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DUALITY FOR THE HYPEREXT ON COMPLEX SPACES

Lr r r

A.  Ba ran

INTRODUCTION

fn-  cer ta in  problems of  analy t ic  geometry ,  especia l ly  in  dua-

l i ty  and in  deformat ion theory,  the need natura l ly  ar is .es to  consider

i n v a r i a r i t s  n x t Q  ( x i Z ' , s ' ) ,  E x t :  ( x ; 2 ' , € ' )  ,  T o r Q  ( x i 2 ' , S ' )  o r  T o r l  ( x ; 2 ' , 6 " )

whose arguments are no longer  sheaves but  complexes of  sheaves wi th

coherent  cohomology.  Thus,  in  the absolute dual i ty  theorems of  Ramis

and  Ruge t  t t r ] ,  t he re  appear  i nva r ian ts  o f  t he  fo rm Ex tQ(x ;€  , r ' * )  and

E x t : ( X ; t r , K i )  w h e r e G  i s  a  c o h e r e n t  s h e a f  o n  t h e  c o m p l e x  s p a c e  X

1  r  , i  J  -  -  - ^ * - 1 ^ . .  . i  *  r \ "  / V l

and KX is  the dual  Lztng complex of  X which is  a  complex in  D:oh (X)  '

Other  impor tant  examples are the tangent ia l  cohomology groups in t ro-

duced by Palamodov LfZ l  .  In  order  to  so lve problems of  deformat ion

theory,  Palamodov has def ined for  every morphism of  complex spaces

f :X - - - - - - -+Y  a  comp lex  r * t "€D ;oh (X)  ca l l ed  the  co tanqen t  comp lex  and

has associated to  every coherent  U* 'module G i ts  tangent ia l  coho-

molooy groups wi th  resPect  to  f :

r i  (x /v,  F )  =Exr i  (* ,  r i7y,  6 )

should be remarked that ,  un l i lce KX ,  the cotangent  complex is  not '

gene ra l ,  a  bounded  comPlex .
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The a im of  th is  paper  is  to  def i -ne natura l  topologies on coho-

mologica l  j -nvar iants  assocj -ated to  complexes wi th  coherent  cohomo- logy

ancl  to  prove dr :a l i ty  theorems for :  t i rern.  The essent ia l  technica l  too l

tha t  i s  used  i s  t he  no t i on  o f  sen r i - s imp l i c i aJ -  sys tem o f  sheaves

(s . s . s ) ,  i n t roduced  by  Verd ie r  i n  [ ra ]  and  Fo rs te r  and  Knor r  i n  l t l  .

f  f  X is  an analy t ic  space ancl  S s  Coh (X)  i t  " is  wel l  known that

there ex j -s t  natura l  topologies of  type QI ,S (quot ient  o f  a  Fr6chet-

-Schv ia rz  space )  on  Hq{XrG;  and  c f  t ype  ODFS (quo t i en t  o f  a  s t rong

dua l  o f  a  FS  space )  on  H l fX ,  G  ) ,  deduced  f rom the  usua l  t opo logy  on

the spaces of  sect ions of  6  by means of  Cech computa. t ions.  Using

r e s o l u t i o n s  w i t h  s . s . s .  o n e  c a n  i n t r o d u c e  n a t u r a l  t o p o l o g i e s  o f  t h e

same t ype  on  t i r e  spaces  HQ (x ,G"  )  and  u l  t x  , e  "  )  f  o r  eve ry  s ' e  D"un  ( x )

( see  p ropos i t i on  4 .  1  )  .  The  p rob lem was  f i r s t  so l ved .  by  Ve r :d ie r  i n

i ra ]  f o r  bounded  comp lexes .  The  genera l  case  t rea ted  he re  i s  a  d i rec t

ex tens ion  o f  Ve rd ie r ' s  me thod .

I f  t h e  c o m p l e x e s  ? ' a n d  S ' a : : e  i n  o n e  o f  t h e  s i t u a t i c > n s :

a)  V '  6  D ;oh  (x )  ,  G '  e  n lon  t x l  o r  b  )  % '  en

n i te  i n  j  ec t i ve  d imens ion  ( f  .  i  ,  c l . ' )  o r  c  )

d i m e n s i o n  ( f  . t . d .  )  ,  S ' e u " o n  ( X )  ,  t h e n  t . h e

coherent  cohomoJ-ogy (see propos:- t j .ons l  "

duce a natura l  topology on the hyperext

e x t ^ q  ( X i  f '  o @ ' 1  ( s e e  p r o p o s i t i o n  4 . 4 )  .  T h ec

these  i nva r j -an ts  i n  a  ca tego ry  o f  s .  s .  s .

f r e e  s .  s .  s .  ( i n  t h e  s e n s e  o f  i 7 l  o r  l - A l  I

The  ma in  dua l i t y  resu l t  i s :

coi )  
(x)  ,  6 '  en lon tx l  has f i -

L f '  p T t "  f  X )  h a s  f  i n i t e  t o ra  q u c o h  \ / ' /

complex Rf f iovn '  {  ? ' ,  S"" )  has

B  a n d  3 . 7 )  a n d  c n e  c a n  i n t r o -

s p a c e s  E x t Q  ( x ;  € ' ,  g ' )  a n d

method consis ts  ih  comput ing

bV means of  resol -ut ions vr i th

T h e o r e m  5 . 1 .  L e t  ? ' r S '  b e  c o r n p l e x e s  o f  s h e a v e s  s u c h  t h a t

a )  ? , ' e D ; o h ( x ) ,  e ' e o l o n t x )  ,  o r  b )  z ' e  D . o n ( X )  ,  a ' e o f ; o n t x l  h a s

f  .  j . . d . ,  o r  c )  t a '  e  n f o n  t x i  h a s  f  . t . d . ,  S '  e  o " o n  ( x ) .  T h e n  t h e r e  e x i s t s

a natural  pai : : ing which induces a d.u; . . l i ty  between the separated vec-

to r :  spa .ces  assoc ia ted  to  'bhe  spaces :



. q , - -
$ x t  '  ( x ;

n - + 9  / v .s z l  u c  \ . 1  ,

ror l  (x ;  n

to r9  (x ;  o

and

and

Y

Y '

( [ . \

r v  )

( 6 ' )  , V )  ,  r e s p e c t i v e l y

( 6 ' )  ,  2 -  )

c o n s i d e r e d  w i t h  t h e i r  n a t u r a l  t o p o l o g i e s .  M o r e o v e r ,  E x t q  ( X ; g ' , G ' ) ,

r e s p e c t i v e l y  E x t :  $ ;  L ,  S ' )  .  i s  s e p a r a t e d  l f f  r o r ! - t  ( * , o  ( O '  ) ,  e , '  ) ,

respect ive Iy  TorQ- t  ( "  o  o (  g ' )  .  € ' ) ,  is  "

f n  pa r t , i cu la r  i f  one  Lakes  V . '=OX in  case  c )  one  ob ta lns  the

c lass i ca l  resu l t  o f  Ramis  and  Ruse t  [ rS l ,  f o rmu la ted  fo r  a  comp lex

o f  s h e a v e s  6 ' €  n " o n  ( x )  :

Theorem 5 .2 .  Fo r  eve ry  comp lex  o f  sheaves 6 '  e n  ( X )  t h e r econ

between the sepa-ex j - s t s  a  na tu ra l  pa i r i ng  wh ich  l nduces  a  dua l i t y

r a i e d  v e c t o r  s p a c e s  a s s o c i a t e d  t o  t h e  s p a c e s :

g Q  ( x r  6 - ' )  a n d  E x t . Q  ( " , s ' , K x )  ,  r e s p e c t i v e r y

( x ,  S ' )  a n d  n x t - Q  ( x ,  6 ' ,  K x )  ,

cons ide red  w i th  the i r  na tu ra l  t opo log ies .  Moreove r ,  l iQ  (X ,  G ' )  ,  r es -

p e c t i v e l . y  H ^ q  t X  , G ' )  ,  i s  s e p a r a t e d  i f f  n x ' * 1 - 9  ( x  . 6 ' . x ' - )  .  r o c . n o r . t i r i o l r r. - C  \ 3 r f  v  t  ,  - C  \ / \ t v  , r . X r ,  l L t y e v L r v s + J

'I -rr
F w - * .  

*  - 1  
/ v  1 1 .  \  , '  ^- ^ t C  \ / \ r v  , t . X ,  I  

I > .

Since  j . n  t he  o r i g i r : a l  paper  o f  Ramis  and  Ruqe t  . t he  resu l t  i s

proved for  coherent  sheaves and in  t5 ]  i t  is  menbioned only  for

a  comp lex  g 'g  o3o^  ( " )  ,  anc l  s i nce  the  p roo f  o f  t heo rem I  re l i es  on

th i s  resu l tT ' f o r  t he  sake  
.o f  comp le teness  we  .g i ve  a  p roo f  o f  t heo rem 2 ,

Imposing s t ronger  condi t ions on ? '  and 6 '  one obta ins dual i -

t i es  1n  wh ich  on l v  Ex t  i nva r ian ts  a re  i nvo l ved :

T h e o r e m  5 . 3 .  L e L  ? ' , 6 ' b e  c o m p l e x e s  o f  s h e a v e s  s u c h  t h a t

h a s  f  .  t . d .  ,  g ' € D ; o h  ( x )  o r  e )  . 1 '  6 D ; o h  ( x )  ,  € '  € n f ; o n  t x i

. t - l - , ^ * ^  ^ . , i  a J - ^Lr re re  ex rscs  a  na tu ra l  pa i r i ng  wh ich  i nduces  a  dua -

separa ted  vec to r  spaces  assoc ia ted  to  the  spaces :

a-l
1 1 -

h
A \  \ e ' a h "  / X )5 '  e  * " c o h  . .

h a s  f . t . d .  T h e n

l i ty  between the



4 -

E x t Q  ( x ;  Z ' , 6 ' )  a n d  E x t - Q  ( x ; , r " ,  g " e  * i )  ,  r e s p e c t i v e l y

n"tf l  (x;  x '  ,  6 ' )  and Exr Q (x;  s ' ,  +. 'q nx) ,
co i : r s ide red  w i th  the i r  na tu ra l  t opo log ies .  Moreove r ,  Ex tq  ( x ;  . e -  ,G- ) ,
r e s p e c t i v e l y  n x t . l  ( x , Y "  , G ' )  ,  i s  s e p a r a t e d  i  r r "  r ' * + l - Q  r ru r l ec  1 , (p  s ' ,  v " '  W x ! ) , ,

I  - n '
respec t i r re l y  Ex t -  Y  (X ;  g ' ,  " t '  W i { i ) ,  i s .

, rn  par t i cu la r ,  s ince  every  comnlex  O"e  o f ;on  tx l  has  f . .  t .  d .  ,

i f  X  i s  a  m a n i f o l d  ( c o r o l l a . r y  3 . 6 )  w e  g e t :

gggglfggy"J:3. If X is a coml:lex manj-fold of dimension n and
h

d)  ' t '  e  o l^ -1x i  ,  (F '  eD l^ ,  (x )  o r  e )  Y . '€D-  (x )  ,  g 'e  Db (x )  l lpn
c o h  ' - - .  ,  - - c o h  ' . . ,  v r  r .  E - c o h  \ - - l  ,  -  - " c o h  , , r ,  L l r s l r

t h e f e  e " X i S l - S  a  n a 1 - r r r a l  n ; r i r i n o -  v r h i  c . h  i r l 4 U C e s  a  d U a l _ i t y  b e t W e e n

t he  separa ted  vec to r  spaces  assoc j -a ted  to  the  spaces :

nxtQ (x ;  ? .1 ,  G ' )  anc l  Bx tn-Q (x ;  G '  ,  g '  e  a )  x )  ,  respec t ive ly

ExtE {x ;  Y"  ,G" )  and Ex t r l -9  (x ,  f i . ' ,  ? 'S  / .dx ) r

cons ide red  w i th  the i r  na tu ra ' l  l - o r - ,o ' 1n r : i as .  I r {Oreove r ,  Ex tQ  (X ;  Z l  rS ' ) ,

r e s p e c t i . v e r - y  n x t l  $ ;  U . ' ,  G ' )  ,  i s  s e p a r a t e d  i f  f  E x t n - 9 + t  ( " ,  n '  ,  y ' @  4 , J x )  ,

r e s p e c t i v e l y  l t x t n - Q + t  ( * ,  G "  ,  g '  &  c , J * ) ,  i s .

i 4 '  pa r t i cu la r  ca .se  o f  t he  co r :o l l a ry  (X  smoo th  p ro jec t i . ve

r ra - r i o ' r - r r  . a ,1 r r1  f  , 6  €Coh(X)  was  cgns ide red  by  Dreze t  and  Le  po t j _e r

,  t - , 1r . n  L 4 J  ) .

I  wou ld  l i ke  to  thank  C.Bdn icd  fo r  suggest ing  me th is

s u b j e c t  a n d  f o r  m a n y  h e l p f u l  d i s c u t i o n s  d r r r i  n n  1 - h a  ^ ' : e r : a r a t j - o n

of  the  paper

I .  COMPLEXES OF SHEAVES

I n  t , h i s  pa raq raph  we  rem inC b r ie f  l . y  some o f  t he  p rope r t i es

o f  t he  hype rcohomo logy ,  hype rex t  and  hy1 :e r to r  f o r  comp lexes  o f

sheaves  on  a  comp lex  space .  As  a  genera l  re fe rence  we  fo l l ow

r
H a r t s h o r n e  t f l l ,  c h a p t e r s  I  a n d  r I .



I . 1 .  U n l e s s  o t h e r w i s e  s t a t e d ,  ( X ,  O u )  w i l l  b e

the paper  a f in i te  d imensional  ana. ly t ic  
"nt "u 

wi th

logy.  One denotes by Mod(X)  the abel ian categorrT of

throughout

countab l .e  topo-

rrcd (x)

-L Jr

€ K ( X )

q 6 , . . ..-+. 0 ---* Im dQ- 
1-* Cf q -4 qrql+L---+ i . .

ohrz" i  nr rq ' l r r  -  J-here ex is t  natura l  mOrphisrns of  Corgplexe"  QS'- - . -+.9 '
v v  v  I v  s e  L J  I  s r r t

and. g'*-----*'".16'.
I

A s  i t  i s  w e l l  k n o w n ,  M o d  ( X )  h a s  e n o n g h  i n j e c t i v e  o b i e c t s  a n d

consequen t l y  t he re  ex i s t  r i gh t  de r i ved  func to rs  fo r  t he  ex tens ions

o f  f ( x , . )  a n d  1 - ^ { x , . ;  t o  x + ( x )  ( c o r o l l a r y  r . 5 . 3 .  c (  i n  [ r i l l -  r n

n rhe r -  wordq -  eve ry  G ' ' 6K+(X)  ac lm i t . s  an  i r r j ec t i ve  reso l t t t i on

e .  t he re  ex i s t  a  comp lex  o f  i n jec t i ve  shear res  } f , "e  x+ tx )

a n d  a  q u a s i i s o m o r p h i s m  g " - - - - - ' - - 1 ' )  a n d  f  ( X , 7 ' ) ,  r e s p e c t i v e l y  f "  ( X r i L  I

a r e  r e p r e s e n t a t i v e s  f o r  R I -  ( X , 9 ' )  ,  r e - s p e c t i v e l y  R F "  ( X r S ' ) .  A s  u s u a l ,

one  deno tes  by  Ha  (x ,  9 ' )  ,  H f  t x ,  o ' )  t he  cohomo logy  o f  f  ( x ,  ) '  )  ,
v

respect ive ly  f^  {x ,  t r '  )  .

S i n c e  x  f . ] u  f i n i t e  t o p o l o g i c a l  d i m e n s i o n ,  f ( X , " ) ,  f c ( X , ' )

have  f i n i t e  cohomo log i ca l  d imens ion  anc l  acco rd ing  to  co ro l l a ry

I . 5 . 3 . t r  i n  [ r f ]  t h e r e  e x i s t  r i g h t  d e r i v e d  f u n c t o r s  f o r  t h e  e x t e n -

s i o n s  o f  f ( x ,  " )  a n d  f "  ( x ,  " )  t o  K ( x ) .  T h i s  i s  b e c a u s . e  e v e r y  c o m l r l e x

G ' e  x ( x )  a d m i t s  a  r e s o l u t i o n  6 '  o ) ' w h o s e  c o m p o n e n t s  a r e  I - ( X , ' ) -

and  l "  {X  r  ,  ) *  acyc l i . c  ( see  Lemma I .4  ,6  l n  [ t  t - ]  I  .  As  above  f  (X ,  ? . '  )

0*-modv res,

by K (X)  the t r iangulat ,ed cateqory of  complexes of  ob jectd in

and by D (X)  the der ived categor :y  of  Mod (X)  .  The sunerscr ip ts

wi l l  mean complexes bounded to the le f t '  respect ive ly  t .o  the

r igh t ,  respec t i ve ty  bounde .d  i n  bo th  d i rec t i ons .  Fo r  eve ry  G '

- - f t t

and q € Z we def ine the t runcat ions of  G :



-  r - 1  , - -  e o \and  l " ( x ,7 . " )  a re  rep resen ta t i ve  s  fo : :  R I ( x ,  c ' )  and  o  f c  ( x ,  $ ' )  and

the i r  coho rno logy  i s  deno ted  by  i f l  ( x  , 6 ' ) ,  r espec t i ve l y  F I :  ( x ,G ' ) .

We  say  tha t  a  shea f  j - s  acyc l . i c  i f  i t  j - s  f  (U , ' ) - l " y . f i .  f o r

eve r : y  open  s .e i :  U  i n  X .  I t  i s  easy  to  see  tha t  eve ry  C '€D(X)  admi t s

a  r e s o l u t i o n  v i i t h  a c y c l i c  s h e a v e s  ( s e e  l e m m a  I . 4 . 6  i n  [ t t ]  ) ,

Remark  L .  Le t  Skn (x )  be  a  comp lex  o f  acyc l i c  sheaves ,  exac t

i n  d e g r e e s  7 . p ,  T h e n ,  r ' f  d i m  X - n ,  i t  i s  e a s y  t o  s h o w ,  b y  s p l i t t i n g

f f  i n t o  s h o r L  e x a c t  s e q u e n c e s ,  t h a t  i n  d e g r e e s  7  p + n  t h e  s h e a v e s

o f  boundar ies  o f  6 '  a re  acyc l j - c  sheaves .  Cor rsequen t l y ,  eve l : y

G'e o.  (x)  aCmj- ts  a resoluLion Sn-* . -*  p"vr i th  acyc l ic  shea' res such

that  T" .  o-  (x)  .  .

