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S"TRUCTURE OF POSITIVE BT-OCK-MATRICES

Af.{D NONSTATIONTqRY PREDICI]ON

Gr.Arsene and T.Constantinescu

l. ItITR0DUCTION

What is called today "Schur analysis" originated in the paper [19r]; there the

structure of the Taylor coefficients of a corltractive analytic function on the unit disc

was done using as paratneter the so called "Schur sequences". A lot of work was done to

generalize this to the Hilbert space operators contexti  see t2] for a history of the

subject and for a Schur analysis r>f contractive intertwining di lat ions using an operator

generaiization of Schur sequence.s cal led choice sequences. l 'he Schur analysis of

positive Toeplitz form done in [8] and [9] provides a geon]etric inside to factorizations,

Nairnark di lat ion, and Szegil  l imit theorerns. Further, we apnlied i t  in [3:] for showing

the role of choice sequences irr studying Caussian stationary processes and for giving

geornetric interpretations to Szego lirnit theorems and to the entropy.

Due to their algoritrnic feature these phenornena have cluite a l .ew ccnnections

with questions in extrapolation theory, inverse probrlerns, prerl ict iorr and f i l tering,

electr ical engineering (transmissicn l ines), geophisics (discretization of rrave equations)

and so on. It  ls then natural to expect t irg,necessity of pessing from stationery case to

nonstationary case i i .e. froar Toepii tz Ionns to general posit ive definite ones); see I i6],

[18] anO the references t lrerein. A Schur an"r. lysis of genera! posit ive blcck-matrices u,,as

done in II0].

The present paper uses []0] and scrne neu/ geornetric analysis for studying what

may be called nonstationary prediction: the angies between parts of the past and the

future of nonstationary processes versus the general izations of Szegci l inri t  theorems

and thelr geornetrical interpretations. These generalizations of Szegd-type phenomena

incluCe the f irst and the second l imit theorenrs for nonstationary case, ancl a new scale

of l i lnit  theorems which connects these.

Let us short ly describe the contents of this paper, Section 2 gives prel iminary

results concerning the structure of rotv (or column) contractions, elernentary rotation

associated to a contraction and sorne resuits (Lerrrrnas 2,L, 2"2 anci 2.1) about various

pnoperties of cornposit ion of elelnentary rotations, rvhich are necessary in the next



section. In Section 3 we recall  f irst the Schur analysis for posit ive-definite block-
-kernels on Z and their l(olrnogorov decomposit ion using generalized choice sequences.
Then we consider the (Gar-rssian, nonstationary,) process associated to the kernel and we
define some angle operators in i t .  The main result of this section is Theorern 3,4; i t
gives a formula for angle operators which .will be usef ul in computation of
determinants. Theorem 3.4 uses Theorem 3.2 which has its own interest. Section 4
gives another variant for studying angle operators using Schur cornplements (Theorem

4.1). Section J contains applications. The f irst part describes thorrrugtrly how to use
previous sections in the stationary case; this presentation is generalized to the
nonstationary case in the second part. Here we include a ,scale of Szeg6'-type limit
theorems, their interpretation, and the reiations ' ,vith general ized choice sequences. The
last part gives the interpretation in our sett ing of a result from [17] (where a part icular
nonstationary case,was cornpietely analysed using different methoCs);

Let us note that the general notations concerning Hilbert spaces operators are

those of [21].

2. PRELIfvIINARIES

For .two Hilbert .spaces H and Hr, let L{H,I l t) denote the space of ai l  ( l inear,

bor-rnded):ope!'ators frorn / i  into I/ ' ;  we write I:(11) for L(H,.H).. I f  T €.L(H,H') is a

contraction ( i .e., l l f  l l  Sf), ' then DT = (1 - T*T)* and l,  = Ortul are the ..efeqt

operator, resp. the defect space of 
'I.

1 
and of i ts defectl I  H = 

.e. 
Hf., the structure of a row contraction T €L(H,H') (

k = i
spaces) was given !n [9]. This structure goes as fol lows:

(2 .1 ) -  T  -  (Tp  o r iT  z ,  . .  .  ,  p i i  . . .  o t i l _ r t1  ,  .  . .  ) ,

.  f  t frvhere Tt  is  a  contract ion ip  t ( I { r ,H ' )  and for  e ; ich k)2, .?O' . is  a  contract ion in

L(H*,D- f :  
. ) .  

For  descr ib ing D1 r  consider  ( for  each k)  1)  the operetors:
K - t

u,{ = a[k]) -"

-TT T^
L I

D-, 2

0

(z.z)o

k c o

O D t C @  D r
j = l  ' j  j = t  ' jfoum,6

T t[n
I
I
l 0
I
r 0

t '
t

i '
i 0
t

Dp(T) =

+lt  n- 1 , U 1 * 1 1
-  ' 2

-rir z
I\

l .

-rTDt " 'ont-,tu
- r lDr ] ' "  ot ; - , tu

D*, k j



r,

f  1' t ; ' ' : ,  I

where for a (close,J) subspace H'of H, PI; l ,  is the ort lrogonai projection of H onto H'.

Then the operator:

, -
f a$) : D, --'+ 

9. Dr. = D(r)
( 2 . 3 ) * ]  , = t  

-  
'' .@ 

[.atr)o, = D-(r)

is a unitary operator

For the <iescription of Dr* , consider (for each k) l) the oferatorsl

[nu(r): 
H, -+ Dr*

(2.4) , .  I  
'k

' - ' k l

L H k ( r ) : D r i . . . D r i  ,
and the operator

[H-rr l ;  
Hr -> H, 

I

(2"4)_ {
I nlttl = s-lim Hl(r)H,.(r) .

. n l \- K-)o

Tiren the operator
(

I gtrl: Dr* -* nanffi = D*(T)
l r(2.5)." 1* 
[ottlor* = H*(T)

is a unitary operator
'  

In the case where 
"U 

= O for k )n, the relations (Z.I ')*, t2.3)*, and (2.5)- can be

written as follows

(2. I )n T = (Tp Drf  Tz '  c  . .  '  o t i  . . .  ot l_r tn) '

and the operator:
co

"  [ o - ( r ) :H*9 , ' r ,
Q.il- 1 

J='L J* 
lo-,t, = ,#toutr)rfrr<),

Iatr) , Dr *6.'r.
l '(?.rnj ,='  t

I e(r)Dt = Dn(r) lD,

(where Dn(T) is defined in (2.2)r.,), and



4

(2^5)n

(wlrere H (T) is defined in (2.4) ).n n '
, 1, The uleful feature of these formularis tl"nt the klowlgdge of a decomposition

of type (2.I)n forrT (n eNtj{*}) implies e upper tr iangularization for D,,- having on the
, ,  f  1 n

diagonal the sequence tD,. fr_, .. k  ^ -

For an arbitrary row contraction T as in IrL)** the following operator will be

useful in the sequel:

Iw*tr;u' H2... ) = Ir,+(T) : H --+ IJ,o D(T)
(2.6) i -I  l r l

l W * ( T ) = 1 ,  IL D _(Tl

The operator W+(T) !s clearly'an' i jornetry (see'(2.j)J; i t  is connected with the

so-called adequate isometries in [7]. It is evident that W+(T) (and {T), qT),'D -(T) and
@

so on) <lepends upon ifte decornposition of H as @ H,; we will omit the deCornposition in
j = l  '

the notation only where the context is unambigous.
'  For a contraction f e L(HrH') the fol lowing unitary operator wil l  be repeatedly

userJ:

t
Q,7) I

L
We will

results

(2.8)

ry

i
1
t

f( f) : itOD fn 
-* H'OD I

l r  n * l
J ( I ) = i  " I " ' " 1  ""' -' -l-n 

r - r"J
call J( l) the elemeriary rotctfon given by I. Note that

that

Ji I)  = w+(w+( I*;H'f  ;Hp f)  
.

