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Feedback stabxllaatlon o’ parabolic systems 4

by & finite dimensionsl cocmpensator
-_Jf.' o

e Bolintinganu*) "

Abstract, A compensator, given by & linear system with u@n~

L e e e 04

r\_;\

atant coelfficients of sultable finite dimengion driven by thu
current output of a parabolic .systewn, is prcposed in order that

the closed loop system obtained by using the output of the con-
pensavor as fhe'input in the contralied system, be exponentially
utublaa Wo are.auaumihg the outpuﬁ of the controllod aystoem gl-
ven by a finite number of»point or beundary observationn.“meaonmm.

sider the case of boundary control, but the scheme can be also

applied to the simpler-case of distributed control or output,

1. Introduction, We will consider the following parabolic

initial boundary value problem:

AT e %‘1 aiv (k (x}9 u) + q(x)u, xefl; £50.
(1.2) Wy gy = g(x)fm; N T
(1.3) u(o,x) = ua(x) y el g

vhere crN is a bounded doiain, s =38 is act nanifold,

£(t) = COl[fl(t)gee.,fr(ﬁi]é R®Y is the'boundary input, zlx) =

= IO [gl(x),..,ggr(xﬂ]ks(Rr)*. B L2(S;,(R?)*); o’ C(8), 07 0;
q¢ Q(Ei), Knscl(ii), k(x)7 k,> O for xe$1,ara'givon funcfiops.
Let*u&féonsidgf the functionals h s D(EJ)CILZ(ﬂl) oy R

5 J ; v
given by = ‘ : =,

gt

*) Department of ”athematlcs o 5 Polytechnxc Institute of
Bucharest, Romania. :



A B = g, o) =@, T

and if N<'3 also by

(105) /:::J‘(Ll) == ‘1(’§\j), @jG.Q 9 D(ll‘j> e C(ﬂ' )1 jzl’oooppv

We will denote by ( , )S and‘(',,), the usual inner pro-
duct in L2(8} and LZ’Al) respectively and by n ”2 the Lz(jlj
nori, In (1.4) wJé b ()) are weighting rnnctloaso‘

| 1ot h o= seol E“l,.,.,h.\ The outpah for the system is gi-

ven by

. :
(1.6) b gl e R By B%0

- where Y islé Pyx P matrix, We will denote h = Yeﬁ. Hence:

(1.6") y(t) = hlu(t, - ), t5 0.

P

Remark that if h is given by (leé)Awe have boundafy'opgeryat@@na‘
#nd in ﬁﬁis case N is arbitrary. - o

The casa (l.5) means point observations with aénaors,;oqge,
ted in >J , and in thig situation cecnsider only the case NL 2.0 l

If gix)> 0 the solution u = . 0 of ‘the problen (1.1), (1.2},
{1,3) with £(t) =0 is unsﬁabledﬂThg problem is how to find the
control f(t) using only the output y(td to 5btain exponential
stability with a given rata/u.> 0 ~i.08. such that the correa-
pording solution satisfies Hu(uﬂlé.ae/K i O,for a suitable
norm, where K is.a constant depanaing'on u,. To solve this pro-
blem we will construct matrices 4,B,C of sultable dimension such

that the auxiliary finite dimensional system:

ey, AR - ave) ¢ By(), V(0) =V, 120
coupled with the ariginai.aystam.ﬁy s
(1.8) £ty = CVit), 0

_“;mcre_preclsaly, the closed loop system given by (l. l), (3% 2),
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(Le3), (1.6), (1.7) and (1.8) will‘be exponentially stable,’
 Remerk that the scheme which is pronosed ie applicable”
to the easier case of disiributea @cntfolaioee when (1,1) and

(1.2) are replaced by

ELied?) 3?“ dlv(.c(x)\“‘/’u))'é'o(x)“!*g(x\f(t), P B e
‘ 5 \
(1.2°) s JiE= 0 o x €S

with ge LZ(fl;(mP)%) and the outpuf‘can be also distributcd‘i.e,
Ej will be given by : : : S P

(1.4") '?i-(u) (w ,u)y wj:e i (ﬂ), D(h‘j) = 12 (ﬁ>, J= J.,...,P

A finite dimensionsl compensator for dlstrlbutod system wss pro-
posed for the first time. by Schumacher [ld] but his appresch is
applicable only to the case of distributed centyel andlobaervun
tion. later R.Cur{ain‘[3] proposed a goneral scheme to dealgn
finite dimensional compensators for some class of distributed
4éystems with boundary or point control and“observation.

It Is difficult to see how to apply Curtain's scheme for
the problem .(1.1), (1.2);41.3).

| Though the construction ofvour compensator follows some

ideas of Schumacher or CurTaln we have used a. dlfferuum techni-
que which ellows to obtain exlgtenca and uniqueness for the clﬁw :
sed loop system in the class of weak solutlons,

Also wo fool that tha eaiim&te-for the order of the con=-
nensator is more expiicit here and we get exponential atabili-
ty with raspeot to several norms (p0881ble, better than the I?

one) .
Feedback stabilization fer paracolic systoms was also stu-

died by Y.Sokewa end T.Matsushita'{9] for the system (1,1°'}),
(1.2‘),‘&l@3), (1e4°)5 ToNeambu 18] for the system tded iy (3223,

T



-4 =

(1635, (T4 (26 Hapugii (6] for the'system (l.l),:(l.Z),}
(l¢3), (L4 H1e0); Sméﬁlintineanu {l] for the system (L.1),
(1.,2),'(15}$ (1.5), (1.§) and the systems written above; but,
in these pepers only infinita dimehsxcnal compensgatory have
been proposed, i |

2. Preliminary results and essumptions. Let us dencte by

f{Anﬁn the.eigenV&lues of the eigenvalue problem:
Ng = div (k(x)VP) + ax)g, xeld

Yo o Y a

ik 0(x) @ = 0, X€S

and by {@pxp thé ¢orresponding week solutions i.e, O#Qné ulﬂl),

where H;GQJ is the usual Sobolev spsce, .and Qn gatisties the re-

latien : _
(2:2) >‘n :gz(zfni? ax = ga(mk‘V@n‘?i" -*— qQ Q’n{?)‘dx -g ko"{a’nﬁ as

. S
& er.éll functionas ve.Hl(fl). We may define (Mihailov El,ppol74f'-

179]45 i“*H}(QL) an innem 'product equivalent t¢ tne usual one by:

; Lol - ed i L
(25} (*f p\}’)l = );o(&w.\/%w qu\:‘,)-@A + g kG YT as
L e s
where ' i '
1 (2,4) qx) =G - q(x) + 1, xefr; § = max. q(x);
‘ T Xell

and so- (2.2) may—beﬁwritteﬁ as:

(2,2°) Anl@,v) = = (0,,v)y + A4 (F,v).

_ we obtain that th@_eigéhrunctions 913 Boyese Bre a.com-
.p&é%@forﬁhonormal'system in Lz(il) and tne correspohdlng eigen-
valuesﬂxlb ké} +.« have finite multiplicities m,,m,,... ,

lim A _ = - end A £ Q. Also it is known tnat the functiocas
noas B 1 | z

o 6
IFGA VTt

;e0e 8re a complete orthonormal system in
7 : ’
2



H () with reépect to (2,3) and

(2,5) e

Wher. wo usa point sensors, in the case N 3 and (1.5)
holds, we will make scme additional agsumptions and will distin-
guish two situations,

1) There are point scnsors located on the boundary (S IB).

In this case we assume thats

(A1) S is a C°

(A2) gec3(s; @),

manlfold and GéC (b}

From (AL) we obtain ihat @€ H-(Q)cC(fL) (uiknailov (7,
: p°2291 ). Let us denote ' ‘ |

he e = wlosots)l fon EL0E (L
Pllg = mexl g (ol for g

’We’will conq;der aleo that £, g,k and G are such that
the follov1no as sumutlon holds:

(A3) There exist a'constent K, and *>0 euch that

J

(% : { 4:1&
(2.5) “Qﬁﬁo K, R for. all 0> i,

'1I) All the point sensors are locsted in i“ _domain

gSLD\,' TIn this situation we will assume only (Al) and (A3);

: e
g may:-be a function of Lg(S;‘(ht) Yo

Horcafter we will study simultancously the cases of point;ﬂf

gensors or boundery output. and we will stress the differonces
whenever necessary.

. Let,M'> 0 be a fixed number, Choase )kzﬁ’ and an integer
M uurh that |

(2.7) ' ; '-)\mﬂ"“ﬂ:“/&

LG» us con31der the matrlcea-

d5
L

IO U LA PR

G = col {(Q‘Yh&}sg w@a;( M’kg)S]G L(:Rr; ﬁf”i)
{208.) A = di&f’; (kli 00&3)\!{) ('. L(“sﬁm; E{r‘) P
%

%= row [n(g,...h0 (Glel @5 R D

e rac

4
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We have used cbhove ths following unotation:
if (e¢,+) is an inner piroduct in a space X and x=(xl,,..,xn)6 &

and yé X, then the vector L(xl,y),“.,,(xn;y)] will be denoted

by (x,y) end it will be considcred vow or column like x, 4lso

=\ a2 ol 12

We will assume that m.< min(e,Py) for i=l,...M4, viere m;

is the multiplicity of Aj_g If we denote by gn,,w,g}_m. the oi=
genfunctions corresponding to >‘i then we will admit the follow-
ing assumption:

(A1) The matrices:

L

> : Ll
Gi = COl L(@iilpkg)sgaan,(.g;mv i}ggg)sj Y
img P :
A 7 P !
’Xi = row [h((?;’il),M,rhggimi)_l_
satisfy the condi‘cfons‘: o
(2,9) rasl G; = rank¥y = m, CiElRdM.

.According to Sakawa and Matsushita [9) s -the cond‘:i“t*ioxm'*
(2,9) will ensure that <thé vair (A, G) is completely controla-
ble and the peair (X ,A) is:'coupletely otservable,

Let us choose distinct numbers m, oy eeeypy, With Re/«,.}«/**;
3 ke ] Lia V] /‘

25 Ay 351,000y M; ny L. By the complete controlability of

(A, @) we can find =n rx M matrix R auch tha*tz,fhe apectrum of
the matrix A+ GR is {/“1,*”‘“’/“‘!&3‘ cnd also by the complete obser-
vability of (X ,A) we can choose an Mx Py matrix L such that the
spectrum of A - LX is in the hulf-plane Re A g%\'l'vl;&..
‘We will consider next the functioms:” s
© g0 = Recol [ (1), 60au ()] € B

~ -
L) = [0 (), .08 Le@ Hy*

i

We mention that all the notations and assumptions intro- . u
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duccso are kept until the. end of thls papor.
We will state now come propeo Jitions and lommas whoae proof

will be given in the appendix,

Proposition 2.1, If we denote by Pj an elgenvector of the
matrix A+ GR corresponding to /50 then 'the problem:

P ﬁ)« divik(x)Vy) + o(x,&y §ih e all
lesll) DY = 3

-ﬁﬁ§+0(>:)k{)a,g(x) R'pj s ‘xes
has a unique weak s‘olution_\}'je Hl(fl,), 3715000yl oo, a unique
'\J‘Jj satisfying
(2.12%) /.xa(wjgv) = - (‘i’y"’)l # (“-w)(tp VI f‘cz,hpa,*f)@

, for all ve H-(0.),
When we deal with (SLD) we have in'addition that

o

(23l2) ' - L Yse E ()e o)

where CG({1) is a Fréchet space endowed with the topology of uni-
form convergence on compact subsets,

If we have (SLB) then:
(2.13) Py H ) oy,

Proposition 2,2, The weak eigentunctions of the problem:

'>\u

o SRR L
® - : %x%n G C\“(K)Ll 3&(;{) ()xsg) 7fv s

i,e. the functlons 0 # ueN (.Q.) whlch satlsfy the identity:

