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Duality for Sheaves Categories

mtroduation, In this paper we describe the ou&l of a Girauc

“Grothendieck topos by means of uniform algebras. Ve do not reach
here the whole generality of the categories Q% tor which: the
duality theorem respectively the method applies fo. As immediate

consequences Stone duality, Uberst duality and tinton duality
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theorems

This study serves, in my opinion, more as an example of -2
method to obtain dualities by means of injective cogenarators.
As a duaslity theory it unifies the Stone duality and Gabriel-

1\0{:‘

L‘“:

~Uberst duality theories. It also starts a desired duality
theory for locally noetherian top@ses(&%}}

what the main theorem essentdally asserts is that for any
Giraud~Grothendieck topos %ﬁ there exists an algebraic category

e B

. Ut » e
=" over a finitary algebraic théory §§ such that %

1=
equivalent to a category g@ of separated and complete uniform
G .
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IH order to describe of? we need the following definitions:
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3 L e . v
1) a uniform ‘2. -algebra (A, QL) is endowed with
) h %

s

1l operations are uniform

o

i

Q}

ainniformity (z@ﬁkgz} L  such th

continuous maps in the product uniformity; a c-uniform ﬁlnaLgebra

3 - 4 »y Py P o
is a uniform émwn’””“rﬁ which has a funcdamental b”sten of
; N  SERER Rl R ; i 5 By 5 3 G~ il e
gntourages consisiing o7V congruances. 1t & is the ‘trivial theory

e o A%

then il and we call c~uniform sets p-uniform spaces (this
.g ¢

distinction from the nontrivial algebraic case must be cone since
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not any p=uriform

zlgebra mi.e. the carrier set is a p=uniform
space and all operations are uniform continuous in the product
uniformityes is a c-uniform algebra )
2) 8 _c-structure. 'I* on a functor
o TRy : % = 2 :
W 2 @g’“ﬁ mmmmmziff;; {\ Ce=n i T o diey = a2t ; 3 Nas (’- )
tfor which the diagram

'(‘*DE

-t&tm

i (counif . Fo-aldqebras )

pr

5 5 o 7 o
commutes.A c-~uniform <e-algebra

(a8 s0

algebra mor

that for

L (m'w.w ‘,1\ are

phisme
> g 355
e a8 7

2

forget the

over
each finitely gene
uniform co

denotes the categor

uniformity

2

rated fireealgebra - all

o

~algebras

: . : i -
is a c-uniform £e-akpbra

from

Z

ntlnucuq maps

y of all c-unifornm

over and uniform continuous algebra morphisms between them.
3] For a c-structure £ on 3&/%”$ Dis 0% denotes the
: u . P o L 2 82
: ; ; o
category of sl1l discrete uniform & - ebrus which are in [TF,
1 o el - 4 : L e : -
A coherent object of DisU¥ ¢ an object A of Dis{*# which is
x RGO ;
of finite type in Dis P® and so that the congruence -of any al-
, ; i 5 : 5 : ; ;
gebra morphism Be=dA is of finite type in Dis{** provided B is

|

of ‘finite in Dis ¥
R e SR, S

type

4) 1 ("i}"wgttr) &

ob ['#* tren a sp

e

ecial entourage

(,c‘.}' :QJ;’) is

any algebraic congruence (i.e. equivalence relation compatible
with the algetraic structure) on A so that Rell, and A/“ i5 a
.coherOHt object in Q&iﬁ:? . A speciel congruence on (AL ) o ds
any algebraic congruence R on A which #s an intersection of epe -
cial entourdces and A§<i$ a coherent obj ect of E&ii:i,‘

5) a separated and compl c~uniform Z -algebra (A,%L) whigh
s dn PR 15 & striet object of % - if each’specisl congruence
i8 8 special entourzae and the family of all specizl entourages
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O=3

: &3
of (A,f) represents a base for W,

o B e : . T
Finally @ﬁﬁ is the category of all strict objects of OF

; - A s ooy 0 ; v S s
for a suitable c-structure P Son wmf}i“ (Fheoren (2.0.5 ).

some remarks on the above theorem are in_order:

3
(8) the category of Stone spﬁces{ﬁ?ﬁzgsis isomorphic te the

category of all compact p-uniform spaces. From this point of view

separated (Hausdorff) and complete p-uniform spaces are a natural
generali®ation of Stone spaces; topologically & p-uniiorm space
(separated and complete) is like a Stone space (OF Boolean space
253 ) minus quasi-compacity. i
(pb) if we replace the finitary rank of the algebraic theory
¥ by a convenient greater rank then all uniformities involved

are discrete; consequently we get a particulsr case of Linton

o2

contravariant representation theorem 1451, on this line 2. 8%
proves a topological complement of [483 from‘which by enlerging
the rank we obtain the original Linton theorem.

e} g MBTY generéi consequence of our theorem is that for
any category & which is well embedddd in .a Giraud-Grothendieck
topos, the dual of & can be realised.ss a category of uniform
algebres over a2 finitary theory. ?hia leads to a duality theary

of finitely presentable categories ‘

Ry combining the ideas gf (D) ane (Cly a duality theorem

very like the lsbell duality theoyem on algebraic categories

can be obtained.



The terminology used is that of (¢],[18. We point out that .we denote
the canonical projections (injections) of a product (coproduct) by

0F. (resp. @ 7. For a family %f A e Ag. (%fi:Am%»Aiz@) the mor-

4
A

nhisn f:LLAiM@ A (resp. f:A—>FEFA ) uniquely defined by faj:fi (resn .
L z 4 o N 3

= 5 : = = % £ e & 5
%%fn%j) for all i, is denoteds by Lfﬁ}% (resp. {fi% Y. h:G=EA (resp.

h:B=3 ) is an equalizer (coequalizer) of.2 pair

(2) fh=gh (resp. hf=hg) and (b) a morphism u:X-»A (resp
igh h provided {uM\J (ress. uf=ug). A mono (eceil) i e
gulér it it is an equalizer (coequalizer) ot a suitable pair of mor- g
phisms. e shall sometimes denote a mono (regular epi) by e =y,
in presheaves or sheaves categories all monos and epis are regular,

in an ad

(4]

jebrajc category regular epimorphisms are exactly the sur-

air)

ot & morphism F it fu=fyv (resp. uf=vf) is a pullback (pushout). 1F

¢

WU

Jectiens. A nﬂir.iu,vg ot morphisms is a kernel pair (cokernel p

U 2 : e s e A = = o e [ (e
R wmsﬁxxxﬁﬁfﬁ is a kernel pair of f:A—»8 then the subobject of ATFA

defined by the monomorphism <u,vs:iRep A A is called the congruence

5 : ; 1o e 3 r i 1Y G
of f. A congrtence on A is a subobject R S——iw ATTA of ATTA so that

%ar v”:% is a kernel pair of 8 suitable morphisn definaed on AJIf in
by o

thie cace f:A~%DB is a2 coegualizer of %@%r,ﬁbr% then the quotiefit

4 o % . E
s denoted by A/R and f:A-¥W=A/R is called

2
Yot
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the canonical projection of A onto its regular quotient A/R. IR
nresheaves categories or algebraic categories congruences.are equi-
valence relations compatible with the structure and reqgular quotient

are the sets ot cosets endowed with the induced structures Al ssquens=

o
] i e e Sy e s Ll e =
ce ﬁﬂ“ugmiwA -=B e a left (flgh?) exact .sequence if {u,vl g

,“{5

kernel pair of f (resp. f is a.coequalizer of {u,v] Yithe sequence (@

8
is short exact sequence if it ie both 18t and right exact. A sequen=

exact sequence if f is an
cokernel pair of f);the sequence

left and right éxact.

i
defines) @ coequalizer de-
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(6]

OB

composition of f if g is a mono and p is a

the subobject (C,q) of B defined by g is calle

% is & regular category ([¢]) , if fﬁﬁaq@

(A;B)

subobject of A then §(X) denotes

.

v
29 B
Y Gl 3 16 &

decomposition) of fx, 1If

denotes the subobject of A defined by

Concerning filters in a

lattice thenwe shall say that a nonvoid subset
Y

in L if (a)i{x,y)eF implies xavyeF, and (b) yeF

than a suitable element of F., A nonvoid subset

base in'L if for each x,y in & there exists 8

and y 3z ; the filter generated by & in L is

For a morphism f:A~%»B in a

u'ogg

e C&KA\ betwesen the
: -le
< oo 5 e A G ot e e e R Lf
s % of B resn. A WIF E ideie Y ne e g N b rhen 'f {ri
w

tilter in 4 (5) generated by

16 e i.XféF?}

*,«{;‘ SRgo " s
¢ (A) then T[F] denotes the filter in % .(B)
o LIS ( E ! .',,d( /
v s Sl ; et ; 8 )
! m§xaﬁﬁwi = "X )er %(gince AGF ‘and since T [
o kS

regular epi; in

él

the image of f, If

g 2
and it AE=se A dig @

subohbject of
pulling

lattice we point out

g::%tsﬁ L§ 3

reqgular C%tQQGFV* ane

lattices of

& Qf I dgs

the image (defined by a coequalizer

@

- 7
then == )

back v aloﬂg f.
that

provided y is

i e

z in & so that x3z

x@%wiﬂ1§
Wi )

T
t

has a meet nrese

&6
m

all subotiject

.»

denotess the

!1:' j oo

R 2]

A e

generated by

J=& , & is noneanpty)
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L, p-uniform spaces %mmﬁi§ﬁwwm mkéé&?%

i

1ol Uniform spaces det X be a set . We recall that 2 Unifor-
\'l\{ d’i«ns i;ﬂ?qﬁ ¥
mity on X is8 a filter W ofVYsubsers of XxX so that

&

% by if.uell then LfﬁLﬁﬁh (U°1denmt@$ %ﬁg“ﬁ}%&hj}%gﬁi}
.
A it Ugll then there exists vézﬁi so that Vev g il
Theepair (%X,%) is called a usiferm space and the eleméents of %,
are called entourages ot X. A bass for the unifarmi{y T otar e
fundamental system of entourages ) is any subset & ot 4L
so that the Filter of subsets of. XA X generated by ﬁ§ sa ke
S e U is 2 base tor L itt
1) 5 is cotiltered with the inclusions (i.e., if
A,B are in QE then there exists a Ce so
that both Aand B ocontain C)

(2) any ueil contains a suitabie element of & .

tece for & uniftormatyion Xoxff
f(l) & is cotiltered with the inclusions
l
7 : e R
j{?) W ¢ Ai~€k then there exists a BEE sno thot Bafy
2 LS § /s @g‘:::“ % ] o re STV B e ol e R . f‘?“'w‘ o) P Rl I A N
4 ( 29 A t her then there exisgts a CE&L S0 TNRat W LEES
In this case the uniformity on X for which %3 is @ fundamental

system of entourages (oOf the uniformity generated by ¥ ) 18

PN 3 0 a e Sl
= %Q:::; X o %1 [H)ae& so that AGU b

A unitormity ﬁ& on X is finer than ancother uniformity %M 2 X

: 2 of o : - : 5 e : 3 7 > = e
if We%l. The set of all unitormities on X is thus a pus& ;
L]

@

, : i3 % . : o o
fhe join of a tamily I ¥ of uniformities on X the uniformity

<

»
i
for which a fundamental system of entourages is

L o s :
J=l finite and Aiﬁiii,}'@gia

f' 3 ' I ~ 2
Tha meet of the family i%ﬁigi ; is the final uniformity for the

: 1, ; ¥ e e R T
f'amli-y ‘2'\%’! %"il) W A }F a1 . Hence the set ot all
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If f:XedY is. a map then for any A& Xx X and

we shall denote (fu f)(A) by f(A) and (fx.f)
_de

L

a uniformity on Yoithen §° QL

0

any Bg@ YwrY

Sl s riteny . ar

- #5( pusetil

—-A-)

3 s g i . i = 3‘
is a base for a uniformity on X , which we denote by f "LU].

f""}.g:%-@z

is called the initial uniformity on X for:the Hap

FoX memBn (Y A8), If W ois a uniformity on X then f:X--»Y is

uniform

5 : i
isi less fine than 1L

C?

ie. FThUy e 1t

case we shall write f:(\,hﬁ)~wm%a(Y,i&).

: g e, % § g £ovme | - 5 £
It z€miﬁgii§ 1¢ris 8 family of unif

";,;v;""

is a family of maps then

i&l

d6 X = x,
i

: . ioe S ¢ L
continuous in the uniformities 44 and AL if

Fripng
for any U€HL ; in this
orm spaces and

the initial uniformity

U. on X for (or induced by) the family %fi:XfﬁN@ Cﬁieiii3%i&

is the coarsest uniformity on X in which
e NG PR R s e e £ e
uniform continuous., ‘If forceach i ., &;}i i

> ¢ i
g bhess.0f TL i

fﬁ?i (U )%:ng finite and

160
}. T ﬂifsgy i f’i '( h @
P o ¥ mmm g ¢ E’

then for any uniform snacr EY YY) asmenf

&

Y ooand U iff all the maps f .f ar

Fasin

Conseguently in the category UNIF ef all
Wk AR

i the corresponding limit of sets endowe
. g

—f

L
it
&

ormity induced The-fnm1!/ of all cano
3 ¢ i, T 4 -~ £ 1
it (Xyo Wy dligq is 8 famdily ofuni

then the final unifor

2 ¢ A
by the Tamily 15.:(x5,*g_} memmgax.}j'&

s
b

eEd N cdintahd e L fusesione f oraaanEfanr

case for any uniform space (Y,1%) 2 map

e and: W iff all the mape ff, are

initial unifornity on X for

all functicns ?i are

Ly
s a base for U, then

65 1en k. ’
the family

T
(Y - X is LP.fGFﬁ cortinuous
e uniform COﬁtiﬁuousa
uniform spaces a8 limit
d‘with the initial uni-
miicatt prﬂjectiﬂﬁﬁé

£ %
form spaces and %fi;xgw{z

&

mity Qﬁ on X induced

1 is the finest uniformity
m ccntiﬁuou¢t In this

X =Y ig uniform continous

uniform continucus .



Consequently a colimit in UNIF is the corres poﬁdjnh colimit of

[T

s

sets endowed witn the final uniformity induced by the family of all

!,
<

all canonical injection

¥-g\

If (X,%8) i a uniform space and if Y is a subset of X then

E:3

4

4

5

h

the uniformity induced by R on Y is ,E { U ,x*r)%i'aﬁ,

%&gy is the initial uniformity on Y induced by the inclusion

Vi e (X, 0. {V,‘ﬁzv ie called a uniform subspace of (X,ALy; 2
more‘generally we say that a wuniform space (Z,1r) is a uniform :
subspace of (X,1L) if there exists a uniform continuous injection :
f:1Z2 wemX s0 that e *L“;K A uniform continuous map
e e (X5L) is 2 mono in UNIE iff f is an jection,
Hence the notions of "uniform subspace” and "subobject” are not
the some., In fact the uniform subspacea of (X 44) are exactly the
reguler subcbjects (in Li{;if) of X "{Eé
A uniform space (X ,%L) is:
a}y discrete if égy@“ﬁ”
b) separated if { %ani
¢) complete it each Cauchy filter in (X5 9L ) has & limdt
(we recall that a filter F of subsets of X is a Cauchy
filter in (X)) 1f for each UgQ)., there exists an AEF
so that AE%A o, U)
The topology of a uniform space (X %) can be d@§crib@a by
meanis of the neighbourhocd filters of the ngints.of Xg for x@ X
the family QA(“;m% U(x\:iygﬁi g(x,y}&l}?g ‘4Cﬁ§% s the filte:
B o
of all peighbourhoods of x. Tha topology G whigh-arises in
this way is called the topology induced by AL . wWe recall from “:

e if A iz ‘2 subset of Xk X then UAU is a neighbourhood
af A in (X, 6 WX, Q) provided U is a symmetric entourage of X

[ ,x*)& X»nX {;}x“&ﬁi 20 that [(x' »xV)g Usant
i .

bos { )@~A

Wﬁgﬂmﬂ
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(14 if B is & Puba“t of

o X then EH =
% &

The closure. of B in i

f1i2) @ uniform spates is

topological

(iv)

space in the

induc

the correspondence (x

NoodUtxy 1

s

k.

