-h th.e rnc-rt ion X t



3
' r '  

:  i , t

( 1 . 2 ) I  
r  (x '  t)  =Grad x

l l  t " ,  t )  =grad |=grad v

and

1 r . 3 )  l = F r - r

whenever  F is  non-s ingular  (and we shal1 preserve th is  assump-

t ion a l lways j -n  th is  paper)

A  t h e r m o k i n e t i c . p r o c e s s  w i l l  b e  t h e  p a i r  ( X ( X , t )  , g ( X , t )  )

wherg 0: BxR ---+R* is the absolute temperature of the body T! .

A thermodynamic process for the body f* wil l  be the fol j-owing

col lect ion of  
. .e ight  

funct ions def  ined on BxR:

-  ( x ( x , t )  , 9  ( x , t )  , T  ( x  , t )  , t ( x , r )  , 1 $ , t )  , J  ( x , t )  , b  ( x , t )  , r  ( x , t )  )  ,

(where T is  the Cauchy st ress tensor ,  8 .  - the specj - f  j -c  in ternal

ene rgy  pe r  un i t  mass ,  J  
- t he  spec i f i c  en t ropy  pe r  un i t  mass

1 - the  hea t  f l ux ;  b - t i r e  spec i f , i c  body  fo rces  pe r  un i t  mass .

r - t he  rad ian t  hea t i ng  pe r  un i t  mass ) ,  i f  t he  ba lance  l aws  o f

momentum and energy and the c lass ica l  Claus ius-Duhem inequal j - ty

a r e  s a t i s f i e d .

When suf f ic ient  smoothness is  assumed and when rve take in to

account  the conservat ion of  mass

( r . 4 )  
9 o ( x ) = $ ( X , t )  d e t  F ( x , t )  ,

where $ o is  a  pos i t ive funct lon q iven once and for  ar l  a l lonq

wi th the body "8,  the loca1 equat ions of  ba lance of  l inear  momentum

and energy are:

( 1 . 5 )  3  V = d i v  r +  g  b

( 1 "  6 )  3 L  = t . L - d i v  q +  f  r .



fn t l :e same

i .ne rgua l i t y  i s :

t irne Lhe local form of the Clausius-Duhem

( 1 . 7 )

where

( 1 . 8 )

e  ( Y
t

+'n I
t ) - r . L - f  ( l / C I ) q . g r a d O  S  o

we have in t roduced the Helmhol tz  speci f ic  f ree ener :gy

^ t , = y ( X r t ) , - e - S n [

Further  on a par t icu lar  c lass of  f lu ids,  namely the

homogeneous  and  i ncompress ib le  th i rd  o rde r  f l u ids ,  w i l l  be  con -

s id.erec l .  For  t .h i .s  lc ind of  mater ia ls  det  F=l  ( t r  L=0)

we shal l -  c lenote b1r  L ino ( l f ,U)  the space of  a l l  l inear

and t r :aceless Lransformat lons f rom t [  in to V and by

r .a.  - .  f -  .  r r? .* ,  " l  3 \ ! -  - - .  ,  .
i i )  - * - l i , : ,no (U,U)J "xR*x U .  wi th  these notat ions the above ment io led

c l .ass  o f  f l u i ds  i s  cha rac te r i zed  b r r  t he  ex i - s tence  o f  t he

fc l l ow ing  response  fonc t i ons

( 1 " 9 )

i n  t e r m s ' o f  w

( r . t . 0 )

T ( x , t ) = F ( L , 1 , ' i , S , 9 )
* t r l i

€ ( x r t ) = l ( L , L r L , S r 9 )
H _ a a a A ,

t ( * , i : )  
= { ( L , L , L ,  S r g )

q ( x , t ) = { ( L t r " , L t  r g )  ,
t

and where we l:ave denoted b1z Slj.r i ( if , l f l) the space of all symmetric

transformat ions f rom V into V and by gaorad t}  .  We shal l  $uppose

that al l  th is furrct ions are 
"orr t in,rousLy 

cl . i f , ferent iable.

\  n ,
l r y
i  c t
{ n

I  1 '
l *

L v
h i c h :



Accord ing to  the ef fect j -ve pr inc ip le  of  determin isme )

l r , U r 4 ] ,  w e  s h a l l  s a y  t h a t :  t h e  m a L e r i a l  r e s p o n s e  f o n c t i o n s  q i . v e n

by  (1 .10 ) ' a re  compa t i -b le  w i th  the rmodynamics  i f  f o r  any  the rmo-

k j -ne t i c  p rocess  (X rS)  the  e igh t  f unc t i ons  (K ,0  ,  t  r \ r  T ,  
? , r , b )  

a re

a thermodynamic process (because t r l ,=0,  p  dose not  appear  in

( r . 7 ) ) .  B y  c o n s e q u e n c e  t h e  r e s p o n s e  f u n c t i o n s  ( 1 . 1 0 )  w i l l  b e

compat i -b le  wi th  thermodynamics i f  they wi l l  ver i fy  the inequal i -

t y  ( 1 . 7 )  f o r  a n y  t h e r m o k i n e t i c  p r o c e s s :

( r .  r l )

N

where t

( 1 . 1 2 )

1- f r ' 1a9 Ie 'a  s
eS tT +;1o

i s  g lven by

4 tru) = -  o1 ( l t )

for  the ca lcu lus

cna ln  ru re  L  5 ]

. i * { i . r , * 4 rb

? tul

+ Y  . 6
g -

= { " .1*  { i

;.
of  "9 we annlv  a r :ar t icu larfo r  any  Me$and  where

case of  the Mizel -Wanq

( 1 . 1 3 ) ri.,
I

Concern ing  the  res t r i c t , i ons  fo r  t he  respons  func t i o t r s  (1 .10 )

tha t  we .wan t  t o  ob ta in r  w€  a re  i n te res ted  i n  f i nd ing  a  mo t ion  X

a n d  a  t e m p e r a t u r e  f i e l d  I  f o r  w h i c h  L , L , i , ' ; r $ , 0 , g , |  m a y  b e

a rb i t ra ry  chosen ,  t ha t  i s :

LEql lS_l . .  1 .  Let  two arb i t rary  rea l  numbers 0^,b:  ,0 , . ,  >  0.
\ J \ J V

.  n r
Le t  go ,  S i  eU  a rb i t ra ry  and  Lo ,  L l ,  L ; ,  t J '  €  L ino  (b ,U)  a rb i t ra ry .

Then,  there ex is ts  a mot ion X and a tenrperature f ie ld  I  suc l t  that

i f  X  i s  a  f i xed  pa r t i c l e  and  t  a  f i xed  t i -me :



( r . 1 4 )

6 -

srad 0 (x, r; =eo , f;;il0Jil?) =gl ,

w h e r : e  x = x , ( X 7 t ) .

3S.9I .  For the proof we f i rst  observe that i t  is  suf f ic ient

to  cons t ruc t  a  ve loc l ty  f ie ld  v  w i th  the  proper t ies  (1 . f4 ) : - ;
L  t ' t

Then ,  because

x=  x  ( x ,  t )

and

Y =  X  ( x r a )

and on the othe::  hand:

v ( y , a ) : L  X , . G , 4  )  |
u b  L

we sha l l  ob ta in  the  fo l l ow ing  p rob lem:

f f  v  is  a  L ipschi tz  funct ion then th is  problem has a unique

sel t r . t ion.