Remark 2

has components

a 1 W  : }  a i ' l -  q  a i l ' Y l  I  A n  a l 1 3

of  bou.ndar ies

t l ie  condi t ion

"  I f  S ' e  n ^ ^ .  ( x )  ( i . , ? .  G '  h a s  c o h e r e n t  c o h o m o l o g y )  a n d
con

r a r r n l ' i  n  n n  q t e i n  O l ) a j n  S e t S ,  O n e  C a t 1  S h O W ,  U S i n g  a n' - . v J  v . r 4 v  v r r

a: :gument ,  that  the s l : rearres of  cyc- ]  es and the sheaves

o f  S '  a r e  a i s o  a c y c . L i c  o n  S t e j . n  o p e n  s e t s  ( h e r e  a g a i n

d im X<oc  i s  esse r r i : i - a I )  "

L " 2 "  F o r  e v e r y  G " ' e  n ( x )  o i " : e  h a s  a  r e g u l a r  s p e c t r a l .  s e q u e n c e

u.P9: 'P  rv  : t .9  r  S ' )  )  converg ing  to  Hp+q (x ,  g ' )  t t4q  tg ' l  i s  the  q- th  co-t t 2  - t t  
\ n  t  " ' -  \  v  , /  , ,  v v l r v s r Y r r r Y  r , v  r :  \ r r t  !

homo logy  shea f  o f  G '  )

T f X i s a S t e i n

seqr lence is  degonerate

c h a ^ 6  = n A  G " e  O ^ ^ -  ( X )  t h e n  t h e  s p e C t r a l-  -  " c o h  ' - ^ '

:  n d lh o o.- i  rr  a mnrnh i  qrrrq r.  q r l u  L r l u  u u Y v

Ha (x, S') -----+J- (x, f i  a ( $')  )

^ro " i  somornl - r  ' i  SmS .

1 .  3  .  The f  unctors Honi :Mod (X)  x  t4od (X)- ->Ab and

X(Qov-  :Mod (X)  x  l4od (X)*- -* -+ ' l4od (X)  can be extended to b i - l  * func-

t o r : s  H o m " : K ( X )  x  K ( X )

wh ich  assoc ia - te  to  eve ry  ? ' ,  S "e :  T { (X )  t he  co rnp lex  o f  componen ts



' . ,  I  r

Homn (Z '  ,c . ' ;  = f lHom (  ?  P,  s  n+p;  and d l f , ferent ia ls  a" {a?;  t *  ( -  r  )  n+1€,  
,

P c l t  op€z
. n

respec t ] -vdry  W€,nn (  2 " ,  6 ' )  { " l t * "  (2p ,6  n*P)  and d i f fe ren t ia ls  o f
p € z

the same form.

+
^Lqg*g -3 . ,Le t  t ' €K ' ( x )  be  a  comp lex  o f  i n jec t i ve  sheaves  4nd

S ' 6 x ( x )  .  A s s u m e  e i t h e r  3 1  ? ' i s  e x a c t  o r  b )  J "  i s  e x a c t .  T h e n

Homo (c l - "  ,  1 '  )  and l l rvw' (1- '1  f ' )  are exact ,
)

The  p roo f  can  be  found  fo r  examp le  i n  [ r r ]  ,  l emmas  T "6 .2

a n d  f I .  3 .  I  .

S j -nce  Mod(X)  has  enough  in jec t i ve  ob iec ts ,  i t  f o l l ows  f rom

lemma 3 Lhat  one can def j -ne r ight  der ivec l  functors:

'  RF Iom '  :  D  (X )  oxD*  ( x ) - -+o  (Ab )  ,  r espec t i ve l y  RTL*w '  :D  (X )oxD+ (x ) - -+D  (x )

fo r  Hom"  andKrwv ' ,  ob ta ined  by  "de r i - v ing "  f i r s t  i n  t he  second  va -

r i a b l e  a n d  t h e n  i n  t h e  f i r s t  o n e .  I f  Z ' € D  ( x )  
"  

g ' e  o +  ( x )  a n c l

' - - ' - - '+  
f  is  an in ject ive resolut ion for  G'  ,  then Hom'  (Z ' ,  X ' )  and

X { i r , ' " ' ( Y '  ,  7 ' )  a r e  r e p r e s e n t a t i v e s  f o r  R H o m ' ( V ' , 6 t ) ,  r e s n e c t i v e l y

R K r * , , ' ( t ' , g ' ) .  A s  u s u a l ,  y e  d e n o t e  b y  n x t Q  ( X i ' t ' 1 6 ' )  t h e  c o h o m o l o g y

g roups  o f  RHom'  ( t '  , € "  )  and  by  V tn *  q  (Y '  ; e "  )  t he  
' cohomo logv  

sheaves

of  Rl t ra '  (A '  ,  g"  )  .

Remark 4.  T 'he complex 
' l (orn"  (2 '  ,T)  has f  tabby components

( t f r i s  f o l l ows  eas i l y  f rom the  we l l  known  fac t  t ha t ' f o r  eve ry

9 'e  uoa (X)  /  
' l t " * " ( ' ( .  

, 7 )  i s  a  f l abby  shea f  i f  J  i s  an  i n iec t i ve  shea f  ) .

1 .4 .  I f  A  i s  an  abeL ian  ca tego ry r  f o r  eve ry  two  comp lexes  i n

the  de r i ved  ca tego ry  o f  A ,  X ' ,  Y "  €  D  (A )  ,  t he  q - th  hype rex t  o f  X '

a n d  Y '  i s  d e f i n e d  t o  b e :



B _

trx tQ (X '  ,  Y '  )  =Homr. , ,  ,n  r  (X"  ,  Tq (Y"  )  )
lJ \t1 I

where T is  the t rans lat ion functor

I f  B  i s  ano the r  abe l i an  ca tego ry  and  F :D(A) * - ->B  i s  a  cova -

r ianL addi t ive functor  then one c lea. rJ-y  has a pai r ing,  ca l led the

( 1  n n * a n
yoneda pai r ing:  ExtQ (X '  ,  Y '  )  x  l 'P (X"  ) - - - - *  tRrQ 1V'  )  where F l '  denotes

F .TH.  O f  cou rse ,  f o r  a  con t rava r ian t  f unc to r  a  s im i l a r  pa i r i ng

ho lds

As in  the case of  Mod(X) ,  t i :e  f , .unctor  Hom on A extends to  a

b i ' - ? - func to r  l i om ' :K (A)xK(A) - ->x ( l r l c )  f o r  wh ich  a  resu l t  s j -m i l a r  t o

lemma 3  ho lds .  Consequen t l y  ,  L f  A  has  enough  in jec t i ve  ob jec ts  one

r r a n  d e f i n e .  a s  a t  1 . 3 ,  a  r i g h t  d e r i v e d  f u n c t o r  R H o m " : D ( A ) o x D * ( A ) - - - -s v . L  ! . r v  t  s

t l om ' .---"+'D (Ab) for .the functor

Accorc l inq to  a theorem due to Yoneda t  [ f  f ]  ,  theorem I .6  .  4)

the re  i s  a  canon i - ca l  i somornh ism:

Hr (RHom' (x'.$ ; ,* *-BXta (x'rY') .

1 .  5 .  The connecLion between t l re  fUnCtOrs RHom' and R?tn ' " ' - '  iS

g i ven  by  the  na tu ra l  i somorPh ism:

RHom"  (Y '  , 6 '  )  - '  tR | .  (X ,  R  7 {o ' " '  ( 9 '  ,V '  1  1  (  f  )

The  above  i somcrph ism imp l i es  the re  ex i s t s  a  spec t ra l  sequence  o f

term Blq=Hp (x ,  t - * . t  Q (? '  ,s '  )  )  converg ing to  nxLP*Q (x i  Y. '  ,  F '  )  .

B y  a n a l o q y  w i t h  t h e  i s o m o r p h i s m  ( 1 )  w e  d e f i n e  B x t : ( X ; ? ' , 6 ' ;

t o  b e  H q  ( R r  
e ( X , R l f o - y , , r . ' ( ? " s ' ) )  ) .  u s i n g  r e m a r k  4  i t  f o l l o w s  t h a t

nx t "9  (X ;? "  rG ' )  r : ep resen ts  the  cohomo logy  o f  t he  comp lex

f " t X  r W * w v ' ( 1 " ,  J " ) ) ,  w h e r e  7 ' i "  a n  i n j e c t i v e  r e s o l u t i o n  o f  S '  .
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['r:]

IgJ r

r .6 .  A  complex  $ '€pb (x )  i s :  sa id .  to  have f in i te  i "n jec t i ve

d i m e n s i o n  ( f " i . d . )  i f  i t  a d m i t s  a n  i n j e c t i v e  r e s o l u t i o n  o f  f i n i t e

length  ( fo r  equ iva len t  c l -e f in j - t ions  see t t t ]  ,  p ropos i t io r - r  r .7 .6 )  .

T h e  m o s t  s i g n i f i c a n t  e x a m p l e  o f  a  c o m p l e x  h a v i n g  f . i . d .  i s

dua l i z i : ng  comp lex  o f  X ,  KX  ( fo r :  t he  cons t ruc t i on  o f  K ;  see

;  a  cons t ruc t i on  based  on  a  d i f f e ren t  anp roach  can  be  found  i n

.  O n e  c a n  g g l r r n l l r r  n F ^ a ' ^  + h e  f o l l o w i n g  m o r e  p r e c i s e  r e s u l t :

-LSI I9J.  Tf  X is  an analy ' t ic  space wi th  Zar isk i  d j -mension n,

then  i t s  d 'a l i z i ng  comp lex  K ;  admi t s  an  i n jec t i ve  reso_ r_u t i on  v rh i ch

i s  ze ro  ou ts ide  the  i n te rva l  [ - r r , 0 - ]  .

g l g g € .  S i n c e  a n y  1 o c a 1 . I y  i n j e c t i v e  s h e a f  i s  a c t u a l l y  i n j e c t i v e ,

i t  f o l l o w s  f r o m  [ i r l ,  p r o p o s i t l o n  r . 7 . 6  t h a t  t h e  s t a t e m e n t  i s  l o c a l .

Hence  we  can  suppose  x  i - s  a  c losed  subspace  c f  . c l n  open  se t  u€cn .
fr 

-t

rn  LBJ  Go lov in  has  p . roved  tha t -  OU admi t s  an  i n jec t i ve  r : eso lu t i on

o f  
' l  onc rJ -h  h  S ince  ( )  - -= t r l  -  an r l  s i  nc r r  T<n -  i s  a  reso l  r r f - i oy l  6 f  r n  (  r . d -  t  -+ v a r y L r r  1 r .  r r i r u s  v u * w r J  d . r l L i .  s i t I I U e  , r u  r t )  c l  r ( J s j u J - u l  

o , ,

where  T  i s  Lhe  t rans la t i on  fun r - : f o r -  i J -  f o l l ows  tha t  14 i  ad ln i t s  an

i  n io r '1 - i  rza  'ooc l -u t ion  X, ' ,  - - -=  X '  wh ich  is  zero  ou t -s i  6er  l -  ^ l- - - J  - -  s u l v r r  , r l J  t  w r r r u l t  J _ b  z  _ _  *  . - _ f l ,  U r l  .  I t  1 5

now easy  to  ve r i f y  t ha t  
' / bn ia - - t  

O - - .  J ' l  i s  an  i n i r . r . . t - i r r s  reso lu t i on  i nY I J  t  
" X l  

-  ,  q r r  r r r J L - u u r - v

K(x )  f o r  x ' -=  U%n)  (  ( r - , 6 , ' , ) fX  ( fo r  t he  p rone r t i es  n f  j - he  dua t  i z j nn^  a u .  "  x ' - ' u . r -
comp lex  used  i n  the  p roo f  see  [ t : l  ,  p ropos i t j . on  ]  o r  l z1  .  rhpn rom

7 . 2 . 6 ) .

I . 7  .  I n  n ^ r . a n r r n h  /  i n  O f d e f

gy on t t re  hyperext  we sha1l  use the

Lemma 6.

morphism s Y-^;t A

* 1 8 ; g Q  ( x ; g '  t g '

f o r  q ( p .

to  in t roduce the natura l  tor :o1o-

f  n ' l  
' l  

n r . r  i  -  ^  1 -  r r r -! v r r v , v * r r y  - -  * r l C d t i o I I  : : e s u L t s  .

Tf 
&q| 

€D (x) ,  S-"e o+ (x) and p e z then the natural

(Y" , t rT: ' ) -+ ,&* t  q  (2 .  ,6" )  ,  l lx te  (x ;  y ,p6. )  __->

)  ,  nx t l  ( x i  2 " ,p6 "1  Ex tS  (x ;  V . ' ,@"1  a re  i somorph isms
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L

L e m m a  t .  L e t  8 " 6 D ( X )  .  I f  O r * l ; D ' ' ' ( X )  h a s  f . i . d . '  t h e n  f o r

every  Qo€ z  t } :e re  ex is ts  p€ .7 ,  s i - rc i ;  , :ha . t  the  na tura l  nLorp l l i sms

gnt t  o ' (2 ,s "  
) * - - - -+ ,€^ ; t  

q  
€Z ,s ' )  ,  r - r> r 'LQ (x ;  2 " ,g"  )  - * - -> ,Ex tQ (x ;pE ' ,G ' )  ,

- "9  (v .4 '  r t "  \ - . - - . ->nx t l  (x rp9"  ,  F ' )  a re  i  somorph isms fo r  a 'Vqo! ^ L e  \ / \ ,  u  t v  l i r e c  \ - - ,

The p: :oof  o f  the two lemma.s j -s  s t ra ight forward"  fn  par t j -cuIar ,

i f  i n  Lemma 7  G 'admi t s  an  i n iecL i v r :  reso lu t i on  wh ich  i s  zeYo  in

a l ' l  pos i t i ve  Cegrees  (e .g .  6 "=K* )  ,  t hen  one  can  take  P7-Ao .

1 .8 .  We g i ve  now su f  f i c i e : r t  cond j - t i ons  on  t9  a .nd  S"  wh ich

ensu re  the  cohe 'e *ce  o f  t he  sheaves  9 - t tQ  (V" ,9 ' ) .

.Blgpjgl ir lg"g- q" Let either a) c{" €D.or] (x) ,  6'e D:oh (x) or

b )  9 " { D c o h ( x )  ,  w ' e n f ; o n { x )  a n d  } : a s  f " . 1 . d .  T h e n  R K " " i ( L " , G ' ) e  D . o n ( X )  .

Proof  .  A genei :a1 arEument  can be found j -n  t t r l  ,  proposi t ion

I I . 3 . 3  b u t  w e  p r e f e r  h e r e  a  d i r e - c t  1 : : r o o f  .

a)  One can suppose that  uc-"  i r ras acyc l ic  compc)nerr ts  (see rernark

i ) .  The  p ropos :L t j - on  i s  c lea r l y  . l - oca l ,  so  tha t  we  can  work  i n  a

- ^ i  ^ L 1 - ^ - . - r ^ ^ ^ ^ r  r : f  a  S t e i n  c O n r . p a C t  S e t .r r c  !  Y  l  r u  L /  L r ! , 1 r u \ . / . . :

By  u -s inq  a  s tanc la rd  a rguncn r  o f  descenden t  i nduc t j -on ,  one

can  show tha t  9 "  admi t s  a  reso lu t i cn f ' - - ->Z 'w i th  f ree  sheaves  o f

f in i te  rank ( in  the neighbourhooC of ,  the f : -xed compact  set )  .  Let

no rv  S" * - - t ) ' be  an  i n rec t i ve  reso lu t j . cn  o f  ( i ' ' .  S ince  Ko^o t (Y" ,7 '  )  i s  ! '

a  represeni :cr t j .Ve for  R?eo, ' . , r - '  (Z '  , f f "  )  ,  j . t  is  suf  f  ic ien ' t  to  show that

i t  has  coheren t  cohomo logy .  As  Wun t " (X ' , 1 '  )  i s  t he  s imp le  comp lex

assocj -ated ' 'co the f i rs t - .  quadra i " r t  c loubie complex 70rn,  (Yp,7q )  r r . , - . , )  ,-  \ y r Y l

case  a )  f o l l . cws  s tudy i -ng  the  spec t ra l  sequence  assoc ia ted  t ' o  t h i s

double complex

case L: )  fo l lows now immediate ly  f rom case a)  and lemma 7.



I f  x  i s  a  S te in  space  and  V"  ,  f f "  a re  i n  one  o f  t he  s i t ua t i ons

in  p ropos i t i on  I  t hen  the  spec t " ra l  sequence  o |q="p  $ ,  $ , x l c l  (  9 ' , $ " )  )

i  s r  r lecronornto and the edge morp[ i " .s ;ns :  UxtQ (X i ' t , '  o  0 '^  ) * - . f  (X,  V^tq (U"  ,A ' )  )

are isomorxrh isms

Remark 9 .  I f  'L"  and Cf l  are as in  proposi t ion B then the natura l

morph ism:

g  K* '  (2 " ,6 '  )  *€  RF Io in '  (  Y " * ,  S*  I

is  a  quasi isomorphism and consequent l lz  one has natura l  isomorphisms:

.bri a t 9" c: ')  -- '  Irxtq6l t  
t t"*, 6 

*) 
(to see this , ret 6'-+ f 5s,  \ " , _  , X  , * r *

; l? f  i  n  i  r :n l - - i  r r r :  : :eSOIUt iOn,  respeCt- iveIy  an in  j  eCt ive resOlut iOn Of

f i n i t e  l eng th  ,  f o r  G : "  ;  t he  morph ism above  i s  g i ven  by  the  na tu ra l

morphism of  double complexes :  Won,  (2"  ,  X")  x  
. - . ** '+Hom t  ?  * ,  ) * )  which

induces iscmorphisms on the second drawer of  the spectra l -  sequences

associ .a t .ed to  them ,  Y, l -p  f tLq ( ' { ' )  ,0" ' )  - -+ 'Extp2 
, **X{9 

( 'L"*1 ,  G * )  )  .

BgIgfE_]Q.  Let  D: t )  (X)- -_+D (X)  be the functor  Rf f i r .n | ( . ,K i ) .  S ince

K- ' -  has  eo | c+ re - - l -  nnhnmr . ' l  r . c r r  i t  fO l }OWS f  fOm p rOpOSi t iO r r  B  and  l emma 5r \ x  r r q D  v v l r s !  s r j  L  v v r r v r i l v r v Y J

t ha t  D  sends  Dcoh  (X )  i n  Dcoh  (X )  .

Be,qgl ] f_ ! ! .  By a pro ject ive t iml t  reasoning and us ing case a)

o f  p ropos i t i on  B  one  can  ac tua l l y  show Lha t  t he  resu l t  o f  case  b )

s t i l l  ho lds  under  a  weaker  cond i t i on  on  6 ' ,  name l -y  tha t  G"  €D f ;o f r (X )

h a s  f . i . d .  u n i f o r m e l y  o n  f i b e r s .  S i n c e  K i  h a s  b y  c o n s t r u c t i o n  t h i s

nrnnr : r1- r r  -  i  1-  fo l lows that  i t  is  poss ib le  to  show for  instance that

D  (  9 " )  e  D- - ,  (X )  j " f  ' t "  
en -^ -  (X )  w i tho r . r t  r eso r : t i ng  t . o  Go . lov j - l : ' s  resu i t

con con

( s e e  t h e  p r o o f  o f  l e m m a  5 ) .

