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On the strong solutions of the Dol6nns*ilade ;tnd Protter equetio$i

C .l[ud.o:'

Facul ty of  l \ { r" themat icsrUnivefs i ty of  }ucha:restr14 Aci*c len1r St l ,

Bucharest, R,on'a'aia

Exist . rnce, p-r th l t isc uniquol less ;u:rd st ' rb i i r ty lv i th respect t 'o

the conpnct convergence in probabi l i ty  of  strong solut icns -"  -

for the l)r-rldarrs-D,,r1e and kotter equation i lre studied j 'n a'

set t i r :g lvhich covers the l , ipschttz end'  nonotone cases'

Let ({) r f r r ' r ( f t ) -uou) n* a f i t tered probabi l i ty  space w}r ic l r  sat isf i -

es the rrslr:t* assur:ipticns a::d. cienote D(il+rAd) tir 'e $corol<il*d' sp'1'ce etui-

1rpecl  r i ib l r  tnc c. tnoir ics1- f i l t rat ion €*)

i i ,Je consider the fo110win6; stochast ic di f fere:r t ia l  eaust ion

I f  Q is . , ln.  increasing Proeess

( r )

then lve introd'uce the fo-

(;I')

x( t )=v( t  l *  l " r  
a( 's ,x )dz(  s)

(notd '**s-0; : .d.b 'a.yrd Prst1erts eqrra, t ion)r t rnere V is a d"-dimensional

c l a r . . i g p r o c e s s , Z i s a i a - r 1 i i n * : r s i o n - r J s c l ' l i n a r t i n g a l e t h a t y n r r i s h e s i n

o r ,nd a=(r i ' j l r l laur**,o is 
"  

q6q-Fredictable fu i rct ional  r r i th values

in R.s@itn.

l lov'ring co:ldit ions I

Conr l i i io:r .  (o() :There exi"sts a

th: i t  nt

J" f"o*^t *

Inr( t,&)', f ) I 
2t ft €",)[r* 

: i l  
l t( =)l 2] ro" evrr:y' t>o,<ueffcl(R+, Il l( 2)

9  

" ' o '

99*t l l l91'r ,  -Q)] f+r t : f ,c l r  posi t ive integer n tbcr ' r  exists a nred" ictable

process f , f  s,ach tr iat  ( t ) ,  f ro lOs a^n'c l  " there exists a conc?vi)  an'd i*crea-

siirg fu:rctic.n t?niB+--+ il+ su'ch that:

t t ,  **- a'  & 
: .  .y'o* 

?tt('t )

l * ( t  , eo f ) -a ( t ,@,e )12+  f | ( - )9 - (  sup  I  f  ( s ) - s (s l  l 2 )  -L4 ) - - - ' -
" l s 4 t

for  :L l l  t=orr^ . reQ,  f  ,  i ;e !1 t t * rad)  r , r i th  *Y+.r l f (  s ) l  a  n ,  
l t ; l l  

g(  o) l<" '
qd.t set

positive pred'ictr 'f i1-e Process )tt -E,tt '*i '

, . r s .  f o r  c l t c h  b l o
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Iret Z=M+A be a clecomposit lon of Zr,r ' there'Mr

tegrable nartingal-e anC. A is chafbg adaptod

r ia t ion.

Denote Q=8(  l i r l+-hn l  +{ i ; r ; ; ,v rhere l ; \ l

quadretic va:'ia*j-on of l;1 and 4i'5) ie

is a ' locally squir.re ":ln;

prccess lv i th f j .n i te ve-

i 's thb vx. j-a"t ion of Arlni ]  ts the

t i :e bieyer, process associaied" to i i ; .

f )  
l ro ld(vr i th i ;  def ieed es above),

s t rong so lu t ion  o f  ( f  )  on  the 'spaee

Theorem l , I f  the condi t ions (*)  r rnd

then theve exisbs olle ar:d. only one

k?,f, i') ,
l lroof . Si.nee

fakin6; q-+oa ilnC r:**clo tye d,ed.uce tllsJ X a:rcl Y are

l*Sgggf-2r.Su;: i ;o*e 
' .ya :, , te gi"ren V r 'arZ as in theorer:t

l )
(o( ) i {F)  imply  t t re  ex is tence of  a  so lut ion measure(see ' : J -

da very {{oo

see [ { .  ] ,

i-ons o.].1

pa.thwiee r.rniqu.cness (

tr ,et XrY be two solut

ma::k thr,.q,t i.l is ;1gai-n

r f rE E i1
U r r e , r q t r ' -  / .  

r
e  A v

Denote ri?=./ '  f  ;-u r"
" l/o

Ja,bod-I{emir* [4Jri 'ellaunaj"1t6]) r-;a ]le*d. to prove only the very good.

