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IS edb.ry li s t gbj li f. at i.oll of ].l;rehgl, ;L c sy s leqg I

u. i e finite dirnensi-o.nal ccni:eneatcr
.#

$o Bolintin**rrot)

*_Ag!gq.l. A conponsator, givon by a }*noar oystem with G:n-

stent cotl;fficients of ^sultable finite diin-onsion oriven by thu

current output ol l  n parebal ic.eyste&r, is pt ' ( ,posed in order thai

ths closed loop systeu, obtained by ueirg tbe output of the coi:r-

pensa\or as tho input in the controllod system, be Bxpon$ntiel3y

srteitrlrr* \,/o aro aucutnlrrg tho output of ttlu oont:ro}lo<l r:y:"rt(r{r, /i1*

von by a finito numbor 6r$'"point or .bc.undary oboervqtlono. 'Wel',j'oon*.

sider ,.the"cass of bgundary controt, but tbe schene can bo also

sppl"i€d ts the siurpler.ease of distr*butod control or routput. "i,.r

I. J1lrcdue-Llqn. We wilt cuiisider tho foll"owing perabolic

initial boundary vslue problenn: :
.  \ , ,( r " t )  

H = d i v ( k ( x ) " V u ) * q ( x ) u r  x e f r ; t t o -

( 1 " 2 )  H " d r ( x ) u ' , s ' ( x ) f ( t ) ;  

'  
x € S r  t z ' A

( 1 . 3 )  u ( o r x )  o  u o ( x )  ?  x € t >

rvhero frc,iRN is a bounded donaine S =)fI ls s Cl nanifold,,

f  ( t)  = col[rr f  t) ,  o.,  ef-(t) ]  e uto ie the boundary input t  gft)  =

=  row  [ c1 ( x )1 . . o i { r y ( x ) ]  e  ( f , r r ) * t  &6  r , 2 ( s ;  ( n r ) " ) ;  se ' c ( s ) r  0 ' z  o ;
1

q c  q ( s l ) ,  c  e  C * ( J t  ) ,  k ( x )  Z  k o >  o  f o r

Lot,;"usr, consider the fr:nctionels

given by

*) Department 'of,'$ath'enatice I, Folytechnic Inetituts of

bnrchulcst, Ronnania.

xe{1, are givon funct ions.
/ \ / a ' ,
l i r  :  D( l i  , \cL '  ( - (a)  dF+ f i t

. r d

i .
I l

:
r : l
t ,
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n '  n 
1t r1-) '( I "4 )  n . * (o )  =  (w3;u)g  r  D ih r )  =  i l

c.oupted. rxrt.b. tbe origin'at- aysteui by 3

{ - 1  l c
d - - t .  c  r  t r

I

and if N< 5 al'ro lr.Y

( I " , )  'C r (u )  =  u (9 j  t ,  53e .n  ,  s ( f i j )  -  c (o  ) ,  i =11 . . .1P ,

We vri l l  denoto by ( t  ) ,  an4 ( '1 ,) , ,  the usual innor pro-

,  
t n r . . ^  

r  -  t  l t  ,  
n

d.uct in t-(S) and L'(' l"t) respectiveJ';s ana by ri l l, the L'(' iL)
. )

normu .rn ( i .4) wj€ L4(s) are weighting n.:nct ior ie"
, ^  r ^  ^ '  " l  

r r - ,  - - - - ! ^ *  : ^  ^ . :

l:t i i .. col lfir, " ". riJ o T]re output for the system is g]-

ven by :.

, n P l
( I " 5 )  Y ( t )  = Y ' h ( u ( t r ' ) ) e R * n .  t > O 2

. , \

whers Y is u PIx P natrix" Ite will denote h "' Y"h. I'Ienco:

(I.",6 t ) y ( t )  =  h ( u ( t r  "  ) ) ,  t >  0 .

Rema,rk that if t i,s givon by (1"4) we bsve boundary o,ngorvtrlFone

and, in tlris case N is arbitrarY, i

Tho caso (I .5) nro&ns poi.nt obeervetlone wit l r  oenscrs,-, i -o$4r, i  ,  , , , '  '

ted !n: io ,  and in th;, .s si tuat iou coneider on).y the csse l ' i<:.  .,
{  ;s 

r fdq(x)),  o t i : ,c ;o}ut ion u ",  0 of tho probreur (r"})  I  (1"?)r

(I .3) with f( t)  = 0 is unstable" ' fhe problen is how to f , ind the

control f (t) using only tho output V(t),r to obtain exponentiul- 
:.

stauif i ty wiut a given rato /C> O , i"o. euch that tho corroa- :
\  , ,*+

pondinq ncl"ut ion eatisf iee l lu(t) l l  (  Kef 
'  

, '  t7 01for a euitablo
a, : : n o r m , w h o r e K i e & c o n s t o n t d e p o r r c i n g o n u o o T o s o ] . v o t h i s p r 0 .

blem we rq:i}1" eonsrru<:t matrrcee ArBr0 of euitaole d.inension euch

that the auxi}iary frni.te d,rraensional oysten:

, , . ,  r (u. ,?)  q[ ! I  = AV(r)  + By( t ) r  v(0)  .  vo n t )  o
, l  

f  i : 1 :

( I .B)  f  ( t )  =  C 'v ( t ) ,  t )  O

__-_1rog0*pg9cis.€fLv, the cloeed loop oyetom glven by (1.1), (L.2) s,,.,



( 1 " 5 )  r

to the

( r . 2 )

{ 1 . } ' )

( 1 . 2  o  )

* 7 *

(1 .6) ,  ( I .?)  and (1,8)  w: i , l 'be o: ryonent ia l ly  e tab lo"

Rensrk that the schone which is prcnosecl is appticable

eesier cese of distr ibutes aorl ' rro}r. i"€" when (1*I) and

ere repluccd by

*  
=  d i v ( l c (x )  vu ) )+q (x )u+g ' ( x ) f ( t ) ,  x€ f i  r  t )  o , '

+ 6 ( x )  = ; ,  x € S
) u
? n

rui th gc'L21.Q; inl)*) and t l ie output cen be also distr ibut,er j ,  i .e.

f,, wilL bo given by :

( I . 4 ' )  f i r t u )  =  ( w r r u ' ) ,  * , , € 1 2 ( o ) . ,  n 1 f , i )  o L 2 ( n . ) ,  J = r , . " " p p :

A finite dimensional compensator for distributed oyotem. lvos pro-

posed f,or ths firs! tine by"sehunachon lrol but hie cpprniech: i$

oppl icab,lg onJy to t i ro c&so of dluir lbutcd conLrol anrl  ob$orv{r-

tion, Lator n.curi'nin [f] propoeod, & &onoro] r:chome to d*oJ-gn

finite dinensional eompcnsators for somo clasa of distr:.,buted

systens with bouncary or point corrtrol an.i. observationo . l

rt, j.s aifi icult to eeo how to appl;y curtain's erhcne f,or 
' '

t he  p rob lo rq  . ( i . " I ) ,  (1 .? ) ,  (1 .5 ) . '. : .:{ ,
i , r n . ;  -

Though the conetructior: 
.of 

ort'r^ coapensator follolva rjone

idoas of Scirulacher or Curt"ain vre h.ave us$d a differenl tochni-

quo which aLLows to obtain exietence'and uniquoness for the clo.*,i

oed loop syoton in the clase of vrsel i  solut ions"

Al"so vrs fool that tho ootlm{ito fon t}rs orclor of the coro-
:rcnsqtor is more expi ici t  here anci wo get cxponontial  ntat i i l i -

ty witlr roepect to soverar norms (poseibl@ ' better tharr th'e L2
ono) :

feectrh,ack stabilization fcr paraoolic oyotor:no wag aloo etu*

died by Y.Fekawa end. t.Hqtsusnita'f9J for" tlre etrretenn (roLr),

t l"?')r ,  (L"Slr (1,4t)! ,  3" l{anrbu [eJ.for the syetslo (I" ] , ]  c (L,Z]t



( 1 . 5 ) r  ( 1 . 4 3 ) ;  ( 1 . 6 ) ;  N " F u j i i  [ A j  f . o : ' t h e  e y s t e n  ( 1 . 1 ) ,  . ( L . 2 ) ,

(1"1) ,  (1"4)  ,  (1 ,6)  ;  S.Eol in t ineanu t f ]  for  the syeteu (1. I  ) ,

'  (1 .2) ,  (1"3) ,  (1 . i i )  a  (1"E)  and tbre syeteros ' r | i t ton abovol '  but ,

' j"n those pepers onty i.n"f,rnite dinensronal compensatora have.

^ - ^ r  
:  \

becn proposed

, ?n ffglfmt-n{t-l,y,.J.fjq}!s -"t4d 3 ! o Lst ue dcnc'ce by

of the eigenvnluo Problenal 
: ' 

, 'l r  l  + ] -
t^n!n tn.e eigcrrvalu-es of the eigenvaluo problena:

\  d *  o iv (k(x)V-d) + qt  x)$t  " : {  €f}
(  2 .1 )  

) , .1
{ x * + f r ( x )  6 = O ,  x e  S
O L L

-  . (  \  , ,
and by {gnln rno corresponding week so},; t iong iue " Ofgne I*(.Q),

1
where # 6)) *,e tho usual SoboJ-riv spe*e, ,and 0o uatisfiies the re-

Iati"nn r

] ^ r -
for aII fr:nctiong ve n'(i-). t '/o bay dofinr.r tMibal.lov L7",pp"I74* :

( ' ( (
(2.2) ," \ f,,i dx r \ t-xo0r,v$ o s 0r,f)dx - 

) 
tr0nt as':IL " 'n

(2,3) (Y,Y)r = 
XKvfV,f'. 

d'fficx + 
f 

rc,lr; as
S

whoro '

.  (2 .4 )  ( t * )  =  A  -  a (x ) ' t  l ,  x€ f }  ;  8  -  Dax ; , . rq (x ) ;\ - 
.- xgIL

and so. (2"2) ruay-$e-written as;
t -'  

(2"2 ' )  - . \ r r t0r rn l r )  ! i  a  ( f rnrv) ,  +  ( f4 l (dr . rv) "

Wo obtain thst tho oigonl\nct iorrs 0.,  ,  6"f  . ,e aro &.cora- :

valuos XI> \AZ o..  have f j .ni te nult ipl iert les B1rm2r"..  ,  . .  ,  , ; : ,

Iinr )r * = - @ end A., < A. &}so it, i.s knois, t$at tne funetlorrs -ii
n-+\ rt t

dr fiz

{ r+Q-x, 
' V r+{-.rt ::

1?91 i in"#tO) an inne$i 'product equivalent tc tne usuat one by:

:
'l

(



with respoc'b to ( 2,5) and,

2/N,,X -  =  0 ( n '  j .
n

h r

I

t

L

I

;* (e )
( 2 . 5 )

ho lds ,

gr.ii,sh

Wrer" rrro u.ee point s€nsorsn .*n the irasg N< 3 and' (1.5)

we rvill mekB suas additisnul assunptions and will di.Etin-

t ,ro si tuat; .ons*

I) ![g1g .arc PglJr! gr.qs,9*:-igcqtq{''op the*hgi]n$al'!:(!Ul)'

In' this c&so vte &esuioe that: - '

(AI) S ie a C2 rsanifold snd c€ cl(s) '
.r n .lt

.  ( 4 2 )  e e  C - ( S ;  ( R " )  ) o  :

trronr (er1 we .obtajn that 6ne 1f(n-)cc![l (irii,khai]ov L?,
'  1  

' * ' :

p"229] ) .  Let us donotc ,  "

l lY l tc F *"11 1 (x) l  for Y* c( o) 
"  .  

' "  , i : ' .

i .vJs's,,i}t conlid*r 
"ruo*;*a 

sl , erk prrd c ar"e euch that

the follorring assunPtion hol'ds;

.  : . ' : ' ,  (A1) There exist a'constent Y;^ and ot.  0 eueh that
4 : U - o ,

(4.6i  l igJlo (  tx .  , r  % * 
ror al l  ny L.

II) A}} t-hq-pslnl--qsgLqls ele-AgLe$gd in,.!ig; SSqi*

Jsl,}j.. In this situatrQn vre will &ssu&e only (41) and (43) i
^ D n €g usy Lr  a  funct ion of  L" (S;  (k^)  ) .

Horoaftor we wiII etudy simuLtsncouoly the casos qf point

scn$ors or bound,ery cutput and rvo will streos tho clifforoncos

whonovor nocossqry.

\ , :' ^ m * l - - / *

consider the matr icos;

c = .or [ tOuraf gr rc.;(6rrke]r lnL(Rr; #l

sIl

L gufl, ru"xt

( N l r ' . o e l 6 )  e  f , C l

[ r rco1,o.oeh {d*} je

1 = dies

rGw

Let 7a.*2 O be a' fixed nurqbep, Choona f 
rf" and an integer

l,{ sueh tl:at
(  2 . ? )

(?"8)

Le t ,ue
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t'Io havs used abolre thl followini: rototiCIns

if (. , . ) is on innor pi'oCuct in a spee€ X and

a n d  y e  X ,  t h o n  t h e  v e c l u r  [ x 1 r V ) , , n " , ( x n r y {

by (xry) end it will" be consid,*red rcv; or qo:

l c . t
t lx l l  * l l l x f l *  *n ,  " * l lx ; t '  "

{ .
1 . .

v - l v  v  \ € t ' 'i - * \ ^ . 1  1 c r r 1 r . ^ /
*  t L

wil l  bs d,enoted

'ffn lika x. Aiso

n o . e { f , ; -  ,

. - l

oh(fd6.  )  J

)
L - \  |
\ 5 / q  1

satio$r

( ? ; 9 )

' I

, . i

i r
t 1

-..,-....-...,!.**

Itle wi'}l assuxls thsrt n1*< m!-n{ruPt) for i=}r"uo/t, ' '}:ere nU

is the mult ipl i* i ty ot:  I i .  I f  wo <lenote Hy f, iLr06or/,** t l :e sr!-

gonfunctions :r$rrosponclS ng to. X i then we witrl adrnit th; follow-
:

ing assunl:tion:

( l r t )  fhe nat r ices:

.e.  *  cor f (di*k&)s,
  F ' . , -  \
7 i  x , r o w  

L n ( f r i * ) e o o .
- t ,  r '

t I r0 COttCI. ]" t ]"On$:

ranl Gi * r ; inkf i  = * i ,

. /tccordin8 to Saka*a end lr,istsushlte [9] , the con-dttio$$ '

(e-9) vril l snsuro thEt tho nair (A , C) io_ conpletoiy eontrrla-

blo en3 the peir ( X , * ) ie,r conplotoly obsorvsblo. .

Lo.t. uo chooes distinc''r; nunbe*" A. r/^? t t t o 1f^.1p with Re7n.i(-A*;

A l  / r \ r r ,  i= I1 . " .sM;  n)7 L" .  ry  tho co i rp lo to-*" . t *p lob i i i td ,  : ;  
i

. f d . r

(4, G) we can find .-,irl tsx Mrmatri"x it fiucb tbat the apectnrm of

tho'matr ix  A+ GR iu { / ' } ror"r / r , r \ '  enJ areo by the conplete obsor-

vatri l iW of, (F,A) we cen ehoo$* en Mx Fl natrix L sueh that ths

spectrun of A * LX is in the .huLf-pLano Ro \ ( )lli l,
Vls will coneider next the functions:' r

g ("1 *  R.cot  [or t " l  s  o-or  ro"(x) l  € C

ftxt * fw"exlo.."*#oJ s,erJll"

\te aenti.on thqt sl"I the notations and eoeunptions intro- ,,J,;i;

(a " I0 )
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a

drrccd sro kopt unti] tho" enC of this-paporo

V{o will, stoto norv oona propo{rltlons and }ommae'$oirooo proof

will bo given in tho sppendix.

lgsg.ggi;ifg*-as*" If vre denota

nstrix /,\ + GR correspond.ing *o 7n"j,

7aj1r t  
= c l iv(1,( (x)VY) +

(2"1"1 )

* . t r ( x ) p * e ( x ) R p j

F r an eigenvcctor of tiro
d

the problem:

t Y .  x e f r
t "

,  x e  S

by

then

q(x)

(e" rL  o  ) f i  
(\ ' ; 'o) 5 * (\f l  rv)r + (1+? ) (y;,v)

for al"l

+ (kgnpj ,v)s

vc l*(  r)-)  
"

*" i\'IrYAe r oi,'lM, d*'*.1, 6ttnyr"..'h'tand._d*to eCIrresponciing ei6en-

velues arel1.l. tr rr \ r ' l

rt lr/ 'e, e t t r;ttHnALI+Ir'\a2r " ". ) o

Hng:rq slt--ron_.3*2. Tbe uatrix,.

has a unique weak solution Yin r*t"ff .), i=Ieccosi{1 iou" a r^n*,quc

Y; eeti*fYing

$hon v-'c dosl with (SLD) wo have in,aCditlon that
. J t

(2 .12 i  
Y j6  r {o . ( -or )c '  c (a)

whero e In ) is a Frdchet spea€ enclowed with the topology of. uni-

foru'convorgenee on conpact subeetso ,  ,  ,

If we have (SiA) then: '

(2"r'r, y io# t r r ) cc ( " [ ) .

