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TIYPONORMAI, OPNRATORS ARE SUBSOA],AR

by Mlhai Put iner

I{rtr:oductioq : ,

In this paper we construet a universaJ. funct ional model for hyponorm,al

operators.This shows ln part icul .ar that t rvery t iyponormaL operator ls subscalar.

: ; i . i .e .  i s  s lm i la r  to  ths  res t r l c t lon  to  an  invar ian t  subspace o f  a  (genera l i r ied)

s c a l a r  o p e r a t o r  ( t n  t t r e  s e n s e  o f  c o l o J o a r 6 - F o i a s  l g l ) ,  *

I ,e t  I l  be  a  complex  (separab le )  H i - l .ber t  space and le t  l t i t )  c lenote  the  l " t -

near  bounded opera tors  on  H.Reca l l  tha t ' I  € / (H)  l s  ca l led  subnormal  i f  there

ls  a  Ht tber t r  spaco K,conba ln lng  11  lsomet r ica l l y  and a  normal  opera tor  N on  K,

'  
.such that Nh:T[,  h e ] l , in other words I{  is a closed lnvariant subspace ' f ,g-n'  N

.  and the  res t r l c t ion  NIH co l .nc id tes  w l th .  T , . In te res t  i r  subnormbl  and re la ted

c lagses  o f  oper 'a to rs  has  r i sen  cons lderab ly  s ince  S.Rrown I l l  p .o . , "d  tha t

every  subnor rna l  oporh ' to r  has  a ,nont r l -v ia l  invar ian t , ' subspace.A ia rger  c lass  q f '

operators relat.ed to subnorolalF ls t .he f ,ol lpwing: T.4t(H-) is cal led blp.g!-Ar,-

qs l  j . f  TT* -<  T*T,or  equ iva ten t ly ; l f  l l f *n l l  .<  t l f  n l l  fo r  overy  h€  H.Ther 'e  a ro
r 1

classieal exar,ples of hyponormal non-su, lnormal operators ,  seo [$,Chap .1 6 l .

i , .  As we shat l  prove below the dist inet lon between hyponormal and subnormal

opera tors  1 les  on ly  ln  two degrees  o ' f , .d i f fe ren t tab t l i t y  added to  the  admiss ib le

func t lona l  ca lcu lus  o f  en  ex tens lon .Moro  prec lse ly ,

THEOREM t A4y, h.vponormgl operator is subscglaT 2'

A l inear bounded operator S on H ls calLe.d f"  . [ l l '  seglar o ' f  qrd-et m' l f  i t

possesses  a  spoc t ra l  d ls t r tbu t lon  o f  o rder  m, l .e .  l f  there  j -s  a  cont lnuous

unital  mo::phlsm of topologl-cal  algebras

u : cl(a ) ------> f(n),

such tha t  U(z )=S,  where  as  usua l -

c l (C )  fo r  the  spaco o f  comPact lY

z stands fiq.t-t+e--tdent ical

supportegtr ' funct ions on C

funct lon or C and

,cont lnuous lY  d l f -
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'  - fo ron t lab te  o f  o rc ie r  n ,  0 -<m-< ao  ,An opera tor  l s  subsca la r  i f  i t  l s  the '

restr lc i ion of a scal,ar cporator to an invariant subspacc.I t  is necossary to

p o t n t o u t t h e d . i . l l i . l ' n c t } c l , r b e t r , r e e n s u a l a r a n d D u r i f , o r d s c a l a r o p e r a t o r s , w h l c h

ape character lzed l :y an integral  rer l resentat ion' l l l th respect to a spectral

r reasure ,  Ia l

As a  mat te r  o f  i lac t , the  proo f  o f  Theoreml  i s  cons t ruc t ive  and l t  o f fe rs  some

addlt lonai infor-matto;r  concernlng hyponorrnal operaiors and a canonlcaL scal-ar

ex tens i .on .1 .e t  us  skeNch t :e low, '  th is  cons t ruc t ion '

Le t  T  be  a  l l : :ear  bounded opera toron  H.The s ta r t ing  po in t  l -s  t i r "  inves t l -

. {at ion of the onerator z,-T oD, var ious spaces or ' I l -valued funct io:rs.The study of

the  opera tor  z , -T  on  the  space O(Urn)  o f  ana ly t l c  l i - va l 'ued  func t lons  on  U,
' i l= i l  