1 " 9 .  T i r e  t e n s o r  p r o d u c t  i n  M o d  ( X )  e x t e n d s  t o  a  b i -  ? - f u n c t o r

K ( X )  } ( K ( X ) - - - - + K ( X )  w h i c h  t a k e s  t h e  c o m p l e x e s ' L ' ,  G ' e f ( X )  i n  t h e

co rnp lex  (  9 "eS" ) "  wh ic i r  i s  t he  s imp le .  comp lex  assoc ia ted  to  the
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doub le  coml : i ex  tVP  W c i '  t J )
( p , q )

Mod  (X )  i r as  enough  f  l a t  shc l vcs  ( sce  I  t  1 ]  ,  p ropos i t i cn  I I .  1 .  2  )

ar :d  one can prove the fo l lowing:

lgg. - ryq, ] ] .  Let  8 'en-  (x)  be a complex of  f la t  sheaves and

GF"e  o (x )  .  Su1 :pose  tha t  e i t he r  a )Y '  j - s  exac t  o r  b )6 "  i s  exac t .  Then

Y"@t't" is exact

Lemma 72 and the fact  thaL.  l :here a l :e  enough f la t  sheaves im-

p l ies that  the,  tenso: :  product  functor  admi ts  a le f t  der ived functor

"  g  " :  D -  ( x )  x  D  (X ) -_ -+D(x )  ob ta ined  b ' y  "d -e r : i v i ng "  f i r s t  i : r  t he

f i r s t  va r i ab le .  f f  0 " - - *? - "  Ls  a  f l a t  r : eso lu t i on  fo r  € ' t hen  the

/tg

comp lex  w  dS  F '  i s  a  rep resen tab i ve  J :o r  Z "mS" '  t  [ r r l  ,  TT  $  a l .

egngf f  " - * "  
Of  cou.rse,  i f  the secct id  complex S"  is  bounded

t r r  i - ha  r i c rh t ' -  cne  ca -n  "de r i ve "  f - i r s t  i n  9 "  and  then  i n  2 . " .  The
L v  e i r \ -  r r Y r a \ . f

der ived functor  thus obta ined cor i :c ides or i  D-  (X)  x  D-  (X)  wj . th  the

r ' \ n r r  n r r . r r i  , - r r r e ' l  i r  d e f  i n e d

f f  . d " A D -  
( X ) ,  ( 5 " € D ( X )  o r  i f  V " e n  ( X )  ,  G ' e D *  ( X )  w e  d e f i n e  t h e

t o c r a t  h v n e r l - n * ' "  ( n . ^ -  i  ( y . ' . G ' ) = W * t  ( ' t "  &  G "  )  a n d  t h e  g l o b a l  i : y p e r t o r :r v v q J - r r J h / u r u v ! " v v r \ e r " :

T o r i  ( x i  f - ' ,  S " )  - H - i  ( " ,  I ' 9 6 '  ) ,  r e s n e c t i v e l y  T o r r  ( x i  f ! , F ' )  = F I l t  6 , t ' g  g ' )  
"

For every V'  ,  6"  € D (X) i t  i .s  easy to prove that ther:e is a

natural  ison' .orphism ? @ G'"*c. t  S'qE' .
' i  

. . " "  / T . a \    i  ,  ( f  o  ( E n  t
l r tote also the isomorphism: $i . r '  ( ' t :  ,€ ' )  * : - : -+Torf i . .  

( 'L 
x,  

s *)  .
- X , X

1.10 .  As  fo r  the  hyperex t  we are  in te res ted  in  su f f i . c ien t

cond i t lons  such tha t  %'eS '  e  Dcoh (x )  .
h

We s ta r t  w i th  a  de f i n i t i o r " .  P i  co rnp lex  V 'go "  (X )  i s  sa id  to

h a v e  f i n i t e  t o r  d i m e n s i o n  ( f . t . c i . )  i f  i t  a d m i t s  a  f l a t  r e s o l u t i o n

pf  f in i ' te  length ( for  ec{u iva lent  c le f in i ' t ions see [ i i l  ,  p ] :oPosi t ion

r r . 4 " 2 ) .
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P r o n o s i t i o n  L 4 . r ,e t  e i ther  a)  V '  ,  S '€  o"on (x)  or rt '4" e ob {x)'  con

having f  .  t - "d .  anc l  ( f  "  e  D"o i ,  (X)  "  Then g"6$ 'en"oh (x)  .

Proof  .  rhe s tatement  fo l l -ows easi ly  by

spectra l  sequences of  the doubl .e  complex (  C

g' -=-+ 9.  is  a  f  la t  resolut ion for  t '  .

analyz incr
r - l'  e  G ' )  ( r ,

one  o f  t he

r,rh o r^ a

l ) '

2 .  SEMI-SI IV IPLICTAL SYSTEMS OT SHEAVES

The category of  coherent  sheaves on the complex space X does

no t  have  enough  p ro jec t i ve  ob jec ts .  Fo rs te r  and  Knor r  i n  IZ l  and

Verd ie r  i n  [ t : l  have  i n t roduced  an  abe l i an  ca teso rv  l a rge r  t han

M o d ( X ) ,  t h e  c a t e g o r y  o f  s e i n i * s i m . p l i c i a I  s y s t e m s  o f  s h e a v e s  ( s " s . s . )

har r i  nc r  a  s r r k r r : a .Fpon r . r r  w i  f  h  pnmr roh  r r ro - i ec t i  r r a ,  nh i  ec1 .  s '  wh i ch  con ta insr r q v J - I I y  q  J u v v q L E Y V l J  Y Y - ' - L l l  L r r v q Y r r  t : , ! v . J  
v v J e v u e

C o h ( X ) .  I n  t h i s  p a r a g r a p h  w e  r e m i n d  s o m e  b a s i c  f a c t s  o n  s . s . s .  a n d

eomn i r te  the  t l x t  i nva r - i an ts  f -o r  comp lexes  o f  sheaves  i n  D^ - . , ^  (X )  by
c o n '

r r q i n o  f r e r -  r e s o l u t i o n s  ( i n  t h e  s e n s e  o f  I t - ]  o r  I O J l  f - o r  t h e  f i r s t

cel:m.

2 . I .  Le t  / i . . L= (u i ) i * - I  be  an  open  cove . r i nq  g f  X  and  Le t  v i f  be

the  ne rve  o f  { t  ( one  cons j -de rs  on l y  a l t e i : na ted ' s imp lexes ) .  A  sen i -

- s i m n 1 i r r i a l  s v s t e m  o f  s l r e a v e s  ( s . s . s . )  r e l a t i v e  t o  1 / c o n s i s t s  o f

a  fam i l y  o f  sheaves  (uz€qkeo*o  ,  where  l n€ t " i oa (un )  ,  and  a  fa rn i l y

of  connec ' t . j .ng norphisms ( fp" .  ) * .p  ,  fpn,  / lu lup-=*{psuch that

for every x r P.** =id ano for every o( *l3e f, ,  9rp n( fp,.\un-) =fr*

A morphism between two such s .  s .  s  .  re la t ive to  the same cor . ter ing

q)" ,  
9  , , t r ,  -+&t  ,  consis ts  of  a  far l i ly  o f  morphisms ( ' !6< )e€r /y '  t

Yo:" r ( " . **>, / ' . ,  ,  which comnrute wi th  the connect inq morphisms.

I f  l f = ( W i ) i u ,  i s  a  c o v e r i n g  o f  X  w i t h  c l o s e d  s e t s '  o n e  c a n

d e f i n e  i n  t h e  s a m e  w a y  a s  a b o v e r  s . s , s .  r e l a t i v e  t o { , l f  .  I n  t h i s

case the sheaves lo .  are Cef ined in  a nei .qhbourhood of  t r {q  ,  and
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the connect ino n icrphisms I  respect i . re ly  the morphisms between two

such s "  s  "  s .  cons: is t  actual iy  o f  qe l :n ls  of :  mo: :ph. tsnLs "

The s.s .s .  re la t ive to  a co; ' . ; r l i .ncf  
'? , { -  

fonn an abel - ian car tegory

that we shall  denote by Mod (tf) " Thc ccri lr{:rspontl i .ng category cf com-

p lexes  aud  the  c le r i ved  ca teqo ry  v r - i - i l  be  deno ted  by  K ( l i l , ) ,  r espec t i -

ve ly  D (1/ )

2 . 2 .  7 7  A t  - r r r  \  r u r = ( V _ . )  - - - . , .  a r e  t w o  c o v e r i n g s  o f  x , V 1 l L( r ' _ * \ ' i r i € I ,  v  \ y j ,  
i u ' , ; r .

( 'U- f iner  than ?/ - )  then any ref inement  funct ion ' t r  zJ- - ->f  q ives r ise to

an obvj-ous rest:: ic:t lon functor: Mod (?{)-*.pMod(?/) and we denote bV v*{o,f

the irnage throLrgh this functor of- u4€ t '{oC ( ' t l \  -

f f .  / t  €Mod(U)  i s  a  s . s . s "  on  ) i ,  \ ^ /e  de f i ne  i t s  r : es t . : : i c t : i . on  to

a n  o p e n  s e t  U c X ,  # . [ U e u o C ( ' l i A U )  a s  t h e  s . s . s .  o f  c o m p o n e n t s

t  t t  1 . "  , .  1 1 \  ^ . - - 1  - ^ - - - - ^ - . j  i  i - r - . - -(  , . { . .< luo r l  U)c(  and connect inq rnorp i r j -srns (  f f rq  lUu  ̂  UL. .p

I "o r  eve ry  s . s . s ,  'A  ,&e tqod ( 'U )  one  ve : : i f i es  eas i l y  t ha ' { :  t he  p re -

sh.eaf  IJF* i "Hom ( l iu ,  &{ t l )  j .s  actual l 'y  a  sheaf  v ;h ich sha1l .  be c lenot-eC

^ A f r " a ( . { , 6 i ) .

To every u4 guoa ( t t )  one can a-ss- . ;crc ; ia te Uech complexes wi th  com-
JX-\

r r n , n a r r . t - o  6 P / r i  /  
' r * T - r  t  , .  a  ^ l C _ r n r  r l r  f  ! \  4 ( l r . \r r L , r r = r , . L D  \ -  ,  , n ,  A  ) = ,  1 . .  I  r l t a ( U a )  ,  r e s p e c t i v e l y  C E ( ' U ,  c / t ) =  W  r h s u a t
l X l  = p + 1  [ r  i = p + l

a.nc l  wi th  d i f fe  rent ia l .s  def ined in  t ;he r :sual  way.  Obviously ,  i f  \ f< 'U,

rj-se to mappj-ngs cq (4t, &. ) ------+

, u4) -4c: (?,r , dltrl. "

BSS3II*"1. I f  ?1. is a J-ocal11' f  i .n. i . te coverinq of X and tt€Coh (?f)

(1.  e .  the conpcnenLs of  ,4  are cohr : - r :cnt  sheaves )  then the s t laces l -n

the  comp lex  C ' {U , td )  ca r r y  na tu : :a l  t opo log ies  o f  t ype  F .S .  iF rdche t -

. -Sc i r r va rz ) .  I f  , - 7 i r  , 8  e  Coh  ( ' t { )  t hen  Hom(d i . , fB  )  ca r r i es  a  na tu ra l  t opo logy

o f  t l z p e  F . s .  ( i t  i s  a  c r o s e d  s u b s p a c e  t " f f i F { u n  , K n " ( , 2 4 ^ , 6 i . n ) ) ) .

then any ref i i iement  funct ion g ives

*-+nQ r  4) -  . . t  l4 \ \  ,  resDect ive ly  C:  ( f tu  \  v  |  \ ' V l w )  |  l s r l J s u u l v E  
v

Simi lar :1y ,  i i  } (  is  a local ly f  in i . te cove:: i  ng of  x

sets ancl  ut  e:coh ( /<) then Lhe spaccs i . r :  thc comp1ex

natura. i -  to1:oi  og. i .es cf  t .ype D. F.  S "  (s; t  ' - 'o l rg dual-  of

with compact

C' ( 'K ,  nt )  carrv
r r -

a  F " S .  s p a c e ) .
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1 I

o f

A , &  6 c o h ( X )  r h e n

t y p e  D . l l .  S .  ( i t  i s

f" tx , ol{**.G4,&) ) carries a

a  c losed subspace in  6 )
u et'lnu

natura l  topology

f l t r<*,"/{ov* ( u4*, (bo } )  )  "

2 .3 .  Fo r  t he  sake  o f  s in rp l i - c i t y  we  sha l l  wo i : l <  w i th  open

cover inqsof  X but  the def in i t i -ons ancl  the resul ts  ho ld a lso fo : :

c l o s e d  c o v e r i n g s .

W e  s a y  t h a t  a  s . s . s  i s  a c v c l - i c ,  r e s p e c t i v e t y  a c y c l i c  o n  S t e i n

^nan  ca r -q  ' i  €  a l l  i t s  c6mponen ts  a re  ( see  1 . I  fO r  the  de f i n i t iOn  o f

: r n r z n l i n  c l r o a r r g g ) .

A c c o r d i n g  t o  l e ]  l e m m a  I . 2 . 2 . ,  M o d ( ? { . )  h a s  e n o u g h  i n j e c t i v e

ob jec ts .  As  a t  1 .1  i t  f o l l o r . r s  f r : on i  [ r r ]  ,  l emma \ .n .5  tha t  eve ry

complex in  K-  ( ' l l )  adrn i ts  an in ject ive resolut ion.  I r loreorzer ,  s i "nce

X  i s  f i n i t e  d j -mens iona l rwe  ge t  t ha t  eve ry  co rnp lex  i n  K (1 / " )  admi ' t s

a  r e s o l u t i o n  v r i t h  a c y c l i - c  s . s . s .

The re  i s  a  na tu ra l ,  exac t r fu l l y  f a i t h fu l -  i nc lus ion  func to r

Mo<l (X1--*-->1,,1od(t{) v;hich takes everv 0- - '-  ' r  1 (T
-  X - m o d u i e  

\ r  i n  t h e  s ,  s .  s .

r f  l n t  -  r  r r  1 , ,  \$  I ' i l = ( ' +  [ u < ) , x  .  I n  g e n e r a l  w e  s h a l 1  i d e n t i f y  S  w i t h  i t s  - i m a g e  i n

Moc l (11 . )  and ,  i f  no  con fus j -on  i s  l i ke l y ,  we  sha r l  w r i t e  S  f c , r  g l? t

I f  /H  i s  a  l oca l l y  f i n j - t e  cove r inq  o f  X  then  the  i nc lus ion

fu.nctor  Mod (X)- - - - ' t ' lod ( i { )  has a r ight  inverse (see Belk i lan i  L3J )  "

Bve ry  # .e  uod  (? { )  de f i nes  the  n reqhoa f  r i r - - - * /  . -  .  ( u )  .  where  14 (u )€ , , t r" - e , ( ( U ;  ' " '  r

j -s  the largest  s implex such +1--+ r ' tr  L - : r c rL  u { (U)JU,  I f  one  deno tes  nV  , t

t he  assoc ia ted .  shea f ,  t hen  one  can  eas i l y  see  tha t  f o r  eve r l z  x€  x ,

A * * / o { ( * ) , "  ,  w h e r e  x ( x ) € t f  i s  t h e  l a r g e s t  s j - m p l e x  s u c h  t h a t

x€  Uo( (x ) .  Consequen t l y  t he  assoc ia tLon  r t f - - - - - , f g i ves  r i se  to  an

exact  functor  l " iod( t t ) * - - . *>Mod(X)  such that  for  every $ €Mod(X)  one has

a natural i-somcrphism s -r-.,*-a- ( (f l . l ,L f .  Moreover, for every'
, r ' ^*4 Ertoa gq one can def ine a natural morphism .l  - -,rt- ,  the component

t  -  t \ r ,  h r . i n r r  r i r r a n  h r r  f )  f& n * - n  t l { t l u * (  D c a n q  g r v e n  D y  J ' X ( U ) *  r o r  e v e r y  o p e n  s e t  U  i n

Uo(  ( remenber  tha t  v ;e  wr i te  , ,0  toy  ,A IW) .

For every I  gMod (X)  ar rd ever : /  , l  eMoci  (4{ )  one has natura l  . i -so- '
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morph isms:

F iom( ,& ,6 . ' ) : 3= : -eHom( . f  ,S  )  anc l ' J { , , ' , o t (  , , * , (Y  ) - t : : * : ' - * , # r r ^ " ( ,#  r t r  ) .

Remark 2.  The isomorphisms aJ: ,cve i inp ly  that  i f  J  €MoC (X)  is

an in jec .b . i ve  sheaf  then $  is  an  in ' lec t i ve  ob jec t  in  Mod( '?1 . ) .

3gg3I5*3.  Let $"€K(X) and u€. et t ( '?,1).  Every quasi isornirphism

,.4"*---*S' factors,  v ia the morphisro ,$"-*-->, f r ,  lz ie ld inq a quasi iso-

.f"
morpriasm ,,r" '  -**+6.' .  On the other ha-nd, i t  is easv to see that every

quasi isomorph. ism (T '**** ,  u | i tn  K(14)  can be completed to  a guasi isomor-

ph1 sm CF'**+ l t"**4>,f i . ,  K (X) . Consequentl.y, the i  nclus i  on f r:nctor

D ( X ) - - . - - * , D ( 4 { )  j . s  f u l l y  f a i t h f u l  t l r r ]  '  p r o p o s i t i o n  I . 3 . 3 ) .

Z ,A .  Fo r  eve i : y  c { .€ r ,4 f the re  i s  a  i r a tu ra l  f unc to r  uod ( t l * ) * *Mod( {d )

w h i c h  t a k e s  $ e  u o a ( U a ) ' i n  t h e  s . s i . s " f  w : L t h  Y , u =  g l r t o  i f  f ' > q
r

ana'( fu =S otherwise. Fr:r  every & el tod(r t ' t )  ancl  9e1{od(U<) one has

natural- isonro:r:r:hisms :

Hcxn t K, X):3:t '--, 'p66 19, Q,oi-**r::*f-(u s, Vt"ttu($, f$* ) ) and

Wwt(?. ,  ,A )*** i (  o l t t 'w (V , f t>;  ,

where i**  :Un-*-*>X 15 the j -nclus j -on^

A direct stirn ff= <;g)fi. where each 0r< is Cu* -free of f inite I
c (€ t z t "  

,  f - i  | n l r
rank  j . s  ca l led  a  f  ree  s  .  s .  s .  (see  L  i J  o i -  LUJ /  "

ReineIL-A" Let {l. be a coveri 'ng of 'K with stein open sets ' rf 0

i s  a  f r e e  s . s " s . ,  t h e n  i t  i s  a  p r o  j e c t j . v e  o b ' i e c t  i n  c o h  ( t ' { )  b u t  i t  i s

. . d q ? - \

r lo  longer  pro ject ive in  Mod({ , { - ) .  I lor ,vever : ,  i " f  f t - \ -+6\*>0 is  an exacL

sequence  i n  l , l od ( { t )  and  i f  ke r :V  i s  a  s . s "S .  acyc l i c  on  S te in  open

sets,  then the morphism gorn(0,u ' * ) - - - . :oHom(f  , f : )  induced by f  is  sur jec-

t . i ve .
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Remark 5; Let t( , ' l I  be coverings of x such that 4r4 41, and tet

. t r  be  a  re f i nemen t  f unc t j -on .  r f  #  gMoa(4 r )  i s  a  f ree  s . s . s .  t hen  .V lV

may  no  l onger  be  f ree .  However ,  i f  ' t r  i s  i n jec t i ve  then  X la f  i s  a l so

f ree

We want  now to q ive suf f ic i .ent  condi t ions for

s  .  s  "  s .  to  ad.mi t  a  , t " .  resolut ion.