PqopoqltlgL?-€n the weak eigonrunctions of rho problonl

\ u  =  d i v ( k ( x ) V u i  +  q ( x )  u o  x e  J }
( 2 . 1 4 )  a . .

#  +  S ( x ) u  s  8 ( x )  ( ' r , 9 )  )  x e  S

i"B. tho fi.rnctions 0

( ? . I 5 !  
.  

\  ( u r v )  ! r  e

/ ue f*fSr) which oatisfy the ider-rtity;

( ,u rv ) r+  tQ* f ) (u rv )  * .  (kerv )S ( " ;g )

f o r  sLL  v€  I * ( c , ) ,



- . 8  -
I  1 '

Q : :

) l
I
I
I

r l, JgM

YroPr) . ' .  ( fg '
:

Yyfrut) .os (Yt,rt

s row
\  

t l  .

F 
'I -rj

l P . 1  ,  . . .  , P n n  I
a- * s.J

{s i"nvertiblo and the *\:nctions I ,yy n . " 1f161dlri*l ,fiyyz, o . "?1 forrn

a be,sie in f ,2(Jt) and in I*(O ) i .eo ee,,ch funetio. ' -r  ,1c t2{-(L)

(or.3,= , i (J)-))  cen be deverope*d in the L2(.r i )  topology (oz, ln
r t

tno l*gl ) 'bopology) uniquely as 3 :

coeffi'c:ents f* are dete:ninodr:ninod fronl.

1

L(Y,01) '  o.. ,  ( 'p,0u,)Jcor[y., r " ". rYuJ = g*1 col
L ' . L -  

-  
t l l l J

fined by

.aS- 4.t( z " l " g i  ( T r y ) ( . )  - L e ' o y r r y o ( . )  +

(whors 
Y *d y1, aro as ln ( 2,L6i ana (e.,J?) ) is a stronglg con-

t,lnuous trenigrou{D on i,,2(fl) anc} on t*(fa), T, batisfioe tns fo.,l"*

tt

(r . r9) l l  r r1 '  t [  *(  x,  u-f  t  l \y l la,  \v ot  y."  la(o) I  
,

and noroov:r rhsro exists. 'a:frnction

(e.zt) llrall{}< fi.,Y} "-r*t ,
i.t

t l-.+ K(tr\p) is, nsni.rlcreasing and sE$ti*aucme
I

( 2 .16 )

,r.h r:
.  * - o v

Iol-rng rolqtions:

(  2  "20)

\ p  6  ( , )
l n / n  t  '

'rt(r?(rr ) )* if'(rr) ,
:

euch thatl

t
\ t  I  7  s /  ( . )  t '
r -  \ ,  a ,  L - - e ,
t

f

o n  J Q r b L  r

t >  0

K ( ' t , Y )
I

t )  0 ,

. l
I:

I

1
L

J
t'j

l
1

i

f.i

;i.

)
.lJ.
i:
I ,

J .

i' i t
i

i' r )
f
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o

deal with (StB) then irr

,
T+ (L ' ( . ( } ) )  c  c ( f t )

v -

n
K,-,( t  rY)o ( t , Y

t

Y€ t '(rL) "

addition

'  for  t7O -  \ -_

such that

o

t ) 0 ,  Y e  L ' ( g ) r- l

1

i
!

. i

(  2 .  ?2 )

If t.ls

( 2 " ? 5 )

end. there

(2 "24 )

(2"25J

such that

(2 , .?40 )  .

( 2 , 2 5 ' )

.)
L'(-fr )

Y ..  #(rI  ) .
6)

( ftfi, (!,y)db -< ilrurilrr* ,
lo\

n F ( t , . ) l l l  i s
problen

integrable on [o,,t]t1 t o 2 0 ;  ' ,

H = a*r(k(xl$ta)

* " 0 - ( x l u = & ( r )

* .g(xlu + 7(fr*x1 e

( u ( t  r " )  r \ )  7  .

a .

:(€fr- t t7 o

xe  S,  , t?  0

f  p c  , , ,

\  i  ' ( t ,y )at < i(a l lY l l ;  ,
I r

existe a functic4 KO(t

n ,,{*

li 'rtYllo ( Ko ( t ,Y) e-f '

l l  t .y  l lc t f r r ) - (  Ksrr  ( t 'Y) t

t t--*} KO ( t of )is nonirnreesing ar:tl continuous

fro

q q(t , . f  )dt< in lyr f  ,  y€ #(-o) .
)
o

' ' ,  S,or : , (StJD)  we have ineto 'ac l  o f  (2"25\ t  (2"2A\ ,  (2"2) )  thet
' a

( 2 , 2 T r ,  T t ( L ' ( f t , ) ) c ,  c , 6 r 1 - 1 ,  t z o r '
. t

end:fon: erqy deuain 0l nuch that frr*J} t,here extets a fur:+.iarr
A  ,  I  A  - r  r A . ' r ? t f r l
i l ,r- (try) noniner'easing,r,cont*it lr 'oue':for t> 0 an.1 f ixed Y*'I:"{t l l ,- 1 L  ,  

- l

I{ore I(1rK2, XOr BIg constants which do not depend on t or Y .

Ir"J'$q.Jr.?." Lot uoe f,Z(fr) and F (trx) bo a function nr:ch

tha t  F( t r . ) .  t i (e )o  t>  C;  t  e - - )  f ( t r " )  i s  con t inuous  f ron  ]o r * [

to r$(r l  ) ,

the

(2*e6)

(a"e?)



- l - o -

(2,28)

has a

that :

e--+-u(tr:J--i's differentiapla from Jor*[ to r'2{*")

t '.*p rr ( t r . ) is continuous f:su Lo, 'of to l'z(JI ) snc

f r op  ] o , * [  t o  r * ( J ] ) ;  i r ( 0 , " )  *  uo ( " ] . "

( i i i )  u  nnt is f iee ths ident i tY:

( H  ( t r . ) , ' U t , " ) )  =  - '  ( u ( t 1 ' ) r

-  ( 4 "?9 )
. { '  ( ( r + Q ) u ( t r . )  +  F ( t n " ) ,  ? ( $ , ' ) )  

+  ( k g ' ? ) u  ( u ( t " ) ' 9 )

1

f ox -  a r r  t >  o  t  \ f t , . )  6  l i r ( $ - ) .

( iv)  In tho csso of  (S.LB) tho f \ :np! !on t  r ; r  u( t r" )  is  in

*adittor,* continuoqn fr,rn ]or*[ to Cin) and for (Stn) t r_r

.* ' r  ' , i ( t r . )  ie  eont inuousi  f ron Jo,* [  to C(f t ) .

The weak solution is given bY:

u ( 0 + r x )  =  u o ( x ) ,  x G f L  
, ,
i .  ' \

ur:ique rvsa.l{ solution i,eo there existe a unique u such

( i )  r

( i i )

T  ( ' : r ' *  +
L s

(  e . )o)

\ r ; i

hence it te e.lso a ruild solu'vionn
. ltl

J,qgg 3-?o Let 'n>M'ana Tr. ,  bo *n nxPl  rnatr ix  of  conplex
.7

numbers. I f  ono takee 1r, = 
"n* [n(Of ) , ,o '  o gh{$n) J t

Ar ,  *  d iag ( t rL ,  " . ' rX, , )  nnd ' :

t , 1 . " )  4  "o  
=  [o r -c " ) "o ] ' 9 r , ( ' ) j ' ] u "p  [ (A"  

-

.  col [("n ,$y),o n,3 (zo,dr,)] - 
5 

-* t{q'f"X'n) 
(t-,"11 ' in

&  t r *e .  [ "  * (L  ,  . .  1x " , t
. h(ekr tuu&o)a'tr-fip(o))'do) t' 

,4ffit 
&u,6v,)o # tt,u(') r

!> 0r zoa 13$L)

then 4 'u a sirongly continucus eeuligroup on L2(ft) end arso

,

t

I

i

I
t
t.;
i ; .  . ' .
|  |  : '

Ltt X,r l t ]  c



- 1 1  *

on  * ( f }  ) .

lrlorsover vJo hqvo tirat

(2 .32) T* ( r2r r r ) )  €  f  ta" l ,

and the function t t---* ll4 zoilf iq.

zoe t1(fl ) .

I

\!hen wo *oa} vritir point sonsor$,(SLB) or (g],;)) we hctve in

adclition that

(2. ') ' )> Z\ t rz( r1 ) )  c  c(R),

=  d i v ( k ( x )  V  z )

t A  d r - \  , \ Z '(2""t5 ) En 
"r S(x) z = Cr

( 2 . 3 6 )  z ( o + r x )  *  % a ( x ) r

hqe a unique tresk solution i*Q.

n such t l rat:

' t > ' o

integrable on [o,t j  ,  td 0'

+ >  r \
9 '  V

integraole on [o r tJ for

P

q . (x )  r -9n (x )h (z ( tn  "  )  )  +

f ( t r x ) ,  . . x € $ *  o  t ) 0 '

,  x € $ ,  t > 0
. ' . . ' ]

I  r ,  x e f r

thors oxiste o41Y cne runctrqn

+

o

and

to)

the

O r  z

fi.rnction

o€ r*(rt )

r r  s ] l  , r 2
'**+ ll z1" z^ll: is

(, 
,lJ \J

I ,ej lr la {",1" Lor zoe Lz(fr) nnd' irrf * l  K [gr(x)r. .nti lrL(*i l  ' i rr.

fulfi l ls ths $&mo conciitions as in Leumra 2"2 thcn.$he
1 ] :

r f  $ ( t , x )

probleur;

(2  
"74)

rt

+

H,
at

fl

( i )  t  F- -+ z( t ' .  )  is  c i f fgrent iab lo  f ron ]o , "co[  to  L ' t . f l " ) ;

( i i )  t  l *+z( t r "1  is  cont inuous f rom [or* [  to  t2( - r i . )  eno

f , r omJo , * [  t , o  l * ( f , r ) ;  z (o r . )  .  zo ( ' ) i

(iii) whon wo have point gensors (SIJ3) or (StD) then in ad:

d i t ion  t  1* -a  z i t , . )  i s  con t inuoue f ron l0 , *L  to  C( i i ) .

(iv) z catlefles the ldon?itYt .

' ) r 2 ( t r " ) ) 1  +

e ) ' h ( z ( t r . ) ) r f . f t r r ) )
L * . . t  t ' o

(e.5?)

l i ;

,r.:"

I
' I



f ,or  a l t  t )  0,  + l ( \ ' )  € r*( fL) .
L

thie vteak solrrt:iun

(a .38 ) u ( ' [ r . ]

henco it Ls a mi-l"d solution"

(  ?  .41 )

(2-42)

t  r *+  Co( to*o)

f ios

(2 .45 )

end

( ? " 4 4  )

is given

+
I. t

{
r y . ! " \
" o ' )

o
' 4 .

- 1 2 -

ci rt ,o\l ,

by:

&cnlgg*fu,_2; ff i:r Lsu.ma 2*5 wo tuice n s M end \ 
e l,honco

,^l

f - {x}  = 9( i )  (eee k. lO),  &$d Xn = T ,  A ' r ,  = A ana i f  wo qlenote

by 'd+ the correspondirg seni.grqup io€+ An. " il , then wo hsvs- t u ;

t l t$ t :

(2" )9)  l l  Z*  *o112(  Ci  u-At t lzo l l2 '  r )  ou zoe L?(g) ,

and thore oxists a funct ion C*(trzf euch tbat !

(e -40 ) l l z r  zo l l l {  c r ( t ra * )  * * ,  t } . o r  zoe  # ( fL )
€

with tt.-.+.c:*(tnzo) nonincreas:ng, chntinuor;s on Jord- , Ba*

tis{ying
. l

zoe t26n- 1,

qnd l in Cr( t rzo) *  O for  eech t> 0. '  '

t l "J lz -+ o :
!*ren we have point sencors (SLD) or (StB) then ln aCd,itiob"

get that thcre exists a func,t ion Co(trzo) sucb that ,  i

l l  z r z o l l  o ( c o ( t n u o ) e " f t n  t ) 0 ,  e a e L ? ( o ) ,
t'

is continl:ol^rsr' nonincreasing on ] Or*L , eatis-
'  '  

. t  .  
t

( trz*)dt < Al

co
f . t

\  c ;  ( t , zo )c t t  <
oD

co
( ^ z
) ' o
s

l l  z

e Q  f o r
' r t  

j

tisch t> On

, r 2
ot ' l  &

"

. .  . . I im C, . , ( t rzo)
ll zoll a 

*+ o -.

l i



* L 7 d

r \ / \ r ^

I . lero C1r eA and'Co &ro constents v.r i , th respect to'c ald. zo .

3. lkg-gtatrll"iz.a}.ion W {l3r,to- {ine-nsio,ga}. ggpqgrnt at'ql..

V/e will ntclify "sli8)rtlyr$ ths observer proposed in [f ] i:r , or-

dey to nake it finite <i.imensie,nel Still onsuying e.Wonen*

t ial  ote.bi l i tY.

VIe sh*Il eonsid,er scpsi"etoiry the eqss of bounrlary output

and tho case of point sensor$o '

1"lo ,sJ.euil r.g.eLip{i qeilsi jgq+{qlxsgtpg!' Oonsider thet

fi f*. givun by (1.4 ) " 
l€t us rem&rk that h is a bor-rndocl J.inear

oparator from l{r(-f}) to Fi*Io Indocd, it is wol} kno',vn that thcre

exists a unigue bounderd l inoar operator T I  Hf(f l )  *F #tSl

such that Tu * ulo for s,qy trc, c* ("n) R c(n) which dofinbt] ' f ,he

t:.ses of' ' the funct.ione of Hl(n ) 
'(tti*fraitovffrR.l3fl) 

and henco

(wrrtr)$ =r f i (u ) l

, rJ--Tff
=V (rvruTu)3 *" , .nn (wurtu) i I l  r l t . l l " i l IVl lwr, l l  $+.o"r ihCl 3 ,

l

r t ,

. r__:-_
I nc"ll ( I lx tt . l irttJlrwrJr ! **. .* l lw,l l$ l lullt

which m6&n{} that h *s boundeo nnd i

ffi
(5 ,1)  l l  h l l  -< l lY l l  . l l  r l l  .vr r  n i r r t !  * . . .+ l lwf l$

(v,re clenoto by ll l l tho operator norrn).

. , o .  L  =  c o l k t r " " " r f t * ]

ws can tmi te  (2 .10)  as:

( 5 " i ] l  
: ' '  

[ C * t * L l d r ( * ) r n , " r t * O * C * ;  i

and. fron Proposition 2"3u Hre obtsia: :
L,o,I t,r ' .vl.t C o JO ,,

(5.)) -- [( :]= -L#rt -]-t...* 8ffi ('vfu#*+l(' ]*1,*r6*oz.t.l4,- " n

i

r l
1  

' ;



(5 .4 )
.  .  Ln *  " -  L \Yf  rYnt  r . .c ,  tYt tuPn

fho.sari.ee in ( i .5) is conver6ent fr, L?(."f l ,)

Ln r?,()t^
! '

q
I

\
,
I
I

* 1 4 _

- - "  F  h  A  1COr  L [  1 r  .  n .  , t i , t j  u

1",

t
o'l

) *

1
t

o

t 
1.1" 

ga\'1( " ) *o o oo, e*y*{ "}+ 0il+*4lt+r( .} .r..,J+' g w1:wt" ")

s r r * ' ^
) ( ' ) = [ ( . ) - g ( , )  o  u m * r  f r m + : t , ( - )  *  ? * * ?  f i n + ,  ( . ]  +  c . o

fhe nunb.er m r,vill be chosen such that

f - l l  5 l l  3 t ! n h l ) f f
i s  poas ib le  bocauee:

. {
'  ! l  s l t Z  - y )  , ? . t o  r ?11 o i i  Z 

= l [  6a.11 +{[ n+Zi {"

a 2

tthe nunber C! e.tlFsers j"n (2.4I) a.nd
d.

I i  *  [ i r (? r ) , , : .  rh ( \ ,M)  nh( f jq*1 i ,  G c  o  rh (gnd

$*SgIgqJ*l* Lot uoc r,z(n ) and vo e Rur rhon thq closed

I

usa 8( . )  e  r * (c  ) "

( I . 5  )

and

t $ " 6 )

(3 "7 )

+hich

( 5 .8 )

I'le cen ndlu stato tho

Let us coi:sider. the f\:nctisns
n

,  . : . .