The  cons t ruc t i on  o f  t he  f i e ld  v ( ) r ra )  i s  s tandard  and  fo r

t ,hat  we shal" I  remember only  that  i f  we cons" ider

( 1 . 1 5 ) I${ 
= v(v'€)

I  v  ( t )=x



7 -

( 1 .16 )  v ( y ,a )=v (x , t )+ f r v ( x , t ) f y - x l+ f t v ( x , t )  ( s - t )+

-h 
#" 

(x, t) [o-*,v-xJ .t i  
*v 

(x, t) (6-t) [y-x] +

.*  #"(x, t )  
(s- t )  'z .T+C: 

y (* , t )  (6-t)  2gv-x1+

.  ^ 3  '  , ^ 3

t+ t'{ v(x,t)f,y-x,y-x,y-*l+ h *;"(x,t) (G-t)[v-x,v-xJ
J:  'dy,  r r -  -  4  - ) ,  ?6 'd)r ,

+ *"(x,t)[y-x 
,y-x,y-x,]-*l* 

#"(x,t) 
(E-ti 3[v-*J

then a s imple funct ional  ca lcu lus shows us that  the gradient

a t tached  f i e ld  i s :

r  \ 2
(1 .17)  L(y- ,s) f *J  =to  (x , t ) t * l *h  .#U-*(x , t )  (s - t ) [ *J ' *

+fy-x,w, y-xl +lv-x, o-*,ril 1 5l r*-. ff-=" tx, t )l tw, v-*J + fo-*, ti "

qf tr-tl 'g-" tx,t)[wJ5f *" tx,t)i f*ov-*,v-x,v-xJ" . . .4r :  
te" ly  

-  -  + ,  Dt '  Ls

r -  r J. . .+Ly-xfy-x,y-x,wj 
J

and where we have denoted LoE Lo (x ,  t )= 
*"  

(x ,  t )

f h e  f o r m u ] . a s  ( 1 . 1 6 ) ,  ( 1 . 1 " 7 )  g i v e  a i *  r e s p o n s e  t o  t h e  f i r s t

pa r t  o f  t he  p rob lem.  i



In  the same wayr the f ie l "d

( 1 . r 8 )

s a t i s f y  t h e  p r o p e r t i e s  ( 1 . 1 4 ) E ; E  i f  w e  p u t

_ 5

0 ;  =  f t O t x , t )  + s o ' v  ( x , t )

( r .  1 . 9  )
- s 2 ^ ar . r t  - g -A /x ,  t )  + *g^  ( x ,  t  )  [ v  ( x ,  t ) ]'o  $y?s""  c , ,Y -o

wh ich  comp le te  the  p roo fs

I t  ls  a  very s imple fact  to  observe that

s t ruct j -on permi tes an arb i t rary  choise,  in  the

the temporal  der i ivat ives and f ,or  the qradients

and.  of  the temperature f ie ld ,  Wi th th is  r^ le  can

of .  a  Coleman theorem concern ing the necessary,

cond i t i ons  i n  wh ich  the  response  fonc t i ons  (1 .

t ib le  wi th  thermodvnamics.

( 1 . 2 0 )

( 1 . 2 1 )

the above con-

p o i n t  ( x r t )  ,  f o r

of  the mot ion

give the proof

and  su f f i c i en t

10)  are compa-

' )

compatl) l_ leT H E O R B M  1 . 1 .  T h e r e s p o n s e  f u n c t i o n s  ( r . 1 0 )  a r e

with thermodynanLj-cs i f  and only i f

Y  ( x r t ) = t ( L r L r $ )  r

^ , _  :  - .  +  t .  . -

1 
(x  ,  { r )  =  

i  (L ,  L ,0  )  = ' -  ̂fe(L,  L ,o)

t h e  r e s p o n s e  f u n c t i o n s  r y (  . , . , . ) ,  6 ( . ,  . , . , . , . )

such tha t  the  d iss ipa t ion  i r tequa l i t y

and

are

a n a  { ( . ,

' g  s  0

"  , . .  , .  r . )
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holds for every thermokinetic process, where l,{ e'CI.

PROOI ' .  We shal I  choose a thermokinet ic  process which

v e r i f y  t h e  c o n d i t i o n s  o f  L e m m a  I . 1 .  T h e n  w i t h  { 1 . 1 5 )  a n d  ( 1 " 1 8 )

we can apply  the chaj -n ru le  and we obta in:

l r v  t  h r  t w  h ,  l V(L.23, g i ,S" 
(Mo) r,to+Vi (Mo) .1,;+{; (Mo) 'r, ; '+d"(Mo) . eL*ffg(Mo) el i  n

*? i, (Mo)o;-fr rruo) .r,o+-|ofi (Mo) .eo { 0 ,

w h e r e  M o  =  ( L o r t ; , L i , $ o , g o )  ,  w h l c h  m u s t  h o l d  f o r  a l l

( L o , t ; , L ; , L ; '  , 0 o ,  g [ , V o , g ; )  .  M o r e o v e r  L l '  , e l , g 6  a p p e a r  o n l y  l i n e a r -

l y  and  hence  (1 .23 )  i s  equ iva len t  t o

a\a F, P( 1 . 2 4 )  ' Q i ( M o ) . r J ' *  o  r  + o ( M o ) . g 6 = 0 ;  g  ( { t * o ) + i t m o )  ) 0 i  x o

(1.25)  
3s"  

(Mo)  . " ; *s  
i (Mo)  

.L ; -6  (Mo)  . r ,o+6q(Mo)  so(  0
S o v r J

l

f o r  a l t  L o , L 6 , " ; , " ; ' 6 . L i n o ( t I , V ) ,  S o ) 0 ,  & ;  € R  a n d  9 o , v i e u .

T h u s  ( 1 . 2 0 ) ,  ( 1 . 2 1 )  a n d  ( I . 2 2 )  n e c e s s a r i l y  f o l l o w  f r o m

Q . 2 4 )  a n d  ( 1 . 2 5 ) .  T h e  p r o o f  o f  t h e  s u f f i c i e n c y  i s  i m i n e d i a t e f f i

I t  i s  n o t  s u r p r i s i n g  t h a t  f r o m  ( 1 . 2 4 ) 1  i t  r e s u l t  t h a t

' ' !  
Ie  ca lcu lus shows that  for  such func-T  g ( i v t o ) E  0 r .  b e c a u s e  a  s i m p l e  c a l c u l u s  s i

t i ons  the  res t r i c t i on  o f  t he  de r i va t i ve  on  L in (U ,U)  to  the

subspace  L ino ( f t rU )  co inc lde  w i th  the  de r i va t i ve  on  L ino (y , f . f )  .

The  resu l t s  ob ta ined  i n  Lemma 1 . I  and  i n  Theorem I .1  a re

s im i l a r  w i th  those  g i . ven  i r ,  [ 7 ,8 )  bu t  w i th  some spec i f i c  i n te r -

pretat iong that  are necessary in  the remainder  of  the paper .



