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Strongly plurisubharmouic exhaustion functions

on { - convex spaces

§ . Introduction. In 3] the first author has proved

the following :

Theorem 4.i, Let X be a complex space which carries

a strongly ‘plurisubharmonic' exhaustion function ?ix—af4°f°).
tisThen X is holemorphically cénvex and is obhtained from a
Stein space by blowing up finitely many points .

7 Thé'conclusion " obtained from a Stein space by blo-
wing up fimitely many points " means. precisely that there are:

—,aicompaot analytic set - w8 cX nadth dimXS O o
any s xEes o,

- afStein space Y ., a finite set A<cY and a proper
holomorphic map p:X——?Yﬁyinducing“agbiholomorphism NS
¥ YA and which satisfies 'p,0y¥0 ..

--Following a customary terminology X is called an
1 - convex space , S its exceptional set-and Y +he Rem—
mert reduction of X . »

Theorem 4.4, was conjectured by Pornaess-Narasimhan
a [Bsr]k o

In this paper we prove the converse :

Theorem 1.2. Let X be an 41 - convex space. Then X

carries 2 strongly plurisubharmonic exhaustion fuhctionf_
@:X —> [-00,20), Moreover ¢ can be chosen -o0 cexactly on the
exceptional set S of X and real é,rTérﬁ?ié oubside S .

This theorem together with Theorem {.{.and the results.
of Narasimhan [9] and Andreotti-Grauert [1] gives the

following characterization of 1 - convex spaces



S0k

Theorem Let X be an 4 - co.vex spsce . Then the fol-
lowing statements are equlvalent 2

i) X is an 4~ convex space .

i1} dimc Hq(XP?)< o9« for any d>0 and any coherent
analytic sheaf g on E,

iii). X carries a continuous exhaustion func+tion which
is strdngly pseudoconvek outsiae a compact. set .

iv) "X .carries a strongly plurisubharionic exhaustion. .

function ¢@:X—» [-c0,00)

ikgbiv) could be called the ch1 problem with Jiscon=

tlnuous functions -,

A
Ny

of Theorem 4.2, £15580
The key ingredients of the proof¥are the 1dent1ty bet-

ween plurisubharmonic functions and.-weakly plurisubharmonic
functions (L5] , Theorem 5.3.1.) and the analytic version

of Chow's Lemma .,

S2v-Preliminaries All complex spaces are assumed to.be

reduced ‘and countable at infinity .

» An upper semicontinuous function on a complex space
q:XH»[-wm%is said to be'plﬁrisubharmonic if for every ho-
lomdrphic map f:D—>X (-D,=+the Unit disc in . € )Gty Tols-
lows that ¢of is subharmonic on D . ( possibly =-o00) . P
is called strongly Dlurisubharmonic if.for any ¢ real-va-
lued fuﬂction 9 with compact support therb is an §,>0 such
that $4~€€) ig plurlsubharmonlc for lels g :

It a5 kngwn (et Fornaess-Narasimhan [5] s Theorem 5.3.1

that a ( strongly ) plurisubharmonic function is locally the

restriction of a ( strongly ) plurisubharmonic function in an

.)
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open set 1n some (N in which X is locally embedded .

Proposition 2.4, ILet X y L be complex spaces and

p:X—>Y be a .proper , surjective holomerphic map. Let
qﬂ{—a[}wfmf) be an upper semizontinuous function such
that fop 1s plurisubharmonic on X:-..Then i el -
subharmonic on- ¥ .

Proof ( sketch ) In case is real-valued and con-
tinvous but p 1s supposed only holomorphic and surjective:
this is’emactly Proposition 4.3. in Borel-Narasimhan [2].
In the general case the proof is a slight modification of
thedrsi«, RFor' the saké of completeness we indicate the ne-’
cessary modifications to be done & .

 Exactly as in (2] we may assume that Y is the unit
dise in. C-.. Since p is prcper for any irreducible com-
ponent XO of sl foliowsﬁthat xp|Xo; is congtant or
p(Xo) =Y . Therefore we may assume X irreducible . Thig~
hypothesis together with the maximum principle yields the
following eqligd 1ty
y-i:j;iﬁy«g(y) =<F(yo) for any se .
Voo Bl

Now the proof can easily be concluded using the fol-
lowing two remarks -

a) Tiet X,€X be such that 'p(xo) =y Then there
exists an analytic curve € in 2 neighbourhood of X, in
X sugh that Plg 'js_a ramified covering of a neighbourhood

bl of Yo f see fdf exemple Fischer [4] , 3,3 )
: b) Let Nc€ be a domain , y €N and @iN —[-e0,0) an, &
upper semicontinuous function such that : . ; 2

i) C”H \{yo‘V is subharmonic
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i1) (T 9(5) = 9(r,)

3o Y

-

Then ? is subharmonic on N _g,(See for instance Grauvert-
Remmert 61 , Satz 5 )
Remark Simple examples show that the assumpiion that by

iz proper cannot he dropped in Proposition. 2.4.