C C , tbO i l .Bishop.[a'1 ta funCarnental  results in spectral  thr:ory.Among

other thlngs he'tiolated J:, Iel the s-lpfi]s-.rglucd-gStgnglio-U-prgpglld.,whlch

meal is by def ir i i ' r , ion that the ope,Tgtor z-T acts one to one on O(U,H) for an

.arbi trary open'su:b,s.et U of A ,  ,and 
'che pr:gpgrty- (0 ) ,"rr f"h requires that

z -T  s r r *ou l "d  be  one to  one an t i  w l th  c losed. innge. ,n .  O (Ur l t )  fo r  e . r , 'e t ' y  open se t

U.Tho oper .a t (J rs  r . r l th  a  r i ch  func t lon l r . l  car icu lus ,B.S ' tho  sca ] -a r  opera tors r ,gp ,

wel l  as thcj ,r .  restr lct j "ons to Inrr . l rJ.snf subspaces h.ave pfopp,rty (P ) .The Lrn-

portance of proferty (p )  t les Ln assurl-ng: ' .he natural  f rarneqorlr  f ,or local l -

z ing the analyt ic funct lonal-  calcu{,&B and the'  spe,ctrum wi-th respect to each

veetor  !  e  H,  separa te ly  ,  see  [ f  ,2 ,  Cn*p .  a l  .Th is  can be  expt r -a lned as  f ,o l ] .ows.

i ,et  us &ssu.me tha.t  the oper.ator T l iae propbt ' ty (  p ) . l ,et  U be an opet;  subset

of C and' conslder the ! ' rJchet space

$ ( u )  *  9 ( u , H ) / ( z * T )  t ) ( u , t l ) .

When i I  runs ovel the opon su"bsets of C ,  6  ,  w i th  the  na tura l  res t r i c t lon

maps)hecome:: an analyt lc ]r : :dchet sheaf on C ,which car les al l ' , t l rc lnforma-

t lon , loca l  o r  g loba l ,concern  j -ng  T . l 'o r  example  r the  g toba l  sec t ions  space $" (A)

coryesponds to  I l  because o f  the  ex j .s tence o f  the  ana ly t i c  func t iona l  ca l -cu lus

fo r  T , the  oper :a to r  ln< luced by  the  mul t l l l i ca t ion  w i th  z  on  O (  U 'H)  cor ros-

pond lng  in  th is  ide .n t l f  i ca t ron  to  T . l . {o r :oover , l t  tu rns  ou t - , - tha t  the  . l .oca l  spec-

t run  6T(h)  i s  the  suppor t  o f  the  cor respond lng  sec t ion  h ' ;€ : ,$ r (G" ) ,and so  on . .

Thls sheaf model appeard ln Igl  in conne.ct lon wl, ]h some. dbcdmposabt l i t .v pheno-

nen&.
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rdhat happens when the operator T sat isf les (  [ .  )  or the slnglo valued exten-

slon properi ;y wlth respect to some other funct iot- .  spaco 4 instead of O Z Ct '

courser the  a l rovd"  p rocedure  s t i l r ' " 'worksrbu t  l t  becomes e f fec t l ve  on ly  r+hen thE '  -

ln i t la l  space l{  and the oper: 'ator T can be recuperated ln the comesponding

.quot lent spaceir . , r t r1f  this is the eaee , then tho bigger space and thc mult ipl lca:

t i o n o p e r a t o r : . M " . ' o n 1 t w i l 1 p r o v i t i e a n - e ' r t i E n s 1 o n o f T ( i . e . H w l 1 ] . b e i n v a r 1 a n t

for I{  and M-I} I .=T) with a funct lonal-  cslculus as r ieh as al lowed' by A '  ' : i ' : : i '
z ' t

H  c .  1  > .  A t c  , H )  /  ( a - t )  4  {  a  , H )

r l  . l  M -- ' l ,  v  z
H  < - - - - _ >  A ( a , H ) / ( z - Y )  A ( c , l t )

This constrrudt ion ls functor lal  ln T anrl  H and has somo minimalLty propert les'