On tl"re other hand, having in mind (2.3) *and (2.5) * i t  is

opera.tor

W(T;H ! , !12, . . .  )  =  W(T) :  Dr*(T)@H - ' |H 'OD(T)

[ t  o l  [ o  r l
w ( T ) = l  l J ( r ) l  I" " ' - [ _ o  ( T I " t " [ f l r )  o ]  o

Then we have that

fiom the, definitions it

natural to cbnsiclerthe

unita

(,2.9)
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(2 .10)  w+( r )  =  w( r ) lH .

The elementary operations of deleting some subspaces and/or putting togetirer

some others in tlie decornposition of H as @. r{. have nice interpretations for the Srrevious

form'las; ure will rreed only the followr"* ii,lp* (liut useful {sr induction} fact.

For a row con.tractiol T as in (2.1)- and a posit ive integer n ) 2, let us denote

bv T, , the inf inite row ccntraction" '  ' ( n )

r(n) , $" ", 
* 

"ri-,
/ "  l t \  J = n
\ 4 .  r  r  / n

I T T )t ( n )  =  t t n  n ' T l l n + l '  " '  t '

ihen we have

LEMMA 2.1. Wtth prevrous notation,

(2"12) w+(r) = (J(rt)OIXIOW+(r(2))),

where the cltrect sums in the rtghi hand srde are written witit respect to
c ] @

decctmprtsiiions Hr eO^ H. ond (rurOD1T)O(9., Dr.), resPecti';ely'
'  j = 2  r  -  - l  

) = l  j

PROOF. The lemrna fol lows by direct ma,tr ix contputatiorrs, using fQr;tt

(2.7), i2.6), (2.2)*ano {(z.z),Ju , *^

The iterative use of Lemma 2. L gives an idea aboq.rt the connections betrveen

w*(T) and t ire family {rtrul} i= r 
(see also [7]).

,  Our next aim is to establish a formula for the elelnerltary rotati ' )n crf a columtr

contractiou, V/e do not repeat the corresoonrjing notation fcrr cclun:nsi lei us only ncte

thai in this case the operator c{. from (2.3) is the ider"r ' t i f ication of t ire defect of t l te

ad j,rirrt.

l.et 5 be a contraction betvreen H and H' = IiieH). Then

Q . i 3 t  S = t S 1  , S 2 D 5 r ) t ,

where,,t,rstands for rnatrix transpose, and 5t €L{H,H'), Sz'€L(Dq 
Lr?'zl '  

are contra'ct ions'

LEtul l , iA ?.,2. FarS as ir i  (2. i3) wehave

troE(s).lJ(sxreu(s)" I = l.!Cl(s?)ltJ(s 1)G)ll'

t?ze

r:ias

ffi

(2 .  I  4)

w!&re the rjfrect su.rn$ ors lllniten with respect to the decomp*$ftfons, rri fhe lelt hcnrJ
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sfde (i/)G)(*riOor;) ano (ri')O(DS),

(H', )O(Ds eD"* ).
.  J a

' J  Z

PROOF. Using t2,7) it follows

is acting betw,een HODS1 ODS; and .FI

t-tr r Ds* o I
i  

-  - r  
I(z.Li) 

| 
tror, -srsi or; 

I
I or^or. -Ds^si -s) I
L t r t J

The operator in the left hand side of

(Ir)O(Ds* 

"orl, 
und (I{i O,vr)Oorr,

-utt;l

o q J '

f- s D"xo(s)*
l r
I

b*t, 
-$(s)s*a(s

into account that
r

I Ds*
o(s)Ds* = | ."1

l o

and in the right hcnd side (HOD\*)O(D\*) ond
" l  " 2

t . .

that the operator in the right hancl side df (2,14)'
' ,eH'"OOq*,  by the matr ix-2

(Z.t+j has, with respect to the decompositions

the fol lowing matrix

'  (2,16)

-.1

I
I) J .

Tpking

Q.r7t

and that "

(2,18) B(s)Ds * orror, ,- 2  - t

the formulas (2,16) and (2.15) shows that it remains to prove that

{z.te) B(s)sxr,(s)* = (Dq sl| s;) 14.*6n**\ r . 2  1  L  . j l -  . 2

For proving (2. i9),  take h e H and s, r  tr ' l ,  sre D5xiput a = OrrDrrn u r5r.  Then:

(2,20)' <f(s)S*o(s)"{srOsr), a) = (srSs2 , 'o(s)s8*(s)Ds Dsrnr =

=,(s.1OuZ , o(S)SDSh> = (s I @sZ , CIiSiDg*Sl-r) =

= Go$s2, ,or i t th ,  srs ls lnsuh)OtD' ;szDs,h> =



= (s1 r  StDSr(DSrorrnr,  + (s,  ,  SroSrorrnt "

= aDS^Sis' a) + (Sls' a).
" z t L L - -

As {b* D* h : h e U}- = n. ,  the formrrla (2.?0) implies Q,Ig), ancl the lentma is- r ?  t l  " l  @
completelv proved.

V/e use norv Lernrnas 2.1 and 2.2 f.or obtaining a nnultiplicative forrnula for the

operator W* of two t'couplirrgt' rows" More precisely let T be a row contraction as in

(2.1)-and R another  row contract ion
(

I n r o1r1 -'+ H't
(2.2r) l

|  *  =  ( o r  ,  D p * R 2 ,  . . .  ) ,
t  L '  ^ l  I

where R,: D, -+'Htr and R, r DT, *onl 
,  

( j22) are con'tractions. Tl len r:ne cart
I  r l  | i  ^ . j _ l

consider the colurnn contractions:

t  - -

l s r :  
t l l  ' - ->H tOH"

(?.2?) ,  I'  
l s ,  =  1 T ,  R , D 1  ) t  ,
L '  r  * I

a n d f o r k ) 2

f

i su : t lu  *D.s I
(z.zz1,.l ^ ' ' "k-

n l ^  , -  \" 
[u 

= dsl)* . . .  o(sk-l)*(Tr. RkDrk)t '

It is clear that
- o o

lt , .e. Hk * t{'OIJ'r
I  r , . - r  "

(?.22) *1 
^- I

L s = ( s ' D s i s e , . . . ) ,
is a.n inf ini ie row contraction rvnitten irr the carronical form' \X/e rvri te S = R**T, i .{ S is

constructed from I 'and R in the previous manner"

