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On the strong solutlons of the Doléans«Dade and Protter eouatlo::‘

C.Tudor
Faculty of I“'wthemztlf‘f‘ Univers 1’cy of Bucharest,;l4 Academy St.,
Bucharest,Romania

Existence,pathwise unigqueness and stabiiity with respect to

the compact convergence in probability of strong solutions. .
’ e - 3 - .. -

for the Doleams-Dade and Protter cquation are studied in a

setting which covers the Lipschitz and monotone cases.

Tet (Q’T’})"(?’/t)tao) be 2 filtered probability space which gsatisfi-

= s a :
cs the usuzl assumpbticas and denote D(a+,a )} the Skorokhod space equl-

pped with the canonical filtration (.9? "t;) :

We consider the following stochastic differential eguation
t
1{(~t)=V(t)+J als B)asls) , - 0
)

(Doléans-Dade and Protier’s equation),where V is a d—-dimensional
chdlhe process,Z is a m-dimensional semimartingale that yenishes in

. .
o zmnd a=(ad™). o 19 & ?@QL predi ctable functional with value

If Q is .n increasing process hen we introduce the fo-
1lowing conditions:

Condition @) :There exists & »gcsiti{re predictable process Y'_t sueh

e i Ao @ B s o v s o

that

f Y dQ j FrdeSe for each t20 (Lo

4

‘a(t,w,w)\ < yt,u)[l+ sxi?‘f(t)l ]J,OI' every tao,welfeD(R +,”Ed)(2)

"

Condition (B).:‘cr esfch voyltuw :mtmer n thers exists a predictable
process Y;l fé’.';ich that® (l)-;ahoé}_ds ond there exists a concave and incerea-
. = . : B =

SR —>R_ such that

/‘1 siBign. o = | -
o+ Lf)(b) Wy e .
| a(t 0, 0)-alt,9,8)} °& Y3E)p™( sup | £(s)-g(s ais. o

adt

for a1l tao,0el; T, £§&3(R+ ,8%) with suplf(s)en,suplals)len.
adt s&t <



2

Let Z=l+A Dbe a decomposition of Z;where"Muis a'loéally square in=
tegrable martingale and A is.cédl@g adarted process with finite ve-
riation. .

Denote Q=8( |aV+[M] +4i¥),where lAlis theé variation of'A,[M] is the
quadratic variatian of M and <K> is the lieyer process associated to Ili.

: &

Theoren 1.If the conditions (&) and {P) AOld(Wlth 0 defined as abeve).
then there exists one and only one strong solution of (I) onn the space
R.F, 0. ¢ :
Proof.Since @ );(p) imply the existence of a solution measure(see
Jacod-Memin [4],rellaumaill6l) ve need to prove only the very good

pathwise uniquene>u(se [0 Bs2.25,0.179)%

= 2 ? - _—
Let X,Y be two solutions on a very good exteﬁglon GZ?J I)Jle re—
mark-that Q ies agein a control process of Z considered as defined on
i S o d
’ B
g .
t
- . o P : : :
Denote gtxj1 Yl;u%‘ and define the stopping time :
0 [ ¥
: e = - : e ' :
‘i‘(n,q)-—*mi(oﬁo;izx("c)l+If(’t)|&n)/\mf(taosﬁgtaq) ¢.

Then foér every stopping time S&T(n,q) we cbtain

B( sup|x(t)-Y Y £ 2 cuplx(s)-1(e)] 2)ac
5 suplia(s)=2(8)12) g | L7 (-2 2)ad)

15 i 0495 aLt
where from we get sup ‘K(ﬁ)~¥(t)‘=0 ~a.3.(seel?l).

t<T(n,q)
Taking q-»o0 and n-seo we deduce that X and Y are indistinguishabie.

