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Strcngly plurisubharmo:ri-c exhaustion firnetions i

on  { -  convex  spaees

$ . ,fgtroCr.rcti.-qg. In | 3] the first author has proved. .r:

the follolving ; ri,,

: : '  theoeel4 i - . ! , '  let  X be a'eomplex space which sarr ies l , -  " ' r :

a strongly pt-urisubharmonie:'- 'exhaustion function cVX -+t--,n),

i , ,shen x is holcrocrphical ly convex and is obtained. f rom a

Stein space by bLowing up finitely many points .

' '  The' 'conclusion ' t  obtained from a stein space by blo-

ng up fiat*ely many points fr means preeisely that there are :

.a compaet analytic set ,.6cx r,*vith cim*s } o,- for r

a n y  x e S  , .

-  a " ,S te i -n  space Y . ,  a  f in i te  se t  Acy .  and.  a  p rnper  - ,n "  {1 . ,

holomorphic map p ;X.-rY?$'*ilnduc'ing. a;::bi-hoilomorphism X r S g: i

x Y : A and which satisfies p*&X Xtu . .

;r '  -. i i f i , '  '  ^ Foltowr-ng a custcimary terminology x is called an .,-:;:,

[ - corrv€x spaee , s j-ts. exceptional set, and y the: Ren-

mert red.uction of X o

-.  Tt teorem L. l r" t  was conjectured by Fornaess-Narasimhan " i .d";
i n  t i ]  .  , i l i

In this paper we prove the converse :

Theorem 1.2.  let  X be an I  -  convex space. Then X

carries a ,strongly plurisubharmonic exhausti'o1 function .

9 ! X . - ' [ - - , - ) . M o r e o V e r 9 e a n b e c h o s e n < . & . : : i @ f i ] c t 1 y o n t h e .

exceptional set s of x and real anEryf,ic 'outside 
s .

This theorem together with ,The,orem l.l.and, the results,.

of Narasimhan [9] and. Andreotti-,Gnauert t| l  gives the

f ollowing char aeterization of I - e,or,r.vex spaces :
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Theorem T"ret X be an L - eoriy€x space . Then the fo.tr-

lowing stater:len'bs are equivalent :

i )  X  j s  B . r ;  1 - *  convex  space ' i .

i i) d"i in". Hq(Xrf) < oo f or an}, q > O and any coherent i' u

aa.nnlytic sheaf f on X o

i i iL X .carr ies a continuous exhaustion funct ion which
! , i i , r

is  strongly pseuo"odonveJr out 's ide a conpactr  set  .  . . , :

.,,: iv) X earries a strcing-y plurisubhanrionic exhausticrn .... ,;: i ; i ;

func t ion  q ,X-+  l -  * . r  oo)
|  

' ' -  ' t  t

d

+ \  \  -1p)rv ) e oul_d. cal led the l ,evi  problem wit i r  , l iscon:- . '

tinuous furctions .
,  of The orern j . .  2. r ,  . ,  * l f . , ;" T h b . k e y i n g r e d . i e n t s o r t n ' e f f i i d e n t i t Y b e t . ' " ' .

ween' plurisubharmonic functi.orr.s and'.weakly plurisubharrnonic

fr inct ions ([ i ]  ,  Theorem 5.3.{.  )  and the ana}yt ic ver.Aion

of Chowr s lernma

$2r. I ' r :e l imirnar ies A11 compre) i  spaces a-re assumed. to,  be

reC.uced and countable at  inf in i ty .

An upper senicontinuous function on a connplex space i:. j :-,

, f  tx*g-"o, ,o) is sair i .  to be "pl .ur isubharnonic i f  for  everSr.ho-

l o m o r p h i c  m a p  f : D - + x  ( . 1  = . , t h e " u x i t  d i s c  i n  . o  )  i t  f o 1 -

l o w s  t h a t . , S F r f  i s  s u b h a r m o n i c  o n  D  (  p o s s i b l y = _ o o )  .  y:
is called sfrongly plurisubharmonie if for any coo real_va_

lued function 0 wi'bh compact support there, is anto>Lsuch

tha t  
T+S '0  i s  p lu r isubhbrmon ic  fo r  le  I  <  t  o  .

