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A UNI' I 'ARY INVARIANT FOR I.iYPONOP.MAL OPBRATORS

I ' { ircea }4art in and l" l iha i  Fnt inar

In  th i s  paper  i s  es tab l i . shed  a  two-d ipens ' i ona l  s inqu la i :

' i  n { - a n r : 1  r a r r r g 5 e n t a t i O n  f  C i  a n  a r h  i  I  r ^ A r \ r  h v n o n o r m a  I  O p e 1  a t o 1 '  .  T h eu q L ! v l l  ! v !  q l t  q ! u f  L t a r ) /  t l . y  J / v f l v l l t t q I

s igni f icant  te : :m in  that  model  lnvolves an or lerator  va lued d j .s t r i . -

but ion suopor ted by the snectrurnrwhic i r  turns out  to  be a complete

r r n i  f  r r t r  i  n t z : * i a n t  f  o r  f  h e  r \ l ' r r a  r r ; r r ' { -  n f  t h e  O O e f a t O f  "  T h e  t e C h n i C a . l _U ] I U  } J I T !  g  
P ( T  L  U  U !  L I I c :  \ J U c : I  C :  L ( J I  O  I

t oo l  i n  t ha t  rep resen ta t i on  i s  a  fam i l v  o f  con t . rac t i ons r indexed

over  the comoJ-ex p lane, . ,vh j .ch ar ises natr . r raJ- Iy  f rom the hyponorr r ra-

' l  
i  & , ,  ^ ^ ^ , . * * J - - :  ^ *  n ! L  ^ . -  - :  - - - - ^r r E y  a s s u m p t r o n , o t h e r  i n v a r : i a n t s , a s  f o r  i n s t a n c e  t h e  p r i n c i p a l

f r r n - , . i . i  n n  ^ T a  t l - r e n  r e c r : t : e r a t e d  f  r o m  t h a t  d i s t r i b u t i O n ., q ! v  u f r e i !  ! v v u L J g ! a L g u  r r u r l !  L I t q L  u I - L I I I J L I L - I \ J l I

L e t  H  b e  a  c o m p l e x r s e o a r a b l e  F l i l b e r : t  s p a c e  a n d  l e t  l ( H l

f  h r .  a  I  c o l r r a  n f  a l l -  l i n e a r  b o u n C e d  o p e r a t o r s  , o n  f / , I ^ j e  r e c a l l

i n  L  ( H )  i s  s a i d  t o  b e  a  h t l y : o n o n t n a - ! ,  ( ) p Q - r L f t t l r L  i f

Tr *  g  T*T  r  o r .equ iva ten r - t y  i i r *h  i i  <  l l  r n  l i  , h (  f {  ;

deno te

that  T

The  hyponorma l  ope ra to r  T  i s  sa id  to  be  compX-e - te l - r y  rLCn- rL l / Lna"n -  o r

f Ju4z  i f  t he re  1s  no  reduc - i -ng  subs r race  fo r  T ' ron  wh ich  i t s  res t r i c -

t i on  wou ld  be  a  no rma l  ope ra to r .The  i n t roduc to rv  tex ts  [3 ]  and  iZq i

o f fe r  t o  t he  reac le r  t he  bas i c  n r i nc in les  and  a  con rp rehens ive  b r i : 1 io -

n r r n h r r  F a r  * h a  J - . h o n r - r r  n €  h * z n O n n r m a ' l  n n O r - g l 6 1 . g .e r l u v r _ y  v !  r r - y  l / v l l v ! t r r q - L  v I r E r

Le t  p= f1 ' * ,T - l  deno te  the  se l f - commuta to r  o f  a  hyponorma l ,

o p e r a t o r  T  i n  i - ( f { )  . I t  i s  a  n o n - n e q a t i v e  s e m i - c l e f i n j . t e  o p e r a t o r

wh i - ch  sa t i s f i es  the  re la t i ons

D  = l ( T  -  ) " ) * , ( T  -
t - '

fcr r  6r \ /Frr /  r -omr1 lg;4 nunfbef  , I  in

any  z  Ln  C  a  un i ( I ue  con t r :ac t i o r :

r ) J  {  (  r  -  } . )  * (  r  -  ) " )

C .  Consecuen t l y  t he re  ex i - s t s  f o r

C  ( z )  i n  |  ( l l  )  r  s o  t h a t



1  / )  |
(  T  - . 2  ) * C ( z )  =  D * ' "  a n d  C * ( ' z ) l K e r ( f  -  z  ) x  =  O ,  ( i )

see  fo r  i ns tance  { ' 91  .  Tha t  f am i l y  o f  con t rac t i ons  was  i n t roduced

by  Rad jaba l i r ; ou t  j r r l  i n  connec t i on  w i th  Pu tnam-s  91qba l  reso l ven ts

phenomenon  19  ,and  then  i t  appeared  pe : : s i s ten t l - y  i n  C lancey ' s

w o r k  I  A , S . e  I  . T h e  p r e s e n t  p a D c r  i s  c e n t e r e d  a r o u n d  t h a t  o b i e c t r t o o .

S ince  the  L (H l  - va lued  func t i on  C  de f l nec l  on  C  by  the  con -

d i t i ons  ( i )  i s  l oca l l y  i n teg rab le  v r i t h  respec t  t o  t he  p lana r

Lebesque  measure ,  i t s  comp lex  de r j - va t i ve  aC  =  aC/  t sz  i n  t he

sense  o f  d i s t r i bu t i ons  sa t i s f i es  on  C  the  i den t i t y

(  T  -  z  ) *  a C  =  O  .

1  / 1

I r e t  us  i n t : : oduce  X  =  (  RanD- / '  )  , t he  c losu re  o f  t he  ranqe  o f  t he

1  / )
r r n r r r a r n r  n ' / o . S i n c e  X  i s  t h e  a c t u a l  d o m a i n  o f  a t l -  o n e r a t o r s  C ( z ) ,v t / v !

i t  f o l l ows  tha t  eve ry  vec to r  x  i n  X  p rov ides  the  q1 .oba l l v  Ce f i r red

a j n a n r r . i e { - y i r . r r r t i O n  D C j x  O f  T  .  T h e S e  t l  - v a l u e d  < i i s t r i b u t i O n S  S D a ni : r Y  g t l \ r J  -  L r  r u  u

the pure par t  o f  the space f /  ,w i th  respect  to  the or thoqonal  decom-

pos i - t i on  o f  t he  ope ra to r  T  i n  pu re  and  no rma l  pa r t ras  i t  f o l l ows

from the next

THEOREI4 A. Le-t  T be a- Ltryponon-maL ofretLaton 0n t l " te Hi tbe-nt

t y t a e z  1 1 .  T h z  L i n e , a n  s p c L n  o d  t h e -  v e c - t c t n t  C ( z ) x  , w i t h  z  i n  C I  a n d

x Lt t  X i l  d"en.te.  in H i (J and. ctnLq i6 t t ' te-  cytzt ta. ton T i t  f rutLQ-.

Tha t  resu l t  was  p roved  l n  the  case  rankD =  1  by  C lancev  fa l  .
L J

Let  us assume that  T is  a  Dure hvponormal-  operator ' .  Then,

because  o f  Theorem Ar the  genera l  scheme o f  p roduc inq  func t i ona l
- q

rep resen ta t i ons  fo r  t he  hyponorma l  ope ra to r  T  desc r ib ' o . l  ' i  n  l lB t
L _ l

r n ^ ' l  . i  n c  { - n  + } r p  a h o r z e  c r 1 . : n . s r a + i  n r ^ r  f  a m i ' l r r  o f  e i  c r e n f l i  S t f  i b U t j u O n S .  T h U Sd . ! J r u J .  I e 5  L \ - ,  U . L l E  q V V v s  
Y L r r u ! q U ! r r Y  ! q r t t r ! J  v !  u r Y U l l u ! r  e ! J

f h e  s e n a r a f e  c o m n l e t i o n  o f  t h e  s n a c e  t (  A  )  e  H  i n  t h e  n o r m9 r r e

assoc ia tec l  t o  t he  d i s t r i bu t i on  ke rne - l  5 -  a -c *  ( v r ) c  ( z )  i s  un i - t a ry
W Z

equ iva len t  w i th  the  space  f f .  t n  t ha t  i , den t i f i ca t i on  the  ope ra to r
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T becomes

wh i l e  T*  i s  rep resen ted  by  the  mu l t i p l i ca t i on  ope ra to r  w i th  ; .

We have denoted as usual ly  by A the space of  smoothrcompact ly  suppor*

t e d  f u n c t i o n s , a n d  b y  i ' *  "  t h e  c o n v o l u t i o n  p r o d u c t  o f  d i s t r i b u t i o n s ;

see  the  p re l im ina r ies  be low  fo r  more  de ta i l s .

Let  us not ice the c lose analoqy between formula ( i i )  and

X ia  - s  one*d j -mens iona l  s ingu la r  i n teg ra l  mode l  l ,ZZ l ,where  a  s im i l a r

express ion appears for  the real  (or  imaginary)  par t  o f  the opera-

to r  T rw i - th  the  H i l be r t -  t r ans fo rm ins tead  o f  t he  Cauchy  t rans fo rm

a b o v e . A  d u a l  r e p r e s e n t a t i o n  t o  ( i i )  w a s  e s t a b l i s h e d  r e c e n t l y

i n  t h e  c a s e  r a n k D  =  l , i n  t h e  p a p e r s  i z : J  ,  i r o i  , s e e  a l s o l r a : l  .

T h e  p o s i t i v e  d e f i n i t e  k e r r r e l s  l i k e  C * ( w )  C ( z )  , w h i c h  a r e

re lated i :o  a hyponormal  operator  by a s ingular  in tegra l  represen-

t a t i o n  a s  a b o v e , a r e  c h a r a c t e r i z e d  i n  t h e  s e q u e l  b y  a  f i r s t  o r d e r

l i n e a r  n a r t i a I  d i f f e r e n t i a i  e q u a t j - o n r t o g e t h e r  w i t h  a  b o u n d e d n e s s

C O n d i t i O n . A S  A  c n n q o . r r r a n . ! o  O f  t h a t  C O m p U t a t i o n s  W e  D r O V e  t h e

f o l l ow ing

- 1  1 / .  I
T c p = z c p *  T r - r ( D ' t "  i ) C . 1 p ) - ;  t e ( . 0 ( C . )  f f H

Ir

THEoREM B .  T I re  d , i r tn ibu tLon r=  -n r /2  ac  in  o ' (a , )  6  t  {x ) .

comyt.Lz. te-  uni tct t t t l  invaniant 6ctn cL pLL/Le l+qpono.4-ma,L oponatctn r

( i i  )

CL

L  ( H )

.LL

i n

In  th is  way one gets  that  th .e uni tary  equi -va lence c lass

of  a  pure hyponormal  operator  T i -s  dec ided on the space
.  t  / )

X =  (  Ran  D" ' ' )  , a  f ac t  a l ready  known  by  the  de te rm in ing  func t i on

method  o f  Carey  and  P incus  I  Z l  .However  the  re la t i onsh ip  be tween
t  / 1

t h e i r  m o s a i c  a n d  t h e  d i s t r i b u t i o n  f  =  D ' / ' a  c  r e m a i n s  t o  b e

, f  i  ^ ^ , ,  ^ ^ ^ A  ^ 1 ^ ^ , . L ^ - . ^
v 4 p v u D . s u  s l . r € W h e I € .
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A  recen t  reFu l t  o f  C lancey  f  4T  s ta tes runder  the  assumpt j -on
"  L  - - t  '

t ha t  t he  ope ra to r  aL /z  i s  t race  c lass , tha t  t he  p r i nc ipa l  f unc t i on  o f

t h e  o p e r a t o r  T  c o j . n c i c l e s r i - n  o u r  n o t a t j - o n s , w i t h  - T r a c e  ( n l / z  0  c ) .