(2:25) . >\(u v) CRRS (u v)l+ (q+l‘(.;1 V) = (kg,v)&' (u,g)
‘ % for all ve HE (D),
are § Yy ¥psees ey gh‘ﬁrl’ g{;{«i«Z’“"‘%\ and-the corresponding eigen-
oinH ) i 2 ‘ ,' ; o :
'\F‘.Q.MCS E‘l’i’% l/"\ 13/‘\2, e% o g’;k}\{,kkiiﬁl,\\fﬁ-#g" ee R L]

Proposition 2,3, The matrisx




=

Q= : : : = row [pl,,.‘g,pm]
(178 »o0 (o By '

g ® e ) 3 LT« i ; ¢ ? 2]
ls invertible and the functions §\yly@¢§,‘ﬁﬂ,gm,+l,ghﬁ+2,,.53 form

T~ LHES
3

a besis in LA(N) and in H'(Q) i.e. each function e L2((x)
(or V¢ '»“1(9 )) can be developed 1n the L (Q-) topology (or in

tne it L) topolo;r;y) unlq_u\,ly as :

M ' e 0
(2.16) b ?};;I“?nkig ) | n*IM \fn?n

the coefficients f, are determined from:

.001 (\Pl’ c6 e 3\€M‘1 = QWl col Y(\‘(og Ql) § o ools (T’QM)A]
() ' e :
fﬁnm(‘\af'@n)“ [%.t% g WM.’QQ)] o [\fJ.’ e ’\fI\.ﬂI s e

Lemma 2.1, The family {‘1‘,,',-,, t> 073 of linear operators de-
i D o s 143 N

fined by e

5 . & ; R R

i 09 :

. : AL =l
(2.18)  (Tgp)(e) = WJ )+ EM 6 My n«\.)
‘ B 0 58

(where \p and \p,, are as in (2016) and (2,L7)) is a strongly con-

* tlnuous wenigroup on L°(LL) and on Hl(fz‘..), T, satisties tne foi-

lowing relations; = ' S s ¥
2.19) H 7 - ‘ ;12 : !
@ 2\ Yl a ‘fﬂz, t} O, \f(‘. L (IL)7 |
S e 2 - ’» . | T
(2.20) T (L")t (.C‘L) el s 4an :
; : ) 1

: and moreover x.here exls‘ts al ﬁ,nc‘twn I{(t,\f) such ‘Lhat-

(&.,21) “rt‘f"l ( ;f) e“'/‘*t o8 ‘féL (.O_)

"»: k—«-}h(’cg\‘») is "fanmcr&asl% and continuous on 10, %\: )



Lo  .’
00 ; ! S
'\;2 : SF ‘ 2= 2 . ';;A
(2,22) g 4 (tS\"))d‘t\{ K, \\‘f “2 s el (L)e %
o : o .

If we deal with (SLB) then in additior‘).‘}
(2,23) ’ Tt. (L (ﬂ-)) C G(Q-) ~ofor *t7'0 i \
and there exists a function K (“,\f) sach ‘that A '
(2,24) - BT € h (£, e""/“" e Ye e (ﬂ),

t > K, (t \f):snonlmreasn.ng and con‘tmaoua .on ]O, 00[

(2ead) _ (‘ Ko(t Aplat € KO \\\f:‘.j?_ ,‘ "\."3 Hl(n_),'

o\

PoriSLD) we have instoad of (2.23), (2.24), (2.25) that
(2.23%) 2, (L () S CEEE), o k>0,
and for eny domain -Q such that & lC L1 %;here exists & function. -

o~ 2
K i (jts‘ﬁ aonincreasing, :»co‘xrt:izmous for > 0 and fixed \fe I (.Q),'
guch that ; | ; '

» e o e 2
(2,24*) thuc(ﬁl)s Ke, (tgx{»)é e t> 0, Ye&L(2)
(2e20%) S Q, (t,p)dt € Km""f"a . YeH EaARy,

Here Xy ,Ka, KO, sre constents which do not depend on t or Yo

Lemma 2,2, Let uoc 1 (.O_) and I‘ (t,x) be a function such

that F(t,-)€ Hl(-fl), t> 0y L= F(t,s) is contmuous from ]o,w[
to h‘@(.ﬂ.), HP(tye )”1 is 1nteg*‘able on rO ‘to-l t,7 0s >
The problem '

——— t
]

(2.26) . asv (et + qum ¢ P(4x), xCR, 70

(2a27) 2 4 Gl = glx) (5,000 5 Xe S, ki



e

(2.28) ouloE, )= uo(x), e O
has a unique weak solution i.e, there exists a unique u such
that:

(1) b (t,e) s differentiable from ]0,"0[ to L2 (81

ai : ; - e '
(ii) ti~>ru(t,e) is continuous from [o,o0l: o LO(LYL)  and...

from Jo,o| to H-(£1); u(0,¢) =.u0(o}.‘
(iii) u satisfies the identity:

du

("“'t (t,");'?’(f )“‘_"" (d(t ‘)9 L\-‘s ))1 +

.£2:29)

+ (’l+q)u\t o) + I‘(‘t, *Yy Ptye)d * (kg g (ult, 358
for all t» 0, (%, “)CH (.Q_)G

(iv) In the ¢80 of (81B) the f‘imﬂ‘tz,on t e3> u(t,¢) is in.
nddition continuoys from Jo,o[ to c(fl) ana for (SLD) t
w—».uu,!) is continuous from ']O,oo[. to C{£), i

The weak solution is given by:

i : t :
 (2.30) u(t,+) = Tt i S T*’;-—a (F(s,))ce, t70
O

hence it is =lso a mild aélm;ione

L.z mmv 2 30.. Let n»M and ’I‘f be an n %Py matrix of complex
numbers, If one takes')ﬁ = row [i‘x(@l)g,.,wbﬂ )J
Ay = dlag (Apyeeeshy) ond:

(aust). Bn, [czlc ),m,a( >'_] | exp [u\ - T xt] .

g vl
.,- COl [(zo.’{él),e.agczo;gn)] by S eXp {(%"’L X—n)(t‘“S)] ‘Ln ;
- A : : gt o ' .
. - 00 : )\ 8 ‘ ‘ 00 ‘
- %1(=Z::r?:~l. &zgmpm p %»C@))dssw g’; (% @,ﬁ | %('), =
£7 0, 5 € 15(L)

,\/ = & - ! . y | 2 '
then Z?; is a gtrongly continuous semigroup on L)L) and also



et

on Hl(ﬂ, o
Moreover we have that
do e i e (CLy e ), t> 0

and the function t = |\Z} Z(;\\i ig integrable on [0,t.}, t7 0,

2y
ZOG L (ﬁ.‘... Je
When we Coal with peint sensors (SIB) or (SLD) we have in

addition that

(2.53) g e oDy, g

and the function t.MHfZI; zoﬂg is integraple bn_ [Oytc;} for
B 0, in e WS, |

g 2 ~~ -~ o~ :
Lemma 2.4. Let zoe L)) ,far-;d, Cn(x) = [ﬁl(x),»,e,grl(x)j 'Ln‘

If F(t,x) fultills the same conditions as in Lemma 2.2, then the

o
probleni;
r Y 3
(2.34) 22 = aiv(k(x) Va) + q(x)z=1, (0n(a(t, ) +
o Bl gx), LmE i, L
(280 %{g + G(x) z = 0 o S,' 220
(2.36) 2(0+,x) = z_(x), Vo oxe L2

has a unique weak soiution TP there oxists only cne runction
z such that: ; '
(4) t w—> 2(t,+) is cifferentiable from 7J0,{ to La(.f'l»);

g (LL-) ena

(ii) t +~>z(t,«) is continuous from [0,%] to L
| fromjo,oé['_ 10 Hl(ﬂ"); z2(0,¢) = z,(°); :
(iii) when we have point sensors (SLB) or (SLD) then in ad-
dition t =3 z(t,+) is continuous fromjo,oot Yo 000 )., |

(iv) z satisfies the identity:
@237 G (5,078, 0)) = = (208,01, (40 +

iy ((l+a)z(t9‘) + P(tye) - gn(')' h(Z(t,’))QSZ(ty’)r)m £
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for all £2 0, (e} € LT, £ : ;
This weak solution is given by: :
: t
(2.38) 2(tye) mlzg 2% R '%§m¢ (F(s,t))ﬁa'
% o /’0 ‘3 ; - .

hence it is & mald solution,

, o
Lemma 2,5, IT in Lemma 2.7 we teke n = i and L = L,hence

En(x) = 0(x) (see 2310}y andfxn>n 7:, /\  $,A and if we denote

by Zt the corresponding semigroup i@gg _Zw = ét , then wo have
that: ‘

(2,39) Wiz llsc oy, o ™ iaty, ty6, w e B0y,
and there exists a function,cg(tgzc) such that

(2.40) Iz, = ”1:3 Cott g 677, 150, z e B (L)
with tew—e'cq(t z,) nonincreasing, ¢ontinuous on ]o oot Q=

tnﬂfylng

8

C !

(2.41)

g (t,z)dt < c nz 112 v, B € LZ(Q-), o

o B

and lim Cz(t,zo) = 0 for each t> 0. : ‘ o
“Zle.f? 0 : Sy ' | : ’ j~;
VWhen we have point sensors (SLD) or (SLB) then in addition® we f,u

get that there exists a funqtion Co(t,zoj such that s =5 3

(2.42) g, ellgd, g e, ) o c 180,

t > Co(tgzo) is continvous, nonincreasing on:]OgOO{ , satis-
fies : ; | ; " g 2 -
m ¥ e 3 ” :

A

(2.43) ‘ ch (’t,za)'d‘t C Nz l 1 <2 CH:‘LEQ-)
o '

5'\.?

-

(2,44) lim Coltyz,) = 0 for each t> O, 3
! n Zonz ey ; G ’ ' e
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A A
Here Cl, 02 and C

, 8re constants with respect to ¢ and  z_ .

%, The stabilization by finite dimensional compengator.

We will modify "slightly" the observer proposed in [1] in ez~
der:  to make it finite dimensienel still ensuring exponen=
tial stability. , |

We shall consider separately.the case of boundary ocutput

and the case of point sensors,

3.1, Stabilization using boundary cutput. Consider that

h ig given by (1.,4), Let us remark thaﬁ'h is & bounded linear
operator from ﬁlgfly to mplg Indeed, it is wéll known that there
a#ista a unique bauﬁdad linear operator T : L) e 15(S)
such that Tu = uls for any ué Owgcfl)fﬁc(zi) which definbavth&'
trace of the funciions of H1(£l§‘(Mikhailov{1p9137])and hence

P

‘?I(L“)l = hl(u)‘oac""hp(u ”\/ (h QU)S e°9+ (W ,Ll}(. =

;\/(Wym)g .-4»“,.,,4- (wp;iﬁ;)é SH Tll‘;nunl\/?’wl“ S"+“.+”WP”2 -

n gl ’z"rn\]nwlué L DA prng Nall,

which means that h is bounded and

(3.1) wth $}§YllollT1$eVﬁiﬁln2 +°.¢%Hw HE .
(we dencte by tl!!‘the opéfqtof norm) ;

If we denote by EJ the rows of L i.e, L = col{?l,aa.,EM}
we can write (2,10) as: | : " . ; |
520" T by et +Mw?M¢ m
and frdm Proposit*on 2.3 we obtain: | | .

(3.3) 0= LY, () 4.0 Emyﬂc »zmcgmc >+2M m+2c FFuss

where



ke
col [i lseo@lsem] o QMl L

1(&Y" )’f]ﬁy—l) ypees P ((i)g‘i;?p .\-{ : Qm;‘b IJ’ n) I‘:i' e
‘The gories in (3.3) is convergent in ls(f)} nd'in’H;(Ll) becy-
use E( )~I§%» ' ‘ A

-~ Let us conaider the functicne _

. :

(55 £ 00=B¥y (o) voan by a0+ Ly 6 ,,,,L,“L( ) ewat Uy o)
and -i. e

: : e '
(5.6) Bo»:hw»ue>memﬂc%ﬂxu%m%waqwzcqa~“°a

The ndmber m will be chosen such that -
: 2 N2
Cr N e B m,n,/xl

vhich is possible boecause:
14

;::Hfg -.Igm,}l' T’i m+2( + ) "““""“‘% 0 for I o=y O e

o

4.