I t  is  knpwn (  cf  .  Fornaes.s*Narasimfran [  5]  ,Theorem 5.3.{ .  )
that a ( strongly ) plurisubharmonic function j-s locally the

restrietionrrgf a ( strongly ) plur.i,subharmonj-c function in an

l r a

)
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open set in some CN in which X is locally embed.d.ed .

Pro'pos]t ion 2" i*  ret  x ,  y be complex spaces and

p:X-+Y be a Flop:s3 ,  sur ject ive holorncrph. ic map. let

g:Y-+ [-*,oo) be an upper semi";ontlnuous frrncti.on such

that yop is plur isubharnronic on Xi , : .  jThen f  is  p lur i_

subharmonic on y .

Proof. ( sketch ) rn case is rear-valued and. con_

tlrruous but p 1s supposed. only hol-omorphie",rand sixrject.tve.

th is is*enact ly proposi t ion j , .3.  in BorelrNarasi-mhan lZ7,
" :  rn the generar case the proof is a sr ight  mod. i f icat ion of
.  theirs .  For the sake of  comple-bene.ss we i .nd. icate the ne--

cessary  mod i f i ca t ions  to  be  d .one * , " . .  i  .1 . "

Exactry',"as in [a] rve may asslxne that . y is the unit
dlsc in CI,-- ' '  since p is prcper for any irreduetbte c.om_
ponent xo of  x i t  fo l rorr :s ' that  .p lx , i ,  is  eonstant or
p(xo) = t , Theref ore v/e may .assum.e 

tio 

,=""duc'irbre ...:$his,.:
hypothesis together rrui.bh tire maximum principle yield.s the
follorving equality :

1 i ,

Now the proof can easi ly be conclrrd.ed. using the fol_
lovuing two z"emarks i ,

a )  r " ,e t  xo  e  x  be  sueh tha t  
'p ( *o)  

=  yo  .  rhen there
exi-sts art analytie curve c in a nei-ghbourhood of .xo in
x such that plc i .s a ramif ied cover ing of  a.neighbourhood

' , " , ; ' t {  o f  yo  -  (  see  f  o r  exemple  F ischer  L41 ,  3 .3  )

' 
upper semicontinuous functi.on such that : . l : j

i) glff . iu^l is subharmonic :
r - -  ' f d  

g r  \ ,

y $ u f f r l  = Y ( y )  f o r a n y  y o € y  o
v * v i

; ,  
'  

. '  

' j . '

'" 
,' r:ri.1
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ii) .,.frT-,ca(y) = 1u (ro)
J  * ' J ;

y t y ;

Then Y is sr,,pharmoni-c on N t '

"  
(see f  or  instance Gr"auert- . ,

Remmeyt t  6 l  ,  Saiz 5* )  ,

rlemarE Simple exnmples show that the assunp:l; ion' that,l ip

ic  p roper .  cannot  ] :e  d . ropped.  in  p ropos i t io r l  Z .L .

,  C:rroI IarJ--?-.2:-  Let  X ,  Y be cornpl .e4 spaces and p:X--+y

be a proper.: , sur j ective h.ciomorphic fla.lr ' I,et 
fzy 

-+[- oo , .*r)

be an upper semicontinuous function such that f op ,is strongly

plurisubharmonic . Ther"r f is strongly pJ-urisubha:rmonic on y .

Applying Proposition z.L. to rr: i --ex (ttr, nornratj jsa-

t i o n  o f  X ) o n e  e a s i l y  v e r i f i e s :

tg t X'-+f-;o, 
"o)

be ,an.upper semi-con-binuous furction .

Then ,( is ( strongly ) ,pl-urj,subharmonie
ges.trie,.*ed1to', jarry: irred-ueib-le com"or;nent of X

plurisubharr,ronic . 
,

An,other fact which wil l

t "2 ,  i s  the  fo l lov i ing  , .

Leryma 2.4.  Let  Y 'be a.  Stein space and" yty_,  l - - , - )  a r : , r . i ; , .

funct ion'whieh j  s cont j -nuous outside a eompact set  containing

lF = -  
"" I  .  Then one can f ind a,rear-  analyt ic stro*gr-yv v * v .

plurisubharmonic function ?. r y-+ lR such that | = A + p is

an exhaust ion funct ion or t  y  )  i .e .  y . .  =  { r . " }  c  c  y  for. c

a n y  c q m  .