1 n

REMARK.  I f  we denote

( 1 . 2 5 ) [ '  (M) =E,I l 'L (M) ' inq r i i  ( l ' ' l )  'L*f f  t ' t t l  ' l+]6 (M) " s

we obse rve  tha t  t he  reduced  c l i ss ipa t i on  i nequa l i t y  ( I  ' 22  )  imp l i es

thai  the funct ion f r  be nonposi t ive over  &)  .  A lso we see that  in

e q u i l i b r i u m  p o i n t s  ( t h a t  i s  i n  M . : .  ( 0 r 0 , 0 , $ " r 0 ) ;  a  m o r e  p : : e c i s e

te rm wou ld  be : l oca l l y  a t  res t )  f  (M" )=0 .  However  we  obse rve  tha t

in  the points  u i : r  (0  ,  0  , io  ,so ,  0  )  t r re  inequal i ty  ( I '  .22 )  reduces to  :

( r  . 2 7  ) t ( o , o , 0 o )  
' i o * o

I f  v re subst i tu te , ,o*  i^  wi th  n. i^  a .nd employ the def in i t ion
o ( J

of  t :he c le : r : ivaLive of  '8  in  re la t ion wi th  L t t t  shal1 see that

(L "2 -D  t s  sa t l s f i ed  w i th  equa l i t y  and  more ,  t ha t '  t he  dev ia lo r  o f

h  ^  * r  f l  / r r t \ - n  ^ . ^ l^ f  ,  r n - o - F )  )  i s  n u 1  f o r  a l " I  S  - .  T h e n  f ' ( U l ) = O  a n d  s o  f  a t t a i n s
t  

f , \ v  
t v  t ' / O l  L o  r r u r  " '  O '  O '

h is  max imum in  two  d j . f f e ren t -  p rocesses4 ]

Tn the paper  of  Dunn and i r "osk icr r  tzJ i t  is  proved that

fo r ,n r : r rew t , : n i "an  f l u ids  o f  o rde r  two  th .e  po i -n t - s  (0 rLo r t l o r0 )  a re

stat i .onary poi l ts  for  the f ree energy ( that  means for  t l : r j ' s  c lass

o f  f t u i c l s  t h a t  4  r , ( 0 ) 1 3 ; = g  a n d l ' t ' L L ( 0 , 0 ) f A , a ] = t ( 0 , A , 0 , 0 ) ' A )  '  w e

sha . l l  o$ ta i r l  any  resu l t s  o f  t h i s  t ype  fo r  f  l u i ds  o f  t h i rd ' ' o rde r '

r q

C O R O L I ' h R Y  1 . 1 .

nary points  for  the

T h e  n o i n t s  M ' € - S a r e  n e c e s s a r i l y  s ' L a t i o -- -o - "  -

f ree  ene rgy .

d i  f f e ren t i ab  l e

a  max imum ( toca1 )

PRooF.  suppos ing  q  tw ice  conL iuuous ly

we obse rve  thaL  the  cond i t i on  tha t '  U ie$  fe

:.
f o r  I "  i s  equ iva len t  w i th

^  d f  r
"  d s l( 1 . 2 8 )

s = 0



1 1

and

o 2 iu
( 1 . 2 e )  0 ; -  + l

J r . . . ? , ' - A
u  i l  t 1 * * t r

I f  we  pe r fo rm the  ca l cu lus  i n  t he  r i gh t  hand  s ides  o f

(1 .28 )  and  ( I "29 )  we  sha l - . 1 -  o } : "ba in  i n  a  s tandard  way  the  fo l l ow ing

necessa ry  cond i t i ons

( 1 . 3 0 )

4 " ( 0 , 0 , { * o ) = o
' Y . ( 0 . 0 . S  ) = 0

L '  o -

Q t t  (0 ,0 ,  no)  i i , r l  =o

e "Y - :  (0 ,0 ,  $ r  Tr ,  . i ,  I  * ' f i  t ru '
, t  L ) J J  o '  L - I  ' u o l s  r  \ 1 ' r o )  

' L r

",1, ^ A,  
i g  

( 0 , 0 ,  9 o )  = o

E  ( u ' ) = o
o

which ,  in  par t i cu la r ,  g ives  the  proo f  o f  the  coro l la rygg

C.qtsql l4,RY*r;1?" The points M-e $ are necessar i ly  stat i -onary

po in ts  fo r  the  f ree  energy .

Bqqg l '  .  Rema ind ing  tha t  f  (M . )=0 ,  t he  p roo f  o f  t he  s ta t " i ona*
g

r i ty  proper ty  is  s imi lar  wi th  those per formed in  the Coro l lary

1 .1 .  The  res t r i c t i ons  tha t  we  sha l l  ob ta in  by  an  app rop r ia te

u s e  o f  c o n d i t i o n s  ( I . 2 8 ) ,  ( L . 2 9 )  i n  t h e  p o i n t  M o  a r e :

\ + J  / n  n  A  ) = o
o  

L t " r v r v o t

Y  
|  

( 0 , 0 , 6 o )  = 0

i i  r *  \ . r .  = oi  . - t  (v)  Lr  6 Lin ( 'U, ] f  )

I tr"i") =o

( 1 . 3 1 )
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which in part icular qives the proof of  the corol lary and more-

over i t  resul . ts that  on the equi l i i r r ium states the pressu.re

tensor  i s  hydros ta t . i c  G

.  By  emplo ing  the  re la t ion  (L .29)  we can ob ta in  any  use fu l

supplementary restr ict ions on second Cerj-vat ives s1 S ana f i rst

der iva t ives  oe  S.

( . , 1 ,  t ^ n  r r  r { - r  - ' l - n
i  3  *  T , T , ( u , 0 , $ o ) f a , e l = o( 1 . 3 2 )  
i  ^ " "
I  q  Y , ,  ( o , o , o o )  [ a , n J  = T L  ( M e l i e , e ]
L . L L ( ) !

f o r  a l l  A , B  €  L i n o  { $ r U )  ,

' , t

{  s . ' i r ' ( 9  ' o  '  oo ) [ a ' a i  { o
( I " 3 3 )  I

| ;" (r, i*) [e,al > o

fo r  a t l  A  6 .  t , ino$ ,U)  "

as 4 f ras neur,  supposed twice cont inuously di f ferent iable

w e  c a n  c o n c l u c l e  f r o m  ( 1 . 3 3 ) 1  a n d  ( I . 3 5 ) l  t h a t

REMARK 1 .1 .  The  conc fus ions  o f  t hese  two  co ro l l a r i es  a re

( r .34)  f r i l (M* l f la ,a l  6  o

f o r  a l f  Ae l , i no ( ' $ ,T )w

in  the  sense  o f

e lse about  the

the  p ro jec t i ons

R E I ' I A R K  I . 2 .

the Coro l lary  r  f rom $ 3 of  I  Z l  .  We cannot  say

mechanica l  power than i t  is  in fer ior  b6uncled by
r \  z\  |  . t

o f  q Y  ,  a n d q Y ;  r e s p e c t i v e l y  o n  L  a n d  L .
) L J l f ,

The  bomp le t . , se t  p f  necessa ry  and ' su f f i c i en t

ex i s tence  o f  a  l oca l  max imurh  fo r 'F  i n  M"e f i  i s :condi t ions for  the
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[ "  (u^)=o

l"* (t't*) =o

( r  "  J 3 , l

fo r  a1 I  ye1 I ,  Ae l , ino  (U,Y)  ,

M o r e o v e r ,  f r o m  ( 1 . 2 0 )

tha t  the  spec i f i c  in te rna l

( 1 . 3 7 ) e  ( x , r ) : i t u l ; ? t r , L , s ) - *  & *  ( L , L , s )  s  ? ( r - , i , g )

T
f \ 1  = !+L

I

{

L

. 1 " 1

[ '  , ( M - ) L i " I , M J  €  0
t  t t "
II

f  z  (M. )  {m,uJ  
2* f *z ( } le )  

lM,u} . i ' *z  (uu)  [n ,N I

f o r  a l l  M , U e S .  I f  w e  p e r f o r m e  t h e  c a l c u l u s

to the ca lcu lus per formed j -n  the Coro l lary

any supplementary rest r ic t j -on on response

( r . 3 6 )

6u{u" )  =0 .