* , ,  3.o'hyponorrnal operators a r ,2-est imate l -nvolving'z-T. and 7 -derivat lves up

to  tho .  degre6, :2 . (soe Propos l t ion  2 . l  beLow)  insures  tha t  a  SoboLev spaee w i th

respoct only to the ? aertvat lves,. ,has al l -  tho required propert les tN r+ in

' the a.bot e general seheme o je

The paPor  has  two sec t lons :  ' i " - '

i f  deals with the prel iminaries conner:r ing vector valued funet ion spaces'

Some facts frorn local spectra! ' i ' thoory are also re'caLled

In  fZ  tnA cons t ; 'ue t lon  o f  the  func t iona l -  mode l  fon  hyponormal 'opera tors  i s

performered.The propert les of this eanonieal funct ional model appeer ln P: 'opo:

s i t l o n  2 . 5 .

The paper concl-udes wlth some remarks' lon the appl lcat ions of the funct lonal

n o d e l .

- ' t lr
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[t vEcroR vALIIttD lt 'uNCTlON SPACES

' .  . ' :  i e t  z  be  th r  coor r l lna te  ln  the  complex  p l -ane C 'and le t *d f (z )  'o r  :

s lmp1.y dp ,denote planar f ,ebesgue meesure.Ir lx a complex (separabLo) Hl lbort

spac€ H F.n-d a bounded (connected) open subset U of C. -rr" i "

14e uharl  deno' ie as usuarLy by l2(U, i l )  the Hi lbert  space of measurable fggl :

c t ions  i :U  __> I { ,such tha t

I t  t  l [ z ,u
(

= ( )
l r

l l r ( z ) f t 2 a y - ( r ) ) %  1  &  .

dne runct lons f  <  T,z(UrH) which.*or@ lo addi t ton analy t lc  funct lons ln  U,1;e '

t r f=o, form a : losed subsPace denoted

t )
A " ( u , H )  =  L ' ( u , H ) n  9 ( u , H ) .

' t '  
t  *  {  1

the ,or thogona l  p ro jec t ion  on to  th ls  space w i l l  be  denoted  by  P.

$ imj1aro iy  l * ( t t ,H)  i s  the  Ranach space o f  essent la l - l y  bounded H-va lued func-

t lons  on  U.There  ls  a  cont inuous  na tura l  i rnbedt r . ing  t - (Ur i t )C  lz (UrH) .  , , . i r

t ro t  T .be . the  c l .osure  tn  C o f  - . the 'open se t  r I  and 1o t  Cp(6 ,H)  denots  the

space, ; : ,o f ,germs on  i l ' "d ' f  con t inuous ly  d i f fe ren t ia ' r , le  func t lons  o f  o rder  PrO(  p (oo '

.  Tho in tegra l  representa t lon  fo rmula  v l th  po ten t ie ls  o f  ' the  (e1 l ip t i c )  opera-

tor ? has a.remarkable simpler form,knosn as the Cauch.y-Pompetu folniUlg (see

f o r  i n s t a n c e  f t 2 , t h e o r e m  1 I . i . ^  f o r  l t s  v e c t o : r  v a l u e d  v e r s l o n ) . 1 ' I e ' s h a 1 l  u e e

thls formula 1;-r  tho case of a bounded dlsk D:

( 1  ) r ( z )  = + r ^ [  , ( S ) d y  ( 5 - , )  -  r r  I  u ,  3 ) / ( S - , )  d f  ( 5  )  ,
" - , * ? D  v r  D

2 . *
w h e r e  z €  D  a n d  f  € C - ( D ' ! l ) .

Let us also recal l  some elementarY

for exanrpl-o the lntroductory chapter

the neighbourhood o.f  O' v--

! !  4  J l  )

fac ts  concerh lng  tho  Cauchy  kerne l  (see

to  ko ]  ) .Tho func t ion  1 /z -  !s  suumeblo  ln

\u7 ri.,,
l i 4 < 1
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and the funct ion

2 .
appear lng  in  (1 )  i s  ana ly t l c  in  D and cont l ,nuous  on  D, ln  par t l cu la r  g  6A- (D, I I )

/ e

f o r  f  e C ' ( D , i l ) "

lJs shal l -  also use the fol lowing r+el1 known fact.

