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Let

and  fe t  l -  be  a  su r face  o f  c las  s  c2  i nc luded  i n  V ,

r'Y= 19,
which

the boundary of the cube folIor^ring some regular curves which

are reproduced ident l -caI ly  on opposi te  faces.  t r {e  assume that

f  separate Y in to two domains,  Yr- the so l id  par t  and yr - the

f lu id  par t ,  wi th  the proper ty  that  repeat ing Y by per iod ic i t \ , ,

t he  reun ion  o f  a l l  t he  f l u id  pa r t s ,  respec t i ve l y  t he  so l i d  pa r t s ,

i s  connex  i n  F '3  and  o f  c lass  c2 .  The  o r i g in  o f  t he  coo rd ina te

sys tem i s  se t  i n  a  f l u id  ba l l ;  t hus  a l l  t he  co rne rs  o f  V  a re

su r rounded  by  f l - u id  ne ighbourhoods  ( see  F ig . l ) .

le t  I I 'be an open connected bounded set  in  ut3,  1ocal ly

located on one s ide of  the boundary ?0, ,  a  mani fo ld  of  c lass C2 ,

composed of  a  f in i te  number of  connex components,  and 1et

?  t rR  -+ [0 r f f  ne  the  func t i on  wh ich  assoc ia tes  to  any  rea l  number

i ts  f ract j -onal -  pa: : t ;  we say that  a  funct ion f :F.3-- -+R is  Y-per io-

d i c  i f  f = f " ?  A l s o ,  f o r  a n y  € e ( O r t )  w e  d . e f i n e

( p e 1 x ; =  ( ( 1 / a ) x )

e l
o l* I

,-?=F*
-o!= [" e
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F i g .  1

flow is considered through this gY-

-pe r iod j - c  med ia ,  t ha t  i s  i n  r ; ,  and  i f  t he  homogen iza t i on

process is  s tud ied,  one has to  remove the fact  that .  the ve loc i ty

and the pressure are def ined only  i "  J l f .  Whi le  the ve loc i ty  can

be naturat ly cont inued with zero in q ,  the cont inuat ion of

the pressure to  -0 is  not  so obvious,  anr i  i t  needs a specia l
' l  ' t  

a F -

res t r j - c t i on  ope ra to r .  f r om H ; (A - )  t "  E ; ( J f ; ) .  A  cons t ruc t i on  o f

such an operator  can be found in  Sanchez-Palencia f f l  ennendix ,

but  f rom the phys ica l  po int  o f  v iew i t  is  va l id  on ly  for  b id i -

mensional  f lows,  YS being s t r ic t ly  conta ined.  in to Y;  a- lso any

problem at the border there was avoj-ded., definitg O! 
"= 

the

domain obtained trom -[ by pickino out on]y the domains gYS

which do not  in tersect  
"C.

Here,  the above ment ioned Tar tar 's  construct ion is  extended

to the present  case which is  obv ioUsly  t r id imensional ;  wi th

connex phases and b iphasic  boundary-  i l

Remark 1.  I f  a  f lu id

#tJ



Lemma 1.  f f  u  € then there exists r e ff(gr (v) , yL /' ()yr )gr tvl
such that

n f  (g)  =p.

.  . 6 J  i r  h o l d s

r
S r t h e

* f r , z , .

(a)  t  (H)  =9 on

(b)  r f  E=9 i t  Y

(c)  For  every i

I ( .
\ t ( . r r ) . V d v * = \
d N r y J

zI fi

( 1 ) u.V d0"

r  \ t t  '  
1 c  l h n  r r n  j  +  a r r + . t . r r r z l  6 ^ e h -  t  - - -  s -  l -  -  - -  r  . < - J - - 5 i L 6 ;where Y denotes the uni t  outward normal on Z* ,  and f l=1f ly,

$g .o - f .  F i r s t ,  f o r  eve ry  ve  C(Y)  we  w i l l  de f i ne  an  e lemen t

f  ( v )€ .F , (  )  V r )  sa t i s f y ing  the  p rope r t i es  (a )  ,  ( b )  and  ( c )  .
nocLe t  f r= f  n I t ,  where  ; t  i s  t he  face  * t=0 ,  and  le t  l ;

ue i  convex component of f  
1. Let Tf u" the curve obtained by

a un i fo rm "d i la ta t ion"  o f  f l  
" "  

the  normal  ,  o f  th j -ckness  t . )  o

suff ic ient l , r  sma1l,  such i :haL, i f  we denote wi th Zfr  t r r .  part

of :i contained between Yf ana l ' f u^u with Z *= L,:ff, everr/

c o n n e x  c o m p o n e n t  o f  I *  i u  ,  f o r  s o m e  q ,  Z ; '  ( s e e  r i g . z l .  L e t

x r=g  (s  )

xr=h (s  )

be the parametr j -c  equat ions

of  the regular  curve f f  ,

t ha t  i s  g  ,h  Q  C2  and
') ,)

( g ' ) ' + ( h ' ) ' = 1 ,  w h e r e  s  i s

the arc length on fr" .