6i (M*) =o

dn tmo) [v ,vJ s o

Lx rrr,r t f n1 . ..,=frn trq" ) [y] . a
$ o = L ' - ' e ' L - - r  

r

4* "  (o ,  o ,  oo )  = t * ;  t o ,o ,  %)  =o

.  I f  w e .  u s e  t h e  p r i n c i p l e  o f  f r a m e  i n d i f f e r e n c e  f t , O  , 7 , 8 ) ,

we  can  b rea f i l y  conc lud .e  tha t  t he  response  func t i ons  can  depend

on  the  mo t ion  on l y  by  the  f i r s t  t h ree  R iv l i n -E r i cksen  tenso rs

^ ^  ^  t '?h ich can be g iven by the recurrence formula:^ I  t  n 2 ,  ^ 3  w r r .

(wh ich  i s  s im i l a r

1 . I )  , w e  c a n  o b t a i n

f u n c t i o n s :

O  > 0 .o

,  ( L . 2 L )  a n d  ( 1 . 8 )  i t  i s  e a s i - l y  t o  s e e

energy  i s  q i ven  by :

( 1 . 3 8 )

,r=irr- 1 +An-].L+LTan-].
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So we can wr i te :

( 1 . 3 9 )

? .  ( x ,  t )  =  ̂ Y  ( A l  , A z ,  *  )

: i  ( ' " , t )  =-  &"  (or ,A2,a)

T  ( x r t )  = - p l + r  { e r , A 2 , A 3  , 0 , e )

q  ( x ,  t )  = {  t a ,  , A 2 , A 3 , 8  , 9 )

and moreover the response funct ions ry ,  T and fr 'are isoLropic

func t ions .  The iso l ropy  o f  q  lea .ds  to :

q  ( A l , A 2 ' A 3 . s , o )  = - E '  ( A t , A 2 , A 3 ' 0 , 0  )
. l u r

and  f i na l l y  t o :

( 1 . 4 0 )  d ( A r , A 2 ' A 3 ' € ' o ) = o

Then we can conclud.e that  the heat  f  lux must  vanishes,

regard less of  the mot ion and the temperature at  a  par t ic le '

i  f  . l - ha  ' l - cmnr - ra f  r r r a  c r rad i  r . n t  van i shes .J !  U l f s  u g r r l y u !

2. HEAT PROPAGATION fN THTRD ORDER FLUIDS

T a k i n g  i n t o  a c c o u n t  t h e  r e l a t i o n s  ( 1 . 8 ) ,  ( 1 . 2 0 )  a n d  ( 1 . 2 1 )

and  the  cha i -n  ru le  the  equa t ion  o f  ba lance  o f  ene rgy  (1 .6 )  can

b e  w r i t t e n :

z \ i , t | . A . | ' "

( 2 .  I  )  g  (  *  
"  

( L , L , $ )  - 6 " V L e  ( L ,  i , e )  ) '  r , +  g ( t i  ( L ,  L , 0  )  - 0 Y i s ( L ,  L ' 9  )  ) '  r ' -

g  0  qee  (L ,  L ,  s  )0  - r  (M)  .  L+d iv  q  (M)  -g  r=0

In t roducing the chain ru le  for  q  and separat i -ng the terms that

van ishe  i f  t he  mo t ion  van ishes ,  we  can  wr i t e :
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+d ,  (m) ' v l + f f +  (M)  ' v ;+6 f l (M )  "  v i -  g t ,' . L  ' L '  - L  r

where by Va we have noted the gradient  o f  the funct j .on a.  The

equa t ion  (2 "2 )  rep resen t .  t he  hea t  p ropaga t lon  equa t ion  fo r  a

th i rd  o rde r  f l u id .

On the other  hand,  w€ can wr i te ,  in  tLre nei -ghbourhood of

an  equ i l i b r i um po in t  M" :

(2 .  3 )  t  tm l  JE  (Me)  +qS(Me ls+ tg  (M . )  [ g ]  + l t e rms  wh ich  van ishe  i f

t h e  m o t i o n  v a n i s h e s l  + 0 [  e  
z  

, , g r 2 ]

A c c o r d i n g  t o  ( 1 . 3 1 ) 4  a n d  ( 1 . 3 6 ) I  t h e  e q u a t i o n  ( 2 . 3 )  c a n  b e

t . r r i  # # a n

(z .4) A1u) =En tu* )  [s i  +o (  s2 ,  ls l  
2 )

consequent ty  ,  L f  addi t ional ly  we sunpose that  the mater ia l

is  homogeneous in  the equi l ibr ium state,  we have ( in  l j -near

approx imat j -on)  :

( 2 . 5 )  d i v  [  ( M )  t s  ( M u )  '  ( o s )  r

I f  we denote by i l  t ru  )= -X (M )  -  the thermal  conduct j -v i t 'y ,
-  

e , =  
Y g  t , , e ,  t  e r l v

then  i t  resu l ts  tha t  f i (p f^ )  i s  a  symmet r ic  tensor  and f rom (1 '36)2
. v

F)

w e  s e e  t h a t  x ( M e )  i s  n o n - n e q a t i v e  d e f i n e d '

Then ,  i f  we  rewr j - t e  t he  equa t ion  (2 .2 )  i "n  the  ne ighbour -

hood  o f  an  equ i l i b r i um po in t  i n  t he  absence  o f  mechan ica l  mo t ion '

we obta in the heat  prooagat ion equat ion for  a  th i rd  order  f lu id

in  the  fo rm:



( 2 " 6 )

( 2 " 7 )

r f  v , i e  s u p p o s e  t h a t  -  b  ^ i ' 6 . { r  ( 0 , 0 , { l )  " >  O  a n d  i f  w e  o b s e r v e

.  ^ / \  :  "
t n a t  $ t l  . . ( L , L r ' ; ) ) = c ( L , L r , 3 )  i s  t h e  s p e c i f j - c  h e a t ,  t h e n  ( 2 - 6 )  h a s

L F.i

t he  fo rm o f  t he  c lass i ca l  hea t  eq r . ra t i on "

W e  c o n c l u d e  t h i s  s e c t i o n  b y  o b s e r v i n g  t h a t  f r o m  ( 2 . 4 )  w e

can  * r i t e  i n  ne ighbour ing  s ta tes  to  equ i . l i b i rum

/
l v s i - 6 0

1 6

* * Y r p

re$  J rLrm )  ) { *  -K .  ,' )  
t f t  e '  r - t

E tl,rl . vCI m -i< 0t . 1

and accord ing wi th  th is  re la t ion i t

s ta tes  w i th  equ i l i b r i um the  Four ie r

Four ier  law i .s  a  good approx imat ion

the heat .  f lux

resul ts  that  in  ne iqhbou: : ing

' i  n r . r r r r e  I  i  f  r r  ho lds  and  ther r r v ! - i u u r r  u . I

for  the const i tu t i -ve law of

3. THER.I4ODYNAI4TCS OF TFIIRD Op.DtrR, Ai. lD THTRD GRADE FLUIDS

I n  t h i s  sec t i on  we  sha l l  co r r ce rn  w i th  the  res t r i c t i ons  bha t

can be der ived f rom the second law of  thermodrrnamics ( in  the

c lass i ca l  C lags j -us -Duhe :n  fo rm)  fo r  t he  s t ressc - ,  response  func t i on .

