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FiJiiC?I*lTS Hfilf3i,i$ tHr. iiRAFit T$ Bn

by $eri:a.n lllifii-:fliAl{i} ens Cris:ti.an CJiL{3]}t

lYe ehera*tnrire the ynmi:er*tlreoretie f,unctio$s hnvfng tlrt' $rfiFh

tn the nth Srzegoyelzulk cl.n..s{.e E*, {'ra.deoffs bc'brvecrr the ccnnlexity

Cf a funeticn e.ntl the ccn'nLexity of its granh c.re artn.lysed.. i l is arr

apnlicntioylr'Je CIrove that scrse wel-l-irnown recursive bu'i; non-primitivtr

recu.r'sj.ve functicns of itckermannr s type have eLenentsry gfilphs"

l- . P;lIrIrIIi"Ti-{A:iII::$

-  -T,e{ i  bI  = {  001} 2r. , , )  be the se' [  of  n; i r tural  nur ibeys" A]. i  iunc-

t ions , r i t t  bc eoi ic( , rned l ' r i th ere nunber*t i reo:  etrc7 i .o11. tho3r Fi ' ; 'p t i .o- ,

f j. ireci oil N*( lre [tr{ cJ ) n rn,-] they talee *di-y natursl. r,*luesr

f i i vs ln  a  f r ' , r re t ion  f  ,N l t  *+ f i r t ,  l ye  pu 'd :  Grac l r i f )  =  [ ( * ] . rna iea , ,

x t , : r l U o q  l ; 1 1 l  f ( y l  1 l i g s n . . r x * ) = ] r J ,  r : ; y r f i c ( f ) = { r ' { t r n x l u o o . r * l r )  l { : : . '  o l i r ' } r r r r

x* )aOO i t ] .  l i * r  ev { i } ' y  r * r rbse t  7< lN} ' t  * 'n  c ienote  b i "  ? . ,  :N ! "  * *  { f  r : .1

tt * chi-:,::*q:i; r:ri n' l; l" e'.fu:'rction.

T\,..::trte l)y V* tlru, nth r:1r.cs j.n {irz*ticr enykt s }: j- i l}^i;.ysi1..*p I i;J"

l la,clr cl"t ' t.r: l,r 8n ccnt;.r"j.gs the fui:eti.rns sg:t{ *4s'I r s[i(CI)'",11, $$]{x)' 'X,

f o r  x >  l ,  , u $ 2  * + $ ' [ ,  x  3  . ' , i - n a x ( x - V r 0 ) r  e n t N l  * * o  l l r l , ] ,

e { (> l r : ' ) * - t r  eQ( ; t r r " } * ; ,  fo r  a .11  x r i r€N rx  {  Yr  t rn '1  i " i  i s  c iosec l  u : roer '

Lr$ited. ri ir imiz:r*ien. i 'he f*rni]-y of predicat*s i* E 
t 'u denote d t,:r '

E*, 1s *Losect u:ri lcr i loolc*.n oneratiorrer *rrt l Lii:r i ' ter* cutir:1:j.f ier,6.

'ihe ti:i.r.-rl" elarl;g 2Z crincicles ivi'ulr the clilcs of ir-il.Li*;,i"r elc:nenta.ry

func' ; i i . r : i i l i  i i  c . : ; r ' [ i i ins the f l r - t :ct i .cns nY:?N *+N, ln(x)= the vt ] i  r r r imt

( p u ( c , ) = : ; ,  p l : ( 1 - ) . = 3 r " " . ) ,  * : . r o r F T ?  * - + N  p  e x l l { - 1 r } : ) *  t i : , c  e x n c n e t t - f i  o f  t h < :

nih pri.i.r.* ir: tlre nrime *'$.str*r t1*cr:i'rr:or.:iticn of xo J.cng :N -**F|}{n

lon,g(x)= ti ie grei.l 'r:e*t *.niJe:c sf ;:. prir: le uiri.cit. divl*t:s:{r r:nd r. psi*
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rt

ring f,r.rnetions ( J: S{ 
t --+ N, Ho f,r B{ -}pI ) r and. lt 1s closed u$tler

Linited. srt. i$;crit j-on and r:uli j .pii.cc;tj"on.
l r

F1.nr?,lly', for ea,ch func'l;ton f:Nr{ **trg$ ti'e clen**e by $!t(*} th.e

smal.J,es''r.; cteels of nu*rbsr*th.rox"e'ci-c f'r-ine'bions, whi.*h cnntefn* p^tl utfJ