(the number ﬁg appears in (2.41) &hd is computed in (4095\)

Let us cons¢dev the mav“lﬂag,

Q O‘ | A ‘
Q- ( sl } € L(mm,mm}; R = (R,0)¢ L(‘Rm,iRr> ‘
R 3 .
()08) = L'T-iCQl[El;eeegM,eM+lQeoble ]C. L(&P $ R )) Sy

P
H m[jhcwl);@aegh(w ) h(”A+l)9eae,h( {16 L(R™,R l) ;
M = ding (/«l“,w/w)\ij.u)\ )e L(Lzzm Ry,
We can now state the ‘ :

 Theorem 3,1, Lot u c 1200} and v c{R , then the closed

’loop syatcm~ : ' g g _ i ;

(5.9) %2 = div(k(x)ifu) + glx)u, Xef i 0 - 2 *

(3 10) %% & (f{-TH)V + T h{u(t,«)y, >0

B v exe = gx) R ), . -xes, tro

;,1%,.:1,.”‘,.." ;
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(5,:£2) u(o+, x) = u (x), x€L
(3:1) V(o+) = V,
has a unique week solution (u,V) il.e. there exists .a unique
pair (u,V) such that "
(1) t +—> u(t,+) is differeniiable rfamfjﬁ,oé[ to lﬁ(fl),
: 2 -
continuous Lrom Q,M{ to L0 ) and xrcm‘JO,DOE to
H;(IZ); u(o,e) = u0(°)9}éu(tﬂii ja integrable on[bgtgbtévoﬁ
(i) t > V(1) is ditferentiable from J 0,000 to R®, con-
tinuous f*om ED<@[ to R™ and S&tlﬁAEBB (2520),(3.13)%

(3ii) u satisfies the mdantlty.

t ('t )&(t )\ o ""(&1(‘\;5‘,9’)2(1;, ))l
“(3.04)  + (14Q) (u(t, ), ’Z(t oY) (k&s”Z(iy ))S RQV(t)

~

for all 42(1: W)eH (L), t>0° : s
moreover the system is exponontlaily st»a¢e in tne rollowing sen-
gso: tnore exists constants L4, 5 and a nonincreaaing function,

Ké(t) (t> 0) which depend on the initial state (uQ,VO) such that:

3 : «
(335) . Wult, oM, < &, ah £y 0
(3586) 7 Bkt i€ K()(tc)e"/ﬂt,f ty ty» 0, (t, arbitrary).
S s 5 %t i : X
(3:27) v £ X5 7/, £, De

: : : ‘ o
Remark 3.1, The theorem shows that if we put 4 =/{ - LH,

L C = R Q we obtain the stabilizing comgenaator (L.7) and
the inputs for the original system (l&l)g (1:2), (1:.3) are gi~
ven by (3. 8), - ' B e : :

To prove the theorem we need firat the following:

Lewza 5.1, The system (3.9 =%5.13} is equivelent to @h@

system: *

Tzae) T 3 s atvk()Vw) ¥ qlxu,  xeD , t¥ 0
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( 3 © 19 ) o

il

div(k(x)V v) + £(x) h(u(t,*) = v(t,s)), x€SL, 1> 0
(3.20) . <= + 0(x)u = glx) (V('t9°)93))9 Xxes, tz20

(3.21) == + G{x)v = g(x) (»'(“t,°)»§)a “X€S8, w8
(Jede) ~uloF . )= u (%), v _ x £
(3423) vwlo¥ , x) = '
5 [‘f’l XD 000y g(x), 114-2.(3‘5)3“?5%43‘*)} e volxl, x€Q,
in the following senae: ' ’ ! '

- if (u,V) is & weak sclution of (3,9-3,13) then (u,v) with
(3@24) VQL X) o= [wl(y/poeey\v (,}") Q’MU,(X)’“”Q’ (-ﬂ\-’ 2 \T(«L) .
is a wnaL. molut%on of (3.18-3, 23)2 conversely, :inf‘(u,-v)" is a
weak: solution of (563,80»,;,2’5}1‘ then ' i
V(txg}C)zv (t)LY'] (X) e etV (t\ “‘ \ki LV 'Q'l(b)@’ +lcx)+e £‘(o+vh (t).,j (-}:)
and if we set V(t) = col fv (w“”,‘a {z.,)] then (u,V) is a weak
‘.;olutlon 0f {3.9-3,13)¢ .

. Let ue stress that by a weak solution for (3.18-%.23%) we
mean a pair (u,v) such that:

A (i) the functions t v=> ult,; ) and ¢ == V{0, 7) are dit-
ferentiable from ]0,~o[ to 1° (£2), continuous from [0, to
1 (511 and from |0, to Hl(il) u(o,+) =u (); v(o e (s )

(1.1) b _and v satisfy the identities;:
(s el \
(3.25) (5% (%, >,7<t ")) = —Qulty o), (L, )],

* Q) (a0, (6y0)) + \kgsq)s ’ <v<t,§a,y3

(3:26) G (8,2),7(5,%)) = ~(v(t, (e, 3 T
* {(h‘i)v(t,owzhzu(t'->-axx-<%;.‘-}-‘»},7z<tﬁm *
+ 0G0t ))g o (v(t,),0)

for all t» 0 and*z(‘t se)¢ 1{1(@_)
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e Hu(t)wi and‘HV(t)”i are integrable on [C,t j t'>00
The proof of this Lemma will slss be ngen in the ap)unw

dix, .
Proof of Theorem %,1, Accozi;dg to Lemma 7.1 it is suf-

1lclemt to prove existence, uniqueness and aqympfo dc stabili-
ty for the weak solution of (3913%3023). |
We will replace the system (3,18-3,23) by an equivalent

ons obtained by the change of varisbles z = u~y

(3.27)  $ = Qv VW) + qx)u,  xe0, 0

i5a285 | %% = div(k(x)V z) % q(xﬁg - g(x)h(z(ﬁ,v)), 2Lk s t50
(3429) '.. %wg + C(x)u = g(x}(u(tga),@-x)wg(zt:)(«vs(t,°);§)¢-XG S,t7 0
('@30) %}% . gilxlz =0 €8, t»O

(Fa5%) ‘ u{o+, x) = i), .xcgfl o |

(3.32) z(¢+, x) = zo(x); xvé-Cl

where z_ = N EP1?°°°’%M’gﬁ+l’°°°’gm] 'V, and it is obvieus
what a wesk solution (uyz},@oes mean for (3.27-3,.32).,

The last system is decoupled and we will prove first the
existence.énd uniqueqes“ of a'véax solution for the prohl;m
(5:28); (3.280, (5. 32) for 2+ This probxem dlffers of the prow
blem (2,34), (2.35), (2,36) by the.fact that ?( ) does not be-
long to o space spanned by a xmnite set of elgenfunctions
{ﬁl,,.egwh\ as in iemma 2.4,

- Let us take n>m and define: S = o
e e el b ool e s

e E Q/llé"’} é’ﬂ&a'*’gﬂi ﬁ (“’} -~ gm+1gm+l(") oo™ ?.«Q/’ (’)
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It is obvz,ouaa frem (3.,6) that:

A

o) WSENE Al e 40, % IE for arLmom,
(3&6} . %i‘i‘oén- =% in* H () gm m_, ;F(m,
%}ﬁ n(’ ia. g 1“;3 ! gnﬂ gml a5 Driwotiens” ! o
- }u%ﬁlw\/1€11+ﬂm"‘“len+2i‘? e ‘__' e

CQCL’ ()@ ); (3 blg (306-))@ : St

Now we will consider the problem:

et e e s
(5.57) 25 = diﬂk(x)ﬁzn) + q(x)z"- En(x)h(zr,l(‘t,-')), x e, 150

ot
r"fn n
(5.38) %ﬁfy + 0(x)z" = 0, x€S, t> 0

(3.39) z"(o+, x) =z (x), xell

o~

vhich is obtained from (2.34), (2.35)y (2.30) Tor K = E (*)
honce i:n‘"“ 001 {_fql“,,,,ﬁ g09oasgoﬁm%lyooogle and r(t X) = O.
A“ccordlm to Lemma 2.4 thw problem has a unique weak solution

for e¢ach n>nm, given by

R i
% (tye) . A2 %

Remark that © ~—>{|z"(t, J‘[l is «continuous for t> O and squarec
integrable on Loy t] t,” O |

'? n i
T2 9n (957 ) we put *’1 .,.?/ Sm’ using agein Lemna 2.4 we

obtain: - e
Zn(t,“)a Z‘t zo .%. S Ztma(gg(Q).h(zn(s’.)))daa
oxr

; £
(5.40) 22 (L) = 2y By * X A @n} . r( (s)) ds
0 2
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(wo will write in the sequel z"(t) instead of z(t,+) and .
' Py & . |
t 3(3 ') means the vector function in (R l)l obtained by apply-

ing Zt = to each component of the vector functlon T }e-

Recause
<h+p _ 0 . Tn4p
°m Sm *op
and :
1
(Eaal)y i Pt) = 2.7 + S s S(“\‘”““p) o h(z2P(s)) as
- o 3
we obtain: :
t

(3.42)  2VP(1)-z"(t) = S e ncz"*f’cw D(s))as +

(o]
t
: Sv‘z‘twa S (22 el da ¢
‘ Q

Fron (3.41), (2.40) it follows that

M Bl € & (t,5 o +

t
+ linll o7/ S IC,(t=5,3 0 Pile/® 11 2 P(a)lly ds
o : >

or, using Schwarz-Cauchy inequality: ;

o/ 1| 2P (el € Cplt,z) +

£ t =
1/2 172
+ I hll ( S ]CZ (tes. Sn+?"d@) o 3 @?7'\*3}1 :«z,nﬂ)(m)\\_i2 ds)
: : ’ =g .;. :

ezfdnzrwp(t)”ig 2 Cg(t,zo) +

: t > t
- i) , -
3% 2ne Sicz (,t«sa;ég‘“?)ida . S 321"‘5, uzm'p(s)!ii ds
e le R < o



- 20 =

and from {2.41) and (3.%5) it .follows that:
=5

5
\

«} ,|2‘ /_'\‘ ‘_8
%/ P12 P (1)) ey )¢thn2 Hfﬂz = S a2 2P (a2 as
, %
for-all 130,
Integrating on EO,fj and using 72,41) we have that

ete

: S 62/""k lg nﬁ‘\i"fj( J" ﬁlu QIC S 2 !!«4 “2 < 2“}“"‘"“23‘ 2 9

1
: S ax g / & m’?mni da
v 0 ;

-y

and from Gronwallfs lemms we obtain

£

. ’&T = () 3
(5.45) . g MR (I2 av ¢ 2 2z 15 QYp{AWhH zfng c iy

G
t50.

From (,)°42} and (2 40) e have:

I n+P(t) n(u)t naffi_g“%ﬁé(tus ) e/*u ”’*(s)wz (s do +

. € .
+lhnle g lc, (t-s, g”*ﬁ“ 12" Prs)lly ds ;
G

NPT = it . : : e
multiplying by e/ s using Schwerz-Cauchy inequality and (2.41)

it follows that:

L 1/2

o iz *P(£) =z (1)< b Cdﬂﬁgéi % 091252 P (o) xR (s)2 a0) "+
J |

0 ANt = 2 n+ 2‘ 1/2”
+ ni) Sy N3P, ( S 0 /ﬁnzl’pia)ﬂl da) b o3
: o) ST = = :

from (3.43), (3.35) we obtain: = .o

5.