We don ' t  make  use  o f  t he  supp lemen ta ry  hypo tes i s  conce rn ing  the

exis tence of  an absolute min imum for  the f ree energy on equi l i -

b r i um s ta tes  as  i n  t he  paper  o f  Fosd ick  and  Ra jagopa l  IB ] .

The  i ncompress ib le  th i rd  o rc le r  and  th i rd  q rade  f l u id  a re

desc r ibed  by  the  fo l l ow ing  Cauchy  s t ress  response  func t i on  ( see

f o r  e x a r n o l e  f  A l  a n d  t h e  R e f e r e n c e s  o f  I O l  Ii - " J

')
r  ( x , t ) = - p  ( + )  r + 7 r  ( o ) A r + t  ( 9 ) A z * o ) ( Q ) a f  + : i i  ( e ) A : +

)
*Fz (0)  (ArA2+A2Ar )  + ' f :  ( t - t )  , . to t ,  o t

( 3 . 1 )



2  , . , r , 4 ! s  . - , i : \ - -

L ]

where  -p  (0 )  I  i s  the  s t ress  due to  the  cons t ra in t  o f  incompress i *

b i t i t y ,  l . r  ( i } )  i s  the  k inemat ic  v iscos i ty ,  c t . ,  ( t i )  and c , ( ,  (0 )  a re
L

t h . e  c o e f f i c i e n t s  o f  n o r m a l  s t r e s s e s  a n d  ( , " 1 -  ( A )  "  B ^  ( o )  
"  B ^  ( O )  a r eI - 1 . - ' t Y 2 " ' t  i " 3 . -

mate r ia l  f unc t i ons  connec ted  w i th  the  no t i on  o f  shea r  v t scos i t y "

Fo r  s i .mp l i c i Ly  we  sha l l  ca l l  t h i s  c lass  o f  f l u i ds  th i rd  q rade

f l u i d s

The conclus ions der ived in  the f i rs t  two sect i -ons remain

va l i d  and ,  moreove r ,  due  to  the  pa r t i cu la r  f o rm o f  t l "  s t ress

response funct ion we shal l  obta in supplementary in format ion

about  the f ree energy and any impor tant .  rest r ic t ions on const i *

t u t l v e  c o e f f i c i e n t s  f r o m  ( 3 . r ) .  I n  t h i s  s e c t i o n  w e  s h a l l  d e a l

on l y  w i th  cons t i t u t i ve  res t r i c t j - ons  on  the  s t ress  r :esponse  func -

t i on .  I n  t h i s  sense  we  g i i ve  the  fo l l ow ing  Lheorem (wh ich ,  w i th

a  d i f f e ren t  p roo f  can  be  found  i n  the  paper  o f  Fosd ick  and

R a j a g o p a l  L B J ) .

THEOREM 3"1 .  The  f ree  ene rqv  o f  a  th i rd  g rad  f l u id  i s

l i nea ry  dependen t  on  A r .

P R O O F " ' I f  w e  s u b s t i t u t e  t h e  s t r e s s  T  g i v e n  b y  ( 3 . 1 )  j - n ' L . o

( 1 . 7 )  a n d  j - f  w e  h a v e  i n t o  a c c o u n t  t h e  r e s t r i c t i o n s  i m p o s e . b y  t h e

T h e o r e m  1 . 1  w e  o b t a i n :

( 3 .2 )  qQ  i ( Lo ,Lo , so )  
. ; o - t p ,  t $o ) r , o .  ( l o+ i l l  =o

f o r  a l l  0 o )  0  a n c l  L o , L o , ' i o  n  L i n o  ( U r u )  .

Now,  choos ing  i ^  6  Skew l , in  (v ,U)  i t  resu l ts  tha t

^,4, r n \g ' ' t '  
i  

(Lo,  Lo, 0o)e Siml, ino (U, i t  )  .  By Skew Lin (VrV) vre have denoted the

space of  a l l  skew l inear t ransformat ion f rom U into U Therr ,

i t ' i , o e s l , i n o ( ' u , ' u )  w e  s h a l t  h a v e  t h a t  g $ g t l o , i o , 0 o ) - 2 P r  ( o o ) r , o *  A € .

6  Skew L in ( t I ,U  ) .  These proper t ies  f i .na l l y  leads  to  the  fo l low ing

t t l f  ^  - . f  n  t  e t t , ^
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r e l a t i o n :

g & i {r,o, io , oo) = p, (oo) t"o*ll l  = F, (0o) e,

Then

/ \ o 4(3.  3 )  gQ tr ,o,  Lo,so) = gff  (Ar ,A2 ,  oo) =2p, (6o) 4'Ll*g {  1r,o,  so)

where t t " '11* l ,T;  j -s  the symmetr ica l  par t  o f  Ls

npuAnx 3 .1 . .Wi th  these,  the  C laus ius=Duhem inequa l i t y

wr i t ten  on  processes  w i th  v0 :0  has  the  fo l low ing  fo rm:

( 3 . 4 )  ! r p ,  ( o o )  ( i o i  * g F " ( " o ,  o o ) 3 ' " o - 6 { l , o , L o , i o , o o , 0 )  ' L o  5  0

for  a l l  0o>0 an 'd Lor lor io  *  L ino (1 l r ' t l1  .

Us ing  (3 . f  )  and  .g roupp ing  i n  a  su i ta l : l e  manner  the  te rms '

the  i nequa l i t y  (3 .4 )  becomes  z

{ A  e  .  =  r  )  - l

( 3 . 5 )  z  F r ( 0 ) c  
' " *  l q Y "  ( " , 0 ) - P r  ( 0 ) a r -  f u  ( 0 ) L 3 A i + 2  ( w A r - A r w u  -

" > 1 .  l t r  
' ' t  )  2-2pz ts )  af  !  . r -  

l t  [+,  (o) +2Pz (s) +2 P: (s )J ( t rai  )  -+

.*Lo, (0)+4, t  l ]  t 'a l . f ; , (s) t ral+f l  (s) . ' [o]*2- (Arw) ' ] ]*  0

fo r  a l l  0  >  o ,  A t  ,A2Q s lJ ino  ( ] t , \ !  )  and wgSkewl in  (y 'U)  ,  where

r 1  l T

w i  L * = j ( L - L - )  i s  t h e  s k e w  P a r t  o f  L .

F o r  s i m p l i c i t y ,  w e  s h a l l  d e n o t e :

a r 2 p ,  ( S  )

n:  g{L (L,s )  -o(} (0)  Ar-  Pr  r0 l  [ :a l+2 (wAr-Ar*)J -z p,  t+ la l

: ,  -r l+tp, (0) +z t2 (0)*rp: t0r] rt 'el l2*[ 'r ' ,  t0)+{ tol t 'a] +
( 3 . 6 )

y(6) *nl+zpi (S) .'lo2r*2- (Arw) 2l
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Now we are ready

T H E O R E M  3 . 2 "  T h e

thermokinet ic  process

to q j -ve the fo l lowing theorem:

r e s i d u a l  i n e q u a t i t y  ( 3 . 5 )  h o l c i ^ s ,  f o r  a l l

i f  and  on l y  i f

( 3 . 7 )

where B ' :  B -

I i f rr

( 3 " e )

PROOF. Denot ing X;Lef , in

( 3 . 5 )  c a n  b e  w r i t t e n  a s

a X 5 .  X + B . X + c  {  0

c { 0

3  4 a c

i s  the deviator  o f  B.