I  " , 2 .  2 5  r g , 1 7 9 )

cont ro l  p rocess

i.

and def j -ne the stcpping t ine

:  f  ( * ,q . ) - i n f  (  b *o ;  l ; i ( t ) l  o  lY ( t ) l  >  n )n  in r ( t l o ;a f  >  u )

Then fo'I"" evcry stoirpi l ,q t inie 54T(l1re) Yts ch'bain

n( 9,rpf,r tr ' r ; )-r( t)  |  2 )  * ' -r \ f  . - ,g 
*( cupt:c(s)- ' {  ( i l l2)dat)

t < 5  Y l o r s ; r  s < t

r vhe re  f r on  r ve r  ge t  su -p .  . l x i t ) - r ( t ) l =o  i ' - p . s . ( see [? ] ) .
t< t  (n r  Q )

t h e  s t r o n g  s o l u . t i o : r  o f  ( I ) .
1.1 Y,l

I ' o r  evor i r  pos i t i ve  in teger  : :  le t  V ' " rd -

t ions of  theoren 1 ,uni formly^in n(r ' r i th

l,icreovor i-'r.rlsu;ilc thnt :
Y l "

(i)V-l ccnver{le s to if r, 'r i t" i i1,::usp*et to the eonpact coiivergqncr: . in

pro  DaD] .11 f , I  ,

( i i ) ,q 'o r  every  n 'and l t )o  there  e :< ic ts  a  pos i t i ve  p rec l j . c teb le  p ro-

F  t  . . . \
c e s s  d  1 ( n r . t )  s u c h  ' b h a t

' H a 4 i

,  " .  t ' A ( d  f .
extens ion .  \L l r i  , . r . r  i  ) . . ' i c  r 'e -

f  7 '  consi-dered : ' is  def ined o:1

3 . . 1

ind.i st ingui shabl e .

1 :ind let l{ be

th* t .  sat is fy  the assui l ip-

L l r
the sa;re func t ions y  i , ,  f  

- )  ,

l '

.t.
t

tt\ F

l ;  du{*, '?)c1Q* #b "  
ror each
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6 ?

1 " " ( t , f )  
- * ( t ,  f ) l '  €  d , o ( n ' i i )

f o r  evo ry  t >c ' f €11 (R+ , t t d )  w i t r r  * l f l r ( s ) f l i l '
s* t ,

Let Xn be the sol-ution of the eciuation

;{n(t  )=vn( ' r )  u , / ' *  , r . t=(  s,  K")dZ( s)
U6

Then I3 conver€;es to l{ wit}r respect to -the compact convergence irl

probnbrl-itY

P r o o f . F i x o l * ( L r T r l t ) o a n d ' d e f i n e t h e s t o p p i r r g t i m e s

S(R)=inf( tro ;  IX(t) l>n-L) ;  s(n,€,)=inf( tAo ;r l 'x"( t) : -X(t) !+el

r n  = r ( ' : r , € ,  T ,  i i ) = 5 ( n ) n s ( n , 6  ) A T
" n - * \ o t t c r " r - - t  

- \ - - t

Chooserfor i=L-4 , the stoppiag t i rnes O;72 ao sr"rch $hat( iodthout loss

or seneil;tl-i?r"(t)-v(t)l 
*fu' o ;a6e 4n

;;'b i- 

I:F'' Gl\r ?**

QR,  *m {  ^4 .  $ * t ' ' ' , r )a r ; ,  : ou  " t  o  : '-O.1,-- V(o r?',i) n-+loo

t p.,,u( res}'6T.;), tlren
T T

( ,<:n1-"n )-p" l  s,x t-  )J*r(  =)o
t r . .

if we d.errote uy yu(ruup.S*) tae'"stopping

(xl-x)l* =(v*-v);* .[tlr", *,J{#( u,

, r t ^  (  *  T ^ -  T

. f  
"An-^ ,  

r l " " (s , . {  
n  ) * " ( " . rK *  

[az(s)
t t  t e  a  -  a  I  .