L e L  K = ( K . ) . - -  b e  a  l o c a l l y  f i r : i t e  c o v e r i n g  o f' " - i ' i e r  - -  . *

compac t  se ts .

:

r r i  nc r

f r ee

Lemma 6.

P roo f .  Acco rd ing  to

a complex of

X wi th  Ste in

components

s . s " s .  l _ n

nvery'o4'6 K;oh (K) (i . e, with cohomo{-ogy i-n corr f i(.) ) ha-

acyc l i c  on  Ste in  open se ts  admi ts  a  reso lu t ion  w i th

K (rr)

j e c t i v e  o b j e c t s  a n d ,  m o r e

q u o t i e n t  o f  a  f r e e  s .  s  "  s .

The  f ree  reso lu t i on

induc t i on .

Fo r  i  su f f i c i en t l v  l a rge  one  takes
-l

c o n s t r u c t e d  f r e e  s .  s .  s .  X  J  f o r  j  >  i  a n d

fo l lowing d iagram commutes :

[ 0 ]  l emma 1 .2 .2 .  I  coh  (7Q has  enough  p ro -

p rec j - se l y ,  eve ry  s .  s  .  s .  i n  Coh  ( f f )  i s  t he

{'*-2 "4' wLrL be constructed by descendent

.:
Moreover ,  suppose that  1- t  induces isbmorphism

for  3) t  L+2 and,  that  f i+ l  induces an epi rnorphism ker

Cons  j -de r  t he  exac t  sequence :

.  . i
K ' = 0 .  S u p p o s e

morphisms such

that we irave

that  the

on cohomology

tLtL _>zgt*, (,d')
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0 ---*-+ rm di- L*--*-+ ker ,1i-**"*--o'Yt-' (,lr\* **"*o

and le t  , -g  z  Q *** r i [ i  { , ,4" )  be an er : j . tnor :p1 ism, where CP} is  a  f ree s .s .s

It is easy , io show that the cycles; and the bouldaries of , ' fr" are acy-

c l i c  on  S te ln  open  se 'Ls ,  anc l  t h i so  toge the r  w i th  remark  4n  imp l i es

that tf  can be: I i f  tecl to a mor:phiu* Q , S)l *gtt t l i  '  On the other

hand  fe t  W,  f r r - - - ' - r , t "e r  $ io l f - \ k " t  f i + ] '  be  an  ep imorph ism s ' t r ch1ha t
o .

( y . ,  i s  a  f r e e  s . s . s .  N o w  i f  o n e  t z r l i e s  f i =  6 ' r ( D 0 z  ,  $ i = ( 0 , 9 )  a n d
a

4 r u

f l = (9 ,0 )  _ i - t  j , s  easy  to  check  tha t  t he  i nduc t i on  hypo thes i s  a re

sa t i s f i dd  "

open

i e t

Let now f tA= lTl  \t " i '  i @  I

se ts  s r . rc f r  tha t  fo r

' L t = ( U r J * - . - . .

Lemma "l , l-f

then ,4"1u" admj"'bs

3is.eg"
t i on .  So  t i r e

f .n  rn ' l  ]  r  r r r  R  I  fu u ! v ! I L 4 - L  v  v  o

open" se 'L.s  then S 'has

A d. i : :ect ,  Proof

b e  a  l o c a t i y  f i n j - t e  c o v e r i u g  o f  X  w i t h  S t e i n

.;;
e v e r y  L r r r  u . i  i s  a  S t e i n  c o m p a c t  s e t ,  a n d

F f o  z  + v -  / \ t \  1\ r  e  ncoh \ - r r  .uas components acyc l lc  on Ste in

a f r:ee reso]-ut- lorl  in K- ( ' l i )

of t ir is result can be f ound in [t l  '  lernma 0 '  4 '

, l €Kcoh(C  la=  cc lmpo ] len ts  acvc l i c  on  S te in  open  se ts

a f ree resolut - ion j -n  K-  ( ' [ ' )  .

One h as 1.L.(  f r  wi th a nalural  b i iect ive ref  inc. : : r , .ent  func-

iemma fol lotus f rorn ' Iemnia 6 and remark 5 '

T n  n - a r { - i  a r r ' l  ; r r  € n r  . r n n l n l  o x . : S  O f  S h e a V e S  O n e  h a S ' :
l - I i  i J ( : l I  L . j - U L l I c t l  ,  I v r  v v r t r . y + u i

2 .5 .  Le t  { , t  be  a  l oca l l y  f i n i t e  cove r inq  o f  X .  As  i n  t he  ca .Se

o f  s f i eaves ,  one  has  b i *  ?  - f uncL r ' l r ' s  I I om '  :K ( t { )  x  K (?4 ) -T "K(Ab)  and

fi{owf: I( (, t t) x K (,1/)--** K (X) . si ircc } '1cc1. ( '} ,) has enouqh in jectirre ob j ects '

these functo:is admit r ight derj-ved functors Ri{om' zD (4L)oxD'l ( ' l /-)** '-+

**+D (Ab) an 
-, R"ffe*rd:D ( ' l{) oxD{" (..rf)*- '* rD (X) obtained by "derl-ving"

f - i r :s t  in  gre seco 'c l  var iab1e.  I f  ; t '6 f  ( /L{ ) ,  65 en+( 'W) we denote the

cohomol-ogy of RHornn ( €d", *'9) bv: iixtQ ( ri.{. } d', fi' ) ana that of }l"i{'' 't"" (''4" o fr')
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by  th* ta  ( , f r ' , fu ' ) .  By  c le f in i r :Lor r ,  Bx t l  ( 'Wi  r4" ,N)  i s  Hq(Rf " (x ,R$s 'n* - ( , /4 " ,$ ) ) )

3ggggg.,-gLga*9.. ! 'or everY complexes of sireaves ff"e o(x) and

s " a u + ( x )  t h e r e  e x i s t  n a L u r ; . r i .  i s o t n o r p h i s m s  e x t Q  6 t E  r S - ' ) : -

x E x t Q  ( 1 A  i E  , 6 " 7  a n d  E x t l  $ ; Y , S ' ) L u x t :  ( t l 4  ;  # ' , f f ' )  -

Proof .  The proposi l ion fo l lows f rom femark 2 or  f rom remark 3

and  the  theo rem o f  Yoneda"

Tn  o rde r  t o  de f i ne  the  Ex t  by  means  b f  f ree  reso lu t i ons  we  need

two lemmas.

L e m m a  1 0 .  L e t  { ' e x -  ( i ' L )  b e  a  c o m p l e x  o f  f r e e  s ' s ' s '  a n d

S  e  f< (q . )  .  Assume tha t  e i t he r  a )  8 "  t s  exac t  o r  b )  6 .  i s  exac t  and

has  componen ts  acyc l i c  on  S te i t r  open  se ts .  Then  l {om" (  { ' , 0 t "  )  and

jh^m," (,t" ,  q; ) are exact

P roo f "  We dea l  f i r s t  w i th  ! l om '  a )  S ince  the  componen ts  o f

Y '  a r e  n r o i 9 6 l - i r z a  o h - i c r : t s r  i . n  C o h  ( % )  i t  f o l l o w s  t - h a t  # ' : - s  s p l i t  e x a c t
4 _  

q l r  
l / r v J

nnr i  q61 -  61 \ /e rv  mnrn l r i qm f rom X- ' 1 -n  an  a : : b i t r a r y  comp lex  i s  homotop i c
A I I U  D v t  9 v r ! J

t o . 0 "  C o n s e q u e n t l y ,  H o m ' ( E ' , 6 "  )  i s  e x a c t .

b )  S ince '6 "  i *  exac t  and  has  componen ts  acyc l j - c  on  S te in  open

seLs,  i t  fo l lows easi ly  that  the cyc les and i :he bounclar j -es of  t6"

a re  acyc l i c  on  S te in  open  se ts  ( see  ren tak  l - . 1 ) .  Now,  us ing  re rna rk  4 ,

i t  fo l lows that  any morphism of  complexes of  q iven d 'egree f rom f "

to  A '  is  homotopic  to  0 ( the proof  goes exact ly  as i t  Y"  would

har re  r r ro i  g6 l i r ze  c r lmnr rn6n t . s  )  .l l c L v e  Y L v  )

Now we  cons ide : : 'X tn  n ' .  Bv  a )  and  b )  above ,  f o r  eve ry  U  in  X

QJ- r : i n  nncn  se t ,  Ho rn ' ( t ? ' lU ,A t [U l  i s  exac t .  and  we  conc lude  tha t
v  u v  ! r r

Tt rn i  (g ' , $ '  )  i s  a l so  exac t
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Lemma l- I .  .  Let ,{" ex-" QA he a. coinp]-ex of free si .  s. s. and

& ' € i ( ( t { , )  a  c o n p l e x  w i t i r  c o m p o n e n l : s  a r : y s 1 i . .  o n  S t e i " n  o p e n  s e t s .  T h e n

. { - h a  n n m n l o w  K . y , n i Q { ' , N  )  h a s  c o m p o n c n 1 . : s  i " ( Y , .  ) -  a n d  I ' ^  ( X ,  " ) * a c y c l i c "

'  
ruggg" We remarl< f i rst  tha-t  i f :  t9 cMod(U*) j -s #rr .* f ree of

ud{

f in i te  rank and i . f  I  €Mocl  ( 'U-)  is  acyc i ic  cn Ste in open sets  then

tu

I t r -w (€ ,& )  i s  acyc i i c  on  s tb in  ope r : i  se ts ; :nd  on  eve ry  opeR se t  con -

Lq . -L r . r . . r r r v  ua (

/?.\ fv

Every cr:mponent of .f is of i:he form f.p= @ Oop with O":

r Fj' 

q e'/Ir 
t

an  1 "1 . .  " f ree  shea f  o f  f i n i t e  rank "  One  f ras  the  i den t i f j . ca t j - ons :
U d (

v,r',n* {ff',G')*ifT T-Tt,r* (W^,t+:l',e'}up l I
p e z  a € #

l,et 
'Jx:> 

be a f labby reso.lution -f.or nlLqn 
t0,f ,e[+pl . rt follows

easi ly,  using the remark at  the l :eginn: i -ng of  the p: :oof  ,  tha. t

l*T T*T r** t..}*iol is a f 1.abby resc.rJ.ution for ?for*n (f;tr) . Applyi11g
peZ a,€,,1/

f  (X ,  "  )  and  f  .  
(X ,  "  )  one  ob ta ins  the  exac t  comp lexes  :

*T*TT*f '*r '" w ". rftD /,?.n+'
I  r  r  r  J l  ( U u  i K r r + ( ( t - ' 0 5 ; ' )  )  c - - - -  i  _ 1  i  I  l ' ( u q , J < < p )
pCZ e;4e p€-Z a:+, ' {  'L

.dq,.t 
-f -*trr... ^tf ,oD nl1*pr r - ;iiga. "i'*T I-f rr nT* \

fult  I  _ j ,  
, 'u' ; tcrra(l ' ; i  , !)rr ' )  l .(* '-+' f*1;* . l  "! ,J 

\ur4 rJ*o/
q-€ t {  L ) : h  o ( l , i f  P€7 ,  

n ' -

Le t  nowt { "= (U i ) i e ,  bu  a  l oc ; r l l y  f j - n i t e  cove r ing  o f  X  \ ^ l i t h  S te in  
,

open  se ts  such  tha t  f o r  eve ry  i e I ,  i { ' i s  a  S te in  compac t  se t  a t rd  l - e t

' l , f  = t i1 i r . ,  .  we denote by K.or . , ( f r . , t { . )  anc l  Dlon (Tt" ,U)  the subcat-egor j 'es i

o f  K*  ( f t )  ,  D-  ( , l t )  consis t ing of  rest r i .c f ions of  complexes f rom

K . f f i .)  and D r?n
con 

' "o6 \  Y ' i  '

l i€nrrr id.s 7 and 10 ensi l re that  there exj .st  r ight  der ived f  unctor:s

RHom" , D"of, i l",W)ox D (,uY*->D (Ab) ancl R'i i lrn,i,D"of, (i l ,tt) ox D (?{)€*> D (X)

for i {om" and F*trnt '  ,  obtained by " i ler iv ing" f i rst  in the f i rst  var iaLr l 'e '
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Let  , r4 ' (D loh( t i ru ) ,  h '  eD( i t , )  r  v l " * - - ->J 'be  a  reso lu t j -on  o f  , ,4 " ,  where
-  '  l  t , :  ' ' : '

J '6D-oh  ( i [ , ' t t )  i s  t he  res t r i c t j . on  o f  a  comn lex  i "n  u lon ( 'D ,  acyc l i c  on .

S to in  onen  se ts ;  l e t  : t ' - * - * ->  J ' be  a  f ree  reso lu t l on  o f  ) '  j - n  DPt )  ( see
t  ! v u  _ v

l omrnn  7 )  an r l  l e tCd- - -> ) ' be  a  reso lu t i o l  o f  ( t " r ^ r i t h  co rnponc ;n ts  acyc l i c. t

nn Sl-o' i  rr ^nAn' sets " The compl-exes l lonr"(X-rl ' )  and \t,*t(E',1) are repl:e-

sentatives for Rllom'(&',f f) and R'Nswl'(pt 'r6") .  Mo::eover, according to lem-

ma I1 ,  f  (X " ' l b , - * ' $ ' , t r ' )  )  i s  a  rep resen ta t i ve  fo r  R fc  (X ,R ' iG ,n (o4 ' , 4 t ) )  " '' * c '

The cohomology of  RHom'( .4 ' rG)  is  denoted ExtQ ( ' l t ;d ' ,A i ) ,  that  o f

pXo' , * ' ( , , f ,4)  ,  Uotq($,#)  and that  o f  Rf  (X,Rl f " ' * r . ' (o4" , , .b ' ) ) ,  ExtQ (U; f i . " ,h*) ._ C

Lemma 1.1 imnl ies there ex i -s ts  a natura l  isomorphisrn:

RHom " (,ti', Cf ) -.*y-*-> R f ( X, R J{""d ( ot'rcf ) )

whi ih gives r ise to a spectral  seouer"rce r f ;a=nn G,f id.+ 
q 

{ t t , , f r* ;  )  ccnver-

ging to Bxtp+q ,r i ,6,61) .

r f  03" g n+ ( '1t)  and I"  j -s an in iect . r r , ,e resolut ion for  Q'"  ,  the

sequences  o f  quas i i somorph j -sms :

I-lom' (tr' ,X:1c**-* flon 
' (J', ]') ---**: fiom' (,:C, ]')

K*,' (Y:,X') €*-- StswJ (J" ,I' )***+'Ifuv.,t (a{',}')

shovr  that  the functors RHom"and Rl io" - 'def ined vr i th  in ject i r ,ze resolu-

t i ons  and  w i th  f ree  reso lu t i ons ,  co inc ide  on  D :^ , -  (A - ,w )ox  o "F ($ { )  .  f n
cotl :

f .  n"  e olon (x)  and g'4D'{"  (x)  one can compute e xtQ (x; f ' ,s ' )

by  means o f  f ree  reso lu t ions  fo r 'L '

grg!gg.!f.sl-}a. rf €'e o^^n {x) , 6"eD.,-)n (X) then Ext{ (14 t ' ,V')
U L J I  T  U V I  I

nxtf ( l ' ,V',G') and W*q ft",v') are indepenrlent of the cor, 'ering 1l,{

Proo l l  "  We can suppose that  T '  ,  Q 
'  

have components ac5 'c l ic  o l1

and le t  f f ' * -+ " t '  Ae a f ree resolut ion for  f  in  K ( t ( )St .e in  open sets
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$ ince  S 'has  coheren t  cohomoJ .ogy ,  . ^S '  has  a i so  componen ts  acyq f i g

on  S te j . n  open  s ; c t s  and  so ,  Hom' (5 : ; r rg ' )  i s  a  rep resen 'ba t i ve  fo r
r

nnom'(?" ,  S ' )  ,  S i .nce" f  
'  

has f  ree compcnel t rs  ,  i  b  is  easy to  check that' t 1

r

fo:: erzery e, HomQ ("f"rs')*-proj l im l j ,rrnQ (f 'r*s") antj that rp^-Q r-(/" q'") )
. L t -  

'  u ^ r u u  \ r r v r t t  \ ' * ' r p '  i  /  
p

arrd ( fx tQ ( ' l l . ' ,8" ,  g ' )  )  *  are sur ior- ' : f  i  rzr .  nrn- i  cr : f  i  r ro svstranre-  ' r rh i  c  mn ahr
t p -  r , p  r u r - . J s v U - L V ; j  I / . r - v J v v L . ! v u  o . y a L U I t L p .  f l l f , D  l t l l : O l l J J

.  . +
r n n n ' r r l i n r r  { - n  [ r n ]  n h  n  o  " ' r n  1 ?  )  ' ) .  # l r :c . \ - L . \ r i L { r r r r 3  L \ r  L * - r  ,  -  

T I I  ,  p r o p c s r t i o n  1 3 . 2 . 3 , '  t i r a t

r ' * ' FQ  n t - . t ' r v ' \ z ra  r ro r  l im  Ex tQ  ( , t r . - g ' -  G - \  -  s i nce  Ex tQ  ( I r i g ' , _ f f ' )  i s  canon i ca l - -\ e \ 1 . '  l v  t @ - L ) L V J  ! - L I r i l J A U  \ @ r o r p *  , ! l r \  

#

l r r  i q o r n o r n h i . ' -  w : L t h  n x t Q ( x ; Y ' r , l s ' )  ( t h e  s c c o n d  c o m p l e x  i s  b o u n d e d  t o\ r \ r  (  
H

rho tc f r )  i  . | .  fo l lov, is  that  nxtQ ( r14vf , ' , i ! ' ' )= t*pro j  l im ExtQ (X;? ' , ,_$ ' )  .  T i re/  + \ -  \ e t o l -  / * * t :  
g

statemenb concc. rn incr  nxt9 (L l , tz ' ,V ' )  ; r : rd  ' iA q (9 ' ,s ' )  can be n: :ovecl  j -n
\ t ! t q  t -  /  \ - r r $  \ - I

a  s im i l a r  way

Pr :opos i t i - on  L2  j us t i f i es  the  use  o f  t h .e  no ta t j - ons  Ex tQ  (X ; t ' , 6 )
|, .\

and Ext^Y (x;2',9') when S. is not. bor-r ir.ded. ' fq: the teft.

Re rna rk  13 .  I f  t he  comp lex  on  the  seco r rd  p lace  i n  Ex tQ(X ;3 ' ,S " )

j .s  not  i :ounaed to the le f t  i t  does not  seem easy-  to  prove ihat  the

Yonec la  i somorph is rn  s t i l l  ho lds .