The proof i.s obtali--,raed slightly modifying the proof of ftre
,

well knor,' 'ar' farct thbt any stein. space carries a real analytic

strongly plr"rrisubharnnonic exhaustion funetion ( see for ins-

tance Naras, iglpan IBJ ) . .x can be c.hosen as a convergent series

C_o-Io11'2T{ 2.3. Let X be a.'qg-nnplex space and.

on X 'lff

is ( strongl.y )

be used. in tl:.e .proof of Theorem
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S f  - A

A ^ , l f r ; l ' ,  f j e  [ ( v , f f r )  .  ,
J € U \  U

Firially , to construct strongly plurisubharmonic funeticrns
on a given t  -  curvex'spaep we shar l ,  L lse-the fol lowing ana_
l)r t ic  version of  Chowr s Lemma z

Lemma -of chorri ( Hironat<a [ ?] ) r,et x be an L : corr],
vex  spaee. .  ,  ScX i ts  except iona l  se t  and.  p :X__;y  the  

, ,  
,

Remmert  red.uct ion of  X .  Suppose that Si , ,  . is  rare .
.:,, Then there exj-st a coherent ideal j-d. such that

supp(ty/i ) = p(s) and a conm-utative d.iagram :,

* fY  -  * + x

" r /

L'
wnere ff : Y --e Y

( , p (s )  ,  t t , / i ) 1
s u r j e e t i v e .

is the blowing-up
\ -

p ( S ) ) a n d t i s

of Y with the eer:t.en

holoii iorphie, proper and, r ia ?|1 l"jr :

a^s a general refer.ence fo' the .construction and basic:
propert ies of  analyt ic b- i .ov. 'ng;up we refer,  to Ftscrrean, ( [+]) .

$3.  S From now on . .X wi l l  be &r1
j .  -  convex space ,  S i ts except ionaL,,set  ,  ,  p:X_-+y' , .  t . l re
Remmert red.ucti-on and A,"e,r,tri{S) . Reeall that y is Stein
p is properrholomorphic ,  sur jeet i -ve and. A is f in i te ,

The proo f  w i1 l  be  d iv ided.  in to  severa l  s teps :
i )  s is rare ( .  i "e.  s does not contain any i*ed.u- .

c i b l e  c o m p o n e n t  o f  X  )  a n d  d i m X  < F .

li) S is rare and no asbumption on dim X .
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Step i )  Consid,er  T C&'  the ideal .  such that 4 -

the= supp (Uy/i) giyen by Shrowrs lemma and if,Yt---+Y

blowirr.g-up of T, with cegrter ( .[ , t&,rzt.l1 o I 
-;

. i

fhe id.ea is 'bo construc'b oi:r Y ,a strbngly plurisub-

harmonic exhaust ion funct j .on .6*rY-.$ ' , ' [ -* , - )  such tha'b |  = '

= -@ on A and V ' is  
rea].  ana. l ,yt ic, 'outs id.e A o t r '  such a

wa.y that Y,1i. is strongly plurisubharrnonic on Y 
JF 

,. Then e

using Coro,l lary 2.,2. ,ff=Tof Ls strorr.gly plUfisubharntonj-e'on

X '  .  The o ther  des i red  proper t ies  o f  f  . ,a . rs  eas i " l y  .

i 1 ^ . . a

Ihc construct iorr  of  T" gees as fo l lo ' r is  .  
'

Since' Y is a Stein sjlae.e t ',- i i  borrnded d.imension a well

,dEllown argument which uses *1t*oye;1yr.tB -0,f, H.Ca;rta4 shows

that there are Tr l r  . .  .  ,h,  € I  (v,  T )  such that 3 r ,  . .  . - ,  , . ; '  
' ' i l

A  =  {  h ( = . . , =  } i 1 =  0 }

,  C h . o b s e  h -  . - ^ - - - h  4 f ( Y r T  )  r r y h i c h  g e n e r a t e  t h e ; f , i b e  ,. . I + L r . . . r . , s
a l

T",  for  a" i : . ;  y€A (  R is f ia i ' te!  )  .  1 
' : , .

l r -r  

,  .  . . ,  h ^  g u * u " " t "  i  - ,  f b rT h , : n  t h e  g e r i x s  h t r y  , . . . ,  h " r y  g e n e r a t e  I  
,

a n y  y € Y  .  H e n c e  [ = ( h f i . . n r h s ) : Y - * O s  i s i , , & * h o i p -

morphic 
l "p 

such that i  ,  r : , , , . ,
I

h- ' (  o  )  =  (  I  ,  t t " / i )1o )
Accqrd.ing to Lemma 2.,.1r, v/e can chcose a real analytic

strongly plur isubharmonie funct ion 2iy-rR such that
A

7 = X,  + rog(  L lnn l ' )  i *  an exhaust ion funct ion on Y .
i"t 

rr
It is cl-edr tnat B j.s strongly plur: ' j-subharmonic on Y ,

( 1
r . . . , ; - ^ - " t , U = - r n l  = A  a n d  E  i s r e a l a n a l y 1 i e o u t s i d . e  A  .