The  p r i . nc ipa l  f unc t i on  reo resen ts rup  to  nowr the  f i nes t  and  we l l

unders tood  u r f i t a ry  i nva r ian t  f o r  t ha t  c lass  o f  ope ra to rs rsee  l r r r rZ l
b ?

we Pr6ve  tha t  on  the  essen t i a l  reso l ven t  se t  o f  a .  pu re

hyponorma l  ope ra to r  T r the  comp le te  un i ta ry  i nva r ian t  f l  co inc ides

w i th  a  smoo th r f i n i t e  d imens iona l  p ro jec t i on  va lued  fun l t i on ,no t

n e c e s s a r e l y  s e l _ f - a d j o i n t . M o r e o v e r ,  t h e  i d e n t i t v

r a n k T  Q )  =  -  i n d (  T  -  z  )  r z  (  r Q . " =  { r )

ho ld .s  t rue .  Thus rC lancey ' s  resu l t  men t io r red  above  f i t s  we l l  w i th

th i s  p i , c tu re .Th is  behav iou r  o f  t he  i nva r ian t  f  on  the  essen t i a l

reso rven t  se t  i s  a l so  c rose  re la ted  to  cowen  and  Douq las

theory

- - , f  ^  * ^ r ! ,a n o r a s  a  m a c t e r

I  we d iscr- rss a

spaces  wh ich  a re

fn  Sec t j -on  2  one  p resen ts  the  bas j - c  p rope r t i es  o f  t he

con t rac t i - ve  ope ra to r  f unc t i on  assoc ia ted  to  a  hyponorma l  ope ra to r ,

i nc lud ing  the  p roo f  o f  Theorem A

Sect ion 3 is  devoted to  in t^roduce the ot rerator  va lued

d is t r i bu t i on  f  and  to  p rove  Theorem B .  I n  na r t i cu la r  we  emphas ize

the  behav i -ou r  o f ,  t he  res t r i c t i on  o f  I  on  the  essen t i a l  reso l ven t

se t  o f  t he  ope ra to r

Sec t i on  4  con ta ins  the  cons t ruc t i on  o f  a  two -d imens iona l

func t i ona l  mode l  f o r  any  pu re  hynonorma l  ope ra to r ,bv  us inq  the

d is t r i bu t i on  J '

f' "Jr F " - l  .

A11  the  s ta temen ts  be low  have  e lemen ta rv ,

o f  f ac t r i - ndependen t  o f  o the r  re fe rences  p roo fs .

The  con ten t  i s  t he  fo } l ow i .nc r .  Tn  Sec t i . on

f e w  f a c t s  c o n c e r n i n g  t h e  f u n c t i o n ' a n d  d i s t r l b u t i o n

u s e d  i n  t h e  s e o u e l .
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I

s e c t i o n  5  c o n c l u d e s  w i t h  a  d j - s c u s s i o n  c o n c e r n i n g  o o s i t i v e

d e f  i n i t e  k e r n e l  s  a n d  h r z n n n o r r n a l  i  J - r r
t / v r r v ! r r r q l r  L y  .

] . .  PRELTMTNAR]ES

The  pu rpose  o f  t h i s  sec t i on  i s  t o  reca l l  t he  no ta t j - ons  and

a few f .acLs concern ing the funct j -on and d is t r ibut ion s l races which

a re  used  i n  the  paper .A  comp le te  re fe rence  fo r  t ha t  sub jec t  i s

Schwartz  -  paper  lZrJ

1 .1 -  Le t  H  be  a  separab le , comn lex  H i l be r t  s i )ace  a r rd  l e t

t  ( f l )  be  the  a lgeb ra  o f  l i - nea r  bounded  ope ra to rs  on  H

T h e  t r a c e - c l a s s  i d e a l  C t  ( H )  o f  L I H )  c o i c i d e s  w i t h  t h e  p r e d u a l  o f
I

t h e  B a n a c h  s p a c e  L ( H )  , v i a  t h e  b i l j . n e a r  d u a l i t y  p a i r i n q

( T , S )  T r a c e ( T S )  ,  T t L ( H l  ,  S  C  C t ( f / ) .

'  We denote as usual ly  by z  and z the complex coondinates on the

c o m p l e x  p l a n e  c  ,  a n d  b y  a  -  a /  a z ,  5  =  a /  a Z  t h e  c o r r e s p o n d i n q

v e c t o r  f i e l d s .

L e t  0  b e  a n  o p e n  s u b s e t  o f  C  e n d  l e t . E (  e , f f )  =  E (  0  )  A  H

deno te  the  F rdche t  space  o f  smoo th r f {  - va lued  func t i on  on  a  rhe

L t  space  o f  smoo th rcompac t l y  suppor ted  func t i ons  on  0  i s  deno ted

a s  u s u a l l v  b y  D (  e ,  H l  o r  A t  0  )  A  H .

t ' | h a  l - n n n l n - i ^  ^  l j l  i ^  L Lr . r r c  L r r p u r u g r u a l  d u a l  o f  0  {  A  , H )  j _ s  t h e  s p a c e  0 ,  (  0  , H )  o f  f {  - v a *

l u e d  d i s t r i b u t i o n s  o n  0  .  S i n c e  t h e  s D a c e  o f  s c a l a r  d i s t r i b u t i o n s



0 ' ( { 1 ,  )  i s  n u c l e a r , t h e  t o p o l o g i c a l  j - s o m o r n h i s m t t ( f t , t - t )  =  O t ( . f l )  6  H

holds for  every complete topological  tensor product.  Let

/  ,  i  o r  ( ( l , r t )  x  D  (R ,u )  - - - : - +  c( ' ' r ' /

' a

deno te  the  un ique  sesqu i l i nea r  con t i nuous  maprwh ich  ac ts  on  s imp le.

t ,ensor  products  by the formula

( o  *  h , g x  k )  =  u ( q )  ( f , , r )  , w h e r e  u  g . 0 ,  ( J ? )  i  y r l ( I l l  i h , k €  f i .  . :

Le t  us  no t i - ce  tha t r i n  v iew  o f  t he  na tu ra l  embedd ing

ol l l  )  G P '  ( t t )  ,  the equar i ry

( q , p )  =  /  l l  q  ( z )  l i  2  a p - e )
J2

ho lds  t rue  fo r  eve ry  , {  i n  D ( f> ,H  )  ,  whereT l { .  s tands  fo r  t he

l ,ebesque  measure  on  c  The  comp le t . i on  o f  t he  sDace  0 ( - /Z  ,H l  w i th

respect  ro  the norm l l  q  l t3 ,JZ = (? ,  ?)  is  the Hi l_berr  space

V  ( Q ,  H )

r . 2 .  S im i l a re l y  one  deno tes  by  L4*  L f i l  & -  L  (H )  the
b

B a n a c h  s p a c e  o f  L t H )  - v a l u e d r m e a s u r a b l e  a n d  e s s e n t i a l l v ' b o u n d e d

funct ion= o. ,  Q .We refer  the read.er  to  the monograph f rO ]  tor  the

in teg ra t i on  theo ry  o f  vec to r  va lued  func t i ons .

We ha i , ' e  deno ted  by  "  & t ' "  t he  comp le te  i n iec t i ve  tenso r  p roduc t .

S im i l a re l y  "  & r "  "  s tands  fo r  t he  comp ie te  p ro jec t i ve  tenso r  p roduc t ,
J I

t- 't

s q e  L  2 U

For  the  conven ience  o f  t he  reader  we  somet imes  deno te  bv

t  l H l  c , r  u  f h e  r e s n e c f i y s  s r i a c e s  e n d o w e d  w i t h  t h e  w e a k - s t a r-  t  "  ' 6 .  
" ( 5  

r  L o y E v  L r  v  u  r l ' q e s o  e r r u \

t o p o l o g y  (  w i t h  r e s p e c t  t o ' * t h e  p r e d u a l  s D a c e ,  C . ,  ( H )  ,  r e s p e c t i v e l y  H  ) .
I

The  Banach  space  L *  ( J? )  6 -  t  (H )  i s  i den r i f i ed  w i th  t i r e

dua l  o f  t t  ( f l . )  6 *  c ,  (H i  , so  tha t  L -  ( . € " ]  6 ,  L  (H )  ,w i th  the  po inw ise
L;,r I

m u l t i p l i c a t i o n , i - s  a  v o n  N e u m a n n  a l q e b r a .



1.3.  The operator valued distr ibut ion snace is dencrted l rw

D ' (  n  )  A  L ( H ) o  .  I t  i s  t h e  t o p o l o g - i c a l  d u a l  o f  t h e  l F  s p a c e

.  0  (  o  )  e  C r ( f f )  ,  o r  e q u i v a l . e n t l . y , t h e  s e t  o f  l i n e a r  c o n t i n u o u s  o p e -I '

r a t q r s  f r o m  D (  A  )  i n t o  L t H j

W e  p o i n t  o u t  r h e  n a r u r a t  e m b e d d i n g  o f  l l o . t  n  , L ( H ) l  i n t o  0 , ( e )  6 t ( f f 1 .

We s imp ly  denpte  by  u .  (p  =  m(u ,  1p  ) l  the  un ique cont inuous

*  '  
b i l lnear  map

t
m :  (  D  ( C I ) e L ( f / ) o  )  x  (  E ( C I ) e f l  ) - - _ - + " 0 ' ( a ) a r u O

which extends the appt icat ion

m (  u  m  t  r  e  e  h  )  -  (  9 u  )  N  (  T h  )

w h e r e  u Q  0 ,  ( C I ) ,  q  E  E ( a ) ,  T 6  t  { H l  a n d  h €  H .

L e t  u s  p o i n t  o u t  t h a b .  t h e  e v ' a L u a t i o n s  u . 9 , w i t h  a n  a r b i t r a r y  a  a s

. a h r r r r o  r l a f  a r m i  l - t - ^  , f  - i  - e - . 1  t r - , . lt * - - - * . . . *ne  comp le te l y  t he  d i s t r : i bu t j -on  u

L ,4  "  The  a  de r i va t i ve  i n  t l r e  sense  o f  C is t r i bu t i ons  q i ves

r i se  to  a  con t i . nuous  ope ra to r

'|
3 : L i o c (  c ) a r r e  * ; - >  D ' ( a ,  l  f t 8 ,

w h e r e  E  s t a n d s  f o r  a  B a n a c h  s p a c e  (  f  =  H  o r  E  =  L ( H )  i n  t h i s  o a p e : :  ) .

The fu t rdamenta l  so lut ion of  the d i f ferent ia l  operator  a  j -s  the

func t i on  n - ]  / z  i n  t+  /d " \  + r ' \ 5+ '  ' i n
, o " ( C )  , t h a t  i s ,  a  ( I / z )  =  n 6

Therefore the convol -ut . ion ident i ty

;  F  *  (  n - t / ,  )  =  F. v

t r o ' i  r i s  t r r r e  -  w h e n e v e r

r u . 1 )

t -o  €  L i o " ( c ) s n t r ,  I r €  t ,  ( c ) f i E ,  s u p p ( 5 F )  c o m p a c r . , ,  t i m  l l n t z l i i  =  0
l 7 l - r  ro

No t i ce  tha t  supp ( ; f )  i s  compac t , so  tha t .3 "  i s  a  s r roo th  func t i on  i n  t he



:"u-
.

t : e ighbourhood  o f  i n f i n i t y .  We  re . fe r  t o  (1 .1 )  as  to  the  (genera l i zec l )

Cauchy-Fompeiu formul .a  and to  the convolut i -on operator  vr i th  -  n- t / ,

as to  the Cauchy . t ransform.

the Cauchy t ransform u = v  *  (  -  , r - t / ,  )  o f  a  compact lv
- 4

Suppor tec i  E -va lued  d . l s t r i bu t i cn  v , i s  t he  r - rn ique  so lu t i on  j -n  D . ' (C )&B o f

the  equa t ion  l r  =  v  , van i sh ing  a t  i n f i . n i t y

s i *mi lar  s tatements fo : :  the operator  D are obta ined by

comp lex  con juga t i on .

