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FUNCTIONS HAVING THE GRAPH I B°

by Serban BUZITFARI and Cristian CALUDT
We characterize the number-theoretic functions having the grarh

in tho nth Grzegorczyvk cless %%‘W Trﬂdcofﬁu betweor: the CO“ﬂlOYIt

of a functlon end the complexity of its gravh &re'analvsed. As an

arnllcatioa we vprove that some well-known recursive bui non-primitive

recursive functions of Ackermann's type have elementary graphs.

1. PRELIVINARIES

N

Tet IN ={ 0,1, 2,..0} be the set of nftural numbers, A1l fune-
tions will be concerned with are number-theor etic, ise. they gre de-
fined on M (1eNN0}), end they take qaly natural v*luo&.

Given a function f :ﬁﬁ' «mwaﬁ¢ , we pus: Graoh{f) {( 11 ¥pscees
o v) e s ﬂ‘l 1 &P SURMN v, )=y 3, range(£)={f(xy, %5y 0u . *X;:) L:f-:l,;x:?, Sy
%,)& N }u For every subset ¥<N K we denote by % :IN £ s $0,1}
its characteristic function.

D&na%e‘by‘%rlthe nth eclass in urzw;wrc yr's hierarchy'[SJ.
Fach cluss ‘%ﬂ'centﬁins the functions snn&iwméﬁ¢ 56(0)=0, sg{x)=1,
for x> 0, * N N, ¥ 2 vemax(x-y,0), eo: RJ ww§~{ﬁ,1},

eqa(x,x)=1

+ ealx,y)=0, for all x,yéN,x # y, and it is closed under
L i . n

limited minin zntlan, The family of predicates in § , denoted by
n : e e

%%Y, is closed under Boolean operations and limited quaentifiers.
x

The third class ‘g3 coincides with the 61uos of Kalnmdr elementary

functions: it contains the functions pn:l ——>WN, mn(x)= the xth prime

(pn(0)=2, pr(l)=3,ec4), exns N ° el exp(n,x)= the exponent of the
5% e d1r The i ) w Ao mrryad T L i ' 1 o aN,“W; \3

nth prime in the prime factor decomvnosition of x, long :b >N,

lonz(x)= the greatest index of 2 prime which divides x, and o pai-
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- Diw

ring functwns (F: B8 —308, 7, TN —>N), nﬁ it is closed under
limited gummation end muliinlications
Pinelly, for each function f: | K sY we dencte by %1(3*?} the
5 : o ' n L
smallest cless of number-theoretic functions which contains = u’tf}
end which is closed under ligiited primitive recurs 10 1 end functional
composition. We say that the function F is elementary in £ fn case

re®3(e),

For these well-lmnown facts see [8],[12],[18].

b 3 THENIIT.MM
2'. MAIN RESULTS

We begin with a necessary and sufficient condition enssuring

thot a2 nunber—~theoretic funcition has the graph in ‘% +

Theorem 1. Tet Pl -——>IN  be an arbitrery function and n & na-
tural gusber. The following assertions ere ivalent
8) There exist three {functions »,hiN~>8 and ?3‘.:&:32 —>§ 0,15
21 9, b . gom s £ - a oy o
in ‘g5 such that for everY natural x one has:
1) };,jy‘[?i('_‘{@,‘j) = 3.){: p(F{x)),
(2) #(x) = p {M [R(x,¥) = 1]).

Proof. va) == b)". Assume the existence of the functions p, b

s 3 =
and B in § setisfying (1) and (2). Ve shall prove thait for all
neturels % snd 2 one has:

: iz
(3) xgz’!"ﬁﬂ‘?@(??) (:‘E!U “*?&(JQ‘Q(N"? [ {4’,*\?) 1])) { \\; "'(&Q })
) e "u( “) 'yym
Suppose first that X crapn( ) (x,2)=1. In view of the hypo-

thesig end (2) one has: z=F(x)=n( ,u 7 [ %, ¥ ]%* }(Av} ""(X,fy}wl:iﬁ

i.e. safz,p{ Py e xgv) 1):« 1o PO '}x,r;;:caro,- again by hyvothesis and

bz

o Pt w20, y)=1) 4 b(F(x))=blz), i.e. ¥x,y)=1, for some natural

L.“
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0£y<blz). so, VW R(x *?)-
N

Conversely, assume that the predicate in the'right»hand side
Of ( ) 3—‘1 % 11@, j..eq
(4) 2z =p( my [R(x,y)=1 ]}s
: b(z) ‘

and
(5)  Ri{x,y)=1, for some 04 y<nlz),

In view of (5) and (1) we have: fzv)[ 2 x ,y)~&3 /M"[ (%, v)=1]=

s [ 2(x,y)=1]. Hence, by (2) and (4) we obtein: F(x) =
= ?’( Ay [ H(xy7)s lj)"ﬂ( f(‘ff)[“(ww)wj])““'

To finish we notice that formule (3) guarantees that
v n
%uxm* ") Al ‘g}{ . {}—.};/ .
! :
") = a)n, Toke n{z)=0{2)} and “(x,y)= ﬂaﬂfm“h(w}(x,y), for
. . : BRSNS

0

all naturals #,X and y.