LEM1{A 1.1 Jl  UrV ale. boqndel lconnected open sets ln C ,and-L:L-V is re. lg-

t j . ve_ l .y  compact  d -n  U, tbeq the le ' iq -a ,cp4s tqn t  c  7  O 'pucb tha t

l l r l i * . ; - < c l l f l l ^ , ,* r v  l t u

/
fo r  eyer t l  f  <  A . ' "  (U ,H) .

Le t  u r r  de ' f i f ie  now a  spec ia l  Sobo lev . type  space.U w i l l  be  aga in  a  bounded

open subset  o f  C  and m w111 be  a  f i x td  non-negat ivo  in tege l .We havo a l ready

u s e d  t h e  n o t a t l o n  6  f o r  t h e  o p e r a t o r  2 1 2 2 .  . . , . . , 1  ,  . : : \ :  . : .

Tlre vector vaLued Fg,U,glgy-gpgg-e- r f  (U,H) wlth respect tral , , .? and of 'orr ler m
- t

wi l -1  be  the  space  o f  t hose  f t rnc t i ons  f  ^€ ,Lz (U ,H)  whose  de r i va t i ves  7 f  ,V ' f  , . . . ,

t r * t  ln  the sense of  d ls t r lbut tons s t j . t l  be long to  Lt (U,H) . I lndr*re,d wi"bh the

norm

t t  t t 2  - g  , , - i  t , 2
l l  f  l l  ; . "  =  )_  l la  

- r l ;  
! .u  ,

r = O  
* t "

t+4{g ig )  becomes a  I l i l bor t  $pace conta i "ned cont inuous ly  ln  f ,2 (UrH) .T ,e t  us  men-

t ion that the notat lon Wm above dl f fers from the usual one, lqhich involves al l

the  der iva t lves .The assoc ia te< l  sheaf  o f  1oca l l -y  Wm-func t lons  w i , . l l -  be  denote t l

' , mn l o c '

i  I f  the  open se t  I I  has  in  add l t ion  e  smooth  bount la ry , then a  s tandard-approx- l ; ' - , , , , .

1 i .  J r : ,  m " a t t o n  p r o c e d u r o  s h o w s  t h a t  c *  ( i i , i l )  i s  a  d e n s e  s u b s p a c e  o f  w m ( u , l t ) ,  [ g ,  !  1 . 2 . 6 ] " . * : , r , 1

p l l ca t lon  opera tor  by  z  on , * rm(U,H) . fo r  the  beg inn ing  le t  us  reca l l  some^ i - te rml -

no logy  and fac ts  r rom [5 ] .

(
e ( z )  *  )  f ( l  ) / ( 5 - 2 1  a 5

2D
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(Uo) l=,  o f  d tsJolnt  c losed subsets ln C we havefor any system

""n { 
lt

n

I
[c,1 " ' o o * o l l  , o s E . r " ]

whero xn€ Xr(Fn) ana *T a * dependrl ohl$ ron T.

le t  us come back now to concrete funct ion s .paces. le t  U bo a (connocted)

bounded open subset of C and let m be a non-nogative Inte6er.

,The l inear. operator M of muLtipLlcatj .or, |by z on W$(U,H) i$r,. icontlnuous and

t t  has a spectra l  d is t r . -but ion of  order  m,def ined by: the re la t ion

u ( g ) f  -  Q f ,  ( . c r ( c ) , . f < I l { m ( d , H ) .

The maxlmal spectral  space-s df" 'M are'  by (2):

$)  wm(u , i l )m( r )  =  
{ re  

w*  \  " , rpp ( f l  
c  n } .

Ins tead o f  supp( f  )C F  wen,sha l l  
' v r l t€

L e t  v t  r f l ( u , n ) +  S l ' ( u , H )  b e

V ls an isomoiry whlch lntertwines }il

M ls a pubnormal oPerator.

, .a.3-so f l t f  F = O. r., ' , ' ' . i ; : i  " '  . ' ,

{ ;h ,e operator ' , , .  v ( , f  ) * (  ! ' r '6  f , . r?r . .  n  6* : ) .Then" '

and the norms'l- opera.*dfft'l'$ 14;' ", th'e',fefon'e

Because at (3) the maxlmal speetrral  spaces of M correspondlng to 'dr l .s jolnt

closed sets are orthogonal rhgnce'rnf i  , i6 l  t r11gsndl* ional ly decomposable.