We ment ion a lso the re la t i -on

(  a r l p  =  a ( F c p )  -  F  o c p ( L . 2 )

w h i c h  w i l l .  b e  u s e d  j - n  t h e  s 6 : r n . r e ' t  f n r . t r ' i n  L @ ( A )  A  t ( f i )  a n d

e  r - n  t ( C I )  &  H  T f  i n  a d d i t i o n  s u p p ( a f )  i s  c o m p a c t , t h e n

(  a  r ) < p  *  (  - n - 1 / r )  =  F e  +  ( F  3  c p ) *  h " L  i z )  ( I . 3 )

I

so that  the r ight  hand term conta ins only  poi .n twise mul t ip l " icat ions

between ope: :ator  and vector  va lued funcLions"

I . 5 .  The  i den t i t y  ( I , 2 )  f o l l o ros  by  an  app rox ima t ion  by  requ -

' l a r i za t i o r r  a rgumen t

Le t  qS  reCa l l  f i n : r ' l l r z  * l . r a  no ta t iOns  Cgngern ing  the  requ la r i za t iOn  Ofe r v : r J  v v t r \ / \ - r  L a l u  I \

d is t r i bu t i ons .  Le t  p  be  a  non -nega t i ve  e lemen t  c - r f  t ( a )  r  so  tha t

I  p h )  d u ( z )  =  I '

a n d  l e t  p ^  b e  t h e  f u n c t l o n  e ^ k )  =  0 - t  p  ( z / t . )  , e  >  0 .' e  e

We deno te  as  usua l l y  t he  regu la r i za t i ons  o f  a  d i s t r : i bu t i on  u  i n

D ' ( C )  A  n  b y  u _  =  u  *  t : . -  r  s o  t i r a t  a l l  L i -  a r e  s m o o t h  E - v a l u e d
e e 6

funct ions on 0 and l i rn  u^ = u in  the (weark)  topology of  the space
'  e- rO 

c

0 '  ( c  ) a n
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2. THE CONTRACTIVE OFERATOR 'FUNCTION

Tn th is  sect ion we g i r re  the basj -c  proper t ies of  the contrac-

t ive operator  funct ion associa. ted to  a hyr ;onormal  or :erator  anc l  we

prove ri 'heorem A

2 . r .  Le t  us  beg in  w i - th  a  few  conven t ions  and  no ta t i ons ,
t  Let  T denote throughout  th is  sect lon a hyponor*aol  operator  o11 the

s e p a r a b l e , c o m p l e x  H i l b e r t  s p a c e  H  , a n d  l e t  D  =  [ T * , T ]  d e n o t e  i t s

se l f -commutator .For  any complex nuinber  ) .  ,  T l .  and Ti  s tand for

t h e e x p r e s s i o n s  T -  l  a n d  ( f  - , 1 ,  ) * ,  r e s r : e c t i v e l y

s lnce  ,  D r /2Dr / z  ,  , i  r , I  f o r  eve ry  ) ,  i n  o  ,  t he re  ex i s t s. L L

by  a  we l l - known  resu l - t  o f  Doug las  Ig  I  a  un ique  con t rac t i on  c ( l )

- t n  L ( H )  , s o  t h a t

T *  r . / r \  =  o 1 / 2  ,  c ( ; . )  i  x . ,  T *  -  o- l  v  \ / ! /  
^

I t  i s  s t ra igh fo rward  to  check  tha t  t he  func t i on  C  i s  an  e lemen t  o f

t h e  v o n  N e u m a n n  a l E e b r a  L e  ( c )  & "  L ( H )  a n d , m o r e o v e r  i t  i s  a n
w

an t rana ly t i c  f unc t i o r i  on  the  reso l ven t  se !  p  (T )  g f  r .

c o n s e q u e n t l y  t h e  d i s t r i b u t i o n  a c  i n  t ,  ( c )  6  L ( H )  i s  s u p p o r t e d  b y

the spectrum o (T)  of  the operator  T .

fn  fact  we have the formula

o4

c  ( r )  =  s o - r i m  T . ,  I  t -  1 n . ,  (  d t  )  n L  / 2  ( 2  .  1 )
e + o  ^ ;  ^

where  Er  s tands  fo r  the  spec t ra l  measur :e  o f  t .he  se l f -ad jo in t
h

opera tor  T l  T .- u  - - - - - -  - ) '  
t \ '

2-2 .  We a l so  deno te  by  'T - r .  and  T ;  t he  co r res r )ond ino  ope ra to r

va lued  func t i o ' ' ' q  l - ra lnn ' r i nn  to  the  space  E  (A )  d  I - (H )  j



- - l  t ' - -
' 1 . :

l t :  :  
'

Because o f  the  na . tu ra l . rcon t inuousrb i l inear  mu l t ip l i ca t ion  map

r  t t )  6  L t H l  x  t ' ( C I )  6  L t H l ^ .  " '  ? ' ( c )  &  L ( H I _  Q . 2 )L  \ u / f  L  l l t  I  v  \ w /  r l  *  t  "  , o

, , & h e  p r o d u c t  ' 1 2  u  ,  w i t h  u  i n  , t ' ( C )  I  l ( f l ) , m a k e s  a  g o o d  s e n s e .

By taking the der j .vat ive in the relat ion of  def in i t ion of  C r l r re get

T *  a C  =  QL d  O  V  -  ' J

z

j -n  .0 ' rc )  &  L tH1 . I {owever rwe need in  the  seque l  a  s l iah '1 .1y  s t ronqer

r e s u l t .

LEMMA ;  Fon-  enu lsunet ion ;  e  in  D(c)  &  H and f  'Ln

)
l - ' { n - H l  L a a  l " , a v eu I v r r r y

( 2  , 3 )

pROOts.  t r {e  use the notat ions inLroduced at  the end of

Sec t . i on  1 .  Rer :a l l -  t ha t  C -  =  C  *  Q^e e

sl -nce

{ "  1  / )
T ' - C { w )  =  D - , "  (  z  -  w  )  C ( w )- ' z  v  \ r ' l

r^)a na|.
t "  "

1  / ' ,

T ;  a C " ( z )  =  D L / '  , f  a p " ( z - w ) d  p  ( w i  J  t i - w l ' c ( w )  a p " ( z - r v ) d  u  ( w )  '

t r ^
B u t  I  S p | Q * v t ) c ]  U ( w )  = 0 a n d , b y s e t ' t - l n g  e  =  / z - v t ) / e  r w e  o b t a i n

r * a c . ( z )  = -  [  c t z -  e e ) e  a P ( e ) d u ( e )
z e

Thus , fo r  a  g i ven  func t i on  I  i r t  C I ( r i )  &  l {  t he  se t

1 . : T  
'  
( r i  a c e  ( p  ,  r  )  2 , r  

=  o
e ) 0

I  r ] t a c " )  ( t )  :  E  >  o ]

i s  boundec l  in  t2  (4 ,  f t  )  ,  lence i t s  c l -osure  is  weakry  compacg '



' ,  ] ] ? ' : ' :  : '  " : ' . , . ]

- 1 1 -  :

A s  l - i m  T *  a c -  =  o  i n  D ' ( n ) 6 t ( H )  , , i t  f o l l o w s  t h a t
e + 0 a w

' l  
i  n tn*' I \ A \ .- n 

'

t l l l t  1 ,  (  a  U ^ ) Q  =  Q
-  - n  Z  cg- ru:

i n  the  Weak . l -n r . rn  I  n r t r r  ^  €  .  . l -h  r r  l l i  I  h r : r+ -  
)

. ,  _ . t  
:  

. . -  : f  ,

i s  comple te .

2.3.  Let  .1.  be a '"cbmprex number.?ro* the inequal i tv
r F  m *  /  ^ *  m  j r  l ^ 1 i -  

o

r r  r .  1 1  T 1  i t  f o l l o w s  t h a t  t h e r e  i s  a  u n j - q u e  c o n t r a c t . i o nL  L  L  A  :  ' -

Y'  K (  i ,  )  which.sat is f ies/\ , ,-..

iT l  -  K ( , ] . )  r ,  K (A )  l xe r  r t  -  o^ L L

.  As  i n  t he  case  o f  t he  func t i on  c  ,  t he  func t i -on  K  i s  a l so  an
- a  t r Oe l e m e n t  o f  t h e  v o n  N e u m a n n  a l g e b r a  L , ' *  ( C ) & ^ L ( H )  A  l i n k  b e t w e e n

. c .

the  func t ions  c  and K ap l rears  in  the  nex t  i .den t i t v  f rom f le j ,

where  P ( ) , )  c l eno tes  the  o r thogona l  p ro iec t i on  on . to  l { e . r  r :
L

T o  v e r i f y  ( ? . 4 )  , v t e  n o t e  t h a t  t h e  s e l f - a d j o i n r  o p e r a t o r s

r  -  P ( l )  ,  c ( , 1 . ) c * ( i )  ,  i ( * ( ) . ) K ( r )

van ish  on  Ker  T l  =  (  Ran  T ,  *  , n " r r "u  (2 .4 )  i s  egu iva len t  w i thL A

r i  (  r . -  p ( r )  c ( l ) c " ( l )  K * ( ; . ) K ( r )  )  r . r .  . - . o  ( z . s )

a B u r  r i ( r

r i  (  c ( ) . )c* ( l )  )  t l .  =  D l /2Dr /2  =  r . i r ^  -  r r r i  ,  and

r i  (  xn (,r")K (^) ) , t  = ,r.r i  ,

t h u s  r e l a t i o n  ( 2 . 5 )  i s  o b v i o u s .



As a  consequence o f  (2 .4 )  we have

1 / )
m  *  / r / 1  \  n I / Z  _ L  w * l t  \  . n *r \  - -  \ -  \ / t i  u  T  r \  \ L l  r -

h L

so  tha t r i n  v iew  o f  Lemma 2 .2  i t  f o l l ows  the  nexL

( 2  . 6 )

LEMMA The ide"nt i tq

T -  (  o C )  . r o  =  t i m  c o l / 2  D C - o  Q . 7 )z '
E O

hct . ( .d ,s  in  the wel , [z  toytc t togg o l !  t l te  . ,5pa"ce D,  lA)Af l  , .  {sot t  ant !  . [unct ion

a .Ln 0 (a . )  AH

2 .4  .  Nex t  we  res ta te  and  p : :ove  ou r  f  i r s t  ma in  resu l t  "

THEOREM A . .The  L rqpc ,nonma l .  oy te t ta ' t o t t  T  i n  L (H ]  i t  f r u tLe

i&  a .nd onX-g L{

H  = s p a n { c ( " ) *  z z € e , x € R a n D r / z  }-  
J f

PROCF.  I t  su f f i ces  to  Drove  tha t  t he  space

|  1  / )  )
^ l  I  ^ L, , r  D y c r r  1  , . - r z ) x  :  z ( A  ,  x  €  R a n  l ) - / o  ?

reduces  T .  I ndeed ,  t he  ope ra t "o rs  C( l ) ,  l .  i n  C  , t ake  va lues ,by  the i r

def rn i t j -onronly  in  the pu.re par t  o f  the sDace H

Let us rernark that

l - i m  z C ( z )  = - D L / 2

l z [ - r  o o

1  / )
hence Ran Dr ' *  C  r ! {  .  Because Ran c  ( } . )  =  I lan  c  ( i lDr /z  fo r

every ) ,  in C ,  iL f .o l lows

i , ' f  = s p a n  l c t r ) h  :  [ e  0 , h  ( + { }

J

The space l , {  .  j "s  obv ious ly  invar iant  f t : r  T
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By Lemma 2. 3 we have irr the space D ' (:g,J &H the f ormula

r  / ar  0 ( c h )  -  z  D ( c : n ,  n u i i g . n t / z A  ( c e  h )

for  every h in  H Therefor( j j ra f ter  a  cauchy t ransform we get

rc{h)h = nr /2h + h c ( / " )h +;1-r  (cnul)  6)  ;  * t  
,Tt  

t " r r /20(%h)* l  l  rar

.  f o r a n y  h  i n 0

This s l :ows that the space M 1s invar iant  for  the operator T,

and the  proo f  i s  comple te .

