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REPRESEI{TATION Otr MO}IOTONE OPERATORS

AS SUBGRADTDNTS OF CONVEX FUNCTIONS

(pr :e l - lmlnary vers ion)

DAN TTBA

I .  Tn t roCuc t i on

Let  x  and Y be  re f  lex ive  Banach s i ' races  w i th  dua ls  x* ,  y * .

By the Asplund [t] renor.ntLns theoren \ire may assume them to be

s t r i c t l y  convex .

Cons ider  K  :  X ,  x  x  _+  
I - . . ,  n . .J  be  a  c losedr  t r l iop€F,  sadd le

func t ion  sa t ts fy ing

( I . t )  e l -  c l .  K  =  K .v . r

Fgr fundamentals of convex analysls we su&te {:he monocrraphs

o f  v " B a r b u ,  T h . p r e c u n a n u  
I r ]  ,  R . T . R o c k a f e l l a r  

[ t ]  ,  r . E k e l a n d ,
r "'l

R.Temam I  3  I

The fol lowinq resul t  vr i l l  be important ln the sesuel

Theorem 1. The formulae

( 1 . 2 )  r , ( x r f )  =  s u o  {  t o r V * ) - K ( x , y ) ;  y  G  x  i

( 1 . 3 )  K  ( x r y )  *  s u .  {  t o r u * ) - r , ( * r y * )  ; " o a  * *  . }
def ine a one- to-one eorresDonden qe._b-e!:LM

ssrnJ"corygJuo-t]g.r*plner fulcliglji T, ol X x X* An{q_log9d, otsoer

e.e4$lg_fqqqlietF se.l'l, gyg (t. t ) " Sgggsygl-.wg "bavs
f  *  : t r  _  -  r  *  1  *( 1 . 4 )  [ x  f i  ) t  ? t ( ( x r y ) 6 ) L * " , y J e e L ( x , y ^ ) .

rn  a  sesuence of  naper"  [ r ]  ,  [u ]  ,  f t l  ,  E. r ( rauss def lned

and studled the representat ion of  arbl t rary monotone or-rerators

via subqradients of  sacldle funct l .ons bv the formula
* -  r ' *  * l( 1 . 5 )  x  €  T * x < + L * ' , x . . J €  e K ( x r x )



I  X x xo Ls maxl"mal

monotone and that every maxlrnal monotone operator mfiy gs

representeC l -n th ls vray.  Moreover funct lon K ln (1"5) rnay be

assumed skew-synmet r ic r  ln€ .

( 1 . 6 )  c l r K ( x r y )  =  - . l t K ( y r x l '  , - f  N r y € x .

The pr:rnose of thls pir:er ls

usLng convex funet lons instead of

we under l ine that  genel :a1 ly ,  ou l i

r e s u l t s  o f  E . K r a u s s .

to  ob ta {n  s lm i . l a r  resu l t s

sadd le  func t l ons .  Ho .wever ,

method denends heavlly on the

2 : tpptgs?ltglion resyt!-?

L e t  L :  x  x  x * - ) l - * ,  n . ^ r ]  b e  a  c o n v e x ,  l o w e r :  s e r n i c o n t i n u o u sJ

func t ion .

D"gg*:llg*91-]:*Illnq! Sef],ga skerv_symmetric if
*

t  ( x r y  ) =
t c *

s|, (y a>r) for any
* *

l i e re  L  :  X "  x

Let  K be the

* *
. y e X  ,  x C X .

x  - u ]  - * e  - r " " ]

sadd le  func t lon

1s  the  eon juga te

assoe la ted  w l th  L

o f  L ,

b y  ( 1 . 3 ) ,

f!,gorem 2. L ls skew-svnrnetr:l.e i f f  K l .s skei^r-s e t : : i e .