e B S e e e o S O e

Theorem 2.5uppose we zre given Vya,Z as in theorem 1 and let X be

the shreng sodubtiom of (I). o . = =54 = e e dSR T

-

For every positive integer -n let v ,m - that satisfy the assump-
tions of theorem 1 ualformlj in n(with the'same fgnctions }r%,%?k>.
lioreover assume thati \
"(i)Vn cc;varg'lito'v withiirespect to the compact convergence in 7
o ‘

(ii)For every nand Ryo there exists a positive nredictable pro-
cess Jz;a.{) guch that

Vf J;(H,R)QQO ——s e fop eueh
(6] : . S5 Yty 00
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1, 2)-alt,0)| 2e d(n,R)

for ev

Lot X

- Then s

probab

Proof.

o v s g G

Choose,
of gex

ery ta-.Jké\\(Q Rd) with olp!f( Yer.
L)A
be the solution of the eguation
i

B(4)=V "1">+|;‘ a™(s,X%)an(s)
(o]

converges to X with respect to the compact corvergence in
ilitye.
Pix oL8l,T,R»0 and define the stopping times

S(R)=inf(ta0; |X(£)2R-1) 5 S(a,€)=int(taojl (1)K (t)%

TnxT(n,E,T,K):S(R)AS(n,E)AT

for i=l-4 ,the stopping times 6&%2ﬂcﬂ such that(without loss
nerality) 2 :
sup o 1) =V(6)] st 0 30,0 &7
'L<9 Gli:lu
i ;
1 . L
e (0,60 -3 00 X S

If we denote by P (ress.¥7) the stopping to.ul(respwm-),then

wnere

i ‘ 3 4t o T - T -9 E
(20-x) " =07 1) ?kio,gn—l{a%s,(xn) ?)afs, X ) fazgsy+

l/;b?\ o ]i, ‘%,K - )——«z(b,: " )}af’ (s)

from,for every stopping time -Eiggm é}‘*a ) btain
.

2(_sup I<v->ﬁ )43 1( sup ]v ()=l >i2)4«

= el : : ch-@m .

where

knﬁlyz

n v R
3m E (sup | (2P ) )d“ ) +°f*(Jﬂ J'(ﬂ,ﬂ)@ ) &
: (<o,c>f Jfa’ " “

=

C(m,n)+3m£9/1 szFR(sup!(Knmx)gﬁ‘z)&ﬁz) : ()

a4t

1im C(m,n)=0.
TNe=P o0

ng (5) to & Q“ln’r“(té.@ D§~u) and using the time change.

theoren qqd the Jensen inequality we get



B( 22 ]mﬂ 021208, ?Wn/ ¢ (»(«upux“ 0, s

hence

Sty T RS L 7
Tim B sup | (x2-2).2]%)z3m f T(3im 2(sup](xX®-x) "Wt
{féﬁ.g ' —t l = 0? ; " )S »)}

n—¥o00 5 N—pod LB,
It follows that

1im E( sup ](Vn *)tn{“ =0 for every usm

ne-3 00  tL = :

%
Taking u=m we obtain

1
lim * E( sup l(anx)tnlz):O

N G iui@m

L
whilch ,imprtes that (xXBx) & converges to o with respect to the com-—

pact convergence in probability.In particular K? QKT —2% 0.Then
n n

P( sup. ri-gdse) D(L,(a,g).a RIAT) =m0 ~
t23(R)AT npoo

where frem. as S(R)AT,WT when R—woo we get

" P( sup th -Ktlas).—-:,..o
tet
and this completes the gproof. _

Remark.Theorem 2 improves a result of+“Helnikov[5]and yin some sense,

is = stronger than the results Of Emeryll] and Jacod-lemin[4].