Geo -_*) O fOf nf *,) Xr r

is computed in (4:"$) ) .

* 1 , " ,  n > M . ,
, L

end in H*(t))  beca-

1

:

l

^  / a  O \
Q = t 

- 
) € t(mnoRn); f i = (ero)c L(uru}![ ir)\ o  a /

D4 1

L(A  

"  

R* ) ;

h P .
€ L(rR*rrR ') 

t

/ ( "  *  d i$g (hr .  ^  "E l \ l4r \g*re d ocnA*)  G L(n!0r [ f l )  
"

Loop systeml

(3"9)  -  __ 'H ; d iv (k (x lV  u)  +  e (x ) r : ,

t/t* *ilv * € n{otr* *1p ,

s(x lu = s(x)  f i  6  vt t ) -

q5*1o) ffi;
\ . .

t 5.lJ] - 
ffi +

xe"Q '  I  t ?  O

t > s

: .  , :
i ; ;

t

I'

I

x € s ,

:

t > o



- 1 ) c

( 5 . t 2 )  u l o o r  x )  s

(  5 . I5  '  t r (  o+ )

has s unique weaL solutron {urV}

pnir (u'V) such that

u o ( x ) ,  x € 1 1

* V o

inrl" t!.rere exiets

t

,q unique

4
* - .  a a l n  \
u L ,  . u  \ r & ,  l t

r

J C ,  o c '  t ofrron

to tltrou con*.

15-1"0 ) ,  (? .15 )  "

i0ve tl

q3 .15 )

( 5 . 1 6 )

( 5 . 1 7 )

L ) '

the

ven

3t  -  d iv(k(x)vu)
1

*>o

t '27tu? Qr (to '&rbitrary) 
"

t7  oo

compensator (I"T) end

?  ( 1 " 4 )  r  { } " } )  a r e  g i *

q ( x l u r .  x € , 5 . L  3  t ' 2 0  \ . , , . r , , *+

( i )  t ,  ! -*-+ uite") is di f ferentirabJo fr 'cmTCr""[

ccrnt{nr.oils from [o,*[ tu l,?(fl ) &nq

1 i t f f  ) ;  u (o , . )  *  L ro ( . )u  l l n { - ) l l f  * c  rn tog ra l i l o  o t , [O , t J r t f  0 .

( i r)  t  t** V(t) is di : t ferentiable from J Or*[

tinuouu from [ur*[ to ["tBl and saticfies

( i i i )  u  eat is f ies  tho ioont i t 'Y :  
.

\ r r( H  ( t , ' ) , 1 ( t r " ) )  *  * ( u ( t r ' )  r " l ( t r o ) ) r  *

( 3 . r 4 )  +  ( r + Q 1  ( u ( 1 , " ) r ? ( t o " ) )  +  ( ' k e , \ { t 3 ' ) } g '

f o ra l l  l ? f t f ) . uJ ( -c r ) ,  t>o .  . \ ' ' *

rJoreov€I. tlrs system *s exoonont'relly ot&b,.qe in dlre fo;lowing s€n*

sr$; ttrors exiets cor:et&nl,e K4r$ grrcl a nonincreaai,pg functioa.'. it

K6( t )  ( t>U)  whlch dopsnd.  on ths ln i t ia l  s ta te  (uorVo)  such th f i t :  .

ro o;f"t '

K6(tols-l '*t

*-l** ,
A

Ilernark }.Iu The theoregr shov*s tirat if v,'o put ^ *14 * LHt

t, c = fi 8 ** obtain the stabilizing

inputs for tne originnl syotom (1'1)

b y  ( 1 . 8 ) .

To prove the theoreu we.neod f irst tho fol lowing: . ;-

F,e ip 5"f:. 9ba CI3retem, {5.9 *5"L5} I'e erys&ve.1ec16 f,o {be"'.''

cystcn:

15. ls f  
-

l l  u ( t ,  " ) l l  s  (

l l  u ( t ,  .  ) l l 1  (

l v t t l l (  K 5



- 1 6 -

. i

I

l l , ;

( 3 " 2 2 )  u ( o +  s  x )  *  u o ( x ) u

( 5 , ? 3 )  r ' ( o +  r  x )  R

r r 4 ( 1
.  A V A G

l

in the followix€ $enae; ,

=  vo (x i r  x€12  r

-  i f  (urV)  is  a .  weak sq lu t ion of  (3 ,g-5.1g)  then iurv)  wi th

(5 "24)  v ( t rx )  *  [Yr (x ]  r  "  ; .  r ! ,a (x )  u f ,1q* ] (x )  r . , .  r6 ro(x ) l '  \ r ( t )

ie a weak solut ;on of  (5,14*3 ,A7) l  eonvoreels,  i f  (urv)  is  & , . , *

vre&k soLution of (5-1S*3*Z)!, t l ien ,

v( t  o)=: t ( t ' )Y*c*)  *"  o n"s vro( t )  '1 ; (x i*r ! , i * r ( 'b)0n+r{x)+o g.+v*( t ) /* (x)  
i

arrd i f  we set  V(t" )  = col  f " f ( t , i r , " . rv*( t ) l  t i ran (urV) is  a weak

solut ion of  ( t  .g*7"15)e r  '  . : . ' , .

. : .  Let ue "etroas' i ,hat by e woak eolution for ().rg-3 
"z,j) we

ne&n a pair  (urv)  euch that :

( i )  ths funct icns t  r " - -*)  u{ t r . )  and t  p-*  v( t r . )  are di f_
Iferentiabre frono ] or*[ to r,z(J? ) , continuouu from F, *[ to

\ a

[ c ( J } ) a n a f r o m l o , * [ t o l * ( ' r r ) ; u ( o r . ) * ' U , . ( " ) ; v ( o , o ) = - J ^ ( . ) .

= [V1t* l  r  . ,  o o r t f* tx1 #y1+L(x] u " .s i#*(x)J .  %

t
I



* J " 7 _

( i r ; )  l lu( t ) l l f  and |Jv( t ) l l i  , i re in tegrabre on fo, tJ  , to)0.  
'

Tho proof of this Lernma wi}l alsc be givon in the filpr.:l"n* l

d ixo

rnco{-oi.r.hs!-rsm-2*to Acrror,*ing to Leinma 3.} it is eruf- ;

t ' icient to prorrc s.';i.sLcrree, riniquertess and. asynptot,ic stabili*

r  ty for the weak sr lut lon cf (  7 "J..8*3 "25) "
t

lJc r,;i.11 replaco ths oystern (7 JA4,2i) by an ecluivalent i

"one e:btairied by the chango of varii*blee z x u,-v

( 5 . 2 7 t  
S  

*  d i v ( k ( x ; )  V u ) ' +  q ( x ) u ,  x 6 , . f l  ,  t >  C I
o '  '  

'

t7 .2E) * t  = d iv(k(x)  V z)  . l  q(x)  * '  *  t tx)h(  z( t r "  )  ) ,  x ,s .e , t )  o
'  ) , ,( 5 . 2 9 )  

f f i  +  C ( x ) u  =  g ( > r )  ( u ( t o  " ) ; f  ) * g ( x )  ( z t t r ,  ) , (  ) ,  x  g  S , r 7  0t  -  ' )

( : J " 3 0 )  ) z)  f i i  1  0" (x la  *Q 'x€  s ,  r>  O .

( 3 . ) ] . ;  u {o+ r  x }  =  r , n ( x ) r  x€ l }  ,

t5  "5?)  z  (o+ ,  x )  5  zo  (x )  ,  ; { .  €  f }  ,  r

where  n^  a  u^  -  f .1 , .  i6 .a"uJ .  "6 .  - -a  
- l  

.  v '  * rnd  . i+  i .  n* * r in , . . .  ,  
" ' .

L ,  u  L r . r - t " " Y h l u 9 q o l r . o e  r $ , n l ' V o  a n d . i " t  i s  O b V i o u u

wimt a weak solut ion (urai . .< loes grean for t7,ZT*j"52).^

Tlie lest systeu, is d,ecouplecj, and we r,,/ j.}r prove fln;,r" the

oxistence and uniqueness of a \re&K solur,ion for lhe prr^rbr,:m
t F

'  (5 .28)r  ( ) .50) ,  (7"32 ' )  for  s*  Th is  probtem, d i f fers  o t '  tho pro*  ,

b l e m  ( 2 . 3 4 ) r  ( 2 . 5 5 ) ,  ( 2 , 7 6 )  b y  t h o . f a c t  t n a t  f  t . )  d o o s  n o r  b o _  i , ,  ,  . ,

.torrg to & sp&ce sp*nnod by n finito sot of ol.6onfunctforrs
, )

t # f ro , .ud r r \  as  i n  i , enuns  ?*4 .

Leit us take n) n and define:
n

( i . 5 ' 5 )  f  r , ( . ) =  L ( " )  *  0 r * I  o * * r t . )  oooo  -  [ r ,  6n ( . )  a .  .  _  
,

LLu " t " t  * " " " * f  #n  \ , | :  f * *1# * *1 ( , '  * . ooo  L r rg^ ( " ,

[v:$" L'3'!\ )"



in ' #(SL) end in

obvioua from (5"6) thet :

r r  . c  r i  l r  2  *  19  12*  * l?
l l  d m l l  2  

^ 1 t ' p + I  t  ' o c  ' l b n

t ., \

f o r  a l l  r ) e r

* 4 t f ; t
i r  ( $ a / r

I

N , t t
,. Vyy+2" e t.o"' i l 2

, :
t l
L' -\

: -

a
t \ lt :lt 3

* l x ; [ " ;

- 1 8 - i
I

It is

(5e55 )

( 5 - 5 6 )

r  ' " :

r , ^  4  ' r  t l  Q  r t  . &
r r a  l l  f  - 1 . ^ 1 1 , ,  E  l l n  t l  ?  d  a Q
ltr.ro 

L -ir1"2 
;;* " 

Ln+I Pn+I' "n'rZ
-*1---u-

= |im* Vt f ,r*rl'olg,r*zi; o.o
n-+9o 

v I

I  t 6  F \  f  e  r \  t r 7  4 \  \

( a e e  l ' 1 " ' i ) s ,  1 2 " ? t t  ( ) " D l / *  :

Nosr we will eonsider the Problem:

\ o [  
'  

t  -  r )  / \  h

$ .3 I )  W  g  d i v ( k ( x )Vz t )  *  q ( x ) z ' r -  e r r ( x )n ( z " l ( t r ' ) ) ,  x€ ( r , f ' >O
o v

) -n(5.5s) # 
- CI-(x)zr = o, x€ 9"r, t)  o

(5"59)  'zn( .c+,  x)  ="zn(x)  r  x  €  f l  .  r :  ; '
/-r 4

" ' ' , , rh ich i "  obts ined f ' rora (2-14r,  (2.35j ,  (?.16) for  Ln{ ' }= L( ' )
14 r^' l .M 1

honco 
' , fu- l *  

co l  L f l * ,  " 'n . ,  01r0, , . . .  r0 , ,k*1r . . .  o  f l r1J  snd F( t rx)  =  o .
l '

Ab'cording to Lemna 2.4 thie problen tras s unique Yrealc eolution

f o r e a c h " Y l ) & r g i v o n b y  , :  1 , , ,  . , ,  . . :

an( t r ' )  =  f ,  ,o

Itomark tnqt t r*rf l "t(t, 
. )[f , is

' r - I
integr*bla on Lon toJ, to) 0.

+  o  .  s nI f  in  (5"57)  wo put  [ r ,  =  [ " ] i l '

obtein:

,con'l*.nuous for t> 0 and oqualo

usirg again Lem.na 2.4 wo

zt*r t5f i r .  ) .h(zn(s,  .  )  )  )de, ,i i'

i'

- " - .  (

(:.40)

a '

. t

*€rr-\'-

*o(t) ir't to * iTo
%-u"(S*} - h.t;&ts)) ds
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end

by app1g*

(wo wlLl wri te, tn tho oequeL sn(t)

Zt-*(5*) ulc*ns the vector function

irrg Zt-s to each comPonent of the

i n e t e a d  o f  z n ( t r ' )
P r *

i r r  ( I i  * ) "  obta ined
t

vactor f\:nction 5il1.

Becsuse

\ n + P = \ n + l r t + P€/a u m L/II

and

( ) .41 )  uB*P( t )  *  %t ra

v,re obtain:

(3-42)  zn+P

Frors,  (5 .4 t ; ,

.  h (zn+P(e ) -z .n (e )  )as  +

( r t * P ( s )  )  d s  J

L/2 
4

l l r

. t
n  

(  . e r . l .
( t ) - zn ( t )  =  - \  z i ; * s ( ) n )

. Ita

+
L

(
+ \  2 , .  r In+P)  "  h'  

\ v " t - g  : < l n  '  - '

/
o

(2.4o) i t  fo] lows that

P t " ) l l ,  d s

. . ' ' .

. A

n + D ,  r t l  C
z  ' ( 8 l t L

L

tN

+ lprll *-ft \ t*r(t-s,[ilooi*1" tf zno
)' o

; opr using Sclrwarz-Cauchy inequality: ..
.  r r S  n . L h  , ,  

''  u,S l l  , t*P11;111...< cz(t,ro) +

t t
i  *n+n.r t  .L/2,  (  zxs. .+ l t  h l l  (  
\  fcr t t -s l  , [ i l *P{ae) u(  

\  
. (1 '

)o /o ',

i l rn*P(t ) l l r  -< ca( t ,zole?t  *

ds)

i ,

, . 1' o r

a  r t "  g'  .  , , 3 :
j,H?)fi" ' 

t

*?sll"**Pttllli-t t cltt'zot +

t

\  ' * .
,o

I

u?*u ztt+P(e)ltt *( t-e rtr* 2lttrllz
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end from (?.4t) s.nd (5.55) i t . folJ"ows

^?1t , ,  -n4? r  + ; l l  
' )  t  s2 l thr lZ"  l t  s t tZt '  t  l t b  *  r  d i  { r  i f ,  

Z  C ; ( teuo }+z l l h l l - "  l l  } l l 2

'  o i "

^21,9,, -n+p r  ̂  r l l  2\ ' !  I  l l l '  \ o / 1 ,  
I

I
unu, r.rsing f.2"41) vre bave ihat

A I C

Qlrrroufi * ztihlrz n8il3t3 " 
'

*?^* n zn+F(s)i l? as
l " r

T"'e obtain .

dt' *( e tfiut

utr': ,hav€;

, \
Schr';erz-Cau:hy inequelity and. (2 

"4'L)

*ff*trzn+p(s)rrn( el i l  f  oi lL/Z*

that:

t
'r\2 (
*?. 