Iri_o_gf "
D e n o t e  ( .  r .  )  t h e  p a i r l n q  b e t w e e n  X  a n d  X * :

*  *  l ,  *  *  *  1L  ( y  , x )  =  
i : 1 , *  {  ( v . - , v )  +  ( x , x - ) - L ( y , * * )  

}  =

=  u * o o { , u *  , i ' l * ( * , * o 1  -  
" r r  {  ( x o  , z ) - c l r K  t v r z t }  }

Y t x  Z

b y  ( 1 . 2 )  .  T h e n
* * l * * , *

L  ( y  , " t = ; : X . t ( r  , y ) + ( x r x " ) - s u r r  t  t * ^  t z ) + e t r K ( r , y ) J  i  s r n c e

K ls skew-symmetr ie.  ,

Let  Y(z) =-"1r* (  z tY) "  r t  is  convexo lower senl-conLi i l r rous,

proper t f  y€ dom K. r t  is  enouoh to r ,vork wi th y € dom K slnce we

take sup af ter  a l l  the values y € X. {{e have



( y n , * ) =  s u p  {  t o * o y ) +  ( x r > :
Y r x *  

L

{ .  
, " ,

'Y) +$#t

*  t  - c r 2

from 3) l , re see that c l rK=K, therefone

trx (v

sup
y *

sup
y *

sup

y *

Returning not.at ,Lon with Xotz) o wc get:

sup sup
y x *

sup { (un
V -  L  -

dup  I  ( y , y
y L

L  ( x r y *  )  .

onversely  t

I
t

sup I  (x
:t

y t '

y*  )  -sup
z

y*  )  -sup
z

y*  )  -sup
Z

to the

, x ) *

{ ' , " ,

{ ' , " ,

|  
, " ,

x * )

,l
* ) J
n ' l
" * l

( 1 ,

, y * ) - s u p  {  , * * o Y ) +  ( z r y ' t )  - L  t z r z * ' t \ J  ! r

2 *  , 2

f  , " , v * ) * * ) l  t , roey ) -L  (z ,z * * r \  -

i .  t r , y u 1 * x i r , y ) ) l  =

I  , r , y * ) -  t c l rK  k ,Y l  t ]  ]  .

*X# (x* )

s sup
\t

x { x , y } }

* * ' t N , t

) -P  (x  ) l  =

+  ( yo ,o )  1  =

{  
tv ,v*  )  -e1i r< (n,v)J =

* lyp l tv,v* )  -x (x,y) !  *
v

c l rK  (y , x )  *  sup  t  , * , r , * )  -P*  tV* ) )  =p (x )  = -c l - t l t  { x ry }  '

y*,

Thls f in lshes tLre 5:roof .

Tak ing  in to  account ,  ( t .4 )

Def j"nl t . ion 2.  The .oPera.tot :

a n d  ( 1 . 5 )  r  w e  e t a t e

T" associated with L l "s glven bY:

( 2 " 1 )  
[ * o , * ]  e  t " ( : )  [ n * , " ]  € ,  3 ' L ( " o x * ) ,

p.rgpgg{31g1*1, Let L be a convex, Iower semicontlnuous , proper

funct ion on X x X* .  Then Tl  is  monotot ' te,

P r o o f .

! 'or al l  [**,r l  ,  [ t . ,o] e T" vre have

L ( x r x * )  (  L ( z t z * l + ( x t r x - z ) + ( x r X * -  z  \

L (y n y * ) ..< L (vr r rvs' ) + (y * r y-\{ ) +:{y, y* -w * )

fo r  any  f r ' , r f l  ,  f r ro r * ]  a  X  x  X*  .  F lx  f r r " {  =

= 
[nrt . ]  and f* , t* ]= ["r" . ]  ;  By addlnE the two inequal l t ies

we obta in  the  conc lus ion .