Let us remark f inal ly thet M isn' t  a Dunford spoctral  operator [6] ' ' , rbecause

the  es t in ra te

(4 )  f l t , r - r ) -1 f l l r { *  <  l t r  l l  *n , /a ts t ' (  2 . , supp( f ) ) : , ,  1 4  s u p p ( f ) ,

scalar operator 'wl iJ.chwou1d lmply by Theoren XV,6.? of tOl that M ls a Dunford

contradicts tho fact that M ls subnormal but non-normal.
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$z rila l'uNclrroNAr MoDrrr,

Thls f l rst  part  of  $a Aoafs wlth the- baslc trnequal. i ty for thc "proof of

Theorem 1 .Le t  T  bo  a  l inear  bounded opera tor  on  the  l { i lber t  spa lb  H.Thenr fo r  a  ;

glven open bounded r*rrbset U of C ,r-T acts (1i 'nubrly and) cont lnuously on
/

,  t h e  s p a c e  t { ' ( U , H ) . F o r  a  f i x e d ' . : ' r ,  € C , t h e  a d j o l n t .  o n i l l  w 1 1 1  b e  d e n o t e d  a e  ;

usrral l -y bv k-t ;*  = Z-Tr.on the other hand the ar l , jo int  : .n w?(u,H) wt1I bd cie-
. l *

no ted  by  ( z -T ) *

PROICIIITIC\N 2.1 FoLeggry bo-unded disk D in C thegr is a constant COr

sugh,-t-ha,t for a,n al,bltrary .cperatqr",Te f (H) an$ f € !. l2(D,tI) wg have
{ f .

. t a ' i

l l ( r -p ) r  i l z ,D - (  cD(  l l  (z - r : ) *6 r i l2 ,D -  l l  ( z - r )+?2 ' r  l [  , ,o  ) .

)
Let:rus r :ecal l  thst P denotes* the orthogo'nak$N$oJecf lon of tz,(D, l{)  onto the i i  ; :  ,  . .

- {  . 2 .  '  I
B b r g m a n  s p a c e  A - ( D , l l ) .

I lggg. I ,et  f -  € C'r  (DrH) be a sequenee wh.lch approx{mates f  in tho norm wr. ,  , 'n
Then fo r  a  f l -xer l  n  oc  have :

? ( f n @ ) . ( z - " | * ? f , , ( z ) ) = - ( z - T 1 r 6 2 t n @ ) , , , : : . ; . : .

! , ?

J3y tho Cauchy*Pompelu formr,r la (1) one guts . . i i : - l

.  X =  t  ( .  ) 6 :  - 1rn@)- (z - r ) . ' 0 rnU" ) -  f f i j o , fn (5  ) - (5  - r ) "a fn (5  ) ) . ( f  - z ) - ' d5  r

J T - D  I

9
Let  us  denote  by  e-  , the  f i rs t  ln tegra l  ln  the  above fo rmul -a .Thenr  g -€ .  L t  (n ,U) ,-  -n - :-"  "n

hencs

,  -,  lJ,tn-oi i l l  , ,o -< l l(r-r)odtrl l  2,D + 4n l l  (z-r )x'?z'tnl l  , ,0 oi , , ,
+

where the second lntbgral  was major iz,ed as a. convolut ion wit l i  a L1-funct ion gmd

It  ls the radius of D.
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Flnal ly we obtain the lnequaLlt ies

l lr-pr!1 a-. l ir-gnll 2 -< l lr-r,, lt , * l lro-8,,11 , S

-< l l r - r , r l l  ,  *  l l t r - r f  7t r r l l  ,  *  +nl l  t ' - r )+72rnl {  ,  '

w h 1 c h p r o v e t h e p r o p o s l . t i o n w h e n p a s s i n g t o t h e 1 l m | t .

C0ROLLAR} 2.2 If T.i-F-!X.pgr!.ormgl'Ib9-9 ;"

i " . :  l l ( i * r ) r  l l 2 ,D -<  cD(  l [ r " - r ' l 5 r  l [ r , o  +  l l t q - r  nz r l l  a ,D  ) .  i

Proof.  This fo l rows from l l  (z-T)* i t  [ l  ,  
-< [ l  ( r - r l r t  11,

prgof of _T$d6-rem 1 , Lot T be a hyponormal- operator on the Itilbert $pepo, H.