) is %} symmetric entoura

UAU’g
% af A

separated iff it is a Hsusdorff

¢ topoloay.

3 1) eaAsds t e is &

(}{ }ﬁ@«} .)

functor UMIE sswepe TOP which preserves all limits [/

{(v) . & Cauchy filter

Poam s

unitorm space (X,1L ) converges

i 2y (ela in (X, 8)) is nonempty.

3

AGF

1.2 p-Uniform spaces

structure uniforme des parti

denotes the category of all p-u

i R
Re;

Wigrio e

gquivalence relations on X. if

Gﬁ = CRAVLEN) is & Tilrer

0] A ~ \ ¢ %o A~ 4
a7 A subset = Qi B e
P e \

ol £
Gne X it Qﬁ ig & filter base

the uniformity genersted by (3

Y Fbu
filter (&,
g {k&’ *

L4

LR M T

- & S by P g oy o R e e 5 -,
of all p~uniformities on "X to

A, gy £% Y 55
£ u..ltus‘”.ﬂ.‘y e oon X is

40
an L

ourages consisting

a p=uniformi

;.‘u
i
\x“

10Rs Jsur SRR Thae

of equivalence reiations on X,

given by coverings which are

DU

formity on X. p=UNIF

‘vt ey

]

graces andf*uniftors cont

B4, is s uniformity on X then

e
€f

peuniformity iff Wy i
Yt

X and if U is a symmetric entouraqge

s @ neighbourhoed of B in (X 8 s

% 1 ol : v 5
Y J(h)%U symmetric entourage of X%

fundamenra

v & % ex o PR R e ¥ Ny
(< 24&} 18 & p=unirarm space

Linuous MBS .

Dy - n Yy oy KRS o . - T
X1 18 a8 base for » p-uniformity
LB 03 [ T TR s Q5 b w’v\? SEs
sl . In.thie case if AL - ae
e
g P L e s s £ b
thern - & - is a base for the
: biicction from the sot
)*&m s ST S \)l\’\,g.c LG Yram tne set
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@mmm@p and the iscmorphism follows.
ooy

Any map fiX Y induces an increasing map fn%L(Yyﬁﬁﬁﬁ
kY Y

t « ie a filter base

el

§ 3 o oy
¥ (ir”i".)z:%()x X' IEX » X ng’(x),@()ﬁ‘)}@h},

: Ll 5 : S
wﬂ{ T (Q)%*Eﬁ(ﬁ'} is a filter base

in L(X). The inverse image of a filter. & L Y uheers f
the filter f LG}} ¢ in i) cgengrated by oL 5 Je

Mow if <X, ) andt (Y ) are p-u spaces then f St Y

b
Lo

:,‘ T 1 el . 3 . —-’l w», ) s et
is uniform continuous = & v, is less fine than Q%QL ¢i.e.

Uy " ; : - s :
Bigts, Tor each R &@“Jfﬁ j. Hence we can describe p-UNIF
'»Xﬂ' fmv..mmw

i
—

ag. the ‘category whose

4 - " ; . :
f Wﬁéiﬁiﬁ are pairs (x23£) where X is a set and % ig
4 g fdlter in LLX

3

R IR, W SO 2 Ws? S o x a L ) 3 3 /
morphisms from (X,38) to (Y, B ) sre those maps fiXewy

b
¥ ; ~Loags : : -
tor whiteh f7oFRL] is less fine than 2%
L.a8 The inclusion functor p-UNIF % UNIF has a left

adjoint (X1 ) carrAE (X,p&T)) where psl is. . the umiformity

s P P - e /t:u: P & P e ~ ~ e = - & - oy et ey o o

on. X which has h=LY as a fundamental system: of ‘entourages.
Proof. The map lxz(x,?k) ey { X P& ) 1s UGniform conti-
nupus since paiL is-less fine than . 1f ft is any uniform

: ” g . e
continuous wmep from (X, M j to a p=u space (Y, 17 ) then f (®)e

£ P ; .
& D&l for any R &xﬁl% . Hence f:XewiY is uniform continuous
in pa¥ ang sngs L ubviously Told gl ) e (Y, D) Jis the

[}

uniaque morphisn U?.pmvﬂig for which the diagram

. G
X ' ‘%&p‘w ) Liverys ‘(Y "%f )

commutes. Hence p-Unif is a reflective full subcategory of unif

Y oG a SR

with the reflector (X; (b ) e~ (X088 ).



(@

LedtB vilet iﬂ&%}hiﬂ . be & family of p~uniformities on X.
i

BT ATl

The coarsest uniformirv y oo A awhich is fimer ithan each ?i, ia

”}U

£

et

st ithe initiel uniformis AL on X induced by the family

=

.
; O . . LR 5
% Ly tX mme (X, Y, ) % C e Since w hase-for M s

A

%éﬁﬂ g3 is a finite subset of LS., L

W is a p-uniformity. Remark also that Qﬁﬁf%ﬁgﬁgn the lattice
& S

&

01

0 et

all filters in L(X). As a consequence the inclusion functor

IMIE oot UNTF reflects 2ll limits, Hence p~UNIF is .a complete

] wonsts gy

category and any limit of p~u spaces (made in NI R adssd p-u spaca.

i

F 1] ——= p-UNTF

QU oS

.8 & amall functor and 4if

..gv 5 18

- R

{x me%wit*(g)g 1 Ain 1Fl

where §¢§-nwuurrmmeh denotes the forgetfull furctor, then

EO e moaai e

Jim F o= {(x,m,‘x« e {7 ()

W
\ §
asif““’““ K ’f 1

where Mw is the initial uniformity on X for the fanily

complete lattice isomorphic to the iattice of g1 ftiltere in Lo

The

Moreover it is a subposet in the poset UNTIE(X) of all uniformities

o
o
urii
urnid
tird
the

O e i

Ey s, S ?
tifi.?( "‘”!(*‘)j

e

L2t Tha sef p-UNIF(X) of all p- unjfur ities on X is a

& e oy

i

isomorphism is Rk www&mg;ag

broof. p=UMNIF(X) is & poset with the finensss

=
o

i, o

{ s LIRS =
X . :_ﬁ)t Ao 2 D ’

T e 15

acbiteary joine.

-
$a) 1
o - :
Jé sl igs @ e laest
o
R - oy b : = 1 = Ly ' )
formxiy on X which is less fine than each Qi: e idnal
&
¢ 5
g 4= = o PR e A b v . $ o 3
formity on X induced bv EiY:{A:*@ ) et X Lo, This final
; ; : 3 S
LA J W

by )
tformity.on X dges not 2lways coincide with the intersection of
"?‘ 3 oy
tamily 4@& % = ‘(Lﬁ*ﬁh Unsthe contragy ffcatt. 9) are
# s 2z

. gl ok ;B 7 3 % - - »
niformities then ‘mgm(fﬁlig is a pw:ﬁlfmanﬁ BN ot X

TR gage . WM clgs Sthes Flraay peuniformity on X which is lLess ring
e S , L R o R I e <
than each éﬁﬁ . Hence p-UNI™(X) has arbitrary meets, Ubwviously
: i S e



A7
1.2.9 1t f 1s a function from a p-u space (Y ) to @
D R i l’
set X then & m%ﬁé@L{X}%?“‘(ﬁ}@lf ¥ fea-filter in LEXE.
: . , -1
Indeed it K,S are in 3 therm £17 (AL1S) =1
A Sl ) ; e
W since both #7 (R} add:f " (S) .are in " . Hence (5 .is
closed under finite intersections, 1t R&E and if S&L(X)
s0 that Sk then fml(m)“'? (R) and 3 €&
o L A & u,rz»‘ , F gt d - bt ,“3 “
: i ‘ Lo : s}
fhe p~uniformity generated by ‘& is denoted ?g&if

»

Leo2:l0 Let %fj:(xigﬁig;«mwmwﬁm,;§* be a family of

o %

functions. Let fk _be the Tinal uniformity on X induced by

%?j} i it all (xélij ). are p-u spaces then p& is the
S & o

e . . 2
fineet p-uniformity on X whicn is less fine than each T4L§3W1

< )
Moreover Ml fersall 19,
= e
ﬁ:;«» £ and each. i f-“l’x»'\é" Y
“m#":z{, AN - each: lj" (K} % wo
g 2 o . F , = - 4 ; ) Lo
it follows that S is contained in each f,iﬂ?i.& .
ﬁtx%ﬁ X L e

Hence p&i, is less fine than each fi§%% i
&

E,, 1f % is =

: ; ; -1 A
p-uniformity on X less tine then each f, ? 105 1 then f, (A) ety

P ; t : A5 e %
for any A&W and any i, Hence all fi ara uniform corn-

- 4x§ 2 g . g s o g
~tinuous . in ane - UL o &Lngh 137 is the finest unifeor-
mity or X for which all ?i are uniform continuous it follows

: ; ® - &

that oL . Hence 6 e psl and e@»"“me i;paiLw
YooY < %jm%
Actualy gaZL is the mest (in nzgggf(m), o* the family
§¢ 7 n.1% According to 1.2.6 , p&fh =f Y f f . and
BT ek U R pi o e
o & o 2
£ Ay S oRan ¢ Vg ¥ ‘a
A, - & 2 1 i
\&3"9@\; = { § \‘;j& i{%ﬁ "\;‘-"g }\{’:L(%)E ’R) 5 ﬁi"‘z‘i
byl ‘
pafindcadn 1 2011 Let %(Xﬁ, 1%) %1 be a family of p-u
4 o o

i .
; £

i SR e o o TN L s S Sy sl el
final p-uniformity on X induced by 7, :(X;, 4% ) b X 7y

LY
is paiL where T is the final wniformity on X for {fzk,%%

» ; K
PR e 4 e,

By 1.2.le tHe final p-uniformity for v f. 5% can be egually ve
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Then for P

-

final p-uniformity on X induced b
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space (Y,¢r),
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for all i. Since f; ) the proo*
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Tollows

WS .

; : s i X e : .
Coroliary 1,2.13 (celimitasih p=UNIF ) By 1.2.8 p-UNIE is
T, S RggRessna £ " NS MBI AR i
Ry ey R B SRR . S e e L e 5 < & 7 TR
a complete and cocomplete category. Moreover if F | - UM F
. %;w»mum..-m.wmum
im 5 omgll £ " sl 4
ia-a small fubctor end 4t
ey
%Zr < 1o i sens w.,;'..,_._uw;‘ Ki = Bl %
4 o # i b f
i : d
then lim E={ F S i 1 4 ; 4
hen lim Fx=( F(1) ? e (X L) ); where W  is the final

prunifodmity on X induced by

-3

1.2.14 (coproducts in D-LIMTF)
fure i & - ol b DR XN an e S
mily of p-u spaces. For each i let
5t ol i
ﬁ., e coproduct in p-lNIF OF %(X
l | ERSTAS LRI TR

means cooroduct cal injection are @, endowsd
i %t wa
4l
PP CoE e, Bl o i,
with the final 2 “'g el el B TS ‘s[}‘
~ i Sa e o ] SRR el s g
i (TR e
i | SRR 9 TR TR = 1 Smrs 4 - ¥
A Ffundamental system of entourag B aadd b e
Ay Eerade B £
gt |
3. A-1 :
g S o £ 7‘ n"> = 5 A7
4 ] ReL{ L1 Xi)é )ﬂ{; forabl ib,
i o
o choosae for each i an B g !
Itiwe choose for gaecn 1L an ,‘:i o ‘m,u‘-}; then
g oan Y i
3 e "'
Hence R tha
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where a base for YL consists of those RE L(AL Xi) for

, i
)i@'Tm.T@;i so that ((3.,x),(k
:L 3

there
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xists a family (&i

iff j=zk and (x,y)ER_.

J :
Femark that each Wliu?igx . Indeed if Aé;iLi
i 3

R L&A, Then one has

W

3 ; did
exists an R &G, so that

Wy
R* ¢ ( f*}?‘ SPTERER

where R' is the equivalence relstion on

M. Xy
% s

family %Qii g I

o
&

: -4 ; )
Hance A contains a 3ﬁ (R with R%Z%ﬁ

X.v ;) is & uniform subspace in ¢

i » n.’;m:; fat
= 4 1

TIPSO )

canunical inje

i)

1.2.15 [regular 'monomorphisns)
PR W TN, %

of p-UNIF is a mono in p-UNIF

PR O

4 58 G (iR a < g iMTE
{.?U.}.e:_‘?“ monyg Iin W”U»‘”F
s i el

o st

s

s an injection and WL
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fwe can equally well say that

: uniformity e necessarily a p-~uniformity = on

e

. : S R e
(i }‘ e i‘ Y ]. lr: 18 ¥ S ( £ ;’-"\4%3,‘) Eram o s B ( A }'i'i :’

st e ey

iff f is an injective map and et

which

(Y))E R

then there

given by the

. Consequently each
’(xi, W, ). Therefore all

ctiong of a coproduct in p-UNIF are regular monos,

A morphism f: (X, U )= (Y, V)

iff fis an injection. f is-a re~

Lewa
is the

¥ dncduced

above assertions are obvious by 1.2,5 . Consequently
f

(Y ,V ) of morphism

LX) is &

: : ; : P G o R B
Hence we shall say that a p-u space (X W) is a p-~u subspace

of 5 p-y space (Y . W) if X B Y and U=\

L
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ok e el i L G ' %
a p=-u space ancg it X is a subset of Y then we shall say that ¥
L
is the subspace p-uniformity on X induced by e
2 16 The productedn p=UNIF of a family (fNlal e
] e ] .i. % gn'. 3 :i{{:f_l ,1-
8] f Dall SHDaces is i X % )/ where ‘i : i j i { i i
p spaces is (2] X, W, ) where W is the initial unifornity
ol av;
on ‘ T"IX, induced by R R o e (x.,tga)i».i It
j iR > ® j L s e . v-.-; e

Pkt . ;
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" B S

EPRIE ST
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FER
e
—ry
o

inite and R, & . for all ‘&f'q
&0, kTl

Remark that VBT e Y= (% w:““?f 2 '
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Ny

=
rham oS i": g !‘ i 4 Aoy 4 s Il ) X & s (i 3 ] 5
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=

e L sl e SR Y S S hse S T

Rionw X for which there exists an 'S &Qﬁ and @ finite JE&21 s0 thad
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J& S for all 163 ?