*,nd wtr5.c?r i.a elosed- und.er Siniitecl prtr:;t'ui',Fe z'eetlrsitrr nn,'l furtct:-o.rtaL

*otril*s1'gi'33. iTs say thra"il tire frrscij.cn P is el-emen*a:"y in f fn en.se

- ^  -  - 9 1 '  . " .
i r  s  c 7 * (  1 J .

For theee welll"-lnoym faetsr .see [ 9], []3], [t8] "
. ,

2. is.H iirslml-a
!Yc; bnr?,in vlitlt & necesoe.r.rg i:,nd cuffi.cient co::rli"'cion

thr.t e mxrirs:'*t ireoretic fuil* 't io$ h.as thc 6apir in €*.

enssu.r].ix#

3hS_eef::-*&." iet F;[$**pgq ?ie ilr: erir*trery fu:rctian and n $ nn*

trrr-al i7u;:,bcrr. r:'he fclll-c"*infl er:]s€rtlong rlre ecu.iviiLcat :

. & } T } r e r e e : : * s t t I g e e f r , l r t c t i c r : r s t : , h l B u | * + g . l t i n d . t , & s 2 >

Ln $Y\ nit*h thnt fsr ssr:-Tf naturnl" H one hlr$t

( r") p l-[ i '  (  *, y) = ].J < i,( : '{  xi ) u
r  "  t^  - 'v  ' - '  '  ' ' J

( Z )  I ' ( : t ) x : p (  t : f  . . [ i , ( : t u y ) *  
j , ] ) .

t r (  l : (  x )  )

b) l,-'!rr: r: 'r"erjj.ci-ite fr,lr*:,:r{i,} i i l i" 8ll .

jg3.g-1" ,'a) *-+ b)*?. Asislurne tlre existence of tns
' ^  1 ' l

ir.r ' id i i  i i :  9*" rsn.tisfyinf {i i  *nd (2}, !: i* sh.el}} prove

.neturcllr* :r i:.rtd n uns ]tagr

(  3 i  t r i i ra,pnqi , ' ;  (x3a)*sq(xrp{ f iX l t ; r (arv)=i l  } ) '  {

l lu.,-:r::t lss fi: 'st thi:t f i .rnplr(;;.;{xrr)*1". Tn visw uf t}te hypr:-

thcs is r  * . r : : i  (? )  rne  has :  s , ' : ; {x ) *p{ -  f . f  . . [ . t ( ] , r ] ' ) ,= : i . ]  ) - * ' : ( -41 , , [ : , ( * r : t i * ' "LJ  ]
i - . ( : ' ( x )  )  h (  z ) -

iosn r ;q{  nr i : {  / . ' , r . [ : {xuy}*]-} :*1.  iur t } : "esu.orca 
.a7ein 

by i ryr : r thersj-e ani t r
i : {  z )

{ 1 . } ,  
f i : [ , ' { ; r o : f } * r ] . 4 b ( F { x } } * t : , { * } t  

i n € c ; ? ( x o } " } * 1 e  f + r $ r r n i e  n i : ' t t - ' . r * ' 1 '

f i"mction$ er b

thr:t for p.1"L

4 t

t r (  LZ ,

V  T i (  x 1 y )  ) .
ff*CI



.  . ' - , . :  . .  . , .

t .  , l  :  l

o 4 * ' < i ( r ) .  s o ,  V  n ( x n y ' ) o 3 . .  ' ,  i* - ( t  

, . ] . ^  
" \ " I t t .

lrsO

Converselsr ossume i;het the preCi.cate in the right-hnnd side

, and. :
.  r  :  -  . ;  

t  
.  ,  r  . .  ,

( 5 )  a ( x r v ) T l r  f o r  s o m C I  s 6 : r < u ( s ) .  .  ' "  ,  ,

)  I n  v ie i v  o f  (5 )  e rnd  (1 )  we  have  I  ay , [ : t ( x ry ] *3 ) , * f y [n (x ry )=1 ] *