LEMMA 2.3" With the prevfotts notatforu

(2.23J f le(e{sl)OB(S')O. .. ))w,(R *T) = (lOw+(R))w*(r) '

wh.ere the direct sums flre rirrftten wfth i^espect to *he decomposfttons, in the ieft hand

side (iJ'Qfi ' ' )e(DSlOorrQ. . " ),  ancl tn tt ie nfgirt lrand 'sfce { i ' i ' i (E(orrOot O- " " ).
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a

PROOF. Using Lemrna 2,1 i t  f  ol lorvs that:

( lH,eu/n(R))w+(T)  = ( l l t ,OJ(nt )G) l l , ru  . , iX lyr , ,61y;  Ow*(R1, ; ) (J(Tt )O, r . , r ( r , , ,  , ,  \J , ) , ,T 
I

(2.241 Oin1rr,,)XI/{l Ow*(r1,y) = (ln,OJ(itr)OIp(R(,,lXi(rr)OIDR1Oln(R(,)) '

'( lrr, OtorT O *.,(ot,;)Xt,r, @\!'*(r,,,))

u, ,orroo,r, t lre indices to the identity operators malce ciear the(here, arrd in r.r,hat follou's, tlre indices to the identity operators t

decornposit ions rvhich appear in the direct surns). Using.Lemma 2.2, the formula (2,24)

becomes

(rH' ow+(R))v/+(T) = (((rro, 
6 ",, 

os(s i ))J(s r,,r", o o(s, )* ))orr,R(, 
))) 

-

(2.25) .(rrf 
r 
nrttlorT o w*(R1,;))wo(r1, 1))) = ((r11' gs,,o B{s r))J(s l )orD(R1,;)) -

' ( lIJ 
, 
G;ttots t)* olo(ni,;)xlor,n ow*(R1';))w+(T(')))) '

On the other" hri i ' :d, using again Lemma 2.1, we have

(ru,o 
",,o 

(Bts r)o B(sz)o. . .))r{/*{s) :

t2.261 
- (rs, 

ojt,,o 
(B(s r )o B(s2)0. . .)xJ(s r )o rp(s(. 

))xro, 
@ w*(s1, ;)) =

=((lsr1gtrr"OB(st))r(sl)OIo{n,,,)XIn,O,,trri OB(s2)OB{stO. . ')w+is(,)))) I

= t(rs,QH"og(sl))J(s,)ori.r(R1,')xraro((o{sr)*eB(s2)o0(se)c..)w*{s,,,))),

where  the  row cont rac t ion  5( . )  =  (5 r ,  nq-S3, . . . )  w i th  Su =  u{St )S t  (k )2 )  ver i f ies.  , -2

( - p n ̂ r ' From (2.25) and {2.26') it follows tl'tat (2.23) is reduced to
" ( t )  

- -  ' t { , ) ' *  ' { t ) '  '

(2.23)2 trnri ODRi oB(sz)o F(53)@. . .;rv-n(51,;, - tlnri ow*(R1,;))w*(r1,;)'

which is exacty (2,23) with T and R repiaced by T1r;, resp. R12;. Thus the procedure can

be continued, and this provides, in fact, a proof of Q.23). This can be easily seen if one

tal<es irrto account the upper trianguiar form of t!'ie cperator W*(T). @

Other mult ipl icative propert ies connected with the structure of contractions

wil l  be discusseci in [ l ] .  ,  i



(3. r)i,j l*",
Ltr, j

I

. I-et us note that the previous phelelela (anci some which wil l be described
later) have interpretations in terrns of transrnission lines, using ideas from [5.], where
the structure of a positive Toeplitz form (as given in [S]) was i l lustratecJ in circuits
setting.

3. SOME ANGLES IN NONSI'ATIONARY PROCESSES

The rnain concern of this section is the study clf posit ive-.<Jefi lr i te block-kegnels
on K. Given a farni ly of Hilbert spaces tI/nln€g, a posit ive=definite ( i f I , . ,))-kenlel is an
application f defined on vxzsucli  that T(i, j)  = Ti, j  r  r,(H 

j,H) for every i , jez., and the
operators

t- >  @ H ,
K

K : l

= (T*,n)i.<m,n5j

for  i , j  x7,  i . ( j ,  are a l l  pos i t ive.  In  what  fo l lows we wi l l  suppose that  Tr , .  =  I r  for  each
i eZ; this wil l  simplify the fot 'mulas without being a serious restr ict iorr (r l* R*lnark t"4
of I l0]).

Bef ore going into describing ttre conrrections with nonstationary Gaussian
processesr let us recall the .structure of positive-definite block-kernels gn Z, as present-
ed in Ito]. r 'or the rest of this section, Iet us f ix a posit ive-definite 1{Ifn})-kernei Ti
whetr this rvi l i  cause no confusion, we rvi l l  omit the indication c,f ihe dependence on ?'of
the objects presented in what fol lows.

Tlre structure of T can be describ'ed using generalized choice seqLtences, (gcs)
(see [10] i .  A genera l ize6 1{Hni ) -choice sequence is  a fami ly  G = {Ci , , } i , ; *Z, i< , r  wl rer"e

C i i  =OH. ,  f o r  i e {  and  fo r  each  i r j eZn  i (  j ,  C .  i ,  D r :  *D r : r .  i s  hn  a rb i t ra ry
" ! * 1 , 1  * i , j _ l

contraction (uo 
"r,,*, 

acts between FJ.*, and I{r).

As shown in [10], there exists a one-to*one corresponicience between the set of
ai l  posit ive-definite iHnl-kernels and the set of al l  generai ized {H }-choice sequences.
If the previous nrentioned T and G correspond to each other under this.correspondence,
then one has:

( t ' ' ) r ,rnr Ti, i .nr = Gi, i*1 ,

for  every i  eZ,  and for  ! , j  €?, r j  )  i  +  l ,

3 " 2 ) . .  T . . = R . .  i l  c  , r r  -  n, - - ' - , i , j  ' i , j  -  " i , j - l u i n l , j - l c i+ t ,1  *  DGi l+ l  Dc I , , - . , c i , jDc lo t , j  o " j _ , , i  ,

,
( T ) = M , , :  @ H , .t t l  

k = i  
n
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where the operators R, ,, U, , and C: , wil l be defined immediately. (Note that
r , ^  ^ \  . . ,  l r J '  i t J  '  t t l

{$.7)i , l i ,Fv, i4, completely oei ine'T from G because.Ti, i  = I  and Ti; j  = Tl,1 tor i , ieZ

and i > j; this procedure can be also reversed.)

, For a fixecl ie 2., the family { 
"t,,i.t<ka- 

def itres a row contractioll

@
( -
l R . , t  6 '  D c  * H i

(3 .3 ) t  {  
'  k= i+ l  * i+ l ' l<

'  1 " .-  
L o t  

t  ( G i , i . n i l  D G l , ,  
, G i , i * 2 ,  " ' ) ;

I t l +  I

i f  j> i ,  the operator  R. , - ,  which appears in  the formula (3 |2) ;  i . r  is  the rest r ic t ion of  R,'  
i  

'  t t )  I t 1 r r

to  .  
g ' .O" .  