U s i n g  l e l a m a s  6  a n d  1 0 ,  o n e  ' c a n  d e f i " n e ,  f o r  e v e r y  1 . o c a 1 l y  f i n i t e

cove r ing  
'X -  

o f  X "  w i . t h  S te i r r  con ipac t  seLs ,  r i gh t  de r j . ved  func to rs

R I I o r n " : D *  ,  ( K ) o  x  D ( K ) *  D ( A b )  a n 4  R , , { 0 . " , . " : D : ^ , ^  Q < l \  n Q { ) * *  D ( X ) .  A s- - c o h '  c o l l

ehr , r rp-  thE:  f r rncLors R?fp^, r " 'and RFIom" def ined wi th  in iect ive : resolut ionss v l r v v f

co inc ide  on  f ) *  - ,  ( l ( ) o  x  D+(# )  w i t } r  t hose  de f i ned  w i th  f ree  reso l -u t i ons  !
cOfr

and  i t  i s  easy  to  see  thaL  p ropos i t . i c rn  12  ho lds  a l so  fo r  c rompac t

conver ings o i l  X.

3 . gggru{r,qr g "t! T rl1-{ JN rJn -:lQ.I.:iTj QlgJgN
rn  th is  paragraph we prove that  cornplexes in  n1. . ,  tx )  hav ing

con '

f  . t . d .  a d m i t  f r : e e  r e s o l - u t i o n s  o f  f i n i t e  l e n q t h  a n d ,  u s i n g  t l t i s  f a c t ,

s tudy  the  p rope r t i es  o f  t he  hype . r cx t  \ dhen  the  f r r s t  comp lex  has  f . t . . d .
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3 .  1 .  We  s ta r t  v ; i t h  a  ge i re ra l  p rope r t y  wh  j - ch  ho lds  i n  t he  con -

t e x t  o f  r i n g e d  s p a c e s :

t l gEg j . i l i - ? I j "  r , e t  ( x ,  #x )  bc  a  r i nqed  space  o f  f i n i t e  t opo lo *

g ica l  cU-mension and le t  I  be a local l -v  f ree ( / * -module of  f in i te  rank.

Then there ex is t .s  a cover ingr  4,1"  of  X suc i r  that  '5  adrn i ts  a f r :ee reso*

lu t ion of  f in i te  length in  K(?{)  "

Proof  "  hre can choose U

cove r ing  o f  X  such  tha t

n  b e  t h e  d j - m e n s i o n  o f  U  ( i " e .

the nerve *ff of A.) and l-et ( ' f .

mor :phisms of  3  ,  where l f r= id

t h e  f r e e  r e s o l u t i o n  o f  9 l u x

=  ( U *  )  * .  -  t o  b e  a n y  f i n i t e  d i m e n s i o n a l' l _  l - e r

9 is  f ree on every U. ,  .  Let

+ l - ' n  " l a n a . l - h  n €  # h o  1 : r n o q l -  e i m n l p r r  i n
L t l g  I E l l 9  L l r  v - ;  L r l e  r q !  Y e r  

u  o r r t t l r a u r :

)  ho  ' l - h  o  f  rm j  
' l  

r r  n  { "  . on - rm l r  l  i  r r o  a  t : ' l o *
i ,  i €  f  " "  

L r r e  r q r r r r  ! J  v r

f o r  e v e r y ' i "  T h e n o  f o r  s € . $  o n e  h a s

o i  r r r = n  h V  t h e  r l a e , e , r - l  ^ a m n l  e X  a S S O C i . a t e C lg  r  v  s r r  v J  u r r e  n  L r b  / -  L r I  L ; v l i t l r I t

to the automorp.hisms (  t f  
i  lUa) ie q.  .

i t d l \  ( t d t  \

o*_+ Y1u,*t '4.| '-*u (s1u()'1:J - '
' {ts't\

\ i  l
. --------+(g [uo;'-i-l* glu*--**-->0

I f  one takes novJ

e t c . ,  o n e  c a n

f r e e  r e s o l u t i o n :

v e r i ' F v  t h a t  t - h e  a b o v e

( t  , ' : ) € ' t t '

gi.ve in K (4{ ) the

t h e  f r e e  s " s . ^ rbo- m
ii . \I \l-./

. L g a

( Alfi) , 01=

r e s o l u t i o n s

t c4  l r t  \
\ \ ,  l u i  i  

i  t

o --,--) Ot*-* . > @ 
n::--*-* . " @  p 9  u  Y - : - - - + o

ggqg}. .+gy_2. Ler tx,  (9*)  be a r inge<1 space of  f in i - te topological

d imens ion  and Ql  a  f in i te  d imens iona l  cover ing  o f  X .  Then U*h^ ,  a

f r e e  r e s o l u t i o n  o f  f i n i t e  l e n g t h  i n  K W ) .

p r o p o s i t i o n  3 .  L e t  ( X ,  C - )  n e  a  f i n i t e  d r m e n s j . c n a l  a n a l y t i c
. - . fu  . / \

space and O'e x f ;on tx l  a  complex acyc l ic  on Ste j -n  ot r ,en sets  and har- ' ingf

f . t . d .  Then  the re  ex i s t s  a  l oca l l y  f i n i t c  cove r j -nq  o f  X  v r . i - t h  S te j . n

nn .n  se ts : .  4 , , {  c ' . ^h  +h .+  (T '  has  a  f ree  fesO lub iOn  Of  f i n i t e  l enq th
\ J y e r r  r u u J ,  v L  I  b L - t u . t l  L . I l C t L  \ J  l l G r r  G  ! ! v s  r

in  K (? l )  .
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3 . f g o _ { "  L e t  a = ( u l  i e t .  ,  t r = ( v i ) i - * : l ^  , ' f t = ( K r ) r . ,  b e  l o c a l l y.  . . l  J .  L \ . r Z  J  r * r 3

f ln j . te  cover inqs of  X suc l r  that :

f  )  %  i s  a  cove r ing  w j - i l r  S te in  oF ,en  se ts .

2)  rU:  j -s  an open cover ing such that  any in tersect ion o. f  sets

i i r  1 . I  is  cont- . ract i -b le .

3 )X  i s  a  f i n i t "e  d j .mens iona l  cove r ing  w i th  s te in  compacL .  se ts .  , .

A)U<af  < f f i  and the ref inernent  funct ions between the cover incrs

a re  i n jec t i ve .  
"  ' !

( to  construet  the cover ings one s.La, r ts  by choosi_ngy(  ;  the e>l is tence

of  Qf  f j -ner  tha. t r  / i *  fo- l . lows f rom the fact  that  any analy t ic  space has

a ' t r iangulat i "on i  tLre ref inement  f r - inct ions can be made in jecLive

b ) '  " repea t i ng " ' t - he  se ts  i n ' r /  ahc r  t hen  j ^nK . ,  )  .

Let  f l '  ( r 'be a f  ree resolut ion of  6 ' in  K-  ( ; t )  (see _ lernma

2 '6 )  and  l e t  t ez  be  s t r i c t l y  sma l . l "e r  t han  the  decy : :ee  o f  t he  f i r s t

non:zerc co lnponent  of  a  bounded f . .Lat  resolut . ion of  f f ,  .  t r fe  def ine

i n A " a r . i . ' ^ 1 , 'r i rLruccr . .veJ"y a neh/  compJ.ex O"gx. .  (A)  "  - tn .  degrees i>r  we take 0"

identicat rvirh J1" .  r f  i (r  ler Ci= (;F f f ;* l  a,rd di be rhe
x. €, rl{'(&) 

rA

f ' r - rmn r - rq ' i  t n  n ' { :  - t - l - r a .  mn+n ! . i  ^ * ^U ( ) t t lPuS l - I . e  O l :  r r r v . u l : r r r _o r r r o  !

.. .i z"T*r i , r

CI*= kLi .kerof 
i-----=-ker ai+!.-*--*:\ 7'i7i+1

d r € ' l t ; ' f t { - \ ' - - - * o (  
- / r v " . u  - ' - * ' * * ; ' U '

r t  fo l lows immediately f rom t ] - re cons,Lruct- i -on of  O" tnot
n r ' - ' i
U' ;  - ' =Q fo r  eve ry  j ? r2  and  c (  w i th  l eq l { i - r .  s j -nce  the  r_ ,o rz r . r i  r , r , ' k  i ^

f in i te  d imensional .o  i t  fo l rows t i ra t  CI" - i - *  bounded

r t  i s  e a s y  t , :  s e e  t h a t 0 ' i s  s t i l l  q u a s i i s o m o r p h i c  t o  € '

A c c o r t l i n g  t o  t h e  p r o o f  o f  p r o p o s i t i o n  l r . 4 " 2  i n  [ t r ] ,  i t

f o l l ows  tha t  f o r :  eve ry  i ( r ,  ke r  d i  has  f l a t  componen ts .  s ince
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ker  da€Coh ( 'K)  one ge ts  tha t  i t s  components  a re  l cca l l y  f ree  shea ' . res

To f j .n is l r  the  proo f  v r r :  rcm-a : :k  tha t  c ' i , rnn  \ /  i -g  cont rac t i .b . l -e- r  , a (

q' f  5t  
j - l l i  

h as f  rac comrronents .  Furt l : .er*f o r  e a c h  c (  i n  t h e  n e r v e  o f  ' U  
I  U ' * l ' U  h * o  r l c s  \ , u ' r t i v l

I

more ,  t a1< ing  j -n to  accoun t  t he  fo rm o f  t he  s "s . s  O t  anc l  t he  fac t

that  the ref inerncnt  funct ior rs  betvreen ' t ,he thr :ee cover inqG are i : ' r jec*

f , . . t ^ v  - . / , i ) n l n t
t i ve r  w€  ob ta j -n  tha t  U '  l 'D  and  U  l ' l L  a re  f ree  reso lu t i ons  o f  f i n : ' - t e

I  enof  h for  f f "  i  n  T{  (4 i - )  -  rpqner. t i  r rc . ' i  rz  x  (4t \  .r \  \ v  /  t  r !  \ u e l

Corg l l a ry *4 . .  Le t  X  be  a  f i n i t e  d in tens iona l  ana ly t i c  space  and

CF"€Ko(X)  a  co rnp lex  o f  l oca l l y  f ree  sheaves  o f  f i n i t e  rank .  Then

the re  ex i s t s  a  1oca l1y  f i n i ' Le  cove r ing  o f  X  v r i t h  S te in  open  se ts

such  tha t  F '  has  a  f  ree  reso lu . t i on  o f  f i n i t e  l enq th  i n  K  (4 / )  .

R e m a r J i  5 .  I f  X i s  a  r i n g e d  s p a c e n f f  i n i t e  t o p o l o g j  c a l  d i t r , e n -

a  resu l t  s im i  la r :  to  cero l -s i o n ,  o r r e  c a n  p r o v e ,  u s i n g  p r o p o s j . t i o n  I ,

' l  - * , ,  A
r c t r J  T .

h

Cofof l -_qr j , ' .6_"  Let  X be a conplex manj- fo ld  and 6 'e .x i^n (x)  a
U U I  I

comp lex  o f  sheaves  acycJ - ie  on  S te in  open  se ts  ( i n  pa r t i cu la i :  f f  cen

be  a  coheren t  shea f  on  X ) .  ThenG: "  has  a  f ree  re . so lu t i on  o f  f i n i t e

length in some K ({,{) .

P r o o f .  H i l b e r t ' s s y z y g y  t h e o r e m  i m p l i e s  t h a t  S : ' h a s  f  " t . d .  a n d

the s tatement  fo l lov, 's  immediate ly  f rom proposi t ion 3.

3 "2. !rgpoEltt-9l_J..  I f

^ d i  o , , n .  G " \  c  n  / V \Enen l ( ( t r - t }?L  (Z  r  Y  /  e  UCOh (x /  .

Proo f  "  Us i t rg

g 'e  n lon  t x )  has  f  . t . d .  and  G"e  o .on

Lemma B .  l f

n' ror . loq ' i  f  i  on I  .  [J 1-he resul t  fo l lows f rom:

g-e nf ,on tx)  has f  .  t "  d .  and S '€  n"on (x)  then f  or

ex j " s t s  p€Z  such  tha t  t he  na tu ra l  morph ismse v e r v c J  p Z  t - h e r eJ  Y o \  *
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gxtQ (x;  y ' ,s ' '  )  ***--*nxtQ (x;  f ' ,os')  ,  nxt l  (xr , f ' ,  s ' )*--+ Ext:  (x;  f  " ,ps-.)  ,
'&*tq (2" , ff '  ) -=*={kta ("f '  ,16') are isomorpirj_sms f or qpqo.

gfgg€" We can sLlppose that ?" , (i l" haive conrponents acyclic on

s te in  open se ts .  s ince  s" t ras  coherent  cohomorogy ,  fo r  eve j :y  p€  z ,
/'f .

n( f  l ras a lso cornpor ients  a.cyc l ic  o t i l  St - .e_Ln open sets
&

Now let  t l  i :e  a cover inq of  X sucr i  that  ? '  ac lmi ts  a f ree reso-s  q u t r l l  I

l u t i on  o f  f i n i Le  l eng th  i n  K ( ' l / ) , o8 ' - * * - . *+ "  $ ' ( see  p ropos i t i on  3 ) .  The

natura l  morph. i -sm RHom"(  ? ' ,S")* -+ Rgonr*( , f " , *€ ' )  is  g iven by the mor-p

ph. ism l - Ion l " (  H ' , f f '  ) **+,  F iom^(  Y ' ,5) .  S- ince,  j .n  th is  case,  Hon' . ' (# ' ,  G ' )
v

and  Hom' ( " f ' , * f f o )  a re  the  s imp le  comp lexes  assoc ia tec l  t o  t he  r l oub le'  ' D

complexes i lom f # r .  gQ t  and Uom ({.2 '  ,  (Fq i  '  r( ' {  ' u ' )  
1 : : r q )  

'  . p  ' )  
( r r q )  ,  t h e  r e s u l t  f o l l o w s

eas i- l.y "

Ttre other i lLoi:phisms in the ie;rrrna can be deal ' [  v, l i th in exactly

f 1^ ^
Lr l .g 5 ct .r l tc w (1-y ,

Reinai :k  9"  f f  2 ' ,  s . '  are as in  y- : roposi t ion 7 then the r ratura l

morphi .sm R.K.a.J(  ' t '  
,V ' ) * .4  RHom*(Y>, ,G;)  is  an isomorphisrn ancl  conse-

rn ron f  
' l  

r r  -  f o r  ^y , . \ r r '  * r ' r 7  i r as  a  t r o ' t r t r a , i  i  s , omornh i  qn r :  V^ , : t . ( 4  / 9 ' - s ' )  ' : +
Y u E . r r i J y  f  ] . V !  s v s J - y  Y . e , z :  L , r . l L C  J . I q . b  d  I J . : r L L l . L d , J .  t r D v r r l v ! y t t a ! ) t l r  c  U ) u L t  \ "  , "  /  

X

J:Y- :*  nxtq.1. -  (g ; , t r ; )  ( to  see th is ,  use a tn :ncat ion of  'g ' ,  
^S" ,  and
pX , X

r e n i a r k  1 . 9 ) .

BS-U*51..*19. If x is
f f r - ' -  / r 7 \  |  !\ : l  €D^^h  (X ) ,  t hc  spec t ra l

U \ J ] 1

degenera ' te  anc l  the  edge

are isomorphisms "

4. Tl l l l  i t l / rTiJR/\L T'OIIOLOGY

3fg:fgS,LL,LgLJ. t ) For every S"€ Dcoh

o f  i : ype  QFS cn  t lQ (x ,S ' ) ,  ca i t ed  the  na tu ra l

j .  )  i f  (F '  ,9 '  €  Dcoh (X)  and u:Si* -** : * 'J '

inclucecl mappirrq 1I: uQ (x,S" ) **+ I{cI (x,9') is

a  S t e i n  s p a c e  a n d  S ' e  n f ; o n  t x )  h a s  f  . t . d . ,

sequence of  tern nf ;9=nn (x, '&x. lQ 1f ' , rF ' ! )  is

6 ^ - ^ r ^ . i  ^ n r -  .  o - . + - Q  / r r . ( "  ( i ' \  * - - - :rL,v.L,,r t rrDrl lp o - ,^t-Q tx;g" lg" l  **.>p (x,  cfuLtq(E'r t t l  I

(X )  t he re  i s  a  topo logy

topo logy ,  such  tha t :

. i  -  ^  * ^ - ^1 , . i  ^m  then  theI  D  O  l t t u r  [ / r r  r D r t l

con t i nuous .  I 4o r :eove r ,  i f
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t  i s  an  a lgeb ra i . c  i somorph ism then  i t  i s  a  topo log i ca l  i somorph ism;

i j - )  i f  Uc -X  i s  a i l  open  se t .  i i r en  the  res t r i c ' b ion  Hq(Xn$ ' ) ' * - ' >

af*-> I{Y (U, V ) is cont j-nuous ;

i i j - )  i f  X  i s  a  S te j -n  space  then  the  na tu ra l  morph ism l f q (X rg -  ) - ->
^ d*+-f-  6,7f :  s G')  )  is  a topological  isornor l :Lr ism vrhen on the r ight  hand

side term one takes the usual  topology on the sect ions of  a coherent

s h e a f .

? )  t r ' n r  a \ r o r \ /  / T " h  / \ ' \  - h e r e  i S  a  L O p O l O g y  O f  t y p e  Q D F SL  t  !  v !  E  v u l J  \ t  e  U C O h  \ . 1 r /  L J I e I e  I ; ,  c t  L U y

(X ,  t r ' )  ca l . l ed '  t he  na tu ra l  t opo logy  such  tha t :

i )  s a m e  a s  I i )  f o : :  H l t x , q ' l  ;
v

.,t .: \ .{ .c r-T,a vL L t  r r -  \ J ( * A  i s  a n  o p e n  s e t  t h e n  t h e  e x t e n s i o n  m o r p h j - s m

(t l  -G- '  )  --- :> UQ (X .  r- f '  t  i  s cont inuouS .\ v t "  /  r r ^  \ z r t  v  t  L "

v

P r o o f .  1 .  L e t 4 , 1  =  ( i t  )  h € .  n  l r r r : a l  l r r  f i n i  l o  , ^ o r z r . r i n c r  O f  Xe l / - \ " i r _ i € l :  " -  
l v v e r r J  v v v e * 4 r r : ,

such  tha t  f o r  eve ry  i e l ,  
- f ,  

i s  a  S te in  cc rmpac tr ^ r j  - l " h  Q . l - a i  n  n n ^ Y \  n n * - a
W . . L  I - I I  J  L C I I I  L J P C T I  D C  L J

s e t .