: 5 N
Remarks. 1) Condition @) in Theorem 1 mer@lv 8oy ﬁhat fa case
we write ¥ in “leene's Hormal chm (sce [13], [v])6 the mininizstion
operator is bounded by a funct ion in %én( "Ye In.other words, in a
suitable Rlum space ([5]), the complexity of F is bounded by a func-

3 3 ¢ AP S 4
tion in Z (7)s see also [4],
ii) Clearly, if one of the equivalent coaditions a) or b)

holds, thea ¥ 1° recursive

.
174

iii) Theorem 1 con be eaeilv extended to functions FelN© N |
T to ?@wrﬁﬂvﬂ“%é complexity ]? ses,

Thoorem. 2. et PilN-——>IN be an arbitrary bounded funection,

g 5 o5 ' 2 RN 1
and n & natural number. Then, Fe&g iff OC apn(7) Z
& _ r’
Proof. If range (F)= { ot %1yo..,uﬂ} s Then 'we consi Qer thn par-

tition (‘A"i)(_‘)(‘idf;‘; , A -"{(Xs" )1 b”")i( )} of Y"/‘"“"h( “)‘



-»4»&

If veé ‘g“, then X, (,i)(x',z)zeq(l?(x).,z) is in gg « 20 OT1=

Iﬁ.ayﬂw
" 3:‘1 . b m 4

£ %G'wamh( ") é—‘g:;, then Zif(x)m/ay[ _\/ Zﬁw { }i.ny}ﬁL!n] s where

, raph( ¥ &t Sl il

a=max(e y0, 000, )s Clearly, ecch predicate ﬂfﬁiCX,y)m

fufa

verseky,

L
-

=eq(y,o. %rzmn"‘( Yy (X,¥). d8in ‘gf ;o ond Fé"gﬂ,, i ]

p i

- Corollery 3., Tvery bounded funetion P: N —>E hoving 2 primi-

tive recursive graph is itseld primitive recursive.

Proof. Direetly: from Theorem 2. 5 : ol

Corollarvy 4, Tet P:IN ww@b{@,l} be an erbitrary predicote,

)éggm ‘gﬁw

‘iciv recurgive

Graph(?

:

b) The predicete P is recursive ond non-nri
) is recursive and non-primitive recursive.
?roof. a) By Theorem 23 b) is a consecuence of a). Cl
Remarks.. 1) Pollowing [8],[20]), for every natural n23,
1’1 :‘?ml i 2 ‘ 4 Y ] ° . -
b \T@ # Pe It i9 an open r%o;lpp whether the gtriet inecluasion
lies between the three smallest Grzegorezyk classes (see [1OJ §C7]).

'y

xemnles of recursive znd non-primitive recursive pred dica

s of
2
&
o
Ay
!5;
B
9
199
>3
3

¢ oblained using Rabin's Theorem ([14],[5]). See alsc Re-
mark iv) following Qarallary Yo

iii) The nredicates occurring in Cc?ollary 4 do not apblwfw

PO TR | ) O % g = B i 5 Ty P .
he hypothesis of Theoren 1.

e use Theorem 1 to prove that the graphs of some well-known
rapidly crowing functions of ickermenn's type arve clemenbery.
Péter function A: N
ecuations ([1),[23],[5]):

(Y A(0,%x) = %41,

{?} ﬁ N+1 }> P ﬁ(m91}9
(

8)  Al{nsl,x+l) = Aln,Al{nel,x)).

¢ T
The l‘ olrermant-
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We recall the following well-known fact, which can be easily

proved by induction on x znd n.

'.fA

Lemme 5. For all natursls n and %, the expression Aln,x) can

be evaluated 10 a unigue natural number by means of a finite nunber
of rightmost anplications of eguations {&)=(3). m)
Theorem €. There exists an elementary predicate R:E§3~ww¢{gwi}
such that for all naturals n and x, we have: |
(3 A(nyx) = exp(O ,}VV[ ..... ,4,y) 1) .
Proof, Following [8], we shall oncode end decode the computa—

tion of 4(n,x) by means of the number

e X )

£~ o 2 -fi{j,h

vn(0) ~TT§W(J(1:3»

where the product runs over all pairs {i,J) # (0,2}, such that
Aligd) ¢ a(n,x). To this aim we shall congider the elementary func-

- Al )] - j
tions fi1IN- —>N , f(nsx,y)=exp(J(n,x),¥), snd P: N~ »mea{ﬁ,l}

(10) Pln,x,v) = E}(n)gr(f(n,“fgv),X—Ll)+ﬁs‘“(ﬁ\‘:‘(‘)Sg{ffﬁ”f"}-r

[S

x+1,v) ) ceal{fln, %, ), flnsl,x+1, 5} )+aaln).
sg{x)sel{f(n,x2L,v)) - sg(f{n2l, Hn,x21,v)sv) ) -
eq(T(r, %, ), F(nsl, f(n,x>1,v);¥v)).