)
o

for  aI I  t i  0*

Intcg::*tirg on [Ortj

\ "?{r 
zs+P(?-iii:? dt ( a

I
0

.t, rT
f t

"  \ d t  \
/ "  Jo

end fron G.ronrvallre leema

,t
{ , lr{rr^lt+F ,,r,r l tZ( , 3 . $ ) . \  e " ' l  , z ,  \ L / r r 1
) 'o

From (5 
"42) ar:ci

h & n  h

l l z ' " ' t ' ( t )  -z ' . * (  t ) l i1 (  l lh l le
r  I '

nultipl;r;ing by ul^t, uoipg

it follows r,,hat:

l t L l l
l l  r .  t t*flbp an+P { t } -'an (t }ll }<

ll fr,,oxn (a ithl2 ll5.{6

ffr(t-d,afi)laF

;*n';eflii*nuF (s) ll, as i

t \ )
rr '-+ \u 2 u t ,

:
+ \ n-  , /  - ,

+
f u

+ li ir lte?{t \ t., (t-s
)o

4n)
&

l , :  ! .' t "
' - . \

I

, i

( 2 '

*l*,

A rrtr l
"? l ' t J  m

f.
\ 0
)
o

I tf,, *"*Pra)tt f aul 
q/zi 

;

t

{re(!
o

+ ltlril 0a ll [fi*plla

f ronr  (5"45)n (5"3rs)  rqo obta in :
-*"

e"/\ a*+p (t)*an(t>u in ?nhrtz tftit[it!
+

,
I

\
{:f
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. . )  ^ 9  t 2

+ ait [finp .17 . tTLr zo[.3 u2llt'll 'l]5lii-07 "r,

Usirg *g*:in Gronwal} e s lemma we hare thst;

^ 2 t r t i ,  - . n + I J  j " 2 - \  - - I t t r r i l Z  ,  r r : ! .  l t Z  f l ,  , ,  g n + p i l 2 , ,  ^  , r 2  "0 7  - l t . L - '  . ' ( t r * s " ' ( t ) r l i - , <  r , i i h l l -  C i l l  A ; ' l l  2 l l  n o l l 2 '

var [to ,tfl c I o, *[ and else eonverges

torval [or*J in tho rz(fr] topo]ogy* I ' lence

+lrtrllztt6nf;
6

:

.*2
f \o" )c
t v D  \ ,

u

un*forn\y on any in*

there ex is te :  -  -

O <  o g  t

t\
I
o

-. rE G trn zon a expllhll2rrtll:fr;6! "tt

fo}lows' by Schxr#b;efruch.y

spply Lebes6u$ rtneoresr to
ft

zt-"t[f i l i r tyn(e]]ds * 
\ , .-"tElne z(sl] ae

e;r"d the eecond

obtai"n;

(5"4?) Llm f
n+oo I o

(5"44)ll zn*p{t}*an(6yl!r{ *}t irncfrrr;g*all2l\rnua *( ru+zllhllq l l$lt6?>"

for al l  t ,V Q,

$ine e ltSilopil 3. *lfl,,oll?* lfl*rl1: o "+ lf r,r,rf{ tf ? -[ff l * n

for  n '*-+.)o r  ws concludo' t t rat  th$ $oquonc(,  zn(t)  *n Cauchy in

Hl(f,L ) for' t> o e.nd" conr.erg€s unifoxug :.n lil(n-) on eny inter*

r l  r / * \  1 i m  . ' [ / + \
7 i \ t ' l  J J L I  d .  \ V / ?

n-+oo

in LZ("f)-) for t7 o and in *(fI):, for,t> o and the function

t r*),a(t) is continuous fron F,*[ to f,?(-Q*) and fron ]c,orf

to l * ( . f r ) "

On tho othor hand, from (?"19) ws hqvo that:

(1"46)  l l  z r -ue[ f f ] . r r tsn(e) ) l la (  c r l lS* l l2 ,o7t  e fs lnran(n) ) l  (

cll lSlla **/ttt i ' l t  u|sti rt(e)l l*

Since

( 5 . 4 5 )  .

e/^11 it( u ) ll, as < .l{ t

(thre first inequa3"ity

fron (3.,4))), we can

. o



- -  C e  n

(hero wo used aleo tho fact that from

l ow i r  t hnL ;  l l u r  2 . , "  ̂ ( 5 : )  " ! : ( zn (o )  )  i i
1J 1r<) t, - ') $a

< t

s e ]0,  tJ in L'( . . ))  i .
' i;],-ence we c&,n take tire limit in

wil.L ilb:;,sin:

( 2,.39) and l7 "76]- 
it fol-

zt  -*(5 ) r r  &tnj  I  for" 'oach

{ 5.40 } for n #? (E and

(3 "48 i s ( t )  *  Z t  *o  u

{t"rn}e?t +

f
\  z *  ̂ e 5 ; b ( z ( s ) ) t i s ,  t > a *
/  u - t
o

I{*rnr*r}: ar}rio tlir:b tbarn (}.45} uslxd *Seiin Lcboagr.i* thr.rorout w$ ob'
. . 4

_t* in , th*r  
t  * ) l l r ( t ) l l f  : .a  i .n tcgrabls  o t r  [o ' *J  3  _to] ,  on l loncs

tne Sunct iun F( t ,x)  $  5 t* )h(a(+; ) )  fu l f iL-Ls tho condi t ronn of

I"*rnma ?o4 and'vl* obtain tnar r: is E wse^g nolutle'n of the probleil

{ } . 4 9 )  e  ( 5 . 5 0 ) ,  ( 5 " 5 2 )  w h o r e :

-  ) q  i  
' f

( 5 - 4 v i  #  =  d r v ! k ( > : )  V z )  +  q ( x ) z  0 t . ) n ( z ( t ,  " ) )  +
o r ,

+  S t x ) h ( t  ( t ,  ' )  )  ,  x  E  f I  ,  t z  O ,

$em {}.6} we obtsin that.z is a weak so}ut ion for (3"28},

(5 .50 )  e  (5  oTZ ' , i  n
t d  ^ ^ t  

t

'  'r 'o prova.,tne uniqr,ronose of tno woak eolution l'or (7 
"ZA) '

(5.50) r (3 -32> rem&r.K first that eny lvesle solutton of (5*-ry') '

( ) "1o )  o  (3 "3e )  i o  a lno  fo r  ( ) "49 )  r  (3 :5O)  r  (5 ,52 )  honco  i t  un :$ t

f \ I f i l t  (5 .1 ,8 in  From.(5.48; ,  ue ing tho eene computat ion aern t l ra

caso of forrnulc (3.4il wa raay obtainr

t  Dn t  t  ' \ 4  o  21111112111112  f fZ  +
(5.50) \  *?l&y*(t)t t fot <? 6|,t tzot\? o'"" '"  : 'u '? "2 ' ,  t> o

. ] & l - , k, o

:

I

i 4 6
I

l , i

; ,

Lot us considox. tn) 0 and

t"hat: : " "i::

ton f i ron (5.48) and (2.40), vre havo

a{Yus *,'*$**f(t'**}6 a(s}tt1 &s +

t >

f.
)
G

!l z(tlibs€

- f
tto lcr t t*a), [  {e-f( t -e}11h}t  l la(e} l l ,  dc o
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t r t )
Usirg (a+b+c)t4 4u" + 4b" + 2c*, Schwarz*Cauclqy ancl (2"4)) r  we

obta in :  '  '

r t o $ f o
*2f tttz(t) i l  

i  6 4e3(r.,zo) * 4l lnttz \ f  crtt*s,5 Xlu \ *) ' '" i l  :a(s)l i laoo
' / " l o

lt .? (t
+ a i l i r l l 2 t ! c , i t * " , 5 : { a * t o ? . u l l z ( e ) | | i o ' <

to  'o

o l r L r r 2 r r $ r r 2  A 2 *
'? '  3rrhi l?rtrr i fr  t l rr  zonl o4rrr lr !  

t tot '2 u2'o 
+

. t t

+e lh t l z t f i r r f r r !  \  . ? "1 i  z ( s l l t i u '  2  t l t o
.  l 5

I o

tsy Cronwallrs-Ienma we d,educoI

2r^f-  . ,  . . .2  . .  r .  ^2, ,*  .z , , r^ ,2 c2, ,  , ,  a  -z l lb l l2r f  Sr f !6$ to-1
o- l ' ' " l t7 ,  ( t ) l l i  n  L4 c; ( to,zo)+si lh i i - l lb l l ;  c l l tzot t  i  €  -J  -

. ,! zrlhllz 0!uXrr!(t-to)
. t  g  

;

u'g have
l *

I  ( ' r " 52 )  '  
l l  z ( t ) t l t . <  K ( t o rao )  

" - f f t u '  
t  > t J  a "

tJ

Remark that t  F4K(trzo) ie continuoue and nonincreaeing (eee

Lemma 2.5j  t

$ . 5  5 )

and,

K{to'S} * Se ,V &,

: He heve thua proved thet engr vroak eolution n sf tlre pr*.x:r,

; ;  d . i a  t a  4 ^ \  t ? ,  ' r . t \  t - * -  a ^  p . . ' l I t i - t - l  I ' 7  E ' ) \  
' T g  

n:" , :  i  bre$ $;28), (5#A), (5" ' t2! has to ful f i l t  (7,52) 
" 

Tt z.y &rtd- ' ;" , ,  " . ,  - ,

\  . .  - t  n( - r
,  ,  *a l l h l l 2 t i , ; 1c , r2 *

( ? " 5 r )  f t t o , z o ) = 4  c l t t o , r o ) e , - ' e ' . ' 4 " 2  " o * B i l n l l 2 r i [ r r l e f i t * S t l

l in 
'  
X(to ,*o) :c Q fotr each to} Oo

f f zo i l 2 - -+o  .  \
' :

lronco with

(1*tr4)

: l
: l
i r

i



:  i  r r r  _
t 4 ' + -

z^ srs wank sclut ions for  61'28)r .  (5 '50),  O"5?",  t ien z7 zy-zT
*e 

ith the init ial eondir '
i,,.r a ivonk solution for (5"28) ' $,-7A, w

t ion  is (o+,  n )  x  Q &$r l  f ron  (3 '52) '  (5 "55" t t  ( ) .5*4)  we w i " l I  ob-

tain z * O, hrrn*e *L = &.lo

irlurv w*l wil} prove tire exietonce

v i e e k s a } u t . i o n u f o r t h e p r o b } e n r ( 3 " { i >

$"s tho ruriqt io woak * 'rLut ion of (5"13)'

a*naid.croC above o ' :  ' .

Lst tls d'onoto

$ , 5 i l  v ( t r " ) ; u ( t r " )  * n t t " )

obviauell u is the week solution for' 17.2il, (7"29)' $"7I) ifY

v ls  a rv* lnk soiut i 'on ()"55) n ' '  (5"21) '  ( ' "z i l  whera:

? - Y .  =  d i v ( k ( x ) v v )  +  q ( x ) . v  *  ? e  * ) h ! a ( t r " ) i r  x . c f L  t  t z  o
Dt  

'  i f r ' \F r f  z ' f t - ' ] )  t ' hon  th is  f , r ' rnc -
' , , i ' r r t t  i f  we takt  P(trx)  =

w i } } s a t i s f y t h g c o n d i t . i ' o n s 0 f T r e a n a 2 , 2 a n d w e h a v e

-./,r. \ * r 'F v +Y \ L r c l  o t ' o

+rhero  oo( ' )  "  [Yr ( ' )  r . . ' rS54( ' ) ' '  0y . *1 ( " )  " " ' t - l  
" ] l  vo '  i s '  the

unique wea"k. solution for 15.$6) r (5'"?1j , (7'?5)'fhe uriS'queness

of v is olr.r.ivalent to the'ruriqueness of u and we obtaln that ;

' I

1 5 " 6 0 )  u ( t r " )  =  T t
, i

c  ) ) d s + z ( t r . )  r  t a  Q

Rernark that from (5 
"52I 

it follows that t 
* . 

' '
- /  " t

( 3 . 6 1 )  '  t r t ( z ( t i < l f h l l  " K ( t r z o ) e ' - ' ' i - - * * .

( 3 . 5 6  )

Rourtxk

t]"on -F'

that .

(5  "59 )

ancl the uniqueness of the

,  (1 .29 ) r  i ' 5 "5L )  whc re  %

(5,ota)  ,  (5 .72)  whic i r  was

and, L*m.n-s x*l' snd (5*6r) , w obtain eaoil;r

frorn Lcunna 1.1 ancl Fq** 
?*1 an& (3'59) ws ' '

. :

. : i

Usir.4: tr3"$)") r

15 .15 ) ,  (3 .L6 ) ,  sd

! .

n
i ,
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have alsg (7,L7) lshich conplctes tirc proof of iheorern Jolo

Rornark 3.2.. Using Green formuLn it Ls ObVious tha't, a clas*

sical  *olu 'u ion for the c lased lcop systen t3.9*5"15) is alea s

weak so}:.t iono

-Be.i lggLzu." :t  is easy to see that t t**+ h (rr.(tr")) is

coatinr.rous for t) O and into,qreh)-o on [O,tul , to> C, slrd $o tho

fobsorvor 'n 13.I0) t  l '3 ,L3) ht ts a rnealni 'ng o

3 .2 o g!ggil*"rgj.L9n-J*g-M-eq*-g "g gq-g{.9*9.9$J* " Asouroe novr

tnat  t  io  g ivcn r : ; r  (1 .5)  and f l l , { ro  tnat  u*(uJ€ }* ( ra} -  In  th is :

cieso' h is e boundCId }inear opsr*tor froru C(ii) tu uFl bocaucs

,r'\ l^t 
*-*" 

T;' f' 
"':; 

.***V;:,
l i r (u) l  =! i r i (u) f  "  n o* hf i (u) =\ n*(t l )  +. . .* l f r ' )p) ' t+vP l lu l io

and, so

l h ( u ) l ' 6  l l Y l l  . V T  " l t  u f i o r u € C(JL)

hence

( ) " l n ; i t i : i l  (  t lY u '-S-
( t v e c n n a } s o s o e t } r a t i n . L h a } a s t r e } a t i c r r x , / C I n q y r e p } a e e t h a

sign

Also h is a contirluous linear operator fron tno F.r.Ccl:et

spaco c (ft ) to tRr"l"

The rolat ions'(3.2*3.6) are st i l l  t rue and wo wit l  choos',*

the nunber m euch that

( 5 " ?  o  ) l* *tr f, n ittLr i,, ir v f"
( see  e l so  (2 .45 )  and  (4 .59 )  ) .  (3 ,7 ' )  i s  pcso ib lo  * i n *o

Z Z
l l [ l l i  - ]Lr*f(r+6-\*r l  *] f**el(]*e-trm+2) * *"o *+o fr ir  rn -;rc;. , .

The rnati'ices 6o fi, e, H tandl,4-. ev& gltoon by ('|'rtli ' 
.,; 

"' '

fol3"owiqg:

I

{

Tfe have the

'fhe breffi 5 "J. . I,et uo € #eP*t and Vne &e, then tlro e3"p,*ed
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}.oop systen i7.9-5"15) has e unique ,,:eak solution (urV) . iro"
|  . . '

fher* oxiste a unique p&ir (urV) sueh thnt;

{ i . }  t  p-+ 
" r ( tu . )  $" ; :  d i f foront iab le  f : ,om f , ,o*L tc  L26r ; ,

continucr.re fr ci:] i.,r.*L to r,2 ifli encl. from J o u* f to l* t-(} ) ;
y ' 'o r  (Sf ,n)  t  r *+ u( t r " )  is  cont j .nr rous f romJor* [  to  C6L) .  anr ]

f o r  ( s t n )  t F * r r r ( t r . )  i $  e o n t i n r i o r . r *  f r c n l * u * [ ,  t o  0 ( $ - ) ;

u ( o * u * ;  * . u r ( . ) i  l n ( u { r ) ) l ?  i e  i n t , e r g r a b } e  o n  [ o , t o 1  ,  r o )  o 1

( i . r )  t  r - - ->  v( t )  is  c l i f forc , : t iab le  f romlo,* [  to  [ rn .con-

t inuousr  f rcrs  [or* [  ts  l l iu i  end eat is f ioe 15" Io i ,  {5 .13} i
"'

( i " i i )  u  sat is f ies  (5 ,1"4)  for  a f i .  1( tn ' )  €  H ' ( - i l )  s ,nd t>  O,

. ]{oreovon ti:a syotcn is e:,ponential-ly ateble in the scnss

tir&t there exisfs the constants KO end K, and a nonincreasing

func t ion  K^( t ) ,  t>  0 .  sueh 'bhat  (3 . . f5 )  e  ( l ;16) ,  (5 .17)  a re  fu l -  ' ;  ' : '
O  

-  '  -  s '  -  e  3

fi l led; fer, (StB) tfiere exists also a nonincreasin.g func'cion

I;r( t)  *such that
L * .

( } - 6 2 ) . l l u { + - , . ) t l u $ E ( t n ) e - / { } , . ' t . ; } t c > 0 '

*h i lq  for  (SLID)  for  sny dcnai .n .Ol  uu\Gh th , i t  -6- . ,c . f l ,  thero; -  
" 'r - J

" x i s t s ' a n o n i r l c r e e n * n g f , u n e t i c n K 3 ; . . ( t ) u . t } 0 g u e } r t h q t : ,

,fr+( 5 " 6 } ' t r  l l u ( t * . ) 1 1 . , , f r , ) . ( i i r r , , ,  ( t n ) e * / ^ " 0  t T t o : ' 0 .  i
' I

. v \*-I., - 
""1 

w

P::oo;f. Crinsider c6ain (5 
"LA*'5 "231 and defino the v.reak eo-

lu t ion &e c  po i r  (urv)  such thet j

( i )  the funct ions t  t . *+  u( tu . )  and t  l * **  v( t r . )  &rG d i f -

f o ren t i . ab lo : f r c rnJo r * [  t o  L2 (o , )o  con t iRuous  f ron  [b , * [  t o

l?(.R ) and frcn" lor*L to #c-c, l; for (sll:) thes6,,, 'sunctions I

&re elso continuous fron Jnr*f to C{-n-) errd for ieln) these

func,tions &re continuores frcs. J*"*[ to c{OJ;-* 
'.. '

(ii) u and v *etiaf$ t5"2r] t (7"?6,, "fsr elX t2 g, ot(brela*.,.,

e r*tfr1,,
( i i i )  th(u( t i ) t  2 ,  

lh (v( t ) ) [  
2  &re in tos i :ab ie 'on 

[0 ,*J , to7 o.



'  : .  f r r y

I  
*  e l  6

I

i
i

i  St io oetsy to $oa tlrht Lnuuna ).f-nti l l  worJts and ur,i wrl}

I follo.vs *tolr by stop tho proof of t lt 'rororri )olo S/i 'Lh the| $crue

a  d n  !  !  - f  -  . L L : *r.. i '  v,:rr^ir, i)tres l.;c obtain (3r?7-3"T?) and i.n thrig coso 'bho
'  v t t t f i l S $  L t L  v  { r t  G q : '

: ,ro.fi::i;-,ion of e r{eek so}ution i* a}so obvicu,so Rcmark that
. :  uu , *  * r 'o  "  - '_

,  J . n t  - - . 9  1 . r  r ^ o - . - ^  - . -  
4  - t ) . - . -  f ? r  r / r " \  l t &  C ( l \

I, n^€ # i-:Lj. \ ' ie tti i l de.fino p{ifi i ir i i- an'd bui UV i' i,33)s l.,or',t.
| (.''