Denoting wi-th 7* the
flt{

I  a n r r # h  n f  Ire r rg r - r r  ( ) r  I  I  I  w€  assume

that  td  is  a lso such smal l

('
\

1
L

'Fi,*" L
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as  t he  t r ans fo rma t i on  o f  ( x ' x r )  € : i l  i nL ,o  ( s , n )€ (0 ,  i ; * ( 0 , t " c  ) ,

given by

* 2 = g  ( s  )  - n h '  ( s  )

*3=h (s  )  +ng '  (s  )

has a s t r ic t ly  pos i t ive Jacobian determ. inant :

? t l ' ' " f -  =  r+n (g , / h  t - n t t t 17  s
? ( s , n )  

"  '

Herer w€ have to remark that  i f  [ f  .aa.rr ,*  an edge of  V,

then the normal of  f i  j -n that  point  is  the edge i tsel f ,  because

of the assumption that repeat ing y by per iodic i ty the reurnj-on

)
o f  a1 t r  t he  f l u id  pa r t s  i s  o f  c l ass  C- .

Then we put  in  ) I- lvl

f  ( v )  ( s , n ) = X ( s , n ) - P ( n / t o  ) g ( s , o )

w h e r e  P  ( x )  = - 1 0 x 3 + 1 8 2 - 9 x + t .

t -  r I  r ,  Y  r . r a  n r r #J . n  Z f  . L M  * e  P , . r .

- 1

3 - ,  .

C
f (v) =v+ q \ v<lxrdx,

A ' N , J

r-{r s{

where qe 9t r| '. r*l ^lu'^t

ncr  caLcula l ion

o
\

J ? dxrax

z-l.t r*
With the fo l lowi



,-1
2i\2u

c f
,x.to*rJ._ryu*ru*, ) dxrdxr+X 

) 
f (v) dx2dx3=

I'. )i x 
il

= r$;'*'.-,-ff ,l *'*,[l*,*'] .5 f$" (s'n) -p (n'|") x(s'') )
tn ln

(  v t fdsdn= 
rr lr*uxrclxr+ + J 

J5(" '"r

f  (y )  dxzdx:=
y I
L1

?  ( x ' x r )? ( x ' x r )
dsdn -

)  ( s r n )
)  ( s , n )

L, \/T, \ lk )fF I/ ( '  l / [  I  - /  [  r \  |
i i  * (s,0)u=/{  J 

et"zt*  ,* /  -4[  
)X,=,0) 

(e"h'-s 'h")u= j l  \ . ,n ' .2.  ) r in I
\ o '  i [ ;  r  ? \ d "  

a " t - l [ J r * \ ' / - * t * ' f

because

t" tx
r r
)  

e  t "z t , .  )  dn= 
\ne 

(n / tn  )  dn=o
0 0

proper t y  ( c )  i s  checked  fo r  i = l .  Us ing  the  same method  we

ne  f  ( v )  on  the  o the r  s ide  faces .  As  the  p rope r t y  (a )  requ i re

=g on f  ,  we have the whole construct ion of  f  (X)  on ?yf

i t  is  easy to  ver i fy  that  f  (v)  G C (  D yf  )  (we remark here that

= 1  a n d  P ( f ; = g ; .  W e  s e e  a l s o  t h a t  i f  v = 0  i n  Y S  ,  t h e n  v = 0

r-I *-L
z - \ ) ; )  a n d  h e n c e  f  ( y ) = g  f r o m  t h e  d e f i n i t i o n .

F i n a 1 1 y ,  1 e t  u  e  H r  ( y )  ;  b e c a u s e

l r  , l l  . l ll r r . . t  I
l r  (X )  1 , , r12 , , , ,  , , ( . t l  x  1 , , t , -__Scz l  . v , I  t . __ .'  r E - ' -  ( ) Y f  )  

- r  r H *  o Y )  
'  ' l  ' E -  ( Y )

the

de f i

f  (x)
and

P  ( 0 )

o n (

x
X.

we de f i ne  f  (u )
,!

s t ronq lv  i n  H r.\

and

fo r  any  ve  c  (Y)  ,- 
/1t lv

as the l imi t  o f

and  as  g (Y )  i s  dense  i n  u l  ( y )

r  (yr) for yk€' g"(V) and vo * g ( Y )  .