, .  
Arra logously ,  for  a .  f ixed icZ,  the fami ly  { " -U, / - j (k<-  def ines a

k= i+  I  
* i +  l , k

colurnn contraction

. a o

l c . , H . *  C I  D n x
I J I  p=_-g_ l )  *_k, j_ I

V.4)t { 
"- \ '  " " ')

j  
i c , = ( c ,  , . i  , G i - 2 . i D G .  . . , . . . ) t ;L  J  l - r r l '  ) - 4 1  u i - t  i

i t i<i,  the operato. Ci, j  which appea.rs in the formula 0.2') i4,1 is th" compression of C,

- i
to  O Dr:*

k=- I i -  t )  
* -k , j -  

i  '

: The operalors U. , are "generalizecJ rotationsl' associated to G.
r r )

(3 .5 ) ,  ,  U ,  ,  =  I '  t  D .x  - *  D r -  ,  .' -  - ' l , l  -  i , l  f l i  t i , i  * i , i  '

a n c l  f o r j ) i

r  - t  t
l u i . i  r , O . D c * , . * . Q D c .
|  ' ,  t .  l"-  - . i

(3 .5 ) ; t  {  " -  , ,  " - k ' j  k= i  
- i ' k

, r ,  I"  
Lu, , j  = t j ( " , , , * r )J; (Gi , ioz) .  . ,  J j {c i , jxuinr , jOtocI . )  ,

_ 
i , j

where the subscr ipt , iat  J(Gi i+/  means that for  lSkSj -  i

- ;
I

So fcr e'tery i€ 7

(3.6)[ j

k - t  j
J i (c i . i * r . ) : (  e  Dc.  )@(n*  eDci .  .  )e(  I  .Dc.  .  )  - *

J  r t r + ' *  
m = t  

' i + l , i + m  - i + l r i + k  - i , i + k  
m = k + l  

- i , i + m

i
r D D ^ )
Y  -  t r . ,

tTl=k+ I Irl+rfl
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A first useful byproduct of this gatysi;, is the possibil i ty of obtaining trian*ular
factorizations for each Mr,r(Tj, ir j e?,, iS j tr*" Lf Ol). For this, consid". for i eZ

F i , i t H i  * H i

(3.7Ji,i

$  F i i * l

a n d f o r j ) i

;  F . .  
t  I. i,i , Slru 

-+,9o",,u
(3.7).  .

L r )

[ "  r r  r -  I

F . . = l ' t ' i - l  " i ' j - l " i ' j  I' i ' j = l  
o  D . , . . . D , . .  |  .

L "i,j "j- t,jl
Then we have for ir j  eZ, i  ( j ,  that

( 3 . 8 ) , ,  M , , = n ' L p . . .
t t l  t t ]  t t l  t t )  

-

I t  is worth mentioning'that '{Fi. l i  verify also thc fol louring relations (see []01,
re la t ion ( t . t : ) ) :

[ t" .  Ri. iFi* l  ,  I
$ ' 7 Y , .  F . . =  |  I  ' j  

II tJ r t l  I  I

i  
o  D; (Ri ,1)F i* r ,1 j  '  $ ' iez ' i> i )

where Oj(*,, j)  is defined as in (2.2)r.

The previous analysis is also useful for describing the so-called Kolniogorov
clecomposition of T, which means the indication of a cJiscrete process which,hasF as its
covariance matrix. Trris constructiorr goes as foilows (-l0l).

For each i eZ, we apply the analysis of Sect ian 2 to the row contraction R.
detined in (3"3)r, t-et us denote by.Di the space D(Ri) considered in (2.3). and b], Oi,x
the space Dx(Ri) which appears in (2.,5)o .Consicler also the Flilbert spaces:

i _  I
(3 'e) i  Ki  =,9^oi, ,*eaioDi .

J = - '

(Note that R, is defined on Hi*lODi*t).

(w .  z  x .  *K i
(3 .10 ) ,  {  

I  r+ r
' 
L*, = I(Dw(Ri) ,

Define the unitary operators:



At',t
to\

:t sum is writteri witir respect to the decompoSitions Ki* 
I 

=
where the Cirect sum Is wntt(

i - " r  i -  l
=, , :gDj , .* ) (D(ni ,*@Fr,*rOLt i* i )  ancl  nr  = t ,9*Di ,u)e(H1Oot) ,  and w(Ri)  was

, iet ine.l  in (2.9).

Putt ing I{:- / / ioj) i ,  $/e have that W+iRi} (denoted in what fol lows by Wp is

(see (2.6))

( + +

i*i '*l.r. '-* KiCKi
(3 . i  l ) i  I-  

i w l =  w . l K !  ,  .
L  I  l '  l + L

'The (minimal) Kolmogorov decomposit ion of T is then the sequence V{T)=V =

= {vtn)},. ,  e gr def ined by

Vtn) r lJn --!Ko

[ o : r w ] 2 . . . w ; l H n ,  n ( o
I  [ o : r w ] 2 . . . w ; l H n ,  

n ( o
(3 ' r2)n i  

v (n)= io i : * ,  n=o
i i
I  l l o " * r . . .wn - r l an ,  n )o ;

th is  nreans that  T i , j  =  y111"V( i )  for  each \ , ienand thatno=MU(n) l in '  Thcsequence V

is an iclentif ir :at ion of the Gaussian rj iscrete (nonstationary) process uihich has I as i ts

covariance matrix'  
o(l{ i) ,  i  € f*{, (see

The minirnali ty condit ion artcl the t l ' iangular structure of each Dt

(2,?-),,) imply that I(+ =Vlnlt/ , . ,  is exactly Ho@Do. The same argument shcws that

n - I  

- - o  
n Y o  n  

n - r ,
fcr a::y n> t, i9 O. is equal to\,/Vtt ) lJU; rve denote this space with J(^  ̂ '  fulOre

k=0 
Co,k 

' -

general ly, for t , ,vo int"gerjrF a O, nn,n is, bry def init ion, the 
,sPace;\ 

lVtt) l iU' We wil l

also need t lre sPace K- = \ /  V(n)H'E  r \o  -  

n \ { *

T h e e v o l u t i < l n ( a n d t h e p r e c l i c t i o n ) o f t h e p r o c e s s V i s c o n n e c t e d w i t h S o m e

angles bet$'een these subspaces of Ko" In this respect consider, for each n) l '  the

,  - - +  r . /  . - -  t . ,  t '  
K  K ^

projecticns l 'n and P- of I{o onto f io,,. '  ,  re:; i ' r '  K-*,gi and O. = t; :  '  P- = t; :  '

The keY operator to be studied is
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B : K  ' + K
o o

' ; :  
" t l i , i  

r .

(3,13)
F !

B = P  P ' P  ,

whicir is a measure of the angle between the past

with [ i3], [15], where this operator is denoted

operators

w- 1

(Ki) anU the future 6:). (Conrpare

by B,). B is approximated by the. L

(3.1r+)r,

( n ) l ) ,

which measure the angle between parts of the past (/(_n,_l) and the entire future.

fe zK ' - - r f f
l n r K o o(3. l5)n,k I' 
Lun,n = nieflei .