Gomelilary 2.2, Leb X', ¥ Dbescomplex spaoeé and p:X—>Y
be a proper. , surjective hclomorphic map p'Lét an—a[-DO,‘O>
be an upper semicontinuous function such that ¢op is strongly
plurisubharmonic . Then tf is stronglys plurisubharmonic on Y .
Applying  Propesition . 2.1.. to ’%t%—_aX (the normarisa-

tion of X)one easily verifies :

Conolilary: 2,3, . Let X be a complex space and <F:X—at~aaao)

'be'an4upper semicontinuous function .

Then ¢ is ( strongly ) plurisubharmonic: on X iff
Arestrictedeto any’irreducible component of ‘X is ( strong Sy )
plurisubharmonic .

Another fact Which will be used in the proof of Theorem

4.2, is the following :

kemma 2.4, Let Y bera Stein space and/u;Y—aE—“h“Q a S
function which is continwous outside a compact set containing
ifu=5-00} . Then one cag,find a.real analytic strongly
plurisubharmonic function YR such that T= A f/“ is
an exhaustion function on Y, i.e. Yclz {rcc} cCe 'Y fTor
any. -coell ; \

~ The proof 18 obtalned slightly mod1fv1ng the proof of the
'well known fact that any Stein. space carries a real analytlc
strongly plurisubharmonic exhaustion function ( see for ins--

tance Narasimhan L8] ) . A can be chosen as a convergent series
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JelN d : : .
Finally , to construct strongly plurisubharmonic functions
on a given %1- convex space we shall use-the following ana~

lytic version of Chow's lemmsa :

Lemma of Chow ( Hironaka [7] ) Let X be an 1 - con”

Viext space.. . ScX its exceptional set and p:X—>Y the
Remmert reduction of X , Suppose that £u.is rare .
« Then there exist a coherent ideal Ye& y such that

supp(@&/ﬁ) = p(S) and a commutative diagram

X

e L
—
AN

where 6(:Y*Fe>Y is the blowing-up of Y with the center
tap(S) , (O%/j))p(s) } and f is”holomorphic,proper'andn
surjective ., ]

As a general reference fof the construction ang basic

properties of analytic blowing-up we refer to Fischer ([2]).

§3. Proof of Theorem 1.o. From now on>X will be an

1 - convex space » S 1i¥s exceptional¢set ,* p:X—s Y the
Remmert reduction ang Ausnp(s) Recall that: ¥ do Stein
|0 el T proper,holomorphic , surjective and A is finite .

The prooef will beldivided into seversal steps ;

i) is rare:f.i.e. S ‘does not contain any irredu- -
'cible comﬁoﬁenﬁvof X ) and dim X <oo , 4
Y E e rare and no assumption on dim X .

iii) the general case .
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Step i) Conszider ﬁc:CfY the ideal such that A =
= Supp(&‘[/ﬂ ziven by Chow's lemma and TY'—sY  the
blowing-up of ¥ .with center (ol (&Y/’J‘.)\ A') Vi

The idea is to construct .om Y. 2 sirongly plurisub-
harmonic exhaustion function T+ Yy [~c0,00) guch that & =
= -p0 o A and ¥ 'is real analyBicroutside A , il such a
way that 7.1 is strongly plurisubharmonic on Y* « Then
using Corollary 2.2, ,P=Tspis strongly plurisubhalfmonic Zaial
X. . The other desired properties of Cf ..are eagily
verified .

The ,constructiofiﬁ (o} Al goesy s fTollows',

Since Y is a Stein space ol bounded dimension a well
denown . argument which uses theoremerB ~ojf - H.Cartan shows
that there are hy,...,hy € T(Y,7)  such theif o wer®

| A =fh =0 0u=hi= 0} '

Choose h1+i’ cisie ,hS ell(¥, 1) which generate the.fiberw:

jy for any velA - 4 ds Tigidel ) . y =
Thon the germs  h A nerate J ... £b
gerir i » by . generate 9 7 r
any ~y €Y .. Hende h = hyyeoos hS Y: Y—¢° ioha,helo-

morphic map such that S
| - fle) - (L, 600

According to Lemma 2.4. we can choose a real znalytic
strongly plurisubharmonic function A:Y-—»R such that '
T Jis Log( . }hjlz) is an exhaustion function onwY .

It is éleg?-tmat T ie stromgily pquisubharmonic e
;-;.,,in; = -oo} =l and G is real analytic outside A .
: Lef (,0 =Zo,'\?:X-——? [~‘0°,.00) . We claim @that ¢ has the re-&is

quired properties . In fact we only have to check:- that c'a
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is strongly plurisubharmonic because: the other properties
are obviously verified .

According to@orollary 2.2, , it is enough to show that-
To% 1s strongly plurisubharmonic ot W 4 L8 Tosdo il & e
need the explicit description of enalytic blowing-up .

