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ISOMETRIC DILATIONS OF COMMUTING CONTRACTIONS. IV

Zoia CEAUSESCU .and. I.8UCIU

In this paper we continue fhé stu&y developed in 54] of
the set of all Ando.dilations 5f a given pair of cemmuting cen=
tractions. 4

We show that any Ando dilation can be rroduced in a cano-
nical way by an apnropriate adequate isometfy. Considering the
labelling by cheoice sequences of the set of all adeﬁuate isome-
triesiwe establish the obstructions in choice in order that the
corresponding adeguate iscmetry produces an Andé dilation (sec-
tion 2): For a special class of Ando dilations we exhibit a sys
tem of free parameters which produces it fsection 3). In geectie:
1. we recaldl some known facts.on adequaﬁe isometries (cf.i?},

Dol Considering only a partieular casey of interest femious

il
\
~

1

purpose, we give to the known general results a form which will

be convenient in what follows.
1. Adequate isometries

For j=1,2 let Tﬁ be a contraction on the Hilbert space

Hj and let A be a contraction from Hl =@ H2 such. that ATl:TZA.

In {3] the. coneept of A-adeguaterisometry was' introduced and

used in the labelling of the set of all contractive intertwinin

dilations of A
In this section we shall recall some results about A-ade-
quate isometries in the particular case when Hl:HZ;KO, Tl

=0y — the-null operator on KO and A=V - a contraction on KO.
o



In this case a Vo—adequate isometry is an isometry V on

a Hilbert space K containing Ko as a (closed) subspace‘such

that
(e K =~/ VnKO :
nz0
0.2 v_=pK vk
3 o) KO o’

Hence, a Vo—adequate isometry is in fact a minimal isome-

tric dilation (not necessarly power dilation)of V,+ Since the

term "minimal isometric dilation" is generally used for the mi-
nimal power dilation, we adopt the term "Vo—adequate isometry"
+in order to make this distinction. It is in concordance with
the term.introduced in [3] in the .general centext.

We say that two Vo—adequate isometries  (K; V) and (K", V")
coincide if there exists a unitary operator X from K on K’ such
ehat X K :IK - the identity operator on Ko, and XV=V'X.

o} i L
The minimal isometric dilation (KO, VO) of (Ko'vo) is«the

unigue (modulo’ the above coincidence) V ~adecuate: isometry ~for

O

which KO is a semi-invariant subspace for

A
0

ite.

Q

Kocsn 1
Vv [K .
(©)

n
) Nt —
(1 3) PK

Insgeneral,  there are'VO"adequate isometries: which do not

: a 2]
coincide with (Ko7vo>'

We shall recall here some parametrizations of the set of
all Vo—adequate isometries which are particularizations to our
situation of general results proved in (3], [2].

s ence @ A will be called a generatina secuen-
A sequenc % n'vnz]nzl b

ceoFf Vo—adequate isometry if it is defined recurrently by the

formulas



: =
{(1.4) b o
1 3 {
0 | Byt |
s n—1
e g %
B Ve i oni@
L ]n—l n=l =zn l_}
where for each nzl. C is a contraction from 7 intoc
/ J 'n-1 : v
n-—1
Dvﬁ . Clearly the string Yk e {}P_ is well determined by
ol [iin n'}n=1 i '
the string ZC e . We shall refér at the sequence SC'L as
n)n=0 e : : Loni

a generating sequence of a"Vo~adequate isometry with the mea-

ning that C, appears in the form (1.4) of (K )

n+l

Let (anvn) be a qenerating sequence of-Vo—adequate iser

X
n+l']n+l

metry. Considering Kp 1 V in a natural way it is easy to see

that «formz2: Vp]K =V zK

s . It results that there exists
N2 neib ; :

the inductive limit (K ,V ):};E Kn,v/) anc (K e E Vowade~
quate isometry.

With a natural notion of . coincidence for the qenefating
Sequences: of Vo~adequate isometries we have

-

Progposition 1.1, The map é(Kq,V )% uj“”/'K S ):1iw(Vﬂ;Vn)

L. St ii

is a bijective correspondence between the set of all cenerating

sequences of Vomadequate isometries and the set of all Vo~ade—

R ]

uate isometries.

If GGV le eV -adequate isometry than. setting
\/ VjK and Vn—D V!K y ki easyito ceesthat {(Kn,v

=i )
3=0 “a

L

.u n nzl
is the generating sequence of Vo—adequate isometry, corresnon-

dingitol (K, V) .

A seguence R g*“O will be called a dechoice sequence

provided RO=VO and for n=zl Rn is a contraction from‘ﬁR into
: n-1

D

= 5
Rmmw
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let us set

For ~choic =B
'or a VO choice sequence R éRnSn;O

(1.5) K

K(R) = KO &)DR

@0, @ ...
o o

wand ilet V be the operator on K having, with respect to the

decomposition . (1.5) of K, thé matrix

~ T
R=‘DiR DD R
1
@) RX 1 R* RX 2
o @bk
: %
: =T)¢ = P
(1,563 V=V (R) = SR DR RD LR e
o R R
@] 1
%
0 B BRT RS [
1
)

s ; 4 7z I3 < 3
It is easy to see that UM —is- & Vo~adequate isometry.