These operators, which measure thb angle between*-r,,-,  andnorU, wil l  be studied in

the next section.

Our next aim wiil be the study of the structure of the operators I - Bnl !? ) l-

For this we consider the spaces 
"HCK*, 

d"f ined as *[  = 
H^o*-.^  ̂ . , . ,  

(nl l ,
'  K=U fnrrn+ l<

* e z); clearly n[:l = *o,n Denote o, ,;(*) the projection of I(* onto *[Tr], clearly

F .+(0)=P; .Wi th thesenota t ions ,we| rave :

LH,&1MA 3.1" For every n ) I,

(3.15)n I  -  Bn -  wl  r  . .  .  w] 'CI  -n: t^  eol : )w-n . .  .  w-1,-  ' :  
.  @j i .*  

"n

vthere 
j='- t '

[ n  : K l  * K +
l l 1  i J - n

(3.17)n 
1 .  ,
l n  = P - ' - n ) w * . . . w + ' . .
L  n  n  - n  - l

PROOF" First, note that

(3 . Is )n  n i  =  v ] l  . . .  w :np l t - t t ' * -n " . .

This r elation foi lows f rom the equali ty

(3 .19)n  w-n . . .  w- i {K-n ,o)  =  r [ l ] ;



jtj

this is equivalent with the fact that the c.losed linear span of H - \I1 Ht L  w l l i l  L r t r e  r c l \ - L  - r - , .  - -  
_ n t  "  - n . , _ n + l ,  

. . . ,

.  .  " ,  W_n. . .  w_ , I l  _,  is  t , ' -nODc 
,G).  

.  .O Dc ,  which can be easi ly proved by
- -n r -n+ I  - ' -n r -  I

- . +

inciuctjon using the upper triangular forrn of each W j, i e 7., and the structure of the

diaconals (sce relations (2.2),-, k > i).
K _

Using (3,18)n ,  we have -  .  :

'  
L ,  - B  - r - -  - p - p + P - =
, ,  n = r r t (  

_ . n ^  . n "

r O O :

= rK - rv lr  . . .  vr lnei(-n)w-n. .  .  w-tp*w:r . .  .  wlnpl(-n '*-n. .  .w- l  =
o

wir  . . .  w*n(r r (  -  p* ( -n)w-n. .  .  w-rp+w*t  . . .  w lnp l t -n ' l * -n . .  .w- l  =

)

@

The n-q4in step is the use of l-ernrna 3.3 to obtain.a'nice st iucture-for the
' *

prcrrJuct Wln., " rVlr; this wil l  imply irnmediately the structure of An, and so that of

I - Bn, Ta this end, for a given n )- i  iet us define the fol lowing row contractions:

^  l - I(3.20)n^ tlT = o-n
. : .

i u e e ( 3 . 3 ) . . ^ ) l a r r d f o r e v e r y l < . k < n - 1 , p u t

- ,  |  ̂ \  1^ \
(3.20)"n{k SIriul = (SII*t-t)(,) o R-noi.

(for the inc]ex (z) see (2.1t)2, an<J for the operation * seei(2,21) ancl (2"22);=r). These

definit ions malse sense. Indeed the donrain of '  the result 'of the'oi:eration # ' is the

eic,main of the lost terrn; anci the domain of (F.1)1r; is D(R'*r) foi- any i eZ(see (3.ni),

exactly as asked in (2.21). Now we can \-tatcl:

THEORE[4

B.?T)' - n

3"2. li) For evory n ) !

w + w +  . . . . w + . = U ' w- n  - n + l  - i  n .c!fr,
/ ^ \

where LJ' is a unitsrv operator, anO S! was de/fneci fn (3.20lnr.
' i t  . . ' .  t

(ii) The unitory operotor U'- frorn (i) hss tire pr.operty that it is dicglonal with lhen
exception of its n xn cornef.



where

$.23)

L ; , '

,15

PROOF'. ( i)  The case n = 3 contains al l_the ingredients for the general situation,

so we wil l  consider only this case.

Us ing  I  emma 2 "1 ,  we  have

e.22\ W* ̂ = W (R_ 1) = U!. ' (ru ow+((t?._ 3)1,1))'- )  + '  - t '  z r L  H . - 2 *  t  - ) \ z l

U'3,, i t  a unitary operator. Now, Lemma 2.3 irnpl ies

it" 
_ rOtuo((R- 3)1, ;)Jv/*(R- r) =u'3,2!f{.((R-l)(r) * R-2) = u'3,2w*(t1?) ,

where tJtu,, is a unitary operator, uno s(31 was definecl in (3,2(lr3 
z, Applying again

1 ? \  ( ? ) .
Lemma 2.1 to St' j  and Lemma 2.3 f.or (S)7)fr l  and R_1 r and tal<ing into accornt G.22)

and (3,23), we obtain:

(3.2q) w+rw*rw11 = u'rw*tts!311,,, o R-i) = u'3w+(s!3i),

where U', is a unitary operator. But (3.24) is (3.21)3, and t lre case n = 3 is proved.

(i i)  The operator Un is a product of unitary operators result ing b), succesive

appl icat ions of  Lemma 2.1and Lemrrra 2.3.The statement  fo l lows f rom the observat ion

that the unitary operators arising frcrn Lemma 2.3 (ut U't, ,  in (3"23)) are cl iagonal, anrl

the ones arising from Lemnra 2.i  (as U'r.,  U 
in (3"22)) do not affect the entries off the

nx n corner. 
5rr 

f f i

CORCI-LARY 3.3. Far every n) L, the ape.rator A^ from (3.17)n hcs the formt

(3.25)n An = U;Sq ,

wlrcre U[ has the property U[LI'* = P+(-n).

PRooF. The corol lary fo l lows ( taking , i i  = ol(-n)u;)  t .or  (3.12)n,Theorem 3"2
@

i i ) ,  Theorem 3.2 ( i i) ,  and Q.5).

Having in nrind the usefulness of (3.2])r, for

i t  is necessary to clarify the structure of 5'f  as a

facts together in the fol iowing:

the structure'of I  * Bn {see (3.16)r,),

row contraction. We put al l  these

THEOREM 3.4'.For everY n) I '

(3.26)n , - ur, = wf (t -r=,^ Ou';D1(n)u';" OIK + ,.* (-n))w'n ,

1=9-o i'* 
-n\?" o'n

where V'n ond U'f orc unitary aperators, and the cornponentr {r<!"}l i of r(n)fls d ro}u

contr<rct i r :n(see (2,1U are,up.tosonre uni taryoperators, thefol lowing ( l (k(*) :



'  - ;  / ^ \
0.27)tn oj*"' = (G_ 

t,j_ I

t 6

'  G -z , i - tDc_ l , j _ l  " ' '  c -nu i - lDG-n*1 ,1_ l" ' D -  ) t '
" _ l , j _ i

PROOF. T'he theorem results from Lerrinra 3,1 and Corollary 3,3, putting
'& ' '  

, U., - U,' I r!-n), t(n) - u(n)" t l.,re structure of o(n) fallows fromW ; = W _ n " . . W _ 1 ,  - n  - n .  
l ) r n ,  

r  = r - l i  l r r e  s t r u c t u r e  o f  K \ "  
f f i

{{r.zo)un*,.if:f un.i kz.zzl}i-r. 
l'{re

The iorrnu la {3.26)ngives

the process; this vvil l  allow us to

meaning) in terms of the gcs.

the connection between Bn and the gcs associated to

compute the determinant of I  - Bn (when t l-r is has a

4. QUALIT"ATTVE S{ONSTATIONARY SZEGC'-TYPE pHENOMENA

Consider again the posit ive-defrnite 1{nn};-ternel ? with i ts associated Bcs G

and the generated process V.

