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AbslTact .  We establ ish the system of  eqr- la t ions for . the hygro-

thermomechanica l  behaviour  of  a  composi te  mater ia l ,  us ing the homo-
genizat ion method.  The macroscopic  coef f ic ients  are deduced and

i t  is  proved that  the macroscopic  system of  eouat ions is  a  couplec l

one,  the temperature and moisture equat ions conta in ing new terms.

Finaly  the convergence theorem for  the homogenizat ion procesr  is

proved

I .  TNTRODUCTTON

I .  I  .  Lener ,a l - i t ies

fn the genera l  f ramework of  the homogenizat ion method.  Lt ,Z l

we  cons ide r  t he  p rob lem o f  l i nea r  e las t i c i t y  o f  a  compos i te  ma te -

r ia l  under  the ef fects  of  combined moisture and thermal  env i ronm-

men ts .  The  pe r i -od i c  s t ruc tu re  o f  t he  compos i te  ma te r ia l  i s  asso -

c ia ted  w i th  a  sma l l  pa ramete r  f  .  The  asympto t i c  p rocess ,  {  ->  0 ,

impl ies that  the number of  per iods is  very large.

A11 hygrothermomechanica l  proper t ies are d i f ferent  in  the

matr j -x  and in  the inc lus ions ,  and the i r  macrn i tude is  o f  order  one.



L.2. General e.qu?F_1gng

we consider  a para l le ' ip ipedi -c  per iod y  of  the space of
the  va r iab les  y i  ( i = l r2 ,3 )  f o rmed  by  two  pa r t s  y t  and  y ,  ( t he
matrix and the inclusion) separated by a smooth no,rrrA.ri  f  .
We a lso denote Uy y i  ( i= I  ,2)  the unj -on

period's ', rr sr is ;. domain or rhe ."-::":1. -:.lrr:, :: li:
space of the variables *j .  r w€ introduce the small parameter f
and the domains frr, defined by

0 r r = l * ,  x € J l  t  x Q  r  v i !

tn JLr i  we have the equat ions:
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t

where f* tu .nd ert-o are the respect ive l - inear stress and strainl - l  L 1  
- - - ! -

^ t  /
tensors ,  0  j -s  the temperature,  He '  is  the moisture concentra-

t
t ion,  u i  are the components of  the d isp lacement  vectorr  To and

Ho a i re the respect ive absolute reference temperature and moj-s-

ture iontent ,  f i  are the body force componentsr fand h are the

respect ive heat  and moisture supply .  The st i f fness tensor  
" i ior ,  

I

the s t ra in- temperature tensor  p l i  and the s t ra in-moisture tensor
t

J . , - *  a re  s l r rn l y re t . r i ' c :  t enson  f  =  
" f . - .  

(
r - l  t  ' - I e L / . c :  t € r l s o r s :  

" i j r . r ,  
= . k h i j  - j i k h '  

| 3 i j  
=  

f  : i  ,
. (  , t

" t i j  
=  *  j i

(.
The coef f ic ients  are kr ,  -  the termar conduct iv i ty  tensor ,

the hygroscopic  conduct iv i ty  tensor  ,  c  
(  

the speci f ic  heat

constant  deformat ion,  b  
t  

the speci f ic  hygroscopic  capaci ty
t

g  the  mass  dens i t y .
) -

We look fcr  Y-per iodic coeff ic ients in the var ia lbe y = 
i  

:

' i j r . r ' ( * l : ' r 3 r . r , ( | l  ,  p i i t " l =  P r . t ( i )  ,  * i , ( x ) = u - ( i ) ,

t  r t ,  { * ) :  k i 3  t } l  ,  u r ' j  ( x ) ;  d r - i  ( : ) ,  f t ( x ) :  f  r f l  , " r ( * ) 5  c r } )  a n d

ur (*):. o (i)
'  