2t 5 2 1= ,
0% 2P (e) - (e ¢ 2ami® S (SN2 ezf % 2%*P ()2 (a2 do +



0] o
2 a2
: | 2nhn l‘"H c t
salia Rl oo 1t o £
Using ogain Gronwall's lemma we have that:

4ithli Y C %
14 5 /\:I o VD! 2
2/% g (‘C) \t)ﬂzéz@iihli‘“ Cé' lléxyp!{%if & fz ° @ <

- “ L SO
B St (=p2nl? ISIECS) ¢
(3.44)1 2 }(t}wz“’(t)ﬂleg 2lintcng RPNz, e , E

for all 120,

5 9 5 ; f AT A _ =
ai }gn:%pn,: = lﬁnz{ﬂ - lgm'?.‘ %”Hgnﬁpé e - Qn“i =4

for n =3 o . wo conclude 'that the soquence 22(t) is Cauchy in
HE (XY for t> 0 end converges uniformly in Hl(ﬁ~) on any inter-
val {to’tﬂ C]O,w[ - and also converges uniformly on any in=-

terval [Oi'tﬂ in the L2€~Q} topology . Hence there exists;

(3.,45) = o TR
= = o I Tee0

in L?‘(»Q-) for t2 0 and in H’l(@e ):for t> 0 and the function
t —>z(t) is continuous from [0,o0[ to 12 () and from 10, ool
to H-(£), |

On the other hand, from (2,39) we have that:

T.Eiﬁ"

(3.46) W 2, _ (D) h(an(S))”o\_Clﬁgaﬂg 07" of®in(z™(s))l &

Cl“sﬂz e“/“‘tlxntl S z”(g)\\ 1 O< 8¢t 5

Since - ——— —

L s : rt - 2 | L/2
S e/*slvfzn(&%)lll ds < Vit ( g ez/"snzn(s)lll &) - £
o i e e s

VT2 gy zOHZ expcnnn?u‘angﬁg e

from (3.43)), we can apply Lebesgue ‘theorem to obtain:
t

(34T SRkp S zt_s(gg)h(_zn(s)mg = S,Zt_s(g)h(z(s)) do

00 { E
n< 7, . A
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(here we used slso the fact that from (2,39) and k3 36) it fol-
lows that: %}m) Z (Sn) b(a {a) ) = (3 hizln)) 1or onch
i
seJo, t) in Ld(f.l))@
Hence we can take the limit in (2040) faw n =% and we

will obuains

, t ~ .
(5.48)  a(8) =7 7, ¢ § 2 (8 B (xe)as, vy
3 . 2 0

Nemark also that from (%.4%) using again Lebeosgue thoorom wo ol
tain that tvmwéllz(t)ﬂi iﬁ intcgra&le on [Ogigli fo? 0« Honce
~"i:.n@ function F(t,x) = ng)h(z(t)) fulfills the conditi&na of
Lemma 2.4 and ‘we obtain that z is a weax solutlon or the problean

(3@49)9 (3@30); (5@32) wWhore:

~,

b

(3,49) %% = dav(k(x) Vz) + q(x)z = Qnlalt, )=
: +S(x)h(t(t;o)), e, t>0.

. From (Z+6) we obtain that.z is a weak solution Tor (3. 28),

(3.30), (3.32].

1o prove-tne unlquouesa or tne wcah selutiom zor  (5523)
(3.30), (4.32) remarg first that eny weak solution of (Ja28) ,

5 50) , - (3.32) 18 glao for (3a49), (330}, (3.32) hence it mast

fulfill (3;4@}, From. (3,48), using the same computation asin the

~case of formuls (3,43%) we may obtain:

t - e
24RISWSIE CS ¢
(3.50) g zw.:“,,(,m gEes s e~ ¢, g
) IO : 3 =

Let us consider t0> 0 and t;;toc Frbm-f3,48)_énd'(2°40) we have

that: = E s
‘ + ok

. : o ' ' -
bz(tilly ¢ Co(E,z )e T . 8 ;Czé“t-»a;l‘i;;n“ gojtite "")W(@}S de +
: t =
o S lcy(t-2),8 o™/ E"8 ) ny Hz(a)lly de .
e ' ‘ e =

o -

e
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Using (a<h+¢) 4& + 4b2 + 2¢“, Schwarz-Cauchy and (2.41), we

OuL&lnn

to f} tO =
2 e\ 4 2,"-?3, y 2
/ hvﬁtﬂhggé Colt,z) + 4PDW‘ g-}cgébqnbﬁdﬁ g e/ hz(a)ﬁlds+
e L ol ‘
% 2 t .
+ Zﬂhﬁg g ]C?(ﬁws,gg S ' e%ﬁ$nz(s}ﬁl ds £
tO tO
2)inll U‘er %
< 4 At ,z 0+ BInESNS Coliz, ng ¢ 270
: t
A 218, :
+ 2(nI? 213 S P oeal de T Tt
By Gronwall‘®s-lemma we deduce:
J St gl SEE0S 4
(Md (t\’nl-.. {‘4 Cs (405“ )+8l‘ll \g“ CRH.&QHZ (%] ' O:} s
- 2il® ESNniEeet )
@ e S ;
honce with e
~2/inl? c,"}‘;ngf T
(3.55) K <to*"’ )=4 Cg(to,z Je %48)nll sl 5C51z 15
wa have : :
’- 5 i ‘%t S
(3.52) Nz(Edly¢ Kity,z,) o %, - t3e >0,

Remark that t}-é>K(t?z0) is continuous and nonincreasing (see

Leama 2,5),

(3453) lim h(taﬁz ) 0 for each t >0,
=t : ‘m H2 = 0 : ' o =

and .

(3.94) K(t .0} = O €, 7 O,

#e have thus proved that any weak solution z of the pro=

blem (3.28), (3.30), (3.52) has to fulfill (5 2)° If 29 andird. ..



zé are weak anlutions for (%. 28),E ( 30), . 5?) then zz zl—iz
i3 g weak solution for (5. 287, L7 50) with tho 1n1t1a1 ccndl—.
tion z(o+, +) =0 and from (3.52), (3.5%), (3.54) we will ob-
tain z = 0, hende 2z, = Z5. ‘ e | '

. Now wa will prove the existence ‘and the unlquenegs of the
weak salmtlon u for tn& problem (3. ’}9"5 29y, . 31) where 2z
is the unique weok aolution of (3.28), (3350),-{3.52) whici was

~onaidered above.

£3.55) el N, o) = wlte) = z(t,*)

Obvicusiy u is the weal solution'foy (3$27),:(5,29), B oLy 158

vvia a woak solution (3366),_(3.21), (3025) wherea:

' N : A~ ' '

(3:56) ‘é{ = div(x(x)9 V) + q(xX)v + Ean(z(t, ), xeL, t>0
. v A : .

Romark that if we take F(t,x) = L(x)b(z(t,+)) then this func-

tion F will satisfy the conditions of Lemma 2,2 and we have

that .
: : : t | A .
mEE

where V;t;) [L})l( ),aeog\})m( )9 9},4,*,1.( )90.0;9 (‘)] Vv jis the

unique weak“solutlon for (3.56), (3. 23.,)5 (36“3) The unigqueness

of v is equivalent 0 the uniqueness of u and we Obtal” that S

(3.60) ult,®) =Ty Vv, F S Tt_,s(ﬁ}@h(Z(s,e))da-*zw,e), tz 0
Remark that from (3,52) it follows that: 5 RL“‘ f}
(3.61) ©in(z(t)] € Unl e x(t,z0e; iy 0

Using (3.51), and Lomna E.l'&nﬁ (3%613, wa obtain easily

(3 lb), (ﬁ.lb,, and ¥rom Lem¢a 3.4 and Lemma 2.1 and (3;59) we

i

H
S

)
i e e
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have also (3,17) which comnlnt@q the’ proof of Theorem %.1

Remark 3.2, Using Green formula it is obvious thaﬁ clase-

gical solution for the closed loop system {3.9-3.13) is alsc &
~ weak solution, '

Remark 3.3, It is easy to see that t+=—>h (u(t,)) is
continuous for t> 0 and integrable on [b,tél, to>-o, and so the
Yobserver® (3..L0}, (3.13) has a meaning. '

3.2, Stabilization using point senscrs output. Assume now

that B is given by (1.5) and also that U, (e} € Hi(il)@ In this

case h s a bounded lincar operator from C(£2) to u ~ because

\ﬁ(u \/hl(u) tooot h (u} “\m (>.1) *..C-UQ(/P ZNP ah

G
&nd‘sa
lh(u)leg el VP Q“.u%’ » aco(f)
hence , i
(3.14) _ ' hnil € Dy 0P

(we cen also see that in »ha last relaticn we may replace the ‘
ghen. o by Vs R O
Also h is a continuous linear operator from the PFrdéchet

space C(LL) tOIRPlﬁ

. The relations (%3.2~%.6) are still true.aﬁd we wili chooss
the number m such that : ..
(3.7 /w~HSn§6§unu>ﬁ*
(see also (2.4%) and\(4a59)}. (3.7!) is possible since

¢ 5 e ¥ . : : : i
‘wil“&lli “}ﬁmﬂ‘z(l*’qu&nﬂ) +}€m+2\(vl~ﬁfq->\m2) + yes =30 Lor =) ‘.

The matrices Q, R, T, H and M are given by (3.8);

We have the following:

_Theorem 3.1 . Let u, ¢ HH (L) and V€ ®™, then the cloged



loop system {%.9-3.,13) has a unique weak solx;tlon (u, V) e,
iher‘e exists a unique pair (u,V) such that. ‘

(L) t > ul{t,.) is differentiable from Jo,cel. to L‘?(ﬂ),
continuous from lo,eo] to 1°()) and from Jo,oL to e ),
ror (SLB) t r—> wii, -) is continueus f:cl'omjoym[ to C(fl), and
Tor (SLD) t }==> u(ty;+) is continuous from jggw‘: to L)
u{o+,e) =0 080 ll’l{u(‘t))??‘ is integrable ‘on [O,tol, t,> 0;

: (i1) t == V(1) is differeantiable from :IQ;OQ[ to E‘{m?con—-
tinuous from Eopm’)[ to R and satisfies ('5‘,3;»0},{ (0100

‘(:i..i:?.) u satisfies (3;,14) for:all Vz(t )€ HlRQJ) and t>0;

Horeover the systecm is exponcntially stable in the scnse
that there exists the constants K and I"’5 and a nonincreasing
function K¢(t), t> O such that (5.15), (3.16), (3.17) ars ful-
filled; for (SLB) there exists also a ndnincre.asing fun‘c*cion
K,?,(t) suchi that

(3.62) ha(t, i, K7(t oo E 0 3t > 0,

P

st

while for (SLD) for any demain 'QL such that »«Q-lC'- ., there e-

.xlstg-a nonincresasing function K_Q_i (t),=t> 0 such that:
5,610) - el -t ;
(nel") ,”"“*“’“)‘c\'l;k*'““ﬂ'i oy .t;»,to.:—‘o..