.

Finelly, put

¥

R(n,x,y) = sg(fn,x,y) )ea(£(0,0,7),f(n,x,¥))-
lonz(y) ' |

T T selEa(e(r(+),1(8),5)) +

t=1
+PORCY, Tl ) ) ) s

Internedicte 9ten. Assume that R(n,x,y) = 1, for some naturals

:‘,7) ,‘é ::n.:jg then .i\( .:))g‘;k't>)‘"'n( (z,,,n('ﬁ),?}')»

Sunpose that B(n,x,y)=1, and £((t),L(t),y) # 0, for some

n,x, and v. Then, for every natvral 1&t¢longly), if f(?(ﬁ),&(t),



b ;
l.sisglbﬂﬁ(y)e In flow of the construction of R, s sg( £(x(£),T{t),y N
e P(R(T),T(TY,3)) = 1, ‘It follows that PIK®,%(%),v) = 1, because
FR{E),L{t),¥) # 0. We shall prove, in a double inductive way the
relation A(¥W(1),L(t)) = f(K(t)EE{ﬁ)gy)a to this sim we shall anaiyﬁé

three coses (corresponding to eguations (€)=(8))«

i)} If %(t)=0, then h:‘?"(':-.-i(‘i:),f&(‘iz ;5;}::eq(f(?i(t),]ﬁ;‘(t)‘,y),
L(8)41), teee £C(E),00%),7)=T($)+1=A(K(%),L(t)), in view of (€),
1i) I ¥(£)40 end L({t)=0, then (according to (10)) one hes:
f(f‘i(“'G)fw'_?“,}}(‘t)-v;l,j,f)> 0, end f('ﬁf(i:),LH:)pY)mf(?I(‘t):-],,3?;(’&7)4-.1,‘}')'. Using
the induction hyvothesis and (7) we haves A(%(%),L(%)) = A(Z(t),
L(8)+L)=F(R(4)21,T(t)+1,y)=F n(ﬁ},d(%),y). |
i34) 1T i{t}ﬂ(%) £ 0, %hen (by (10)) we h&ve:zgh(“),u(i‘«ﬁ vi»0
FIR(E) L, £(2(1), D)4, y) .7} > 0, amd £(B(6), L()iy)= £(K()21,
£(E(%),T(5)~1,¥),y). Using the induction hynotheqiw end (8) we gebs
ACK(S), B05) ) =A(%( )21, A(E(+), D(4) 1)) =A(R(£) 21, £(KL4),T($)21,
N =F0(A) 2L, POUE) , T B) 2L, y) , y)=F(¥( 1), (%) ,y¥) s thus finishing the
proof of the Inte rmediate gtep. ' :
Pinally, ﬁe notice that Torrula (>W follows from %he in%gwm%w

diate sten and the fact that for 2ll naturals n and x, the num ber

»
p
~~
i
o
s
e
Snc®

(11 ¥, , = vn(0) .]“T (Jc«.a))

where the product runs over all pairs (1;3) # (040) fox which

A(i,3) is used in the rightmost computation of A{n,x), is the least

@

natural satisfying Rin,x,v. _)=1l. (Votice that the above product is
N e

finite in view of Temma 5, and that for every pair (n,x) # (0,0),

4(0,9) is not used in the rishtmost computation of A{n,x).) o)
Lemark. Formula (2) enssures the recurs Jewﬁ3J of A. See also

Remark ii) following Corollary 3 below,
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Theorem Te There exists on elementary function bilN——» N

~that the function A can be f@ﬂrﬁnnp+V' ag

£12) . A M,$) = GXﬁ(ug Ay R {pcas) w 103,
| blA(r,x))

Proof. Ve she 11 esteblish an elemerbe ary bound bB:N--—3 N such

that for all naturals n end x one hass
13} ay(Bla,2,¥) =3} < blaln,x)).