152+17 The kernel pai S mairh Sa fs | ' gy
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ks eI T S g ey St~ : o N 3 .
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Sy
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é(xfx“)& X~ f(x)uf(x'}}
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e
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space p-uniformity on R induced b
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4

P
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S
H
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5
i
re
e
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pp i e ey g R . = .
It Qg L(X) is a base for b then by 1.2.16 a base for W

T 4

consists of
m'\'kf‘“>r‘§ F‘v-j"(“p,—l (I' Noficob g8 SR ] & e ! 4 ~ 3
§ Shar, (9)=4 ({oylidlet v ) JERARR { (x,x'$85 and (y,y*)ES

R e
when 8 runs over &3

A congrusnce on a p~u space

(X\W%) is any (RN ) where ReL{X

5 (B ;
g o s f it s St {
and W' is the subspace p-uniformity on R induced bv the sroduct
} . - Ay 9 AR WLALAL L, &
unitornity on X#AX. Such an (R, W) is the conaruence of

. A

e PN 8e % Iy & i
G bX e J e el 7 ] anern gex T i & o TR - :
PELA, R e w‘(qé L) where QA wes X/ - 16 the canonical
; 149
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projection of X onto its quotignt set and U is the final Do
S e 3 q
-uniformity on X/R induced by % @ WMMMMWWﬁpn/R g
be.18 Let (X, WL ) be a p-u space . Let R be an equivalence

relatien ons X Ef QEX‘WQ%X/R is the canonical surjection then
wezﬁhal} say that qfu] is the quotient p un‘*mrmw Yy on X/m?and

we shall denote it by ?£/H, Also we shall denote (A/PE‘&,”) by
(X, i&}/H and we shall say that (x,l&}/ﬁ is the quotient p-u sgpace
of (X W) by R, Gince ?A/R is the tinal p-uniformity induced by

l
‘:‘ T i 6 v ) ml"' N 5 > o] : ;_"'j« 5 s - o
(Bl K%%“ é JQ-L{A/R) lq e ﬁ‘u,} . Since glqg (5))«3,"@%%{
=da(Ti| Te®,
~ Ay 7} O

oy and T’ggﬁ?}, Cbviously the congruence of
Sk,

ge(X W) e (X/ 0§ U/ ) 18 (R, W ) where W is the subspace

t

p~uniformity on R induced by the product p-uniformity on X=x X

By L 2ul? 3; (XU ) ity (X, UL s i858 @ coOequalizer of

R N

where "y ,r? are the pyojecticons of R onto X.
Lo 519 A mornhvvm U ) ——— (Y ;1) of p=UNIF s @&
regular epi iff f is a surjection and U =f{U]

Proof. IFf f is a regular epi in p-UNIF ‘then®it is a coequalizer

A f\ -
s ; ; : 2 4
of its kernel pair., A kernel pair ot f is (R ﬁ')~~“~w;::rﬁ aui

S\J

?\

where R= %(x,x )& X F(x)=Ff(x") % and W is the subspace p-

~uniformity on R induced by the product unpiformity on X# X. Since

it ‘g:X-—= X/, 1is the cancnical surjection then q:(xgi;»m%»(x’u;/R

(Y
is also a coequaelizer of %rl S, it follows that there oxists
Ca
a commutative diagr am 8 5
s e (Y V)
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1,220 A morphism fe{X;% ) 3 (Y: ) of BzUNIE da an eni

ith f 1s a surjection, In this cese W . is. less fine than £LLT,

Proof- If f ds anieni ig p~UNIF ther a cokernel pair of ¢

ensm T HC it 1 nttie

is (Y:U)

(T peiBye iR 035 ek 1) L% is a cokernel

pRir of f in SET. Hence. f disia gurijection,

d a2l p-UNIF  has coequalizer decompositions. Tf -

5 v 5 i : . %
fo(Xs% )=3{Y;V) is a morphism of p~-UNIF then a coequalizer

n 5 & ;
Lol aad lee Wi le. e 1g

decompoeition of f is
where R is the equivalence relation on X cefined by f and

3{g{x))=f(x) for any x. There is also a canonical decomposition

of i f

(X34 ) (Y3 1)
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(XU g e o (050,
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fr——
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"

\

L,.,,N ks o e feo 2 - ;
where gilsacregular ept , g'is a regular meno apd {° is's

bimorphism in p-UMNIF . Hence the image of f ig R Jand
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e

thewimage of *f siof Oy, {f(x ). Ubviously £ 38 an 1eo iff for

gy

R vl W N weey o in R -~ u ) L g 7 ;
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he forgetful functor PUMNIFE wt SET. has

ST Lo i o

sithful deft adjoint. SET = peli
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1.2. Discreteness, completencss and separation for p<u spaces
(sl 1t {x,'%g) is & descrete unifﬁrm.s@ace théﬂ éﬁvééﬁﬁ,
i
In this cage %A%X % i¢ a base for UL and Mg;l (X). Hence
any discrete uniform space is a p-u space and the category DIS

of all discrete p-u spaces is isomorphic to SEi. We shall denote

[

a discrete p-u space (X, UL j simply b
F : Ryl ) Bty oy (X;L). moreover the

IR s exoAt

inclusion DI8 &3 p-UNIF is just the left adjoint ot p=UNLF—3SET,

: 2 : L 7
1.3.2 A p-u space (X, W ) is separatea iff | ﬂl%dméhy.

The functor sep.p=UNTH . p=-UNIF has a feft adjoint

|.

—
>
=

W) ~ne (X UG,

Proof tet (X; 4L ) be a p-u space. If H=M{S

e o e

then

pre

b anaa - : R : o
& P 8 e . where S denotes. p (& DX et X S
hqw ! /%1§ € Bant e Y

‘hﬁ}ng the canonical surjection. Hence (pr(x)ppi ,Qhﬁ\’ {i?f
. 3

e e R e S Gar e o :
e, yren . (57 ) ferndall g & LDqy » Since any S<gé3m cantaing i,
IR g

(X, ¥)e m, Henes  OVG AN are Ay Qi)fp is seperated.
&

; = : -1 -
ig a uniform continuous map then f “(S) aﬂﬁih, for .eny. .8 .
; e
relation on X defined byt pt NG
1
w50 == (A~ =H, There exists then s
x e
uniaue map g:X/, ~e=Y 50 that gpy=f. Since gp,, is uniform con-
5 S v D )
tinuous in L and A it follows that g is uniform continuous

; ! : 1 R e e il
i QA/“-ana W . Hence there exists a unigue morphism

i

At e

it e ! ﬁﬂ)/, Sl Oy U ) o gl RV e thiit gpy =t Conseguently

sep.p-UNIF ds a full reflective subcategory of p-UNIF. with the

re

s

Nide

-y e e . . % & < 5 st
12303 A p-u space (X; %)) is complete if any Cauchy
{--a" A Aam e W r’&s & o PR P P W Circe Ffor sry subs i C}E 9 "h;‘
e Ay ,3_\ corvergent « olnce oy any suose 4 TR AN ST
&

: i, o ; = ¢ o 2\ N A
closure of A in X is i N R{A),lbere ﬁ(A)m%y@Lﬁiggﬁﬁ,% with {
R
A G T f‘ig {

¥
. % 4 bed i b4
{; .}. e ion { X » q‘,}w ) Sasri S ( X H q}..,- }/’,“‘-\ ol % \’;‘tlh ) %“». ~,~§ ’»&M‘m & i 3 K :”wg b ¥ 5 uy‘ % % ¢
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it follews that a Cauchy filter F of subsets of X convarges iff

{(AYYis nonempty.

i

o gach R¢43M
for nny Rayeg

e mau such

: If (X; W) is complete then the map
) 3 &7,
o T \i RS ~ v ¥ Pl
JR=ES S TS b J b 2 ] P.e .
TN s ;. ks ['\ j. ({’M / ( ! U“ ) b
o \ : )
nbhere (XU, M )e tim A e = 16 a regular ani in
Wiere ( Vo W ) Ha <(’\/%~‘?9L}" RS 2",:3(:@.{,’1 5 ¢ g 2 {
& L,
far any R in &,, ‘
1,
By the compiet
1s
X & =¢ and p is a surjection. Also ni
Vit
is for W¥ consists of the entouranes
St % o 5 7

. : o A b ey i

,
¢ ; B, o
~ ol PN ; % NS s N s Ea
OCH S mls) 1 5 s farcmia
{ i T
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1.2.4 For any p-u space (X; %L ) let us consider the co-

v pa

A7
Eiltered syetons  Nall7r il . e
Hilfehed oystenc ?““w(f“/rc"ﬁ’s-)&zp:‘" ¢Sy i ‘[k'“((x’w‘)/;?”}r«tﬁ se®

where for each R €Gqy , pLiX —~3=X/_ or simply p_. is the canontcal
i : , 2 : cal

surjection ot X onto: its

o
=
G
f’)
s
-
4%
AL
a'\
o
O
iy
O
o
(<1}
o
O
bk
I5¢
e
-
N
Al
i
{2
>
%

f\ .
i

witn Res gp,.n/ —~—» X/ L8 the map uniguely.defined by pe pa=p...

S RS R '8
[ B % 8 Y T o PN b g A pr e
Sinee R€U , (X7 aL) Rx(/fP;L} is & discrete space., Hence by the
- kY ;
icentification DIS & avove systems aré the same, but as
¥ S o SR " SR LI =S e ey v " N b 7
they were written the first is a system of sets and the second
is '@ gystem of p-u spaces.
T
I LA s ¢ . 4 i mi
Let (\x M w (X, W) /R Re be the limit
REGn,
s v 3 : 3
ot % o HMence. [X ~»mwwwmw»n/R)Ue% = Lim 7y o and W is the
© LN \?‘L&p G
nitial p-uniformity on X induced by £ *X%%wmww(yf ~i3? - *
| 'R VRIS RS,
‘47.5\”' e } : (" }ﬁ, {55 Gl 7N Q i . 1 .o
e YamLly gwm~\A,a&;~m¢wkk;.&}fﬂ L e inguces aTunitons
R S RIREloqy
e i o
Sontinuous map g (X)) ———s (X™; 15
sr* Pl ry 1 it i P “ -
Remark that (X% ¥ 15 & separated and cnu,loie p-u space as
g projeetive Iimit of ?@warateﬁ and complete uniform {(discreate)
£ Lo e i
Proposition (i) The equivalence gelation on X defined by
X : L
P is s-};f*},\jﬁ%’k‘ 4
R e X v N i ek o] i ’él ’}K‘Z
(13) p (X) 1svaddense subset of (X7 ™y,
i G ; X
(111)y (X,U) is separated iff p~ is a monmo. In this ease
p* i a regular mono and (X,1 is a dens ubesnace ¢ (g 3 ¥
G TR guiar mono and (X,%) is a dense p-u subspace of (X%} i
(iv) . sep ,p~UNIF is the full subcategory of p=UNIFE co-

segparatad by [

- . o # o “""‘“' 1 X . y
Proof’ | (4% Bince W= L @ f“ Mo MRS
e e TSN 2 t ,:,(;\ X l{‘" o A3 AR A S e
R R & § RS ! & 5
b3 wlh 3
{‘Nﬁ lr: {;% b G“i‘%Q}u

and f%({“”.}}n fc it follows that pk(x)m(pf(x)}u . Hence px(x}m
~ @ i S 7

$ o+ O e Nyt A S o 1 . o ¥ &
Cl i pﬁaxf»p%(y} rar ol nkwmw gt (wgy)hcétqyrﬂ,
(ii) A base for UF ig 65 - €‘w“{‘@ V|l rRe @, indeed
/ Gob T XARSA T el AZege
& Fox i b R e P & =) . = ; S & .
g base for W certainly is the family of all finite dntersection®
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of elements of

: -1, e~ e \
Aektiallyf N (At (e Vi R i
: VS ] { AR ! R v -«.3_,)) f:::;} R H?u',..,( X/ (RLOR) )
- i b o i = L (4
P £ t. g f ol b § !r wf X ( C
pacierhat e ¥ oo © 3o en € =Py - : %~-
e 3 P SR RYOANID s w
Auie% 5 i ig?\,ﬁ Ki l\i.‘”\i’f‘“‘i \1(“%’\
X e ‘ T L T .
“Dn AR D ( Sp AR " ;i=1l,2 o Hance i is:cofiltered
bty g N O LA
I < x A z
’ ; ' & e
the inclusions and any tundamental entourage of X' contai

suitable entourage from & .
' » e > & e - _ 7 ey aigeo
Now if E=(E ) e x™ dhen the sets \ﬁx{ {f}m)ki e
- e NG ] G o]

;JX/S)}( § )g S a fundamenta.

e & w = o ~ TSNS L o A
peighbourhoods of t . For x& X so that §wa%(x), p(x) e Ag.
pS . et
: S
Hence any neighbourhood of % contains points of p™(X).
5 N
Pliene ’ =3 e =3 s i &£ £
(3id) (X; Y ) is separated itf fhg@: @K PiE s e o
dom g e T it g P (r’“'\"’l ‘{3“"‘5 o o Fdma $han Y
Enjection . 1w this case (p [W] is less fine than AL .
f & Rio=1aallns Xio=L,a Xy«
4t o ¥a) ;R om e i : { D Ve { T (VA Voo f 1 3 { A 4
lgo or an LA H ( { ) SRy ‘“‘;‘/‘/’;‘ 2/ ) L £ ) ) \ é“"‘;v\/’lgzg o ( 0 2 \.’Q&,%;g»
e | 4‘@2
e % 4
(B contains & base of % . Consequently
Mool o ey 4
PR T T e s SR B
e ) 4=l andop. 18 a regular mono in
(iv) By {iii) a p-uispace is separated iff ilvie a p-u
ihanaeca § R S e R e B s 4 (i N S \ 3
suospace in a procuct or discrete p-u spaces. Hence it %yg;(A;QJ%ﬂﬂQ
are distinct and if (Y;Y) is a separated p-u space then there

exists a UHifOFH.“OH tnuous map -h on Y taking values in
p=u space so that hffZhg. Hencé sep.p~UNIF. is cose parats

Y

L

Yar:

two

{

onversely let be a p-u that Tor any

exists 7

an

cistinecy

it s o for the 7w)rc¢113"v { ;94 ) there ex
discrete space D and & uniform continuous mgp f:(X; %}
so. that f(x)£f(y}. The equivalence relation R defined by
ant antourage of-X by the unitorm contimuity of £, Since

it follows that (x,y) cannot be ience

in O18qy. N

A
e

neoints

with

ns a

g gm gy e
s e e

sg e

distinct

o 8

}M?,, 8]



Prongsition 1,55 (3" “The ecorresponcence {x;%&;mﬁ(xﬁqﬁﬁ

represents a left adjoint for the inclusion in the

full subcategory

completion
T o £ 4 o ” T 'f\t’!‘?ﬂ e::;% gl . e RRElE . CIRITE :
of (X;%). boreover (X A" ) is isomorphic in UMIF te the se=
parated completion of (X;1h) &8s a unitorm space.