2 ' 5 '  W e  e n d  t h i s  s e c t i o n  w i t h  a  t e c h n i c a l  r e s u l t . I t s  m e a n i n g r

w i l - l  become c lear  in  Sec t ion  5 .

P R o P o s r r r o N .  L e - t  A  b e  a "  c o m p L - z x  n u m b e l 1 .  F o n  a n A  d u n c t i o n  V

(z -  \ )  o  rc* ( l ) . )  .?=  , , /28" .v  
1 l1g  

. *1A)cor /%ct "  v ( 2 . 8 )

haLd. t  t t tue"  in  thz  we-a-h  toy to , ( -og t1 .od  p1Ct6 ' i r

PROO! ' .  At  the operator  va lued d is t r j .but ion Level  we have

,  \  n . - + ' . ^ .  *( z - A )  o r c ' ' ( l \ ) c )  = c ' ( t ) (  T , , -  r -  ) ? c  = D I / 2 Q "  
" * ( A )  

r  D c.  -  - z  ,  v  \ . ! /  t z r -

r  T l ' r a  n r n n f  i  ,  -  ^ . - L ^ ! :  r - -  |  r  - ,  ,a r r s  r / l v v r  r s  c o m p l e t e d  b y  s u b s t i t u t i n g  i n  t h i s  e q u a t i o n  t h e  r e l a t l o n  ( 2 . 7 ) ,

I



3. COMFLETE UNTTARY TNVARTANTS

As ind icated ear l - ier rour  nra j -n  qoal  is  to  construct  a .n appro-
pr ia te complete uni tary  invar j -ant  fo : :  a  pure hy1:onormal  oper :ator  T
by  us ing  the  assoc j -a tec l  con t rac t i ve  op , : raLo r  f unc t i on  C

rn  fac t  wb  exh ib i t  i n  t h i s  sec t i on  two  k inds  o f  i nva r ian ts ,

bo th  o f  t hem de f i r red  on  the  c losed  subspace  {  =  (  nan  L rn rTJ  ) - .
A l though  these  i n ' ra r i an ts  ex i s t  i n  a  genera l  con tex t r i t  j - s  wor thw i l e

to  remark  tha t r i n  two  re levan t  s i t ua t i ons r they  na tu ra l l y  a r j . se  by  a
geometr ica l  approach.

There fo re r i t  i s  reasonab le  to  beg in  ou r  i nves t i ga t i . on  by

.  s tudy. ing these two n j -ce cases.

3 .1 .  f ' t : : s t r l e t  us  assume tha t  t he  se l f_commuta to r
f - * " li  D  =  L r  , T J  ' o f  t h e  p u r e  h y p o n o r m a l ' o p e r a t o r  T  i s  o f  f i n i t e  r a n k ,

A  we l l - known  resu l t  o f  c l ancey  and  wadhwa fe  ]  asse r t s  t ha t

the rest r j -a t i .on of  thre contract ive operator  funct ion c  on the

r c s o l v e n t  s e t  p ( 1 ' )  o f  T  i s  a  c o m p l e t e  u n i t a r y  i n v a r i a n t  f o r  T ,

y  the  " r i g id j - t y  t heo rem"  o f  cowen  and  Doug las  [ z  ]  i t

fo l lows that  T is  determ: i -ned up 1:c  i lnJ. tar -y  equiva lence by the

herm i t i an  a ' t i - ho lomorph i - c  vec to r  bund le  de f i ned  ove r  p  (T )  bv

the correspondence

p (r) ]  , t  "**-*.) Ran C (l). ( 3 . 1 )

Mo : :eove r r the  resu l t s  o f  cowen  and . I Joug las  p rompts  one  to  comou te

the  cu rva tu re  ope ra to r  o f  t h i s  vec f .o r  bund le .By  a  d i rec t  compu ta t i on

o n e  f i n d s r a s  a  m c r e  o r  l e s s  e x p e c t e c l  c o n c l u s r - o n , t h a t  t h e  I . ( X i  - v a l u e d

rea l -ana ly t i c  f unc t i on  O  de f i ned  by

o  :  p ( r )  t  ( x l  ,  o ( I )  =  c *  ( r ) c  ( I )  ( 3 . 2 )

i  e  . a  / i r r m r \ ' l  a # a  r r n i  * - r - . r  i  - , ' - - . i  ^ - r  J : ^ . ^  r f l\ . v r , , | , r . !LE un i ta ry  invar : j -an t  fo I :  , I



E l n r& v !

T  h a r r i  n n  # l r a

by  a  sca la r

L l  -  F h o n  t h o
|  |  f  e . . v r ^

a
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examplerthe unj- tary orbi t  of  a Dure hyponormal operator

ser f -commuta tor  D o f  one d imens iona l  rancre , is  de termined

f u n c t i o n . M o r e  D r e c : i - s e l v . i f  o n e  d e n o t e s  D  =  h s h  , w i t h  h  i nJ  t  L L

conlp lex va lued real -analy t ic  funct ion s  def inec l  by

g : p ( r )  - _ - ) 0  ,  S ( . 1 . )  =  J l  C ( ) , ) h l l

i s  a  c o m p l e t e  u n i t a r y  i n v a r i a n t  o f  T ,  
" " "  I a ]  , [ O ]. :

( J .  J i

3 . 2 .  O u r  n e x t  e x a m p l e  i s

Le t  p  ess  
(T )  deno te  the  essen t i a l

a  pure hypono: :ma1 operator ,  for  any

t i r l  l - s  rnve r t i b le rhence  we  f i nd

Thus the

based  on  a  d i f f e ren t  assumpt ion .

r e s o l v e n t  s e t  o f  T . . S i n c e  T  i s

,1 ,  i n  p^^ , ^  (T )  t he  ope ra to re s s

the  fo rmu la  ( see  fo r  i ns tance  L r  J  I

c (A) = r . t  ( r i r l  ) - tDr /2 , ( 3 . 4 )

f unc t i on  C

We suppose

is  smoo th  on  p  
ess  

(T )  .

fur ther1 on that

f

s p a n  {  C ( I ) x  :  l € p ^ _ _ ( T ) ,  x  € X  }  = , /  "C S S  J ( 3  "  5  )

Le t ,  g  deno te  the  un io i  o f  a l_ I .

/rrr \ Lp e s u  \ r ' l ,  s o  t h a t  0  i s  a  s r : b s e t

Cauchy trans form argument qj-.,zes

span

'1'ne resu

we have

bounded connected :comnonents 
of

o f  t he  spec t rum o  (T )  o f  T .  A  s imp le

t h a t  ( 3 . 5 )  i s  e q u i v a l e n t  w i t h

{ ? c t * 1 "  :  o )

l " ts  proved I

r ( \
e  i 6

n  Sec t i on  2

^ , /  1
r  X f  A  j ( 3 " 6 )

show that fo:: any ri  in 0

" p u t r {  
O c ( c o ) x  ,  *  6 . X }  =  K e r  T ; ( 3 . 7 )

and  the  e igenspaces  Ker  T f r  ca rac te r i se  the  un i ta ry  o rb i t  o f  T .

More  p rec i se l y , f rom the  a l ready  men t ioned  work  o f  cowen  and
uougras  L7  J  j - t  f o l l ows  ' t ha t  t he  genera l i zed  he rm i t i an  an t j - -ho lomornh ic
vec to r  bund le  E ,  de f i ned  ove r  A  by  the  co r respondence

1



* 1 6 -

Q J rrl -**;*\ Ker ti = Our', aC (co) C H ( 3 . 8  )

( 3 .  e  )

( 3 .  1 0  )

d.ef  ined

t z n n l n r

l S a

Since

image

complete uni tary  invar ia .nt  for  T.

Let v be a vector i-n Ke:: T*' ( 0

T, .  j - s  i - n jec t i ve r the  vec to r  v  i s0)

T v .But  we have
0)

,  fo:: a f ixed poj-nt co in 0

un:Lquelv  determined by i ts

T.o = c (ro) aL/z + xo t ,* l)r l

and consdquent ly  Trr  = C(<^ l )  o \ /2u , ,so that  the vector  v  is  un iqueiy

de te rm j .ned  by  i t s  image  oL /2u  i n  X

Novr r l e t  r  deno te  the  l (X ) -va luec l  f unc t j -on  on  a  de f i ned  by

f : e - * _ > L \ X l ,  r t c o )  =  D r / z E C ( c r )  .

From the last  remarks,we obta in t i ra t  the vector  buncl le  F r
by  (3 .8 )  i s  equ i . r za len t  w i th  the  he : :m i t i an  an t i -ho l -omcrph i . c

bund le  lm  de f i ned  ove r  $ )  by  the  ass j -gnemenc"t'

0 ) t :  - - - - _ l Ran 1l (co) C X . ( 3 .  1 r  )

We may  resume by  asse r t i ng  tha t  i f  T  sa t i a f i es  the  cond i t i on

t ^  F  \( J .5 ) ,  t he t r  t he  func t i on  f  i s  a  comp le te  un i ta ry  i nva r ia r r t  f o r  T .

I t  - i - s  r e l - e V a n t  t O  p O i n t  o u t  t w e  i m n a r + = n r -
I J v l r r u  v u L  L w u  l r r r y v !  u o r r L  r ; r ' O D € I L . i € S  O f  t h e

i nva r ian t  f  F i r s t rwe  no te  tha t  t he  func 'b ion  I -  i s  n ro jec t j . on -va lued .

T n d e e d , f r o m  ( 3 . 7 )  a n d  ( 3 . 9 )  w e  f i n d  t h e  e c { u a t i o n

r  aC (o) = C (co) Dr/z ' )C (co) 
"

B y  C i f f e r e t i a t i n g  i t , w e  o b t a i n

,  |  ,  / c  )
a c ( < r : )  +  T . .  a ' c ( t . , : )  =  a c ( c o )  D ' / ' a c ( c o )  +  c ( c o )  D ' / '  a ' c ( t o )  .(t)



; T J .

From r *aC (o : )

we get

a 2 c ( r o )  *  c
1  l a  , )

r t , . ' \  n r /  z  q a r :  l , - \
\ u r . r u  o  \ - \ u J / ,

Thus

ac  (o )  =  8C (co  ) r s r /2  c  (o )

and consequent ly

f ( c o )  = I ( t o ) '  ,  o e  Q . ' ( 3 . 1 2 )

about thesecond , i -n . : .connect i -on wi th  our  ear l ier  comments

vec to r  bund les  gT  and  nT  rwe  po in t  ou t  t he  equa l i t v

. rank f (<,:) = dim Ker T*
0)

which impl ies

Trace I (<o)  =  F  ind  (  f  -  to  )  * ( 3 "  1 3 )

Le t  us  remark  tha t  bo th  p : :ope r t j - es  (3  . I 2  )  an<1  (3 .  13  )  do

no t  depend  on  the  assumpt ion  (3 .5 ) .  Th i s  assumpt , i on  i e f l ec t s  on l y

the  fac t  t ha t  I  i ' s  a  campx-e - te  un i ta ry  i nva r ian t  f o r  T .

Moreoverr le t  us ment j -on in  pass ino another  j -mpor tant

consequence  o f  t he  cond i t i on  (3 .5 ) .Fo r  de ta i l es  the  reader  i s  adv i se< l
T " l r r

t o  c o n s u l t  ' L 7  
J  o r  L 1 3 J  .  A s  w e  a l r e a d y  n o t i c e d ,  t h e  c o n d i t - i o n  ( 3 , 5 )

impl ies that  the.  hermi t ian ant i -horomorphic  vector  bundle r tm' -t'

de f ined 'by  (3 . r r )  ca rac te r i ses  the  un i ta ry  o r l : i t  o f  T .  The  eou i - va lence

c lass  o f  t he  vec to r  bund le  n  -  can  be  desc r ibed  i n  te rms  o f  a  f i n i t e
r J '

number  o f  de r i va t i ves  o f  i t s  canon lca l  cu rva tu re  ope ra to r .