Let mcfys  Dbe the sheaf of,ideals of the origin ,
There is an exact sequence on €° ¢

(3) o S
s, O’Cs—-—aﬁ’ﬁs —>MW —— 0

where & is given by the holomorphic sx(z) - matrix

Sl

-

2
...Xi

ec,

.

o }
§mq

ecee ) eo M osercce
M ceecvecocnse

=X

[

and Xi seeey X o0enote the coordinate functions on ¢° .
. * ; = ‘ 7 5 Y
Since h” { the analytic inverse image ) is right exact
we get an exact sequence on Y -

(Sl s x
(%%) O“};H(S‘“Y—ahm——ao

Tet SEli w0 §2:[P(h*fm)—-—-—>y be the projective
varieties over Y associated to J » respectively tom'h%m( in
general they are ncht reduced ) . The canonical epimorphism
h¥fm 1 yields anjembedding P(i)<~_ﬂaw(hﬁnﬁ'. - 2 froon)

‘ Since by the construction of the anslytic blowing-up
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¥* is a olosed subsvace of P (J) in order to verify that
To% 18 strongly plurisubharmonic it will be enough to test

that Te % ¢

>
.

( .note that T’z"leY i S

. W & “ .
P h'm) —>[-00 ,20) is strongly plurisubharmonic

‘PFrom (#%) P(h*wﬂc_daY'xE ~des given by the equations :

s—4
: .“w. i . .SS
hJ(Y)Zl Hl(y)éj O, o lheine q
“where Zybomee bl ) are the homogenedus coordinates on iz
/o

:
. i
Set Ui = t\yyz)e LRl i

) BBy seeerBe/; )

7 3 o X A S—i
L #Oé’u,'di.Ui—-—aY-xﬂ

o(i(y,Z) = ZL/Zi S Zi-i/zi
and define

q»i‘= Nido= Lo Eizlt;!z) + log([hilg )
where ( ti,{.., tsmi) gre ‘the affiie coordinates on 571 |
~Then Ayi is strongly pluristbharmonic on Yx Cs"i 'and
o - Y jo o o WA TEE
This proves that zw'iz is strongly plurisubharmonic
on [P(h%) thus cnding the proof of: Step.n) ... . "Huoliart e
Steps 1i).  Wepdrop the SEeumptionithat X has Samite
dimension .
This is done by carefully analysing the arguments given
above .
~Letw= UcCcY Dbe a relatively compact open neighbour-
obaint il ann b lU)ice i e X e oA o
‘subset of X% having finite dimenéion and containing” V .
Then W= p(Xo) ‘is an ‘enalytic subset of Y and UC;YO -
wilinally , let i be the ideal on Y given by Chow's lemma .
' Using again Cartan's theorem B We fi91id *( since Yé

is of bounded dimension ) hy,..., by € ['(¥,T) such that

a=§yer, /ny) = ... =b(y) =0} p)
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Choose By g reees hs'ej“(y i) which generate J - for

r(
o 0 : ek f J
hi,y - y hSyy generate

for any yéYo . Next choose a countable set {gk}ksﬁ\l'c
cM"(y,0,) such that T { g = O}
- ke o o

anys vlerlis . Then fhe germs‘

We may suppose that the series 22 [gk] converges
ke N

uniformly on compact sets of Y .
By Lemma 2.4. we find a real analytic strongly plurisub-:

harmonic function A:¥Y—= R such that

= A+ Log( Z lh]2 e+ 2:. el o)

is an exhaustion function on Y z
Clearly % = -o00o exaetly on A and is real analytic

s
on YA Moreover El U = g e ;g: ].jl ) since
oy = 0 on YODU .

iy

For .that reason if we set P=Fol the same arguments

0
Uz

ine Steps i) prove that ? is a strongly‘plurisubharmonic
- exhaustion.function on X e = {q:: ~<m} and (f is real
anzlytic outeside S : .

Remayk  Under the assumptions of Step’ ii) one. can
proye that given a finite sed BCcX\NS. thefd is a sﬁrongiy
plurisubharmonic exhaustion function ?iX—%[4n,w) sweh thabi
g%’z —o@} exactly on SuB and.‘(F is real analytic out-
gidea SR,

The proof is straightforward and so will be - emitted .

Step gl ) g e nok necessarlly Pawe U Let X "be the
union of those 1rredu01blb .components of X not contalned

= dn S o Belng a closed subs pace of an L - convex space
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X idis itself 4 - convex and is clear that. its exceptional
. : .
gset is rare ., However S = XNS contains the exceptional

set of X and ( eventually ) a finite setv. Anyhow by the

Remark ending Step ii) fhere is a strongly plurisubhar- :
monic exhaustion function g ! X —l-e0 ) such that  S.=
’\'/ - {\/ . - . .- N
= S @ ::.aoo} end ¢ is real analyfic outside . 5. .
~t

Defines L?'(X—-%L“’,x’) by (f:q; or+X amd cr:'_.oo

gon o e.alien ¢ is an upper semicontinuous exhaustion

Tunetien on. X: , Teal @nslytic oubedde S and S ={?::-nm%,
Becauses of  Corollaryiusd, 3. ¢ is strongly plurisubharmonic

and we are done .
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