(ii) A p-u space (X:U) is separated and complete itf o
is @ bijection., Obviously in this case p° is an dso"im p-UWIF

(iii) The separated and complete p-u spaces are exactly

5
—n
—

projective limits of dl‘ crete uniform spaces ( pro-discrete
uniform spaces)

Proof (i) et £ be a uniform continuonsmap from = th

p-u space (X; W ) to a separated and complete p-u space (Y; Are

: e : : , o wlalg e
the eguivalence redation on X defined by f is o (ddi=f “(O& )
g

e e o e oy T4 g ol . : :
o f g%? S % S S “Jﬁa@ﬁjrﬁi . Hence there exigts a unigue
e WL

fite SRS N ; SN R e e oy R 4 S4nee Yo« 0 Al
QX W), mmmtm (Y1) 80 that nm“,f . Since [N U/ e

subspace {f,\, Lo LU, ;*‘1 Ve X700 W3

By con Tinui vy we can gxte nd G at.an Bl X/H : ff;}/t p e SO \“\ A
Tha diagran

obviously commutes.
S Al s oy .
(@ the othe! hz.-:h(, U/3' f-)?({: Ui._g

’Q@@%A% MﬂCGFM(WEu 3

But for sny RS in &, \/u)/

b4t



HoGw i X// .

is canonically in bijection with Xﬁ,
Bor the same reagon (X/ . ﬁyﬁ)@ is isomorphic to X and
D (X;U) ———u (X; W ¥ equals the composition
N
L s (XA S (XL M e U
L
Hence for the given t there exists a &?:(X;QL)%mwmw(Y‘ﬁT§ S0

that Po=f . 8y the density of p(X]) in {(X:W ) énd by the com~
. v s A Rk e e W i
~pletion 0t (Y0 ) this Y i is defined by Pp=f

(i 4

-Toles (ol Ce s MR B ol e

e e v

Let (X%; 1)) be the separated comple

¢

Led gy ,;sL)wwww‘XG Xu; bhe the canonical unitorm continuguds

In UHIF one nhas p"=fq . The equivalence relation on X det:

A : o R v
(D, ) =0 LN . o mﬁ.q (U') . Since each

by q is ( bl (U]
) e UeE R U& L

- o - e S R
g CH%) conteins a.suitable R‘&“Wi¥ H=t""1is contained in Q Snc
there exists a unitorm continuous map g:(X;Q}}fyimmmhgﬁ o

: e = ‘ B, g,
so that ap,=a. Since (X;MUh)/H is a uniform subspace ot (~7; W)

it

g can be extended by density to a uniform continuous map h;X'— X’

N A ; REe ; - o s & > e
andAp=ag i 7] nfo=n: i¥ﬁq and fhp=tg=p=4 p p . By the ¥
o S
4 o
. : ¢ 5 e . 5 2 v WK e SRS e R AR bo .o @ P q
gfiig (X)) In XTiand thaf @ienng wn x¥ 1t follows that hf=1_, and

5T both a regular mong and.an enpi, Hepce B 1s an 1s0,

SRS

% i ¥ e SRR
s ~ g - 5 g - § e a “ Pt o i % by ; § g aomnaravarnr - 7. complisate
Conversed “);' L mo g A a0 C LG AN, 2.,%,. j 15 se narasrted ang. CoBisLEsN

as &



b 10
B g
A B ¥ e . 5 o el 5 Y ae W T
1.4 The topoiocgy of p-it spaces;, Stonhe spaces,
Gt 2 ~ e v 3 A

A We recall that there exists a functor UNIF —» TOP

v R

(Ki0)— (X3T) and feset , This functor commutes with limits, monos,

Coeaila L e

and spimorphismg. LT X & X ihen

) )
;(x)% u{x)={y X %ix»y t?%«iﬂ? uell ?

o

is the system of all neignbourhoods of x in (X;% ). Lbviously

smental system of entourages of X then

it &

e
@
o

Q3§X;m§_A(x)§ A et is a fundamental system of neighbourhoods
OF X,

From now on we suppose that (X;% ) is a p-u space . Let

& ¢ L(Xx) be a base for W ., ror R&.(X) and X%X}ﬁ(x)m%yﬁxg

ror each xe X,® (x) 1s a fundamental system of

neighbournoods of x consisting af clopen subsets ot X. Conseguently

(X; © ) iz a zero-dimensional space (i.e., the clopen subsets of

B v foe . 4 o se s o v gt “
TR € then Rg;,"ﬁ(x} for all yva R(x). Hence any

1 R{x) is open ‘ﬁzp,fs,o It y&f (x) then R{y)(YR{x)=¥. Hance R{x}

-,

iz also C,LﬁbA( Jaﬁ{A, o S

e L . St . e
She Any R €&q 1s clopen in (X;%) = (X)) -

B

2
o -4 s : 5 fiiie e Oy s ]
rocf The closure R* of R in {X;%8 ) = (X;€) 1is fﬁguﬁslaﬁﬁmgﬁi

P ]

- T e i : e e o Wb c i 0 ;
(8RS denotes the composition of relationg). Since RER® and
R*cz RRR=R, R'=R. Hence R is closed in (X;% )% (X:G )., Un the

in {(%;B )= (X%X;%). The equivalence

i SHE = o N T = . . - P oot L w1 Yy 4 27, gt
classes of X mod.H are exactly the connected components O (X5 .
5 : SRR e e B : vl (VR s :
Proof M ia closed as intersection of closed subsets of

y A o e 2 ey o Y - L e o f = 3 T
Y5 X. Let A be a connected subset of X, If a i¢ any eiement o A




then H(

oA

ay=s A,

n the subs

ole of AL

On the oth

y& X and

£

then |

R{x) N

rom yRz a

H{x )= H(x)

s mod H o,

Comllary 1

Indeed for eachF%&@%mﬁ R(a)NA is a clopen subset
pace topology. Hence R{(a)V A is empty or equals
Since a€ A it remains that R(2) D A for all ReG,.

er hand each H{x) is connected since for every

Re®,, ,R(y)NH{x) is ¥ on H(x). Indeed if zeR(y)nH=

nd zHx it folleows that (y.x)e R. Hence R{y)(AH{x)=

since H

he maximal connected subsets of X are exactly the

4.5 A p-u space is separated iff the correspondin

topolio

the on

Corallary 1.4.6 A peu space is separated if

g ~ 2 ps
gical spa

Ly eonneg

ce is totally disconnected (i.e. singletons are

ted subsets of X)

iy
—t5
1t
o o
F"
0D
@

totally separated space in the induced topology (i.e. ar

s
,-d‘
=
=
<

can be geparated by disjoint clopen ssts).

o

Lyd T A separated p-u space (X;U) is compact

we inf

X6 A,
L5 f\l

bl

exists

or that' e
then i(x,
lows that

a partit

s a base B & L(X) of UL so that all X/R with

e sets, In this case X/S is a finite set for each

separated uniform space (X ,RL) is compact iff for

. : ) : e
U of X there exists a finite open covering 1&.4

1 0a
(A xA EZ U o Fe . Conseguently (X;U)

——

far @ach!?&@%& there exists a finite opsen covering

[

that kwj(ﬁﬁ'xﬂd) (o S el KW?,KJA,Ai)g; R
1 i=1 =

ach *i 16 containediinig classi mad R Gsince, it

: n

Y ) \ \/(EAJ.}K;:; R and A& R{x) - From &W}Aiu;{
' i-1

each class mod.R contains an Ay . Hence there

ion '{Ik% iml of %l,aw*,ﬁ} sc that

Hence X/R is finite,
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Cohversely 1if there exists a base & ¢ L(Xx) for 1L -so that all
X/R ,ReB , are finite sets then each 5&€&y contains a suita-
ble R €E . Hence S T W) (R(x)=R(x)) and %F(x) v SLSH e

: X & K . 4
finite oOpen ‘cevering.of X,

a

Proposition 1.4.8 The category of all compact p-u apbceﬁ
is disomorphic to the catﬂdory of all Stone spaces.

fiﬁﬂﬁi A Stone Spacé ;s a compact totally separated space
cr,equivalently,a zero-dimensional compact space T4l s By

1.4.6 and 1.4.7 any compact p-u space is totally separated

Hence any compact p~u space 1is a Stone space in the induced
topology. Conversely, a Stone space X is uniformisable in a unique
vay since it is & compact space {([41,01d). Its uniformity has as

fundamental system of entourages the family

1] ©
% N aox A Y %Koé is a finite open covering of X
s i dss el : 3
By zero-dimensionality the family:
3 ew’ " A % { } a finite clopen covering of X%

is a fundamental system of entourages of X, too. Actually each
such finite clopen covering can be refined to a finite partition
of X by clopen subsets. Indeed, for the finite clopen covering

3 ‘ .
23 b f X le IS nside = AL d el e
iﬁi LA STt N 0Bt Lse congildor LY LJAl and B =A ~Y . B,

is ciopen in X and X-B =Y, Also Y is a Stone space in the subsgpace
topology qand §,A9;p.,AﬂS feia fanate clopen-covering ol oo Ly
an-induction hyputhééis on thé number n there axists a parfition
iszf.n,wkg of ¥ by clopen subsets in Y so that { B2‘°°’Bk§ is a
refimenent of the cowvering {AZ;,.,AHE (ioe; each Bjis contained

in a suitable Aj)‘ Since Y is clopen in X , any clopen subset in

-
(=
w
o
et

Lopen in X too. Hence {UL Bq,..$C?} is a partition of X

by clopen subsets and each Sj,jmi,..kk , is contained in a suitable

!
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- : s S : i fen
A. ., Hence for any entourage vebs there exists an entourage V'e®
1 : !

s0 that V* - V and V* is an.equivalence relation om X. Consecuen

.

the uniformity of X is & p-uniformity.

e 4 Tl - " 9 g fr M g 5
Finally by the fact that & map between compact spaces is

continuous, the proof follows.

fta
{ o
St

uniform continupus: 1ff

s . S TN e EXA e
1.5 c~uniform objecks in a category

i .

&)
&

P et be a complete, cocomplete and regular category
Leading 5\:%91@@ of % which we keep in mind are presheaves
categories, Giraud toposes and algébraic categories over tipniter
theories. The kay property of % is given by the usual calculus
of images, inverse images and soﬁgruenwé:mﬂﬁj

.

For an object A of % we shall dencte by L{A) or L {ﬁ)

theo lattice of 8il conoruences on A

& uniformity

biects of ATIA ( reflexive means “contains the

‘onal &,”} so that for each U&W there exists a V&
o : - & T = -

VeV T @ U (for v 7, VoW, relations,... see Lé] ). The elements

of WU are called entourages of A, A fundamental system of entou

3]

rages of A (& base for U ) is any filter hase for WU , The paiv
(AL ) 3s called a uniform object tn %G , 1f (A Q) and (8.7

I

ot . . ] i SR IS o ot S
are uniftorm objects imn. % then we shall say that a2 morphisns

5 3 o . & & . ,"“'l T e %
f:A-~»B is uniform continuous in W and VW if f LWlc here

-1 ; ; ; :
f [‘“3 denotes the subobjects filter on AYIA generated by

£ g =1 v = . Y
%(f?g?) (¢}§ V€:§’} .

BN i SR et P O - A PR S e
Finally w-'% denotes the category ot uniform objects in b4

[Ee e R4

D

and uniform continuous morphisms between then

Petihditdion 1.5.2 A uniformity &L on A is a c-uniformity

if AL has. a base consisting of c.a,.uvﬂc;= on A, Lbviously any

)

]

m

; G N e et o iR L e Vo
ilter base & in L{A) is & base for a c-uniformity S on A,

£l

¥
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A uniform object (A;%) in %@ is a c-unifeorm object (c-u object)

; 28 : 53 it A
im %o if AL ie 5 c-uhiformity,

e=ll=Xs ~denotes the category of &ll c-u objects in ¥ and al

vuniform continuous morphisms between them,

a5 2 As in 4.2.7 the category c-uU-¢4 can be described
N ST S AN e e uwmmvaw.s

as the category whose

oo Hiasis s

gbiects are paire (A;dk) with Ae  and ﬁff Filt Lg(ﬁ)

morphisns from (A;4) to (B;v2) are those f&!ﬂmkg(A}m) flot

: ~dp 2
which f w&i $'¢% :

e thi

k3]

context we shall refter: to the filter 3% as to the
-uniformity on A.

Leh.4 Exanples ¢

s

e

is the category of all topological abelian groups

which has a fundamentzl system of neighbourhoods of o consisting

e

of subgroups
b) c¢-U-Kg is the cateqory of all linear topological

i.e. topological rings which has a base of neighbour.
hoods of o comei@fiﬁg of bilateral ideals,

¢} g=u-i.Mod is the category of all topological R=modules
which huv.a base of neighbournoods of o FO‘bj timg u?igubmoﬁuloga

A c=unifornity on R censidered as an:object of R,mod is just a

®ieft® Linear topology on Q(tﬁﬁ}’ggzg‘ ¢ e, nstall » mémx.m@wﬁﬁam R—rR
= TN BYE  sonlinuiud  pee alee 4.6 .

d) e=aU=0FBT] de just p-tINiF

AR AL e e e

e} c-U-k.Mod where K is a field is the category of aill hﬁ&&ﬂﬁ

s v i

%5:& w“&@‘?@'x‘f{&ft %%&3&«@»% evayr ", 5 ‘w} ‘}

V,

_%"@%@@i@%{
€

D) Let (A:;%4l) pbe a c-u object in %@ solbet GﬁgL(A) be

P

g base for 4 . Since the functor h mHsmﬁia,m}:‘@~m@aSEf preserves

R

2ll monomorphisms, ali intersections of subobjects and all limits

it follows that the family {h (R %ﬂf€¢i is naturally a filtter

X

base in LSﬁT(homﬁ(B;A)).We point that h“(R)\is the set

- : B : ;
S (u,v)@hT(A)RhT(A) i 4u,ve factors through <’i‘ J“%

%
where «r, .p %R~ ATYA is the inclusion. The p-uniformity on
2 3 E ey




B ; ' s ;
Hom,, (B;A) generated by %h (Q)g & e bstdene fed Syl EQL] and
B Fe AN teNEs

B B
the corresponding p-u spac denoted by (hL(A);hJE%Aﬁ)ﬁ

o3
e
L2
o

TF Fo(As Uy (At W) is & uyniform continuous morphism

. ot B :
between c-u objects then the map h (f):h (A} h (A'), x> fx

iy 1R -
: : S R e oL B o h B3 % s PR T s | - - o S A &
is uniform continuous in h LYU]l and n~fw] , since for each R®

& (£))7 " (h7(R*))=h (£ 7(R*)). Hence any covariant hom-functor on %

= A G R e o “ & T
produces a covariant functor ¢c-u~-% iy D-UNTE .,

e )

Un the other hand for each R&® , h, is a congruence on h,=
LR Y

H(:m%3 (=+A), namely hwia}mi (x,y)e;h (B}« hA(ﬁ) <x,v» factors

¢

Gince b SR fn_t o -
Since hofy n 2F§S the family ihﬁ is a base for a

3 Re®
; : : ; ; X A
Cwunlformlty on h, ,end h,is canonically a c-u object in %
T

Iy

For any morphism f:B-»B* and any R&® one has (hp(f))“l(h,(g))ﬁ
2% \

s
A3
£

>
1:‘ A
“af
-
i
&y
O
4
=5t
o
o

e e 5o R U AR ey Z
t<u,vp &Hom , (B® (ATTA) throuahadr, . r. %%“Wruﬁ(a‘)l

o ik i R
f X

T SR N L e ; BN o : SO cE T A

smte y!.t\:{:f‘;m(!i L aana é).!t}(j}i;?! (fmf,l? it resuits rhat

s 73 S v E:lé L) c%
is a uniform continuous map in the uniformities h-CUY and n LUl .
Hence the canonical c-u object h, associated to (A:;%L) is just

V4

the p~u space valued cofuzmtor on Y  arising from the family

%( f”:{;:([\) Bhwg'u] ) S B € ob (é{

; ; x ; i
Also each uniform continuous morphisnm fe(A; U )—2 (A ;W) between

4

c-u objects in ¥ produces a uniform continuous functorial morph

: . : : H
tﬁ.ngm@m%Aﬁ.slmce (h for-akl dRbe W ¥n this

e F
wey the inclusion o sy Druéw&es two functors

£ 0% o 5§ p
Cﬂd-ipmilmpswu«wg AU ) reep hﬁ

zry gt
S 1 A

Co U=

TSR D

!

thiceugh £ n
ah Pt
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By what was said above the diagram

oo
mmmwwum ;ﬁ'ﬂ-

C-U= &3

eom A

.