égggiggggmﬁﬁl)éz is a sgeoiallsemimaftingale ﬁith the caninicél de-
composition Z=F+Z.Let Q be an increasing predictable process with Q =0
such that AQ»d%;,dQ=ddi>, end let £=(£3),=(57) be the predictavle
processes defined by

3, 1% =g¥.q B=f.Q
Assume,for each positive integer n, thefe exists noﬁi%ive nfediofable
_process Xrn such that (1) is. satisfied (withithe previous Q)and there
exists a increasing concave'function<fﬂ:R+—a> R_-that satisfies (3},

such that

&k (t=) =y (t~) ,[a(t;ogc)ua(tﬁgﬂ-ﬂ;gﬁ@0)>_+




solution of (I) or the space (_Q,?)

5

+Akt(w)\[a(t,w,x)~a(t,w,y)]f )l 2 ,‘

ik jic, K17 31 -
: [a° (t’wsl’i)%:’{(“t;w,y)]gtl[ajl('t,w,x)—-e.i’l(t,w,y)] =
j&d ik, 1%q

Yo ¢ 2 (lx(5) ()1 )

foxr every %O,Q&Q,A,J@(T{ H. ) with “up l*’( ){Lfl,su_n IV( )l/_n_’;,‘_.

igg@_ﬁ}’giwgﬁ ) ¢fhe functional a(t,w,.) is C(mi:lnuous on D(& .l{ )
endowed with tlie uniform topology,for Paw)xdQ, (w)-almost all (t,w)
(with Q defined in (o(l)).

B s tand

Theorem 3.Under (), (i), (ﬁl) ,there exists one and only one strong

lanadi ot
P

Q‘\‘N

proof Lot X,Y be two solutions on a rood extension (L& ,’P Sy
i b

B

‘suffices to prove that X and Y arec indistinguish: Jble.

Let B, = _Lf('t>o;\».( )]+[{(t\\>~n),R f X" d‘ b

The Ito formila implie T, A‘b

l:x;(mgn)-z(tnz;n)l er { 2K (s=)=Y(s-) ,[a(s, L)-—w(v,‘f)]f o)

Ao [, 8)-als, 0] £ P+ [a3(s,2)-a3(s,1)]

:,gﬁc 3, 1&q
1 > ot
xl[ 31( o A_)....r} (s,‘“{)‘}}&{}s + ﬂ(mgn) ‘_—;{-_:

'G‘nl\t
Tn([}((s-v)—i((sr—-)lz)d'ﬁgﬂr'ﬁ(‘tAZ‘an) -~ -

)
where WM is a local martingale with Tile)=0.

For each txo and stopping times (G ) o1y WO put S=J¢AgpAG‘1,T:G’2AG‘3,

From (6) we deduce
- ﬁ(m)\w/ ik 25 ()1 <o-)\ 2)arE(1) e (D)
Let (;‘ be & s:equence ofr S’LO‘OUJ.:‘.@ times which reduces the local nar-

tingale M.Applying (7) to G‘--G']‘ and taking the "X.Y"’QC'L,..'th"l we get
6‘ AGL

2(] 236306 1) -17(6, potyle )@(/\ nfn([c’(n.» r°(p.~)\ )aa*l)

vhere from letting i-moo we obtain



6
ST ey « 6’3 Ba '
B(| XO(G3)—Y°(G3)‘ 2) éE(J; \f n(\XS(p'-)—YS(p-—)l 2)élRypl)

where from

B(| 15 (6-) -5 (6-) | Pz /;O G;fﬂ(\x’*‘s(p»)—r?’(p—)l San ) “ & (8):s

for every predictable stopping time G,
Applying (8) to G*%p)zinf(sao;Rggp) cnd utilising the inecuality

u
f(s)ar® 2 [ £ (s))as
| uCo,sn(p,>> e s

and the Jensen 1nonaa11ty we obtain
‘lX?'Gn'l iy _ySent 2 D o S D Lo 2l
E(| X7 @™ () =)~ (" (p)-) | “)ef ™ (E(] 2™ (w) -) -v> (™ (w)-)| <) )au
S o1
Therefore for all p we have

B(| 25@™(9)-) -1 (™ (0)=) | *)=0 (9)
Let, for-alin, a sequence of stopping timesucgﬁ(p) which increase to oo
as p=wop such that o “(p)e 67 (p) (see Jacod[31,L.1.37,BslTde.
Then by using (9) with.glfuxm(p) we obtain

5(] Z(tAT,n & (0)) -1 (84T AP ()| #)=0

where from letting p-oe and n-w oo we deduce +that X(t)=Y(t) a.s.