Let us consider an arbl trary bounded open subset U of G' an*-. :bhe'quot lent

space

, i  9  2 -  . :  .

: t r ( , (u )  * lu '$ ,11) / (z - r ) ! { - (u ,H)  .  j ,  ,

J+
.  endor , red 'w l th  the  l t l l bs r t  space norm' ;h lch  ident l f les  l t  w l th  Ker (z ; I ' ) { .The r ' .1

class of a vector f  orr  an op'aiatof ,A ea' thi 's quot lent wi l l  be denoted by f  '

.  respec t ive fv , , i .Note  tha t  M, the  mul " t ip l l ca t ion  opera tor  w i th  z  o r r  w i '6&LrJ l ) r leaves

ln*a,r:lant the range of z-Trhence fi ' fu well:detr.ined.Mor:eo',rer,the spectral dlstrl"-

but ion U of M commutes wlth z-T r thereforn fr  i -"  st l I l  a scal-ar operg; ' : to? of order

T  t "  sPect ra l  d ls t r ibu t ion .  
' :

2 , w i t h
'  6  - , .L6 t ,V  bd ' , the  opera tor  V( f r )= iG- i r , f rom H ln to  X1 (V) ,denot ing  by  1@h the  cons*

tan t  func t ion  h .Then

t ^ .

( 5 )  V T = F I V .  .

- a < J r *

,;::x,,j.a'.-, Indeed, VTh,= f6-tft = 6n = fi(iFn) = fivn.In partieul-ar the range of Y ls an'.,l]nu*:fr

varldnt subsPace for fi . ":{::
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LEMMA 2.1 l ,e_t D Pe a boglclgg 9l ,sk whlch co3taj-gg 6(T).Thqn-!he opelptor

'.r:l l -->X((D) i.q pne-3o.--lfg f18.d hap .q'

H-g . f , .  we have t r  p rove  the  fo l - low ing  asser t j . c t r ;  i f  h r r<  H an ' t  fnuw"(DrH)

are  sequcncos  such tha t  l '  ,

(6 )  r tm f i  t s - ' r ) fo  *  1  @h.1  l [ ' r2  *  o ,
' n

then 11rr h .= On

r i re  * . ,sL . *p t ion  (6 )  . imo l ies r  l im(  l l  ( z - rp r , r [ [  
,  *  [ t (z -T)  6 ' rn l t  , )  

=  o ,wh lch , ln

v lew o f  Coro l la ry  2 .2 ,shows tha t  I : im l l  t l *p ) f -  l l  .  =  o . l lhen  by  (5 )'  
n "  Z  -

l r ' n l l ( z - r ) P f r ,  +  1 @ n , r l l  , , 0  =  o

which by Lemma 1 "1 lnsures that

l l

r r * l l  ( z - r ) ? f o  +  1 @ h o l [ * , p , =  o ,

rqhere  D '  l s  a  re la t l ve ly  compa,c t  domaln  in  D; .e t i l l  con ta ' ln tng  6  (1 ) .

Let us denote by :  . . ,  i

' 0 ,  
O ( o ' ' , H ) +  l I

the  anaS.y t i c  func t iona l  ca lcu lus  map assoc ta ted  to  T .Then by  the  cont lnuS-Qy: ,o f

Q { " *u  fo : r  ins tance [ tz , l "opns i t lon  I ] I .8 .11 ]  fd r : r th is  fo rm o f  the  func t iona l

ca lcu lus)  thero  is  a  eons tan t  aT0rsuch - ,ha t

l l h n l l  = , i l S ( ( z - r ) P f r ,  +  1 & h r r ) l l  - <  a  l [  1 z - r ) P f r ,  +  1 & h n  l l o o , p '

Consequent ly  l - t rn  l thn l l  =  O and th is  conc ludes  the  proo f  o f  .Lemma 2 .J .  
i

'  Th ls  a lso  conc ludes  the  p , :oo f  o f .  l l heorer i i  l ,bocause ths  range o f  \ r  i * ' i n  the

c .ond l t lons  o f  lenma 2 .J ,by  (5 )_ra  c losed invar lan t  subsp. - rco  fo r  the  sca la r  opera-
N

tor I{
' ; i :L:$t le next result  establ lshes an.nnalogue of the sl .ngle valued extension pxot ' , ,  , i l i \