The boundary condi t ions on l '  are:

t
d .  .r l

at
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] = o
n  a t

Q w

? x :
r  - - (() t7

( 1 . 6 )

r  i n i

I . 3 . Try_o": s ga I_g *sympgo-tic_pg:-.cess

In  order  to  s tudy the asymptot ic  process {  -> 0 ure consi t ler

t h e  c l a s s i c a l  e x p a n s i o n s  [ t , Z J  z

I

L

r ' € r
L 9 J

[  0 ' J
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t n ' l
g  

- ( x r t )  =  g "  ( x r t )  *  t  g t  ( x , y r t ) +  o  o  i

0 t ( x r t )  =  $ o ( x r v r t )  + t . 8 1 ( * , y r t ) +  . . .  ( 1 . 7 )

H t ( x r t )  =  H o ( x  r y , t )  +  t g l ( * , y r t ) *

where y  = I  and a l l  funct ions are considered to  be y  per iod ic  wi th  
f- (

respect  to  the var iab le y .  The , two-scale asymptot ic  expansi_on j -s
,t

obtained by consid,eri irg that the dependence in x is obtalned

directly and throi-rgh Lhe variabre y. The derivatives must be

considered as

:g- 
' )  

*  f  ?.-
d * i  '  

o x i  t  i i i

and then

ei i  (9)  =  t i  j *  (9)  *  
,1" ,  jv  ( I )

F r o m  ( 1 . 5 )  w e  h a v e
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2.  MACROSCOPTC EQUATTONS

q3

2 .I.  Mgclo.sgopic }?,l?ngg o€,_qor.ngntum

in order  to  obta in the nracroscopic  equat ion we use (1.7)

a n d  ( r . 8 )  i n  ( 1 . r )  a n d  ( 1 . 6 )  a n d  w e  i d e n t , i f i e d  t h e  s u c c e s i v e

p o w e r s  o f  € .  A t  o r d e r s  f - l  a n d  € o  w e  h a v e

f r ? ;
t- -1-63;  =  u  (2 .1)
,)

? c ?* r  c l*  x2r?- - - 4 J +  ' J - P ( V ) + - - f *  ( 2 . 2 ). * j  ? Y j  l ' ' ' , 7 y 2  - i

The mean operator

: = f l , u o ( 2 . 3 )

app l i ed  to  (2 .2 )  g i ve  us  the  macroscop ic  equa t i on  o f  ba lance  o f

momentum:

r l o  ^ Z  ou e  
i - i  d  d  u . r
' ' )  

-  A  L

"  
x -  

- i  
; 7 -  

=  - f i  { 2 . + )
J t

n-glngr i :_2.1.  The equat ion (2.4) j -s the c lassical  homoseneized

equat ion  fo r  the  l inear  e las t i c i t y  (Z I .

2 . 2. Mg,gf-g.-.cgpic .co*qugrivirv re.ns.g_rs

F j - r s t  i t  i s  n e c e s s a r y  t o  o b s e r v e  t h a t  t h e  e q u a t i o n s .  ( 1 . 2 )

and  (1 .3 )  a re  o f  t he  same t ype .  As  i t  usua l r y  happens . i n  homoge-

n i z a t i o n  p r o b l e m  [ t , z J ,  $ o  a n d  H o  d o e s  n o t  d e p e n d  o n  y .  u s i n g

the same computat ion as in  the case of  l inear  thermoelast ic i t l r  o f
' n

compos i te  ma te r ia l s  [ : :  we  ob ta in



f \  n c

t  a v
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x;

J

I

lkt ,  tr l
' / v( )  A r  -1

+  - - ) l  -
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[ . . t u

r.l 'r n)

?  d * ^
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? Y e '

( 2 .  s )

( 2  . 6 )

( 2 . 7 )

( 2 . 8 )

( 2 . 9 )

( 2 .  1 0  )

and

oi:#r: + lor" (v)H J*

0 1 ( *  , y , t )  =  r j  o l $  .  c  ( x , r )

.fr,J=.i,#
Lr  , - . , ,  0  r r j  1*
L* ie tY 'TF ;  J

, y  , t )  =  h j  ( r )  ,? I :  *  c  (x ,  r )
, ^ j

l i

l q . .
L  a l

. oo .  ,r - l

I
H *  ( *

where
' i j =0 ,

of n|*,  {v) , with fr l=Ow j

o f

and ir l .  are the sol-utions

the equat i -ons:

F,nrofc+#,* =J

[u,.(o)Jl] 4ft.,

(Y)v e Hf, . r tv l
d R .

t-e
9d/ ( 2 .  1 1 ), l v

" ' e

(

Y
(v)  f  e  u lu ,  t " l  Q.  L2)

nSS-qqL3.  Z.  The macroscopic  thermal  conduct lv i tv  tensor  k9 .- r- l
and  the  mac : :oscop i_c  hyg roscop ic  conduc t i v i t y  t enso r  d? .  a re  d i f f e_

rent  f rom the s imply  mean values of  the microscopic  tensors,  and

t h e y  w a s  o b t a i n e d  i n  c l a s s i c a l  w a y  i Z , S , d J .

2 . 3 . Mggrgq q opi c* .g,qls t"+ !u.!+ yg. eg rl?!,lqn_

As  in  the  case  o f  t he rmoe las t i c i t y  o f  compos i te  ma te r ia l s
, . ^  '
{ 3J  we  mr rs t  re tu rn  to  the  equa t ion  (2 . I )  named  the  l oca l  equa t i on .

U s i n g  ( 1 . 8 ) ,  t h e  e q u a t i . o n  ( 2 . f )  t a k e s  t h e  f o r m



3
\d

+ ["r,*(v)9o.rrg'r] = 1.,*,-",ry - I o 
+ "' # (2'13)

or  in  the  var ia t iona l  fo rmul "a t ion

(

J "rr*(v)e*ro(gt).ijy(y)dy 
: 1,o{,ro) Jry" .,

r ' t a  
^  (  $ J . *

o o 
L ̂ tv' dv-Ho 

) f idv (v) "eHf;.' tv)

r f  we  de f ine  Eon .  " ] " r ( v ) ,  
O  €  H ie r (y )  and  (eH | " r t v )  ,  w i rh

' - . .  N  P  
Y

W K h = g , @  =  0 ,  *  -  0 ,  s o l u t i o n s  o f  t h e  e q u a t . i o n s :

j ", j'mr, (y) 
"*r,y 

(wkh) "i. jy tyl ay=J $ryO"ruo (Y) ve Hf,., (v) (2. r5 )

{ ", jmn (v)"*,.,o(Q*i jy(y)uo= j {S"ruo ( v )  g € H f , e r ( Y )  ( 2 . 1 6 )

[  ,  r  ' ] / r *

;  
' r jmn(v)"*r , r ( { ler jv(v lur= 

J *F"ruo 
(v)  ve u}u ' tv l  Q'n)

t h e  s o l u t i o n  o f  Q . L 4 )  i s

- 7

gr (* ,y, t )  ="kh* (go)ryon- 0 "@ - ual

abstract ion of  a  funct i -on dependinq on x  and t .

Us ing  (2  .  18  )  we  have

( 2 .  L 4 )

( 2 . r 8 )

"n* 
tgl ) =%* tgo) 

"rr*y d*l - 0 
o.r*y (@ ) -rfer*o t 1l

o ?j-i:*,. I I* rnr,*n*y dql"** {,,o)-

- 
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and  app ly ing  the  mean  ope ra to r  (2 .3 )  t o  t he  l as t  equa t i on  we

obta in the macroscopic  const i tu t j -ve equat ion

Fi:=" i3on;f ln i  i :  a"  * i : *o (z.Le) i

w i t h :

o N i - r a

"i i t t =ti3rrr + itr j*r,t*,ro tufhlJ (2  .20 ' , )

a r ^ / i r u ' v 4 )

{3 Ii= {]ti* Ltii*..,"*.,y 9) J 
= fil* [[t*.,"*.,y tui j lJ

. n / v N a V . \ - ,* ii=Ji jn l"ii*nt*r,y (.)J = J iJ* [rmr.*r,y (ryi j I J

( 2  . 2 t )