V O  u  -  l i .

ev€ry stopping tine 6€,,'1in Oi.*qi"e obtaitr
rnhere fromr f or

e(  ryLI
': ' '' 

taG

rit

(,in-:'r) ** [ 
't 

] 43J( sli.J:,1 | v"t t ) -Y(.i, ) I 
2 ) *

v0;

3* E(4 
o,6.) f*( *.'; I (,,l-;r)1" l t).1'rt1 +:*r(/ 

",6)4(n,R)dQt 
) 4

c(in,n)+3nr(,/, -, gn( ". i31 
(- ' 'n-;( l l" lzla',rf l

,  '  u ( o 1 6 )  I  s < , t

. l . im C( rnrn)=o
n*$oC

.Aprrtying ( 5) to 6. =Q=inf (t4S*; ' i$u) r'nd' using the time clalger

( : )

wlrere

theorern *,nd the Jenscn i-noqu::L1ity v're geii



hq:nce

It follows that

-
Itn s( srlp

, . 
nr*€ 

l*.r.*t

:  - t

1f f i l (su3| tx" -x l | * | , )4 :o , [ r - . t r : r :y i | {x ' -x l l "$p*
n-too -i,46u, " o* ,s46t

T
/ r r I I  " r \ - n 1 2 .(X^"- i { )1* ' l * . r '=6 fog "every u*m

Talcing 1t::m v'/e obtp;n .'.i.::,.,.r',, :.ri,
rF

1im E(.  s l1 l (x"- r )*"1 ' )=o'  g .Se **Om {
rF

E,hieh, inpLr 'es that  (X*-X)*t 'co*ver{ les ts o rv i . th respoct to the com-

pact sonverge$.ce in proLrability.In particular Xfr *X* ?r> o.Then*n -n

vrhere frcn as S(R) f ZT n'hen lt..*:,,eo we gct

n( 
fS lxf *xt ler )--+ o

and this corsnletes the ;ro'of .
'  

'*em 2 i*pt*.r** a result of., ifeh:.i-kov$Ja*rd ,in scrte sense,S,emsrrk. theor

is strongdr tnan ttte results of Enre4.[L] ancL Jacod*],ier,rinl4f .

Iret u,s mnJcc the fol..1or,ving assumptions: -

9gt$i11g*-!Xr):z is a special seni,nartingale w:-th the c*r*rrico,f an-

eomposi 'b ion Z=$i+I .Let Q be an increasirrg predictrr .Sls pr ' -cess wi , th Qo=o

such thet dQtldi t rdQt>d&)t  err i l ,  Let ' r=(t , l ) rs=(gi l t )  be the predictabte

processes def ined. by
- i  -1 r  iL

4f fJr f r5  =EJI i .Q i  I= f .Q

Assurnerfor each posltive integer n, there exis'bs po-isi'hve predictable r

. process y" sugh tnat (1) is satisfied(wi'th,r:tlr-agrevious q)o.nd. there 4

ex is ts  a  increas ing concave funct iongt t : i?- -p  R,  . th ; l t  sat ls f ies  (3) ,
I  + '  +

sueh tlrat

?{K( t* ) -y( t - )  ,  [ " ( t ,qr ,x  ) -a( tp i r  ) ]  f * , ( r . r ) } .+

EtrI



+AQ1tr )l La(t,c.r, x) -*( t r..lr v)J r*(oIl '? +
. &, r.'.

.irr"ii 4.

ffiu

y?t")  Y 
*(  tx( t*)  -Y(t- )  I  2)

for +vcry r>o,coe0 rxtvG) 1nn,nd) rni ' r ;h 
i l t  l t  (*) fg" '3: f  l ; t (*) l r* ' . ' ' -

qonr l i t ic : r  . ($,  )  iTfre funct ional  a( t rc, l r . )  is  cont inuous on'  D(n*r 'n* ' )
- - - J  L

end.owed lvith the ui:. iform topologyufor, F(a"r)*6Qt(c^r)-alnrost a1l- (tr,"ri

d.ef ined in (Xr )  )  .

J.Llnder (q)r(*.r)  ,(h), there exists one arid onl; '  one strr ' :ng

solution of (r) on the $Ilace (lnfr t ') ' 
q * x -o.

Ji ,roof .J-,ct .{ry be trso solut i .ons orr a gooct extension {Jl* '*r fLrP) ' I t

(wlth a

Theorern

'buffices to prove that x *nd Y are indistinguishable '
h A v n

l ,e t  6 r r= in f  ( t>o ;  l . { ( t ) l+  l r ( t ) l '>  " )  'o [= /o  Fur " i+u* t '
. f "

'Ihe lto forr'.r,il.a inplies 
nE,"Al

Ix(tarrr)-y(t^6n)[ 
'1 ' ' :  

I  z<xts-)-Y(n-), [*(  b,x)*u( u,x] l  r*2 i ' ' '  :