Remark.The result of theoxrem 3 covers the resulis of Gyongy-Krylov[2]

s B g 900 e @rmn @me

and Jacod-Temin[4] in the monotone case.

fTheorem . Leys a,Z be as- 1n theoren Q'WWd let ‘X-be the.strong solution

oI (I)‘w1th V(t)ivo f6r every’ t,where Vo a gawﬁeasurable randon vari-
e e g .
able with values in R™.

. a

For every positive 1nteger n let V aR »valuea ~nea surable ran-

dom variable and a functional an w11ch sati f ies the assumptions of

theoren 3 uﬂlforllv i
Leﬁ zn be %ne strongtsolutiog of

L (0= [ an(s,5,)a2(s) ‘ (10)
Moreover as ‘umé thaﬁ'vg ——Es><v and thot the hypothesis (ii) of the~
ren 2 is satisfied(with Q given as in (X,)).

Then X, converges to X wtth respect to the compact convergence in pro-

bability.



T
We need the follewing result (which may there exists somewhere in the

literature).

Lemma.Let K,(Kn)nal be predictable processes such that Xn(o)xo for

alin.Then Kn coanverge to X with respect to the compact convergence

~

in probabiliity if and only if every sub-seguence contains another
- sub-sub-sequence which converges locally in LP to X(here 1lepces is fixed.

Proof.It suffices to prove that if Kﬂ converges to o with respect te

et mnen Se G gt ot &

the compact convergence in probability then it contains ‘a sub-sequence

: . D
which converges locally in L* to o.

Without loss of generality we may assume thet Xn converges to o with

respect te the compact convergence almost surely.

Let S_-Dbe the predictable stopping time defined by D=1 f(t>o,\ ( )F’
Since Kn(o)%o it follows that bn?o and, therefore there exists a stOpping
time T ¢ §, such that P(I, £8,-1/n)<£3/2".

Define U = ;nf Tp.ﬁe claim that Unf oo

Lemma Borel-Conbelli implies thet 2.5, Snwl/ngéTn for n sufficientily
large.

It follows that,for k fixed and for almost allew,there exists a inte-

ger N{w)> k such that ;uh] (t;o)! and 45 @0)~1/q¢:¢ W) o

Then S _(w)xX% ond thus T, (@)> x=1/k for nxlifw),so0 that Uy, (W)= -1 /%

Tow, for fixed v, lst Y . be the process £ “Lﬁ“ﬂ“ﬁ “t 1} An.Since

e
o ; el HuE : R = i
Y msunl |2 aup |2 ()] ~—==% 0 as m~%>oo 3“w‘ \4 it follows
m t o tf:l pie] 2 z ;
that ¥ —~> o in L.
= e : = 1
Proof of theorem 4.3y multiplying (I} and (1lo) with ex <p(=sup |V ])
wwwwwwwwwwwwwwwwwwww -
vihiich is §f~* sagurable and posgitive fas.,we gee thal we do net .loss

of generality if we assume tha 0“”49 Vo-

: R = -
R 04641, ,Ryo-and a stopping tlﬂez cfine Qﬁx Y’td;tcneXU%ﬂ

iat theré exists a sequence of stopping times &(m,R).