Proof, Consider egain (:’MJ.‘B«»«';‘;@2\2":})i and d_afine"ahe week s0-
lution as & pair (u,v) such that: l b ‘ £

(i) the functions t }—> u(t‘ °y and % RS v(t,) are 4if-
ferantisble Jrom’]o, oQ[ to L2 (C.)s continuous from fo, Ou[ to
L (D.) and from Jo, ol to Hl(NQ), for (SLB) these® functions
are also continuous from [o,[ to Cg«o) and for xSL")) these
functions are continnous fx:em]@ Ou[ to G{.ﬂ }@

(ii) u and v satisfy (3.25), (3.26) For all t> O, ((tg ) T

€ Hl(fz.}e

(ii:})k !h(p.(tfﬂ 23 (vt 2 are integrable on [O’to]’tc? 0.
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T4 is oasy to sec that Leuma 3,17 otill worke and we will
follow step by step the proof of theorem 3.l1. With the whmﬁ
change of variables we obtain (3%.27-3.%2} and in this case the
definition of a weak sclution is also Obil&u@@ Remark that

73,!’" 17 4 l ] 2 SRS 7? ChEr =4 "A‘}
Z,€ E-{SL). We will define again [ and o_ by {%3:33) 5 (3.54)
Y 5 \

i
and will rewark that:

Ly
(3.350y - Moahy =10, gi LSNP IR [ ¢ BN ES |2 15y
for all By m, (3,36) is true c;nd . v
lim l £ E H
Tlasios

Consider again the problem (3,37-%.%9), We will remark
using Lowma 2.4, that its weaek solution

sl,c) =22 g eotlhy, ta0

“has also the prupertj that ﬁi“m%ilzn(t,’hlo ig continuous « for
t> 0 and 8square integrahle on Eﬂ,t&)i tg>'0; We obtain in the
same way formulas (3.40), (3.41) and (3.42),

rom (3,41) and (2.42) we havé:
: 4 :
« e ’4“ : T s f
It 2P (£ 4L, (5,2,)67 " +iihile /e S?}LSC e e“‘”m‘p( 8l @9
: LT ey

ond using (2.4%) and a similar coumputation as in theorem 5,1 :

we get -
e ' 251202
WT 2RIENENTC L
(5.45*) S 2 n""’:’(’&’)ﬂ2 ez B iz, }12 gt s AR
(o) - :
and :
2,02

(/4+2%h}1 % Ei)t

(3.44%) 125 P22 ()] < 20 ISP, @

2 G,
Since ng““‘pﬁ' -3 0 for n =0 , prl, we conclude that
nod

he sequonce z?(%) is Cauchy in C(£) for t> 0 and converges
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FE S

N

m‘zifomly ir. C(£2) on any interval '[’;O,ftlj & ]cz?co[‘ gnd in

Lz(.ﬂ.) on any {0,‘@;@1 5 ‘%:.0‘7 O Hence_ there exicsts e ¢
(3445°) z(t) = lim zZ°(t)
{3e401) aig) =o a1 g 2 g
n-»° -
in LZ' .} for t>0 and in C(-) for t> 0 and t > 2z(t) l.b cone

tinuous i‘rom ‘3;7;:,00[ te 1° (L) and from ']QEWE to C(f2),
We obtain also:
(3460 WZ,_ (EHR (e, 08, o7 inile? i el

for eoach s-c]o,ﬂ "

“Since from Schwarz-Cauchy inequelity and (%5.,43') wae have:

| S ef*ﬁnz“m)zzo ds < JE ( S az)/*anzm(smg as)t/® &
o b e T
' 2 2 2
Hb.H RN Tt
r‘T‘ ", i 2 1 %

we ms\y apply Lebesgue theorea end we have (3.47) becauss
1im » (55‘!3(& (8)) = tas(g)h(z(s)) for each 8¢ Jo,t] in
S | i '

Hence, from (J.40) for n éf»%@ we obtain (3.48)s

From (}i}‘.ufjﬁ) and Lebesgue theorem we get that < v-?llz(t)\\i
is integruble on (e, t ], T » 0 and sc the function F(t, x} =
= S(x}h(z(t}) Pulfills the conacitions of Lemme 2.4, We conclude
that z is a week solution for#(3:49), (56.30)‘5 (3.%32) or equiva-
lently for (3.28), (3.30), (3.32)s

Trom (3,48) using (2.42)y (2,43) end Gronwall's lemma we

obtain in the same way as.in theorem 3.1 that

b : » R ) .
T 5 %, o 2Whl n%ez c e
(3.50°) g e I Z(TH dT¢ 2 Co“o”l @ i
5 .
and
m'ft
524) Mt g6 K (tg02,) 7/ %, 5120

where

L3
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e az.i\hﬂz ’\gnss =y .
(5,510 K ng } = 40 (? o ) M
2.42) uis '
‘“3"' &}“ hﬂ l ()n O” AOH )

The uniqueness of z resultS‘in the same way as in theoremw
3.1 and the existence end upxﬁuanesa of u with this 2z will re-~
sult from (3.55), (3.56) and u will be given by (5,,60)o

From (3%.52¢) it follows that

. :
(3.611) | BEENICIRE < K (4,2 ety Lm0

and from L3ailh), Lomna 2,1 and (3.61%) we obtain essily (3.15),
(3,160 (5.62) and (;,l?)§ hence all the conclusions of the Them'

orem 3 1! are proved,

Reman 3.4, In the case of ipoint sensors ObS@PV&thQ, it

is very important that the state -is a continuous iunotzon onal) or Sk
because for the f&;cticns of LELIZ) or Hl(fl) the point values
have no meening, Theorem 3,1' insures this condition, moreover
t > h{u(t)} is continuous for t>0 and square integrable “on
[0,t.]s t >0 end so the “observer" (3.,10), (3.13) is meening-

ol e
Let us apply the theory developed in the following i«

Exomple, Congsider the prablem-

—'Du 32

=% ® g't—qug 120, 0ex<ly

* o4
22 (t,0) = £(t); ¢ ~—- (t 1) =0, t70;
u(0,x) = uo(x), | : O<x—<.l;

;&ndAthe output given by y(t) = u(t,0). It is easy to sce that
N, = q - (=122, n=1,2,... and ¢y (x) = 1, @,(0)=\Z con(n-1)irx,
52,3 500e o 8180 G = cOL [~ (0Y 000,703} = = el JZ..087)
and Y= vow (@ (0}, 0008, (03] = row {1 {2, 1 (2], 411 thecms~

-~ -sumptions hold (in (2.6) we have Ko =1; &= %/2), Hence we &re



S e

able to construct a flnmte dimensional compensator and, to 81m~

%

plify, we will teke g = 1, The functional h{u) = u(0) is boun~
déd on C(Eﬁsi]) (also on B;(Ogl) wt we consider here point sen-
sor observation) end Hhil = 1 ‘

Because thsre exists only one W g§3bla eigenvalue A = i,
we may choose I = 1 and thug A= 2y =1, G = =1, X = 1l are sca-

’ i s = oo G s ) = 2 “’ffg g8 50 we
lars, Let.us take i =1} wzﬁ/x = Jr2, K =d, L= ans 9 e

\[;;‘. : - T\ v
ahtginfx = =1, Y45(x) = e S0 Jﬁ(lma)s Q =1, Py 1, “Frou
1 L : sin ¥ 2 :

(3.4) 'we obtain 61 ﬁ"ﬂ’g, by =2 (2“6'/%11 l)‘“’ff SEy e .

N ~

On the other hand, from {(4,59) we obtain C; =2 ( since Cg =
= - 5 4. . X fon /«* =" - %/2 and
Ehae {1+(n~l Y (2(n=-1)7] e w%ﬂ—) o

o 2 3 :
also C' = 1), If we set m = % then by a e@imple computation we get

im
e T30 e % - .
that lléﬂi = gt:g E)' k‘nml}zh =1 ’anh)? wz)) <. 5.4y hence
‘ ny
7‘) is fullfiled and we obtain the  compensator: -

St = (A~ TH) ¥+ Lyt t> 05 V(0) =,

ulth./’ diog (-1, lmTz l~4$2) T T?Z cal[} 2J§7(ﬁ2m2),
2€§/(4W2g2)] , I = row [(? aotamsl2, J2, \52] and the stabiliz-
ing imput igE(t) = 3 Qv = [Z 0 ‘3 disg (1 O 0) Wity =
(2 0 o] V(%). i
The rate of convergence for (u,V) will-ba-af the order
e o .
Romerk that infinite dimensional comp@naﬁtérs have been
proposed for this problem in [1), [4) and [6l. _
T 4. Appendix _ ‘ Q$ 

"In this section we will give the proef of Froposition

end Lemmas astated in the previous sections,

,.,.3

Proof of Pronosition 2.1, It ie rewn (Mikhafloy iﬂ?p 1/45'

that there exists & boundcd lmnaar one to. Qng operator I from

.
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e R

Lgcil) into Hl(Il) such that - /
(4.1) (W,v) = (I u,v)y
for all VCEH;(KL)Q The restriction of I te H;(Il) is Aself«adm
Jjoint, compact and positiven Moreover } ig an eigenvelue fLor
(2. k) 41t {1+awhn§ is a charecteristic number for the restrice
tion of I %o H-(£%), ' '

Sc we obtain that Y satisfies (2,11) iff
(4.2) ) T,y = (le Vg
for a1l ve K (Q),

Becausg V ke3> (LURp 3? w) is a baunécd linear functional
on H‘Cf ) (see the axnl&qatlong at the buginlx of @subsection
3.4 concerning the operaior T.: Ef(ll) L (38)), using F.Ri-~
esz theorem we obtain that there éxistsAonly one funqtion fjé;
& (D) S ' .

(kngJ,v) (fb v)l for all ve.Hl(iL)

PTom (4.2) we obtain that 3} patiatiea (2.11) 31T

(4.3) - e M) TP

Since 1+§~/ﬁ is not a characteristic number for I ueing Fredholn
alternative we obtain the existence and un*queneas of ? The
addmtlonai smoothness a@uumptlcr in the case, of point sensors
will insure (2.12), (2.13) (Mikhailov [7, D 2291).

" Proof of Prop0u1120ﬁ 2w Let (X u) be an eigenpair for

(2,14}, valn (2.15) we set v w-ﬁn we get, using also (2.,2')
thats ; ' a s v
Mudp bE - (0,0)7 + @+ 0,0,) + (kg,@ (s SO

i}hﬁéﬂggnig + (M«*_’gsr—’n?n ﬁwﬁ§$ &

If wo denote p = col [(“ﬁ?&},.‘“,(“?@m)l then from (2.8), Si%

(2,10 we obtain
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(4.4) Ap = (/A + GR)p, . _
“If p # O then p 18 an eigenvector for the matrix N+ GR

hence p = p: for some J=l,....M and so A= l., Sifice {u,¢) =
p & J 4 $ b2 / J

= R p. it is obvious that

j t u is the solu '{Mou oL (el )
1 =% \i}je . .
If p & O then gL\9§ 0 honce w is an olgoenfunction for
(2,2) and )\ ihe corresponding eigenvalue, Since (u, glieg,
n=l,..¢;M wo conclude thatu ' tw’hﬂm Tqaepreee j&nd

X ( '\ ry Y
,\\;,g)_\Wﬂ.,,«M.M,MQJ[@ We sao further that conversely f}\ n

for n>M is an ugamair for (2.,14) (because (@H,g’) = O)@ Alao
let us prove thet .(/ujgiﬁj} is an eigenpuir for (2.14).
From (2,11') we have
~
U Vi, =i o (grl) (We,v) + (keRp .,V

for all ve 1--3;.3” (R4 1If woitake v = '{b‘r, uging (2.2') we obtain

S

(4.5% 7] = e fee . ¢ S = :
vive } /{‘" (\)G}g%ﬂ An(%jﬁ.};gz‘&) + “kg?ﬁli}gﬁraﬁ n lﬁggaﬁg&

If we put p3 = col [(¥5,8)),400s (Y5,0,)] ve obtain

fA.,j pé = A‘pj -é.' GR Pj

Slﬁ GR = e S u‘ g \ave “th o
ce pJ /JJpJ‘ Ap_ we have that;
JPiesps) =4 (pf?’a 4

.and /kjgégAlyea,,)\ng will “dmply that Py = pj and because R P;

= e ¥ wi ) E:.“. that . i1l I
R P (t)J,,S’)_ we will obtain that 3! will verify

ﬂJC\P‘Jsv) &= e \% V)l'{"(qu)(\hﬁV) + ("” V) (L g)
for all ve¢ H‘J‘(.ﬂ.) '

It cen be proved also that the mul‘tlpl_gcltlea g,.—f»/uj are
equal to one. (see rl\)c » : o .