But  a  d i rect  computat ion shows that  the der ivat ives of  the canonica l

curvature.  operato i lcan 'be expressed by us i -nq appropr la te der ivat lves

o f  t he  func t i on  f

* )=  O  w e  a l s o  h a v e  T -  A ' C  ( o j ) =  O r a n d  b y u s i n g  a q a i n  ( 3 . 9 )

T
CD

Ard O/ .alt trt



r t  turns out  that  two pure hyponormal  operators T and fy

wn lch  posses  the  same essen t i a l  reso l ven t  se t  and  wh ich  sa f i  c f r ru u u  q r r q  v y t r r u r l  D C f L l . I j I y

the assumption

span L,j Ker r: = span { J Ker r,,, f  = H (3. r4),
oia o 

,^)iln 
*0)

are  r rn i t a r i l y  equ iva len t  i f  and  on l y  i f  f o r  any  po in t  o  r -n  C I
' t he re  ex i s t s  an  un . i . t a ry  ope ra to r  &

u ,  ,  (  Ran  f r * , r l  ) -  : - - ?  (  Ran  [ r , l r ' j ) -

such that

. uJapdq r(o)ufi = '6v64 r'to)

for  a l l  0 I  p,q (  d im xer r f , ,  = dj-m Ker t i  
o 

"

( 3 "  1 s )

3 .3 .  The  rema ing  pa r t  o f  t h i . s  sec t i on  i s  devo ted  to

es tab -L i sh  the  ex i s tenceo in  the  genera " ! -  case ro f  t he  l nva r ian ts  i i r t r o -

duced above unde: :  ad i t ional .  assumpt :Lons.

We use L,he same notat ions as - i_n Sect ion Z.

PRoposr r roN.  T l , te  ge lLm cL t  i l ' Le  i .ng in i t l l  c tg  L l te  L (x ) -va . I " t ted
'dtLnet ion @ = c 

n 
c i 's  a 

" : -o*yr. . -u. tu 
uni tet t i  i -nvan.Lctnt  6or,  cr  put .a.

ope.na-ton T

PRoor.  Let  r  and T '  be two pure hy1:onormal .  o1:erators

on  H  and  l e t  D  ,  C  ,  and  D '  ,  C ,  deno te  the  se l f - commuta to rs  and

the  co r respond ing  con t rac t i ve  o r )e ra ro : l  f unc t . i ons  o f  T  and  T r  .

L e t  X  -  (  R a n  D  ) -  a n d  X '  =  (  R a n  D '  ) *  a n d  l e t  u s

suppose that  U :  t  * *> X 
t  is  a  l rn i tary  operator  sucLr  that

U C * ( z ) C ( z )  L l *  =  C o * ( z ) C ' ( z )  ( 3 . 1 6 )

-lir!?



for  z in a neighborhood of  i "nf in i ly .By id.ent i fy ing the power

expans ions , f rom (3 . f0 )  j - t  fo1 lov , rs  eas i l y  tha .b

v n r / 2 f f  n t r L / 2 u *  =  D ,  t / 2 , t , : . ) T , , * m D , r / 2  ( 3 .  1 7 )

f o r  a l l  non*nega t i ve  i n tege rs  n  and  m.

On  the  o the r  handrwe  have  the ' f o l l ow ing  b racke t  re la t i on

r r - l  o - 1
f . * p  . 1 g - t  . "  , ; t  

- * r - S  r - *  a  r r - I - q  * o - l - r  | a
L r ' - r ' f  

- l  :  L  u  r  r  L _ r  , T J  T ' L  :  " T  t  
\ c . I B )

f =0  s -o

B y  u s i n g  a n  o b v i o u s  i n d u c t i o n  a r g u r n e n t , f r o m  ( 3 . f 2 )  a n d  ( 3 " 1 8 )

we  ob ta in

i , p l / 2 t n * * P t e t * * n r / 2 v *  =  D ,  t / 2 r , t T , * p 1 , e 1 l  m o  , L / 2  ,  ( 3 .  1 9  )

Sj "nce  T  and  T '  a re  pu re rwe  have

s p a n  {  r a r * m o t / 2 x  :  q , m  }  o ,  x  (  X  }  = + t

and

Now we can def ine the uni tary  operaror  V on +(  bv set t ing

n  * f -  1 / )  n  , * m ^ , I / 2
V  (  T ' 1 T ' L L L D L / L x  )  =  T ' t i T '  D '  u x  ( 3 . 2 0 )

B y  ( 3 . 1 9 )  t h e  e q u a t i o n s  ( 3 . 2 0 )  r e a l l y  d e f i n e  a  u n i t a r y

opera to r  and rmoreove r ,  V  T  =  T t  V  .  Thus  T  and  T '  a re  un i ta r i l v

equ iva l -en t .

3 .4 .  Our  nex t  t ask  i s  t o  p rove  the  second  ma in  resu l t
:

n f  { - } r a  n ? n 6 r

s p a n  { r ' a r ' f t D ' ] ' / 2 * '  .  q r m > 0 ,  x ' F  K '  !  
= + t '
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THEOREM B.  Th .e  L (X l  -vaL-ue.d '  comytaet .Lq  t tLpy ta t t .ed  d i .A th . ibu t i t tn

r  ^ L  / 2 nJ = D-' - d C comp!-e-X.o unito"tt-t1 in.va)tt-a-nt 6on a- frutLQ, LrAprittottmaL

opa.na" ton  T

p R O o r , L e t T a n d T ' b e t w o p u r e h y p o n o r r n a 1 o p e r a t o r s

o n  + 1  .  I { e  d e f i n e  D  I  C  ,  X  ,  a n d  D /  ,  C ,  , k ,  ,  a s  i n  t h e  p r o o f  r

o f  P r o p o s i - t i o n  3 . 4
a

1 / ' r ^  a  t
a n d  l n '  =  - D ' ' L  /  " ?  C '  a n d  l e t  u sLer  r  =  -D}  /2Q c

t t  , r lsuppose that U z K -+ X is a uni tary operator such that

. * ,
U f U = f

By applying bhe Ci:.uchy transform one f inCs

, ,  , , L / 2  r  ( z \  , ,  
*  

:  , , n r / 2  / - '  t r y 1u  u  u \ a /  \ , ,  -  L J  \ -  \ t l  r

But  by Letnma 2.3 we know that

r  t ? c l ' P  =  z j c ' V  +  l i m  c  D L / 2 0 " , ' V
t-+ o

fo r  any  func t ion  A in  D rc )6  X  ' .Then i t : fo l lows tha t
l -

( 3 . 2 1 )

( 3 . 2 2 )

, r / 2 rn+L  t ?  c l  . cp  =  z  D r  / 2 rnQ" . rp  *  ] l . q  n r /Z rncoL /2 ' b  oe .?  :' 
e-* Cl

Nowrby  an  i nduc t i on  a rgumen t r f rom (3 "22 )  and  the  l as t  equa t i ons  we

ob ta in

U D t / 2 T n c  ( z ) u x  =  D ,  t / 2 1 ' " , n c ,  ( z )  ( 3 . 2 3 )  o

But  for  any z  in  a neighborhocd of  in f in i ty  we can wr i te

the power expansion

*  
) = a 1 / 2 r . r - - o r / Z  f  T n / r n *C  { z )  = D - ' - T r -  =  

n } i l

and  a  s im i la r  exp rcs ion  fo r  c ' *  ( r )  -



t1l I ir i

* '  
=  f  t * / , r \  ( - ,  r . t \-  u  \ z l w  \ - ,

B y  ( 3  . 2 4  )  w e

for  large va lues of

b y  P r o p o s i t i o n  3 . 3

+ .

r l : ' f ; , : i i j i
I

* 2 L *

U C

f ind

*  
( r )  

"  
( i )  t i { 3 . 2 5 )

l z l , thus and  T '  a re  un i ta r i l y  equ iva len t

FUNCTTONAL MODEL

Daoxi .ng Xia was the f i rs t .  who remarked ,  and s ince then

his  paper  i , .22!  is  a  bas ic  reference of  the theory ,  that  every pure

hyponormai  operator  can be real ized on a d i rect  j -n tecrra l  over  the

rea l  l i ne ras  a  comb ina t . i on  be tween  mu l t i p l i ca t i on  oDera to rs  w i th

bounded measureable funct ions and the Hi lber t  t ransform.  Thal :

approach was in tens ive ly  and succesfu l ly  used in  the s tudy of

t h i s  c l - a s s  o f  o p e r a t o r s  ,  c f  .  [ Z j '  [ t 5 i  '  i 2 4 J .

On the other  handrmost  of  the concrete hvponormal  and

espec ia l l y  subnorma l  ope ra to r : s rac t  na tu ra l l y  on  func t i on  spaces

de f ined  on  a  doma in  o f  t he  comp lex  p lane .However ron l v  the  l as t

years brought  some I1ght  in  the two*dimensional  reDresentat . ion

problem for  arb i t rary  hyponormal  operators (  wi th  rank-one

sel f -commutator  ) ,c f  .  Ia ' t  " [ : .e l  ,  i rA j ,  [Z l ]  .
L  J ' I ,

rn  a  p rev ious  paper  [ tU  J  i t  was  deve loped  a  qenera l  f r ame-

work for  proc luc ing two-c l i rnensional  funct ional  models  for  arb i t rary

hyponorma l  ope ra to rs rby  s ta r t i ng  w i th  a  genera t . i no  subsnace  o f

e igend is t r i bu t i ons  o f  t he  ad jo in t  ope ra to r .  Theorem A  above  n rov j -des

a  canon ica l  and r in  a  gener i c  sense rm in ima l  subs r :ace  o f  such  e igen -

d is t r . i "but ions.This  sect , ion is  devoted to  i ts  correspc. rnc l inq

two-d imens iona l  s ingu la r  i n teg ra l  mode l .
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4 .1 .  We r€ca l l  a  f ew  o f  t he  no ta t i ons  i n t roduced  in  the

preceding sect . ions "  Let  T be a hyponormal  operator  on the l i i iber t

s r race  H  ,and  l e i !  D  =  f  rn , r : J  s tand  fo r :_  i t s  se l f - commuta to r .

C is  the associated contract ive oper- 'a tor  f i - rndt ionrwi th  the i -n . i - t ia l -

s p a c e  X  =  (  R a n  D  ) -  a n d  r  =  -  n f / Z  a C

4 .2 .  I n  v i r t ue  o f  Theorem A  aboven the  c losed .  l i nea r  sDan

in  the  sapce  * * ' t  H  )  o f  t he  e le rnen ts  t  c . x rw i th  x  i n  X  , i s  a .  

e

genera t i ng  subspace  G  o f  e j -gend is t r i bu t i ons ,  f o r  t he  r :u re  pa r t

o f  t ' he .  ope ra to r  T ,  i n  t he  te rm ino l .ogy  and  w i th  the  no ta t i ons  o f  [ t g ]
' d

consequen t l y ,  t he  compres lon  K ;  o f  t he  c i s t r i bu t i on  ke rne_ l_  K*I '  - T

t o  t h i s  space  i s

x f i t  w , z  )  -  ; *  D ^  c * ( w ) c ( z ) ,

The  rema in ing  pa r t  o f  t h i s  sec t i on  i s  devo ted  to  res ta te

in  a  more  p rec i . se  fo r rn  Theorem 4 .6  f ro rn  i i a  ]  , i n  t he  case  o f

th i s  genera t i ng  subspace .  Fo r  t he  sake  o f  comp le teness  we  a r ro id

the  re fe rences  to  tha t  paper

4"3.  Let  us assume in  addj - t - i -on that  T is  a  pure hvponor-

mal  operator

Le t  | |  be  the  separa te  co rnp le t i on  o f  t he  space  ? (c )xx

wi th respect  to  the seminorm

2  t t  r  i i  )
l l  a l l  -  

=  l l  J c ( z )  b q Q ) d u . ( z )  l l , , '  , < ? € D ( o ) e X  ( 4 . r )
H { t

I t  i s  p l a i n . t o  c ] : e c k  t h a t  f h r .  o n a t a f n r ^  U  r  H  . * 1 ,  f l  d e f i l e d  b v -

u (  ( p  )  -  J c t r l  D < p z ) d u ( z )  r  e  €  ? ( c ) x X ( 4 . 2 )



i s  an isometry"  Moreover  U is  onto because of  Theorem A and c) f

the assumpt ion on complete non-norrnal i tv  (  compare wi th  the proof

o f  co ro l l a ry  5 .2  f rom [ ta ]  )  "  r t  i s  a rso  s t ra igh t fo rward  to

ver i fy  that  the mul t ip l icat ion operators wi th  z  anc l  Z on
r l

? (a )m X  induce  two  we l t  de f i ned  bounded  l i nea r  ope ra to rs  on  11  |

wh ich  w i l l  be  deno ted  by  the  same symbo ls , respec t i ve r r z r

The  ma in  resu l t  i s  t he  fo l - l ow inq .