.  .  , .  { . (  r , - , n n r . l *  * } r n *

i 

gllfJ l' l i*'l- * vrrr(;rr' & u;'R s 
,,?"

i  (5.rFu) ni ' j i l f l  * l [**11*(]4'A*xru+.] ]*:" ."*{f l , r [*oQ*,nn)€l l5l l3
'
I

fcx' r:i}} fi) slr (5'}6) is true end
, . 4 4

r im l l  f"  * g*l l .  * o,
"  

- ,  * " . * ,  l l  A
'  n ' * i t r O

/ -nnq ' i r1nyr  n" rn in  fh r r  n ron l : ICn \ i *X7*"1 .59) , }Je  Wi l I  fen* rk
,  l r u l I J & u \ ' {  ( ' $ r ' ' a a '  u 6 5 v  t "  v i

usins i,cuune 2n4r thut its weak eolution

sn( t r . )  = 'x t  zoe  e( .R"  )  !  
'  
t> .0

i:as eJ-so the pr*perty tbet t l*** lizn(tr")il n ie contenllous .f*r

t> 0 a:rd, square integrable on [ortj r to] O* t/s obtain in t]re

ssrrs viey foruulns (3.to) x (5.41) and, (7.42) .  .

lyost  (5"41)  end (?*42)  wo havol

end u$ii lg (2"43) anci a sinilar corooutation ag *n theorCIa 5.1

we gst

enc 

"2uo'2 
?2'*

( 3 " 4.4, ) il zn+P ( t ) -zn ( r )ll o< 2 ltbri aflrr'f;s'irilrill &t y*?t] h tt- it+i1u; ) t

*7 g"

$ince n [*"pf]f *-+ O for n -Cioo , F]1r we sonclud* ,t$at

tlro soquoncCI sn(t) is Ceuc\r irr C(S ) gcr t) O snd convor{ro;}

. t
l t  uff iF{t) l lo4co(t,  zu)a't t  + l l  hi ici ' t  

HT*.(t*s,4, i ' ,  
*ntr(s} l ls de

,  , o

t zfrnzn+p wttt? ,f **'ou',elrxrrf0ft, 7 t77 e(y"45uj  
io "?*, lzn+ptt ' ) l l f  

ot* t  Al  l laol l -
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uniformly irn c(R ) on eqy intervar For*il s ]4,*[
2 c . 1

Lc(-ft) on any [orl*1 ! to> 0' i{errce there exists

{ 1 . . - 4 5 , }  a i t )  E  } j . n  
" n ( t ) ,n:I'x]

j.n l?(n-] forb> C) snd in CCc-l for t7 0 and t l ' '-* a(t) is eorr*

rinu*us frorr Fr*[ te LZ(J]-] ancl from Jur*f 
'ro c(R)"

!'ie 
,obtsin 

alss3

errd in
' i .  

'

. \ \

Since frcrn. Sclrrvarz*CauchY

"t
t
\
I

o

( 1 . 5 0 ' )

an€

(9,r?o'. t

vuhore

',-

t
\
o

i l
I  i  r .

l d '
i

I-
*

o - f t ^  + . r t  ?  eu t  ,  
?  . v / /  | 4 t r

/ v

{}"40,;  l t ,z**ni [ f i1r.(*n(sl  l l ln<" cr i iU l lp *?t l tnl le ls ! i  anle] i ln

uf*ll**ts)ll n as {. ,.ft ( "?,Autr "* 
( u ) rt I os )'L/z €

<rir{T 6;iisorir 
llhrl2rlEtrf dfr t

wo nqy eppiy lc['tsguo tfioore:a sl:d we have (5"47) bsceuaa

rrnr ,  f fr-uC5ft lrre 
"t(*)) 

= ,*au([Jh(z(s)) far eech. s € lort]  in
,

L4(n )  "
" I . leneeu from (3,40) for n *":?oo we obtain (1"48)r,  .  - .

From ( l^ '4Tr)  and Lebesgud theorea we get  that  c  F-+ l tz t t l t l f

{s i .nte6rr:ble "" f"u tJ, to? 0 and so t tr€ funct lc,n tr ' ( tr  x} ' -

* 5(xl fr tz(r))  ful f l l is tho conait ions of Lemrne 2*4. i l le eonclud.e

t i ra$;  n  ie  a  week so lu t ion Sor  (5"4 i l ,  (3"50) ;  (7"52,  or  equi r .na-

1en t14y  fo r  ( i . 28 )  u  (3 .30 ) r  (5  " ' ) 2 )  o

obtain in the s&us way &s in thourouo 5oI tilat

ttt. 'r t ^r.) ; ztrutlz,tu,fi t? t
e ' / ' i i  a ( ' E ) l l  ; d t < 2 C ; l t z o i l i e  

' b  u , ,

l is( t . ) l lu{ K* (1,o#o1

f o r  s & e n  s ' c ] o , t J .

inequgl*ty and (1,4'5'). wo hnrroi

t 7  Q  , .
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- .. , .? zr2..*,, 2-lt\nrre t?ll5ll? t^
(5 .5 ] , )  i ( , z ( to rzn)  *  4c ; ( touro)  e  

-  " -  *o  -  r  o  +  ' , i

+ strntt2tt5rrf t l lr  ,nri f  ,& .

ThO uniqueircr:is Af n rqsir.t-ts in 'el:c g&me t/sy ae in theorerc

5.1 and thre existencri end un.Lquonefrg of u vrith this a will re*

$ult  from ( '5,55'),  (7-16) apd u l ' r : l } I  be given try (5,60)"

rr.om ().5?o; i t  fol lows that

_,ilo
( 5 " 6 1 0 )  ! n i a ( t ) ) l < , t l  h l i  "  K u ( t r ? " ) o " l ' " 0  t " o

*,ncl fron ()"51,)p Lomrn,qi ?,)- ancl (3.6loi  ! i 's obtain eaei. ly (7"I5),

15. . t6)  r  (5"52 i '  and.  (5"1?)  u  henco a l t  the conc lun icns of  the 1tho*

er'(]m 3 " 
1"' &re proved *

egnR:l:**," ]:: trre c&s* of :poi"nt Bensors obsorvation, it

is very irnportant that the state 'is a con'binuous f'unctian oo '-fr- a'T'{L
€ . 1

becauss for th.e functions CIf ,L';("n) or II*(fr) t}:o point' v*lucs

have uo meaning" fheorern 5"10 insures tiris eond.it,ion, &oreovel.

t r--) h{u(t) } is e ontinuou*s fo;: t > 0 el:ro square *ntegrab}o oI1

i - -  f  ! L -  & e - l ^ - ^ - - - ^ € R r  f  t z  1 / a \  f  ' s ,  ' 1  ' t \  i . ,  m a f t r ^  l r t r : *

[Oot* !  r  f ,o ]  t

r'ul *
Let us apply the theory clevoloped iJ} the follovring"''

S:o,*nlg, Consider the Prablen:
1 '

t F 0 s  . 0  < x < l ;
\ - 2
# * i L * $ + q u ,(,, rr dx*

H (t,o) 1 r(uu S !.*l*)*  O r ,  t ? 0 ;

0  < x <  1 ;u ( c r x )  I  u n ( x ) ,

and the output  g iven by y( t )  *  u( t ro) . I t  is €&sy to s.,o that :  . '

Xr ,  *  q  *  (n* r ) \ ' ,  n* l rZs . " . .end d1(x )  *  l ,  f r * (x ) * {?  coo(n- - I , } f l x r

n*?E5$.oa * &.Lsn G = eo} [-O"tol fo.oor-dr1(o* & f eo}'ft,{?,.*"ttQ

errd, t a row [Orto:]6ccr$*to{ 
s ro&r [t {T.." dUJ. &}1 ther'r 'n$*

"*.*mptions hsld. (iJl (2.6) we have Ko = li v' * 3/2j " Hense ve,.€ar$



abl-e te ecnstrr*ct a finite

p]-if,y, vre trill ter'e q = ln

- 5 0 "

dirnenslonai compens+rtor and", 
i: 

eiro-

The funct ional hiq) s u(0) is 
'  bouhl

cleC on e ([Arf] ] (p;l i6 or, #(Oul; br: 'b l 're corr'; i"do:' '  hero point 5sR-

se,r observaticn) *r:*.  !1hl l  *  1*

Becar.r.ss thr:.e exisr'.q only one unstebla eigenvalrle Il = l,

r r o  m & y  c t r o o . l s M *  I  n n d  t ' h r i e  A * ) " 1  =  ] s . G *  * l - r  X ' *  I  a r e  $ c & *

Iars"  Lct .us take , t j - * ' i i?* r ,  fu  
*  3J2,  P '  =  2o L =1fZ 'ns so \ " 'e

n i r te in ; - r " ,  s  -1 ,  \1 ,  (x)  -  * *g;  ; rs  i 'E( r* : ; ) ,  Q 
= i ,  Pt= 1o l ron. " ' - - * - ' 1  

" |  ' ' r *  
s i n { 2

( : i " 4 ) . u , , c  o b t a i n . f ,  * ' i l ' 2 ,  0 o  =  e  { f ' 1 t 2 1 ( ( n - r ) f o z  ' 2 ' ) r  o = 2  s 7 l o o o  o

on tho ot l , .sr hand, fron {4"59} we obtsi .n t i  *  a ( since ; ;  -

( I+ (n - l )

also 0 = I). If vra set m * 5 tire'* 
'b']t 

a *inple conplrtat'ion 'we got

T* "
trf

t!:st ll Xlii 
'* 

s ii z 
il 

( (n-rtr 42at "(r:*r) 2tr2*eI)2< '5 
"4,r, hence

t3.?t) is ful l f i lot and *c* obtain, the'e'or,rpen$,stor;
-  

d 1 r  ' J -  r '  ,  r  - - l & \# *  ( ,1(  - '15 ' I t  V + L ) ' ( t ) ,  tz  0 !  V(0)  a

\Anth l [*  dios (*] ,  ] - t2 '  1-4[?),  t  *1Y2 eorfr  ,z6/t t tz

z{2/(+tz-z>J, i i  * *o* [,fa cotan.[*2, .-n, {"ZJ and tho
,/\ t-

lng input rs f( t )  *  h 'O v{t1 = t ,  0 cl"ains ( l  0

l ,t o

" r - l  r

c t n l ^ r i 1 i " t -
I  9 q v * 6 & &

o )  v ( t )  5

F - l
* LA 0 0l \ ' ( t)  a

The rate of convergence for (uuV) lvil} b,; of. tha ol'cler

e * 0 * 5  t .

Rem*ri* thst infinito dinon.e*one} compsnsators hava becn

pnoposed for ttiis, problen in [r] , [+] and [.0] " : ":.,,1.r ,
,r 

" {ppgp.diX " i +

rn- {irid;octtdl/s wil} giva tho pr*of, of:fr"cpositions

e$d Le$m*,$ etatcd *n the prevlous 'seet'1cnaa.'

Th'oof of Prr:nor.ri.tl-c,n 2*L. ft" i.s kn.own (Mlkhtrtlov
- - . - '  * rm#

that tirere exists s bounciecl I'inssr' Ong to,'One operator ',X frsm

l ,

F re.L?'lJ )
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o l

tz(l) ) into r*fcr-) such tt:at

( 4 " 1 )  ( u r v )  ' '  ( l  u u v ) '
' \

(  4 " 4 )

for aJ"I vd i . f  (J].) .  T):e restr ict icn of I  tu l*(Jz) is sol. f*ad-,

joirit, cornpact ancl positivo" Il.or'etrvor I* i* an eigonvalu.e f,ilr

(A"I) i . iY (t+-Q*X*) ie rr circrn*terist ic number for t):o rastric*

"  
' "

t iu : ;  o f  I  r .o  i f ' ( "n- ) .

Sc r,;e o'otein th*t, f, sa l i . s f ias  (e"1 I )  i f f

T  r p . a e v ) r  r  ( * q 5 n p * n v ) o
t J  &  , J  r J

is a bounclcd l irrear functio:rql

nt thc bolglnlrg of uubsocrti.c,r,rr

' J r n  *  - 211 i-.rc (S) ) n using F,Ri-

exi.sts only one func.tion Y i e

( Y;(r+ii-41

for r:t-I v € i* (Jl ) .

Becnr.:$s v r*--l (keOtj, o)S
't

on l i*(JI )  (seo the oxplanrl t ions

5"L cor:eorning the operator 'I :

esz +;hoorea \.re obta.in that tirere

e d(s:) sucir tirat

(ksRp j ,v )S  *  ( f f f v ) ,
I

for  e I I  ve I * ( r 'L) ,

* - rom (4.2)  we obta in  th* t  S;  eat is f ios  (2 ,1I )  i f f
' q J

( 4 . 5 )
Yi (I*A*A) I Yi s fi 

I

Sinco l+fr-;,. iEr not a c!:aracter'istic number for I ueing Frodl:o.ho' / J

altoruative rve obtain tho-existelrco .and unequenoss of Yj,  Ths

additi"onal snoothneos as*nmption *n the.csse. of point sensorg

wlu insuro (2.L2), (2"T7) (Uitl iailov F, p .?zgJ).

tlogf g-t }top-oqllloq 2-.?* Let (I , u) be an eigenpair for

(2"14)"  I f  i in  (2 .15)  rve set  v  *  dn we get ,  us ing a leo (2 ,2 ' ,

that:  . '

\(".0rr] *_ - (u'dilI +

:-k*{*r#or}e 
*

t { f })(u,dn) + (ks,0rr)s (u,rJ}

tYqo#inl s 6o rg ) a

I f ,  l r a  d * n o t o  p  *  e o l  [ ( * 1 6 r ] e , o . r 1 u r 6 r * ] 1  t h o n  f r o m  ( 2 . 8 ] t
L - 1 , - i f l

(2 "L0 ) ws obtafur



( r t .4 )

r r ' P  d

h*n*e p *

* R p j i t

u  *  V t *
I t-J'  ff fi u, 0 tlterat {urf} '" ft hcnc,: u is au, e;$.g*nfunetron;f*r

(?"4) cnd tr the*corr"espcnciJ-ng si4gnni"rrluco Sj"r:cex (ur 6J a fl ,

tr*Is*, * sL{ \{ro cone J.ucie ti:at " ' 
tr rr ft

r  { \  r  1  
t * ( l t r u n * t f i 1 ' 1 + ? r u o * J e n d '

Xt ' l lg*l .r i , r ,1+lrou*{1, I ' t 'o ssa Surthter thst conv*ff$sJ.y {trn, f ini

f i r r  n>"1"{  is  en e igenpai r  for ' (2 . }4}  (bc,causo (#r fy)  *  O) ,  A, }so

le t  us pr$ve thst  iA. ' ,V i )  ie  en e ig*np* i r  for  ( * .14) .
I  d  r . J

P i
iJ

'i .:

* 5 2

\ p  *  ( A  +  G B l p '  ; :

O thsn p Is un oigonvcctor fcrr *:lro m.strix A + Cn

for  sc r . r$  i=Jn" " ,Jd  anr3  so  ^=" / j ,  $ i t *ce  (u r f )  *

ol'v*,:us thn'i; u is *hu s*h:tion af (8"1:) :l*eo

From (2. l " l r )  wo n&vs

A;  (  V ; , v )  ,  B  - .  ( t y .  r \ ' ) " " r "/  . )  f J ;  - ' t J '  ' J "

"l

for all" v S :f (-(a ) . If wo tekg

(6+r) (ft,Y) * {kcnp, ,v}s ' i  , ;

o = #n, r . ls ir16 (2.2n7 wo obtain

{4-5}  A;(Y; ,k lo}  
*  t r  r r (y; , , f i * }  + {ks,gxi}s RFju n*}3?5,o,+

pur  p j  =  co l  [ t y i ,6 . i ] , " " . : (V j r t r * j ]  v re  ob ta in

, f t o j - A P j + G R P j
Sinco cR Fj = *,/ jpj - AOj rvs h.ave that:

f  ,#{" i r , * . " r )* \  wi} l ' ' ' i rn 'p lY that  R;  -  e j  &nci  because R pj

pj a: eY;,f) v;e wil} obtein thot y, witl verify

. / j (Y ; ' " )  
F  (Y j ,o ) *+(Q+r )  (Y j ,o )  +  (kg ,v )s (%, t )

and

a f t

for sl l  v€ F(-fL).