( 2 , 2 2 )

5smlb-*- ] .  The macroscopic const i tut ive equat ion (z.rg) is

a lso  l inea : :  .  (2 : ,2Q)  i s  the  macroscop ic  s t i f fness  tensor  ob ta ined

f l rs t  in  the  c lass icar  l inear  e las t i c i t y  [z \ .  The macroscop ic

s t ra in - tempera t "u re  tensor  (2 .2 I )  and the  macroscop ic  s t ra in -mois -

tu re  tensor  (2 .22)  denends a lso  o f  the  mic roscop ic  s t i f fness .  The

e q u a l i t i e s  ( 2 . 2 I )  a n d  . ( 2 . 2 2 )  r e s u t t s  f r o m  ( 2 . I 5 ) ,  ( 2 . 1 6 )  a n d

(2 . r7  )  by  tak ing  as  tes t  func t ions  succes ivu to  gkh ,  @ and x  and

using the symmetry of  . i i * . ,  ,  f ' r j  and .1.  , ,

2 . A . MggT -oji c€"p i c .s g F a l i o-ls _ f.g r.,*Smps.r a !-u,r g*?n d .moj! s r ur e

F r o m  ( 1 . 2 )  a n d  ( 1 . 3 ) ,  u s i n g  ( 1 . 7 )  a t  o r d . e r  f  
o  * "  h a v e

the equat ions i



+ [u,, tor,fr.q,J **ta,, (v), ? t t * ? n ' , '  I' o * j  
a y i ' J

a  A , . O
\ CJ .EI

o  ^ a E

c  X A  o  1

" d  f  . - = ; 6  -

as in

where

,1 0' . t  6

^  o  " * i i
l ,  i i  . . - , +
I  + J  C  u

( 2 . 2 4 )

( 2  . 2 s )

(2 .26)

( 2  . 2 7  )

( 2  . 2 8 )

? e ? '
" o d i j ( y 1 * . f - f  

-

f f  we take the mean

i ^  ?
Lr  ) ,  tne  macroscop ic

,1 ,,o
b (y)*+ = -h  (x)

v a l u e  o f  ( 2 . 2 3 )  a n d

equa t j -ons :

( 2 . 2 4 )  w e ob ta in ,

* 'o : ,

)  , - o  ? u o .
: : : -  (d.  , -=:_-)  -H' ,  * i  .  tJ ' i  xJ --o

^ o o
I  o  ' - i i

O( 1 +4 )  a /  v

r  4 , , o
(b-Ho) ) f.l-+H

Q 0 0
\ F

-J :L '
,i x-l o

J

4 .  f l g o
( c - T  d )  I , '  + T

o  ' l L

tr = [{} r:'rrv (Q

5  =  iP r : " i j v ( { = i r i jo i iy  ( ( t  )J-

r l
t J

. l) J

|  =  
i J t l t i j y

r l ( 2  . 2 e  )

FgIg* .  ? :  a  .  The macroscopic  equat ion f?r  the temperature

(2 '25 )  con ta in  the  t ime  d .e r j - va t j - ve  o f  t he  mo is tu re , .  and  the  macro -

scop ic  equa t i on  fo r  t he  mo is tu re  concen t ra t i on  (2 .26 )  con ta in

the t ime der ivat ive of  the temperature.  Then we have a complet

c o $ p l e d  s y s t e m  o f  e q u a t i o n s  ( 2 . 4 ) ,  
. ( 2 . I 9 ) ,  ( 2 . 2 5 ) ,  ( 2 . 2 6 ) .  T h i s

system was obta ined for  the f i rs t  t ime by chung and Bradshaw is l

us ing  the  c lass i ca l  t heo ry  o f  mechan ics  o f  con t i -nua  and  the

thermodynamic rest r ic t ions lmposed by the entrony inequal i ty .  11

that  case the macroscopic  coef f j -c ients  must  be determined by the

e x p e r i e n c e s .  T n  o u r  c a s e ,  t h e  m a c r o s c o p i c  c o e f f i c i e n t s  ( 2 , 6 ) ,  ( 2 , g )

( 2 . 2 0 ) ,  ( 2 . 2 ! ) ,  ( 2 . 2 2 ) t  ( 2 . 2 7 ) ,  ( 2 , 2 8 )  a n d  ( 2 . 2 g )  m a y  b e  c o m p u t e d

di rect ly  s tar t ing f rom the microscopic  va lues ln  the matr ix  and

( x



1 0

i n  t he  i nc lus ion .