V ie  t rea t  f i r s t  t he  cas r r  (F 'e  n -  (X )  .  Le t  $ ' . *_ *a>  J 'Ue  a  reso*
"  *  "co i l  t

I u t i on  o f  S ' v r i t h  sh .eaves  acyc l . i c  on  S te in  ope t t  se ts  anc l  
' l e t

U '  -  \ . ,
{  * - - - -2  J  pe a resolut ion of  7 '  wi th  s .  s  .  s  in  Coh (11)  ( in  par t icu lar

a  f r e e  r e s o i u t j - o n ;  f o r  t h e  e x i s t e n c e  o f  # '  s e e  c o r o l l - a r y  2 " 8 )  '  T a k i n g

Xo^h nnmnl , -vqs v , /e  obta in a morphism C' (  t l , t  , { ' ) -E 
"  

^  
l rg  ,  J"  )  which

v e v r r  v v r L . t / + e z : v  r - - *  
* - . .

i  nr l r r r :es a cruasi  j .sornorphism between the associated s imple complexes.

The  l e f t  i r and  s ide  comp lex  i s  a  comp lex  o f  FS  spaces  ( see  rem.a rk  2 "L )

an6  the  cohomo logy  o f  t he  r : i gh t  hand  s j -de  co rnp lex  i s  Ha(x r$ ' ) .  TL re

l -nnn rn r r r r  n f  r - . ype  eFS thus  i nduced  on  gc l  iX ,F " )  i s  t he  na tu ra l  t opo logy "
u v y v ! v Y J

The  na tu ra l  t opo logy  i s  o f  co t l r se  i ndependen to f  t he  d l f f e ren t

choices we have made ( to  prove ' the independence of  the resolut - . j .ons

an, l  cover ing,  or re ref ines two choices l :y  a  th i rd  one and one uses

the  we I l  l cnov rn  fac t  t haL  a  con t i nuous  a tgeb ra l c  quas i i . somorph ism

be tween  two  F : :6che t  cc rnp lexes  i nduces  . t opo log i ca l  i somorph isms  on

, "Q
I-1 -
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cohomology)  .

i  )  le t u, (f  
' -*-_> 

3" fte a morph.is;m of compl"exes , with

c ' i ' '  < a '  4  ? - -  rt l -  ,  T-  €  Dcoh (X)  and le t6 ' * ' - *+.7 'be D.  resol .u t ion wi th  sheaves acyc l ic

on  l i t e in  open  sc ts  fo r  F "  ,  J "  €  D ' :oh  ( x )  "  The re  ex i s t  p ' e  n l , rn  t x l

w:- 'b .h componenls  acyc l ic  on Ste in op€jn sets ,  a  quas j - isomorph, ism v

and a morphism r i 'such that  t i ie  f - i - rs l :  sq l - lare of  the d iaqra.n belo,v

nrr rnmrr#ac r ;  f " * -*> J ' i ,  a  resolut :on v l i th  components in  Coi :  ( { t )  fc t rV V T L U L I U  L U J  .  J  - L  4 l

^1" "  then fhoro  e :< is t  , i f€D-  (0 t )  w iL . i i  co i r iponen.L .s  in  Coh( f { ) ,  a  quas i *I

i sornorph i -sm w and.  a  morph ism u"  such tha t  the  second sc tuare  o f  the

d iagrarn  be lovr  commutes  :

Cr'**- 7'*-I*-*--+. 6y."
t l t
l l l
1 . ,  l * '  l * "
d u { , ' t

S'*"***- -* j' * t**-r"' ff'

f t  is  nov l  obv icus that  u . "  inc luces a ccrr t inuous morphisrn bet lveen the

tec i r  cr : tnp-Lexes which g- ive the toooJ-ogy on the cohornoJ-ogy o. f  f f "  and 5 '

ar rd conscquent ly  ,  that  the i r rc luced.  m.or ; . r i r i .sm t  :  r lc l  (X,6 ' )  - -+ '  t t$  (x ,  5 ' )  r -s

cont- inuor :s ' "  I i {orecver ' ,  i f  u-  is  an a i -gehl r :a i .c  isc lmorphism . then,  a-ccord-

i n n . t - n  a  \ / r - . i a . n ' L  O f  t h e  t O p O l O g i C a l  r e s r : - L t  f e f e r r e d  t O  a b O v e ,  l l "  i n -

r i ' r r r . oc r  r  ' F , r nn l  11^ ' :  , -A l  i  qnn rn rnh i  qm r \ n  ' i - h r :  r r n l - r nmc r ' l  nc r r rv U v U J  q  u \ / ] . J v J " v Y I ' v q I  I J V l t r V I y l l I J r L t  V I J  u f r U  U \ / r r v r t l v r v Y , ) ' .

i i )  L e t  U  c :  X  b e  a n  o p e n  s e t  a r r < 1  l e t ' l f  b e  a  l o c a l l . y  f i n i t . e  c o -

r i p r i n c r  n f  I T  r ^ z i ' [ i 1  r e ] a t i v e l y  c o n p a c t  S t e i n  o p e n  s e t s ,  1 f  * 4 M n U .  f fw  v !  4 r r Y

F 4 6g:"-*---* $"is a resolution for S" as above and J ..-> J- a resolution of

J "  w i ' t . h  ob jecb .s  j - n  Coh(q / )  ,  one  can  ve r i f y  t ha t  t he  compos i te  o f

the cont inuous morphisms:

C(,lt , 8) *"*---> C"ru$U,{,"[r:) -*---+ C"(?f , ff"lul1; I

induces the natura l  rest r ic" t - j -on on the cohomology.

i i i )  We use the fo l lowing vec- : 'L : r : : :  spa.ces lemma:
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Lemrna 2"  Let  A be a Frdc i ret  a . lqebra and u:E:-+F a cont inuous

ntorph. ism of  Frdchet  A*moclu les "  Suppose that  G=:col<er  u is  a  f  ln i te ly

generated A-mocl r - r l -e  and thaL there ex j "s ts  on G a separated topolouy

o f  t ono loc r i r - : a l  A -moc l r . r l e  (on  G  one  cons ide rs  the  a lgeb ra i c  s t ruc tu re

ind r rc .o r l  l l r  I ' ) .  T l ren  the  ouo t i ep t  t gpo logy  i nduced  by  F  on  G  i s  sepa ra -' t  o

t ed  and  consequen t l y  F rdche t

Proof  "  One can wr i - te  the commutat ive d iaqram:

* D ,'r-r
A  f f i  t s : +

w

r W t r  \

h 
--vG j s a suriectj-ve A*nrodr- nc1 p :a4*--*: '  nv ' rhere { :A-^- - -yQ j  s  a  s ' r ject j -ve A*nrodul -e morphism a

i s  a  l i f t i n g  o f  V  .  S i n c e  ( 9  r u )  i s ' c o n t j - n u o u s  a n d  s u r i e c t i v e  i t  i s

^ * .1  ^c r r re r l r ' l v  f ho  i l l c ' n t ' i  1 ' r z  i  q  r ^ ' nen  when  on  the  l e f t  hand  s ideL " r P r : I I  ( f , . l I t - l  \ - \ - / 1 1 ) t : Y \ l s l l L f , J  L t t c  J L * U I I U - r -  L y  4 D  v F ' E r I  w l l s l l  v L r  u r J

G one ta l<es the se 'oarated topologlz  in  the hypothesis .

N o w  l - e t  U C X  b e  a  r e l a t i v e l y  c o m p a c t  S t e i n  o p e n  s e t .  S i n c e

r iq  (u ,  S ' " ) - : - - f  ( u ,  )gq  ($ " )  )  i L  f o t l ows  tha t  119  1u ,G ' )  j . s  f i r r i - t eJ -y  senera . -

lt1t r e o  a S  ( / - ( U 1 - m o d u l e  a n d  c o n s e q u e n t t y /  a c c o r d i n g  t o  i e m m a  2 ,  i t s
/\

topo logy  is  separa ted  and co inc ides  w i th  tha t  o f  f  iu ,  ? tq  t  G ' ' l  I  "

The fo l lowing commutat ive d iagram solves the problern for  X '

s ince  V  i s  a  topo log i ca l  i somorph ism and  i  i s  con t i nuous :

n
I
I
I
Iv

I
lr-
Iv

fT"n 
(ui, ff',ffiF(ui,fi.q ( s") )

Final ly we treat the case $- '  6n"on (X) .  I f  p e Z then for every

q>p one has a natural  a. lgel : ra ic , i -soinorphism:
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ni' (x, fo"14. sf (x, (.-' ) .

By c lef in i t - ion we ta l<e the natura l -  to i r r - r l .cgy on HP(xr6 ' )  to  be the

i  m;r r r r .  ' i -h  rnr r r rh  t - . i r : i .s  isotnornh j -sm cf  the na- tura1 toool  oo--  "F , - '  Qrr 'r r t l c j l r j t i  L r - [ r u u g i l  ! . r r - r . r  i r \ / r r r v ! 1 , r 1 1 S | i 1  O J -  E n e  n ; " , . * * * *  * - y y  C I ]  I I -  ( X r ' , U  
-  

)  .

Sj-nce for  evei :y  p<q6r  one has a lgebr :a- j .c  and consequent ly  topologica l

isornorphisms t llil (x fu'; -----.-.;--*- HP (X,' ?')., it f ollovrs 1-hat th.e iratural

topoJ-ogy is  i .ndependent  of  the t : r  r r r :ca i , ion of  F"  .

As the t rucat ion 96: '  is  a  f  , : rnct -or i ; t1  operat ion,  the natura l

t o p o l o g y  o n  H q  ( X r S " )  h a s  p r o p e r t i e s :  r ) ,  i i )  a n d  i i i )  .

2 "  To  ob ta in  the  na tu ra l  QDI 'S  , - ( r ; i o l ogy  on  u l i x ,S " )  one  repe tes

t l ie  above corrs i r lerat ions,  rep lac, i -nq r :he open 
"orruf r r rn  

, l , r -  by a locar ly

f i n i t e  cove r ing  # i  o f  X  w i th  S te in  s r .>mpac t  se ts  and  the  dech  comp le -

^ x t n ,xes C"('{,{, " ) L'y C; iff, " ) .

i  )  is  p i ru \ /ed exact ly  as ] - i  )  .

i i )  I f  S a - = ( t ( i ) i u *  i s  a  c o m p a c t  c e v e : : i n g  o f  X  a n d  K c . X  i s  a

r - o n n a c . 1 -  q r - t  l a r e  c l e f i n e  t h e  S e t S  O f  i n d , e X e s  z  T  ( Y . T ( ) = {  I  1
v L l . r y c . \ - r -  D r i u  r , ' €  d e t t n e  t n e  S e t s  O f  l n d , e x - - .  r  \  , \ r r \ /  t i € N  I  K . ,  A  K f

a-ncl  r ' (y{ , 'q ;  = l ieml x,nK#a"I ,

.  r ' e t  I Jc ) l  l : e  an  open  se t .  and  l e t  ( l , j _ ) i o *  b "  a  seguence  o f  con r *

n a r : f  s r . f  s  s r r r : f i  t h a t  : , , . :  i ,  . .  a n d  L _  J  f , .  - U "  I t  i s  n o t  d i f f i c u l t  t o- * ; h  t h a t  L . c t .  r n ;  I  I  r .
]-  r t- I  

( l / .r ' t 'L 
)*/--" i
i a.l..i

c o n s L . r u c t  a  s e q l r e n c e  o f  c o v e r i . n g s  ( / - t , i ) i e N  f o r  x ,  7 ( r = f x ] ) . i a *  a n d

, t )a cover i - i rq  0t= ( i t .  )  _ , - . , , . ,  for  U such Lha'L: :
J  , J g T I

r  " Jz  and  A  a re  l . oca l i y  f : i . r r j t e  cove r ings  o f  X ,  respec t i ve l ya l  / t l

U r  w i th  SLe in  compac t  se ts  whose  j . r r t c r i o rscov€ , r  X ,  respecL j - r ze l y  U .
-  

b )  f o r  e v e r y  j - € N ,  l ( l < r , L r ) =  r t , R - , L 1 ) ,  a n d  f u r t h e r m o : : e ,  f o r

,  - 1 ,  q ,  -  \  . - - ie v e r y  J  € i t ( 7 1 . i . , T , i ) ,  n i = o j  ( i . e .  t h e  c o v e r i n g s  &  a n d  Y <  .  c o - i n c i d e
l-

^ n  a  n a ' i  n h h n l f h O O d  O f  L .  )  ,

c )  fo r  eve ry  i  €  N  ,  Wr . r t / , "K ,  a r r c l  f i -<  K inu .
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We can obvious ly  surrpose tha i t  Cf"dD;oh(X)  and has acyc l ic  com-

ponen ts .  Le t  X ' - * * *+  G"be  a  reso lu l l on  o f  G"  w i th  ob jec ts  i n  Coh  (K i ) .

F o r  e v e : r y  i € N ,  d e n o t e  b y  C " ( r  ( f t r r l r ) )  ,  r e s ; : e c t i . v e l y  c '  ( r  ( d .  , r , ,  )  )

the subconip lexes of  C.  f t i  ,  | { ' l i r t , - )  ,  respect i r re l .y  C;  (e ,  f f " tC-)  determineC

i r w  f h e  f i n i t ' r .  s e t s  o f  i n d e x r : s  T ( ' , i l " 1 r L 1 ) ,  r e s p e c t i v e l y  I ( & r L i )  a n c f

i - , r z  r . r  -  r r . q r 1 A f l . { - i r z r .  l r r  \ /  j - h e  i n C l U S j _ O n  m O f : p h i S m S .* i L J V U J . J " i U l l \

O n e  h a s  C ' ( I ( / C ' L r ) = C ' ( I ( & , L ,  ) ) .  T a l c i n c r  i n d u c t i v e  l i m i t s  w e

ob'La- i r :  the d iaqr :am:

i n i  I  i m

Sj-nce a l l  the spaces in  the d iagram are of  type DFS i t  fo l l r :ws that

j  - i  ' l  . i  m  \ ,  . i  c  a  L O p o J o c . l i c a . l  j  s o i : r o : - n h i  s r n  a n r l  n o n q 6 . 1 1 1 e r n t .  l . " z  . L h a t -  u  i sr I l J  r f l t L  t , i  J J  q  u v I / \ / + V y - L v e +  i D v r i ! . J r y r t . ! J t r !  q , I l L i  \ i \ - / I r * ) r ; L { t f e - l I t - _ L /  r - r ! c . U  L l  J

con t - i nuous .  On  the  o the r  hand ,  u  i nduces  on  the  cohomo logy  t l i e  usua l

extension morph: ' -sm:  H._ (Uf  ( I ' )__-  .F l l l  (X,  ( f  "  )  .- c c

S:ng:E_*] . .  Let  S"€Dcoh (X)  wi th  components acyc l ic  on Ste i i i

nnFn  q ( :+ -s  and  l e t  K , * i t ! i "  * (K "  be  l oca t l y  f i n i t e  cove : : i nc rs  o f  x  I" - 2

F 7 r  .  / f 4

} ( ,  and 'A  
"  

w i th  S te in  ccmpac t  s r : t s  and  Q , /w i th  S te . i n  ope r i  se ts .  T f- - t  z

X" '** - -e ' -6 ' is  a  : :esolut ion of  6 'w-Lth components in  Cdn(Kr)  ,  then

the commr-r ta t ive d iagram of  cont . inuous c{uasi isomorphisms shows that

one  can  ob ta in  the  na tu ra l  t opo logv  on  H : (X ,S ' )  by  work ing  w i t i r  open

cove r inqs  o f  X :  

v

l n r  t 1 m' ' - ' J r-

rr

(&, x," l{A)
\f
/  |  i n - i  l i i n  v .

i l 1
\ l

I

l im C"( I (f i . ,  Li ) )

c; (u,trI,u)
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B-fgpgSlLio*-.3. Let ei ther a) t 'en, ry) rr ' -^* / /r , \i " n 6 h  \ ^ , r  r  \ J  a , C O h  ( n l  O f

b )  t " e a ^ ^ . ( x ) ,  g " e n l ^ . ( x )  h a s  f . i . d .  o r  i : )  E "  p r , , b- -  - c o h  " ' "  '  c o h  " '  -  -  - c o h  ( X )  h a s  f  .  t . d .  ,
( S ' r  n  / v  \* " c o h  r . "  "

1 .  T h e r e  e x i s t s  a  t o p o l o g l z  e f  t y p e  e F S  o n  t r x t g  ( X ; " { -  , F .  )  ,  c a l l e d

t h e  n a t u r a l  t o p o l o g y ,  s u c h  t h a t :

i )  i f  1 "  V -  c n  / \ ' l  a n d  , . .  g "  ^ ^ * ./ -L t  L  
2€D"on {x )  and a :  V" r " * - - - - ,> .A ' ,  i s  a  morph ism,  respec t i_

v e l y  i f  F ' _ . ( t " ' , : r - r  / v \  - r d  v :  G ' , * o ( t ;  i s  a  n o r p h i s m  t h e n  t h e  i n _
- - z  -  

l r " 2 \ " C O h \ 1 \ /  
G r - *  . .  

I  
r ' v ,

duced morphism"s between t rx tq- invar j -ants  t ,  respect ivery V,  are con-

t j -nuor :s .  Iu{o: :eover ,  j . f  t  or  V are a lgeb: :a ic  j -somorphisms,  they are

topo log i ca l  i som<- r roh i sms  as  we l -1 .

i i )  i f  uc l i  i s  an  open  se t  t he*  the  res t r i c t i . on  nx tQ  (x i , g - ,6 , ) - - - - r "

uxtQ (U r g. '  .  (;r ')  is continuor-rs .

i i i )  i f  X  i . s  a  S t e i n  s p a c e  t h e n  t h e  n a t u r a l  m o r p h i s r n  E x t Q  ( x ; y ' , W ' ) - ,

' * ' -+ f ' ( x , ' t ' * t q (? ' , ( f " ) ) i s  a topo log i ca - l  i - so rno r r :h i s in  when  on  the  r i gh t

hand s ide term one takes the usua- l -  topcJ-oqy on the sect . ions of  a

c o h e r e n t  s h e a f .

2 .  T h e r e  e x i ^ s t s  a  t o p o l o o y  o f  t y p e  0 D f S  o n  E x t :  6 i y . , S . ) ,  c a t _ l e d

the  na . tu ra l  t opo log i z ,  such  tha t :

j - )  sam.e as I  i )  w i th  compact  suppcr ts

i i " )  i f  ucx  i s  an  cpen  se t  t hen  t i r e  ex tens i -on  ax t l  F tZ ' ,G ' ) * - - -+
. q , , -E x t l  ( X ;  t "  ,  G "  )  i s  c o n t i n u o u s .

grgg f . .  LeL 'L t=(u i ) i . ,  b .  a  1oca1 ly  f in i te  cover ins  o f  X  w i th

s te - in  open se ts  such tha . t  fo r  every  ie r ,  \  i s  a  s te in  compact  se t .

We treat f i rst  the case Z"e-n- 'on(X) ,  6"e nlon tx l  .  Let  Y"*-->J"

q: ' . . " .**+) 'be resol .ut ions wi t i r  sheaves acyc- l . i -c on Steirr  gpen sets for

Y '  and $ '  ,  i J '  €  K-  (X)  ,  I '  €KD (x ) ;  le t  f f " * * : *  l ' be  a  f ree  reso lu t ion

for J' in I(* (?i) and,l4' *.--.:)P'ire a resoluticn for ) rvith components

i.n Coh ({.{) . }\s we have seen, t lom'(S",yh') is a represerrtative for I lTt{o'. '(Y'rS")



J J

and  i s  a  comp lex  o f  I 'S  spaces  ( s ince ,  acco rc l i ng  to  remark  ? "L '  eve r r *

i
space  l t o l r ( . { ' , f t )  )  i s  o f  t ype  l l s ) .  l i . ' he  na tu ra l  ' bopo logy  on  E> l t { (X ;E ' rS " )

1s by clefinit ion the topoloqy incl i iced by '  I iom'("f ' , , ,aa') .