", 
-It 

crin be proved

eqriel to o:ro . (see lfl I "

*ns9.L *{ f-rs:}gr,33 isp..-p , t-n ltro

th*e' . . . \  is *  t rssis in ta(r i -)  and,

wilL prov* onlJf the convergenee af

also thqt the urultiplicitieu Of Ar are
t . J

'  
I , . - .  . - . % r .

, . (
fac t  tha t , l  r l , *  r r i  n ly " , : F . y  I  t  L t  r . .  $  l i r r r v r l n + l  I

{4"}?) ***' 'proved, in [rl " tlo

the eor isd, . (2 . i6)  in  ths

;
" {

I;{
!.
t

. !
r
I
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l*(Jl ) toporr;ey if Y. 
n*#t) . Becatts&

lr*d\
/  t O  6  ( o l  a

1  |  *  F ' n \  a  t
* T ;  t , ! , r  1 6
n) jil

* )* g^ {f+{-\ Fg:'g , *t is s\tt.ficient to prove t}:e con* l
nt i . i  l ra 44 

V }+q-, \n \

;'ergcncg of the serics f V3 (t+{'-L}. This etstctment foi}oir;s
friili tu - 'L

frc;;i (2"L?) if n'a rer:elrlc that

, n ? . , , r r - r r n ?  ^ 2 . " ,  +  2  '  x  r z . i
Ti ;* t {11t"  

*o*n* ' fn i l t (1uf f r r )*  + {Y: ' f rn i*  **"n* (JJ"aal : r r l  }
1

*nclu b*cau** t1l1 rF rt'-{i}}, tiit s*ri,€}rJ:
l r J "  i  '

K 
(y,ed,,)?e r*fr*\) ana 

ffi 
(y;,#o)acr*Q*4,) , i=r, . " * /ul

are eonver6cnt*

*qp€Sf -L3gqq.a*l'* The fac't, that Ta is & $arongJ"y etm{**

nuou* ceurig:"oup on i,Z(-fl) o" ltl(-f:i ie obvious accoriling to Pro-
'  

posi 'L, ion 2*3n 
1/

& fl.*,r X*r
L+t  us dcrro 'bs T. f  1+ =,  L-  a  " .p" ,Vr . , ( " ) ;  T{ ' f  *  l -  e '^y , . ,O ' ( . }

' !  
n * I  l ' ^  r r r  b l  

l i l ; , t  
r ' 4  & &

Hence T,* * Ti o Ti and eince Ti verifios obvlously 'i;ho relatie,ns

(2. ]9-2 ?5)  r  (z ;?4*)  r - : - (2 .?5 ' )  i t  is  suf f  ic ;ent  to  provo t l tese

ral,ntions,rfor*ft " luqr havs fron Parsoval rslstion errd (2"LTlthat

(4:Gr trr*$r! " H 
*tt'*yl = *-tlt 

H 
u2(x*-/"Y3 4

* **Zft [*Vfr **-ftltyir! . x.f

because:

, (4.?) y l ;  <?(f l  6n) '  + z.  Ctyr ,6nla+," .+r ls,  f in\o) 'yf  . f  ,on* yfr lg

< e (Ys g&y ?*a d$yr rfi n)? o ;* *+ (!ro a # nl?) tt q-ltl 2 t ty rr.r)Z *,. .+ (Y r$)z ) *

t* uT*fr* a{Tr#rr}* * e( (yro#*}e'*. *,**' {y**lrrr}1tf q-rt

end
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. ' )(4.8) ffi f fi* alrYrfi+aqil$rri !
, , 2 , . . ^ - I . 2  . , ,  - , , 2  -  r ' p t l r r , t r 2+",  ;+ l l9n l l  i ) ' l iQ-- l l -  l lY UV *  Ki  l rYrr t

\ - d  g \ t  4  A

the neriee L= u t 'Y"1(r+{*)'rr) is
n > : {  r ' ^ '

z l * t  ^  a r r . * * ]+
converg*nt iuto*t1r+Q*).rr).< nax(^cIrrq} "*Y'x , *-?ti (r+{"7r 11

xw* oi:teidl

( 4 . 9 )  r t ( r 2 { . Q ) } c l i r ( l u ,  t > 0

i l Iea

, . 2  Z t r r . t  - 2 . - .  A r  ,  * z t t f f  ? ( f " r + r u ) t
l l  ' f f f l l  i  * 'Z* s -  

Y;( i+fu-arr l  F o /  )*r  **" ' i : I / '  Ylcr+Q*). ,r)  o
t ' ' " '  n 5 l ; i  l l r  n > 1 ' [

t  1  ? ( I , " + F ) t  ^ z - -  A  r
Pako fr"t.(rryi = 

k 
* 

.' LL t 
f fftr*ti*trni " It ia $trvious tirftt

t ts.**, X*(try) *s nonine*e asirg ancl continr:cus fcr t)r 0 nnel

f  €  ' , , f  r .
t  r -  2  .  y*  r  }u{F\  2  , r+{ -h , i r . l  F ,^2 . ,(4"I0) 
) 

ii,'*it,y)dt * 
k t "Tt'f ;1;u;.*.j {6y; S

o 
r+&),.,, " .,

In the c&ss of po5.nt sensars :bhe differenc€s bett'reen (Sfni and,

(Sm) affect only fi (because 
Yjr. 

C('fL) '!n the caso of (SLA)

'  &nd. y;e c(ft l for (SL:u) hut dnc e (,n) in both cases).

Lot us tslto ,

AIso, be*t luse fcr t? O

1

4

. .  I

( 4 . I I )

f Using (e;6) we hat'et

l l  r ;Yno(

end so
(4,1e)

Q ( 6

a_p> l r {  
l "  s  

n>h{  .  ,  
1 ' r1  { * .

o  *  j ; $ -
l r *

*- ff"*iny* = Ko "*/o\ H -(Iny)1uufy-=

* *-f 4,*,Y),_-* . -.
ff .\*t b

fse sediee l-- s'tt rr[rg", *e eonv*rgewfr tc*
rilm 1* '-i;. ,,;

Tt (re (-o) ) c c(n*) r
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1 r

0n tho othor hand, if wo taicu r,l€ If(jL) tkren fror* $chwtu'z-

Cauclry inequality end (4.7) rve obtain;

filso oo

1+A-i\

and tiie l-ast series is conve:.gent aecording to (2"5) ,.vhich con*

pletes the proof of t]re Lenra& e"lo

Pr"qg{.*of .Lgg-qq 2"j?,n From (4-5) we obtain

(4, i5) t rrr [ tyrr6yr)r , . .n(, f1our0rr) ]  + (ks,@n]s Re *

4\ .2 .  r  y*  2{ , \ *+f  } t  
" . ,2 i )  

p  ,? \  }
K";(tuY)S XI Z* e LL{ 

"*="i!-* ,/ q{: ('c}+l-}n) d( } '  '1  -  u  noM r+q-Ar ,  f f i  l l

-. frx ltyll f il *tir"7ult 
-

. * nr.M

(  
' ' f , )

\  
f t"|,t ,y)ats f i6 nyltf I

o

&,
I

) (

:x [,yro#*) , c .,,  (9:;, f i*)) dias 
1a,,. " 1,,.) 

.

sinco,Fi .Lr")  € #(gi ,  t7 o we have f ron hoposi t ion z*3 l

-[ %n)yn( ") . t 
rn(t)sn( ")

r+hcro

cor '$ iGJ,  -*  " rFM(t) ]  *  e- I  eol  [cret :  o#1] ,  o.o,  ( r ] ( r ) ,g* ] l
'  ( 4 . r 5 )

\ ( t )  
=  ( r ( t ) , d n )

r .  . . ,  - - l  , r  1
L r y t ' d n ) ' G s f  r ( Y M ' 0 n l j c o } l F  ( l ) , " " ; , I i r ( t f  ,  . n > i {  ,

t{e wil"} p.rors first the u*iqueness of t$e woak so.lution'for

( 2 . 2 6 ) ,  { 2 " 2 7 } ,  ( 2 . 2 8 ) .

7,&t, u be a o$r&&k esLr*ti*sr for. thlo geob}*xao
i /

We hqve

2n_
+7rt-a(An i. a*\)



I

\

where u

U (  t )  i r

44 "1? )

L {  * '

" H 
urr(tlyn(" ) " _4 

u,r(t)gn( ")
- f  1

i f  rve dtr ' ; te U(t)  = col  [ur( t )  r  . . .  , t i ' r (  t )J  a ' id

c o l  f t u ( t r . ) r f l r ) v " . ' 1 ( u ( t r " ) r g t r ) l o  t h e n  f r o m  ( 2 ' 1 ? )  :

' t r \  

"u( t )  *  ,Q* '  u( t )
r . 1

un ( t ) * (u ( t , . ) , f i r * ) *  L tY t , 0n ) , . . . e  
( $g4 '6n )J  u ( t ) ,  n2M '

'On the other hand, i f  in  (?"?g) we tase 
?f t r ' )  

-  f ra( ' )

then f rour  (2"21j  we have: .

) r r
( 4 . I S )  ( #  ( t r . ) n # r . )  = x r r ( u ( ! , , ' )

f (ks r 0r.) s

$ronr (4"I?) \' le obtain:

r  du^ ( t )  r -
t r  ( t r ( t , . ) ,01 )  =  *^^AT-  *  L(YI 'gn) t "c '

hcnco from (4":LB)-4514-{2"J-O) we have that

e#  ( t ) - *  \ r r t , t ( t ) , 0n )  +  (F ( t ) ,

r
L (Y r r0n )e * " . 1

and
/\ '1 ,1

14 .20 )  qS )  =  A f i  +  co l ' [ r t t ) , 6 r ] ' . . $ ' (F ( t ) , gFx )J  +  GR u t t i

e r t n  +  GR=  ed rng  ( f t , . . " 7 ' , - )  q - r  and*=  q *ghence ,  ue ing

a l s o  ( 4 . I 5 ) ,  l v e  h a v e :  '  , .  
,  

l

(4.?t) SH*fl} - diqgfl, "1",{o",f!4 }'u(t) + co}.Fr,t) I .. .,r}4(til

Alss f roa 14" ] ) ) ,  t4 . I9)  ,  1 .4 .L7)  rar rcr . . [4 ,2 ] ]  we '  obta in : '

e{,(t}
:ht = x r,(u(r) ,fr.)+_(r'(t),gn) + (trgrifrr) 'g nau(: 

. l
*  [1 ' r ,#r.)  r . . .3 ( \o4n#', , ] l  d iasy\" ' "  

f ,*)u(t)+corfrr( t )  
r  "  rF14(t f

: c
I

I  I  t . '  . . .
t '

;
' 1

I
j

I

l i

, !
, {

, 1

, l
i l' {

i l

l ,

i l

' l i
i !
: t
; 1 ,
' i

' ' ;

n 7 L

t

I
' 1

(,ll4'gn)J ,  n l M

d*r,
f i J +

l d u
J d r

(ks, /n)s RU(t)

q  4 ,19  ) (Yl.r r6n) ( t )  ' n ) M



fl

&.
B
K
b
h
I

t
g

v .
s
i.
[,(
$r,

- 5 7  d

!
: :# =\nun(1i+! 'o( t)  u I ,  n)  M

t
i

*

tt

t
l

_  i . " r ,  
,  

.  r  l
' 1  n i '  l !  i

I,f wo write 
bt*

\** . .o i ,r  r") 
" 

f  ul  6' . ,( ' )8, " ( . )= I= .  u f ,Y- ( ' ) " f ;m : .  - '
\ t o b l t  I  I l = . L

. t

then fron' ('2'28) we have thatt '- 
t ' '  

' '
. O r r - r ' t

. .  ^ , \  u * ( O + )  =  r r [  t  n " *
( 4 n a * ,  r

'1 .21),  (4 '22) '  14"24) we Bet '  '  : : i  ' '  . .  
' 'trleoB (4

+ t  l * ( t - " )
( Itt ,ro + \ €' " 

' . ' t  
$'r,(e'\de' 1-< nt< l '{

\  o  t ' t l r ' '  
)  

-  
, r  ,  . , . . ' .r -  - n  

)
)  

' o '  "  ' " '  1  

"  

: : '  '  

"r + \  =  (
(4'e5) untr '  -  

I  ,  * o 
'_" 

(* ^\rr(t-s) no(e)ds, n> t ' t .
l a t t ' 1 - + " \ 6L" ""n )o

using ttra wpothesis about F and 14.rr) ('t*B) onei"obtaifl easr'*'s

.  . : l i .
. )  _ r  1n  +- l

t h a t  I n f i t s ) ( K i l l  
F ( s r ' ) l l ; ' , , : . * ] t " r L J

n > U  ; - ' ' ' i . ' r "  :

t

or  bY (4; I?)

14,22)

and. so, epPrying

r
14.25) )- ,  (

n>$l

i r

+
fu= 
\ 

( z"'''
from 1.4.15)

i i l  i ,

a i
. \  I .

t.
1

1 '

n
- . .  , I

: . 'Lebesgue tbeoren lve have: ' '. '. 
' - '

( t  . \ o ( t -e ) , r r , s )ds )6n ( .1\ e ; '
) o

( 4 " ? ) ,

]rrtt*u) Fr.( s)drr( '  ) ) ds
. '  :

one obtains. easil-Y' usirrg 
"

.s

t

iin L2 ('(t ) " since

,  : that:  -  - '

i  i .o,rur,  [  1r*Q-]o)nf, tot+ fr i i i  r (er ' ) l iL 
l  - .  " : ." :" j - . ,^^

i it'tce- 
' 

irr* ' 
ro ln glt.fial. The relaii.sa'

' ,wu rouo*.tHot 14.26) ti***:ii^:j '

i  i (4.26) sutrsists in c(fr)  too boceuce
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)'o

nl,

- 5 8 "

t r*( t -s)
e "  Fr r (e)ds

*trr,( t-e) lp*te1! as)

trn(. ) l i3

2 . r '
b--3,f

,t

-*K3( t
a{r 2}r, (t "e )

n ' 0
c_-ry

. , \ t
I *1; - ; *- J l

Liz
(

*
+ )

o

t
+ )

o

s,r( o ll. o't " Io F - [ o
?sffi ."

= * l-r-- ,,1 o t

trrrt 
q *Ar(t-s)

in tZ(fi-) ror D, o end in t*(f1-) (and cfn) or c(l"r) 'uiren (sLB)

0r (SID) ) for

tako:

t>  0 .
_ _- \_r

'  
r:+k

r l
(  4  "26"  )  l i  } *

prp+l

t.'r""K
5 -

n=F+

n+k
' F -
\ L 4

n=p+J"

n'rF;
5"*

11=pf X

u z z
qr.*Q*lr,)nfrre) )de ) (

<rl H rri)*:ni!. {" tr, (}+Q-r,,} nfr(s)ds {' nEp+i (:.+A*\n) (-?In) )o nEFl

't n*fr
(K" \  f"  (r+Q-4,nfrtu)ds --+ o ror p :--)*,  t>L

,o fr=P+i

f ron (2 .6) ,  (2 .5) ,  (4 .11)  r  (4"26f  )  and the in tograbi l i ty 'o f

i l r (e , . ) l l i  on [0 ,  *J  I  to)  o .

In  th j .s  way f rou (4 .161,  t4 .25)  r  (4"26)  wo obta ined that

i f  there e: r " ie ts  a  weak so} : t ion u for ' (2 .26, ) ,  (2 .27)r  (2 .28)

then u must be given by {?"}0) hencs the uni{ueness was proved,.

Lot us provo t i rat tho funct ion u,given by (2.7O) is a

vreak solut ion for (2' ,26), (2"27), (2.28). i ' /e wi} l  consicicr again

{ ' o r r r i u }es  (4 " I4 )  o  (4 . }5 ) ,  (4 "25 ' )  ,  U t "?6 )  snd  oo r  g  w l l I  bo l

uon */h( 
t-s )

Frr(s la" ]  y" t . )  +

.  , |
(4"28) ,rPtt ,  "1 n*n{t'*}- r.te)ae]Yrrr -l +
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+ .

0  ( "  A r , ( t _ a )
D . ^ *  \  € )

' 4  
/

o

uF verifies ttre
'T.t-
J T ,

of

+

,
I

l * ( e ) r l s  I
t t  I

J
[ *^ " *

is obvioun that

Leroraa 2*2 ̂

' Since

\"\

eondj"sions ( i)  r  ( i i ;  o ( i ' , ' )

- - 0
L.lrt

t
(

I,o

IrI

( t , - l  = F* l^^H"*r * ' , '  
f ; ; r  t / " l l

, P  * \
\  1 r  I  ^ t t  n

" #fi*, iI "Lu 
"" ''; '*

)uP
r[T

.u,3t ngit ie easy to verif!