3. THE CONVERGENCE THF]ORBM

T h e  e q u a t i o n s  ( f . f )  ,  ( I . 2 ) ,  ( 1 . 3 )  a d m i t  a  u n i q u e  s o l u t i o n
r < f

( g t ,  0 ' r H ' ) .  r f  t h e  i n i t i a l  c o n d i t i o n s  a r e  z e r o r  d s  i n  t h e  c a s e

of  thermoe las t ic i t y  La , l  J  r "  have:  there  ex is ts  ( l r * ,  d  
* rF Ix )  such

t h a t  u  - - >  g x  w e a k l y  L n  t " 2  ( 0 , T : l t r ( ) ) ) ,  $ f  * u  g * w e a k l y  x  i n
^ -

L 4  ( o , r - J ;  H r  ( 3 . )  )  ( y )  J .  >  0  a n d  H  t  * t  s *  w e a k r y v i n  r , 2  ( o  , T - l ; n r  ( o )  ) .
T

r e t  h ( f  ) :  f  r r t t ) f  ( t ) a t  f o r  a l l f  ,  
" ; ( L o , r J ) .o

Theorem. <  ^ 2  f .
L e t  ( g ' ,  S  , H  )  b e  t h e  s o l u t i o n  o f  ( t . I )  ,  ( L . 2 )  ,

( f  . 3 )  w i th  homogeneous  i n i t i a l  con t l i t i ons  and  ( f . ,T , f r )  e  f , 2  {0 * )  x

x  L 2 ( e  T )  x  n } t d  r ) ,  
. Q r  =  [ o , r ]  * 1 .  L e t  ( g o ,  n - o , " o ,  b e  r h "

s o l u t i o n  o f  ( 2 . 4 )  ,  ( 2 . 2 5 )  ,  ( 2 . 2 6 )  .  T h e n

We shail prove that g*=qo , 0 
*= 

6 o and

c lass ica l  methoc l  o f  i rJ ,  we de f ine  the  vec tor

ccrmponents w u ,= Ir-o*n * r 4h til , *r,ur" #h is
( 2 . 1 5 ) .  F o r  ! v  €  r *  o b t a i n  t h e  e q u a t i o n

w e a k l y  1 n  T , 2  ( o , T - 4 ; g 1  ( n  ) )  ,  ( y )  4 >  o

H^=H" .  Us ing  the

w ( ,  w i t h  t h e
* t

the so lut ion of

{ o
U * ) U -

; ,  ^  oc

H t  * t  H o

l
L
t
)

Proof

l L
l c .
j r-lmn

JL

equat io

"*r, 
(g 

r) . i j  (v) dx = 0 (v )  ve  r ,2  (o  ,T -J ; l l1  (z )  )

The n  (1 .1 )  i s  equ iva len t  w i th  the  equa t ion

( 3 . 1 )



1 1

a
Y

(  <  L  .  (  t  9  (  t  n t

) " i i r . r , " x h ( s -  
( f  )  ) e t i  ( v ) d x +  

l f  i  ( ? ' ) v , d x -  
\ f  r i  S "  t y ) e i j  ( y ) d x -

JL

(

] { r i t  
( f ) e r i ( v ) d x =  

) f i ( Y ) v r d x  
( 3 . 2 )

n
W e  t a k e r  d s  i n  [ Z ] ,  r i = r i ( F l  V  i n  ( 3 . 1 )  a n d  v . = w ( f y  i n