Lemma 5,

r . - r - Q  l v " 4 -  r g ' \l ^ u  \ r \ ,  a  t W  I
l ,

rc.  cL'en"oh (x)  ,  Ct ' 'e r : f ,nn {x)  ,  the natural  t .opology on

coincic lesvi i t ] :  bh;r t  c,n r lq (X ,RVtyr "(?",  g ' )  )  .

Proof  .  Wr," ; ( { ' ,N) ,  vrh i -ch is  a  representat j - r re  for  RK,eoo," (V ' ,9 ' )

has coherent  cohomoJ-ogy anci  components acyc l ic  on Ste in open se ' t -s .

Since for  every p€2,  t 'T&' ' , i " "  (N '  , / { f i  } ras the same proper t ies (see remark

l)

L .2 ) ,  i t  admi t s  a  reso lu t i ou  f f " l * *3y , . l r , . + , ' * i (E '  , , / L t ' )  w i th  s ' s . s "  i n

Coh ( ' t t )  .  Tak ing dech complexes one obta ins a.  cont inuous quasi isoncr*

phism: C' ( ' i r .  ,  t " t ) ** - - - -+c"(q, { ,P"} tn ; (E ' , r f r t ' )  )  r+h ich,  accord ing to  prcpos: . -

t i o n  1 r  l . i  s h o v r s  t h a t  f o r  p > q  t h e  t o o o l o g y  i n d u c e C  o n  E x t Q ( X ; 1 { . " , ( F ' ) - '

= t tQ (x  ,  
'Nvo*"  ( ,St '  ,4 i { '11=gQ (X,P} tn" , ' (  E '  , / ' t ' )  )  by C' ( 'W,P' tU* ' ( / . ' , t { )  )  co inc ide.s

w i t h  t h e  n a t u r a l  t o p o l o g y  o n  u Q  ( x r R H u n - " (  " t ' , G ' ) )  .

On the ot i rer  hancl ,  1 ,he natur :a l .  morphism, F i iorn"  (#" ,11") -*** - "*

-  ^ . , r r  J J e r l -  6  t , r .  r / o \  \- - r>C ( , r ( , , ' 'dLr ,w"(X ' r ' ,1 t " )  )  is  cont inuous and induces iso inorphism on the

cohomolog) ,  in  deg.r :ees *<p.  S ince PFto. l '  1 , t ' " , ' , tL '1  induces the natura l

topology on ExtQ ' \> : ' , ' i '  , { r ' )  the s tatenent  fo l lo ivs

Lemma 5  j -n rp j - i es  tha t  t he  na tu ra l  t - -opo logy  ou  nx tQ(X ;  b . " ,S ' )

i  s ;  i  ndon t rnd r - rn t  o f  t he  d i f  f  e ren t  c ' rho i ces  and  has  p rope r t l es  i ,  j . i  '- _ - - _ - ! -

i . i  i .

Now in  case a)  the natura l  topologv is  i t t t roc l r :ced us ing le : : , rna

1 " 5  i n  c a s e  b )  l e m m a  1 , 7  a n d  i n  c a - s e c )  l e m m a  3 . 8 .

Remark 6 .  I f  " t ' t  F"  are as in  pronos j - t ion 4 |  i t : i . s  e a s y  t o

h a q  t - n r i o - l  o o i  c a ldeduce f rom t l :e  proof  o f  th is  proposi t ' - ion that  or le

isomorphisms : ExtQ (X; 9" , S' ;  : :-u-* HQ (X, R?ru+"-" ( S. ' ,6. '  )

( t
-c=: -2H: i  (x ,RH<.r , r -o  (9 's ' )  ) "

)  a i : c l  n x t ! ( x ;  f ' , [ r .

!g:S_f. l_pJL.1. I f  $'e n"on {x) t}ren foi: every q€ 7' ol le has tc*

, * 1
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pological  isomorlrhisms I{g (x,  $ '  ) {Y*+ uxtg (x;  U",3 '

**,-'g)<gl 12t, 0y,c,j" ) .

r  - -O
l .  H r, f r ^ c (x,9 '  )  - r :Y >

Proof  "  Acco: :d inq to  coro l l -arv  3"2,  there ex is ts  a correr inq rL4.

and  a  f ree  reso lu 'b j -on  o f  f i n i t e  l enq t i r  E - * * ->  A . ,  i n  K (4L ) .  Le t

S ' * * *J ' f , e  a  reso lu t i on  o f  g '  w , i t h  a . cyu l :Lc  and  t * , * ro ) -acyc l i c

s h e a v e s  ( s e e ' 1 " I ) "  U s i n g  r e m a r k  3 . 9  i t  f o l l o w s  t h a t  t h e  n a t u r a l

morphi.sm ff iswv"(0u,^l:) -> 'J({y;(ff ' ,  
} ' )  is a quasiisomorphism. Sir ice

# f  a ! r ^  c r ' \  j  - -
dL t rvw .  \ vy t  !  7  i s  i so r r to rph i c  to  p "  and  s i r r ce  bo th  comp lexes  ha r re

f  iX ,  '  ) -  and  I :  (X r '  ) -acyc l . i c  co rnpon .ey i t : s ,  t he  s ta temen t  f o l l - ows .

g9fp: lg l .y- - .9 .  Let  X be a comp: ;c t  analy t ic  space.  r f  V" , ,aDcoh (X)

thnn  fhe  s ; r l : r ces  l i q  (X ,  S " )  a l : e  f j . n i t e  c l i .mens iona l  anc l  t he re fo re  se -\ . } ' 9 l u J - u

* n s + L ;  . :  *  ! i ^ ^  n . : f  r r r a l  1 - c r n o l  n r r r r  T $  , i "  ( ; '  6 ' D  ( X )  a r e  i n  O n C  O f  t h ef J d . J _ ( r . L t :  r i r  - r r s  l 1 1 . L u l . c 1  r  L L r P U r u g y .  r . i -  k r  \ '  * - c o h , ^ /  d l c

c a s e s  a . )  ,  b )  o r :  c )  i n  p r o p o s i t i o n  t t  r  t h e n  t h e  s p a c e s  n 4 t Q  ( x i  " t " , € ' )

are f i -n i te  d i -mensional  and therefore senaraLe in  the natura, ] -  'bopo-

rog) ' "

Proof . Tf ' f , '  ,  &' are as in p:r^oposit j .on 4 , then R?&'^'( t 'e' ,  G') €

/ -  T r  / \ ' \  j - r - ' r  r r * r 'n r I i  no  1-o  remark  6  i . t  iS  su f  f  iC" ien t  tO nrCVe theE .  L r a o 6  \ , r , '  C I ] I L i  G L \ . L . , i - L r r i I Y  L \ ,  . L \ ; l t t o . L n  \ /  I  L  I p  D u ! I l v " L E I f  u  -

s ' ta 'Lement  on thc hypercohomology.  The second drav, rer  terms of  t l ie

ran r r l  a r  c *n , . , ^ t -  ra  I  s i r r cn r r l nce  nPQ=gP (x . } t ' I  ( q ' )  )  a re  f  i n i t e  d imens iona l! u Y u * q !  r l / u u u ! ( : !  e  u 1  \ 4 r t v '  \  J

c r , ^ ^ a c  T h ' i  c  i  m n l  i  a c  { . h e { -  r + Q  f  x  t 9 " ' t  : r r ' l m ' i  I- r l ( x , J " )  a c l m i t s  a  f i n i t e  f i l t r a t j . o n  v r i t h

f i n i t e  d imens iona l  vec to r  spaces  anc l  so  i s  i t se l f  f i n i t e  d imens j -ona1 .

Remar l< 9.  S j -nce the q lobal  hyper tor  spaces have been o.ef ined

as  hype rcohomoS-ogy  space f ; ,  1 t  f o l l " cws  f rom p ropos i t i on  1  tha t  i f

t s -  r S -  a r e  a s  i r r  p r o p o s i t i o n  1 . I 4 ,  t h e r e  e x i s t  n a t u r a l  t o p o i - o g i e s  o r i

T ' o r Q  ( X ; 8 " , G " )  a n c l  T o r Q  ( x ; 9 ' , ( F " ) .  l t h e s e  n a t u r a l  t o p o l o g i e s  c 3 , n  a l s o

be  i n t roducec l  us inq  reso lu t i o rS  w i " th  s  "  s  .  s .  f o r  $ '  and  6 '  ,  as  we  d id

in  the  case  o f  t i r e  hype rex t  i n  p ropos i t . i on  4 .
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5.  DUALTTY RESUI,TS

Since the cohomologica. l .  inr , 'ar iants  depend only  on t l ie  quai ; i *

isomorphism- c lerss of  t -he con: ip- ' l .exels  j "nvolved (being def  i : red on 'bhe

r ' lc r^ i  rzc.d r :a teonrrz)  \ r7F q l ra ' l  ' l  suppose that  a l l  the complexes t -1 :atv u ! t  v u \ ^  e q u v y v J - J  /

appear :  ha - /e  componen ts  acyc l i c  on  S te iu  open  se ts  ( see  r . l )  .

P roo f  o f  ' bheo : :em 2  ( see  the  i n t roduc t i on )  .

M a i < i n g t I r e i d e n . b i f i c a t i o n s : E x t Q ( x ; U x , $ . ; * : - g Q ( x , 6 " ) ,

Ex t :  $ i  0  

" ,  

o " ) * -  F I :  (X ,  KX)  anc l  cons ide r ing  the  func to r  Ex t -Q  (X ;  "  ,  o l )

o n e  o b t a i n s  a  Y o n e c l a  p a i r i n g  ( s e e  1 . 4 )  ,

H q  ( x , s " )  x  r x t - Q  ( x i  e " , K ; ) * - . * *  H :  ( x ,  K ; )

The  pa i r i ng  i n  t i r e  t heo rem i s  g i ven  by  the  compos i t i on  o f  t he

! r = n a  m n r - n h i , - m  r n  . r r o  / . ,  r ' ) * ' * - *  6  d e f i n e d  i . n  L f . : J ,  w i t h  t h i s  Y o n r : i aL - J -  d u ( i  l t l u l -  j J r l I J l l t  t X .  r r a .  \ n  r  ^ * l  -  v  u E r  t r r r

p a i r i n g  "

The  p roo f  has  th ree  s 'Leps :  t he  f  i r s t  t -wo  a re  ac tua3 .1y  adap ta*

t ions of  the p i :oofs  of  the absotute dura l j " ty  theorems of  Rarn is  a: rc  l tuge" i

,  l ' , ^ - ' l  { ' , - . ' l \  , r .  ' ^ 1 ^ ^ - -  ! L ^  l - 1 - . , -(see L13i  or  )  Z l  )  ;  the ' t .h ' i r :d  one establ  j .shes the iderr t : t "v  be i : t+eer .

I l ^ ^  ^ i , ' - -  |  i  r ' r  J - n n n l  n , * . i , r n  n n F i  n n , i  , r { .  e 4 - 6 n c\ - r r . ( :  u*crr - rLJ ,onoronr .**  def inecl  at  S 'LepS I  and 2 and'  the nat-ura- l -  t . r : ) *

poJ -og l - r i s

g$-p* f .  There ex j "s ts  a topology of  type QDFS on nxt [ (x ;  S ' ,Kx)

I n n f  n 6 , . . : s q a r . i  1 - '  + 1 . ' n  n : * - r r r a l  O n e )  S f f C h  t h a t  t h e  S L a t e m e n t  O f  t h e
\ l l v U  l r r v u J : J r . I l - I y  L - I l ( :  I I C t L \ l I q . !  V r r c /  D \ * u t r  L r r q u

theorem j .s  t rue  when on  Uq. (Xr$ ' )  one cons iders  the  na 'bura l  toPo loqy '

For  t i i i s  j - t  i s  su f  f  i c ien t  to  suppose tha t  S"  e  n"o , '  (X)  .  I f  G"

is not bounded to the r ight  one takes a t runcat ior- ,  PS" of  G- 'wi th

n>. r  Thr -  na t r r ra l  rnoroh is rn  Pg ' - . - ,  So  induces  isomorpLr isms :
Y ' / Y .

u:  I1Q (x ,  Pf r "  Hq (x ,  $ ' )

v: nxt lq (x;[F" ,K;) -*-+ rxt]Q (x r l i r ' ,  x i)

which are one the i : ransposecl  o f  . i -he ob. l ier  wi th  respect  to  the
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Yoneda pair i .ngs "  Sj .nce u is a topologica" l"  isomorphism for the nafu-

ra i .  topoJ"og ies  (see propos l - t ion  4 .1 ) ,  : - f  we have found the  regu i red

{ - ^nn - l  an r r  nh  r , . 'w f  
' -Q  

{X :p fgo -K ' )  t hen  i t s  i na .ge  th roug 'h  V* l  i s  t heL \ / y \ J r L r v J  u l r  ! A  u c  \ / \ ,  t  t  , r X ,

requ i red  topo l " c>gy  on  Px t ' -Q  ( x ;S " ,n ; )  "c x

L e t  0 l = ( U . i  ) . , r ,  b u  a  l o c a l l y  f  j n i t e  6 : o v e r i - n g  a f  X  w j . L h  r e - l a t i -

vely compact Stein open sets such t l :at tS" admits a resolution g"------(F'

where :{ '€-D' (W) ancl has components : i .rr Co}r ( ' l t)

Le t  KPQ=cP (4J ,  gQ)= ] - f  f  t un  ,  y - "& .1  
"  As  we  have  a l readv  seen '

ig , [=p+ I

t he  s imp le  comp lex  assoc ia ted  to  Kpq  i s  a  comp lex  o f  FS  spaces

which ind-uces on gQ 1x, [ I "  )  the natura, ]  topology.

Let  now r ,pq= # - rx t !  
(u ,a ; ,5{p,x i )  be the double comnlex ob-

1 o ( [ = p f  ]
r : " i n o d  l r r z  r l r r a l - i  z : - . n g  K J / v .  T o  g e t  t h e  r e s u l t  i L  i s  s u f - - f i c i e n t  t o  p r o ! ' e
e u r r r v L 4  v l ,

t ha t  t he  cohomo lcg ' y  o f  Lpq  i s  Ex t : (X ;G t ' ,KX)  (one  can  check  tha t  t he

cluaj. i . ty j-ncluced. on the cohomology cf Litq and Kpq is gi-ven by the

Yoneda  mapp ing  and  the  t race )  '

Let - -  X-  - - * - ; ' ) 'be an in ject ive reselut ion for  K; .  I tTe cousider- ' X  a  - - -  
A

# h c  ^ ^ m r a ' ]  a v o c  "v v l t L y 4 \ 4 , ! \ - L  !

MPqr= 
,mr 

f" (uo 'Nt*' '6{$';"rl I

NPqr= ffi* I*. (u* ,tton',(d,?t) )
[cr[=p+ I

1 6 . i  n r r  1 - . 1  J - h o  1  . 1 . . = ' l i . f - r v  t h e g l f e mlL r I l I g  Lv  L r f  s  ub  L , l ' c t I  ( - r uc r . r I  Ly

of  tu tPQr a lonq the r - ' , l i " rect ion - i -s :

fc : :  r *0

"-$\  
,  O ,* ,  ,K9, .X l_1,1PcI  for  r=0

$ff ie I ' ;xcc \u4 iaftr r\X/ -!
rYl =p+ I -

uen t l y  t t r e  s imp le  compS-exes  assoc ia

ame coh.omology.  I t  is  e i : r$V to see t

F n v  r  Q { -  o i  1 1  q n a ( r e  -  t h e
J j U I  q ,  U  U S I I I

ted to LPq ancl tutPQr

ha t  t he  quas i i somor -

.  Acco

cohomology

r
\

' I

I
1
l
L\

and conseq

have  the  s
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.  : s  I  

i

phism f f"*--+$" induces a morphisn NPQS-+ttpqr which,  i f  p and r

A r F  k e n f  f i x e d ,  j s  a  d l l a s j , j c n m n r n l r i q m  a l o n q  t h e  o - d i f e C t i O n  a n r lo . I C  l \ C y L  ! a l ! € \ l  t  I b  ( f .  L l L r d . D J . I ' . b ( J t t t \ J ' L L J r I I i 5 l t t  c r ' r u r l Y  L r r E  Y  s l r

c n  { - h a  c i n r n l n  ^ r r m n l o v a c  ; r . l (* -soc iated to  Mpqr and Npql :  are quasi iso-

morph ic .  The  co i romo logy  o f  N IP { r  i n  d i rec t i on  p  i s :

f ;  (x,, tw.(sq,?'))

for pt')

for p=0

( t h i s  f o l l ows  f rom lemma 7  .3 .9  i n  [Z ] ,  by  remark inq  tha t  t he  sheaves

- . f r

fe*r t (Se, ] ' )  are f labby)  .  r i :  is  no\ , " '  c lear  that  the cohomology of

, . p g r  ,  Q  , .N Y Y -  i s  n x t l ( x ; g ' ' , K x )  ,  w h i c h  e n d s  t h e  p r o o f  o f  s t e p  1 .