4.4,  THEOREM Le,t  T be a f rutLe. I ' tqytonotLmd"L oytzna,ton on

tt 'te Hi\-bent ar)cLcQ- t ' l  , ancl .(-et u : f l  -, H be. t lte clruLe;ytondinst

uni t .a.n-q ope.naton, de{;Lned on t lne dunct ion Apa,ce l l

T t te  Ic tX- l -owing  idzn t i tLz ,s

n l * *
U  T  U ( < P )  =  z Q

u* r  u (cp )  =  z (pb )

c i  u *  f r * , r J  u t o )  =  T T  
- 1  

/  o t / 2 c ( z )  a  < p ( z ) d u  ( z )

L to ld  t t t ue  6an  evQ. tLA  (unc t i on  <e  i n  t  (C I )  F  X

PROOF. L 'e t  A d,enote throughout  th is  sect ion an arb i t rary

e l e m e n t  o f  ?  ( C ) o  X

a)  We have  success i ve l y  by  S tokes  theo rem

m * r r  / , ^ \  |  - *  -
r  v \ \ y /  )  L  C ( z )  D c p ( z ) d u  ( z )  =

=  /  o t / ' u * ( z ) d u  ( z )  +  J  c t z l a  (  Z , p  )  ( z ) d u  ( z )  =

=  ' u (  z e  )

b)  In  o rder  to  p rove  the  ident i t y  b  )  we reca l l  the

re la t  j .on  (2 .1 )  ,wh ich  combined w i th  the  observa t ion  ( f  .  2  )  f  ronr

the  pre l im inar i -es  y ie lds



T ' t l ( 9 )  =  
I  T c ( z ) a < p k ) d p . ( z )  =

B e c a u s e  U ( c p )  =  O  w h e n e v e r  s r " r p p  ( e )  i s  d i s i o i n t  o f  o ( T ) ,

we puf ;  by def in . i - t . ion

U ( ( r ) = L i i x { r )  ,  0 € E ( a ) e j  X ( 4 . 3 )

fc r  " r .ny funct ion x  j -n  t (c)  wi t l :  x  ;  I  in  a  ne. : iqhborhoocl  o f

cr  (T)  Thi  s  i -s  r "h.e mea.n ing of  the exD:res is ion iJ  (  l . '_a I  1 /Z )  ,whi les '
t he  l as t  eq r ia l i t . y  i s  a  conven t lon  o f '  no ta t i on .

' t.  
c . )  Before to  comprtLe the:  se] - f * -c+mmutator  cr f  the o"Jerator. - - - _

Jl
: t i  1 ' 3 i , l e t  us  re ina rk  t . ha t  t he  j -den t i . t y  b i  can  be  re fu rmu ia toc l  i n  t he

fo l lo t , r i -ng non*Cist r ibu. t ional  for rn :

b)' u*tu(ro) =f, z(p - nri |c,p .,r*1 J 
oY'! (. i l*tu-Ci d i i  (c)

e z

Therefo::e we qet

? t *  x  - t

t 1 "  iT * , ' r J  u  ( cp )  =  [u * t *u ,  u * tu  I  (<p )  =

- I  (  r ' l / 2 n , . , ,  r . ^ / z \ . r , ,  t r \E  T I  J  D  u \ g J  c ,  ( P \ g / u  U  \ L l

arrd the proof  is  co inplete.

, : r.tt:r:i i



r i *  [ - n * . n ' f-  t - J
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4.5.  t r {e remark f inar ly that  the r :anqe of  the operator

u  c o n s i s t s  o f  c l a s s e 5 o f  c o n s t a n t  f u n c t i o n s  l i k e  x  e  x

X .  Mo: leover,  a short  computat i -on which wi l l  appear i -n

sec t ion  shows tha t

u (  x e x ) -  n a L / 2 * x €  x

POSTTTVE DEFINITE KERNELS AND HYPONOR.I{ALITY

The  func t i ona l  mode l  o f  a  pu re  hyponorma l  ope ra to r  T  i n

|  |  t t \
L{  f (  I  ,wh ich  was  desc r ibed  i n  the  p reced ing  sec t i on , re l i es  on  t i , r o

opera to r  va lued  ob jec ts ,  name ly  on  the  ke rne l

K ( w , z )  =  c * ( w ) c ( z ) t  L t o ( o ' )  f i s  L ( x )

and  on  the  un i ta ry  i nva r ian t  d i s t r i bu t i on

r  =  -  o r / z 0 c e  t t ( a )  a  t ( x )  6

T h e y  w e r e  r e l a t e d  b y  t h e  e q u a t i o n  ( 2 " 8 )  .  T h e  p u r p o s e  o f  t h e  f i r s t

n a r { -  a F  F h  i  c  s e c t i o n  i s  t o  c h a r a c t e r i - z e  t - h o s e  n o s i  f  i  r r e  d e f  i n i t et / q !  e  u v v  s r v l t  r J  u v  v l l q L  q u  L g I  J _  z c  
J / v J  

r  L f ,  !

k e r n e l s  K e L * ( c 2 )  a  L ( X )  w h i c h  p r o d u c e  a s  i n  T h e o r e r o  4 . 4

a t  t he  l eve l  o f  an  assoc ia ted  f i r s t  o rde r  Sobo lev  space  w i th  respec t

# n  # h a  n n a r : 1 - ,  
n

vr /u r  *  -c r  c i  ,  pure  hyponormal  opera tors  "

D n r r n h l r r  c h 6 a L i n ^  t h e  k e f n e l  I  -  K  t U f n S  O U t  t O  b e ,  i n

weak  sense f  a  ge r re : :a l i zed  ana ly t i c  f unc t l on  (  i n  t he  te rm ino logy
a

Vekua  )  o f f  t he  d lagona l  o f  t he  space  f f "  ,  sub jec t  t o  a  un i fo rm

kroundedness  cond i t i on .  The  equa t ion  o f  de f i n i t i on  fo r  K  i s  p rec i se l y

( 2 . 8 ) r w i t h  t h e  d i s t r i ] : u t i o n  f  a s  a  g i v e n  d a t a .  T h i s  e q u a t i o n  w a s

s t u d i e d  f o r  t h e  f i r s t  t i m e  b y  C l a n c e y  l - 4 1 ,  j - n  t h r e  s c a l a r  c a s e  (  o f

hyponorma l  ope ra to rs  w i th  rank -one  n . r r l " i *mu ta to r  ) .

We  shou l -d  men t ion  tha t  t he  ke rne l  assoc ia ted  1n  a  s im i l a r  wav  to  a

n O r m a l  o n p r a 1 .  o -  . i  c  n F f  + 1 . ' n  ' l i : . . n n - , ' l  n €  , r 2  A n  r n a l r r 1 .  i  r 1  f U n C t i O n  i n  t h er r v ! r r r q +  v y s r a L v !  l _ )  / u r I  L r . t t j  L t _ L ( : . g \ _ r l l d - L  L J I  L L  , c t I I  d I l c l I - y  L l - \ -

q

o f
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f i rs t  var j -ab le and ant i -analy t ic  j -n  the second var iab le ,  c f .  [ t8 l  "
rn  the  l as t  pa r t  o f  t h i s  sec t i on  i s  desc r ibed  the  p rocedure

o f  recupera t i ng  the  ope : :a to r  T ,  and  i rnp l i c i t e l y  t he  H i l be r t  space

t 4 ,  , f r o m  t h e  k e r n e l .  c * ( r )  C ( z )  , w i t h  I w l  ,  t z (  > >  0 . r t  t u r n s  o u t  t h a t

the  cen t ra l  ob jec t  i n  t h i s  cons t ruc t j -on  i s  a l so  a  pos i t i ve  de f i n i t e

k a . r n r . ' l  r ^ r h ' i  n h  '  - ^ . l  -  ^ c  r r  - - - - -, \ v ! r r s r ' rw r l ru r r  depends  on  a  pa i r  o f  d i sc re te  va r iab l -es .  f t  i s  cha rac te -

r ized by a L i -near  equat ion together  wi th  a boundedness condi t ion,

5.1.  THEOREM ;  Let  X be,  cL Aa.pcLlLa,bI -Q- HLLbQ-tLt  Lpaeq a"nd l -z t
a

K z  aa  *+  |  (X l  be .  cL  mQ.a .6uneab ! .e , y toa i t i ve  d .e [ i n i t e  ( l unc tLon  w i i l t

the (o X- I -owing ptLo f r  a- lL t ieL

a )  T h z n e  i t  c L  c o n y t a n t  M  , 6 0  t h c t t

l l  K . ( w , z )  l l  =  M (  1 + l w z l  ) - r ( s .  1 )

6c, n ev e-lLt1 yta.,Ltc (w , z) € tr2 , and

b  )  The t t z  j - L  cL  con tpc te t l - a  Lupp l f t t ed .  d i y t t L ibu t i c tn  f  i n

D  ( a )  &  L ( . X )  , , s u c h  t h a t  ( 1 o n  e v Q - t L q  ( l u n c t i o n  t ?  i n  0 ( c )  6  X  , t l t e

neLo" t i o  n

Then  the tce  ax - i . t t  a  H i l beh . t .  Apa -cQ.  H  a .nd  a  puLe  h t l pono t tma l

o y t e - n c t t a t  r  i n '  L ( t l l ,  a n d  a "  c n n o n i c c t l  L l o m Q i n i c  z m b o d d i n g  0 {  t l , t z

t p a c e  (  R a n  D l  / 2 )  i n t c t  X , , s o  t h a - t

K (w,  z  )  =  c* (w)  C,  (z  )  a .Lmo,s t .  e -vengwl te - t te  in  a2 ( s . f  )

K ( w , z l  f  t z )  t p  ( z )  ( s . z )'  ( w - z ) ' ^  T
I t , K ( v r , z ) J g k )  =  r ( z ) Q ( z )  - r l l [

hc:X-d . t  tn -ue  in  the-  we-a-h  to ,y to ! -ogA o  d  CI  (c2)  &

a n d

1  / a
f ' t  ^ I / Z A n
f - - u u u e ( s . 4 )
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PROOF. We d iv ide the procf  o f  the theorem in many steps.

L ) T I ' L Q - K 0 . L m o g 0 / L o v [ a ' c t o t t i z c t t i o n o ( t l , t e . h e - n n z { - K

By  a  genera l  we l l * . kno r+n  resu l t  due  to  Ko lmoqorov rsee  fo r

f - 9

i n s t a n c e . t i 4 l  f o r  a  p r o o f  i . n  t h e  s c a l a r  c a s e , t h e : : e  e x j - s t  r  a  H j . l b e r t

space # and l inear  bounded onerat - .ors

c r ( z )  :  K * +  J t  z C c ,

so  tha t

* )
K  ( w , z )  =  C I  ( w ) C ,  ( z )  ,  ( w  , z )  (  t '  '  ( 5  "  5 )

Moreo r re r  - f ho  m i  n " ima l  q r ra r - ' p  
"b l  v r i t h  t h i s  p rope r t y  ,wh ich  j - s  genera ted

h v  l - h o  r r o r - f n r s  C . ,  ( z ) x  r  z t f f  ,  x * Y  ,  i s  u n i c { u e  u p  t o  a  u n i t a r y

i somorph is ru .