{0 this aim we consiruct for each peir (n,%) the rnatural num-

A, x) A(L,3)
v = p{C) ’. wn{d(1,3)) ’ 3

where I v”{ (i, {ju& la{m,g) én(m,x)}-, In view of the mo-

’\‘ l'
LV
% o
]
3

notonicity »roverties of the Ac! cvmava oy function {(Aln,zhmix(n =,

ey

e hag y e
e ‘*n,xzyh,x(ﬁn,x

ol

. E & . P o o
guarantees thot the elemantary function

(2413202
{‘"} = (QFJ{ iz ed}) iy 5

#

satisfies {13). Accordingly, formula (12) is & conseguence of (2)
and (12), &

15 et Y sinaar 02 4 y EL2 e St
Corollary O, Ackermenn-Péter's re @f,ﬁvc (Pnd non-primitive

s . T L® 3 i " : il 1,
recursive) funetion hog on elementary granhe

Theoren 1 {gee {13)-2nd {32)). e Ej

Corollayy A, Ackermanney

terta function has an elementa:

i

5

PONSE
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- Proof. We have: ?'ravgefﬁ)(J) = %%ghg”) xﬁrenh(ﬁ) (ny%,¥).
i = , i £ E:‘

Eﬁg@gﬁg. i) Using CBdel's ﬁ funetion one can construct two
functions pripg—sMN , BTN mwﬁ>{:,1) A Eg such that
Mn,x) = ar(/;v[ F(n,%,y) = 1]). We are unable, howover, to esta-
blish & bound b in ‘gﬂ, which would guarantee thet A has the graph
in 2%2 ,

'Pur%hermore, a minor modification in the structure of the
prédicate_ﬂ sives a singleféld exponentially diophantine representa-
tion of the graph of A (see [11]). \

ii) Otheyr well~known ncn»nrlmiﬁive recursive functionsg, e.g.
Ackermann's originel function (1], Sudan's function [1€],[5],
Grzagorczyk's function [8], Lob-Wainerts function [12] also satisfy
csnaltiva a) in Theor eﬁ 1; they have elementary graphs oand ranges |
as well,

iii) Corollaries 4 and 8 offer an examnle of tradeoff bet-
ween the property of a function to be "honest” iﬁ the sense of
Blum's theory of complexity [5] ieee the rate of growith of the
function "reflects” its omplexi%y, end the property of & function
to have "honest graph", i.e. the graph of the function_has the same
éomplexi%y as the function, A pre@icate in %?2\752"1 is dishonest,
but, in view of Coroll&fy 4 has a honest graph..Convereely, Acker—~

nann-Péter's function is honest, but has & dishonest graph (Corol-

lary 8).

(0]

The difference between the complexity of a fu: netion and th
comnlexity of its graph is diacxgséd also in Varkentin's thezis [19}9
as credit in &3]

Fuﬁther evamples of func%ioné having g dishoness graph are:
x+y ig in ‘Zl\‘f: » but the predicate z=x+y is in &2, xy is in

2 el : . - Iy
% \Z ut the predicate z=xy is in %;’, [_10-_5.,
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iv) In view of Corollary h), 1% is morve difficult to otiain
an @Vé‘pl( of recursive end non-prinitive recursive predicete tha
a corvesponding examnle of function (see Corollaries 8 end 9).

Furthermore, if we denote by gln,x,y) the Grzegorcayk funection Eﬁjg

oy

we clain that: o) the predicate z £ gln,%,y) is in ‘g}l\‘@ for

-

every fix ced n nyé, ﬁ) the pre&icaﬁe zé;g(m,xgy§ zg‘net primitive
recursives, Eﬂﬁeedg we use the fact that the g?&ph of g is elemen~-
tary and G?ﬂﬁ”ﬁf@&“k’ﬁ Theorem of characterigation of the p 6 cates
in %%ﬂ (Theorem 4.10 in [8]). Accordingly, there is & @evasﬁingvdifn
ference between the predicates z = gln,x,y) amﬁ,z:ggﬁm,x;y)s the
last predicate does not grow ﬁon rapidly, but it requirés_teo
many values 4o sgearche.

The above vesults can also be deduced fmu the fact (credit
in [10] , to [6]), thet the predicate z = g(n,x,y) is rudimentary
for each fized n20. In this respect it would be interesting to
érove thet the predicates y4 A(n,x) (or y<! (n, )y ¥ Aln,x)) are
not primitive recursive.

v) Papticulerly interesting is ﬁh@ result (credit n (107 %o
(3]) that the predicate z = ¥ is rudi mentary, heace, in ff L9 ]
(x¥ is in '%3 \%S‘o In view of a result in [2], it follows that
the exponential funcition 7 naé a graph polynomially computable in
& varient of loon-programs, “Cuessing” the correct value 2z, implies
the 90331 ility of n)l“ﬂkauily conputation of xyg because the com-
putation reduces to the verification of the relation z = X, A
{weak) sort of the famous problem P = IP sriges and motivates the
rlausibility of the conjecture ?'ﬁ NP, In fact, encloguous problems
for each class %31 (n20) can be similarly ¥ackled.

'vi) mhe contewt-sensitiveness (and, in particular, the prigiti.

ve recursivencas) of the graph of Ackermemn-Péter's function was

proved in {13] and [1739
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