-  r * ;  1  
b ( z )  t

r i t  f . - V . . L x ( x r y ) - 1 " ] .  H e n s e ,  o y  ( 2 )  a n d  ( 4 )  w e  o b t a i n :  r r ( x )  s :
b ( F ( x ) )

So ftnish we notice tirelt f*:r"rnula ( 3) {parantees t}rat

t  crsph( I t )  ts in V# a<y
"b)  r ' |  &)" .  ' fake r , (z)*b{sf  i , rnd T:(x,  i l *  &,*yr :nh( i r1(xry1 ,  l lor

all nn.'btrri;.1s :r, x an,'] g,
' r i l

\

Fgm.g&g,. i) Condition a) in fheorem 1 merely says thet in ct+se

lse wr i te  F in  . , leeners i ior r leL Fo{c (see t f l ] r t ' ; ] lo  ihe n in : . ra j .sE, t icn

op*rator is bounded by a. fu.nct ion in 6tt( t t) .  ln o*her lvom*s, in a

\ su.ftabLe Flun space ( [ 5] ] , the ccnpS.exity af F is b*rind.ed by * func-

t i on  i n  y  * i  , ' ;  ;  soo  e l so  [  * ] .(]

i i) C3.earl"y, if or:e of the equiva.lerrt caireliti,on* a) or ir)

holcloo then f is reeu.z'sive.

i i i )  T::reorern I  crn be eaei l l .? extenrled to funetions y:tr{k -+$nf ,

or  to  aprronr ta te cornnlex i ty  cLasses 
r

ilgggg:T:-3. let ]:t$d---+iN be nn arbitrary bcu:nded funetion, 
'

e.nd. n e r:.af,urnL nu*i'ner. Then, le?n tff ftrlrrroirtu-.'"81

lu}g j .  T f  rnnge ( ; )={ r ,oro, le  o  r .  r *oJ ,  then we c , ln$ ider  th*  p{?r*

t i t i o n  (  A i ) o ( i < r ; , , 1 i = { (  * o * .  ) l  ( x r i ' . r } e f } r e p t r (  i ) }  o f  G r a n y i { F } .



* 4 * r ' ' i , ' :
. . . 1 ,

EeAn,  t l r * r ,  f i r * *eh (F ) {x1 r }=sq( r (x ) rz )  J " *  *n  E*

velrsekyu i-f & *ra.oir( r) 6 g *, ]irrrn 
F{ x)= 

4r[y" 
C, i 

i 
"., 

y]*{ , vrlrere

&t:ryg1y( r ,*r  0.1,  .  |  + nr- ,u) .  i ) t t ,e:r .Ly,  g:r :Cl t  nf :Ar l iCt te f  nt{ : t ry ' )*

Tf, n Cott-

* e Q ( y r r ' i ) ' f r l r a n t r ( i i )  ( x r y )  l s  i ' " Y r * . ,  r ' n d  b ' € 8 " . ,

g-gflg3&g.::.-3. livery bnr*:rl.cci f"u:retj.on Fl: N *)N

t ive r f ;c?.r . i " i . ; tve {-r ; ' . : r i t  is  r tccl f  p; i r i i 'b i* , ,e rcoursive .

i1r,)trf 
" I: ire ctly fror: Theor:em 2.

$Sfg$g{-.t._k l,ot p; IN **+ {, i,,4 be

Then:

a)  : ro r  eaen n) .1 ,  -6? ; rg ; : t  i f f  f rc . ra1r i r (  , )€g I .g t ' - l ' .

b) The prctli.cete l) i*q recrl: 'sive r,.nri ncn*rlrii:1i irvc recnrgivc:

iff I fir..:.,:i, i( i,) i.s racursirrc i--nd :lcn*pri.r:l i-i; ive rcicul'r;iv*o