+  M o r e o v e r ,  i t  j " s  e a s y  t o  s e e  t h a t r ' a c c o r d i n g  t o  a  k n o w n  r e s u l t

n f  d r r a l i f v -  t h e  q A n A r a . | - i o n : : e s u l t  O f  t h e  t h e O r e m  i s  t r u e  w h e n  O nv 4  u u s 4 t v J  ,

H q  ( x , S ' )  o n e  t a k e s  1 * h e  n a t u r a l  t o p o l o g y  a n d  o n  E x t l - q  ( x ; F ' r N i )  t h e

- pct
t n n n  I n a r r  i  n r 1 r r n g 6 [  $ y  t '  

' .
L V y \ J  r v Y J

rn  a  s im i l a r  way  one  can  p rove :

EIgp.- / .  Thei :e  ex is ts  a topologv of  type Ql"S on Ext-Q (X; tF ' ,K l )

(no t  necessa r i l y  t he  na tu ra l  one )  such  tha t  t he  s ta te rne r i t  o f  t he

theo rem i s  t rue  when  on  H l ( x rg " )  one  cons ide rs  the  na tu ra l  t opo logy .
U

Slep J.  The "dual i - t .y"  topol .og ies induced at  sLeps 1 and 2

on  Ex t -Q  (x ;  S '  ,  K . , )  and  Ex t lQ  ( x r  6 ' ,  x - )  co inc ide  w i th  the  na tu ra l  Lo*' x c x

po log ies

Indeed,  accord ing to  s tep I  one has a dual i ty  modulo s€pard*

f r ' n n

Hq (x,s')  x uxt"q (x;G' ,  K;)* H! tx, K*) '*-----+ o

and  acco rc l i ng  to  s tep  2  a  dua l i t y  modu lo  separa t i on :

H . q t x , D ( 4 . ) )  x  n x t Q ( x ; n ( o ' )  , K ; )  -  
- H ! t x , K * ) 4  €
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'  - - Q , . "  
- n

where  i l - ' (X ,$  )  and I Ic " ' (x rD ( t r .  ) )  cav : rv  the  na tura l .  topo log ies  and"

rxt la (x;  s"  ,  x l , )  a i"rd E>(tq (X; D (- f ' )  ,  Kl , )  t i re "c1ua I i t -y "  topologies .
c x l ,

l ,et^ u: l lQ (x, f f" ) ---+' trxtQ (x; D ({r") ,  ?i.) be the isomorpl: ism incluced
1 L

by the isomor-phism S"*-* - -*  DD (6 ' )  (scre [ ,  : - ,1 ,  p t :opc- :s i t ion 1)  ar r 'J

v : u * q  ( x , D  ( S i )  ) . *  * + ' r x t l q  ( x ;  S " r K " )  b h e  c a l : r o n i c a l  i d , e n L i f i c a t i o n .  r t  i s

eF rsy  to  ve r i f y  t haL .  u  and  v  a re  each  the  t ransposed  o f  t he  o the r

w i fh  r "oqner : l -  t o  t he  Yoneda  pa i r i ngs  above"  Acco rd ing  to  l emnra  1 "4
.'

i n  l l r i  { - l r i e  ' i m r , ' l  ' i  o q 1 - h ; r J -  v  i s  i O n t i n g o u s  a n d  C O n S e { u e n t l y ,  t h a tL ' " J

t ha  rono loc rv  c rn  t t x t -Q(X ; f f " ,K : , )  j " s  weaker  than  the  na tu ra l  t o r :o logy .u v y v r v Y - J " " - - - c . - " X ?

Crn the o i :he i :  t iand,  s ince u is  an isornorphi -s t lu  i . t  fo l lov ' rs  tha l :  v

manq  f  l r o  r : l  os  -  t  ̂ 1  H -q  ( x  . l l  { c ; ' )  )  h t - i ec t i ve l v  on  the  cLosu rer l r q i J r  . L r r u  * - - . , l - L l i €  O I  t U I  l - n  H C  
-  

l l 1  f  t J  \ ' ; -  )  )  r ' l r . r E U L r v u ! J  \

o f  { O J  i n  n * t " ]  ( x ; 6 ' , o ; )  ;  t h i s  i m i . r } . i e s  t } r a t  v  i s  a  t o o o l o g j - c a l  i s o -

qo  ' f ha t  f he  i -  1 - "Q  f> i tG ' . x "  )  co inc ides  r v i t hmorph is rn 'and  so  t . ha t  t he  topo - l -ogy  cn  ) - : x - ^  \ r ,  v  , - . v ,

t -he  na tu ra l  one .

S - im j - l a r1 .y ,  s i nce  u  i . s  con t j -nuous  and  maps  b i j ec t i ve l y  t he

c . l . osu rc  o f  { -C i  i n  I I q  (X ,s - " )  on  the  c losu i : c  o f  dO}  
j n  Ex tQ  (X ;D  (G ' )  ,K " )

j . t  f  o l - Iows tha, ; .  the second s l race car : :  j -es the natura l  tooologlz .  fn

pa r t i cu la r ,  : : epJac - ' Lng  6 "w i th  D  (S ' )  and  us ing  once  aga j -n  the  re f l ex i -

r r " i r . r ,  n f  f f " * r i 1 - h  r e s p e c t  t o  D ,  o n e  q e t s  t h a t  n x t " - 9  ( X ; S " r K - )  c a t : r i e sv r u J  v r  v  t  v r i v  Y * - -  . -  
x '

t he  na tu : :a l  t o1>o logy ,  wh ich  euds  the  p roo f  .

Proof  o f  ' l :heorem 1 (see  the  i n t rod "uc t i on )

easy to  see th .a. t  the natura l  morphi .sm:r f  -9 "  ea  ( x )  i t  i s

'3' & X{.o*" tg', r<")---. K;

j "ndu"ces on D(x)  a  morphisrn T 'gu15' ; * {_*-*6"  '  As in  theoi :ern 2 '  the

n a i r i n r r  i n  t i r c o r e m  I  i s  o b t a i n e d  i : 1 ' c o m p o s i n g  t h e  Y o n e d a  p a i r S - n q- - - -  . '  _ r :  L

for  the invar-Lants involved wi th  a t race mappinq.  This  t : :ace

rnapping is  q i . r 'en by the composi t : i -cn of  mappings:



ror! (x; D (5"1

where Y ' is  the one of  the conrp lexes S '  anc l  f f 'which i -s  bounded.  tc  Lhe

r igh t

The theorem i -s  based-  on the f ,o l lowins r :esul t :

D ( g')  ec{ '  -L>---->D (RT{arru'(g 'rs ' )  )

Proo f "  Cases  a )  and  b )  a re  t rea ted

F'nr  . r ^qa  r - \  le t  X j  -+J 'be  an  in jec t - i -vev t ,  
2 !  u

T* X

(x,  KX)*  
.  -_- -  -  b .  c

i n  [ t t l ,  p r o D o s i t i o n  V . 2 . 6 , b .

reso lu t ion  o f  K f  ,  and

Lemma 5.  I f

o r  c )  o f  t heo rem

g '  ,  6 ' e n ^ ^ , ^  ( x )  a r e  i n  o n e  o f  t h e  . c a s e s  a )  ,  b )' c o n . ,

1 ,  t hen  the re  ex i s t s  a  func to r i a l  i so ino rph i sm:

t ' * - - . - *E"a f ree resolut ion of  f in l te  length of  € ' in  a su i tab le D( 'X i " )  "
n n a a v n i n x  . l ' a  - q f ' : -  ^ ! i f r  - - ^ 1 ^ - r J -f , rc ; t ;o . r .or r rg ro remark 2.3,&!- ' * '  e t -  is  s t i l l  a  resolut ion f .or  Y '  and

s i n c e  f f "  h a s  f r e e  c o m p o n e n t s , 9 ' i s  a  f l a t  r e s o . l - u t i o n .  T i r e  m o r p h i s m

in  the  l emma i s  q i ven  bv :

7W {0' ,y, **' -*1-** &rrn'Gt*r;( &' , V') , l' )

which induces isomorphj -sm on f ibers ( th is  fo l lows f rom remark 3 9
/1'

and the fac 'L  Lhat  f f '  has f ibers f ree of  f in l te  rank) .

t c  9 '  t r '  a re  i n  one  o f  t he  cases  a )  ,  b )  o r  c )  bo th  Z .gn  (g . )! J -  a  
I  

u

and D (R}trr,1. '  (9'rr '1 ) have coherent cohomology and so, the isornorphism

in lemma 5 induces a topologi .ca l  isomorphism:

p: tor l  (x io  g '1  ,E ' ) **1BxL-Q (x iR1tno, , . " (? ' ,s ' )  ,x ' )

when  on  the  two  spaces  one  cons ide rs  the  na tu ra l  t opo log ies .

Since in  a l l  three cases Rdl€^*(Z '$ ' )  has coherent  cohomologv,

apply ing theorem 2,  one gets  that  the Yoneda pai r ing ancl  the t race

morphism lnduce a topoloqica l  duatr - i ty  between the separated vector

spaces  assoc j -a ted  t . o  t he  spaces ;
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Hq (X 1?7l.r*t{f ' ,S') )=ExtQ (X; E' ,#',) a"nd Ext (X; RTrcid (3;fl1 , K;) |
4 ('l

1

conside: :ed wi .L l " r  t " i re i r  natu: :a l  topoloqies.

Moreovern the separat ion resu.-Lt  j .n  theorem

, { D - c 'i somorphism is  i .mply  that  Ext '1  (X;9 ' rS-" )  is  separated

i - s .

d iag ram:

?  . F n a a * ' 1 - r a w  r . r ' i  f _ [a  v v Y  Y $ r

n . . t
i f f  To r l  - (X ;D( f , )

rr

the

,Y )

' In  cases a)  and c)  the theo: :em fo l lows f rom the commutat ive

HQ (x  ,Rw* ; (Y t@)  )  x

A( l
1 1 ( u ,
t l

n : l
E x t  a  ( X ; g  , S ' )  x

6 6
! V

-rix1:

0 . \
I '

( X , K

,fl
I
I
I
i

n  1 ( t ' \

' 1

or tx , ' {4''\

in  whic i r  u  is  the canonica l  ident i f j -cat ion and the hor izonta l  morphisms

are  the  Yoneda  pa i r i ngsco r respond ing  to  the  func to rs  n1< t lq (X ; " ,K I , )' c x

r e s r r e r " : l - i  r r e l v  f o r f  ( X ; D  (  " ) , Y )

Tn  case  b )  s ince  "g 'Ls  no t  boundec l  t o  t he  r i qh t ,  t he  space

rr rnv-  /v 'n / . ' ' \  '0" )  cannot  be d.ef ined.  TrrLhis  case the theorem fo l - lows* - - ^  \ z t t v  \ a  I  I ' ,  ! ! 1 l g g .  J r r  u r r !  
"

f r om a  s im i l a r  d iag ram,  i n  wh ich  Tc r r l  ( x ;D  (Y ' )  , € )  i s  rep laced  bv

n  
)  a n d  * ' h a  

' l : q t -  
V n n o d . a  ? 1 : r , . ' ,  ' -  - - * - - ^ iTor]  (X;D (g ' )  ,c ' )  and the lasL , - * . - * ing corresponds to  the func-

v d

t o r  T o r l ( x n D ( s ' )  , " ) "

The dual i ty

provecl  in  a s imi lar

theorem 3 then there

.f a'J

be tween  Ex t l  (X ;Y" ,6 ' )  and  To r=  (X ;D(6 ' )  , € ' )  can  be
v

way .

Proof  o f  t .heorem 3 (see the :Lnt roduct ion)

We sha l l -  use  the  fo l l ow inq :

Lemma 6 " I:..f t' , G"  €D (X)  a l :e  i .n  one of  the casescon

ex is t s  a  func to r i a l  i somorph ism:

g

d )  o r  e )  o f



L' L.

P r o o f  "  C a s e  d )  i s  t r e a f e d  i n  [ r t ]  ,  p r o p o s i t i o n  T L 5 . 1 4 "

e)  l ,eL.  K i - ' - - ' *P '  be an j . r r jecLive resolut j .on for  K-" -  , ( t ' - r . f '61
X

f  l a t  reso luL ion  fo r ' i '  ,  0 ' 6 , ' ) ' . - - ->  7 "  a  reso lu t i on  w i th  acyc i i c  sheaves

-  r ' \ "  ' - '  t t o  
f i , f - ' * ->G 'a  f ree  reso lu t i on  o f  f i n i t e  t eng th  fo r  S "  ,  i nIOr U' trl l i  ano.4- *-:? \J' a II

a sui tab le D ( { { )  .

The morphism in  the ienvrra js  g iven by the composi t ionof  mor*

p h i s m s :

TttwJ (',?') @f'*-* K{v*' (g', ?"O C') *-*"fswu'(K' , X'1

wher:e obvior-rsiy t i re extreme terms al :erepresentat ives for R7{"**-r(6 'rK;)

and RTrJrv* ' (r .$ ' ,  Yr"m X.,)  "

Sj -nce  f f "  has  f  i be rs  f ree  o f  f  i n i t e  rank ,  i t  f o l l ows  app ly ing

rem&rk 3 "  9  that  the above morphism induces quasi - isomorphism on every

f i be r
h

r n  p a r t i c u l a r ,  i f  ' C ' e n i o n  ( x )  h a s  f  . t . d .  t h e n ,  a c c o r d i n g  L o

lernma 6 one has a functor j -a l  isornorphj -sm;

e

t 'Ittco*."(t', x;,1 GI€' *.-..-_+ R'l{-or,t" ("'s-', €"Af xl)o x ' = - . : " o

As . in  theorems l -  and 2,  the nai r ing in  theorem 3 is  o l : ta ined b1 '  com"-

pos ing  the  Yonec la  pa i r . i ng  fo r  t he  i nva r lan ts  i nvo l ved rw i t . h  a  t race

morph ism.  Th i s  t race  morph ism v , r i l l  be  i n  case  a )  t he  compos i t i on  o f

m a p p i n g s :

' 9 r " t - I

n--ro/r '-e' 9' s r1*., -_ 
FIi  

1l 
) 

- 
*-o , ' | \ . ' .n /* --o ' '  

T. '
nxt l (x ; * ,  :  H ,X, ' - - - - - - - -Tbr i  (x ;D (€ ' ) , t )  -+n ! tx , r1 ) - * -A- - - - - -$  c

and in  case b)  the same composi t ion wi th  V '  rep laced by S- '  .

Sj.nce P,b€nv*"(S', i( : ,) f f iU' a.nci RIIom'(Fi E'& K.,) have both coherent
X '  = -  *  2 !

cohomology i t  fo l lows that  the isomorphj -sm in  lemma 6 induces topo-

loq ica l  isontornhisms :

{*

ss"

F :Tore (x;D (tr  )  , .g.)__--**+Exr;q (X;s.,  s. ^ x i
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1/hen on the two spaces one considers the natura l  topology.  The seDa-

rat ion resul t  in  theore in 2,  togeb.her  wi th  bhe isomorphism $ '  imply

t i r a t  nx tQ  (X ;9 "  , 9 ' )  i s  sepa ra tec l  i f  f  Ex t - ! ' - q  (X ;  , f f ' ,  g 'B  Kx )  i s .

The dual i tv  s tatement  in  case d)  fo_ ' t_ lows f rom theorem Z by

readj-ng the commutatj-ve diagram:

Hq (X, R?ta,*i(S."rs") )

Ex tQ  (x ; t ' , $ ' )

Case

I  i  # r r  ] - . a  l - r , r a o n

t a r n x r a A  r ' ]  n n nv u  s s v r r : J

In the

"n 
t" ; Rs€o*"'(f",s'), K.l)

u )

(x ;  D  (6 ' )  ,?  )

d ' F )

Q (x;cf ' ,  E '& K:,)-  - ->
: .4,

g

( X ;

g

x Ext
,f,

\ l
l l
f  |  ( F ,
l t\ l
. l

x TorQ
t:

f "

l t
t l

{ l  ( i
l l
\ l\ f

x Ext
n

^ -o

l h . r l

(3 ' \
t a l

/ f  \

Ito (x

t
I
I
I
{

D (3')
1
I
l ^
I  r r v

l a i

0
, ' &nxtQ (X; f . ' , s ' ) rxt!  (x; ' t ,

fThe,  r 'mxrer  s .n ta re  Of  th le  d ia<r ranr  has  anneared in  the  r : rOOf  Of  theOrem

' I  '  { - I r a  ' l p c F  h c r i z o n t a l  a r r o w  i s  t h e  Y o n e d a  p a i - r : i n g  c o r r e s p o n C i n g  t o1 !  U r r u  J v l { \ _

the functor  Ext"Q (x :  " .  9-" ,qr  r<. ' , )  )  "' " C  \ / 1 ,  t  "  y ,  / |

e)  fo l -1ows f rom a s imi la . r  commutat ive d iaqram and the dua-

the  snAc€ ls  r x tQ  (X t | ' " f f i  and  Ex t  Q  (X r t r ' rU r€  I { : , )  can  be\ t l t u  t w  I  u  \ < r t , ,  f  a  
:  , !

the same l ines "

compact  case,  theorems I  and 3  g ive :

-CS. lg.1, lg:y. . ,2.  Let  X be a compact analyt ic space and a) Z'en*n(x)

-  . -  +  . . -  1 - \  ( F t '  / \ ' \  , t "  - ^ h  / \ r \  L - ^  r  r  r  
1 ^ '

6 ' e D " o n  ( X )  o r  b )  E "  e D c o h  ( x ) ,  ( }  c D " o h  ( x )  h a s  f  . i . d .  o r  e ) 2 " € .  D ; o h ( x )

h a s  f  . t ; d . ,  F ' e  n . o n ( x )  .  T h e n  t h e  s p a c e s  E x t Q  ( x ; ? - ' , 6 ' )  a n d  r o r q ( x ; o  ( g ' ) , V ' )

are f in i te dimensi , rnaL and there exists a natural  pair ing which indu-

ces  an  a lqebra ic  dua l i t v  beLrveen:

sxt"Q (X;?",s")  and TorQ (x;D ( f i ' )  ,8")  .

{

f

{.

M n r a n r r a r  i  f  d )
. * v & v \ / v v J - t  v t f "  en lon  t x l  has  f  . t . c l .  r  c I ' €D ;oh  (x )  o r  e )  g '€D ;d l ( x )  ,



h
U" e uf,on txl has f .  r. d. rhen

induces an a lqebra ic  c lua l i ty

x t9 (x ; ,S. r$. )  and

F inp l l y ,  j - n  t he  S i :e in  case  we

there exis ls a natural  pair ing which

between:

gxt-Q (x;g, 'g 'g 
&)

h a v e :

Cclo l lg ry*8"  I f  X  i s  a  S te in  space and a)  f 'en lon  tx )  ,

h a s  f  , t . d . ,  S ' € D c o h  ( X )

) .a n rl tpn r(fTora (X;  D (s ' )  ,€ ' ,

l ogy  and  the re  ex i s t s  a

dua l i t i es  be tween :

M o r o o r z e r -  i  f  , 7 )  V ' € D : ^ ,  h a s  f  . t . d . ,  g ;  '

a n d  g ' " e n l ^ ,  ( x )  h a s  f . t . c t .  t h e n  t h e r econ

i  n r l r r n a e  J - n n n ' l  n ^ . i  ^ - - , ' l  x , , a 1  . i  . l - - i- - r - - - cg i ca l  dua l i t i es  be tween  :

* /'Y

, t r ' )  a n d  E x t  
' 1  ( X ;

(-

f . \  . - f i

,  e  )  a n d  E x t  ' ( X ;

,  o r  e )  f , ' e n -  ( X )
con

na tu ra l  na i r J -ng  wh ich

Cl - l
!  . - a n ] - .

u v l f

^ * , . i  ^ ! ^

t

g

3

n x t Q  ( x ; 9 '

Exr :  (x ;  E '

V ' , V '  g K l ) ,  r e s p e c t i v e l y

6,  ,  Y.gKi )

:

i.\* '

s ' € D : o h ( x )  o r  b )  v '  € D c o h ( x ) ,  c " e o f ; o n ( x )  h a s  f . i . d .  o r  c ) t " d D : o h ( x )

then the spaces ExtQ (x;?9",s ' )  , .  uxt l  (x;S' , f ' )  ,

(X;D (  ' )  
,g ' ;  are separated in the iutrrrar topo-

nat-ural  pair ing which induces topological

nx t9  (x ;E ' rs ' )  and TorQ (x ;  o  (p ' )  , . f  
' )  

,  respec t ive ly

Ct a(
Ex t :  (X ;€  ,S ' )  and  To rY  (X ;  D  ( s " )  ,E  )  .
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