Then the proper t ies of  the kernel  I {  are t ransmi ' t ted to

t h e  f u n c t i o n  C . , . N a m e l y , o n e  g e t s  f r o m  ( 5 . 1 )  t h e  e s t i m a t e

l l  c r ( r ) l l  2  =  i v l (  1 +  l r l 2  ) - 1 ,  z € c ( 5 . 6 )

and  s ince  K  i s  measureab le  and  the  space  , f t  i "  m in ima l  i t  t u rns

ou t  t ha t .  C t  i s  a l so  an  ope ra to r  va lued  measureab le  func t i on .

T h e  e q u a t i o n  ( 5 . 2 )  i m p l i e s  t h a t  C r  i s  a n  a n t i - a n a l y t i c

f u n c t i o n  o f f  t h e  s u p p o r t  o f  t h e  d i s t r i b u t i o n  [ '  . I n d e e d , a  F o u r i e r

f r . a n q f c r r m  A r . t t r m a r r J -  n r  , a r 1  o V a l U a t i o n  O f  X  - X ( W r Z )  i n  a n  a p n r O p r i a t e

S o b o - l e v  s p a c e ,  s h o w  t h a t  t h e  d i s t r i b u t i o n  b  , x { * , 2 ) , t p ( 7 )  
c a n  n o t

be  suppor ted  by  the  d i . agona l  , f - o r  eve ry  A  i n  ? tA l  6  K

B e c a u s e  o f  ( 5 . 6 )  , t h e  f u n c t i o n  C t  h a s  a  D o w e r  s e r j - e s

a v n s r r  c  i  n n  a  I  i n f  i  n i  t V  O f  t h e  f  O f m

c '  (z )  = ,  R/z  +  7 : ,  R , . , / ; t+ ]I  
r . ; f  

r I

f o r  l a r g e  v a l u e s  o f  l z l

( 5 .  7  )
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L e t  u s  w r j . t e  t h e  e q u a t i o n  ( 5 . 2 )  f o r  \ w l  l a : : q e :

' * *

( w - z ) c l '  ( w )  0  c r k )  t p  ( z l  =  (  e )  c p ( z )  c r ' ( w )  - 1 i m  c '  L \  f -  Q \ w  Q )
t  

e * O  
L \ L r  { -

'  gy  i den t i f y i ng  the  f i r s t  t e rm o f  t he  t -wo '  ana ly t i c  se r j . es  i n  w  ,

w i th  coe f f i c i en ts  i n  t he  sDace  
'D ' (a )e  

'V '  ' one  ge ts

s , ( 5 . 8  )

* {p , ,r"\, I
we put  F  =  R C. ,  ,  so  tha t  ts  €  L -  (O)ee / - ( t t  and

f  =  ! n , / (  q  r

B y  ( 5 . 5 )  w e  h a v e

)  -  R * R  ,  ( 5 . 1 0 )

l z \ , { w l - r t e  l z l - " + } "
*  1 / 1  ,  t , , 1

Le t  us  deno te  f i na l l y  by  A  th .e  square  roo t  (  R 'R  ) ' r ' '  i n  L  t ' / ' t l

L i i  T l t e .  I unc t i onaL  L134cQ-  & \ , soeLa- te -c i  t t t  K

t t
Le t  H  c leno te  the  senara te  comp le t i on  o f  t he  snace

D t c l a  Y  i n  t h e  f o r l o w i n g  s e m i n o r m

t l , ?  i l 'H  =  
f  {  K  (w ,z )QtP(z )  ,QcP (w)  ) d7"L (w)dyt  (z)

s ince  the  ke rne l '  K  i s  an t i ana ly t i c  i n  z  o f f  t he  supnor t  o f  t he

dis t r ibut ion I  r  we obta in l [  tP[ fU = O whenerrer  the suppor ts
l t

supp  q )  and  supp  ( f  )  a re  d i s  j o in t .  Consequen t l v , t he  mu l - t i n l i ca t i on

operator  wi th  z  is  bounded in  the above seminorm.we denote by

S *  . i s  e x t e n s i o n  t o  H  , a n d  w e  w r i t e  f o r m a l l v

*
r ,  S  q  = ; , ? .

un less  o the rw ise  s ta ted r  Q  and  v  deno te  th rouqhou t  t h i s

sec t i on  e lemen ts  o f  t he  space  S  (a l  O  X
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-  ^ ) k  / 1 t , {T n a  ̂ s s e r t  t h a t  t h e  a d i o i n t  S  o f  S  
. '  

i n  L { n l  a c t s  b y  t h e

f o r m u l a :

- t
s q  = z q  s t - ' ( 1 " " { ) *  r / ; ,

I n d e e d , 6 t  t h e  l e v e l  o f  d i s t r i b u t i o n s ,  ( 5 . 1 1 )  i s  e q u i v a l e n t  w i t h

:
? (srp l  =  zDrp + cp + t ' 'q  =  zbtp+ <p +- l i -m Q. t'  

€ - - r o  
v

a
so that

( s . r 1 )

Her :e  i s  imp l i ce te l y  used  the  conven t ion r toge the r  t he  ex i s tence  o f

the l iml t  :

( " r p , * ) H  =  f  ( " ( r v , z ) ? t s g l  e ) , b r y ( w ) )  d f  ( z ) d / ( w )  -

=  J  ( x t * , r )  , b c p k ) , ? r y ( w )  )  d f  ( z ) d / u ( w )  +

J ( x i ' , 2 ) e k )  , b q r * l  )  d / u ( z ) d / t @ )  +

t i m  (  (  K  ( w ,  z )  f r ( z ) t g Q )  , E { ( v r ) )  d , y t  Q ) d r a  ( w )  .
t - " o  J  t

( w , z ) f P  = ; . : t  K . ( w , z )  f r ( z ) c p k )

wh ich  i s  asse r ted  i n  t he  s ta temen t "

In  v iew  o f  t he  equa t ion  (5 .2 )  we  ob ta in

(  s  ? ,  w)  =  J  r - ' t  (w ,z )X,p( r ) ,?v tw)  )  .  
r l j t  f  <  t fV l  t "  ) , }v tw)  )  =

=  ( . p ,  r u . p ) ,

e because I  O q ,  (w, )dA (w)  =  e/

f n  f a c t  ( 5 . 9 )  l e a d s  t o  a  f u n c t i o n a l  e x p r e s s i o n  f o r  t h e

operator  S ,  namely

s P  =  ( z + F ) c p + J r ' * l  { r t ? I ? P i l lJ  r - z
d/i 6)



r - * +Thus the range of  the operator I  s "  ,  S J consists of-  - t -  - " _

c lasses in  the s [ )3.ce | - l  o f  i rCent ica l ly  constant  funct ions in  a

n e l g h b o u r h o o d o f  s i - t p p (  f  )  .  L e L K m x  L r e  t h e  r e p r e s e n t a t i v e  o f

s u c h a f u n c t i o n n v r i t h  y "  i n  F t c l  , X  = t  o n  s u p p ( f  ) ,  a n d
.  , . f

x j .n  
" [  

The . re la t ions (5 "  5  )  anc l  (S 
"  7  )  implv

| ^ , . *
J  K ( w , z ) r d . f r ( z ) d f  ( z )  =  3 f  c '  ( v i )  R  ,

ConSequent ly  we have

( s . 1 2 )  ?

?

so 'bhat

. / , - *
{  !_ t  

^  
,  sJ  V,  q  )  =  l l  . l r  ( " ) ' , )  tp (z)  d /A k)  l ll  i  

/  
, ,  -

fn  conclus ion we have provecL t i :a" t  the operator  S on H

is  hyponormal .  i t le  sha" l l  prove that  th is  is  the expected operator .
*

f t  r e m a i n s  L o  c o i n p a r e  i t s  l i e r n e l  C  ( r , , l ) C ( z )  w i t i r  K ( w , z ) .

.  r l
Tir ,e  def in i t j -on.of  the scalar  product  on the space f l  ,

shows that  the operator

l l  t r
extends up to a isometry V r f1 --\ 11 "Let us denote

*
T = V S V  I

'  
$  t !

so  tha t  T  i s  a  hypcnorma l  ope ra to r  on  the  H i l be r t  space  / (
*

I t4orecve: : ,  T as vre l l  i ts  ad jo in t  T vanj -sh on the or : thoqona. l

complenrent .  o f  the space

iL i l  T he- i t t  ome.tn. .Lc zmb e.d dinq o d { , {  intc M

Iv q  =  
J  " r k ) Q t 7 k ) d / ( z )
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s p a n  t  J . r , r t T e G ) d / e \  ,  f e D r a t a X  i "

/

f imol.rThe  fo rmu lae  g i ven  i n  pa r t  i i )  o f  t he  p roo

* f n f . r-t
T  l c 1 ' d Q d {  =  l C . , z ( ) V d

J l r l l l

and

l to,  r - i  J . ,  Ar? dt  = nn* 
Jcr? 

rp df  = o '  
{ 'cpt t  

ay

4{
H e n c e ' 0 (  T r C L  )  =  O  i n  t h e  s e n s e  o f  d i s t r i b u L i o n s ,  a n d

-  *  1 / )
I  r F  r r '  |  - t -  ^  D " .  , , ^ . r * J  ( 5 . 5 )  O n e  g e t s
L .  

f  L  
J  

-  n  .  D I  u D r r r r

*
T ,  C r ( z )  = R  ,  z € E , ( s . 1 3 )

*  *  t / )
L " !  R  =  U  (  R n . ) - ' -  =  U  A  b e  t h e  p o l a r  d e c o m p o s i t i o n

*
o f  t he  ope ra to r  R  The  pa r t i a l  i somet rv  U  i den t i f i es  the  space

n l(  Ran  A  )  w i th  a  subspace  o f  X

On the ot i " rer  hand,  there is  the contract ive operator  fu .nct ion

. t'P
c  i n  L -  ( a ) e  { "  (  R a n  A  )  )  a t t a c h e d  t o  t h e  h v p o n o r m a l  o p e r a t o r  T  ,

*
s o  t h a t  T o  C ( z )  *  A  .  T h e r e f o r e  w e  o b t a j . n  f : : o m  ( 5 . 1 3 )  t f i e  i d e n t i t . /

t j t c r ( z )  -  c ( z ) u * )  = e  , l t f f . ( 5 . 1 4 )

iv ) T he- compctttL,s o n ct I  the. two herLnzL,S

:

Let  14  = 'J ' l *  6  . t t  be  the  or thogona l  d .ecompos i t ion  o fr  \  v  rp  \ : /  1 /  |  
I f

'  the Hi lber t  space " l ' i  in to  pure and normal  par t ,wi th  respect  to  the

hyponormal  operator  T.  The funt ion C t .akes va lues only  in  the

n r r rp  s r rh5pagg  t , lP \ , r ! E  J L r ! - } , q \ , s  u ,  
p  

.