-  , t rXqf . .  a)  i ry  T l r+orer : : .2 i  b)  i r  i :  conser .uc* t le  * f  e) "  f l

i"g1;ll ig.. 1) ?cr).l.oriinE I S] , [f*] , for every r:atural n V 3 ,

19 l1 . t f  :1-1 J-  i .  , rnm **^ l .1 nn. .  r " r 'e x-bx ; : , . j .  I ' t  1s trn oi lsn nrobl-en lvhether the str j"erb i"r :eLu*i in,

lielr be'b'r;ecii. ti le -hl:rae sirr.3,l,elst irze{iorcr*vir c]"n.sr*e *, (r:r,e If ' l] )t7]).

i i i : ixit '.nr].eil of recrr:.:j.vc rl;ri non*'prir:r:i,ti.ve I'ccra.r;:ive predicr'r-*

te.* cr-:n b* o?rfa. in** using'? r1.; j . rrr  s l l i reorern ( t14J r [ tJ] .  
' ice * lso i l ,*r*

raii i ;" i; iv) f*Ll-o,'; in,g Cor.ri l*3'1r lr i._

.'r"i i .) I ' jr.e j:redlcgtes occrr:. 'yi.n.,g in (1cyollr"rlo 4 d"o not sa{:tsfy

the l i;- i;r;-shc:sis of '. l lnooreril L3

t  t r - : . r ' ?  - / !  I  f - :  ?  r \ ' . -  - , (
, r l  

- . t '  J . t J .  ? . . f  1 .  , l  f ,  ' ' )  
f
1.

r : -so ' r ) i r r ro ; "* : i i  I -Nc ; ! ) i ' .c l ro 'c i l : 'L  i i re  fT l tn i rs  of  u* f fe  wel l - " I \ :y ' t ) \ r i l \

ro,l';ir:uq frirrc'ti*:"is of i,ei;ctrtit,.inur s t],ne erfl *Lgnent;:.r1,'o

, t i :kE:rn l tnn- ' i f : i * r  f r -u ic t j .an i , t {?  * }S[  i t r  d* f rned b] r ' i ;hc

( t i l , [ r : ] , [ ] , ] ) ,
, ' ( , 1 , x )  : ' y + L ,

i r ( n + ) . o l t )  *  - t { t - i e l L . \  1

i i in- r1 r r ' : - t  1- i  =  .4(  r io  Ai  n . r l ,  x )  )  a

h*ving sr" pric:5--

nt-J

an eirbitrary preclic*te,



tYe r:ecaLl ths

proved by induction

t  ,  , ,  
, . , " , . . , ; , ' , .  ' - . '  

i ' ,  
. "  I  ,

r ' , : 1 : , ' , , i i . r l a . : : t i * '  S  * '  '  ,  r  .  - 1 . .  ; ,
' , ,  ' ,  ' 1 . . ,  

,  
. "  

t ,  , '  .  :  :

foLlovring vreLl*lcnown faet u

on :{ and no

: .
.  ,  . ,

i , ,

whj"ch ean,,be' eaetl"y

be

o f

l.onE( y )
rT
t*J.

+p( i{( t )

Inte:"ner i i t te

s rx r  end: , 'n  T i re : : ,

y )  *  C ,  t l r e n  A ( ' i t )

, Sr.lrnose 'bhat

g'bqq.. Assurne that R(nrxrts) ,o 1r for sorne naturals

f o r  e v e r y  n a i ; u r i t l  I 1 t 4 1 c n 5 1 ( y ) ,  i . f  f ( K { t ) r } ( t ) n '

,  L (  t )  ) - f ( K (  t ,  ) ' L (  t )  r Y )  .

R(nrx rJ ) *1 r  and  f ( : { ( t }  r I , { t )  r s )  . d  $o  fo r  some

ISt*gJn I'or aLl" *atu:rais $ t{rd,,sr,'Uhs, expr,@ssiCIn A(nr$) csJn

evaLunted to a unique ne,tu,ral nryber by,r ra*.e:rls: of a flnlte numher

rightrnost anpS.icationslof earggti:0,rrs (6)-(8). Cl

T4g.creqj. There exist,$ 
-nit*1or-*entary 

. prorlicate'i?; N3 ry-*tls*

euch that for ali- naturals n and.,'"xr,ri;e have;

(?)  g(nrx)  s  exp( .0 i  . f r ; ' [ ; t tn . rxrg]  *  lJ  ) .