éa

“,
f?\%%}\ 'Ag-’"
ggmﬂﬁ »u U”T?

commutes, and all these three functors are faithful and full funct tory
but none of them is an equivalence,

155.6 ALl wenarks and definitions from 1.2.8 te 1,2.%0

except 1.2,14 , can be extended word by word to c-u objects
replacing "surjection” by “regular epimorphism”. Also 1.2.14 is

true if convenient hypotheses on ¢ are made. We still noint out

Tleat
-s 3 ' . . e . i
1.5,6.4 In order to study the intrinsfc properties of c-u-9%

the most convenient pcint of view is that of c-u-4 as the ca-

PASRERSE—.

tegory ot all pairs (A;2h) with.Agob@ and sdeFilt L{A).

this case we shall refer to 54 as the c-u structure on Agr eimply the
o z;..um'_&wmiég on By
From this point of view the initial c-u structure % on A

induced by the family %fi:A-«%W(Ai;f%i)i ié:£g; Morf 4 is

is the filter in L(A) generated by all finite intersections of

the famil {F lié:l and &y% § 7 1is the coarsest c-u

é

gtricture an A for which

w

It fiare gniform continuous., Mereover
for a c-u object (B:;A) a morphism f:8B—»A is uniform continuous

Lo A and o iff all fif are uniform continuous. Consequently c-u-&
is a complete category. If F:Iw«%wC*U"'Q is 8 small functor,

= 4 f- e ;/ f ~ e o 3 il
say p(l)m(Ai‘Q%i), then lim Fﬂw(izm Ay .5 ) where o6 is the

ffmem

ipitial e-u structure on lim A, induced by the family of all
&

g

canonical projections lim A, »ﬁm»Ai .. Pacticularly it

3

° 2 0 ; h »
f:(A;5%)-2(8;/R) is a morphism of c-u-4 and if B =i A ds

TR AP

is a kernel

a kernel pair of f:A=»3 then (R;&

pair of f in c-u-% provided & is the initial c~u structure
J ' » 2 ol Y. 5 5
on R induced by gV R (A ) . Also (A ) is

g mono  (regular mono) ift f:4B is a8 mono

i

¥ A
é};r T lg B wionn BmL4 &l

® ; Y . ’ s L
sl say hﬁ, (8, 7h) fe o sleong suhobiect af
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c-u structure on A induced by
") ¢ i ] : A > . "Z
S0 e - M BT a s £ LTSN s Gl e e Ll
iz 29 = ‘& R& !.v.\;g‘) JEpe {?‘)’;;CF.; for all i &
¥ 1 ES )
o A % ' st ruotire on i &0 4 h oy, & “RJ). 1 IS sre
st c-u structure on A s0 that ali T, &re
mms farm ennt i mione
Und hoen CONTLINous
; i ] ¥
(i o0 F.[A.] where fFi(R)es, §
; ! i i T
- i
AL s S RETE e 0. ) iTeva iem F AT 4
(iii) for any c-u object (B:;vm) , @ morphism fT:AB is
d o 5 5 f 4 . d weTE ; B Pl A
s uniform continuocus in 2 and A iff all ff, are uniform continuous
# - ; : f aby
: y . ” “+ % -
t of 2 functor F:T <=t c~u-% e
eIy e T AT
i . - 4 s pa < o
wihere sraets the c-u structure and J@ 15
: S e S e sl RN s MRS e
c~u structure on m{F{induced by the family of ali canonical
R TULE oo S oo
morphisms of limyFi{
et o e
4 e R e D
s o 2R
on A &0 o
: = 4 [y ey p b e
fE%&%::% f{i)g RES ang R the cengruence of ¢ ¢
2 ] ; 222 & 3
T thiis rass Foo A e (R FTANY i A P epi in c-u- G
B RS S S R e b N O el G LRy ~8 © RELi R T
; U . oy o W [Reg] at £ A o
(V1) _a seguence. (A% ) e B el T g b O
' v : : G e A e P e PR v 84 = mf- 34 13 ‘.;“E,
o= isem S8 s & right exact sequence iff w is a coegualizer OF 7 U,Vy
S B g S
th e, and
(A1) St
LA e ) el
<
£ by o, | \ dea conarate 5 4
tALLD ) A SR e da
boo o 8 .,f' % by 5 { A P 5
: s Obv: hase for % then (A;7)
is separated itf is separat
5 ;
inusly
N
S
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in ‘@ is on . one hand iso-

w
-
-
B
=3
fode
L d
9]

closed in ce-u-+4

s o i

limits and subobjects.

1.5.9 tet (A:A) be a separated c-u object. Let' G be a

Aok s A

4 o § e A ; x
base for b . For each Ré® let p,:A -3 A/R be the canonical
i

regular epimorphism from A to its regular quotient A/‘ Also tor

ﬁ -
S % " . i Y ey R i 5 i s S e fet
R,5eE with R 5 let UPM:A/P ——ze A/ De the morphism uniguely
N S : ol : 4

detined by m
: ‘y’g?.

We shall say that (A;7A) is & separated and complete c-u

o e e - "J’, 3 . . { 1s
gofect iv R )m Pl n{A/R:p ( . Obvicue \\_g Thie 1o es;(u,w&,[em
I Bt Crmen ’5

ok it Ao ZnE ‘”""‘“‘*"%VM
2,

1 4% g 1 2 Py N R e by o K o
E.5.9.1l Suppose that ‘2 hes

N E \J“

: : ; i ; = d
for A . For each MeM (h'(A)ih ' TA]) is 2 p-u space and

1

" i1
o 3 ~ e e = L
%za@@}% tsatbase Tor e bR S By DB 0h 48

i8 @ separated and complete p=U space iff ' the canonical map

Hom , (M;A)

=)
7
¥

s : i - ,
e 'higection, 31mcéfﬁa is & set of

A G - ot 3 v i A s G e 8 e .F -
is @ short exact sequence of sets for sach M &9 . Lnu\omukntlv

M ; g STt . s ? =T
1t(n (A?ﬂg: 3 is cancnically dsomerphic (A/R) which

in turn is canodivelly jfoomorphiic t

ﬁ:Awmfw?x.(ﬂ/m) denotes the canoni

& canonically commutative




2]

® ”... vy
4] 30 @ Lo g
0 o 4 -
W ¢ 42 @ i =
e, o - & (S s ¥ g ot e
S ol & @ e L e LS 0 4 © e
X T @0 L = G o} Lot ol
- B e o Co e L e 18 4 -
5 O ] & o 0 @ o} -
— o : & @© e & o ~ i | Y4 W
oy o @ cL - 3 % (& i & e 7
¥ : & il o e o o iy s 5
= () & O & T et P i - = G
O o 4t o 4 - o & b2 @ >
o b 0 @ i c i et ay © o & &
h A E 57 @ R o L o
— oy b SRS o) o L © ) @ Yo o~ o o i
<7 & o O = o 2 @ i e 2 e
RS, & 2 5 i B & S
&4 {u: QG 28} IR < S &
o % 7 @ P S o 0 Vo i o~
N & o . e g W e i b} <L
s o o i) o} i & 165] e > & @ e
5 O 2 ooy SR O ot o 5 sy
S <k T3 [ @ o L (£ @ el Lo o e
a8 G D &t o G 0k & O
& o 20 = o ) w 3 o @
& (6] [} @ &) o o 45} = 2 g “
o g 4 et © Y 4 o 2 § . < e
i ot I ® 1 R > ot 0 o ar D v W s oy o
o el £ © [t £z ot & @ sg U & b i
£ @ @ S = = o - 9} & 3 B e i e
45, © tead £ © @ - <l —~ o H Q5 < o =
i O gl $ o o L SN ke = &
o o (i e o] e s < U3 e L
o~ o o & o -4 @ O O S 4
& . @ @ Sl = =4 il § 6] & o w
e o UE  E a @l @ et e B e r
(s e; =z i @ = Q & 2 (5 L @ o i - I ) sy
ol s = O - u o o e i e el v : »
3 e S O - o] 3 E = Ll ; e
— = 45 o @ e e T ot Ol . N B
- et " ) S =N = O @ o g Sl i !
— D e e Ths e G 0 - o - -
@ ¢ O o Diien Ee e b )
T e @ to e © E i © = T4 T
e L e d ot d @ Qe S )] & @ (5] e} [0} L o <f
o s wil oS ot o k Al o & -~ % - & o
o — & = » @ i3 P @ o R i 5 e e
S M verd 3 g o £ 2 i 40 e $5 £ e Tk
o o gy L ] & X At &} o ) r= e ol * oy 4
) < o Y] o | - O i © R o N e
i Y © o o o o S DN R ke e
P 5. e = O b ] @ { < i oo
o] S S T & EE %51 < o A b oe
@ i T i L - 0 o o @ 4]
G S % —t sl . = ) & e k)
ot = S o L3 O o o 4 ()] 4 i
4 < o = = - 3 @ K o it e
SN O ¢35 © @ e 2 £ o PESERREY -
o] = = § & [ 4 @ o i '¢b)
(&} e 5 ] X %) & a2 i ot Py v
L. — oh = e e (43 £~ 52 - o o
a2 & B ot f= 5 & hemmnls o7
@ =~ < &2 e b} e &) St £ o
o =4 (@ o 0 e Bt = o H o N (H o 1
S 43 (%] & e e A - & = -
" '
L o -, g



~
A

1=2¢

'f'f“‘ /‘ﬁ\ 2O
ajw =gp

4 B >3

3

-

then from the commutative diagram

()
-

RAS,R = “7F

g o (%) *

a uyniform continuous

b
p
o B
P P i §OT S st
s iz " 2 . - el
e A o~ {5 oy TS O 6 Fr
induces a:{A;m ) =~ (B; & ).,

P .‘I?,;;;m i

G oo g
e i
sAC R

~
am

N

, %, HOSCH R R}
g, ‘l“&
o .
T3 ‘,’;‘MP“’M rw&
¢ ""‘"""}Z}TE&W ’/_\‘{f s

a morphism u:Y—»> X of €. ., (A% (u)

18 uai

ind

. Hence is equivalent

{71 =19l

Vi o ’
is the mayp i{%%&ﬁﬂ,
a

morphism (B,%)
)= ‘;fsaR} ;

queLy

y defined by

8™ " (R)
£
34
4
i.
gm U
Pat(R)

= A/
- /4 (2

Vs
A

A >

A

1n this way we have obtained

tonsliraetls nro=-
Let aftlz{ﬁgffﬁ%;

a0

g0 that asb

. ohEe

the diagrams

B
Zateyn b (R

~e,

Song,

b,
P

(j\-
a» cofunctor ¢

from sep.compl,c-ud




] & Fa - .
commute for a R @;% . Hence a.p .4 ., .=b_p ; for all Rer,
G v Ny .

A . & AT 2 ]
inen ﬁ %Mpv - for allr &J%@ Since (A;f%; is separated, a=b .

pe a functorial mo rnhigp@ Eor

The famil if =g P : wroduces a morphism frBep A
@ ramily 3 (I(} G E R imﬂ”}/%‘) E { .

(”2

o -
- SR e e . : bes o
each Rexh let 536J,.0f by e s0 that !ﬁ,p LiA/RJ} L

Itdeed, it Rz 8 are in o then from the fﬁﬂttﬁ?? ality of F

Sz
i

B

we obtain the commutative diagram

e Fa/r O e

i !
(\P‘afu‘})(l} r"";'f}
¥

€2
b
)
~
Y
bk
=
3 >
$4
o
o
AP
§
-
£33
3 >
commnty
=
o
3>
b,
5;
aremueeth
,..z.
o,
=
)
e
Sordn
n
=
)
2 i e g
5
]
as
¥ 3
5 omaset
8

Consequently there exists a morphisnm ?:Bfﬁﬁ«A uniquely defined
A AT g 8 Lo Lo
“by o, vuf{q) , R esb . Also for each R &b .there exists Bfg

{namely that one which appears in the definidon of g,) so that
% N

b i %
f/(«‘ Sy, ;
?: ; ..»"”’ \,\ n '
/ \g 3“3
et fi
~ Sy :
B AR
. o
‘*L\.% . /«f;

p T & vy NS “ g { e s o I " e -
comnutes., Since {(p. ) i(ﬁ& i R & si nee R'E€H it follows
AN /"\/x"k &
A
§ ~ 47 7 A i Lo IR » AR S iy o - 3 “3‘:’ e ey

THatiand PNl JoREEDY . B raialRy torm continuocus in oA A s A
o N s Y
R el

4
oo R e oy Ay e ok, ; s el o
f:Bwp A ig uniform continous in J& and J% bacause

e B R ey e e o ey st e e Jorkn o Bl s Y
O U {5 IR SR o B0 S Ak N S A4 K S SR A ancuoed AN LS S ] LIS, W
T L3 8l el SE0y § )i \ ! LCev oy "; i {1!7\




1o

(N‘

d=5

Silhie

by the commutative

oy b
B e A
e -
B
At U
L P
s 1 X \
o 3
il ,/ s

2 p{}
rR 9 i\\ R

M
r j} ( U.f tz (U))\éﬂlu [

P "‘“"*uana

and any fq}@ (A7) (%), Hence f=F

gofunctor,

- iy . ’\“"i:'

To eng the ar let J be a

¢ S BET L Than thore awdcte oo
- TNy sssmeniie. T ® 10an SR 6 e X1s t S a e

: T e

whose colimit is 9 - Since each
oy ey w o fZ 1t S £ 4 2
ERL BN e, Henee' (X, , NI

L J'i& g

the canonical

t

shisms im ‘5 nmoreover

& ~ e » s 3 ‘9
as b\;y% ) is the limit in c-u-t
; : 4 ¥
tnen a base for Jb is 7 Ry=cong
Ry %o g
for each i. Since (Tt
g
' B, P~
AfR VRS 5
i Bl =) e { Aroo)s
( A 'Rz S in ob » (A:%)
‘("r»"‘% :""'“' 5] r}‘
(Asby 23} ant 7 1s an equival

projections

sl

5RO e v Fasrl [‘"A/sg)”
diagram

N
\g,‘l
[ §g:” m”f’""n’i*’“ ASR
5ty £
5 A
]

,,1}}mFg{§u2) for any XeéobG

/’",*"t":
S e : : Py e
and 7 is a fully faithful
sirict pro-representable functor
X X

nofiltered system (h i 4 +d i e
Y ( ' )i ¢

X .
T ; :
h 3‘13 a monc each x. . is an
N
s an epicofiltersad system in Qg.