This section is devoted to showing t lrat the operators {Bn.k}n.k>i (see (3.15))
/  

- t

are connected with a sort of "Schur cornplementst '  in the matric"r t t_n,k- t lnr*)t.  This

wil l  give a simpler alternate way (aside Theorern 3.4) af. computing the determinants of
L ^ ]tI  - Rn,kln,k>1. Also it  wil l  point out that behind the numbrers urhich converge in Szegd

limit tlreorems there are corlV€rgences of savre angle operatorS.

Consider  ( for  n  )  i  and k2 l )  the operators

  
,+(-n)rrt  \Y/ tv '  I  r t(4 . r )  G -  rf i r K  r r K  
' n  w - n w - n + l  "  '  w - l l ^ o r k '

From (3"1t )n"k anct  (3 .18)n i t  fo l lows that .

(q .? ) ^  r ,  l o  -  B^  , ,  =  w* ,  . . .  v , i * , . I -  2  ' " '
' o  . 1 , k  

-  " - 1 " '  " - i t t e  t t ' - n " '  * u - l '
" n rk

On the other hand, for n ) I  and l< ) 0, the matrices tt_^,U (see (3.1)_n,U) have

the form

&"3)
I l rK

M - f l r K

* - n , ,

Qlo,*

Q-n.t-l

Ie{o,t 
l,L

where Q_n,k = (T i , j )_nai<_1,0<j<k1 the rnat r ix  in  (4 .2)n,p is  wr i t ten wi th  respect  to  the

k  - l  k
decoinposit ion of O H, as (O I/ i )O(9^ 

t) .
l = - f l  l = - l - l  l =U  ,

We carl state now:
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and

(4 .5 ) i , j  p i , lw iP i * l , ;w i * l  . . .  w j l t t i =  o i , j * i  .  .  .  w , l  u ,  ,

which follows by definitions and fnom the triangular form of the operators Wr l tltOnt.

The formula ( i) fol lows now by simple rnatrix computations using (Ir.r l) '  (4".5) ancl

the fact that

(4'7)i, j T i, i  
=

A - f

I I

THEOREM 4"1. For every n ) I crnd k2'0r :we hove:

( i )  Q-n,u -  Flr , , -  le n, t .n ' iFo,k ,

the operators {F,,,} being cleftned in 3."7}r,, i

l - F l n , - t  t l I t  e n , * * l  [ t - n , - t  o I

'  ( i i )  t - n , u = l  
n  r { l l ^ - ,  , l i  ^  E  l .ji  L  o  %,o ] [ c i , r . * t  ' JL  o  oo ,u ]  ;

(iii) If the operatott {n1,/;> i are all invertible, then

rx^ -  Bn,k*t  = wlt  " '  wxn(lK" -  o: ; , l ra-n,r .Molr,Qin,LF-1,- t)w-n " '  w- l

, ,  "PRooF.  ( i i )  fo l iows i rnmediate ly  f rom ( i ) ,  us ing (3.4)-n, - ,  and (3.8)o,u;  ( i i i )

results frorn ( i) and (4.2)n,k+1.50, i t  remains to prove (i).  A proof of ( i)  is virtua"l ly

contained in the proof of Lemnra l '2 and Proposit ion 2' l  of [10] '  For completeness lve

indicate here how the formula ( i) fol lows from the recursive relations verif ied by the

operators iF i , / ,S; .  To th is  end,  note f i rs t  that { t ; .Z l ; , , }  imply  that  for  each i , i  eZ. , l l j ,

(4 .4 ) i , i  F i , i  =  ( t , , j l n ,  ,  P i , jw i l n ,n ,  ,  . . .  ,  P i , lw iw i * l ' . .  w j - , l i r , ) ,

where we denote in this proof 6y Pi,i the projection of K, onto n$li-,.,. This can be

proved (for a f ixed ieZ) by induction on *o ( i  ( j .  Indeed, (U.*)j , j  is clear because

Fj, j  = Irn.; the induction step uses (t.7) ' ir i  and the formulas
)r )  " j  l -  p

(4.r)i, j Pi,j*ir"8jl l =l 
Ri,j 

I
I 

oj(*t, j) 
| '

@

(F i  ; ) ' , , )  shows the connect icns^ t J  t \ J -

associated to the Process. T'hese

. . $ r j - r l H j  ' i , j e 7 ,  i ( j .
K i

P ' W . .
u l
I l .

I

4.1 (and the tr iangular fortn of

of thc process and various angles

Theorem

between the gcs

/ l , t  t  a l  ^ ,  -
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appears irr the sequence {otn}nr* from the

is a finfte dirnensionol Hilbert space.

A- Stationary case. We start with tlre analysis of the situation in which T is a

Toeplitz form. Aside classical analysis cf asyrnptotics of Toepli tz determinants and

generalizations of these phenornena (see for exarnple [14], l22J,L4l), the study of various

angles in stationary processes is done in ll3], UlJ, LLIl, 1231, and so on; tlte connection

be'tween these two is presented (in the corttext of this paper) in [8], l-91, t3: l '  We remind

this connection because it gives a paradigrn for the general case.

T is  a  Toepl i tz  for rn i f  T i , i  =  T i*n, j *n for  every i r i rneZ,  iS i ;  the form is

determinecl by the sequence Ti = Tl, i*1 , i  eN. This implies that Hn = f/rn for every

n,m €N; <jenote this space by H. The parameter (gcs) G becornes a usual choice

seeuence:  Gi , j  =  Ginn, l *n for  i , j ,n  eV.  i  (  j ,  anc l  denot ing Ct  = Gl , i+ l  for  i  e fdLJ{g} ,  we

have that the sequence iC,) verif ies that Gu = Og and for i  ) I  G, is a contl:action from

I). into Dr-* . The process associatecl to this form is statiof lary; the Kolrnogorov
* i - . 1  * i -  

I
decornposit ion becomes the Naimarl< di lat ion' i .e. Wi = Wi for each ir i  eZ, and

V(n) = Wn, (n el ' i ) ,  where W = W'. We have that Mi, j  = M!*p,,*p und Fi, j  - Fi*p,,*p fot

each r , j ,p  EEr,  we denote fv1.  = i \ . { l , i+ l  and Fi  = F l , i .F l , ,  i  eFi .

I t  is clear that the form is compietely deterrnined by i ts part on I{ (t lr is is not at

al l  the case in general). Moreover, the posit ion of the origin is not irnportant; this

implies t lrat the operators {Bn"t }n,t u- do not depencl orr the choice of the or"igin in the

process.