S

Proof of Propogition 2.%. The fact that iy v, Yiar Piger s

%«;ﬁ,gxw-\} is a basis in L (1) and (2.17) was proved in [1]. we

will prove only the convergence of the serieg’(2.16) in the

ey i SR RN



- 3% 0
) ﬁop@lugy'iftfe.ﬂléﬁh)@ Becanse ETM \fﬁ Q (e} =

R

= Mwm;ﬁhA‘Jl*ﬁ?)ﬁ ~ﬁ;:;z;r , it is sufficient to prove the con-

= 0L
o

vergence of the series / * {l+q—)n)@ This statement fo lLQhu
o

from (2.17) if we remark that

2 2 S .5 g
\131 \.:zu ‘1 Vg enl “{)M)((‘fgﬁn) » {\?lﬁgm} "‘*@ea"@" (‘TIUZ gg’m})
and, bgcause Uj?‘? HLéﬁﬁ}}th@ seriea:
Y‘M i 2 i .“f_\ A ) (7" 2 > .-“
VASE 250 ( g(;‘v". ) (l““-‘{“"f‘ * ) imd WWWWWW (\i * 8 ) (l“?*q,w)\r ) 8 J“"lp ©® 6 6 M
‘(”;;‘;;*T ns. 1 Tl)‘ T o 398 3
& F s pis :

are convergent,.

Proof of Lemma 2.1, The fact that T, is a strongly cnmuuw
, ‘ .

§ 2 ik v . iy ]
nuous gemigreup on L (£2) or H (LX) is obvious according to Pro-

N

Il)h

oo e
ot a Rorota MW = ;s o 1
et us denote R Rl e ¥a W Eo)s Et( _ e fhd (o)

Hence Tt = T{ & Tg and since T% verifies obviously the relations

(2,19-2,25), (2+24%)5{(2.25') it is sufficient to prove these

o : - 200t
Sl O S sn : .
ao IS -0 & R 0D D TR

relationa for T{ . We have from Parseval relation and (2.17)that

nyi TS

20k N 2 ‘mzmﬁ i
oot T 92 Lo g2
: nyi i o T e
‘ 'becauﬁe:i el e ‘

(4.7 Y2 c2(p,8,) + 2»,((351,%)‘44«Mww%:»%cﬁ Fooot FEE

(g0 tout (58)°)

. 2 g 2 2
£ 200,007 + 2047007 +enet (48 CNE 15

< 209,80 242000, ,8,)%% 0 o (4,809 1 12

AN

and



AT
G\ ." . 2 “ 7, 2
(4.8) 92 2Wpidealn £ gl ANQT P g = KIS
n> il s
i \—— d)\ ot
Also, beceuse for 7 0 the series /_ ﬂ \ff(l-m -),) is
0yl

2h o s
convergent (e {3?&1;”; )¢ max(e 201+t 1ot s (l-e-q”/,())

we obtain

oy T*()“‘W)M’;:x:l(-flfu £ 0

o ‘mw«m

— 2\ % Qe 2(% +4)t
e o - B pacd o ST wE LR n/
| 1 wa > ) o / nri4 A

€11y
D.(qu' f‘\n‘) =

e ?\%
Taka Z«.“""‘(t,,\{f = >;W_ e nﬁ ‘f (- f-o-—,\ )+ It ip obvious that
n>M

f b K¥( 'L \f)} is nonincreasing and continuous for t> 0 and

(o ] 0 ~ - 2
4 [, | — 5 140 14+Cl=N,, o e
2D N A o el 2
(46107 Koe({t,p)at = /&5 = “‘“(w«wwmm} gie =
= } o 4l e /T “3()\ S mmYn\ .,
s} .
l+q”’/\
- ?
< gl s xy

In the case of point 5ENIOTY the differences between (SLR) and

(SLD) affect only i (because “})‘j 3 C(..Q_;- 4n the case of (SLB)

end tyéa CCLY for (S1LD) btut Q)’nc; () in both cases). : '
Let us take :

(4,11) | p = AR -,
¥ Using (‘.,6) we have: ' | T | : e
g Aoty w == (A +/A)t p Foa
I Ty I 1\. 3 e n'y = K, o /* B S
WD O\ mM \fn / %ﬂ’ . \?n St N
@ 7~ g
= o7/ Kt ), O e
, . e Rt WF e
The geries /| e wi?m ie ee;wwmﬁ; for t» O from (2.5)
nyld 5o
and so :
(4.12) "(L EORD c(.w_), %> 0

- o P,
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5

On the ot hf‘m hand, if we toke (¢ H;(SL} then from Schwarz-

AR

Cauchy inequality end (4.7) we obtain:

o
’(g\(t y\l})( l\

l

Also ™ '
Ao o 2N mzP
\»ws"'(t’\f)d 6 1{3 1 \.DH_L e
* o “f?"('\rf/&)(“ =)
0
and the last series is convergent according to (2.5) which com-

pletes the proof of the Lemma 2,1,

Proof of lemma 2,2, From (4.5) we obtain

(4.13) A [4y,0, Jreees (i )| + (k8,0 RQ =
I("l?gj )g&bﬁ@p((f)"“p v")] dl&ﬂ ;A:lﬁoﬁo/;ii>

Since F(t,«) € HJ’(("‘ }; £t 0 we have from Propc).gulon 2T

00
(4.14) F(t,) = Zii'(y(t 3,80 8,(+) =
& n=
: Ui s
=) T (4 (+) « F(t)F ()
Sea %—:'1 “II. yh y %ﬁ )93 n |
whera

o) ((PEh) 0 sk B635,) |

col[ (t)gaa@sEW(tw

Falt) = (F(),8,) -
[(\fl QJ’ >goeeg(\‘ﬁ‘\§9@ )]C'O} [iql ufgemogl'vi(i)} Lz s
We will prove firsi the uniqueness of the weak so_l:u‘tirm‘for
(2,26), (2,273, 12.26), '

e *egSis WESHSESAS § > g% . o e Y < k
Let u be a weak solution for this problen,
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(426) u(t,0) =2 (u(t, )48, ))es() S

% ,;Z; u (BP0 =+ Z: u, (636, ()

n= n> M
where, if we denote Uity = coi ut (‘?;},.‘..g,um{t)} and
Uity = col {:(u(t,- }“,,,(u(t, “M)]’ then from (2.17) :
e = ot e
Qi) ' .
T e, ), ) (1) see s GrB ] UC®), m ML
‘On the other hand, if in (2.29) we take 7(t,.) = ﬂn(~)

then from (2.2') we have:

(418) (53 (£,41,8,) =hq(altee) + F(6y0), ) +
+ (kg, & )S (u(t, °), g) nyl
From . (4.17) we obtain: i

g (Lt
dt

hence from-(4.18)—and—(2.10) we have that .

d P
M"‘* (”t) ,\ (u(t),2, ) + (F(t),,@ ) + (g, ¥ Yys RULE) =3

(4.19)
[ofl,@ ),M.,wwg )] (W By

and
d'/\ tz 4 e e : A :
(4Q2C}) m,a'é =L CO-L%F(t)ggl),on,(F(t),@‘ﬂ)] + GR U('t)
But A+ GR'= Q diag (f,ceesfyy) Q™ an glé A dt hence, using
- also (4.15), we have: ' : :

(4.21). 9—2%3?@ = diag(py, i) ult) + col{Fl(t),...,F (t)]
- Also frem (4915), (4619), (4.13) aqu_M.Zl) we obtain;’
SHEY _
.. m&"‘g‘”‘“ = A _(u(t),g )+(F(1),8,) + kg, B:Ys RQU(t) -

"E'\ﬁ.wn)s“ﬂ(”‘ié"x’gnﬁ diag (fl’”” E“)U(t)*col[}‘l(t)g.”FM(t)}

: “é“‘ (ult, )s/) ) “""""’I}"""’M #: [(\('lrg )’°¢°’(I)M9¢ )} "ép'é'.'-%)“ 3 n?M.
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= >n{(u(‘c>9€6‘n)—~ \;’,ylgcfn)g..a,(‘fw%)} U(t)ﬁ B Re), nal

v

or by (4.17)

o i
(4.22) "‘“"“L“‘””“” ~>\ U (B HE, (), - nx M
If we \;vz,‘ite ‘

(4.23) a (+) m}_,__,, Wy () + 2 g ")

n=.i T M

then epom (2.,28) we have that:
' | &
(4.24) k) e, s nyl

i RR), (. 200090 get

M T { (t=-8)
¢ on # ) oﬁn ‘"n(a,ds, lLangd
(425 T e
5 t o (t-9) ' '
A t }\ =9 - N A £
- n ‘ug o S ) F,(8)ds, n> M.

Using the hypothesn.s about T and (4 15) (-%» 2) one. obtaln &1‘&‘33,.3..‘,

: Z:I* (S)<‘<“\ “"(s, )112 S5 se]o ﬂ

nyll

and 80, apply:mv Lebesgue theorem we have:

(4.26) Z Q n e (s)ds)g (e ) 2

ny>M o

5 &
Ay, (t-8) :
= % 7 A Y R lalth O
ny i ; ' :

An Lg (fL). Since from (4.19) one obtains easily, using (4.7)s

~ that:

.' 3 2 w2 i Wi "27 1 a4 -
2‘(4026') En:;;i (l'*‘l‘”}‘n)}:n(‘g) = }}, 53 & (*’3:‘);@11 8 }O,Q},
‘we have that 4,26) is fulfilled elso in Hl(fl}. The raléti,ozz

i (4.,26) subsists in c(-) too becauas

i s, s

B i o g
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. O'\E‘}\. /t A (t"'S) ; %
(gooemy ll ) e 1y g Tateae g2 <

n=p+l -
wﬁ 2
<K ¢ St 3 B e’ €
5 n=p+l
g Qig o 2) (t a3y 1/2 p+£ I 2. o
<K2( S (\' n_lo : ¥ K 2 (L+g-H }Fg(s))ds) <
o nésfiﬁ 1+G- n= }_’\éu. Bl

n .

~

tk 2Xp+ 2 (ﬁ“' +Xk ’ i '
£ Li t (l e )ﬁ \ t (l%"‘é"«}\n} EX%(S)CES'I {T:
° nEpFL (L+g-) ) (=28 ) ), n=p¥l '

t +K '
Q\Kﬁh S (L+Q-\ )ins)da 3> 0 for p =——p 00, £
. n=p+1 oo n

fTrom (2.6), (2,5), (4.21), (4.26%) and the intep ablllty of
HF(B"')HJ. on \_O, _*tow}': t > 0o

In this way from (4.,16), (4.25), (4.26) we obtained that
if there exists a week solution u for (2.26), (2.27), (2.28)
the n 1] mua‘t be given by (2,30) hence the unl’iuencss was proved,:

Let us prove that the function u given by (2.30) is a
weak solution for (2,26), (2.27), (2.28). VWe will consider again
Tormudas (4.14), (4:35), (4.23), (4.,26) and so, u will be:

v WMo % ' « .
: t _(t-8)

(4e27) - u(tye) = 5 [e'»n ud + S e/n ool (s)dS]‘? (.) #

n

8]
t (t-

+Z. u+8¢'\“ Sus)]?()
o

in L, (.0-) for t2 0 and in H (iL) (and C(LL) or C(L) 9;hen (=B

or (.JL‘D)) for t> 0. ,
Take: - - : : ; S e

- M © - :
c et m {t~ad. ]
A D - Fn® o PartRle vy
(4,28) uP(t,s) = §n= Ed S d ",,'fn(s)ds s



~ 30 =

+ 5 ) u, + S 6 - Fn(a)ds ﬁn(w), p>M.e
n=N+1 - : ] e

e /
~

i : n B s . i .
It 1s obvious that uv* verifies the condisions (L) gdal), (39
of Lemmg 2,2

Since

»: ) v
.g%l (83,2 ) / [/ﬂ w4 S e/ﬁ an)aa]wnmg\fz‘ncow_‘
) S

s

i s ) ,
*"I253;1{>\n[e U, S e Fn(S)dS} + Ln(t)g @h(e)
O G

it is easy to verify using (2,2') and {2,15)that

(4,29) 3

u« (t, )’?(tﬁe))z «(up(t;?);?(t;°))l &

b ()P (e, EPe, *)s Z(t %)) + (1@,«[(1: .)) <u1 (£, 5)
for ail t% 0 ‘v(t o) H {410

wheres
sﬁ" ¢
x 5 \P ~ o 2 o) +. ., /
At a1 % ) + né! IR NORNE
M
- Bk 0 fwf 0wl @ ()
(45) oo = ) un\yn<s> b il
hence uP is a weak solution Por (2,26~2.28) with Fp and “o ine
stead of F and U e
We_havé that
+i s
e Aot
| up‘*‘l‘f(t =Pt |2 = ) [o . u°v+ o .
AR L . R
Ap(t-8) 2d b
- % ® (s)dsi (l+qw\ Yo 2 (u ) (l«%@*‘} }*%
n=pEl
o : |
Yiny 25 ¢ S"“ ]
n - n 2 sy
S = — (L - e | ) : F, (8)as
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. oy o 2'\ :
and because E ()<Ko 3 e
nyl 5

St
s

we conclude that u.p('t?e) is & Cauchy
t > O hence

0T
(

iims st
P90

o) =
J

(4.32) et o),y in

Moreover the limit (4.32) is uniform
hence t +—> u(t,¢) is continuous

On the other hand:

e b i e P
Wa obtain that the sequence ST
m T2

38 differentiable for t> 0 and

(4.53) 5“ (£, = 1= 2uP
e Cr g

From (4.32), (4.33) and since

p-yo0

A
(“-Irqw\ )<max§lm,2

p) on any interval [t "'l—l }Q?C?QE

-~ {(£,=3 in

lin ¥P(1,.)