R

s
- «x_;i)im"”‘" i

5 im. (X X,
Qt%wmd
they are reqular epimorphigms,

of the systemn {(Xi;L),x,

13)1g

5 :
roence of x.r . . Klso B i 2T
4 i R 1
b
is-a cobtinal system in
>\:,i xji
s i ‘o Finally

i€ ]
2CE .




®

Toing
‘4)"
. L4 ¥ &f : 11 ? P s
L6 sries o bed B vhe @ full o subestegory of .
s e et ) % b >

: {68 e A MR : S o
A c-structure 0 of Uj/@g a functor {*gj,mﬂaa:{h.@’{*(X)M(x;jc}
! Laarar 9 i ‘ o ‘
so that the diagram U o CU= omnutes .

ORI T

G .
X el

=t oy i gt ; ( e
For 2 c-structure T of M/¢ 1let us denate by P¥ the

consisting of all {A;x

Q
S
izl
<
-
@
o

full subcategory of

for each X &obj all the morphisms X-p A are uniform continuous

|
e

in ¥ and J% . These data  ¢an be also described as feoll

WG S

y S s 8 b o o o 5 S - m";‘”— o o B -~ B3 2}
we endow each X &€ ob whtrh-a o-u structure =L 8o that allthe

TR e 1y e P TR L X e sty o by e s g ~
morphisms of O are oniform continuous in the chosen uniformities;
ot ™ AR . Bow 2oy - ‘&"‘4?@ . o . Fa .
The functor £ i8just iRt lna o8 vheldul ]l suh=
s o Sl 12 o that for zach X . L e
cat@Qary. Qi el P R S0 Inac Qr egch Ae ol LRt
o Hapediie . G s e (S0 B PA emd RN e e SEd Y
-3(‘{(.) ‘1{(:), L RNCLEEE a1 §‘LM“(“M‘£-«-"‘-€? (‘v\:\, r‘{i,’i{".‘“‘lU}f L ﬁ"“ seil)‘d'f{;‘{:l‘%\ }
. P @
is a bijection.
- &4 . P tocor e e L e e s s ey
i) 6. is the category of all I timecules over fre ring K
then a left linear topology {[M%}) on R is simply & c-uniformity
3 \ P ;
4 ¥z - . - WAl -y o [0 i 5 P
on the left module R such that all module wmr*‘ g ReweR are

uniform continuous. If gﬁ denotes the c~structure of I ;« obtainad

in this way tnen igjust the category of all left lines
i

4
tonolocical modules over the left linear
b ~* L

s HERE By b HSy b e e il vop s
( 3 denotes the full subcategory of % whos

bk

...4
-
M
%
k]

i ot
i this way we can ge

of to algebraic categories or s 5 categories.

In what follows we shall fix a c-structurel’of s Wo
shall suppose that J /A is ncnempty for all A& ob & and we shail
identify morphisme oo e I O objects of /A

Pronos ) [*% 45 a reflective subgatecory

i i

o .
i T Sy sl | P o e S i o q
. The reflection & ( B 0 ) et [ A2 F% }, where JFb

v}
-

e



ig” the meet c-uniformity of 56 and of the tinal c~uniformi ty

= g [ 3 3 A ., ik M V?
on A induced by %T: (X)) e A } (Xef)ieob J/aT

. ; ! s : : e4s S - : e
is closed in €~u=-% mder atrong %};u%"&i?)&@«ﬁ

B asb O

1)
and limits (i.e. if (A;A)el™™ and (BB )iz -g,rh«-en% CRTAN cﬁwyz ot
\ : 6 e R R e P S B e
of (A,A) in c-u-% then (B;B)eob "% ; closed under limits
means that ‘any limit ( 18 ¢=ua*b J of objects of ¥ is in ™too)
: . v el S e Bk
1§?{mﬁg ﬁz}év = ob |l and if 2% is the initial c-u structure
L (EE R EaEs e i rlg 3 s ol A \% e NS e
on A induced by iiu% e (AL 178 ) then (A;5% )& ob 1. Moreover
- : ‘
% ie¢ a complete and cocomplete cateqory.
sasy - ‘ S e et oI : SRS 7 {gﬁ =
(ii1i) If J 1is a set of special generators in % then
; s 4 Fontes At % 3,
P¥3s closed in c:£:;§ under regqular quotients and :“ﬂﬁ»geum‘@

creates and preserves coequalizers.

o m f B2 o B o R e .
(i) Let fe(A;oh) ——= (B;4) be a morphisme of c-u-%,

b R S e " e L R 5 S SO SRR e oo AR R e SICT
JThe Minal c-uniformity - on A dnduced by tne famil

1 i
] et £ = L £
£ iR e TR PR 0 ) S ) N s o S b ea rg“ B o R e el
o (A) | X (RJ& 3% tor each (XiX)& 0D (0 ] e Hence J% =
(@ o
2 i 9
ke gy o T ¥ A , % D ~ 4 AT e ~ ~hy
Agx (RY€ € Tor gach (X;x)& ob-J/A i - Now 4F R @Jm$
v W
SR =
then for My axi o PR IR LK) AT s cah entourG

e

o gand . Consequently f:A=» R is uniform con-

¥

For the reflection remark Thats 4f

; . L - R el A ¢S U s BRI A
B ds uniform continueus in 7B andidn itf
o £ ar
& o SN . v Lo, et o 5 %
TN UdiTorm fcontinuous dn o and e,

. : : : : . 4
is 2 full reflective subcategory of c-u- ‘%
is 2 cocomplete category.
o] o o
i) Let Fed—3"" be a snmall functor which we denote by

ol Rty Jevblpgetiorphid L3t (gusher T AL e

i3

hid (Aj;f% yuin % o then Lim Esrin c-u=-*% is (gi: A;y%)w@»F{j))j

L o

where 5%  is the inmitial c-uniformity induced by %gj.
Now for each (X,x) € ob /A the uniform continuity of x is
ecuivalent to the uniform continuity of all g.x , which is just

the case. Hence (A; A )€ob ¥ and the proof follows.



We must prove ﬂn“ if (AsAh ) e obPX and if

(B ) = (A 7 ) arwidk then the cosqualizer p of

coequalizer of its kernel pair

A S e . e B S IS B R SR
GG 81nce. & is cleosed in dnc et : rong su bo pDiects
s T R RS P ; ¢ A o o b £ R o ¢
1t suftices to prove-that if (A - ATeob ¥ and I Rears (A )
&
Y X s 7 ! L - P ‘3 oy o = K. 2=
then (A )/ e obi® "y o 5o S let piA=PA/R
£ Ay
» - ™ 2y Py 4 enoen ) s e B ol 5 Ridie s
A be the canonical requiar eni. = (A T F\’) and 7‘;)/@.«
* i

TENE SRR Y RN jaker ; :
=AdDp(S)} S€J% and 8D H?*. Since J is a set of special generators
e )

-

B

©, Tor each (X;x)eob d/(A/,) there exists an (X,y)& ob /A

®
fts
3

: e 3 “ e l oo L - o .ja % o, o S
so that x=py. Hence x “(p{5))=y p p(S)=y “(S)e ¥ for any
: N 4 T L
S &J% with & 22 R, Hence (A;0)/, €obl*™
s Mo :
~ e oo PRl ; o )
6.2 Let DIBTY - be the full subcategory of '™ consistin

; S e ot PO . 47 s iy e a8 A e
(Tl Saiae) =G G-l O aa R e n L) wnlich are sleo in i s et

7o Yo TR o e % = y ¢ Ny 5 - o £ ek LS - oz :

(L) e ] itt for each (X ;x)e ob J/A the congruence of % is an
2 e k] (Sl o £ 5 A d e i 3 2 ¢ e P - G ”f*’ e
entourage of X. Also Dis{'¥* is a full subcategory of % with

5 WA RN TR e

alo o l . ~ 8. .
i is closed under subobjects both in

be in Disl™ and let (B; &) be

S D

: : . ; o
hen \E 7)) is discrete too since A_=f

dnclusion of B in- D, Aetus lly for each

LXY
4 R L 3 & e o . 5
i too and 17dis closed in c-u~% under finite limits.
. 3 i G o ‘ s ot
is closed in T'® uynder finite products. Fimally 4f A
» o - ~ % : S - wesong { b o 5 =
are in Dis ] if (X,x)& ob J/(77174, y then x= Rivhe il e
s s J i ]ri"
n
and x4 p e T aa ™
¢ { L IEOYRT(B, ) e X% + Hence the BEDEHT SO e
1 N, : 3. i
o
e

=
&
=
3

Mgt R MR Y
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or g quotientiof a Je«tf”gf thern we can . &lways consider G in a

(&%) : : ) . :

j@%‘,%w%wch is closed undeeg bgew $ anc quotients by le;
o %7 ; N e

0 that f”w.:y,fi;f;y =Y. If G, G* are objects of 4 then by

bl e .

the inclusions | A J’},Hah,m, we can . always consider G, 6G* in a3

3 % o i
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Suppose now that {7 ig a set of genardtors in C. By the
reqularity properties of C,‘;%, s a set of regular generators in
B . ; =
C; hence ‘4 is a subcategory of regular generators in CT By de-

tfinition this means that for each presheaf F the morphism

: £ (e . .
E ? ¢S Lot P~ F is a8 regular epi, 17 for
-~ &5 ol
(G,f) & ob &y
each (G,F)é& sb‘*?f':i/F, G 0 P A{’ e P F is a coequalizer
f f

decomposition of { then Af_. 3 (G,7)e obg‘/F‘ } is a
3 L

3

monofiitered system of subobjects of F {the filtration results

: o
from the closedness of 4 at finite coproducts). A coiimit of
: G

s e g e Fa va T '~ o S u P - (o9 =
this monofiltered sys em is (A,’, P F)(G f)eob‘«?/!f Since
“% is closed under guotients,al Af, are in ‘ff., The famiiy
{{A§,Qf=) ! (G,f)&a ob‘@*/fﬁ"} gives a cofinal subcategory of 'ﬁ/F.

It follows that hm( Pl CY=(G=1(5, ") *“*i-*-’# F) )ﬁobﬁ@/f_

Un the ether hand this equality is just the definition of the.

density of % as a subcategory in C,

unce we have % we can také é:!, to be the c:o.l.lect‘ion per-
formed by exterw’*r‘g cach G of % to an injective obgwct ?E’G .
Finaliy!% will he the full @’5rﬁieaory of C®cons disting -of all
finite prmr'iucts of objects from (o s 1he fact sthat ‘&5‘ respectively
';%, i3 a’'set ot cogenerators in €C”is proved in SGA4, exp.i. We

gave athas

Ll > 2 " ” ~ AR %2 ' : 3
benma 2,2.3 Let § be s category with coequalizer decomgosxﬁmes
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and finite coproducts., Let ¢4 be a set of generators in % and
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two distinct arrows of € . There

be a coequalizer decomposition of [ufgvfl . We can find Eef

and a mono g:Qe—»E, Now g cen be extendsd to b at a g”zﬁ~N%E

oy
with g'geq, by the inmjectivity of E, 1t -folloae g ugg’ vg since

otherwise we get g'u=q°v ==2» Qf
which in turn implies- Py=Ps and uf=gp.;=qp,=vf which is nonsensa,
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2.5 Dual objects as5.:9lasbras : Let ( %?,'ﬁ ) be & pair.as in 2,]

% » i el
Lat € be the category of all finite products preserving

7

functors

j\’;g fis { C“ ,,,,3 9“ MMM{-} 2w b4 sm { &{3 s = )i
define a cofunctor P 0T R
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be the functor U_(A)=A(E). Since U %=Hon..{~,E) for any Ee®
. . 53 Le
e _-“.-‘ "-i’h‘:\' 0 = Aol B e g e S 74 L 3
it follows that ? sends colimits of £%°teijinitsvad 2" ond
also ? maps epimornhisms of C® to mozﬁmusp”ku g0t @ . By
the injectivity of E we get that U_7? maps monomorphisms of C°
. o - N
to surjections in SET, so that ? maps monomorphisms to regular
; : : : : : R
epimorphisms (i.e. componentwise surjsctions)in € , As 2
comsequence 7 preserves coegqualizer d&»umﬁac‘vvan“ and sends
short exact SeqUENCHS o Gt o ZZS@ . of 2 to shortyexact
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. e A a - « 5 5
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e n Tl - e
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Hom  (E,A)=e————> A(E), Hom (E,A}9 ~rccnd B (1.)€ A(E)
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G
ng 1 =
whose inverse is A(E)D x mam—idy % B A, X(oC )=A{ ) (x)

To keep the analogy with the algebraic case we shall use the

% NP s ae ey g g S e o sy e g by - = : S fry -~
term operation for a morphism of ® and the term <

{ L0

0 % L » gt
for an object of &% , an

O e I5 e g
G ~algebra A consists in a family

A(E of sets and a family of rerations et [ :
%« £< obh 2 nd amily of operations on ;*“ASééMorfﬁ
30 that

i

k
Ei) Ay 'Y“ Ej) is canonically isomorphic in SET w3th'ﬁA(L )

(ii) if ﬁtﬁw@sﬁ‘ is a marphism of & then o, is a
ity ip G%:'VTiEjkﬂwmw% E; is the projﬁctiom of a
X
product in & onto the 3P factor then (fW )f.A(WT

function from A(E) to A(

m

i1

‘;)"""B’A(Ei)
o
is also the projection onto the i*“~fﬁct0r.

{iv} for any operations &« :Ej«w@sﬁ° ini...k

% : and any

k

cperation & :E'— E** we have that (o <o( \} ) o= X <g6{.)\
fa A A i Afﬁﬁi

For an operation ol:E—%E*' and for vaA(f we shall

write cfﬂ(x} g el e x or simply ot x,
/i 4

# =
If A, B are @a@lgebras then an "£~m0rph13m or an
el
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3%

& 0ob

c: P 2 ’P
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\
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% 3 ’ 2
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o
%)
bvh WD
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: Y : \
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; s ; L e Y oW ;
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n&?

:Hommﬁ(H,F)$mwﬁ%»WQm ( H) is a bijection for any presheaf H,

iz il - '»»M d
oo . Ler ‘%7 F oy 1 be an 4G «»mrphmm, Let E——=3 C.be @

: \
cokernel pair of f. Since in C” any monc is a regular one it

follows that f is an equalizer of the pair %ugv % ¢ in other

L

i;

words F et E omroosts

is a short exact sequence.in C~.

$es?