The computatiorts depend r:pon the fol lowirrg:

facts u,i l l  be analysed in the next section.

5. C0r-ts[QUE,r,lcE5

In this section e;:ch ternr whicl-r

definit ion of the posit ive-definite kernel T

where f lAk = rnin{n,k} ond nVk = max{n,k} i

CCIROI-LARY 5"1. For eoch n > 1 and

,(nzlP;- L )., ,  nr,/k
(i) det (l - 8n,1.) = L 

tll 
(det D".)'' 'r,,=lnu

k )  I

(det D".)z(n^u)i[. l--;: . (det n".)2(n*k-i),
l  r=(nvk)+ l  

- i

n- l  co

det (r - 8.,) = (.n.'(oe,t Da.)2i)[.n (a** n".)2n),
"  i = I  

- i .  
i = h  

- i
( i i)
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PROOF. Relation (ii) follows f rom'{i').uoging that

(r.l)^ s-l im (l - B^ u) = (l - B^)
l l  

k + 6  
l l ; l \  l l

The proof of (i) results from Theorem 4" I (ii). Indeed, from the quoted f ormula

we have that

(r.2). ,  det ( l  - B* ,.) = (det M^. ,,  1)/((clet M",, Xelet MU- l)) .'  ' f l rK  
f i rK '  n+K-  t "  "  I l -  I  K-  I

(We consider throughout this section only the nondegenerate case where all choice

operators have the defects with nonzero determinant, i.e' they are completely

nonunitary contractions. The degenerate case can be easily worked out.) From (f.g) i t

follows that for gverV 
l,e 

N
)

$,ri det M, = (det Fi)' .

From (3.7), we have for every i  e N

(5.4)i det F, = (det o. )i{uet D" -)i- 
I . . . (0., D. ) .

* l  u2  "  '  \ uL r  "G i '  '

Relat ions (5,?)^ , , ,  (5.3)and (5.4) imply ( i ) .  
'  @

i l rK

REMARK 5.2. Formula ( i i)  (witn appeared in [3], Pioposit ion 5.1 with a

different proof)) of Corol la ry 5.1can be also proved using Theorem 3"4. Indeed, frorn

G.zd we have. - ' _ - , n
_ . ?

(5.5)n det (I - Bn) = (det Do(n))-.

From (2.3) * and (2.2), we inf er that:

/^ \  
co

(5.6)n det Do(n) = det D-(K"'') 
j:ro.t 

Dotn)

i -

From (3.2n'n and (2.5)n (for ccilums contractions), it follows that:

j+n-  I
det Do(n) det Gu .

K=.1
$.7ti

From (5.5)n, (5.e)n , and (5.7)Jr i t  resutts the formula ( i i)  of Corol lary 5,1.

Formula (i) can also be obtained in this way, using truncation, of K(n).

Let us note that Theorem 3.2 (r), besides being the key ingredient in obtaining

Theorem 3.4, has an indbpendent interest. It gives the possibility of understanding the

evolution of the Processr via the relations {3.12).
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'  
We give now the geornetric interpretation of the two Szego l imit theorems (see

191, 1"31)l u/e shoui also that these two theore!-ns a.re the first and the last term from a

whole scale of Szegri-tvpe l irnit  thcorems.

COE{OI-LJIFTY 5.3-
( 0

(i) linr (Efet i\a^)i(<tet Mn-l) = clet (l - B1) ( = li. e{et
n-!co 

' 
fi: I

(thfs lirnit f.s usr.rally colled the georne.l;ri.cul mean af

g{T) = g).

(ii) I'or every bt.teger p> A

linn [{d+t Mn)/(det Mn- r)]P* 
l/{cet l/D) = Ii,l, [(det M,.,*,-,)/(uet M.)i/(det Mn)

n - ' 6  
r l  l l " r  Y  

n + o r r  P ? r l  Y

= det ( l  -  Bp+r)  [  = BP"l / (o** Mp))-

' G )

( i i i ;  i im (det  Mn)/ (gn+i ;  =  l /det ( l  -  B)  (= t /  n .  (dctDG )2nJ.
n+6 n= I 

-n

'[he proof fol lows frorn the formulas (5.2) and Corollary 5.1.

RE&/lARld 5.4. Let us rnake so'r le cornrrents on Corollary 5,).

( i)  Tne {irst part of Coroi la ry 5,3 shows that the l imit in the f irst Szeg6 l imit

thecren'r is in fact the approximation of the angle operator B, vri t lr  the sequence {Br,n}

(,rr {g^ , }).  l t  gives also the formlrla of the georrretr ical mean of the process in terms of
I  t .  I

i ts associated choice sequence. As poirrted out in [3], using the notion of t ire entropy of

a process (cjef ined as h(T) = --| ln g{T)), one obtains a nice connection with the maxirnurn

entrop)/ spectra! analysis of Burg [6]. Indeed, i :ecause

( J . s )  h ( T ) = -  l m d e t D .
n=l  

\ r

i f  the nxn co! 'n" ,  o1 T is

I;al<irrg. G,, = 0 for k ) n,
K _

( i i)  Tlre second part of Corol larlr 5"3 is the announced "scale" c'f  Szegii-type

theoretns. It  glves the interpretations for al l  angle operhtors Rn, n ) I ,  in ' terrns of

deterrninants frorn T. Ca.se p = 0 in ( i i)  is exactly ( i);  the second Szegb l lmit theorem

contained in ( i i i )  is the "l imit case" in ( i i) .

( i i i )  The th i rd  par t  o f  Coro l lary  5.3 shows that  the l imi t  in  the second Szego

lirnit theorern is in fact the'approxirnati, ; 'n of t l"re angl* opefator t) with the sequence"

{nn}" Seel3-1, Theorerns 5,2 and 6.1 for a discussion about the (suggested by ( i i i ))

, 21
t )

proce.ss and fs denated l.ty

,
n

fixed, the extremal entropy continuation of i t  is obtaineC

D,-
\-r

l l

the
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connection between B being trace-class and the convergence of the product
@

,1, 
t*u* o"n'

B, Nonstatioelary case" We corne hrack now to the general situation of a positive-

*definite ({Hn'})-kernel T with i ts associated gcs G and the generated process V; recall

that al l  I{n are - in this section * f inite dimensiorral. The a.nalysis irr Part A clearly

indicatcs horv to general ize the Szego p)ler:orneri;r and their geometrical interpretations

to this case. (Szego l irnit  theorems for posit ive-clefinite kernels were given in [10].) This

general context wil l  give the possibl l i ty to understand some "hidden" features of the

forrnulas frorn the stationary case.

Let us note that there are two simple operations on the pal ameter G which

generate new processes. First, for each n e Z, consider the gcs C\r ' l  defirred by the
"  /^ \
famity dl; i  = ci*n,,*n , ( i , j  e 7- iSj). (f ir is corresponds to the changing of t ire origin in

the process. )  Then def ine G(-)  by the fami ly  
"1; )  

=  
" i j , - ,  

,  ( i , iezn iS j l .  (This

corresponds to the interchange between past and future") 
' Ihe stationary processes ai"e

invariant to the f irst operation; the second operation shows that in the stationary case

there is no difference in the belravior near +* and -*. In the general case thesc

operations prclduce a whole bunch of Szego-type phenomena. Because the reader can

easily work out the detai ls for G(n) 
"n.t 

G(-), we wil l  ccnsider irr what fol lows l imit

phenomena to +or start ing wit lr a f ixed origin.