(3 .2 )  w i th  V  e  c l tn l  .  By  subs t rac t ion ,  tak ing  in to  account  the

symmetry of  the coeff ic ients and passing to the l imi t  wi th L-z o

we obtain

-,r( /,.,,r -^o ? uf trp)
u ij ,r, -,i lffr--T-{ I P:.,-,t:.rro (ryti ) J B  x t p )  -

idr.i.t,.i,o 
(gt j ) ] s* (P )

,a x7

( 3 . 3 )

u ^ . ^ ^  -  *  ! t ^ \n e r e  u  i i  t f  t  r s

we used the fact that w " .  -)
t l -

we l l  known  resu l t :  i f  f  ( x , * )  i&
r

tux , )t  ( x , 7 )  +  f  ( x )  w e a k l y  i n  L ' ( - ? ) .
e

passing to the l imi t  wi th L s 0

ver i fy the equat ion

?  n  ? " f
-  (  1 "  t ' 1

4  * j  ' - i j k h  
n  * h '

{jt, . i; khekrry 'w' j 'J 
I

4 --xv l l

the weak l imir of .. ' . .  .  
? 

i i l - f ]
] . lKh  ?  *h
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=tP ( f )  and ! '= t {  t f l  .  Now we take y= gt f  in (3.2)  and

:=gt . . f  ;^  (3.9)  wi th 1 ,  Cl t , r r l ,  substract  i t  and pass to the l imir

with e *) 0 (note that gt, O strongly in 1,2 (l) ) . After that we
' t - t : p

take  y= f -  j "  1n  (3 .2 )  . r ,d  , r= r . r *  in  (3 .10)  w i th  f  e  e l tO l  and

p r o c e e d  a s  b e f o r e .  T h e n  w e  o b t a i n ,  u s i n g  ( 2 . 2 L )  ,  ( 2 . 2 2 )  ,  ( 2 . 2 7 )  ,

( 2 . 2 8 )  a n d  ( 2 . 2 9 )  z
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I  
( f l=  p?: . r j (s* l -  ^{  $ * 5"n ( 3 . t r )

y  (y )= /  i : . i i  (g* )  -  , \  u  * -  [  0  n  (3 .  12)

T h e  e q u a t i o n s  ( 3 . 5 ) ,  1 3 . 6 ) ,  ( 3 . 1 I ) ,  ( 3 . 1 2 ) ,  ( L . 2 ) ,  ( L 3 ) ,  a s

t  - >  0 ,  i m p l i e s :

)  , - o  ? u *-tE tall-5{) -uo*ii"ri (gn') +uo,\H*'iHof '$*'-in*r=-h ( 3 . 1 4 )

T h e  e q u a t i o n s  ( 3 . 4 ) ,  ( 3 . t 3 ) ,  ( 3 . 1 4 )  h a r ' . i n g  a  u n i q u e  s o l u *

t i o n  a n d  t h e  c o e f f i c i e n t s  b e i n g  t h e  s a m e  o f  ( , f  . f ) ,  { l - . 2 ) ,  ( 1 . 3 )

w e  o b t a i n  ( * * ,  $ * r H * ) =  ( r o r  0 o r H o )  .

4 .  CONCLUSION

A composi te  mater ia l  subjected.  to  hygrothennomechanic

loadings has been invest igated.  The obta j -ned macroscopic  eoua-

f ions and the macroscopic  const i tu t ive equat ion,  are of  the

same type as those obta ined by us inqr  the c lass ica l  theory of

mechan ics  o f  con t i nua  [5 ] .  The  macroscop ic  cc le f f i c i en ts  may  be

ca lcu la ted  d i rec t l y  by  the  exp l i c i t e  f o rmu la  ob ta ined  he re .  f n

,_- t

L5_J a numer ica l  example was studled,  consis t ing in  a composi te

wi th  graphi te  f ibers in  an epoxy matr ix .  fh9 conclus ion of  th is

example was very expl ic i te  " the ef fect  o f  temperature and moisture
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i s  s- tgn i . f icant  in  the deformat ion ancl  s t ress f ie ld , , .  That

just i f ie  our  r igurous mathemat ica l  deduct ion of  these eguat ions.
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