^  ( i I ,U;  and us ing (3 .  6  )  t i re  inequa-o

fo l l ows

f o r  a l l  X e l i n  1 V , U )  .  T h e n
o

c h o s e n  ( 3 .  B )  b e c o m e s :

i f  we  chose  X : . \ ga  w i th  ) . .  eR  a rb i t ra ry

( 3 . e ) A B*.  B*+c g 0

fo r  a l l  X  a  R ,  wh ich  imp ly  tha t  gac  0 .  Then  f rom the  re la t i on

( 3 . 6  )  ̂  i t  3 ' s 5 1 r 1  r c  + h a +  t r
2  - _  _ _ _ : l t s  t h a t  = " ( L , b ) € s l , i n ( u , u ) .  o n  t h e  o t h e r  h a n d

t h e  i n e q u a l i t y  ( 3 , 8 )  b e c o m e s :

( 3 . 1 0 ) a X . X * B  t .  X * c

f o r  a l l  X e S L i n o ( 1 J , r J ) .

Then  i f  we  chose  XE \B '  f o r  a rb i t ra rv , \  e  R  we  immed ia te l y

s e e  t h a t  ( 3 .  1 0  )  i s  v a l i d s  i f  a n d  o n l y  i f  t h e  r e l a t i o n s  ( 3 .  7  )

a re  va l i d ,  wh ich  conc ludes  the  p roo f  o f  t he  necess i t y .  Fo r  t he

suf f ic iency we apply  the Schwartz  inequal i ty  and the proof  is

immediate B

( o

I



2 A

R E M A R K  3 " 2 .  T h e  t h r e e  c o n d i t i o n s  ( 3 . 7 )  w i l l  b e  s e p a r a t e l v

ana lysed .  Fo r  l i r i s  f i r s t  we  sha l l  obse r t ze  tha t  (3 .7 ) ,  impJ - ies

P I  
( * ) *0 .  The  equa l i t y  l ead .s  to  the  degeneracy  o f  t he  cons t i t u -

t i v e l a w ( 3 " I ) b y t h e d i s a p p e a r a n c e o f A 3 ( i t i s t h e c a s e v l h j . c h

has be 'en obta ined as necessary by Fosdick and Rajagopal  consi -

der ing the supplemntary hypoteses ment ioned to the beginning of

th is  sect ion)  "  We shal l  not  consider  th is  hypotes is  and '  by con-

s e q u e n c e  P r ( S ) 4 0 &

T h e  c o n d i t i o n  ( 3 . 7 ) ,  t o g e t h e r  w i t h  ( 3 ' 6 ) ,  l e a d  t o :

? 1  )  r  . - . - 1  - 3 .
(3.  r  r )  p,  to I  t r [n]w2* {arw t '7nf(s)  t raf  + [  a,  to)  + t  (0)J t ra l+

**[p,  (( ] )+2 p2 (0 )+2p3 (o)]  ( t ref  )z z o

f o r  a l l  S > 0  a n d  A ,  e  S L i n ^  ( l I r V ) ,  W C  S k e w l i n ( U r U ) .  T h e n  t a l t i n g
I C )

i n to  accoun t  t he  cond i t i on  (3 "7 ) l  we  can  p rove  the  fo l l ow ing

propos j - t . ron:

pSgPo.' . .5 ' iT.IgT.-3:I ."  tn" condit ion (3.I1) with 1s t  
(&) a o is

equ iva len t  t o :

- 1  ^ a

(3.12) ,1l (at tral+ [o, t*)+% tof i  t 'n].r ] [p, ($+29(' ])+2h {alJ t*ef )z '-  o

for  a l l  b  > O and A.  €,  SLin^ (U' ,U)  .

p R o o F .  T h e  n e c e s s i t y  i s  i m m e d i a t e  i f  w e  c h o o s e  w = 0 .  F o r

t h e  s u f f i c i e n c y  w e  d e n o t e  U V * ( S , A r )  t h e  l e f t  h a n d  s i d e  o f  ( 3 ' 1 2 )

and  we  choose  w f }  ,  w  e  skew l in  (1 ) - r1 r )  .  Le t  h  , ,  
. i = l ,  2 ,3  ,  t he  p rope r

v a l u e s  o f  A ,  ( n o t  n e c e s s a r y  e q u a l )  -  L e t  w r  2 = 4  ,  w r 3 =  F ,  * 2 3 = F

the representat ion of  W in  the proper  vector  base of  A '  A s imple

calcu lus leads to  the fo l lowing inequal i ty
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(3.13)  .4 (0,ar) -Fr  (s) [* ' txr -x r l ' * t  (13-41)?*g. .2 (A2-, . r3) 'J  t  o

f o r  a l l  O )  0 ,  X r e  n  ( i = 1 r  2 , 3 ,  A  r + , \ r + 4 3 =  0 )  a n d .  d f p f  b  e  R ,  w h i c h

gives tho proof of  the proposi t ion.g

With these we can state the main theorem of th is sect ion

which gives the necessary and suff ic lent  cond. i t ions for  the val j - -

d i t y  o f  t h e  i - n e q u a l i t y .  ( 3 . 1 2 )  :

.  T I IEOREM 3 .3 .  The  cond i t i on  (3 ;L2 )  i s  equ iva len t  t o  t he

fo l lowj-ng rest r ic t ions on the const i tu t ive coef f ic ients :

( 3 .  r 4  )

/  ( s ) ;  o

Pr (0 )+z7r(o) +2P3 (o):  o

c{ (0) ft{2 (e) = 0

f o r a l l e > 0 .

PROOF. The suff ic iency is immediate.  For the necessi ty

we denote ,  as  in  the  proo f  o f  the  Propos i - t ion ,3 .1 ,  w i th  I  i  ,

L=L,2 ,3  the  proper  va lues  o f  A ,  ,  , \ r+ ) r r+ \=0 .  Then we can wr i te

( 3 . f 2 )  a s  f o l l o w s :

(3.15) zy(o) [ txr*^r l2-rr lJ-r td,  t0t  +a{,  (0d \  ,x,  { . \ , r+xr)  +

*z I  pr  (s)  +2Fz (s) +2p: (s) ]  [1Xr+Ar, ' -^ l r l2 > o

f o r  a l l  , \ .  , t r ^€  R .
. l - ' Z

Denot ing A . ,+4"=5, I r . \ . r=p and =2-p=, i t  resul ts . that
"  L  Z  - '  L Z

z  > O  a n d  ( 3 .  r S )  b e c o m e s :

(3.  ro )  2[  p I  (o) *2pe 10y +z pt (oi l  z2*lzyto) +s (att  (q) +*,  ($ )  )  s]  z-

- 3 s 3  
[ o ,  ( e ) + d z  ( o [  ]  o  ,
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f o r  aL l S > 0 ,  z 2 . A  a n d  s € R - Then with necessi ty we have:

( 3 . 1 7 ) I r
t F r

( s ) L o

(0) +zP, (s ) +2 Ps (* ) "l- o

a necessary condi t ion for the achievement of

f o r  a t t  S )  o .