:gqpf. SoJ.Lorrying [8], we shaLl- encode end, clecode the computa*

tion of il(nrx) by means of ttrre nr.traber

A ( n r x < )  * ,  . A ( i , i )
p n ( o )  . l l  p n ( r ( i , i )

v;here the protluct rulls over el-l"pairs' {*-n j) # (0r'l}o strch thnt

A(ir  j )  4r i(nrx).  To this iain ive * lhp"lL consider ' the elc ' ,1 'renteiry func-

tJ .ons f r  N3 - lb{  ,  f (nrxry}=exp(J(nrx) r .v) ,  and pr$[3 * - t  tCI r lJ  ,
' I

(  lai  p( n, xr ) ' )  ' !  *(  n).eq ( f  (  tr :rr .y) s x+t)+eg( nlE?( x).sg( f  {  n: l ,

sg (x }sg {  t (nnxeLry )  ) .  sS ' (  f {n510  f {  i : r xaL ry }  r y )  i .

ecl( f( r,, xr,y) r f( r:sl, f( n, x:, l 'r S) r 1') ) "

irine.l3,yr Fut

* ( r : r x r Y )  s  s S ( f ( n r x r y )  ) . e o t  f { C I r 0 r y }  r f { n n x r S }  ) .



* S *

L 4 t 6Lonnt r) .  Tn view of tho eonstvuction of i?, ss( #( ft f i{ t) rI '(  t),r})"r

+ j j t i { (T i , " r , (T}  o} ' } )  *  1n ' i ' *  fo l lows tha,*  g(K(S,  u( t )  ' r r }  *  J .s  bee*u.se

f { i . t { t ) rL i ' i i r l f }  S 0. ' i -1 ie sba} l l  py ' {"}v#* in a d,orzbl .c ts:c1lrct*"ve wey the

ro lc r t i c *  i t i , ' ( :L ) r t ( t ) )  : ! r  g ( i ; ( t loL{ " i ; ) ry } *  L 'o  t } r i s  r * i rn  v r *  shs f t  r rne" }yse

three cr.r les {  e, ; r responr l ing'bo eqtra 'b iono (  6 )*(  8)  )  ;

1 i  : t f  i i (  t ) . " i ) ,  t i re r r  1 " ,= '1 ; ' ; (  t )  r r , (  t ; )  ry i "=eQ(  f ( i i (  t )  r i , (  t )  r3 , )  r

r , ( t ) + 1 ) n  1 " € .  g ( ; i ( ' o ) r i , ( t ) o y ) " , T , i t ) - ' ' 1 * ; \ ( l { ( t ) r t ( ' b ) ) ,  i n  v i e t r  o f  ( f ) .

i i )  : f  1 - : ( t l lO  a : rd  l ( t ) " - .3 '  t l ren  (acccrd ing  to  (10)  )  one hr : ' - r : :

g ( . ; ( t ) : 1 , i , ( t ) + 1 n I , ) y . : - r ,  e n d  1 ' ( , i ( t ) n r , ( t ) r s ) = f ( . t : ( t ) : l . r i , { t ) + 1 r y ) .  i j s r n s

t h e  i r i i i i i * * i o n  i t y r * i ; l r e s i e  a n d  ( ? )  l r t e  h r . i . v e : , 1 ( ' i { t ) . r t , ( t ) )  = , 4 { ; : ( t ) : 1 }

1 , ( t ) + 1 - ) * 1 q i r ( t ) . t 1 , T , { t } . r l - r y i * f ' { : 1 : ( * } o T , { t i u y } .  - '

i i ; t )  3 f  : ' l ( t l f , ( t )  i : 0 c  ' r h e u .  ( h l ,  { i f ) )  , , ' ; e  t r t r ' . v e : f ( i { ( t ) r i ( L } s l - r : r } } 0

f ( i l ( t ) : ' r o f { : . : ( t ) , : ( l i . : . f  u f }  r : ' r }  }  , t r  c " r : i i  f { } l ( t }  o l : , ( * i  * ; y } " .  f ( I i " { ' l ; ) s l o

f( i i ( t )  r i , (  i )s3,v)  r r i  "  l l : : i . r :g t l re i rduc'bion hypothc. '* is s; ; rd (S) w€ ge'bt