1 2t(1+q)-1g

17
2 s 2 2
Fﬁ(s)dsg Ky S\\F‘(SR).HQ ds
s ,

‘sequeﬁce in Hl(,.(l_) for each

Tor each t> O,

o fi0Ly

on oy snterva [tris)e o]
i’po;u]o,no[ £0 Hl(.fz_)a :

: Ptk : T
> p'n" S T, >\ (i»‘?’S) -
l ll (‘L e)wvbmm- (t o) } ﬁ \1Q+ e il s F (S)ds oots Ole
n=p+l - it :
I (o)
e 25t % ‘
2 i 2 {‘é:m— = R 2}\ t O l‘.,C) n 2 . .\"“)' ]
+ 1"-‘&(‘6)% <2 [/\fi;(za gl R T Fh(8)ds) T, (1)
¢ - n=p+l. : opds 0
end since V
2\t
2 Ly 'L =0 N 2
N ] 6 oy 5 = e 4 ! A 'S
;6 % e “, ty0; 4 Fo(t) £ X || F(t, )ﬂ2 g
ofae Y S ¢
= (1~e 4 ) S Fg(s)dss L (lﬂ\«s)\ )Fg(s"dﬂ <
lmi 9% o n ﬁ';"m l“}'a““kn >0 1 . 19N o) / b
£ t
s N ,\ ) l‘li'; e X <
< M_L-\ﬂ»%-« e g (1+g-A)) Fo(s)ds g -w;\/ % i F(s?ﬂ)})i da
Qi neM . J.~a~q~%7* 5

(t,°) is uniformly convergent

hence 1t = u(t,s)

1LY, tr6;

= F(t,*), t>0 in



]

HJ‘(,Q) (hence in 1 (€2)) wo may paco to limit in (4.29) and
will obtain that u vorifies (2.29) for allf‘? 0 ?(t . Y Hl(“‘

end since it is obvious that liml\ u(t, e)mu (¢ )HZ = 0 we obtain
t=+0

»that u verifies the conditions (i), (ii), (iii) of the Lemma 2,2,
The condition (iv) follows imediately since

P e

(Bi-d - P, & |
8 /N
. Dk 1 ptk :
{ == A\.t = k. (t=3)
: I C n 5 « a o
gK{? v o1l s g 2 ¢ F_(s)ds| —> 0

n=p+l
for p ey /12>l tZ20 using (4.26%) and. (2.5).6nd sc u,p(t,e)
converges unlformly in C(ﬂ-) e (QIB), or-in C(LL)eif. (SLEAT, onv

any [t ool
Proof of Lemma 2,3, Let us dernote

O3

' e Aot
Lol e ”,p;% 0 P (2,,8,) ()

1>

435) Bz = (A eng) Lo =B

: : 4 ‘
6001[<zasgl)yooo;(zo;gn)]‘“:S‘ exp (%“ n%)(t“‘a) Lﬂh('{;{} Zo)dsg'
' 0
Y 'Vn s > “n )
Hence Zt 2y .= (52 25 z:t Z e 2 \)
: a1t
y ~ [o) 2 '/\ 7 ¢
Since for t >0 the series p:zn-%fl» G (;O,gp) (1~rqm,\p) is
convergent we have that
(4.36) ¢ ol nlin)), 150,z 12 G0N

, é v : s : ‘
Algo t MH ng Zo”i is integrable on [O.’tow ) to> 0 because

T3ast S eI = e -~
S Il ZIQ 2ol At = % z a 2 (za,gf?) {1+g- p)- = |

o o v i

o>
3—-
fu
¢t



= m~qme (1~ P o)(z 5@ )%5 mMiMMQii me' (ZOQQD)d<rOO
pyn+l »2>\ e "Zl\m‘l el : %

Let us consider now the case when h is given by (L1.4).
We have that ‘ :
‘ r gon e :
\h (2, 201 € R NZg 24 t> 0

: 2 2 b4 S (7 : A;. 2
and go t > )h(Z% 30}1“ is integreble on LO,tO}, hence Zz Z
18 well':efineé end it is easy to sce that'gﬁ is a strongly con-
2 :

tinuous semigroup on L°(fl) and H;Cfl)a From (4.%€) we get also
(2:32). '

- If we have point sensors thoen h is given by (1.5) and

from (2.6), (4.11) we obtain:
sy BRigse Oy, v, g L3 (L)

. Tl ‘
because the series Em e P (zo,¢ ) mf5 is convergent for t~0
A,ww._.MM_»wn>n¥d, =B .

xvom (2.5) and also

e N : St ; ’ . : :
(uzeeell 2 g ek o l(zo,cﬁp);ng, £20, 2,6 i)

0 pyn+l
Since .
i n ,n .
In 2}zl &ling \X el
and
S“o . 5 by
I} gz livae £ e o }fz M )} n
, e O pyn+l- mxﬁ ’

1/? ‘ : /e .

6 x O O acEE o
Pyl p prn+ls p : i
wa obtain tnat,%% Z, is wellodefined and.sofzf‘is again a stron-
gly cdntinuous'semlgroup on»Lz(ilj and,}ﬁ%il) and in this

we have (2.32) and (&.53)

case

Proof of Temnma 2.4, The proof of this Leuma is edapted

fron {l], To prove the uniqueness let z be a weak golution for



= ('2;3-4.\).’? (2435), (2;36) If in (2.37) Wg ‘talce? = Q!p, from (2,2°)

m e

() ¢ P g
\ g .

i

1

%

we obtain

Ry
1t '

e S ).0,) >\O< (¢, g @) (F(t,+),0,) - (E (+3,8,)B(2(t,))

e am

(4039) ot

and if we émotﬁ L »«(‘Ql fu ,”w EN{ thca f ( )»—L "‘);L( }+€,M+L {5 ( )

Ij
sl

o

(Z(tga)g@p) ékp(z(t?e’)?gp) + (F(tw);*ﬁp) %

- SR hiz(6,0)),  dEpen, t> Qe

'(4@/;@)””g%""(z‘(”‘f?f)“{@“)“'% A3 (8, ), B0+ (R (5,+),0,), p>m, >0,

|/ thats = ’ o :§

since z (+) = (zg,ﬁ )#s(+) end 2(t, )= ) (z(t,+),8.08,(*),
Pt ‘ Py L . &

T2 Q, we obumn that o

(4. oE (z(o+, -))Q! ) = (zg,8,) P2l .

From (4, 40), (4, 4l> we hdve that

CZ(t,e),@’p) =e " (z,,0) + S g X (F(8,°),0@,)d8, py n
Sl : O 2

and so by (4.%4) we get

( i

n : t

(4.42) »2(t, °) L“"l (z: L‘t L w’ )+7 S \2'3?_0(1“‘(8,@))&8
. , i | ; o

it we rcmav}g as :m the proof of the Lema 2, 2 relation (4.26)

L Ao i) o 7! |
(4.43) }:B ¢ <F< )59 m%g (+) =

prn

O .t H f, i
ol e e XU (t2a) , |
b e B >M__ e P (F(,8 )@ (=) | ds, e
E dosis il T ; i ‘ s

a i}; Lzl(ﬂ)', Hl(ﬂ.) (and in C(-_a-) when we deal with point sensors).

Y2 odblaoin from {%ﬁ‘.}, (%:’:}‘%) that:

’s

(444) g ool [( m Yl ey (ke sdisiile

|
|
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= [, -T2 e [czm,e),al),.m<zct,~),¢nﬂ +

= CQJ {(" %9@}?

and from the:l
tion using the
is given by (2
unique, -

_To _prove

(Maﬁz), {2 o/o)

.38) hence if it exists a weak solution this. is

o

p .
L3 L

| & ‘
; va on el 7
@l‘}ga;@pﬁy(tye) 1)_} L h(uf -0+ g é«t,s(F(‘Bf ))dS)
: 9]

gt Llinear system of ordinary differential equa-

variation of parameters fromula we obtaln that z

_the existence of the wesx solution for (2,%4),

it is sufficient to remark first that a weak

solution for the problen:

\V

(l.l

Dz
5

v
- 2(0+,

i A v » v i :
e div(k(x)Vz) +q(x)z + F(t,x), * xe,

A A4
({s)z = 0O, s

£8, t»0
o T
%) = zg{x), Cx ey

e

Gith F(t,e) = ) (B(t,0),8,) y0e) ana To(e)= ) (24,0,)8,(+)
P , ' , s

ig given by

: : e i : I
2itys) = én Z S ?é ﬁ(F(sge)}us m'”z'zovk S Zﬁ-ﬁ(F(s,'))ds \

D711 p)ﬂ

t

0

which is well known,

Second,

if we put
¢ 4 . :
. i SN VYA,
Z;% 2;0 * S Z_ 3 (F($g°))ds = [gl(e)pvotggn(e)jl

ez exp {(‘/\_n - ff:r,(n)tl col [ ?o,ﬁ.!),“,;(zo,ﬁ )}'-%'

y°

o

(the second eq

+ g exXp [kfl “Lﬁf )(t“S) [ (F(vs,plﬁi)ﬁhﬁﬁz(F(g’ ) ¢ q

- L, h(Els,. Ja ]

uslity msy be obtained by & simple computation).

R
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with n’

Pt = § (0,00, 80 (0 B (o) 2 ) (2,809,00),
oo o) e 0
then we obtain that zcﬁ,e) verifies (4.44) and from here and

5 ~ : s '
(2.2') we obtain that z(t,¢) is a weak solution for the problem:

h . = - o~ el N : A
~r = dmv(k(x)i7z)+g(x)a+?(t,x)mf;ﬁx)h(gkt,o)+z{t,®))7

ot
o x€Lh, 10
- D2 5 4
%H + 0 (x)z = 0, XeEB, 170 ’
S
2 (0, m-wz(ﬂ, il

. n is obvious that a(l,o) = 4(@, ) z(t <) is a weaek so=~
golution for (2@34); €2,55), (BaT6)u .

Proof of - Leuma 2.5, According to (4.34), (4.%35) since

=M wewill omit the letter "n" hence

e 3 e
(4.34*) . Ly By = o 6 (zo,@“p) N

¢

!