Moreover  '

( 3 . 1 6 )  i s :

( 3 .  1 8 )

( 3 .  1 e  )

( 6 ) <  0 ,  , p ( $ ) Z o

. (  
o) +z F2 (o) +2?t (s) z o

($ )  +dz  (S)  =0

Pr

Pr
d r

f o r  a l l  S > O  a n d  t h e  r e s i d u a l  i n e q u a l i t y  ( 3 ' 7 ) 3

on  fa r  f rom equ i l i b r i um s ta tes  the  cond i t i ons  (3 '19 )  a re

o

on ly  necessa ry  cond i t j - ons  (and  a re  a l so  su f f i c i en t  f o r  p rocesses

in  wh ich  VO =0)  '

-" 3[*, (s) +*, tof :- o

f o r  a l 1  0 > 0  a n d  s e R ,  w h i c h  g i v e s  t h e  r e l a t i o n  ( 3 ' 1 4 ) 3  a n d

conc ludes  the  P roo f .6

In conclus ion,  tak ing in to account  the Remark of  the end

o f  t he  Sec t i on  2  ( t he  re la t i on  (2 .7 ) )  acco rd ing  to  wh ich  the

Four ier  inequal i ty  is  va l id  in  the neiqhbourhood of  the equi l i -

b r i um s ta tes ,  i t  r esu l t s  t ha t  t he  C laus ius -Duhem inequa l i t y  i s

va l id  in  the neighbourhood of  the equi l ibr ium states i f  and only

i f  t he  cons t i t u t i ve  coe f f i c i en ts  o f  t he  ma te r ia l  ve r i f y  t he  res -

t r i c t i o n s :



The interpret .at ion of  the

whiclr  is  c losely connected rv i th

the fol lowing sect ion.

\

',\

r e s i d u a l  i n e q u a l i t y  ( ? , " 7 )  .3 ' ,

t he  f ree  ene rgv  i s  t he ' . ob iec t
a. 

-._.-r

2 3

o f

\

4.  THE FREE ENERGY O} 'A THIRD GRADE FLUID

fn  th i s  sec t i on

t h e  c l a s s  o f l f u n c t i o n s

th i rd  grade f lu id .  For

i n e q u a l i t y  ( 3 . 7 )  
"J

( 4 . r )

PROOF.

s a t i s f i e d  f o r

we are in terested in

which can be chosen

th l s  i t  i s  essen t i a l

the construct ion of

as frge energy for a

to interpret  the

L E M M A  4 . 1 .  I f  ( 3 . 7 ) .  h o l d s  t h e n_-:-_.-_ J

? 
" 

t i , ,  s ) Ar=Ar ffr, (L,o )

for  a l l  T ,e l , ino ( r I ,U) .

T h e  i n e q u a l i t y  ( 3 . 7 ) 3  i s  l . j - n e a r ' i n  W  a n d  m u s t  b e

a l l  W e  Skew l in  ( r I ,U ) ,  t hen  :

( 4  . 2 )

fo r  a l l  L  e

F, (+) ta g \',
I i  ( L , e ) A r - A r € ;  r l , s ) ]  ' w a  o

Lin^ ( ' t l r1 '  )  and l i l  € Skewlin (rrrU) .()

REMARK 4 .1 .  The  i nequa l i t y

Lemma 4 .1 )  i s  equ i , va len t  w i th  the

ing  i nequa l i t y :

( 4 .3 )  ISF i ( r , , 01 -c r r  ( 0 )a r - [ : p ,  t + )  *2vz to f  l a l l 2

where  we have denoted  l f l z=  t " t  fo r  a l l  fe  r , in  ( \ ) ,U  1 .

( 3 . 7 ) ,  ( a s  w e  s e e

r e l a t i o n  ( 4 . r )  a n d

from the

the fo l low'

(  -apr  (o ) l ta t  t ra?+* ! rp i  @)+A?t (s ) -12  pn(0)p : (01 ]  '  t t ' a l l2  ,
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- r  1 - -  . r ^ r . , an  { -1 - !  f i  -  and  so
From (4 .1 )  we  eas i l y  deduce  the  i so t ropy  o f  

. "  L

we have the fo l lowing chain ru le

- . ' . '  x  ^  *  ^  b
t A  ^ \  A  ( L , s )  E  z q ^  ( A r , o ) = 4 a r ? * { ( x , y , $ )  + 6 A , L V ( " ' Y ' $ )
\ . r . r , f  l  

L , -  A l  I .  L  X  
-  !  I

" ?
where  we have denoted  x= t rA f  '  Y=t rA l  and:- - - - l  r

s + q ' f
( a  ( \  , + ( L , 0 )  = * ( 4 t , 0 ) s Y ( x , y ; 9 )  '  i

'  \ = .  J ,

w i t h t h e s e w e a r e r e a d y t o , p r o v e t h e f o } l o w i n g l e m m a :

LEMMA 4.2.  r f  the crausius-Duhem inequar i ty is val id then

w i t h  n e c e s s i t Y :

1 *  o  ,  o

(4.6 )  r  3 xrJr* +agvb*l+f (0) x; '  o

f o r  a l l  x e R o  ,  S > 0 ,  Y  € R  a n d  w h e r e :

o Fi ot1 (s) 
'- 

3P1 (0) -?l1(0l

( 4 . 7 )  g * ( * , Y , 0 )  *  9 ' 1 / ( x , y , 0  )  -  - - 4  - x -  - - - -

P R O O F .  H a v i n g  i n  v i e w  t h e  r e l a t i o n s  ( 4 . 5 )  a n d  ( 3 ' 5 )  w e

.  sha l t  observe  tha t  (3 .5 )  becomes (w i th  W = 0  '  h rz } )  "

v  )  1  ?  1  /a \  +e^  3*  r t r  (g )  -2Fa 
!9 )

( 4 . 8 )  q + o  ( A 1 , s ) ' o i " - i r @ ) t r a ; 5 n ( e ) t r A { + ' -  ' 4  -
'  

)  f t a

. rtra!1z

w h i c h ,  t o g h e t h e r  w i t h  ( 4 ' 4 ) ,  l e a d s  t o :

f o r  a l l  ( x , y ) € R * x R  a n d  0 > 0 '  W i t h  t h i s  t h e  p r o o f  i s  f i n i s h e d ' S
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\

3SM$\5 a: ,? .  We can remark that  the f ree energy on v isco-

me t r i c  mo t ion  i s  g i ven  by :

a5 69
t ^  1 n \  " V ( x , O r O )  5 Y ^ ( x , O )\ t . I v l  |  \ . ^ r v r v l  . .  

O  
\ - - r v ,

The problern of  f ind ing the so lut ions of  the inequat i -on

( 4 . 6 )  w i t h  t h e  c o n d i t i o n

O O

Y  ( * , 0  , S )  =  ̂ P ^  ( x , 6 )
o '

o H c {1  (g )

where  *o , " ,0 )= fo  (x ,S) -  
# "  

i s  thus  reduced to  the  fo l low ing

prob lem:

( 4 . r r )
1 :g"2a;+agvb*&+1(s,) x-r (x ,y ,$) =o

t  u,.,0 ,s) = &oq*,s)

in  the domain R,xR ,  for  a l l  0  )  0  and where

,  t  

- r  

1 . -  - .  )
re4.lO,Rnff* * P+l ge C- (R+xR) I g

T h e  L e m m a s  4 . I ,  4 . 2  a n d  t h e  R e m a r k  4 . 2 . I e a d  u s  t o  t h e

fo l l ow ing  ma in  resu l . t :

T h e o r e m  4 . 1 .  T h e  p r o b l e m  ( 4 . 1 1 )  h a s  a  u n i q u e  s o l u t i o n