: , .
.  T,et t  

- |of:X-+ [-- ,*) . .  l ' ie claim that f  has the re-a. i , ,

qu i red proper t ies .  fn  fact  we only  have to  check, ' that  f  -n
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is strongly pluri subharmonic becauser,the other properties
are obviously ver i f ied.  .

According to sorol lary 2.2.  ,  i t  is  enough to show that
tot  is  strongly plur isubharmonic .on.  y ,  To d.o th is we
need the explicit d-cseription of, a.nal.ytie t, l0wing-up .

let rncto, :be the sheaf of;; ideals of the ori-gin ,
There is an exact ^ sequence or: Os ". ,

r S \
(") u'Ej S.+t 

fu -o",_+ o

wher.e c{ is given by the holomorphic

X ^ .z : '
a :

-]a . .' " 4  .  .
t . t

a a
u a

.  o  a  a  4 ;  a  a  a  .
t d  .
a a  a

z S 'ux( I )  -  mat r i x

. . L r * , l l -  \

. f ' . incticns on Cs ,

image ) is right exact

- ' l

i
I

- X ;  '
r  a  X .
r ' S

I ->C-- 
fr- I

i ' , : , .  a n d  *  
L  , . .  o ,  * "  o e n o t e  t h e  e o o r d i n a t e

Sinee h* i  bhe analyt ic inverse

we get a;rr exact sequence on "- y z

(*x) ut;'lg ei --- hx m -- o

- let f^tw(i) -+y and 7 z;*e{*ny --y be the projeetive
var ie t ies  over  y  assoc ia ted  to  i  ,  respec t ive ly  to ,  n*m(  in
general  they are not redt lced )  .  The canonical  eplmorphisrn
. f  '

.".". ,* h 
"rr1 

---+T yields an embed"ding p( j ) <---?p G{,rn) . ,.,,:,0r,,,
'  Since by the constructi.on of the ana.lytic blowing-up i i, --



yx is a : ' l -osed subsiraee 
"r-uJ 

(T) in ord.er to veri fy that

?,5i is strongly plur"lsubharmonie it will be onough to test

that r " f o', i?rninor) ---lL-* ,*) i"j st:rongly plurisubharmonic
a*

(  n o t e  t h a t  t - 5  t  \
"  -  ) 2 l Y  |  '

From (*,t) '{P(h*"n)<--?Y 
^P*-t' ',t,,t.s given by t}.e equations :

h r ( r ) z t  -  h i ( y ) z i  =  0 ,  t . ( i (  j - (  s

where (  zr t l  , .  " ; .2 ,  )  are the homogcreous coord i r ia te 's  on Fs- l :

s e t  u i  =  i { v r z ) e y n P " - t /  - i +  0  }  ,  d : - ?  u * - - - r Y , * o s - {

d i ( v r z )  =  (  y ,  z y t t z r  r - . . ,  ^ j - - ! - / r i ,  z i . r , t / z i  r . . . r z = / 2 ,  )

and define 
s_1

n, l , i  = 7 + i o s ( ! +  
* l r , r ! ' )  

+ 1 o g ( l n r ! '  )

v u h e r e  (  t r t . . . ,  t s - l )  a r e  t h e  t r r i " J  c o o r c i n a t e s  o n  c s - t .

. -'Then ,,eY,i is strongly pluris'rlbharrnonig on Yx Cs-l 'and

z o 1 2 =  Y , i o ( i  o n  U r n t P ( n * m )  .  ,  
i :  ' ' "

Tl-" ls proves that Z" 1 Z is strongly plurrsubharnonic

on tp(h*"o,) thus cnding the proof of Step , i )  , ; ,  ; .  r ' , . , ' . , ; , .  , ,  , : : ' ,

' s r '

Step i i )  lTe drop the assumpt: lon that X has f ln i te

d i-mension .

i ' | , : : ' i ,  This is d.one hy careful ly anal ;ysing' the arguments given . , ,

above r

,I.,et,,*.u U cC Y be a r.elatively compact open neighbour-

hood. of  A and. v = p o(u)cc x .  r . ,et  xo be an anaryt ic

subset of  X'  havlng f in i te dimension and.containing", '  U .