Bxamnles

l ) Let p: x -* 
I - o', o*] be convex, rowersernrcontinuous, proper
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and L  (xpy  * )  *  'p (x )  +p*  (y* )  ,  Then T ,  =  S  10 .
) t

2 j  L ( x r y * )  =  I  l x l ' +  t  l y o l  
2 "

z ,  
I  I  

2 t -  |
Then T,*F, t i re dual iLy nta.npincj  on X.

L
- t

a l  m -rr t  +
J  I  ' L * * * -  '

IJ

Theorem 3o I f  t :X x X* *>l-5 'or+or l  leMg1l,g. :11g$ousk  J  
' J %

proper ,  skew-symnretr ico then T.  is  max. t rna l  monotone.: -  . . . - :+--- i . ._.**- ,*  .@-- +-. . ,  -  tJ .=.- . .*_-.-- . , '__.-  . --

lggg€"
Let K: x x x -rFo" r+ool  be the. skew-symmetr lc,  saddLe funct lonL ' J

r - 1
d e f i n e d  b y  ( t . t } .  T h e n  ( 1 . 4 )  o  l 2 , I )  g l v e  x * € T . x  ( = )  

L * u r * 1 . |  G  !
JJ

&K(xrx )  and by  Krausb [S l  ,p "9 ,  T .  l s  max lmal  monotone"-  L r y  L

thrgne:q 3" &g Ac x x x* bs e- r3*pql-Tgl-qlone gpqrggggi.-:nsrg.
- 1  ' 1

g&l,g!s L:x x xt '  - )  l - .*  ,* '<,  I  convex proper,  rower semieont lnuouso

"t*tr**t*-*n, 
*n ;=t" .*-

P r o o f .

ny cgf -q- l le [y l r  p . r3r  Krauss t t ]  ,  there ex is ts  K:X x  x  *  [ - " - ,+" .1L ' J

closed, properu skevr*slmmetr i .c sadCle funet lonn sueh that

A=TK.  Te tke  L  g iven by  (1 .2 ) .  Then i t .  ' sa t l s f ies  a l " l  the  cond l t1 .ons

of the Theorem.

3"  P*na1.  remarkso

First ,  we glve, :  E r l€w and purely var lat ional  (wi thout dual i ty

arguments ) proof of the Theorem of Krauss used ln Tl'reorem 3 "

Theorem 5 .  Le t K : X  x  X + [ - * ,  + " { be  a  sadd leo  c losec l ,  p rope r

s\s_w:lvT.Lq!r1g_qytc_lJ9l: .T!sl l-lq_opef 1!or rx dqf Tj{jl: (r. 5)

is  maxi-mal monotone,

Piloof .

Obvlous ly  T, ,  Ls monotone"  In  order  to  be maximalr  w€ conslder  the- l \

equat ion

( 3 . 1) x* € T", x+Irx
l1

for al l"  x* € X*. F is as ln Exami: le 2 .

Equtval.ent lyr wo have:

r '  -1 - r-- -1 r -1
(3 .? )  L * : t r x *Je  LTr * rTxx j  +  l -Fx r f xJ  ,
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( 3 . 3 )  f * u , * i ]  e  ? K ( x r x ) *  f r n , r n ]  
' ,

( 3 " 4 )  f o , n ]  G  ? K ( x , x ) *  [ r * , n * ]  [ * * , x {  .

Consider the skew**ymmetr ie,  proper,  c losed sacidle funct ion

o n  x  x  X ,  M  ( x , y )  = t q  ( x , y )  * - | t v  I ' - ,  *  l 2 -  q x * , x - y )  .  w e  r e m a r k  t h a r :

3 M ( x , y )  *  & K  ( x r y ) +  
[ r " r n V ]  

*  
[ * * , * n ]  ,  a n d  ( 3 . 4 ]  i s  e g u i v a t e n r  w l r h

[u, ol c ]M (x, x)

that, is M has a sadclle point of the form

The exlstence of  a sadd. le polnt  for

c c r e r c i v l t y  d u e  r o  ] l y l  
' - t r t " 1 2 .