A qsl[*(*,x)-a(", 'r)1 t" l  ' .  
E

stl [* i l (  s,x)-ui l(  *,v$a';* + f i( t  En)

l t ( . * r :< ) -a j i t1=ry ) l

" 

t't

L  i ; '

( r

.?,:

p

I
a

7

i

I tr114t
I  y ' ( l  x

J o  I

vrhere fi is a loe:'rl m

I'or each tt'o" n;rd' sto

From (6) lve d 'educe

l *s ( r ) - rs ( ' r )

Iret 61 be e grequenc

tir:gale iil. APPliing (

n( [a,Q.(rrn e

' r  ( 6 )  . .
I  \ " r ;

e put S=tA6 , t6. . f=d^44.
L ' 1 J

I  2)an**as(r)  (?)
I  . l * . . , . ' ' -  \ - /

v

reduces the }oca]. nflr-

I  expec ta t ion  we ge t
L

g *( 
I  .ct (  p-) -rs ( p-) 1 21aa|)

I

u-)-Y( *,-) l ')ant + E(tAB,"

rbing;+l-e with ?( o) =e .

plng t imes (6 ' i ) i *1r  2r3 
t ,

m

?. * f' .9 *( I ;cs ( p-) -y|( rr-)
t o l

r  of lstoppi-ng t t rnes rvhich

,) to 6r=6i and *ort;Fr^i$

-) -Ys(d:^ e i I  l ' lenlJ o 
J

[ " j

vrhere frorn letting i->eo '{re obtain



z l anf)
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ln dq

n( lxs(6:)-vs{t r r ) l  2 l  < u(J" 
i  " t l * t tp.-) -ys(p-)

*( l*t(r*)*r$(6*) l ' ter(fto,"f *( lxs(p-)-ru(p-)l  2y*n|) (B) .

fsr every predictablo stopping t ine d.
Applying (8) to g"(p)=inf (=>o;n!>n) crnd ut i l is ing the ir : lequa,r i ty

f r  a t  r - - f l  
e l }

f .  s .  . . r ( s ) a n l  g  / '  f ( d n ( s ) ) a s
, l ( n , 6 n ( p ) ) - ' - ' - - - = - y ' o  

)

Errrd.  the Jensen ineq'aal i ty lve obtain , ,  , .  t ,

n( | xstso( r,) -) -vs (eo( B) -) I 
t Uflp"q nq | :rs (dn(u) -) -rs (s*(,, ) -) i ' ) ) du

{ o i

where from

f 'herefore for all p $te have

s(l  xs(g*( p) -) -Ys(rn( p) -) 1.2)=o ( g )

Letr for : 'af . f [*ra sequence of  stopping t imes'ce' . . 'S,{p) which increase to oc,

&s F-*ao such thet o(*(p)< S"(p) (see JacodfJJ, l . l  .37. tp,s,1?,) . .  , , , '

Then by  us ing  (9 )  rv i th  6 r=q(* (p )  p r *  ob ta in  :  1 : i

s( l  x(tA6rra **(p) )*y(t^rnA u(n(p) )  I  2)= o
i J  . j , i

Irhero from letting p-},oo anr.r. i n-+o,a vre deduco i; l ir irb X(t)=Y(t) a.s.

1".9m J.covers tfre resul'cs of Gyongy-Kryleiv[2]Renark.The resul t  of  theo:

end Jacod*1,:emin[4J in the ::nonotone csse. "' i

f [Sl{*Ut: td*,  
*r . r , . l :e as ' . i 'n ' {heorIre ' .  {z srnd ' i+t  :K'  bo t } re "st : :ong solut ion i ,

of  t I )  r : i th V(t)= 'Vo for bvcry ' t , r 'v 'hcira T 
o '  a f f " ,n: .oo.rra 'b1e r i -Lndon vaSi-

; * d .  '  : .  : '
able wit i t  valucs in R*.

For every positive lnteger n let ut + $]-rr*rrr*e {*rr*u*urable 
y5:*x-

dorn variab]'e and a functionoJ- an which satisfies the assumntions of

theorem 3 uirifornly ir: n.

Ire'b l!^ be the stror:g solution of
11 ' t . .