Now f thought as an element of F(E) produces an element
2 - o e e, {pndinid |
$(fyH—>e of F(E), For each E'& ob® and each "6cT (&), Tu
P ; 5
.and §v are operations, so that

u‘xgg{f)»«-(gu) B(F)= (”ﬁfu)mw?)-gb(‘%uf =P (Fvf)s...=Fvd(f)

by the fact that & is an ¥-algebras u morphism, Since € is a

cogenerating set -din C° it follows that ue%(f):v«%(@)so that

there exist

(3}

WiH-»F with % -'-"“’g?(f)*

{ i
LS

»33}

b 2
The last equality can be written as (F)=C(f) .Now, by

5 r. (5 s
the injectivity of Bny E'€ ob & y for such an £* and any TeF(E®)

e e el Lo
Gne gets an operation f:-»{&” 80 that %afm?ﬁa?’.lhen
o Fing )

and =%§e

FE=RCT ) =28 ()=t Get)=-db ot 6)=3

2.4 Finitely generated dual objects An %®-aslgebra A is a

finitely generated object in A% if Homtm(A,u):é*wm SET

preserves monofiltered colimits 50 ), By o definition Ards of
i . nit

finite type in 2% if for sach monofiltered systen A Y
4! o Vi ij 1%3

ot %iaaigebras whose colimit is A, &t .least ope cenonical
morphism A -—3-A ig an iso0, It is easy to prove the equivalence
of the following three assertions{I% 1)

4,1 the ¢-~algebra A is finitely generated

2.4,2 the “Y=-algebra A is of finite type
&3 - 2 Ny
2.4.3 the ¥-algebra A is a regular quotient of an E for a

. : i)
suitable F ¢ ob'® |

Remember that if %€ 'is an algebraic theory thea 2.4,3 says

that A is a regular quotient of a free zlgebra over a finite set.
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For the proof remark that Hom ,.(A,~) preserves monofiltered

colimits iff for any monofiltered system (A, , ’inéj vith the
5 4 4 &

D . S

& 45

) . » 1 - 1 . - .
colimit (Ai»wwwmﬁmB}j and any w mmorpﬁxsm YiAa—» B thare exists

. s o A, 1 1) -~ ; . 4} » §
amv i so that .Y factors through gfiﬁguiy Indeed, by the assumption

that
HomnlA , D¢

<,r'¥_om§f{{‘(/’\y,ﬁ\j_) el Cind an (A 2 )i
X Qm.‘—ggr- (Eji}(

is the colimit of the monofiltered system
. : n(A, . : i oL ( |
(Homﬁﬁ(AfAi)? Hom(A,L{ij).Hom%W{AfAi) > ”Omgﬁ‘A”Aj}}igj
R ?i*x
we get that for any 4%3:om%%(Agm} there exists a suitable i and

a suitable x & Hom CALA ;) 89 that \Pm‘@ax. To prove the converse

(o
remark that in this case the map
i
oer;, ’i:‘:’m (/\\ i tA‘ ) . B = *-” }“:Oﬂ ('C\ i%“” }
; S 9% Tef Hon &2, ] e
; g% i gl :z;{/\yii}:\l,iy X3

is a sujective one, If FixY=f({y) with X:A=3 A and y:A»%Aj then

$,x=d.y. 1f we chose a k greater than i.and i then
i 2 e ;

50 that Y x= \$, i d
S0 b ke ijy, and
the equivalence relation of the surjection ¥ is just the equivalence

relation on LLHom . (A.A.) qiven bv the monotiltered asvystemn
> et A7V 4 > Y b

A2 T

(Hom_ (ALA, ),mr»(h, L

S

s
iy
.

2.4.1=2%2.4,2 1f (A,

i
(‘01
colimit is (A.wmm&N%uA)v

is a monofittered system whose

then for id there existe anm 4 so that

[
X

tactors through @ic Actually this Y. is both 2 mono and &
) e sy + w0 et =
egutar epi LNk hence Y

Feob?®l is & set of regular generators

in €7 closed at finite coproducts it tollows that A is the

monofiltered colimit of its subobjects which are reqular guotiente
o) i ey

T N : - .
Of E, E€ob G . By the assumntion 2.4,2 we get an E& ob® and

¥ L

a regular epi E —~= 2,
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e —— vt ans e

is a2 componentwise
e -
®=a and for each E

opgration e :b-»k'’

o
systen (Aie(§ij)1ﬁ
Fa 5 i
AR Ty | " e
(A tE) @540 544
s (A

24

By

&

Sness
the set W5

(A
and consequently an
2.4 .2 === 2 4 . l

o A o

e

~aigebraa and let

a

B R,

o
g ;& ~—pA 4s5a regular epi in %* then %
gurijection, in thig

i -
case 1t o =¢
case i §?('E) a then

X LY .

‘€@ ob'e2 and each x& A(E°) there exists an

so that a{Aaﬁnxw Mow tor. a monofiltered
by

whose colimit is (A since

j i Ay

monofiltered system of s¢ whose colimit

4

there exists an i-so that & is in

i this case <§ﬁ is a componentwise sur*“cm
180,
Let (A, ‘? ) be a monofiltered system of
ij'is]
g%:Ajw"W®“b)i ve its colimit, Foran

!
o “norphism W:A—#B8 let us consider the pullbacks %JQ; é& \¥i$
ior mach 4.
v
A e : N o
&
/fﬁ, ,@%\
&! |\ 2
‘:i)'/ '@u L f
5 :
" ]
1 - lf\
/fﬂé{,»”p ‘533\ \\
e P 7 o”’\
e, 13 B ol
AS v it 2 o Aj
o
%/ L
which produce the monofiltered system (A:’g?*])*<j' 1ts cdlimi
& i 3 A 3
= Juis
pier @4 ; e ; S
is dust (A e ) by the fact that in filtered colimits
commutes with pulibacks. Then by 2.4.2 thare exists ‘an i so
o e e S Ay
that @ is an .iso, hence ¥ factors through Py tor at least
one 1.

2.4

°

Proposation

o

L
4 1f FeobC” then F is a finitely generatsi

P

€-algebra iff F can be embedded in & suitable cbject of &,
) e 5 s s 2 AP 3 BT .
Proof. F is a finitely generated ¥- Uc?rq iff there exists
- o of % r“:j':n 72
an Eeob® and a reqular epi PiE —wF, By 2 L Pty for a
oS e e . -
WeFweme B, Finally ) is a regular epi ift i? is a monofby 2.3
5 gz
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froposition =.4.5 Let A be a finitely generated subalgebra

- '(\}‘: . ; D e oy, ¢ L O e Bk s ' Fa Ty 3 ) = o r ~
of an ¥ with F& C®, Then there exists an epi Y (F=—w F! 1n o~

L
P tﬁ b i e
R $ - e £ e e e o el
and a commutative diagram et i Tas

by

\M‘@ i -~
B

Proof. .Since A is a tinitely generated %. ~algebra there exists

T ——

e

2 regular epi & :E-»A with E€ob® . By 2.3.6 the composition
s - -

E oo A & F has the form §f for a suiteble f:F—nfF, 1t

f

f o3 E 18 a coequalizer decomposition of f in ¢~ then in

B oA

4 i
® ‘«;\%’& ' Cj:i tfﬁ
IS ¥

2b ‘g
st (S F] ] U" e O o ; el
E mm*wo?é&wm@sr and E ——»» AT F are coequalizer decompositic

-

e

2,

of f and the assertion follows

4
ﬂ

2.5 uniform structure on dual ohizcts Let ussconsider for

any F& obC”™ the set *G(F) consisting of those subobjects ot F
which are in ‘%, “%(F) can be viewed as a partially ordered
small category whose morphisms are the inclusicns be ‘WQW\%U“W
ﬁbjecté of F. Since ¢ is closed in C* under finite coproducts,
subobjects and quotients , %4 (F) is closed in the subobjects
lattice of F.at finite unions and arbitrary intersections, AS
a consequence ‘%(F) is a filtered category or equally can be

viewed as & monofiltered system of sub objects aof ki By 2.1 the

G=%»F, (Gi3)4€fF), 2s canonical morphisms ,
ain. T T ; 2
1 N £ 48 in G(F) jot D.(N) be the congruence
9 '; ¢ 1 o o 3 L oY g
of NiF -8, (D_(N))(E)=4 (¢ 5§;aﬁ(@)mw(t)l % =3 gfoe each E
‘ L I in
g . ! -~
in & { obviously §Lﬁ means Fn ),
5 e - { =y By ad £ t= éf
Frepositidn 2.,5,.% The family ngﬁuFiJj N'&9(F) T is a
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(i}

BF(N)P; B (N )::L)F(Né.,) N°)

. g £ L K10 g

(11) DL (N)E O_(N*) iff N'g N

R e ’““ﬂ"" ; & o £ 3 -

Chii) P (Dﬁ(N))mQH{ﬁﬁ(N)} for any presheaf morphism P:F-» .
¥ o~y E 4 £ pm £ - - b f* 3 c'é’;" T oy oxpidsmoen "j. ey vy e ] oy ¥ e 4 -
L Loo%. By the fact that %5 is a subcategory of dense generators
in.C® we get that G (F) is a nonvoid set . for any presheaf F,
Consequent Ly QF is a nonvoid subset of L{F}. It remains to
show that D. is cofiltered with the inclusions ( a system

(X ’xlj)

I

i 1% 4

in there
immediately

(i) Let

o

ii) Let

the image

closed

Qg

indexed by a poset I is cofiltered if for any: 1t

exists a k in I so0 that k¢ i and ke« J). This fact
follows from (i).

o

NETsF and N'eLsF e in @ (F),
E e 3

NUN*c F

cf the presheaf morphism NALN®

<3

i}

> F. Since

at finite coproducts and quotients

it follows
Eé obéand each

patr (K je

angily =y i =
Eesi g Fnune=Swune 15, S and

=,

Hence UF(M )mDF(Nx}N°),

= D : n' £ <
N G £ and N°Coeeeme F be in ‘@(P)Q

)N O (N

Ubviousiy if

DN

Un the other hand if Do (N Yesel N
-

i)

; 2 87,
then the coequalizer n of De (M) factors through the coequalizer
;. : Sl L el
R gl PN Y e a reguiar epi @:N' —3>» N, Since N* is embeddable
inanobject of & , by 7.,3.6 we get a mono Y :NesN' so that
11 l’ : . B B o
¥ =9 .By the faithfuilness of 7 it follows from = ¥ n’ thor
n'Y{=n. Consequently NGN*' in <% (F),
o : : e
(iii¥ Let Y:F —= H be a presheaf morphism and let Nella f
be in %G (F). The image of N under $ is the presheaf $ (M)
defined by the coequaiizer decomposition of Yn namely
L
N et 4
: g%‘ Q}i
P(N)
Wik b 2 and (% — NIVI(E) the £ BIN
?\JGIN 1€ E* ’g; G!' E.. endg { ,{5 ?‘S’ }{:i“‘%%i L?{’ } i\ 3‘.-) t an {f‘ﬁ ?ikh?(w) ui?‘iﬁ:@
- o = w1y, SR : e 2 2o 7
it follows that $9n=T%¥n. Since T4=4(%) one gats that 108,
ARG
e e " Y
'&'\«e}!N
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2-13
N"’i & o 4 b & ~ 4 i
Hence D, (!»gﬁ”(r\’))f‘:: ¥ (DL(N}). un the other hand if &@00’%@ and
(f.5)e (%
%9=5q9 ,( p is epi). Hence L Ne (NH{u (NY))(E) ). When E

runs over & one gets that Y ‘(DF(NY‘P”U EPANYY .

74

4 ¢ B oo ¢ . 9
&(ﬁp(ﬁ})%(h\ then from FYn=T4®n it follows that

o~

. £ : . P
2.5.2 Remark., By 2.5,1 for each presheaf F the & -algebra F

e e ARG

G e s ;
endowed with the filter DF in iﬁg%) generated by Dp is &

. . . b3 3 3 . v :
c-uniform object in ¥". Also for each presheaf morphism f:F>H

g e B . . :
: » the algebra morphism f:H-»F is wuniform continueus in the c-

o

4 “mg b oo ) Jiuey o g2, 5 e = he
-uniformities D,, and D.. Consequently the cofunctor ?:C"—»&

H F
: i it " : ,
arises to a faithful cofunctor T:C—» gou=&Y defined by T(F)=

A

m(?,ﬁg) and T(f)=F, The restriction [*:%—meuf” of T

produces sotcording to. 1.6 Satuld wuhg"*@awry P¥ of cuu-B,

; : P 5
¥ consists oftall objects (A,7) of ¢-u-€" so that each algebra

s

?

5 rz e B . : :
morphism E—»A, Eed , uniform continuous in the

e

c-yniformities ﬁé and 74, for alliEcob®  ,: Since each

i

et 3 {‘:‘ - s o ~ -~
&-algebra morphism E - has: the form f Fforse ' ecuitéble f:F>E,
for any BEe ob® , one gets that the cofunctor T induces a
cofunctor , also denoted by T,

THE o PR IS PRT ) TR

2.6 Dis*, The category Disl® consists of all “& -algebras A

259

: : o D
so thal for each E€ ob and each €-algebra morphism E-=» A

e

the congruence of é is in D_. Equally Disgl” is the full sub~

= p———

category of .['* of all (A, ) for which 4&,e5 , DigP¥* s
gory . - Dis

st

also a full subcategory of 2%, Iw what follows we shall denote

¢

{4}]

n object of Disl'™ ~whose algebraic support is A by (A,L).
if the object is thought in % and by Aldf the object is

B is a subailqgebra

thought in

s . [ ;
ot A then Be€ obDist¥ too,since the congruence of any E=—>»B

b

equals the congruence of E-—>» B&m A, Hencs Uisf” Lec loned



under subobjects botn in

25

4

o

1

SRS |

Proposit

G ey then

[

et
R <4

eie

e o ; : G o 5 Db :
(1} 1t 6 &g then G ———G is in  %(G).Since D (G)=
=&~ it follows that B.=u(8) and T(Gjeobpis¥,
5 e o POy
o . . : 2 . ; : ; L
(ii) tet f,g:(A,L)—s=(B,L) De two distinct arrows o Dis ¥,

Then f#£g in ¥ 50 that there exists & ob@ and x & A E)'with
FRAa¥. Since %:E —» A is uniform continuous in 0, and L{A) it
follows that the cengruence of X contains - a De () for a2 suitable
NGemps B of %(E). Hence X factors through TE—>» W at a morphism

e g o e
OiNe=d A, By the Yact that n is a regular epl in ¢4 one dgots
that fhdgh,
9%
Proposition 2.6.2 1If (A,L}& ob Disl'™ then the following
TRt b e

asgertions are uu‘valunL:
Cihw (ARl s b find tel type in ulaT’% .
(11 {h;) is of finite type in q.u-¥*
(1i%) A is a2 finitely generated E-~-algebra
s s 5 s Ga i A e g £
{iv) The algebra A is a regu quotient of an N for a
suiteble N &%,
. 2 = S -y i . A . . w'a'm
Proof . if fa(B,Ja ) =—=8= (A 13 185 ‘Gg-monp in c¥cthen
o » = L5 g o = 4]
f is a mono in ¥ too. Indeed for any E&ob& -~ and any x,y
: ¥ e
» = ~e Fed o v Lo g > 2 3
in BB o, -x and ¥ are in P apdi $x20(x ), Henge fix)=f{y) 41ff
fXafl A7F =¥ 16Ff x=v,
k3 s
- ot : W -l Dt = -
Since f is a mono in &% >é%fﬂ' ( &A)Erfé and JA =L({B),

Hence i’ (A,L) € obDis’® then all

Dig ¥

P

W
Ce o are in

"

Dis{

WL A A

Thie Hinc Lu ion creates

ey ~ o
8 0ONVICUS .