+ f  {  r  t  t *3-  zyz+zv2)r /3,v,01-y(o)  (x3-  zvznzxz)  1/3 
}  '

r9 ro

ffi
.  PROOF. The uniqueness is  obv ious.  For  the ex is tence we

apply  the c lass ic  method for  so lv ing the l inear  hyperbol ic
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equat. ions r  observing that the problem ( 4 . 1 1 )  i s  e q u i v a l e n t  t o :

$t = agv (t)

3t = 39x (r)

3i =,  r  (x ( t )  ,y ( t )

( 4 . 1 3 )

,g)  - , /  (O )  x  ( t )

x ( 0 )  =  u

y ( 0 )  =  Q
o

z  ( 0 )  =  Y o  ( u ;  O )

n of  th is new problem lead to

and

( L ) - 2 y 2 ( t ) ) 1 / 3

y  ( t )  
d y

I GWW

(
I
I
I

L
i o

3x

( 4 . 1 4 )

( 4 . 1 s )

( 4 . 1 6 )

The solut

u = (

3F t

s,u) ;0) -y($)x(s,u[ osz (r,u;0)=& (.r;0) *t[, t* t ",,r16
'  Y (

have :

the  func t i on :

t = t  ( x r y )  w e

,u (xry) )F

Then denot ing by G the ihverse of  u  and

o o ^ 1("'Y]Yr(x,y;o)={(u(x,v)  io)+ }  [  r tx(s,u(x,yh, \ ) ,y  (s
o

- p ( e ) " 1 . " , u ( x , y ) ) J d s

We comple te  the  proo f  i f  we observe ,  tha t

I I
T }

nr. ceeding in

Y r * +

inve r t i b le .  Then

va r iab les

L s

o f

(4 .16  )  t o  t he  fo l l ow ing  change
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^ - t  J  d r l

where :

;

i = , r r . ! - (  . "  . 9 . - T - - , - - * -  , - . 3 . ' , - . 2 \ r / 3 \  \
r - r \ 3 F ' J f f i r ( x - z Y ) ) r

r o ( x * l y * t \ )

we easi ly obtaj-n the solut ion on the form given in the relat ion

( 4 . 1 2 ) . € t

R E I I A B K _  4 .  3 .  F r o m  ( 4 . 1 2 )  ,  ( 4  .  r 0  )  a n d  ( 4 . 7 )  i t  r e s u l t s  t h e

representat ion for  the f ree 
"r*rny 

& and f inal ly we shal l  have:

;  a  o ( , ( g )  .
( 4 . 1 7 )  t  ?  r ( A r , A 2 , 6 ) = * F ,  ( 0 ) A r ' A z *  $ . r o l *

.l tt !tl*t Pr-'3l.,af*q .i,, tt ol,ffAi, o )

Denot ing by z=trArA,  an e lementary ca lcu lus leads us to :

(4 . 181 gTr (A1,A2,e) = ?{r (x,y,z,s)+ P, tel " 
- 

* P, (0)y+

4 ", re) lx- e3-zy2)t/'J*t \ , ,*'-202)L/3 , s ) +
0

v' t  f r - . .  ?  ?  - ^ ) . 1 / "  t  j  - 2 . ^ : 2 , I / 3 1- r  -  
\  I  F  I  l u J - ) , r L 1 ) r r - \  r /  J  r r \ , , 1 . , J  . '

5 J Lr ( (x -zy +zY ) rx)- yrx -4 +zY. J J
o (*3-zy2+zi2)2/3 s

dY

F

R E M A R K  4 . 4 . . W h e n  ( 4 . 1 8 )  a n d  r e s t r i c t i o n s  ( 1 . 3 1 ) - ( 1 . 3 3 )  a r e

taken in to account  we observe that  the par t ia l  der ivat ives of  d

m u s t  b e  b o u n d e d  o n  a l l  p a t h s  j - n  t h e  n e i g h b o u r g h o o d  o f  ( 0 , 0 , 0 ' S ) .

Then f rom the boundedness ofb - i .  te  can easi ly  deduce that
v

E  
n  i ) t - s  / r - 1 \( 4 . 1 9 )  4  \ b * Y o ( o , o ) = d l  

( € )

That  means bhat  c( I  (g)  is  the measure of  the var ia t ion of
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free energy on viscometr ic mot ion in the neighbourhood of

equ i l ib r ium .s ta te .  6

RnyiARX 4.5.  From the same'condi t . ion concern ing the bounded-

- \ ,
ness of  par t ia l  der ivat ives of  ^ f rwe deduce that

G . 2 a )  f ( x , y ; 6 ) = 9 ( x , y ; o ) + , t s ( o ) x

with

g  ( x , y ;  0 )
^ i  \  i  .  n( 4 . 2 L )  r i m  0

x  rY  - *0  x '

;

3gU4,*5"-+.9. As *,  tx,y, e) must veri fy the equation (4 '  rr  )  1
o

f o r  y -0 ,  t hen  the  boundedness  o f  t he  de r i va t i ve  bOYt l  
V=O 

and

the  Rerna rk  (4 .4 )  l ead  to

B "(., (0)
(4 .2 -z )  a * {o  ( x ,0  )  =#

,

and  Lhere fbre  the  f : :ee  energy  o f  a  th i rd  q rade f lu id  on  v isco-

met r ic  mot ion  is  l inear  in  x= t rA2,  :

f u r l \ ,
( 4 . 2 3 ) ' f ^ ( x , 0 ) = i ; ( r  ( o ) x +  Y  ( 0 ' s  )

o ' - - '  4 F  I  o '

In  addi t ion i f  we compare the v iscometr ic  s t ress re la t ion

(see  fo r  examp le  [O l  I  :

. ( 4.24) r (x, r) =-pr+E!-5!)- (M+Mr) .q#*t*.T'ej1|'-L*t

w i t h  ( 3 . i )  w r i t t e n  o n  v i s c o m e t r i c ;  f l o w s ,  t h a t  i s :

(4  .25)  .  T (x  ,  t )  =-pr+/ r (g)  ( i t ' l+MT) +r , r t  (g)  (MrM-t ' t l lT)  +

)  T  ' i k 1 2 1 m * i ' l T )
+ 2  P z  ( $ )  l k i  

-  ( M + M -  )  + 2 p ,  ( o )

where  we  have  emp lo ied  the  we l l  known  re la t i ous  A r=  M+MT,

a

,f



A,  =  2M*M and  A ,  =  0  r  we  a re  l ed  to :

.\
n 

J*fu= p(&) +.2F3 ($l y2 *zF' (e) 12 
' ' 

,

t r , ( r k t )*lr*={(ts)

r l r r  P \ v t  
I  a f ? \ v / i L

I A I  J  4

( 4 . 2 6 )

t r2 (  rkr )
= -oc, (O)

;2  
- -  " -d

Moreover  f rom the  cons t i tu t i ve  res t r j -c t ions  (3 . .  14) ,  we

d e d u c e  t h a t  a ( t k t  )  :  0 ,  f o r  l i t t l e  t k t  ( r k t  - >  0 )  l ( f ] ; < ! = o  t r l  a n d
l K t

- * (  r k i  )  - 0  ( k2 )  .  r f  we  emp loy  the  re la t i onsf o r  g r e a t  r k t  ( t k r - >  o o )  = f O ,

( 4 . 2 6 ) 2 , 3  , r .  e a s i l y  s e e  t h a t  9 ,  {  t t  ,  ) - t r i  ( r k r )  = - z o - r k 2 f l  a n d  t h e n

accord i -ng to  [0 ] ,  for  example,  th is  f lu id  can exper ience a
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