?
porty for the spaee W- and the hyponor"mal operator T. i - r '
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LEMMA 2.4 ],St D Le an arbl trar.y bounded C , Thgn tb.q_-qp_greLgl

of (z-T')  f  ,  b;r  rost.r lct ing

d lsk  ln

z-r :  t l2( i ' , i { )  - - - - - - -  , '2( l ) ,1{ )

LE--g-[g-g-o4e.

f  €1q2(D ,H)  be  such  tha t  : ( z - r ) f  =  o " then  f=P f  €  az (p ,H)  hy  Corc l : '

lary  2.2.Bbcause T has the sr -ngLe valued extenslon proper ty ,€.8.  as a subsca-

lar  operator , then we l -n fer  f rom (n7}) f  =0 that  Pf=O, 'bhat  Ls f=C,q.e.d.

Let us renark that i f  r i ln l l  (z-[)f '  l l  u,,z= 
o,then we cannot obtain by the same

4. l"  t l  l t '

metho, .  more  than t lm l l  r r r l l  
,  

=  o .

A reformulat ion of Lemma 2.4 above is the fol l0wlr,g :

s u r p p (  ( . n - I )  f )  =  s u P P ( f )

f o r  e v e r y  f  € w 2 ( D , i I )

Indee c l  one computes  the  su-ppor t  o f  f  , respeet lvo ly

t \ese funct l .ons to srnal l  dtsks containe<i i -n D. i  t '

.  1 ,e t  us  re tu rn  to  the  func t iona l  iaoder l . l . f  U1 and IJ ,  a re  two boun ' ied  open se te

ln  C.  wh l .ch .  con ta ln  o" (T) , then the  cor respond lng  spacuu K(Ut  )  and t { ' ' tuZ)

c o i n c l d e , b e c a u s e  z - " T  j - s  i n r r e r t i b l e  f o r  z € l I  , \  
6 ( 1 ) , r e s p e c t i v e l y  z { } : r ' ' '  6 ( T ) '

In fact thoy are bot ir  lsonorphlc vr l - th the universal i r ' rdchet space

wfrtir l  = u,io"( c,t i  l  /  t"-r1r1ld,n)

which dePends onl}r  qt t t  T and H'

I :ot  us f tx a bor"rnded dlsk D whlch contalns o- (T) and lot  us ondow l l / f  (H) with

the  co i . respond lng  i l i l ber t  space s t ruc tu re .Recause the  openators  ina*ce l  by  M,
2 . ! N

r e s p e c t l v e l y  I 8 T  o n  W ; ( H )  c o l n c i d e , w o  s h a l l  d e n o t e  M  a l s o  b y  T , d e p e n d i n g  o n

t h e  c o n t e x t .

pnop0siT]Oj\ '2.5 let T be q hyJon-ormal operatot=!4-lbgl l l l - . . tc9 .!  spacg H.let

e  - . -  ,  
- -  

F z

l | I : (H) denote the above I{ i lbert  quot legt sp?'9.9,w]-!h t 'h-e, ' : i ,ndt i ie9 operPtoryon l t
T .

and the  na tura l  embgdd lns-  V :H - -+ .  l ^J ; ( I l ) . {nPq

a)  6  i s . .a  sca la4-opqra to ! -9 f  o rder .2  w i i [E  6 ,  (d )  C d( r ) '
( -

b )  T h e  l i n e a r  s p a n - o f . t l r o  v e c t o r s .  
i . l l ( S l ) v h  

,  1 ,  
c f  ( A  ) ' , n e  u ]  i s  9 9 n s o

rs wi (H) .
I
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c) Ig A € /tn; gqg r,s lg-s-pgir*9r!-*.qry,,1*-9!el9!o{.s--9n H'sssb*,g*

AT=SA,t.hqS A l4Uqg:_Sg-9!.9.Iqtor' i  e t.( '+r(Hl ,w;(tt \  ) with thg--pr,9-p.eTw" AT=SA.

d) If- f !g*.e_n_el_rg1y-tj.q*-{.u4:l-lgg.is*.?'nei.8hbo-rrrhoed of d(T),ib.g

vf (r ) * 11fr;v ,

.Ebgrs f F-' f (r ) 1e--lhelsas-tle$e1-94-qslseJog.phfes'

prSgt .  a)  fo l lovrs  f rom the fact  uhat  t f r tn l  :a .n be represented as a quot lent
4

of  wz ' (U ' ,n ) ,w l th  U an  arb l t ra r l ,  op ' 'en  ne i5Jhbourhood o f  o ' (T) ,and consequent ly
. 2

o  ( u )  c d ( t ' I l l v - ( u , I { ) )  c  u .