r , * t  [ xorvn ]  be  th ls  po in t "  s tnce  M is  c losedo skevr -symmet r ic
r - l
L y O ' " O l  i s  a l s o  a  s a d , J l e  p o i n t .

s j ,nce the space is str iet ly eonvexu also by the preser ice
"r .,

o f  1 ,  I y l  
' - l  

I  *  |  
' o  I "1  i s  s t r l c t l y  concave-convex ,  t ,here forez ' .  2  '

the  sadd le  po in t  i s  un lgue and we conc lude *0*y0 .  Th is  f ln ishes

t,he proof.
;

F lna l l yu  i n  oppos i t i on  w l th  sec t i on

the case of  synmetr ic  convex funct lons.

concl l t ion is  too rest r ic t ive and the

l :eyond  the  c lass i ca l  subd i f f e ren t l a l .

Let  Lr  x  x  x  -+ 
] -oor+oc]  be a convex,  lower  semlcont5-nuou$, ,

proper funct ion.

D e f i - n i t l o n  3 o  L

f., "J .
M is obvious by the

2r  we s tudy  ln  de ta j_ l

Unfort .nnately,  th is

resu l t  doesnt  t  ex tend

i s  c a l l e d  s y m r n e t r . t c  i f  L ( x r y ) = L ( y r x )  f o r

fo l lowing monotone opera tor  i s  assoc ia ted :

- e l l  x tY  €x .

Wlth L the

( 3 . 5 )  A : X d X *

x * € A x  ( * )  f x * r x

Operator A

Theorern 6,

e  ? L ( x r x )  .

monotone wlthout

L  is  symrnet r i c ,

the.  Symnetry assumptJ"on.

A is maximal rrnonotone.

*'l
J

i s

T f

P r o o f .

ConsLder  the equat ion



(  3.  6 )  x* 6Ax+I,-x.

Equ lva len t r  we have;

f*o,*nl e [a",a"] F",o-l ,

[ * * r n u j  e -  ? L ( x p x ) r [ r . * r r r , ]  o

L e t  M  : X  x  x  - l - * r + * ]  b e

funct ion given by

M ( x r V ) * L ( x a y ) { - I  l x {  
t o !  

l o l  
t - ( * u , x + y )

obviously lr t  t"Z*y**uar?* rno (3" 6i  becorrcs

Sl"nce M is  coerc ive,  i t  has a mln i rnum

I  t x l  
2 * r  

t  y l  2  l u  s t r i c t l y  c o n ' r r e x .  L e t  u s
2  2 '
the symmetry property IVO,*nl  is  a minimum

w e  l n f e r  x 0 * y 0 ,

There fore  equat lon  (3 .6 )  has  so lu t ion

proof felJ-orr"s.

It ls enouc{h to shovr t,hat O C EF,

x* € Ax <=>[xu, x*]  €.  ]L (xs x)  : ]L (x,  x]  - (  L

* )  P ( x )  * <  p ( v ) + ( x * r x - V ) c  V  v e X .

the convex, lovler semleont lnuous

for any x* g X* and the

We have

(vov )  { x *  , x - \ r )  *  ( x *  r  x - v }  r

[ o , o ]  6  b u ( x , x ) .

po in tu  un ique s ince

d e n o t e  j . t  
[ * o , y ]  B y

point for M t.or: and

The fol i "owlng resul t  shows that not every maxinal  monotone

o p e r a g o r  A c x  x  x *  m a y  b e  r e p r e s e n t e d  i n  t h e  f o r m  ( 3 , s ) .

conslder p: X -> 
] 

- 
"" , + *] the convex , lower semicont,irrous

proper funct ion

F ( x )  * i L  ( x ,  x )  "2

P.qgFSq*Hlon ,2 .  The opera tor  A  de f lned by  (3 .S)  co : i ,nc l . r jes

r+ith ) p"

Proof .

l .
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