Le t  us  de f i ne  the  ope ra to r  va lued  func l i on  C ' :  c  - *>  L (y - , " l " l l

as  fo l l ows
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C '  ( z )  =

wir i -ch holds at  the leve1

a.  s j "n t j - lan e;<press ion for

Then we inf-er f  rom (5 -  f  4 )

' , , k
c o  ( z )  -  c ( z )  u  €

Ker T* = ( O )

is  generated
r *^

.i .u uv!/,{ ,

,  q  e T ( c ) e X ( 5 . 1 5 )

Cn the othe:: haircl we have

, namelv

i fI  C ,  ( z )
I

\ *
I : l

I  c t " l .  u
t l

"lcKer :f' nz

since the FI i lbert  space t" l  is  separabl .e ,  t i re condj- t ion

Ker ti n Ker r, I

nords only  for  a  countable set  o f  po ints  z  in  C (  on these subspaces

the  ope ra to r :  T  i s  no rma l .  ) .  The r . f o re  the  func t i on  C ,  i s  s t i l l

measureable,  andrn ioreover ,  i t ,s  c lass j -n  Lno (a)  6 . .  L  (  X , l " l )  co inc idest \ ' '

w i t h  ' t ha t  o f  C l

otlrerirrise r

( o )

'Lhat

t  |  . . r  t ' *  1
L { L . r , / " ' \ ( \ / ,  z €  C

r

But .Me C'  v f {  ,  and consequent}-12 ,  the space V |{
' r ' *

by the  vec tors  o f  the  fo rm 
J  

(  C ' *CU ) tDgaTU and

sc t-ha'[ we conc.l.ude Jd o 
= u l"]

T z ? C ' V Iirn C' [ '  P
€ < o

fn  o the r  words ,  Lhe  hyponorma l  ope ra to r  S  rBS  we i l  a . s  t he  r :es t r i c t i on

r J
of  T to  the su l>space V l - l  ,  are pure.

fhe  eou .a t i on  t5 .2 )  t oge the r  v r i t h  t -he  Ko lmogorov  fac to r i sa t i on

{ 5 . 5 ) ,  i m p l y t h s .  r e l a t i o n

+
T ; , 0  C U  P

o f  d i s t r i b u t i o n s .
' *
the funct ion CU

*  l 1 ) r ,=  l - i m  C U  U D - ' -  d  C r
C - + 0

*
U r t ( 5 .  1 6  )



.
Ran:ss4:  the invar : iant  f  is  complete ly  determined by the

v a l u e s  o f  t h e  o p e r a t o r  f u i r c t j - o n  O  ( r )  =  C u ( r ) C  { z )  f o r  l z l  7 7  0

(  s e e  5 . 2  b e l l o w  ) ,  w e  i n f e r  f r o m  ( 5 . 1 4 )  t h a t
!d:-. ?. . b

f  =  u D l / Z h , . r r *vu ( / ,  \ -U

T h e n  b y  c o m p a r i n q  ( 5 . 1 5 )  w i t h  ( 5 . 1 6 )  o n e  g e t s

r r b t c '  c u { u ) q  =  o  ,  V e D r a l 6 X'  ' i l : -  
l  

. .  ' : ! ' "  , , ' i i i '  ;

Thus,by  respec t ing  the  induc t j -ve  proo f  o f  Theprem B we obta in
' . ' * ' * ,

A  T n  (  C '  -  c u *  )  =  o

for  every non-negat ive in teqer  n .

I ' i na l l y  we  ge t  i n  v i : : t ue  o f  re la t i on  (5 .13 )  t ne  i den t i t i es

,  _ n _ * m  |  ^ ,  ^ , . * .  =  b  :  n _ , n  b  0f l  r  . r .  
\  U .  UU )  =

,  , t  l t L r

wh ich  p rove r toge the r  w i th  the  obse rva t i on  tha t  t he  o1 :e ra to r  T  j _s

pure on the sr :ace V l - [  -  t ] rar  cF = 
" ,  

*
Lrdce  u  l l  r  L r lGL  \ -  -  u r - l  ,  and  the  f ; fOOf  O f

T h e o r o m  E  I  i c  ^ n n l r \ ' l ^ ! ^r r r E v !  g t u  J  .  J -  v v t r l l J r g  L g  .

5 ' 2 .  o u r  n e x t  r e s u l t  g i v e s  a  c o n s t r u c t i v e  w a v  o f  r e c u p e r a t i n q  : :

the spa-ce # and t i re  pure hyponormal  operator  T f rom the va lues

o f  t h e  f u n c t i o n  8 )  ( z )  =  C *  ( z ) C ( z )  ,  f o r  l z l

Th i s  i s  t he  p rec i se  mean ing  o f  t he  asse r t i on  tha t  t he  func t i on  0

determj .nes complete ly  th 'e  invar iant  l *  (  
" . .  

the last  par t  o f  the proof
I

"  o f  Theorem 5 .  1  )

I n  o r d e r  t o  s t a t e  t h e  r e s u l t ,  l e t  (  n +  ) 2  c l e n o t e  t h e

semig roup  o f  a l l -  pa i res  o f  non -nega t i ve  i n tege rs ,  w i th  the  genera to rs

L  =  ( i . r 0 )  r  H  =  ( O r f  )  a n d  t h e  z e r o  e ] e i u e n t  f l  =  ( 0 r O )
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pROpOSITION.  Lc" t  X  be .  a"  Aa.p0 .4&b.La,comytLex  H iLba-h- t  LpcLee,

'  . , , J . . t ) ^ +(Lr j l  L( . ' -

i  -  |  
+ :  . + - ?  r . / r / l

N ".  ( - -7L^*.) ' ' . .x- , , ' ( : " . , f f i : :T ' '  **r  L(  A' l

-  , . - , , , r " " .

be  i l  pa t i t i vC- 'ACI inL i ;o  t6une t i r t t 1 "  L0 iL l t "  t ho  Ia . ( - ' Low ing r  p 'Lo13a ' tL t .Le5 :

+a)  Thp-ne-  id  a  c .anLt r tn t  11  ,  a0  t l ' ta t
;

t .

} -  . / u t o . + r . . g * u }  x . -  "  x  \  { -  M T  / u ( c r , S )  x ^ a r  x - \  ( 5 . 1 7 )  ;
f'*d,. ( li ((T,* t, e i1* L r

& ; P  
u  c r '  

, * , s  
t L l

' l  - r r

l C n -  & n U  l f  , t i ' l o  r . t t h k n r "  l  "  |  '  t  v  '
_  J ( Y L , t - I - t / -  . \ L L U d { ^ -  {  

^ n S  
I  

u t t  , \
- . . . ,  * - .  

3 i  
r  q ,

' ?
b )  T ! " " a t t Q .  i A  c r ,  ( l u u c t i r . s n  $  t  {  Z * ) *  * +  t  { x )  ,  L 0  t h c t t

n"-  l
\ r 1 r : . - i L r $ )  . -  i ' l ( c . r , r L : + x )  r  n  l i l ( c r o  r r )  G ( i j  - ( r + 1 ) r .  )  ( 5 . 1 8 )

.  r ' t \

r *0

t { t i d

nr  r l J  , , \  ' s  
l J  (m ws n  x )  = -  t l  (c r ) '  (  5 .  19  )l l  \ \ /  t  L L d

. ' ' J

, i { , lL r- i : t i  ryt ,z i?,T, ' iL }  ar , i .  t3 *  ip,  f  i  i .v ,  lm 
'  

} -  -

Than,  Ihote-  e .K. i .At .  & HiLha- t t . t .  Ap0"ce f l  ,  cL r ru)1e. .  l tqysc*1s1111r t ' { -

c,perLa.i1]L 
-f 

. i . .n- |  ( t{ } ctrtd- & ea.i '10 n&c,ctt L.t amatnic zix.be.dd,Lna o tg

, tho lpc,cQ.  (  Rnn Dr/z  )  
- '  

in to  x  ,  Auc. l 'L  t l ' ta t

N { r } u s }  * u } , / ? r n o * m - I / T * q D l r / 2  ,  d = ( n o n )  ,  p  =  ( p r r y ) ,  ( 5 . 2 0 }
' t

F.SMARI{ ,  Refore bo b€gin the proof  o f  Proposi t ion 5.2 |  we {

.he, r*  *o rernark that rv ia  the equat ions {5"20}  , *he a"rgt rm.€nts involved
*

j .n  t l " re  proof  CI f  $roposi - t ion 3.3 lead easi l .y  to  a connect ion 
I '

l :etrt 'een,th* prosit. ive {ef inj-t$ kcc'ne} l ' l  vr i th the p:rc'1;er{: ies

( 5 . I ? )  ,  ( 5 "  t 8 )  ,  t 5 . . l . 9 )  a n < 1  t h e r  f , r : n c t i o n  @  .
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gROL\r"  By t 'he already ment ioned resul t ,  of  Kolmogorovrthere

exist a l{Llbert space H , unique ul-r t.o a unitary lsomorphism, and

llnear krouncled operators

R(cr)  :  X -**+ l I  ,  c r6  (  TA*tz

"  
s0 that

&
- i . ]  ( n , 0 )  a  R * ( g ) R ( t i )  r  c r  ,  g e ( Z * ) 2 ( 5 " 2 t )

and

By  con r i i t i ' on  (5 .17 )  r  we  can  de f i ne  a  l i nea r  b r :unded  ope ra to r

T on H. a &s fol lor.rs

T  R ( B l x  =  R ( F - i - r . ) x ,  g  A  (  Z * j z  o  x  e  X , i 5 . 2 3 )

F r o m  ( 5 ' 1 8 )  ,  ( 5 . 2 t )  a n d  ( 5 " 2 2 )  v r e  d e r i . v e  ,  b y  a  d l n e c t  c o r n p u t a t , i o n

n i o ( S ) x  *  R ( S + x ) x , +  
o ; t  

R ( r u )  c ( p  . - ( r + r ) u  )  o  t 3 * { p u e } , x 6 X , { S " 2 4 }
r=0

F r o m  ( 5 " 2 3 )  ,  ( 5 " 2 . 4 )  a n d  ( 5 . 1 9 )  i t  f o l _ l o . v r s  t h a t

f ' m r t  , r r ' l  r , , , n r - -  -  r r r r ' \ \ ^ r ^ r  - .  1 , ^ rL  r " r f  J  R ( 0 ) x  =  R ( 0 ) G ( B ) x  *  R ( C I ) r {  ( O r s ) x  =  1 1 ( 6 } } l n  ( & ) } t ( 0 ) x

fo r  every  F  i r r  (  Z*  j '  a r :d  x  in  X  o

T ' u s  D  = L r * . r T J  =  R ( @ ) R * ( 6 i  h e n c e  T  i s  a  i : y p o r r o r m a l
a

opera to r  "  I t  i s  pu re rboeause  o f  t he  eo r rd i t i on  (S .ZZ)  and  the

a  
-  \ -  -  - - -  t  f

Let U be the part ia l  isometry vrhic i r  appeeires in the polar

deconrpos it ion

R * ( 0 )  =  v  D L l z

f l  = s p a n { n t O : x  ! t s 6 ( A + j z  r x € X } _  ( , s , 2 z J



'
l

1 / )
The :operator Ll ldentif  les the space ( Ran D*t - 

) wit lr  a suhspace

^ E V
L,lJ. /\ .

Let  u$ denote

i *  t*r  13):  = o112rnr*nyl i l ,erc{olr '? a cf ,= (mu n} ,  B= (p,  q}

and t t o l  *  n 1 / 2 T t r * m o J " / 2  n  e  s  ( t n r n ) ,

tfe have t0 prove that
a

r o + J
t { ( c x , r P )  =  u  t t i { c r , r $ )  u *  r  c r r B e  (  V , ' 1 " "  ( 5 " 2 5 )

A simirlo l :racket ic\entit l '  shoros t i :at i ' {  i-s uniquely determined
/ w t u n r

by G , and , .nsreol/er that N and G are. .related by the equations

( 5 " 1 " 8 )  o  : ( 5 " 1 . 9 )  ; r  S i n c e  I t  i s  a l s o  u n i q u e l y  d e t e r m i n e d  b y  G ' i t  .

burns euf  that  {5 .25}  vr i l t  be a co i : rsequence o: f  'Lhe next  re la" t ion

G ( c l )  *  u  f f ( a )  L j * ,  c r  e  I  T l o j ' , "

.L

T * i l r  R ( o )  s  R ( m r r )  n  m  G ' 7 1 -  ,

The re fo re r ,  f o r  # r i $  c r  =  ( rn rn )  we  ob ta in

.\'
t r  r " l n !  t l r t
\ /  lq j  t  v " l  L i * vnl/ ZrnT*tnD t/ 2u* =

=  R * ( 0 )  , f s  T * m  R ( 0 )  =

B  R * ( n  x )  R ( m  x )  = .

E  N (  n  l d , m  l d  )  *  C ( c y . )  e

In orrJ.* : : " i :o prorre i t ,  we remark thah r .^re have from {5.24i

( 5 . 2 6 )

et

a
. ?

which ends thc f i roof .
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