A ( t ; ( t ) , i { i ; ) } * i : ( ' l ( t ) 4 1 , : i ( l : ( t } , . l { t } l - : " ) ) * r 1 ( l i ( t ) 3 } ' f ( r t t } o t ( t ) 1 1 ,

u 1 ; = f ( .  ( t , ) : l r f i ; , : ( t ) r ; , { - b ) * t r y ) r y ) . * f ( , { ( t ) r l ; ( - l ; ) u } . ) r  t h u : :  f i r : i s } i * r r , z  t i r c

prcof,  o1'  ' lh,e Jnteg'nnc"] iste gten,

. l'j.;rr:l"l-tis 1T+ not;j ce tillrt fc'n:ula ( ll folloi';s f::,:::i i?.re .[r:'bc,rynti*

di*.te st** i,.jnd t::e fr.ct'fh*t for *Ll nu.tux.n.}.t 11 i,:ti!* xj 'bite n'llr::i:er

{ l - r , i  T r . r u ,  *  nn {n )o (  
? ' t v ' ' ) . TT  

p1 : ( .T ( i - , i ) ) " t ( t ' " ,

u]:ere 'L i rc prod,uc" l ;  i "u^ns cver u" l .J.  pnirs ( i r i )  d (0r+;  for  vrhieh

,0,{ j . r ; i )  j . r  r , t r ;er l  i r r  thc r ig i lhno.t t  ccir .puta. t icn of  ;1.(nrx},  is  the Les.s*

nn'i;u.r 'al. i :: l- i; i-*fyin3 if r, r ]{ rT" *) =1. ( i lc't, icc 'uhlrt the e.bcve protluct is.
l l . r - ; t

f i ;eitc j"::. vi.e.rv sf l.,oiir ir,*. 5r nn$. tnnt for evsr-xr pair" (;;nx) * (t l:nil l*

r i {0s i )  i ; : .11o ' r ,  usc t i  in 'L i re  r i , : . : r l i : . le t  con 'pn te l t i c l : .  o f  ,+ . {nux) . )  
n

:jgl{:" lor:::u.l ir, ( l} r, l is:iures tirc reeu.g'siivert?:33 cf A, l: iee aL*o

Iiesier[ j" i i  j io11c', ' ; j . i ig CCIsoJ.L*,ry '] l :elowo



tti*t tho fnnc1;'ion & c*n ba relre*rmte* ss
r : '

( f f  )  A ( n r x )  e '  e x p ( C * r . r * i :  
_ . r  r [ n { n r x c y )  

*  ] . J  } .
b { , r  (  l : ,  x )  }

e.ueh

lggg{.. 
',.1e .$h*lL es'bei}tis}r s$ elementary bounri b;lN**t FS $,-rch

thst for al,L nstur*l,s n *.n,:i ;{ i}t?o }rs.sr

/ r  r \( 1 3 )  A r ; [ : r ( ; : e : r , y )  -  i ]  (  h { A i n , x } } *

?o t?r1n ei*i sv+ con*tr"uct fer each os.ty

ber

tnrx) the rrntur*L nucl-

{  i r  j  } € : , ^  vr r  J . e

. 4 . ^ l
wirere  I *o** {  { i r j }€N ' \  t . r? }  lA{ i r j )  4A( r t rx } }  *  sn  v te ' l r  o f  t i re  n }o i

notonleity r:r*pertiraa of 'bhe .4clr+trnsncl;f'dtsr fun*t{on {Ji(rrnx)>nlx{::rx}o

nnrl ri l.s lncransing in i:ctir ergr,rnc'nts), one h*s yn_xt?rrr" (flrn*
r t  t .

cones fron (11i). Furtlrcs.:orer thr inegtrarlity

A( r : rx)
9* = *  onis)

& t r a .