b )  i s  3 .  consbquence o f  the  deKi ty  o f  cao  ( t )  rn  w2(n) .

c)  Ls  der l r red  dJ . rec t ly  f ro ,n  the  do f ln i t lons .

d )  l s  a  g o n e r a 1  p i * o l p e r t y  n f  t h e  a n a l y t i c  f u n c t i o n a l  c a l c u l u s ,  !  2 , C o " ' 1 I I . 9 . 1 1 ] .

c OR0II,ARY 2 . 0 !|$,h-!.he-ge-tg!.!se*.o'.8: t ?"e,3bpue pr.qp o F i--"-i-a a

f u t ) c  o . (T )  c  o ' ( r ) .

p{go j .  S ince  ?O(T)  i s  in  tho  approx imate  po ln t  spec t rum o f  T , i t  l s  a lec

ecntaLned in +,;he speci;rum of the cxtension i"  "

1n,. :sart lcular ' thls corol lary shor.rs thatrexa'c, t ly as for subnormal l-  operators. '

the  spe c t rum 6 i (T)  i s  ob ta lned f rom f  ($ ' ) "by* f  i l l i ng  some bounded connected

c o m p o n e n t s  o f  C  \ c ( ' f ) .

&qgglEg r )  Tl ie probl-em of scalar ext,ensions of operafors is treated tn l ts . .1 ,

fu l - l  genora l l t y  fnL f f l , ln  ana logy  w i th  the  t i teory  o f  subnormal  opgra tors . the

m a j o r " d l s t i n c t 1 o n b e t w e o n t } r e t w o c a s e s i s t h o f , o 1 . 1 o w 1 n g ; l r h i 1 e t h e m i n f u n a l . >

normaJ- extension of a subnormal operator.  is unLquerthe mlnlmal- i ty 'as l t  is

s ta teo  In  ? r .opus t t lon  2 .5 ,b )  abovordoos i l t t  lnsure  the  un iqueness .  o f  tho  sca la r

ex tons lon  o f  a  su .bsca la r  opura tor .

Z) Though f(T) is not nocessarely a hyp..rnormal op'rratoJ' ,wfuon f  tS an analy-

t i c  func t lon  in  some ne lghbou: rhood o f  6 (T) , the  qp ;sor t lon , , id ) , , . In  the  above pro-

poslt ion shows that f (T) l -s st t I1 a subscaLsr cpegprt-m';-*
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7)  The operator  T is  normal  whenever  T i -s  normal . In-deed, in  th ls  case ISTi (
.-'11 -* lA

comrnutes wi th  z-Trhenee Ttr ,  is  wel l  def lned end T-"  = T*  .

4) Becauser the maln facts of the local spectrat theory of a hyponor:mal olro-

rator  ( for  instance proper ty  (  0  ) ,  the est lmates for  the locaL resolvonts,and

se orr ,see [4 ,Ci rapter  t ]  )  are heredi tary , they can be der lved d i rect ly  f rom the

same proper t ics  of  the seaLar  extension T.Tn"  ver i f lcat ion of  these proper t les

for the opefator 6 fu completely analogous with tha'b for normaL operators and

uses the fact that 6 nr" a. contlnuous functional eal-cu1us with second order
' 

conttrnrous cl l f ferentlablo functions wlth respect onl.y to the operator 7,.

i l 'An in t r igu ing quest ion is  whether  S, i3r"own's  technlque L: ]  can produce,

v j_a the above Theorem l i f invar lant  subspace$ for  hyponormal  operators.The c losest
' f  

.  f . ' l  r  ^ L  - ^ - ^ - i * ^ -  * L n J

resul t  in  i f i fs  d i rect lon ls  Proposi t ion 2.5 fn  [1 ]  ,but  whlc4 rsqui res that  tho

scalar extension should be uncondit lonaL3.y decomposabl-e.l ,Je ignore ff ' t*fr fras

' th is  proper ty  when T ls  hyponormal .
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