Obviously  f  (g)  is  wel l -def ined anC everyth ing holds at  the l imi t

also.  fJ

and

( 2 )

( 3 )

( 4 )

( s )

( lvf l

only. {:o che

( 6 )

which

Lemma 2.  I f

P r o o f .

a unique c1e r,2

u e  H l  ( y )  ,  t h e n  t h e r e  e x i s t  a  u n i q u e  v e  g r  ( Y r )

(Yf )  /R, solut ion of  the problem

l i ty  condi t j -on

v d y

the com

ows from

f (u) .Vd i"' / v '  
f v

' =

-A  X*  Vq=-  AH in  Y ,

rl
d iv . v=d iv  E  +  L /  ( lY f l  )_J  a i v  uay  in  Y ,- Y s

X=f  
(X)  on ?u,  ( t  s iven bY Lemma 1)

Moreove r ,  t he re  ex i s t s  a  cons tan t  C  (Y f )  such  tha t

I t , l l
lx l , , t  ,_ , ,  ( t  (Y-) |  u I

r j  , . f ,  
r  l r y l g t { v )

i s  t h e  m e a s u r e  o f  Y f ) .

Usirrg the resul t  proved in Cattabr iga [Z I  *"  have

p a t i b i

('
\  . .= . ;  o J - V

Y .
I

S "'u) Y * ' -

f o 1 1

s
?Yr

6 [ '=X J.* 'X
r-=r 

:]-

=*t (s) '! ar
A = I J .:i ,,

$ *r,, g dy= )
Y Y f

ck

$
AY

v.V dC"
I

L T U

(d iv  u+r /  t  lv t l
C

) J  d i v  B  d y s l d y f
"r. s

nvrhere we harre used property (c)  of  f  .
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With these two lemmas we can prove our main result.

Theorem.  For  any  t>0  su f f i c ien t ly  sma1 l  there  ex j -s ts  a

** 5: f  ! ' l l  is continued with zero i"  9.9F , rhen

u e uj tel and div g=0 , then div (Rrg) =0

any uet l j t$  the fo l lowing est imat ions ho ld:

|  ,  I  '  , l *  |

"  5 1 ,  2 ,  t €  = c ( Y r )  ( l H l " ,  
t g l +  

a l V p 1 " r , o , ,
*  

, . . u f t  
t u  N

n xlrrrg?l (c tv, ) ((t/tL I x,lr,2 (-L)*\v"1", rg,Y  \ J L c ' r
.\ L trJ

I f

r f

For

i
l R

i
l _
l V n

(A)

Ll- r.l .

( B )

(c )

5 _ -
n - l

€ Y ; a  =  l l  l a n
r  { Fl -=r

which in ter

r - ?
L ,  t n r + f ,  

|  
w i t h  l - ( "  L , n . , n r ) € 2 ' ,  t h e n  t h e  (  e y ) - c u b e s

sec t  O can be  indexed fo l low ing

( ^  ^ r  )
4r.  =lnez,s I  ev*n 9- f i  t  .

L - r  J

restrict j-on operaror nre , l i fgj f . [ l  ,gj tgi l  ) such rhar

R d

( 7 )

( 8 )

Proof .  Not ic ing that  ever lu (sY)  -cube is  of  the form

For  the  (  ey ) - cubes  wh ich  a re  cu t ted  nV  ) -Q- r  we  sha l l  deno te

by ( " )  a l l  the par ts  of  them which are s t i1 l  conta ined in  *0-  .

Reminding that  ?-0-  is  o f  c lass C2 and that  a l l  the corners

of  Y are surrounded by f lu id  neighbourhoods r  w€ choose t> 0 as

smaI1  as  i f  ) -Q .  has  an  i n te rsec t i on  w i th  an  (e l i ) - s i de  face
I lyi | /\r

such  tha t  l "Z | l  =O then  the  ad jacen t  eY- -cube ,  ou tward  to .9 - ,
i r " ' |

h a s  l S Y f l = 0 .  T h a t  i s  a l w a y s  p o s s i b l e ,  b e c a u s e  t h e  t a n g e n t

p lane  to  t  e f  I  on  te f  I  f l  t J : i l  i s  o r rhosona l  ro  (e : i )  .  ( see

F i g . 3 )  .



rer ts€H: (0.) ; in *4.!

de f inewe

( e ) R" u=0
c N  N

tn  ! t rwe sha l l  con-

st ruct  Ra ,  - . nr-n every € v:| '  ,- L

n t U t  .  T h a t  i s  w h y  w e  h a v e

to consider  t rnro s i tuat ions.