' 1 i , ,
i  . ' i r  '

COR0LLARY ,"t" For each n > I

- l  k - l  ^
(i) det (l - B* ,.) = JI II det Dl

r r ; k '  
-  - G .  

.'-;?=' 
^ 

r':r
(ii) det (l - Bn) - . II .ll^det D; .

l : - h  J = U  l t l

The proof fol lows from Theorem

in Remark 5.2). Note that the formuias

equalit ies are:

and k>  I

;

4.1 ( i i)  (or Theorem 3.4) as in Corollary 5"1 (or

are even clearer in this general case. The key

I

(5.9)n,k det (t -- Br,,k) = (det *-n,k- 1)/[(det *-n,- rXcet M',k- 1)] , 
(n ) 1, k2 l).

COROLLAII"Y J.6. For each m eZ

(5.10)- l inr [(det irn*,U)/(Oet M** t,p)J 
=

t r r  
k + _  

' r r t l \

S )It det D1
i - m + I  \ ' -  ;'  ' , ' , )
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Denote this limit by e (T) = r " Thent  C )m t  '  on1 -  "

( 5 . 1 1 )  d e t ( l - 8 , ) = R , .
r  " " t

!F These fol lows from the fact that for i , j  e7., i(  j ,
f

: l
J - I  )  . t

( 5 . i 2 ) . ,  d e t M , , =  ] I  I  D : -  ,l i l  ' t l  - :  \ ' rp=r q=p+r  pr9

tsee (3 .7 )and (3 .8 } ) , . and f romCoro l l a ry5 .5 ( i i ) .

This iS: the analogue of the first Szegii limit theorem and of its 
'geometrical

interpretation. As for each m EZ

( i . 13 )  gm(T)  =  * - r {T ( * * l ) ) ,-  - m

*rvhere r(m+I) is the kernel associatecl ro 6'(nr+l), i t  is natural to cal l  g* the

geometri.cal mean af ord"er m for T; i ts geometrical interpretation fol lows from (5.13)-' m

and (5" I 1).

Note ttrat {(5.10)*,} show the right proce<iure in forming the ratio for the f irst' n l '  u  r

Szego i t rnt t  theorem.

ing (5.8),  i t  is natural  to def ine for each m EZ

@

( 5 . 1 4 ) -  h r n ( T )  =  - | l n g m ( T )  =  - .  I  . m d e t D *'  - m  m -  -  " m  ( J
J = m + l  m r j

to be the entrupy af ader m for T. These leacl to an extremal entropy spectral analysis

s (see ilZl for relafor nonstatlorrary processes (see [12] for related ideas).

Note that due to the analysis in Sections 3 and 4, it is clear. that behind the

numbers wlrich represent entropies, there are (even in infinite dimensional case) some

angle 
"T:TTJ:;r:*r, 

case, coro nary 5.6is a rirst step in a scare or szegii-type
limit theorems, ihe last one being the analogue of the second Szego lirnit theorern;

COROI.I-ARY 5.7. (i) For ecch p )_ I

- . i

fT* 
[llotoet Ml,pv(d** *,,, t,p))i (rlet M-p,'l) =

Ln

= fim [.1I (det M ̂ ,]/(de* *_p,i_riJ/(det *o,u) =
1a-rco j=0 t

= net (t - BD) (= t nt gi)/(det M_. r)J.r  j :_p  -J  "p r -  r

v

t !

I



"']l;r'ryqt"IT:*

n < 0

n = 0

n > 0

,  n e  N .

x3

- t
(ii) tlrn (det M_^ _ r )/( n g,) = l/det (l :

^ + @  
- l l t -  I  : _ _  ^  j

i l ' ' -  " '  ^  j = - n  ,

In (i) above we use the products irr the. first two terms in order to poirrt out the

idea tlrat these are generalizations of the fact that the ratio of two consecutive

deterrtr inants from T is a measure of some angle (see [20] for a construction of gcs as
trang,les" in ? ).

C. Krein-Spitkovskii case" One of the probiems discussed in [17] is the

f ol lowing. Consider a posit ive-definite Toepli tz H -kernel T (where H is f inite

dimensional). We use the notation frorn subs.ection A; in part icular W is the Naimark

dilat ion of T. For a f ixed integer k ) I ,  define

d  ,  = d e t
11r K

I  I  T .  T .  . .  T .'  r ' k  ' k + 1 " " k + n
I"  -  -  - t -
I

TJ6 |' k  r
. l. i  M' r n

a * l
K+n I

Then in LLTJ it is proved that lim (det cl," u)/(Oet Mn) = dU exists and a geometrical-  
n+oo  

l l tK

interpretation of these numbers as "angles" is described. ( ln [tZ] i t  is proved also that

l im d, exists.)
n'6 

K

This problem is an example of a nonstastionary situation as stuCied in

Subsection 3. Let us explicitate this.

Fix an integer k) I  and consider the processv[k] ={t i l l le g, where

* ( n - k + t ) l H

t{r.
wnl ru

It is easy to verify that the correlation ma.trix of V[k] is the following

. I

t @
.  

- L

8,, )l 1 l/. n _ l l - det 
"e. ].I  

i = - 6  j = o  - i r j

(5.  t5)n,k

r
I

( i . ld) ,  vLnJ = {" - ' - ' k  ' n  I
I

I\

iTT
Tz
T t
I

ri

T
"  k+2
T' k + l

T' k ,
r
L

+'lf
L

I

,T'k+z
,f
' k + l
.r
l :

I
I

I

I

TJt' t

Tt
I

. r i T knz
T

Î

T' l

I

T 3 . .

Tz

(5 ' t7)  r [k ]  -
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(t lre marl<ed posit ion is the (0,0) one). V/e u-ce t ire exponent [k] to indicate the objects
f  r . l

associated to the process yL*1. It is clear tha.t for each n ). i we have (see {5.15)n.U):

( r .18)  d  ,  = , *e t tu t l l i ]' t l r K  
| - l r l (  -  l r n

From (5"9) i t  folh:ws that

i t . f  fL l  lv1(5.It])n,k dn,p/(d*t Mn) = (dct ,\4'fr n)/(Cet t',.r,irl 
= det (l - B: i+I) .

Ilrorn Corollary J.6 we lrave that

(e.19)k 
$ 

dn,o/(det tvln) =

which shorvs tlre existence

process u[l<1.

Note that in t lre classical case ([ i4]) or in the general izations of Szegci l imit

theorems (e.g. [22J, [4], [17]) t ]rere were obtairred nice integral formulas for the l imits in

terms of the spectral function of the proc(isjs; the parameter gcs and the fonmulas using

it at 'e intendbnt as a t 'discrete'r reJrlacement for them.
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