(ii) «» (1ii)

s oz

subobject
assertion

colimi

s . of (ALY trowm

fact

and the Ehat £

ts , the equivalence

Gathn \;&E

nv e

type in



-
4‘2 s

5

1

Dia "“%xl

.,.-..w.m

finite type in

ths filtered colinmi

xalgebras, But each 3;:%&3@;@%:‘@

»\4

the inclusion

that A must be

algebr

—

et e
fo PN L L

e
by the above proof. I &" ghe

»

t ot its finitely generated

of A is in Disl® too. Since

w

!

l.,d

filtered coliimits it follow

&t
‘o
4]

b

finitely generated sub-

o gmy

¢ -algebra

tely generated % then

; ‘ ; s f‘ . : : o
there ists a regular epi E — s A for a suitable £& ob&,
Since (A,L) is in DisI'* the comgruence aof f is in ﬁt’ Hence
there exists an N in %(E) so that Dc(N) is contained in tne
congruence ot f. Consequently there exists an N in % so that
: ! = Lo il ‘ - ; e
f tactorg through E-»r N necessarilyy to a regular epi g:N-»A,

it

}W(?'J;L}-M‘:}’

i e
Since all N wit

generated algebra in *®%, Hence
ince the colimits in LisT¥ are

S

of tinite type in

& E

Deft &

coherent discrete uniform algebr
two conditions hold?
(a) (A,L) is of finite type

of  fdnite

3
<
o

v
A
o
==
Y=
e

«
w

Yga

ﬂ‘.@

(A,L) regular

NG are resqular quotients

Lilows that 'A'is'a tinitely
.. - < - 2 ¥ &"
A g of tinite gtype in BY |

0
o

performed

a5 an Al ) is

.
4

inition 2.,6.2 A.L) €obDisT is coherent in Disl*™® (or

over " } if the following

o
n s

n Dis[™

B

type in Dis **  each morphisn

(Bl ) == [A,L ]} hae dte congruence of finite tywe dh Dis HE tog.
Propositien 2.6.4 Let (A,L) be of finite type dn Dispe
The fo llowing assertions are equivalent:
(1) - (A;L) is coherent in Dis{*¥
ez »rwm..va
i L
(2 thereiexists 1n &% at least a seguence
e 3 e By
G, —eR =5 Gy e A

S



Wit g, , d=)l .2, in 9 and 'R

“wa;ﬁt a kernel pair of ;.
(3) there exists an N&9 so that T(N)-=t. (A;L)
: ! (A
(4) for each G in %6 the congruence of any ‘& -algebra
L

morphism G =-» A is of finite type

(5) (A:L) is a subobject in & suitable N with Ne&g,

Proof. (L)=»(2) Since (A;L) is of finite type im Disf"*
@ne aets o Gi in %% and a regular epi ‘ﬁﬁ:glmﬁw A. Let

be a kernel pair of @4 , R as a subobject af- o vL

c 4 1
M“%mﬂ
omorphic to G (I46, is in Dis '* |, since (A,l) e

b
corn

erent in DisT* and G, is of finite type in Disl? 4

Lok 1

follows ‘that (R:L) is of finite type in Qiggﬁf too. Consequently

% : ; e =
there exists 2 regular epi z%;:bquﬁwﬁ with G, in %%w
£9 7 &

SiInce

colimits bi% G, is canonically

there exists a presheaf morphism

i

Lf} ) % e pe b b o 2 i
W aN‘M"j g il L’)? S50 LIRET ?’ _{*ﬁ"’l F\’/:“l\ ‘::‘Aj i?m %
. : ={bi ., p T
1¥ & LJWL G ; L L A v o G ¢} i G? is a
coequalizer decomposition of & then
f‘('é o /-u
£ i et p l 4 U") £ S

e e
G R . sCoX T
2 B 5] o LJJ"ALG—L u:)l ‘»(‘?i

2 = IR L et £ "*’ s :
ie'a coegualizer decomposition of Lu,vper, . Hence one gsts

=
SRV EN B

i 5 o e LS :
an iso th»ww»u so that pf&wfu vp . Finally we can suppose

thiat fore A one has a short exact sequence
t
o PO e %}J . Lo e
G m»tl = A in (Ve
Since 5?' Q”g is 2 kernel pair of &b 5 and o - requls
4k 5 4 E’ i»(.zj IR T o R ) G g, d»q D) r,.ri ang pz are FE},}L/UCH‘

epimorphisms and there exists a diagonal morphism § : blm% B

o e S s § S : =
with P 9 =p,0 =ida=, Consecuently pz,nqzﬁl » G are monomorphisnms
o i Low el e e

!

ant¢ there exists a preah@a? morphism di:Gwsw G d= § , SO tha

do e
“ﬁ

dp,=dp.=id. , Also Ujk,q1 L3G; === G 48 & rogular epi in €~

£ 2 j e R <o

According to the following le

{25

mma one gets that énl,ﬁq§ s &

o

cokernel pair of 4ts equalizer (in C° ).
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Lemma 2,6,5 The paidr U vebE+~»H oF C" '1s a cokerne

pair of its equalizer 1ff
i and v are monomorphisms

if ufsvg then £

]
2

Proof, Since in C” limits and colimits are pertformed compo-

-nentwise and monic resp. epic means compongntwisse injectien
resp, surjection it suffices to prove the lemma in SET.

v = & $ by = = i P i o ol 5 »(2“ .

Let u,viF-3=H be two injections in SET soithat Ju,v] :F} i H

is a surjection and for each x,y in F with u(x)=v(y} one has

x=y., Let w:F'&3»F be the equalizer pf %uyv}ﬁ F”u§x@F % )=v{x

i

w is the inclusion. If f,g:F— 11 are two maps with fw=gw

then we can define hiH -3 M by ‘ { fbx ), At zaule)

({u,ig FLiF-¥H is a8 surjection and conssequently its image
which is u(F) v (F), eguals H), Under the assumptions made on
u,v the function h is well defined and 5 hu=¢

l hv=g

Now we turn back to (2)=3%(3), If w:N&mG, is the equalizer

S ]
L

& - s , : : . £
Of iﬁjiﬁyﬁ then %p§,aw, is a cokernel pair of w. Hence

¥ P 48

o P l 5 D Nr ot
(:' [ s :;kstaw P ¥y - ‘\\,
s {”‘w o st D J. P i
&
s
&
she )
< - o b & VR s & -~ o~ i ey \ pn ~ b P 1 .
is a short exact sequernce in &A’ and N €™ a5 & subpresheat

¥ad
in 6, Co sequently A is isomorphic to N.
1% A 1s isomorphic with an N for @& suitable

N in

viewed as an f for a suitable




2-.18
(a2
to H with H in %

{4)=

=

3

B ds & kerpnel

then one has a

. It fellows that R
If(ByL) Ya of Fimiy
regular epi @, :G—»8

pair ot a

mutative diagram

is of finite type in Disf

e PN
PN, 1

7 . Py s = ndt
€ type in Dis '™ then there
S TG R T G ¢ e
for a suitable G in“¢ , 1f

mﬂrphiﬁmY%Q:(B;L)M&ﬁwm(A;L)

-1
of & -algebras

5]

L&

v
o N

Koo
Pepy

s PN - Sl ¥ ,
G, (R) T e A
Vi ! |
&
fhl jﬁ%
¥ e }
R — e A
v
t i - . .
where (%kxmﬁi}{uﬁvﬁmﬁh,v}}& is a pullback, It is easy to see

that {u”pv‘§

. Hence R

o (R

Lomr] " B (AL

then by 2,4.5 there

e
R 3 e B gy B o g 4
M' ds istmorphic to A, Also

Corollary 2.6.7  F:C”—se P¥ induces

49 and Cohpis'™ , the full

in Dis A
Proof We know that T is

B e S,

is a kernel pair of
as a subobject of

s of finite type in

fully faithfyul

: ~ : s
G C%‘M o Consequent_iy (‘"Eif('(\)}'

A R
LB, 1s of Tinite type

Dis ¥,

a subobject in a T(N) with N in 4

guotient N' of N so

. £ 0l
in "Z as a quotient of

an equivalence between

L&
iy

subcategory of coherent objects

e

on e by 2,36,

o~ 2 i
FOR eaeh b dn G F(G)=(G;L) is coherent in Dig ¥ according
to the sequence
£ ) Ew
g ’ {3 o) 1 & b G e
G - b G mmmmmepe e
o

Fimally

S
wo b
i

ie- Lsomorphic %o an object T

0 7

‘6

shows that each conerent object in Dis ['¥

(G) for a suitable G in %,



The duality thecrem

Sk don. D7 If F&obC” let & be the monofiltered

V’p" ONnO%s

T S K
wy Whose colimit i (NCwdsF)
B NES(F )

SR SRS ' T T R et S U i A T 5 8 i S
( for an N in G(F) the inclusion of N in F is  always denoted

to be more precis b denote elements

o0

oF Gl B ) bystN n) ),

s
Vi o e 4 {'."!3' o 4 e L o o f e i o ” X NS
fhen ip ™" one has i%unz(é Je{ T{F ) mmommminizes T (N ) }Pl&fwiﬁx
(93 i o 18 . A g bl : s t‘:*\N’ e o r
Broof. We know that inm: '@ one has lim ?2( & )= \F—wwwmm*N)ﬂ £p
e il g, ¢ Ryl

1t remaing to show that D deg the initiel c-tniformity J on

o iy e i e e ! . % S e e e
F induced by the family Ji {N:L) Ne SH(F) Since for each

igoundiform continlcis  in the uniftornitiss

o

‘N), it follows Seat 1= 9. 06 the other: hend if
VR &

2 e e 3 o e 1) - i
51{33 for a sultable G in ’:?;;'{5“;‘,, The

& (724 (S,
!
- SR r £ A\ . i Jhvem .-’).- A N = c; Z 3
CONUruence kaﬂ} viewed as g {ax?; is ‘an entourage of.J, Hence

D has 2 hage contained in 2 and consequently D 5 3,

Theorem 2.7.2 T ool et 15,4 fully faithful ecofunctop

roof .

o 1 s et

it suftices to prove that T is a full cofunctor, Let

!@:T{F}~M%WT(h) be a morphism of ew® 1t H is in % then T
' P B S e e ;

={HiL) and the congruence R=0 (A e}-0t @:F—bH contains a

DF(N) for s suitable N in “(F

AP B B e ()
through n:F—> N to a morphism ﬁ:h*mv*%, MNow =3 for a
ad e
s \ 2 okl e R PrRX
suitable 4:H-»N so that we get ¢ =MN=T Hi= n¥ =T(nY J.

If B is not in % then let us consider H as

T i i R o 5 = e ,wﬁ,
of “G(H) with the canonical morpnisms G .2 gmH,

Pt TN e TS iz the limit

Y kY -
Eor each (G,0) for a syitable gé%:bm},;ﬂ‘ S
54
each u: (6,0} we—m (G one hes
PO D ¢t
Lo b o L
s 5

et e R e
and consecusnt the




sTheoraem 2,7 .3

for all (G,g)e%g (M),
o (- § GAgAN : o
Y,=a¢ for all g with (6,g)e%(H). Since
b
= ; . Pt ~p %
a limit cone it follows that WP ad.

et - G=Ueet Mmaps short exact sequences

Gnanmirtin y -~ " » ; " S, ;. ]
$Emp e SR e of C” to short exact sequences o Powpre of e EF
T e ]
e e :
Prgefc et 5 g |3 Cr M be gioshort exact seglence
u
2
ini€C™. Hemce 4 is an equalizer of the pair §u1,u2} and%ul,u2§
is a cokernel pair ot ¢ , We already know that
Pagg Fsd
o~ S il o
H= fwe S F
- b Gk
2
1 : 3 ro¥ ; . A
is a short exact sequence in %% _Hence it sutfices to nrove
§ ; ¥ o i e came ;
that 34 we congider the cruniformity U.  on P ‘thenD, ‘equals
e 5

the fing
and D

!
b2

¥
¥

> £ s fard
Pt
paiq iu,,up .
% ~
wha L)

Ubviousl

ud
o-gmitoraity Jion F

Lot
induced by the regular epi ¥

G
equals the initial c-uniformity I on H induced by the

y one has D‘Fg.;:i and ?3‘”,4;;:;;7{. Let N be in <(H) with

‘the inclusion n:Né+H. Let us consider the commutative diagram

nresheaves

of

&

.

s

o

L

-.___.www‘saja

T,

v-._.\
{uy,us] N
e g M

.
XL
PL P
{




(L) nVuiujaukin is @ pulliback

FaET ]
whare { Q } % "} S % a8 ranonies I morohiams P P . =4 ‘ @\3
re dgr @ Are the canonical morphisms of the coproduct P

Ll S e

(&) Eimimmﬁ,g i=l,2 , are pullbacks and v_ =vd,
: i :

Since in C” coproducts are universal one gets that M is the

w g o ~ w 4o . g S ) ) A 3 £l B ~ ; - :
coproduct of the pair %Ni,mp% with o ,d, as canonical morphisms
AERE v -

-
o
o
=
3
<
.
ti

o Nem ! e v Fes -n‘ fost B ” 0 oo 5,
Also m=m m&mz and Jwiaiivvlw By (1} and (3 we:get

il o 2O . ‘ A

=u.m,, i=1,2 , are pullbacks. By 2 6¢J

m-...» s

ot
Bt
£

each uiiﬁ a8 mono hence, each My, ds in ¢§ as @ subobject of N

with the inciusion v, . Consequently M is in ¢ , Aiso

-
3
et
=
—
g
i
L
=
-
7
o
San
-
£
)
Mo’
ot
L2
i
e
P
%)

ol T A \' E NSRSt o A0 % A ) W \
The inclusion of u (M ) iin R 18 Just AV, e Hence x,(mﬂ} ¢

wls e B o ke

gubobiect. of H is M. with the

N DL %ﬂiﬁ.‘si,‘(r‘il)mf> {image ot m u Mgy e b}

P s %
Now Tu,m M L‘ t o fm ot yem and Thns
LY R sl .3; (“_i G 1 f.l.»,v.._u,. ..1_2 j=nv, 2 &R e 1

o 2
.zulmi,ungJ can be taken as N == M, Hence

/"“ L e % S 4
é N {DP(N ) y=b p AN e L

g .
Consequently D has a base dn T. Ir follews that 0 =7 .
58]
B paeae wo c~§-"1_§ 2} % FT AN *; Tt o .’f’;’ Pl 8 Lot & ~ 3 §
NOW WE Snall prove that D.o=Jd,. Since & bases. for isal

T
e

o e g
= " g 44 2 ? »

(& fv%i'iﬁ:‘i‘(?“;;a“f { 2D (N for @ suitaple N& ;‘K?}E{

; 3 Ma
How 1T N @i @ 3850 (P} and it P eme—Zemedn 0 45 5 co-
; T o e A

Voo
i

N 4 3 P - prer 0

A

18 & short exact sequence in .



.;uf ' “ o ELLE

" 4 2 h5)
is a coequalizer decomposition of Lvi,v?za;(?. 14) then let
meM S P pe the equalizer ot the pair gwl,w? } . One has in

C” the cemmutative disgram

\.’
s : ' 1

N et P p= ()

N
Dorae

,&,4.‘
[

s
o

I

b
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