Then Y =  p(Xo)  i s  an  ana ly t i c  subse i :  o f  Y  an , l  IT rY.  - O  r '  \ ' r  r '  q r r u  -  * a  * O -  .

, ' ,Ininally , 1et T be the id.eal on y given by Chowrs \emma
' Using again Gartanfs theorem B we f ind (  s ince yo

is of bound.ed dimensi-on ) i n 7 1  . . . s  h t  C  t t ( y r I  )  s u c h  t h a t

ii.) li

i ,

. t

i r iA  =  
{  y € Y o /  no$ )  =  . . .  =  h r ( y )  =  o j
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C h o o s e  h l * 4  , . . . ,  h s  € f  ( Y , T )  w | i c h  g e n e r a t e  t ' o  t o :

any  y€  A  .  Then  the  ge rms  h l r y  , . aqn  h . r y  genera te  i  
U

f or any y € Yo . Next choose a. ,e ountabl-e set { *n}U*6, i
c f (v,ff") such tirat yo = ,n^, f *u .=. 01 r'  

k g  E ]  
(  ^ . -  t  

^
IVe may suppose that the series Z ls,.l 

2 converg@,s

u.n:.formly on compact sets of y . .nt 0{ . 
'r! '

By Lemma 2.4. we find a real a.nalytic strongly plurisul5-

j . :

I
E I N

l *ul  '  )

Clear ly ,  Z  =  -oo  exac t ly on

1 +

f 
=2" p the same arguments

is a strongly plurrsupharrnonic
( ' t= 
iY = - oof and 

Y is real_

harmonic function l:y--+ IR such that
, c

z  =  X*  tos(  i , .  ln r l  '  : *
is an exhaustion f i rnct ior.  3i t  v 

' .  k

o n  Y r A  .  M o r e o v e r  A 1  U  =

g k  =  0  o n  Y o l U  .  ; , r

i i :-  . :  Fo-f ,";*h.at reason j-f  we set

as , in Step." i )  prove-, i l rat y

" exha,ugfion,",f-r.uection on X ., S

analyt ic outside S .

.Rerrglgh Und er the assumpti ons 
' 
of Step ii ) one , can

pro1q tha t  g iven  a  f in i te  se ,b  Bcx \  s  the fe  i s  a  s t rong ly  i .

plurisubharmonic exhaustion function gr x -r I_* ,-) such that . ,.1

I f  =  -cq+ exac t ly  cn  sgB anc t  
f  

i s  rea t  ana ly t i c .ou t -

s i d e  S U B  .

straightforward and so wi l l  be omit ted .
The proof is

A and. is real analvtic
s

l os (  2  In . ,  l '  )  s ince
J = l . . " .

union

i n S

S t e p  i i i )

of th.ose

. Reing;

S ls  no t  necessar i l y  raTe o :  le t  ?  be  the

i*edue. ible' e omponents of x not c ontained.

a c losed.,  subspace of  an j -  -  convex space
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X is i tsel f  t  -  convex and is c lear tha, t  i ts  excopt ional
^)

set is ra:Te ,  However S = Xf lS contains the exc'ept ional

set  of  X .  and (  even-bual ly )  a f in i 'he , :et . .  Anyhorv by -bhe

Rerna::k end-ing Suep ii) there is a strongly p1u:' iBubhay'-.

monic exhaustion function fr , f - [-* ,-) such that 3. = ''*+.;.,.

= { E = .- ool ana V is reat anatytic outsi-de f '1, . . ,

,  Def lne ,  T l  X  - t [ ^ - , * )  by  \  - rQ o1 .1 ' " i  and  f  =  -  *  r
on S . Ihen 

T is an uppsli semie on'binr;ous exhaustion

function on X , real analytic outsid"e S and S = 
{T 

= -*l ,

Because of  CorolJ-ary 2.3.  q is strongty plur isubharmonic
I

and. y,'e are d.one ".
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