©
]
¢
5
®
d-
2
)
63

R ()k*"l, 41) J -
B & -+ l‘dG'(\ R) £ ;3 (s, i{)d“«»""““"} 0 as ne=>oQ
G(m,R) e /o
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(eVentually we pass to a sub-sequence by using the previous 1emma)“;:r
fow if we Cenote U-Uln,e,1,R H,C)-~L I\G(*n R)AT (we keep the notatio-
ns of theorem 2) then a simple calculation(by U.tilising the Tto Tor-

mila) yields

: = s AU
by U v Byt B o 12y -
(|56 - 112y 2 501 v0-v_}2)+ = u[/f I,(3,m)aq, ]+

4/; tf A1 ()] 2)ad )

for every predictable stopping time 6 ,where

Lym)=2l =) =%, (o)) |l % )-mr (1,2 0]

1 (?,ﬁ)-“[\,..l[\i(t,.\. et e 10
‘L (37n)= t[[n,ww(h,»)] AN IS (u)]fl
. “ ”" n)mw (t )] w"c{ Jl(t"r" ) “21 ,Xﬁ’)ﬁ”

k(t,Xn] 1[131(1,4& )-8, J*W,A )]\

On the interval [o U] we have the' folloving eotlnhfclons

I (l,i.)é”éél/Q(- l) : I (2 nyé v é (n R)
Ly(3,m& R Aoy [V §y(m, )] 145 I.[;(4,n)§_c§t(n,iz)
_ :
: I,t(5,n)é @) [_2(3 (gt(n,’&)]l’g

It feollews thatb : ,
U m '{\
= : A A 'J 2 el S d2 :
‘b[t/o\ _I;t(l,n)d;gt] < 2 4 E{ }:f J_i;‘(n,.ﬁ)angt]}l/ m o)

ng [N(?. +1L\l{\,7)](7 4 (m+l) [/G( R)cg-u(”;,ﬁ.) W

ﬂ[-/;UIt(B’n)dQJﬁc(g)3[/; G, f 1{94]4 [So Jl/o wq,*%)dg]‘

6{m,R) : . :

i 3 i) _—

Clm,R)q B LAD,R)AQ YT T e o
(m,2)) [fc §,(a, a)aut:ﬂ, s
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-9

EU;Ul (54 n)a“t]“o(ﬂ) Uq d\;.b[]_‘/zja[} G@':{«)!t(n,zz)a@t] 1/2}

= R){ [fG(I*l R) (n,R)a9 1;]} 1/2 o_am________:} .

Therelore for every predictable storpping time 6 we have

E(}z{g(s’-)m;{U(G—-),\g)éc(n,m,}z}.p:gz[f G5V (5-) -2 (5] 2 2ok mﬂ
Gayehe o
T

Applying the above inequality with 6?:5R(t)sinf(p> °:p+p:mt) and

+then taoki e = -
hen taking lim we get
: n

iin 2|20 G (+)-) -2 (87 (£)-)| %)

t Ty r‘.....,—.. U n U T g7 ;
“’i‘l" B(] (B8 (1) -) -2’ (e 1) -)1?) Jau
Jz %f ;m ([ n(G (1) (& 1u) )\ )]du

wnere from

Tim & ;(s’?u)) YeR(1)-)]?)=0 & 0

1
Choose a sequence of stopping times og (p)?’oa such that At ahﬁ?(vﬂ

Applying (11) with T =T (p) we deduce

Lim B2, A G (m,B))-X(2,A 6 (0, B))} %)=

n
nence F(| X, (2 A G (m,R))-X(2 A G (m,! L))l,g)w o as n == 00
" and in particular

(5(n,e) 25(RALTAE(n,R) )= 0 a5 1=% oo
Consequantly

P(_sup 02 zE) =3 0 2s nem oo

t4 S{RIATAG (n,R) ,

whefe from Wettingxﬁ%ba@;R—ﬁpgovm:get

P( sup | L (4)-%(t)|2e)—p o

“L&i
and this finishes the proof of the tTheorem.

Remark.Theorem 4 improves a result of Gyon ngy-Krylov[2] . = =

e e e WA g e e
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