L t t )=vf ,o, f t  : ro(s,-L )dz( s)  (ro)- v O

l*roreover asiri l lme thrit ut - t '> oo *"J that the hypothesis (i i) of ' tgg;

reil -U-is -sq"!1g{le-d(nrith Q given as in (at) ). ' ,: i  t

Then X, converges to X v,"fth respect to the compact convergence in pg,t>

br.bil. i tY '
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i ' ie nee& the following resul-t (which m.ay there existe somev/here in the

l i t e ra tu re ) .
f

l qgpa. t ,c t , t ,  1 i { r r ) , . -1  bc  pred ic tab le  p rocesses  such t i ra t  X* (o)=o fo r

.q,1J-n.Theit X.o, converge to ,'{ Edth respect to "bhe cor'rpe,ct eonvergen.ce

iit prob*biiity if em.d orrly if ever:'r su-n-*seqrr--{nce con-baii::.s .:*r.oth*r

sub*sub-sequence lvhich converse$ iocal- l f  in LF to X(he:re 14p<"a is f i r :ec).

f lgg! : I t  suf f ices to prove'bhat i f  Xi1 coi tvnr€ies to o vvj . th rospcct to

the eor:rptct converg€Irci in proba.bil i ty then i.t contslns a sub*eequetlce

lvhich co.r : I t€rges local l3r  in Li l  to c.

'i'fltSout loss of general.it;',,]:/e rnff.;:,r inssume th*t Nn eonverge$ to o rvith

respect tc the co; ls:rc" t  coir lvcrse l ice : i - l rnos+t *ui :e ly"

I ,ct  S* be th.e 'prect"rc 'b; : ,b l .e s*o;r i r i -ng 'L j : I ie c lcf in.ed by $rr=inf  (€ot l : .C*r( t ) l>f) .

Since Jt-(o)=o i "b fo l lows 'b i ra"b SJu ix:d. , .Uirerefor 'e "b 'here exists a stoppi t :E

'6irue f l r . ( , i *  such that , ' ' ( !n * ;n- t /n)  4V2rL.

Dei ine tJ*= inf  T*. ' , le c la im t i r ;Lt  rJr , f  *- n * r , n P
. t"-

l-,erarea Boretl0*r,.t*ff i inrplies th*,t r:r-rs. Srr-i.r/rl{T* for n sufficierit ly

1 : rge .

It follows thatrfor k- f i;:ed' antl for alnost

ser i i (cu)> t  su,ch thnJ j f : i l . i . i ( t#r) l  4.  r  and.

: , r l - l . .s"rrthere exists a inte-

s (r,o) -t/n € T.^ (.., ) .n '  n

" .cr i :d .  th is  $hoiYs t?rab U*( tor )  V 6t" ' ' '

i {cwr fcr  f i : ied.  no, l -b t  
' f ;  

i :c ' tho 'prcccss ' , i *  o i ;1 ' - ipped"  ; l t  l i r . , .A n 'S i r :ee
t , ,  

- - *  |  -  | ,  i r \ l  f ; . ' . i l :  
r - '  

- ;  " '  ; , " ; * , - -  r !j  1-  =sr i rp l t . . . l  * , . . . . ,p l . l - ( t ) l  
' ' ' -13$" p 3:r  : : i '+ oo a, : r i l l r ; l<1 i t . fc l - l -cr ' ;s-rfl

. f, t4-'t

that Tr,* n in I,F "

l lggf-g{-!*gg.f 2}-t".: j1' t: ' .rr1-i; iplvi;rg (I) r ' :rcl (fo; 
" '; i t ir 

cxp(-*}t lTl I

f  ^  ̂ +  , r . ^  , - ^+
l v { r iC} i .  t ,  To- , r ,ees ' , r ra1:1e ; r : :d  pos i t iv .  n ; " f } .pYlQ sce that  ! ' /e  t }o  not  ' loss

r r  I , t '

of general-iiy if ivc asst1rjle thnJ fo*) Vu' 4- 
' 

"'*

I , ix  o4ta. lnTr i1?o.arrc1 a s toppi . i rg  t inef , . )c f i ; re  , ' ;T=f  " f  
fu ,a . ' ' 'e  nqr i i "

.  , 4  - - ! - - , - - - . : - ^ -  + '  
F  l  ' \ \

assume tha t  there  ex is ts  a  sequence o f  s to - r }p ing  t i t ' r ies  b ( ln r - tJ  : , . ' " i , ' , -

Then Sr.(...o)*tr :,,.ncl thus f.nto)> k*L/\< for n3 i i(a"r)rso 'birat UiE(-)(cn'b"':-)-/2

-w.ch'the,t ,J:'"'+ up1,",R) 4'n
n' 

J*(n,ti)s,,-$, o as n-->eo



I
t .(eventual ly rrue.pana'  to a sub*seqpence by using the provious l -enma),r ; . i

l l sv ' i  i f  rve  t l "onote  U-U(n ,€  ,TrRrnr6  )=T* rA d(mrn) tg  (v re  l ceep the  no t ; * io -
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