At r, $).
n n ( J ( r r j ) )

gr:,i].fant,e eS * ' t r - . 4 -  * 1 r  n  a 1  r ' ' . r r ^ * : " l " n q * .  S r . . ^ ^  +  !  -  - -Lir-;.v {,.i lu L:&u*l{,:3lt&fy furte}iOn : .

- c
t i ( n )  *  t ? ' P n (  J t z r u  ) ) ( r ' + L ) * r r  ,

t13)o Acccrt i i : : i i1;10 fern.; la i1?) ie r l  con$squsr:es cf i?)

n
,:

satisf ies

*.nd { :. -1} .

{;cro"l"lrffi"Jf. rrciterrs;:;t*)ftcrt s vecnr,gtve ( nnd

recu.rBi.ve:) f 'u.;tctilr lrns c.yr cl+:crelrtirry gr*ph*

'g.r^oj. Tt i$ seen iiu--'t & satt$fies ecnCittrons (1.)

thecren 1 {snc {r?,)  nnst  ( Ia}}"

q"qga&ffiyj, iicl:ernti fi r-ii6t er I s

f , t i3g6"

non*psimSt*.ve
:

nnd ( r )  fn

nr l

furicttsn'has nn el,enem*iatrp"



(  no  xo  y ) .

n
ESff:"!H. i) i lsin$ CEfielrs p function one can eonstruc'b two

tunction.s pH:N ***N o R** N 3 *? [ *, r) , in Er , suc]r fi"rnt

A(nrx) = p*( 
/r :r [ , i " f  

nr: l ry) * tJi-  iTe are unnble, hciuever, to es'he-

hlts:h et bouncL l:fi in Ef o whf*h wouLd guerran'bee that A has tlre 4,,raph
** .  4  2rrr (ox

Purthertrore, n ninor ncdifien.tion in the stru.ctu.re of the

predicilte R €$ves a singlefold ercponen'tiaLLy di,ophantine reprerlenta*

tion of the grs,ph of A ( see [1],] ].

ii) 0'che$ r.;e11*ii::s!1"r1 t1on-prir*ittve reclrrstve fu-:rcteons, o"S,

F^ekerrnar3nr s orlg:inil]. functicn [].J, : ' iuCrrns s ftutetion [f e] , Lf ],

trzego'rezlllcr.s frrn*tton IS], i lA*r:in*nes'rs fui:ctJ.ocr lfp] aLso sn.ti.sfy

ccnditicn al) in T.hearem L; tirey ir*ve elernrintary Sraphst eru! resx{.{e$

t,'s l'le1.l-

i i i )  CorcLLaries 4 rrnr l  B offer an examnLe gf tradeoff bet-

cieen the p::operty of a fu.ncti ':n to be tthsne,eton in 'the $enso af

BLi: :r fs theor;r of cor*plexity [g],  i .*" the r$.te of gror.r th of the

fnnction "re:fllectst' tts eonpl-exj-t.yr r,nd. the prcperty qf a fi ixct:lon

to lr.eive t'hsncs'b gg&.phr's i"eo the1rFrph of tlre frir:c'bicir hns thc ffatrio

conprexity as the funct ion.A predice.to in g*rU 
l*t  is drshoriest,

bu't ,  i i r  v iew of Corol lnry 4 has n honest 6rn.nh. Con"rergelyr Aclrer-

rcann*Fdterrs fui:c'bion is ]roi:"es1;, but lras e" diehcnest g*'€iph iflc:.oL*

I -a ry  S ) .

tlre d.iffc:'enet: betusen the conplexity of a funetion nnd t?:.e

conpJ.erity of its gpanlr ts cliscuE;sad al-so i,n \r, 'arkentint s tir*r,is [f gJ ,

as cred.it tn L:-,rl .

i iu-r't l ter e:,nnr:l.es of f irneitons hr.vi: l"rg t:. r i ichonosi f lrglph nrei
, -  1  - ^ d

x+;l i"e in ?tt?*, br.rU t i te predicnte n.=:{+}i is in 6;, xy is in
2 r Y 1  1 . . o { -  - h } r r  * * . ^ . s . : n r : r . a  p - . - . - -  * a  r . -  & n  (  i