\ D
(4 .29 )  ($ t i  ( r , ' ) , 1 r t o " ) )=

+

rqhero

( 4 ,30 )

2,\

' t  
honce  uP

stead of

lttg

A

It n-,. l"

l l  uv  ' * t  ( t

+
r1  \ *+ \  s "
ts

zt*t f* )  
)
o

{ 1  * a

+  ( ( r + Q 1 u P ( t , i p p P ( r  n ) , r ) ( t ,  t ) )  +  ( l c s , t 1 r t , . j ) ,  ( u p ( t  r " ) , f )
for all t > o, 1(t, " )€t #t.rr-l ' '

11'l
t t t

FP(t ,x)  = f*- 
ffir \(t)f,,(x)

(4"31.)  u$tx l  =
h1

)
n=I

is a v,'eak solurtion for (2,26-2.Ag')

F and uo.

have that
r'*C

, . )*uP(t, " )llf -"# [*^"* { +
.^

( t*s )rrr{*, u-'j t 
tt+6-\,.) r< a tr [ .

J E=ji*I L

P
ul r1i* (*) + f - uf; on(x)

'r I rr nfffF*

with 
:o Tu 

uf in-

' .  \

+
* l t  -  a . r'  tu [ ]* { r+{-}o}  +

" : '

*  t * )cs ]



- ^
and, because )** iufi)"<oo

n > I

r*G-\* i+l+7-t
t> O: *-** i :<d'*  ,  f rV" *2)n 2f

- 4 0 -

2 \ t t . -  , .  ( -  . A  l -
i  o " (t+q-\XiTir*q'UT

fi ,t'
L{: )* \ r3c*)d:,5 Ki \rrrt4rr' 

*n-o ) 
'n 

" -. .,,tu/ Di -o 
,c

ezt(r*{ ) -11,

er ' ) . t ) tds

t ) O henco

(  4 .52)  l i rn
' 

P-)oc

rEs conclucle that uF(tr.)  is a Crruch4y sequonce in #( 'JL) f ,or each

, . ' . P ( i u . ]  *  u ( t s . ) ,  i n  l { t ( - ( a )  : f o r  e a c h  t  >  o n

r 1
ldoroover tFre }init (+"72) is uniform on argf interval Lto'tlJC Jo'cl-

henca t  b" - - -+ u( t r . )  is  cont inuous f ro$ ]  o ,  * [  to  #( r ' ) "

W r  r )  +  l l  \  ( t ,+s)  I
= )  . - "  { l . fa ' 'anuf+ \  "^* 'w- 'e '  

Frr(s)asJ+
nry] t  . .L 'A )o

Zr\r,t ,t , IzAnt,ri * ryt: . \ t i(s)cs)*F;(t)J
'\r] J ' -o

ot^"1 or H rfrrt) 4 r.i l l rtt ,")lt? ,

.H *"(l**?\nt) r -\,_
#fr I'4"\

, \ c
( }+q-I , r ) r l (s)dc

r+qfl xn>l i
rfrt*)as g

i

' ,
P / o  n \ l l  -  r l < ta \ u g  , t ,  

l  
*

We obtain that the **nr*n." $ 
(t, . ) is

r t r - l ' r -

ln Lc(n.)  on sny intervat [ to, trJ c]or*L

le difTercnt,iablo for t> O snd

(4-53) i* tts*) * *15i W tt,*3 l^R Lz(ll lr

$"ron- tA" :a) ,  : (+" l f  )  and s ing-  
p* ;  

t *F( t , . )  *  F( t r

On the
' / 1

r . . .F+k
l l  <ru-  t . t -  -  \
11 *;:P* tn l" r ' ,/ *

O r r

otl:er

)d
d L

..*itr::-
)

/**^
X"1=p+I

hsnd:

A( t ,  ' ) l \  i

[tf,,'-o. l.,* (t )1

end sinc

4 u-', t)
t*

t 
,r,")clss

< 2

c1'

\ 2--n

h
+

\ ( * * A - \ n )
o

.*i1".
1+t+r

(
d
\
o

t

) l l
o

*

wrif orrnly

trernee t

convor6ent

t " - -4  u ( t r . )

t ?  o .

. ) r  t > o  i n



i i  *n *u ( t , . )  -  up ( t , . ) l i  o  {

\ +
/ \n  v

e  t t l u t l +

( 4 .54 )

,(4"15 ) ?t

I'tenco 4, "o 
= 4 "o 

* Ef *o"

- 4 1  d

' l a

t*(-CL) (honco ln Ld((L)) wo nuy parlo to l i rul t  ln (4.2,)) rrrrr l

w i l t  ob t$ i ,n  t t ra t  u  vo r i f i o$  ( z . zg )  fo r  a ] I  t  7a r , t1 ( t ,  " )4  t i t  r z  )
and s ince i t ' ie  ebv ioue that ,  . l im l l  r i ( t ru)*uo( . ) l l2  = O we obtn j - r r

t++o
that  u  ver i f ies  the condi t ions ( i ) ,  ( i i ) ,  ( i t i )  o f  the Lenna z ,zn

The conciition liv) folloivs *msdiate.l,y sj.:rce

t p*?

<r(^l I- 
L.=poJ,

I.* n
(
\
)
o

p+k
\*

nff

oco l [ *o r01) ,  o  o" ,  (  ro r6n l -  
fo

\ *  ( t -s )
e * * ) o

and  eo  oP(q , )

) if, ( sLD)} on

-1

I
( s ) d s  I

J

( 2  
" 5 )

i n  C( fL

for  p ' **oo ,  k  ) r1 ,  t>  O us ing (4 .26")  end

convergcs uniformly in C(Jt) i f  (StB)r or
- 1 - r f

any Ltu, trj c Jo, a L o

W" Let us d.enoto

xn ) t  o

exp qiJq){t'e) ir,n t61; ,o,u- 
}

t.;4

since for t ) 0 the series 
os, "t\* 

(zo,6o)2tr4-lo) ie

convergcnt wo hnve that

(4.56)  4,  *o.  * ( j ) . ) ,  t  > ar .  .  zoe r ,2(  e-) .
'  . ' V -  )

Al?o.,t r '*-) l l  { znltf is intograble o* [o,to], to) 0 beceuee

I to  /o
[ i ,  ; r ,  . ,  : r 2 . o *  \  f  z , \ , r t  , 2 , ,  . ^  ,  .  - . ,
)  i t  / l z o i l l o " =  \  /  _ e  

v  ( z ^ n 6 r ) . { 1 + a * ; o ) e t =
o  

l 6 P n n ' * i  
. -  

Y  -  Y

P=t?.+

vn tr 
ag:* X*t

tt 'n * 
o+rr-tt 

e P ?r'-,6p) fip(")

*o  =  [d* ( " ]1" . . r f i r r ( " r l  l * *o  4n - in



.- 4.2 '

' \ t 
^ 2\^t^ F. ,z- r-0*\*r \- t- tr ,?- z "o

.L+q* Al
= /_  * -  _ .  - J  ( r - ;  P  o ) (zo r f l o )? -  

^ ,  
*  

_ / .  "  
\ ao rgo )  <  *

pXTr -2tr'-, r *?'\p+I Pla+r
lJ

Lst us coasid.er now the c&se when h is given by tI*4) "

If,Ic have t,hat
v h  - v n

l i :  (z f  zo) l  (  l l  h l l ' l l  z f  zoi l *  t )  0
t c  -  -  - 1  a n

r :nd so t  i -*> f  i rCZi ao)l '  ie integreble on Lortol ,  hence Tt ^o

is HelL dcfineci anc] it ie easy to ece thelb il i, q strongly con-
2  1  ^ -

tinuous senigroup on Lc(ft) and li '(-Q-)n frsru (4"3t) we 6at also

( 2 " 5 2 ) .
' I f  ' ro  have point  $ensors thon? **  g ivon by ( I "5)  anc l

frour ( ?" 6) ,  (4.11) tvs obtain

(rr. ' i1) If "o* c(n), t > o, .roG r2("rr-)
ff )rrt B

beeeuso the series )- e P- (zord')  ntr i -s cot- lverBent for t? O
-*-* 'P>n'-'t'} :

f rom (2.5)  CInc e lso

. . r r v n  , ,  f f  t r t t ,  . r  B(4 .58)  t t  ' .

sincg 
r ./ 11 v,.,

t h  ( z ; r o l  l { l i  r r i l , 1 1  ; t u o l i o ,  t i o

end

rto X*t^

, ) 
il ;t ,ol o dt < K0 

F, 
-*# t(zo, 6p\t oP {

^ 2 \ > I / 2  \ -  t I / Z
K"(,r*;+ }f)*" to[, (zo'wr\2)*"'< * ' to) o ' ',i:i.,Z(o)

v;o obtain that ?Y, ., ie we,I11,deflned end so il t" agaiq.a etron-

gly continuous'eernigroup on 1,2(f}-) ana ri(rl) an,c in thie case

r',e lravo (2,52) and (?,'r5) .

fl*gfl #-J*;,:ll -fu3 o the Pv<:lrq iif t'rrlr Lat:mn ls a|.txtr:*e'J
- F 1

frora LfJ . To prcve thc ruriquencss let z bo a vreeils soLution for



t > 0, v/e obtain that

:
I

i , t;",
r .  r . l

:  1 i

r.t n 
't

t r i lcr i r  (4,40),  (4"+f  ) ,  we'have tr iet

t .  
^ " ' , t r .  ( "  - I o ( ' u * a ) . *

i z ( t r . ) , 0 0 )  =  6  v  ( z o t 6 o )  +  
)  

o  v  ( r . ( * r i ) , r Q o ) a s ,  F ) , n

. : -  
' o  i '

:
artd so by (4.54) we get;

l l
' l

n l , . t
(+  ,42>  z ( t r . )  =  [  ( z  ( t ,  " )  o / , . , )+  l , y .  , n '  *  \  L? - - tF (s , . )  ) r l s^

p = I  ;  
P t  

' G  
o ,  ) -  

- r " - s \ 4 ' \ v t  
" " " )

. 1

: ' , if r'/e reu&rk as in the'proof -of tJrs l,erma 2n2t relation (4.25)
i  1 , ,  '  ,  .  I  I  ;  l  '  i  i  ' 1  .  I
, .  ; 1 , ' '  '  t h a t :,  i . .  i  1  I  :  |  

' ,  
i  ,

:  
:  . , t  \  

j  '  * ' :  I

r l (  n ^ ( t - s ) '  I  |  :
i  ( 4 . 4 5 ) )  - l \  e P  ; ( F ( s l r # ^ ) d u l f r ^ ( . ) i =  :
i  f f i L l  i '  - '  P  - , t  l J  I
,  Y t ' . "  

o  !  i  ;  i  - r
. .  ;  . T -  -  I  -  

;  |  
- l  I

i .  : : ' : , . 1  . r  , r  .  ,  j '  , r  ,  f "  f - r *  , \ * ( t - s )  |  |  i

i  , , i  , ,  , r  i  , ,  , '  
=  

\  l e ; = " "  ( F ( s ) , a i 6 p ( " ) )  d s "  I
,

: ' l
t . t I , ' " I i

. .  . : ,  , ,  ,  iu Ld( i } ) ,  I I r ( j }  )  (and ;n c( . fL)  when we'  d,oal  v, ' i th point  scrt€or; l  i " .  i :  ;  r  .
: :

Str abt,siil, f,nce {,4-ut?}, t4"Tg} theit:

I  t  1 1 \
\ . l o . h - r - /  , ( r . (o* ,  " |do)  *  (zo , tdo) P > 1  d

!1:a:!- at{  cor [ , . , ,? ( t r ' ) r $ r , )  r 6 c t b ,  ( a {

t : '

:  r  , ,

! ': J

t n . ) r * * r l  -

l



=  [o *  *  i pJ  "n r  [ r r t r , . ) , d i ) , o , . *e (z ( t , ' )  , g r " ' l  +

and. fron thfj lsst linear systero of ordino.ry clifferential equa-

tien us!;1g tirc veriation of parrr-'neter# fromuLa vro obtain t'hat z

is givon b*u {2"}8} hon*s i f . i t ,  ex*st i i ,  a vieaK so}ut ion thie is

u n i q u o " '

- Tq prcvo*-slre-exist,ence of tt}o we&$ eolution for (2o74,\,

(2,15) n (2.16) i t  is nrrf f ic ient to remark f i rst that a rveak

solut ion for the problcn:

- 4 4 *

r !

+ cor  [cn(r , ' i ,61. ] , . . *1 
(F(1, . )0rr l - i ; i . r [ i  r " -  

[  
4-"

a[ * dlv (r ix) V It + q(x) [
5 {  

-  L - r r \ '  \ s \ / " o f  v  a i r

d, -. f(s) Y" = o,
) T i ' r  

u \ u / r ,  :  v 1

X(o*,  x)  "= Xo{*)  ,
v

v . , i t h F ( t r . )  *  L  ( F ( t r " ) r # r l  . # 6 t : )
p )n

LS 8,rven

z ( t 3 " )  ;

0

knotamo

if rve put

t ( t , " )

jU
t r ' .+ \ exp l( Ar,"Wrr) (t-s
, L
o

(tne scccnd equ,olity urnY bo

+  F ( t r x ) r  I  x € S -  I  t >  0

x c  s ,  t ) 0

' x € J ) . -

v

wh*ch is welt

.Second,

f
o

hrr

- Y'r
at1

" tuno [ ,nr ,  
-  i# r , , l l  . " : .  [ , i ,  , f r r ) , "o .1( fo , , l * l ]  *

Ioo \  ; t -- t$t*,  *)  )cis -  4 
'*n * ft-"(r(e, " ) )ds

I

1,,

I

I

\

' - t
I

( s r . ) r 6 r r ) J -  ,  l

tatlon) , ',

. . ; n -of oe

)] [""' [fr,,
(Xt s, *) l ]  a*

obtai-ined by

,



with-

- 4 5 c

x € s ,  t )  0

x c ( 2

n
' $ ( t , . )  =  [  i u c r , . ) 1 o o ) 6 o ( . 1 ;  f o t ' )

P=I

then we obtain that t(br.) verifios t4.44), end frour here- and

(2.2, )  tye obta i r r  that  f ( t r . )  is  a  rveak sc lu t ion for  the problen l

S 
=  d i v ( k ( x ) v  A )+q (x )a6 ' c  t , * 7 *Tn tx )h ( i ( t , " 1 * I { t , " i ) r  :

x€J ) -  , t >  A
: ? n

f f i + O - ( x ) z * O t

? to " r  x )  =  { { x ) ,
. . \ \ l

I t  i s  o b v i o u s  t h a t ' a ( t r o )  =  } ( t r " )  +  z ( t r " )  i o  a  w o C I k  s 0 *

soLu t ion  fo r  (2 "?4 r ' ,  (2 "35 )  t  (2 "56 )  
"

Proof of -L-ql4qlg*aoLo According to (4,74l- r (4 
"35,.,.pinee

n=M wevrill onit tho Letter "ns hencs

L,

( 4 , : 4 ' )

Q.lr ' .)

and
i : . r \

(4 .45)  Zt  ,o  *  Zt ,  zo

lTo have

(zs ,r \  ds

2
t > 0 ,  % o ' . L 1 ( ! L ) "

fr
t

$ \

o
+

i a  '
L
I

* L t

(4.46 l  l t \  zol l l  = l t?t ,ol l t  * l l l t  ,o\! ,  i=1,2; t> o; noQ t2(c'), ' '

^  '  r '  . , , f l r /  Is(a*t }L) t  qor [*o,61) , . ' " , (26, f iv i f izr* , , "Zt zo = L0tr.

- (ll-t)l (t-s)
F t '  

'  
l- t h

z a t

LetTr/ bo a nunber such that:

(4.47) r M+l < 7/ <-r
:

l r l a  lwv have

v  ; )  zhn t  . z  - f f t 53  2 ( \ ^+4) 'u  .2 .
(4.48) ' l l i ,*aoi l i= 

L* o- p- Qorfrr)"  = e Z* "  
Y |  

!zo'00) -(
ptM

i  '  
,  - . * iy t , r  !  , rZ + i -  ( \

6 e .  I  i t ' & d t 7 ?  u r w

if we denote



* 4 6 F

M
. / . V / \( ,4 .49)  

"o=hno"o i ' *o  
*  

4=*  .zo,6 , ]6p(  " ) i
P=T

enel remsrke thret

.  . 9  V  . )  , r A  r r )
( 4 " 4 9 ' )  l l  a o l l  ' '  *  l l  a o l l  : '  +  l l % o l l ;  '  .