(43500 %, 3, = [@l,.,.yﬁwjl_ ST 001 [z, )5 o doalg 8] 2
S o Vslity (oms i oy (ES 2,) ds

and

: W
(4.45) 2y Ty = hgit, * Zy 2

5 t»0, 2ys L2y,

. We have

2

(2.46) lz, z )15 = 12, 212 + 1%, 202,

321,25 €9 05 7 el LY

L@t/k be & number such thai

(404‘7) . : | Ri’}'l '""/)" “/J\
We hava e e -
' i - O ¢ -2t 2(X +Ph)T
2 % i 2
M4mlézﬂ Zme D ogpin® ot 1A S TR T g
&% s £y ¢

if we denote



=46 -

; N e _ e o o

f > o~ o = rx o NGt ©

(4049) 5Bt By = ) (20,8,08,(+); By = 0 (50,808, ().
‘ p=L ‘ o :

and remarke that

o 2 Vol B A D =

{4.49%) a s =z + Nz ll§ , i=1,2,

Also wa have:

i 5 o 3‘"“ i ?Z/\D‘t
(4.50) ?xét z My = - (220, 3 (:zw:q(m,~-p> e P =
v 25 > 093 3 fl%amk ) @ /A ?(t 7 )s

> il

=7
Obvzously L e Czit,zo) is continuous and nonincreasing

Iort> 0 and

~ - i
L 1+ q«)m o

i :>: “ D
2z )dt = G N A v i S e T
.9 0 &h o' p "moxpx//t ) ma(,\m_l /\3

\i\}

o0
O

S e b
& <o p S L) I
Pl & = mvl“"/"

Iet E)Q be such that

2~"2
l?z s 02)& OH

2
2

_ A ot e ,
: ‘Q( LL).‘L‘ 4G G/J\“'c : t> 0.

Consic‘ier first the case when h is given by (l.4). Then:

(4.52)

| h(Z, 2 )1 ialef Z, zlly “”/‘S Colssasli 830

and so by Qc,lwmz»«wcguchj mcqvah*y we é,et

_ t ;
(4.53) l g ('A”m)(‘”’s)h(z 7 )@m} I nno e )*'t\; t czu Iy £
. O A

:;ﬂ‘h\"v WJ?M.. 2 oYY 2fl;0 o

G
o Vae(po)

B 2

Also
o | (A=LX3t[ 2.~ .2 = i3 (fika}(‘%~:,,} . ‘ é(
}mtﬁe};2§ 2343 g 22,032 5 a‘i n(z, A }dsx &

o



< 9 T '"‘#t(l"‘

Using (4.48), (4.49*). dnd (4 46) we obt%ln (2.59).
On the other hand

DA
$2(2+g-N): {i“mwl&)?lgng 15 + !S (AL (- Iz z,_ )as|?

e Y

O

vf i P r 1 8 \_, ¥
< 2(Mq->\ 28 e BT IZ )2 + n) ST C3lEN5), t50

Hence, if we take

o Y
(4.54). C5(t,2.) = Calt,z ) + 2(1+g-NJe 2T T2 .
: » 5
Rediin 112 ?L‘EUT_T 02 i ng)
and f/
.. *’2
S e L g
(4.55) - C5 = max{(C5 (L+q- y) C e(f/;) )s: 2(J.+q /\I)C } =
axy N
l‘}’G‘”Xg - i 1+ 0= r ‘{
: 4 e S b3S d 2
= mﬁx{';’;f‘:'w“ e L 54 I i 2<vq-e Sa)
o R ey gt

then we obtain mmedl&’te:ly (2,40}, (204.1)@
Let us consider now the case of point sensors hence h is given

~.
.

by (1.5). From (2.6), (4.;11)% have:

(456 1 Eyzllo¢ K, - €08, >1e § S e/*'“Z:)uQ,@ i

jo) .fxi ; . poM
A
(”*f*)t ‘Sxe C(tz), it is obvious tn&TtW"B’C(CK)
is continuous and nonlncreasing for t> 0, and for z € ML)
()\ -wtu)t
- p/
(4.57) C.(t,2) =K WICNT N Jl+q-> pf e ¢
e B R fl+‘q~>«p
- 2 2()\P*‘“ ok
x(>“ (zo,mmq«M § E Lo
I
e QE;‘QZQ\Q“};L H:,
= 4.\0~ zaﬁl i ©

PR 1+g-)
P 1 P



J8s

@ o

: : CEMS bR 2(')

Hence \ Ca(t,z )at< Kouz g o ~
o - pr M (l+qW\ )(«2% ~%¢ )

v 9 V_v /00
= HZQ”}- fod CJO N

since from (2.5), (4.11) follows the convergence of the last
series.

Now we have:

IniZ el Inliz, =)

’ : .
o J.,ﬁ L
3 0 o o é,H h“ @ / 5 CQ(SaZO)g | 870

and will obtain like (4,53)

; 't‘ : I. N .’ 3
(4.53*) \ 3 G "L"'}(twu)h(.{, )(13) ;”Z)) c *‘“::-:?::W”“’ CG‘ 6.“/Min N
, £ : vzey~} '

&
< . ; P%‘ -éf' ot m&""c o ; ’é’ : AV 2 "‘t v
(5 Mo 1 TERE LN s N
MNzZiz My (ci o Mz i, +1nl ERrPI Gy e~/ 1z,lly) €
l - Vesgd <
: s & Iz tal e |
<K MP ¢ Bt .,__J‘;L ——C |7\, )
§ 14 @&B Jaevﬂ7w
end so, if we get : e : : iy .
e 2 !
~ E81
(4.58) CZ o(15,)= 6o (k2,02 X2 HEPHT G2 o HKE g ’Vig:%: .
hH Vz
aegrUM3it& Hl}
q!lfi
sl L 2 op+l
4.5 . I + X7 A¥ O s L T ¥
(\939) CQ 1 x%co (1 I\-O ah F’ C @(/U“"‘)))’ 2 I\Q I:I [ L4
‘ . T m%w ? |
Nl ? '
: Cg = imm ‘ < <o
Pyl (l-:qm/\ )(-2)\ .ug/x )
_tken wa get (2, 42), (2.43), (2.44) which ccmpletes the proof of 7

leama 2.5.

Proof of Lemma 3 J« Let V) be a weak solution for

ha A



i pnd

~49 =

‘ (5 91~ %,1%) and let v be defined by (5 24), If in (2 10) we g
will dencte R = row le,...,RMJ were R;,...,RM are column vec- -

k tors 1nkm then

g(x) = R ¢1(x)+,‘,+RMﬂM x) "_ .

_ : i
- and sc we have: ol T

i,
(480) (WU, §> Yy Vs (8) (95,05) P“)
: 1,J

~ A

= RQ col ]"v1 QI <tﬂ =R q V(t,, £ 0.

On the other Hand B o  ‘,  ” s
(4.61) BV (t’ ) “{Li)l)c-.)‘ymggm_',l;aoo,g '} g__\al_é_t_)_ =.

e [Yl""!{q) m.’,,l’ 'oc’¢ j {(}'{ LH)V(t) + L h(u(t"))ﬁ

2
- i

(4.62) h(v(t, —vlv(t)h(kyi)+.,.+v (t)h(\m)w l(t)h(¢m+l)+‘°°
' eee V (t)h(¢ ) = HV(t). e ML

Hence :

, Ny g
(463)-—5(1:)-2 v(t)w()+ kv t)¢ o
9 ; Pl % 1 ;25;1 54 . _”

+ f( Jh(u(t,*) = v(t,))

~-+ and from here, using Prop031t10ﬁ 2 2 we have:

(-5: (t,.;,y(t, A 5— v, (t)(/&lyln)(t, N+

g :
| s t >\ ® e ® - °
+ 12;:1"()( % ’Z(t ) +(t( )"z(t In(act, ") v(t i &
; | | e

Grmemrarpasne

%__Iv |- ST ERIA (1+q><»fl,~z(t -)) (s, oz(t, Mg )]

- mgmt.-ns%i ] + (Bedntace, e = vix, e, ) =



t...._, ' ; g . _'-50-

= “(V(t»'),-*z(t.-))l + (l+€)(v(t,-),-)z(-t,')) - Sl ey

- (s, OV(E,0,8) b > 05 (e By
hence we obtaingd (3.26), ®rom (3.,14) and (4.,60) follows ime-
diately (3.25) and the others conditions..that.(u,v) be a weak
séiut;ion for (3,.,18-3,23) are obvious, ' ' '
Conversely let us consider a weak solution (u,v) for

(3.18-7-3.25). According to Proposition 2,3, we have )

SRl hede . )+w.+vy(tw&< g (e 1820
with ' : hie e e
: COl L'Vl("t),...,v ( )] = Q 001[\" t ) gl, XX i

: 1 ea 0 (v('f e ;ﬁ )
(4.65) : g ]

.‘ :vn(t).z(v(t,”-:;),,,g Y [(“”1»‘5 )'"""wm’wh)]"'
; ; o e 001[ 1(t1,0¢., (t)} 9 n)‘*M“‘,
From (3 26) we have that: .. S

: a—% (V(ty 00,8 = (B (t,4),0,) = -<v<t, )8 >1+n+q)<v<t A

+ (L, g on(u(t, -\-v(t, i (tcg,wn)s(v\.,, ),g), ©>0, nxl,

SRy
<

gnd by (2.27)

S 14068) @ (v(t, ), 00= X (vit, ), o0 E, 0 )BCcE, vk, o)) +
D e TR e e R, 20y e e
~ Since, from (3.6) we have tnat P = Ped ) WO obtain
e | | §fn if lena,
. e g A C g
(4.67) | | (Z,Qn) = 0 df Menan,
A L=l de b e
Let us take w(t) = col [vl(t),..., (t)] and
W(LY = col [cv(t D381)eees V(200,80 | o From (4.65), (4.66),
{4,67) we have that: e el

W =g ?«(t).

Y IR, g e vy e e et v R s e S it e P o

e A s 1+ 5 A 3o+ Sl 1+ 58

frre e e

e g e

pe ~$; ok .54;_.\
80 2

. AR e e ®



S
Qaf}:l AW + Th(u(t,s )—«v*’*‘c, )) +=G o (v(t,<),¢)

and since

(v(t,=) ag) = ReQeW(t)

we obtain

d‘:“(’i} = g7 (A +GRIQ ) + @ Inlult, ) = v(tye))
or . . '
(4,68} g%i dxa?ga ,QG,VIQ)W(t) "l Thu(t,*)=v(t,e))

For n>M we have from (4.65), (4.66), (4.67); (4.68), (4.25)

thats :
3\? (L) 3 "i -t-
""”“'”d.[‘ = d; (V(t °) Q/’ ) = {_(Ylyg )seon;("\msgn)_} & \ )

’°‘>\ (V V;“)f;/ )T‘.Q g )h(\l(t ") “\t °))%(}'\Qg Qj )o h ' w(t) et

{\rl.ﬁ )yeeas(Yyo¥ )} diag (ul,umfl W) +
Q Lh(h(ts°)"v('tg"“>)(§ =S %nvn(t) f'\i"(it»’n)‘ =
Y_{“{lsgn).ﬁesoy(\ﬁ)ﬁ’ﬁgn)] qul L7§ h(u(tw“) = V('t,'*)) ®

From (4‘67) and (3.4} we obtains:

dv
T e G R R
and :
av, (t) : :
(4.70) m%t %v(ﬂ, >0, n>o.

Slﬁ(a(’ v(Ot, °) “(\)lﬁﬁaeﬁk‘s g@'n,{lsoeeﬁgJ‘\ V s from (4e 64)
we obtain thatl

(4.70) v (0+) = 0, npm, col[V(O)seeniy (o)) =
and by (4.70) we get that vn(t) = 0, t>>0, n>w, Hence :

v(ty "):vl(t)l\r‘l( 3 )’;'e ° c’%’vm(t)\‘r‘}'{(f )vm#l(t}gﬁﬁr{”’)*ee a'gﬂvm(\t)gm( ”)

¥it) = co) [vl(tﬁ,.ee,vm(t)}



Gition (3.1 T0llows immediately fron (3.25) i

concluge that

{3@9m3613) becange all the othap'oonditions

Ously,

f%Clﬂ?OKﬂdﬂD(hﬁﬁEﬁ?

The authop wWisheg to thank-frorassor

ol di&cusaione and aqggaationas

ot

(0, 7y 3¢ 8 weak

one

ad (3005y Con-

We remgr) that
solution for

are fulfilled obvi -
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