G b e uLr.u - i ;he predictr te s ' ! ]cy i$ in V' ;  [ -0 lo

$ts' q.l d

. I

r y y

Sggg€" \ t re haves Ironge{n1(v} * Xf,  X,- . . . , ,^r^/r \
f1::$ )i=Q lif&pn( fl, J
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j.v) Tn view of, Corcl.3-ary Aob)o it i""s rrore dj.fficriLt to o?iain

f.In (:,*{,enple +f recursi\re 8.}1i1 !3sn*pr':lnitive recu.rsi.ve prediea*s t}-r*n

{x eoryes1}onilinfg sxn#i'$}e of frn*{ir:n ( see Soroltnriss I an$ g) .

frarthe:'nicr$r *f we d.cir;r'be bp g{r:*:cry} the f..rfrcfrisr{:!s:)r* frurctiota f,B],

E lrrH. ir*l" f urwo cJ.erin 'blrr i t :  d ) the.pr-ef l ielr tc r  6*q(noxotr i)  *. '*  in e{q..os{ s }e.
l ; - t r r '

every f ixeq l  n)40 p)  t l r *  sred icr*" tc  a&u(nrxcy)  Ls n* t  $r i -mt t fve

*eeur.sive. i;ideerle $e u'rre tlre fac'b tirat ttre graph of g *.s oleifi+n-

tary a.nd *rssssres.fk? s thsrlr*a of eha.r*eterl,sslti"*n of the prcc?:i"***es

in $vt (f}:eorerc 4.10 t.n IAJ)" fr*csrdin"sl$nr there i.s a dsvar*ting il if*

ference between the pred- ieates u *  &(nrxry)  ant l  n*{ !nrxr$} i  'b iee

l,ast pr"*d,icute d,oes not E:sot\r too rnpid.ly, bu.t i.t rec.uires tao

Infrny lrii.iucsi 'tjo search"

'Jhe atrove re suLte cazr B"}so he itcrSrrC*rl from 'hh* f*cf { cred"l'l:

in [:.rJ u to [r:Jl, tirat ' i;he pref,iccrte s = f,(r--iexeg) is t'.ttl i irrentnry

for eaeir fixed n>0" Tn *lris respec* 5* v;oul"cl be j.nteresting t*

prove thr ' i ;  the p: r "ed i "cetes y{Ainox)  (cr  y4*(nux) ,  y}p, { r : .u :<) }  i rne

no'b nrini.tivc rec$.s$ive"

v) Pnrt: lculnr ly interost ing J"n tlrp rer:u"J,t ( eredl.i i.n [].'.'}J tcr

t3l) t l iat the prerlicir..te s * xS ls rtrfL::.nentnr;i, hc+n#*u i,n g.$ [q]

(xf  i rn i r :  q ' l r$2i"  3n rr i .e i ,u of  a resL:L' t  in [ f ] ,  l i r  fo i l -or , t*  t i i r i t

the e3:Foxr{}:3tial" frr*ie"bio,, xS has a iireph i:o13tio;:lia3-1g' ccnpu.**,irLe i.n

a varir:n1 of lnorl*1:rogr€iipso uosu*ss$.ngil t,he gorreet va3,ue ao imp3.5"e-e

tlre $osfribl.:.i"'8y of p*lynoi:it ellLy e cnputeti*n of, xyu be eailse the cosl*

putation rccnic*s tc the verrif ication of t i:.e i:e3atior, .u o *f" A

.( v;eai<) *ori; of the f'rilrnolts probJ"t:n P * j;? er'vise s eird natj'vr'tcr*s the

pLar.l.sib:1.i 'Uy sf i; jr.c: c:oirJec-bure ? {, l l t. Tn f; lc1;, i.ni 'Llogtlo.us prohl'tr l is

fon oncl l  cJ.n.r l*  8" tn la)  earn b* stmi la ' rLy 'eRel i l -eG'

11i) ,; 'he ccnte:,:t-*eci*i 'bLveri*ss (el:rd, ici partieu,l i:r, the pri*itt"

$e rpcur*:i.vc,se ss) oi: *h* {:.rl,.n}r cf ilcl';crfls,nrt-Pd{er! s furiction tY#.r*

proved in [rr) srrit [rt] !
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