Also \ {$ h: . rvo:

o /  
, t 2  . ) .  i  i  i(4.50) l lz* "ol l i .=, 4.r, dzo,f io)'(r* 'q*).p)

*alt* 0-?'  L_ (n*, idrr)*( I+i l - t rr)  c P t
Pl&l 

i -

% a E L=  ( zo t6 )  dD( .  ) .
. ^ i l r  w  L 1  Ip / &

1 = I r 2 o

& \ r
( r P #

* l i t t t
@ t

*r)

{ i i ( t  rzo)  t

ously_

ncl

A'l^'rvir J v Y  4

f  s r  t )  0  n

oc
f
I

t t f q \ \

( 4 o 1 , ) * J  \
I
(,

.  t l o ,  z o e . L z ( r L ) "

continuous &nd nonincreasingt i"*> cfrCt ,roi is

bfrttuzuldp - 
il 

'.u,{$r)z

(zoufi;)- -ffi)r?;
be sulch that

r+-6*\:rry-.7r <

tl Xor,3 = 6?

* , ^ \J+e-r't.{+I

ffi"-.., +1,/T c
N t . *  

/

v 2
l l  zo t l i- r*

I',)tr
r ,et 6>o

t  h  + 1 / . '  I

(4 .52)  l *  
(A - t r i t  I  <  c '  u^ t ' t  e  t>  o"

ConsiCor, f i rst the case vhen t i"  given by (I .4).  then:

.  v  |  -  v  , r l o

I  h(zs zo)  I  *< i t  i r l l '11 2u zol l l  €  i ih t l  e- f  "  E,r tu,  zo) ,  s> o

and so by Schv,rarz*Cauchy inequsliW rire get:

u,57)
*

l \
)
o

Also

,{ ",l r  . r  *  l t ' -  J
i l  { r+,  d^ i l  }  \- t \ i a -

1
I

i

ai<r{'{-rx}ti2Bf*n3 * z1 fo

e h-tx) (t*e)r,(I**o 
) as lg il hlid ** / t,iT \nrfi;r , <

\< il nl' f1

,lzrtfft I, r*ftr lE on 2, t > 0

oft-lx) ( t,-a )o (I uz ] aulz {
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l .  Y 2  , , u  . ' 2 .
re(;n=,71, c; tl zottfi) ,s

Using

ll a,-"11f * ti

and

c4"55)

L v a

(4"46)  lve obta in  (2 ,39)"

.t"

/ lo
t

)
o

1

i i '
tLr

I

A 2

(.
?' ,  "
l *

,}

2 \,\ ) c

therr  we obta in  i rnnediate ly  (2 .4A) ,  (2 .41)*

Let us consider now the c&ss of point Bensors hence

by (1"5) .  t r l 'om (2"6) ,  ( / f  *11) ,  l , ,e  havo i

h i s grven

( 4 "5? ) C o ( t r z * )

Y_
K^( 1 .-

p>i-i

is contiruouo and nonlncresslng for t) 0, and for zoe l*{Jt) ;

1'\ t',+,;t' ) t= Ko 
#o 

', zstfir)l J r+Q*>p pP +#T \<

( zo , f i  
o )? ( r . a - \ p )

v z,'- Jil# f'] '2xo*ionrilffi.

a te u*?'t ( tlf*[ ! "' ll r.ll2

( 4 . 4 8 )  ,  ( 4 " 4 9 ' )  a n d

On tiie other hsnd

.a-\);,{1 *(/i*tr)tl air{rrl * I- lur L'

.t< 2 ( 1+Q- >& "*zftq11io1tl * ni 'rra 5STD fi$.Lre), t> o
I{ence , if we 'La}ie

(4"54) a?r&,zo)  = A2(r ,zo)  + z(r+Q-1 )a*z/ t  
P2 e

G {rr?orri. ## 6lnx*nflt
J /

,  V o

nax{ (cfi + (}+Q-),,,y 6' i:*S ) 2rr+t-\ \nn\;4 o t f  VA 
'r  '  c tr3Q-\J 

"

* m&xt*ffi-) (r.;r& 6?u,,ira)t, z(r*G-

(4 .55)  l !  [ t "o l lo<  r (o  X  t (zo  , f ip )1"^ t *n f  -Ko o7 !  [  I  ku , t , r ) l ,

.  *(Iu#lt  oP = *-y' t  %,*,ro); i t  is oovioue tnar.t  '*-dn{'c,r.o)

* (A -iVJ ( t*s ) n(E ur* r) cs i 
2



s:Lnce frors
.

ssrle s..
i{ow

v
I  l n t r /(  . " \  - i l

ansl will o

1( 4 " 5 3 ' )  I

i  r :  : '

I{ence

&,1so

and

.Ae(4 ;59 )  c ;
. l

l '

ti:cn r',iCI Eat

Le$ng *n5*

2,,)dol  * f t i ' ) tc,tt*rl:
v  r '  - 1 4 *  v
co e /  " l \ r ,o i lL '

-r .

8 >  a

zol l l i  <

4 8 -

f

5 
efrt,zo)citr xf*lorrf H # 

='''

= tt Xnrrl  . ' r t  < oo

(?.5)o (4"t1) fol lorvs the ccnvergenco of thn Last
I

I

( l l  h l l  * - / " - *  Cot"  ,za) ,

wc* have:

V

,o l l  (  i lh  l l  l lz*  "o l lo
bts in  L ik*  (4"53) :

.{-

\  ,6- i . ,7* ) ( t * - \  v
\  { i - "  

- r 5 ( Z s

/
o

flz*r,u1ioxonP* f r'c'u?{t 
'Qoitz* 

ll hll ;;L# {{ryr -CI
p+ *

') 
/v

h

I t h r l  r r
t l . .  l r  v ( )

€ Ko I,{ i't
rt zetf!/)

end so, i f  wo eet

(4"5s) cf  t tuzoi=6!(rozo)*2 4 *zf+L V2 u*7"

l \ ;on' i

* l t  hl iz ;3 , ,  Y ,r2_,,. *fgnT lt zolrl)

, t  ; l  , , 2(.iffi.

t  \ : ,  ,  Db* ' t  - . . f )  l t  r r l l?  e t* rnax J ci (:+rcf ,'2f+l ?- #&.), 2 fi uzl'*t
^ / > 1 ) l '. c* $:sffi )

{r 
Fili (l"'Q-tp} (-1tp-zfi )

(2"42) ,  (2"43)r  (2 .4 i l  which eonplotes the proot  a t

Lot (urV) be a vreak aolution for
, }

I

\ i

i j
j

It 'oof of Lc::l:rn 1,1o
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:
t 'r .24, . tf ln ( 2 . 1 0 )

i

( ) .9r -  ] . I ) )  and le t  v  bo dof lned by { : r .24 ' t , -  I f  ln  (z ' ro '

wi l r  denote R = ro ' .v  
[ * t r . . .  r# ]  wers RIr  " ' r#  

are co lumn

torg in tRr thon
1 l F

9(x) 
= Rr 0r(x)+...+d"0r,r{x)

I  t J  
' - 'L

F :  . 1  ' \  ^
=  R Q  c o f  f t r  

( t ) r . . " r v $ ( t |  =  R  Q  y i t l i  t 7 z O .
'  i  i . ,

0n the oth':r band
'  \ , ,  r . '  o l g J G I =(4.61)  #  ( t r ' )  =LYtr . . . r f t r l rd l , t * t r " . . ' " rJ  d t

1 l ' \
= [yrp .. .  r i [11 0s+1 ,.,.  rLs,, j  I  V4- tnlVtt) * 

' t  
r,(o(t '  ' )  )

l .
I

Ilence

a- -
(4.65)  t f  ( t ,  .  )  =

+  ? , ( . ) h ( u ( ' u r . )  -  v ( t r . ) )

qrrd fron here, usiru3 Proposition 2.2 we havo:

vi(t) [-rt 't(tr')], 
+ $'AJw;qtt', ' l] -

. ,

-  v ( t

' )  ls(V

'  
: l ; :

r ' ) )  =

1
t ' ( ) l ** ) J

:

- . ;  \ \m
+ f

{SFI

- (\ar1(tr -) )r(ot11 {



-  ( k g r ? ( t r . ) f ( v ( t r . ) , 9 ) , t> O i'rLft,, . ) c li'tr1) ;
hence rve obtained (3"26).'uFroin (1.14) ana (4.60) forlovrs iirne-

diatery',(0.25) and tho others conditions",.tha*t:.,(urv) be a weak

e $ t u t i o n f o r ( 3 . t e - 3 . 2 7 ) a l h : o b v i o u g . ' ' , . . . : " ' . . : . . i l

convo''sq'ry J.ot us c8nsidor a weak eolution (uuv) for

(3.18-).27) . According to .hbposieion 2.7, w$.. hat.e ,r"I,i.,,i.,.. "..,

i '
\ . .

d
AT

{

(v  ( t  r  ' )  10r , )

(  8,6r.)rr(u ( t  r

A 
Let  us  tako  w( t )  =  cor  [v r ( t ) r . ._v* ( t ) ]  and

w( t )  =  co l  Lc"Car . ) r01) , . . . . r (v ( t r , ) rg t r )J  -  r ron  (4 .6 r i t  (4n66) ,

I
I

I

:'t

I
t ,
.i
f
t
I

l

i .
I

I
t
I
?

I
a

I
i
I

' '

a

"i#40

:i

l

I,
I
i

,
f

\
. \ , r ( v ( t r  .  )  ra i i , , ? ,g r r )h (u ( t , ,  ) - . v ( t ,  . )  )  +
(k8,6n\s (v ( t  

1 
)  rg )  r  *p o, n7 Li  "

we hqve thst ,?, = ?-5 , we obtain -

(  3 n  i f  I E n 4 M ,
)  

i '

=  \  o  i f  M { n 4 u ,
I
l a

\  - [r ,  i f  n) n.

(4,"641 v( t r  .  ) -v l (  t )Yi ' (  " )*o, , . * t1.1( t )  lk( . )+vn+r( t )%*1.) ,* . . .  r t  zo
with

= q-l"oL [{v{t '., .) ,6r) e ...

(4.6r)

Eron (r.26) we

a n d  b y  ( 2 . 2 ' )

(4 "66)  d  k ( t , . ) ,0 , . )=
+

S ince ,  f rou i  ( r . 6 )

(  4 .071 ( t , g n )

col

\rntt 1 = 1 v ( t 3.r1),40r, )-

a

have that:. .

) t t
l v  -  l L  t-  l 5 ;  t I r ' , 1

. ) - v ( t r . ) )  +

.  o . ,  ( v ( t  t . )  t 6 f i  f

i r , r r r  ^
aa /  aua, .

t{.6?} we hqvo thstl



d$r
dt

and, aince

( v ( t r ' )  * ! )  =  R*Q" \n t ( t )

we obtsin

d \ Y ( t )
OE

or
.  r i l u f  r ' i  . * l i * ) \ { J ( t )  +  Q - L  r i r ( u ( t r . ) * v ( t r - ) )(4 "68 )  =  d ia "T f lo " .  . l  , - ,

F c r  n l b l  w e  h a v e  f r o n  1 4 ' 6 5 ) ,  6 4 " 6 6 )  '  ( 4 . 6 ? ) r  1 4 ' 6 8 ) '  ( 4 " 1 5 )

t irat;  
:

c i v * ( t )  d  ,  r ,  \  , , ,  \  r ,  a  
' - l  a ' t l t / t )  -

-ii5-- = A[ (v(t, " ) ,0rr) Ltytr0rr) , "'r (\'r"t 'frn]J

= 1\W +

't

=  f ' ( A
-,'

:

= t r r r ( v ( t r  o )  r# r r )+ t8 .  n0 r r )h (u ( t  r  n ) - v ( t r '  )  ) * : ( I qg '0rr)

+,3 ieg(f t ,  . .  '  ' l * ) \V(t)- ftVr, ,6n) ,. . , , (YM ,g"J I \
*  e * I  l h (u ( t o . ) - v ( t r ' )  )  t

-  t trr0r),  n. ' ,  ( f tr1rdn)]

$con (4"6?)  and (1"4)  vro

(4.69)  # = \nvr , ( t )+[n

t 4
= \,.,v,.,(t) * i -( tr/,n) - -

t t * r  (

1 )

e - r ' t  i i r t o ( t r ' )  -  v ( t r ' ) )  o
- )

a

obtain;

f r ( u ( t ; ' . ) - v { t r ' ) )  r t > O r  M < n ( m

:

'l

; \

end" 5;f **e

L
ffi
Fffiw*
I ,. r,ir

and.

(4 "?O)

,  Since v(O+r

rlo obtain that

(4"?1) vrr(O+) =

and bY ( 4 "?0) wo

+s = Ir.vrr(t) r t> or R) rr.

o) * [VIr r  e " ufro,,rrd16+]r.  "  "  r f lgl 'Vn, fboto 14'64) '

.  r  .^  
-1

n) trr col l-vt(o*) r . . . vvr(O* )J = vo

i t t " t  v* ( t )  =  O,  t )o ,  n?ui* "Sence 
i  /

r l l

i

0 ,

get

v(t  r  "  )=yl( t)yr(  .  )+.. .*v*(t)Yu( "  )v6r1l l ,  ,q#')*"  '  '+v" ' ( t )d&( ')

, -  

' ! ' " ' : '  ' t

V(t) = col lvrtt 
' l  s n'." rvru(t) J

put



f rom (4"6 i t ;  
t  {a ._69 i ,  i4 "? l  )  . }1 r } r , r , * - , , . .

ubiqine casil .x ;;  

'u;;; t t '  rr:ner"kins 
rhet (426a) holder orecliti on,, " rni'_'"j::;"J::j,,,,,r* ver.iry,;; :;':; :

;:i:: if{:|}'}ff:-ic'lcrv 
rrc&';:j';-i",l; "' " rhc cbn-

c,rstu"* 
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";;.; X:rons eie fulf,i lted 
obvi_

A C

T*e &i"lrhcrr. .,"": -, 

Acl''ilv0i'TJ*alir'l'\e

r\rr di;*cusu,ro,"o'o 
lt.ishcs to

n; *'ci ,,*r'u,,*jl;: 
Pror*sso: A"I{sran€v for ri*ip*

-l.---'-r'



t.

* r 5 _

.ffiryurs$. -
t \'!- --1 " 
t

Lf j  S.Bol int incanr: ,  Feedback stebi l jzat ion of  parabol ic systcno

by s : : , ;dal  conpens&tor,  fnt*J*Co,r t rc} ,  ' to { ippcare
f - l

IIJ RoCour*trt anrd 1)*l l i lbcrt, &iothodon der h{ethornatioch*rr P}1lr*i*

.  IJd. :*2,  . lpr i raqclr ,  i lo i . l in i  1924-1 9)T.
r ' 1

. LT_\ R"f"0Ll:."'[B]n, f inite di:-*nsiona,t cornperr,s&tors for parabo]ic

distributecl systeurs rqith unbounded, control and observ'ation,

ReporL TI, l -2]4n Ri jksunivcr 'si tciu, Groningon, ]-9BZ"
r - l

L"+.j  l t :F"Curtsin, Ir ini to cl iuensional cornpcnsetor decign for pnra-

bolic distributed systens with point sensor& ar.;d boundary

input, I I Ine lrans.eu' loa.Contr oL 27 (f9S2) r FF.9$*I04"
r - 1
lc t RoF.CrrrtAin end .i.J"hitcherd,, An ebstract theory J'or unboun-
L .  J  

-  1 .  C v  C -  *  n  v w + u 4  s  t  
( . ^ a  G v v  v +  q v

ded control ection for distributed pare;reter systens, SfAivi

J -Con : roL  15  i f gZZ) ,  f p " td6*611 .
i- 'l

L5J N.lli j i i, Feeclbeck stebilization ,;f clistributeo parene'L*r

systeas by e funetiona} observer? Sffui1, J.Control, 18 (1gS0),
pp" I03-12O.

t - . z l ' r . : . , - : ^ * ; : :  r ,  r x - . : * . r . . - * ^ - r : - 1 a ^ -  n - a ? . . : - -  " ' '
L, J ' " i r l i l :hqj . rov,  [quat ions eux'd,6r ivdeq part ie) . ]os,  !d*Mir .

l, lockowu 198O.
r - l

LeJ f"Ii,nnbu, l 'eed,baek stabilization of diffusion eqi.ia'ticns.r by a
'  funct ional sbservere J.Dif fuEqs . r43 (1982), pp.Z5?*?90*

\ '
e, .1

L9J YnSskorv& ancl T*I"lstsushits, Feodback stabillzetion of a cl"ase

of cl istr ibutucl systemo ancl conatructron of & $t&to ootirnator,

rlti lD, Trane "Autonatic control Ac-20 (1975), pp *'( 4tj*' l l l "
t . ' t'  LloJ J"i.{"Schunache:', A dircet approach to com.pensator dcsign for

distriouted, sysreus and const,ruction af a ctate estlmator,
- 

SjAI,.| J. Contro}, .tO &ppe&r. . ,:---."--,-r . , ..a., i;a r-.-

, LI}f R.tri-sgiar:r, on .ttrc stribi"rizatr\|itW problerc J.n grr.aefi upaco,

J.l^1ctl i"Anal"Appl u ')Z tXg?5) r pp"7&'t*4O5,