F i rs t  ,  L f  eYt  c  *CI-  )

then we def ine

F i g .  3

(10)  Pgg=X.e€ in  EY?

w h e r e  X  i s  s i . v e n  b y  L e m m a  2  f o r  g ( €  n +  e ( . ) ) €  [ 4 ( Y ) "

Second, i f  gV* is cut ted UV )1},  then we can repeat the
. .  r \ ) r  l 4 { i lrt- Io n  Z ;  a s  i n  L e m m a  r ,  b u t  o n l y  i f  l X i l + o '

the  cont inuat ion  o f  g (  En+ E ( . )  )  v r i th  zero  j -n

here  t i ra t  j - t  make sense s ince  R€E; tJL l  .  Thus

s y s t e m  a n a l o g o u s  t o  ( 2 ) - ( a ) :

( r 1 ) -  Ag +  Vq=-  AFn in  Y f

construct ion of  t .

+ 1
Le t  ' u^6  H-  (Y )  be

t u a v

(Y \ Y) ; we rernark

we  can  cons ide r  a

(L2, dlv v=c1i-v Xn* ( r 7 ivrl

dr'

div uxdy -  (r / , " r1,H
s

,a,z' a7/i

) [
Y

S "*.0: i ' -  
' -v

) ;

d t r  h Y f

f

I
t

,t

v=f  (u^ )

v=0

v.,
) v t \ Y

on
( r 3 )

on



denotes the sum extended over al l  those indices i  for

=$. Again we have to check the compat ib i l i ty  re lat j -on

where X
i  ( * ) .

I

i n ;  1
which l f ;  t
( 6 ) :

n
J ,rn'v

, - i  ^  Ar

z;

n
t
I
I
I

U

z;

.l ur"
Yf

d0"  =v d\,= J urr, .,
r v  - ?

.Vao"  =

al l -  those ind ices i

i "que so lut lon of

j -v  u=0 then,  reminding
/v

I ^.r.: I
a  f  ace wi th  l r  ) ' ' -  |  =0 ,r * - r l

. *

\ ?  / l r
av

$" . .var=X f  " .
:l* 

^,, i (xx) gi *

f
= J , rg*l .V ac-

f v cr

dc" -x
i  ( * )

r (X*) .V dr

,f ,*.n
it 

'' AJ

6
- t- t _

i = 1

=x
i  (x* )

'{i:z

where s  denotes the sum extended over
i  ( xx ) , * r  t

for  whj -ch lZ | l *0 .  I lence,  there ex is ts  a r . lnt - - r l '

( r r 1 - ( r 3 ) ,  v € H r { v r )  a n d  g  e L 2 f t f ) / ' R .  r f  d

the property with which € was chooser, ) tor

we i rave in the outward adjacent r f -cuUe

c f f
\ \ \

o  =  i .  d i v  F  d y =  J  . q : Y d C " +  J  u .

,  ef o.Q.)n et** ui l-
I

and as u€ H1 (- f , )  i t  fd l lows
.^,  "O

.Y d0" =o
0
J .t*

gi -
4-S

Then from ( 12 ) r.re get



r 0

Moreove r  an  es t j -ma t ion  ana logous  to  (5 )  ho ld :

gu t  v= [  i n  Y r \  Y f  and  thus  (14 )  becomes

div v = -  (1/  lyr l  )X l  , f  .N do-=or r  i ( * )  + i ' "z-g

l* l; (yr),( c tvr, lp*ls' ,",
( 1 4  )

l r s )

1 r 7 )

[ * lu , r?r r<c(Yr)
I
I

u ( c n + e ( . ) ) l
; j '  

- i i ' i  v  \ r  , - l n l  
( f  )

The r le f in i t ion o. f  the rest r ic t ion operator  in  eVp fot tows

now natura l ly

(16 )  Re hTX "9€

w h e r e  X  i "  g i - v e n  b y  1 r r ) - ( 1 3 ) .

r t  i s  c lear  tha t  the  proper t ies  (A)  and (B)  resu l t  s t ra i -

ght ly:  f rom the def in i t ion of  R& The property (C) can be proved

by evaluat ing the integral

r e =  S , , * E ) 2 * e 2  {  v n * p ) 2 ) a *
-a7

We decompose f ,  on every f lu id  par t  o f  the gy l -cubes,

making the fo l lowing change of  var iab les

( 1 8 )  g ( V )  = R e  
B ( e n + e Y )

.Then  us j -ng  i n  ey t  t he  co r respond ing  es t ima t ion ,  (5 )  o r

( I5 ) ,  and  recompos ing  the  r i ghL  hand  s ide  o f  t he  q loba l  es t ima-

t ion we f ina l lY get



1r !'::i'i,r,!},*4tffi ,l+tltfjrlii

1 1

( 1 e  )

which obvious ly  completes the proof
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