Proposition 1,2, The map R~ (K(R), V(R)). is.a bijective

correspondence hetween the set of all Vo~choice seaquences

and the set of all Vo—adequate isometries.

= { & 7 a - Yo i =y 3 2 T+
Let (K,V) be a Vo adequate isometry, {ﬁKn’Vn{}nzl be its

generating sequence and {Rni

‘ be the V_-choice sequence of
)1’1’3’40 o O quer

(K,V). We shall work freely with one of the three described

above forms of-(Kn,Vn):

I. The non specificated form

.__.(
k=
§

g
vy
(D
®
0
o,
fe
mn
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Kn—l @BDV
n-1
vn-—l g * Cn—l
A\
n-1
n_ s
DV *Vn—lcn—l
n-1

@
=K e DT ) -
K, k,@d, &...90,
_ o Ne=il
RO D XRl QjXD - R2...ka...D . Rn«l
R KR R R
o} 2en o e} =2
: * b3 S
b =R =P iR Friv
v o= Yy ol RQD~KR4 T :DPX R
n ¥ ‘Q‘l “n-2
0 D R CoSRER
Rl 1ia2 1 o n¥
52 A
- s
0 0 0 e
The identification between forms I and II is made having

in mind that

s

K
n

a ji(v-s
and IV Vo

)

> &)
™ = G V=N i
VKn__l K.—l < L} ]n“liKn‘
: e
r{n--l“ HDVn__lknml

1

forms II and III is made havina in mind that

I
|
! .
0o } Bl ?i (= 1l Dp,_,~ -
'i\ & 3 o — m—] ) -
Vn--l ;( | O ! i }
| w)“\/r g6 aw’ e
| S— _,?)‘2’ s e VY
Cledrly . (K, V) scolneid
g N SiE. and Tyl =0
JO fisoal @jotibyeelo Ch
ano for-any nxl,

Let now

@
vV
o

be a contractionon the Hi

11 .
Ty oyt
oL

il. The identifications betwe

and

v

M
77

=0

apace
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A A i A Al A
. : ; -
K,¢ K, Dbe invariant to V.. Denote V_ VO!KO. Let ' (K,V) be a

A
‘V0~adequate isometry. Denote

e e An “ iy =
K~K+<Ko)—\( v KO, v—v+(KO)-v1 &
~. nz0

Then celearly (K,V) 1s a Vo-adequate isometry.- Let

A A f’ £ 7 3
{(Kn’vn)fnwl and t(Kn’ Vnﬁ e be the generating sequences
N o

A
~of (K,V) and (K,V) respectively. We have

ig n n i A i
. n An An!

K =~or v =~V K i ~V =
n K B o‘“\‘ Ko

=0 3=0 3=0 B

A
If we denote by Zn the inclusion of Kn iNto Kn then for nzl
-

7

Zp has the recursive matricial form

n~-1 n-1

(1.7)n 7 =
n
0 Do f
I n IJ
where a is the contraction from D into“K defined
el Vn—l o=l

by

A

L8, an~1Dvn_kKh~1:(Vnmlzn—l“znwlvnul)kn~l’kn—ff“n—lf
and b _, is the contraction frcm Dy, inte. Da defined by
i 'n-1 ‘n-1
=DA 7 ! &= :
(l'g)n bn—lDV ke 324 An~l}n~l v Kpoa Kn~l'
=i n=il

Let us aléo note that

<A
; o }
(1'lo)n Vn_PK anKn

or . in yecursive  matricial ferm
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Vn = vanzn'
y ; ; > > A A
If we consider the matricial forms of (Kn,vn) and (Kn,Vn)

then the matrix of 2 has not a simple form. Howe-
n iy

ver we have: the following

Remark ' 1.1. Let k ek and for i lylet k =t 3 “be the
C ol e Oln =

e

~element of Kn which in the matricial form of (Kn’vn) is given

by ¢ B, @”O($'DR s DQ Kg. Then in the recurssive matri-

n—1 O
cial form of (Kn’vr) we have

)= h0, e [ e
“C«'/} lD.. {4 \k. ),\:‘ e e (k ) =
V_k 0425460 i Coun LB < 12
L K > { S
O o L ‘] l}\.ll‘ LM_ ‘] l 3 ]; /
It results
[rarae o § anleV‘_'Kh"l!
D e | L= A : ¥ =
thn} n Dvnzn ; D, & l; Dvh ﬁ B Dy SR
5, - 'n-1"n-¥ P
i =y
reof T
= D& : ehe :
Nl 1 | [ e L
nt n_lDV n-1/ \n{NDV nm;kn-l{
Nl ! nisd i
. ,f =4
This implies that in the matricial forn of (K“+1,vn+1, the
ik~ : 5 g ol e
element | g-‘{of K is given by 0 & ... &4 D2 e
SR S I SNST BE A 7 & ¥ + : b - 3
LDVnAl’l 5 n+l S RO @]

¢

Let us end this section with the followinag simple but use-

full

Proposition ‘1.3.. ' Let (K,V).be a Vo~adeauate isometry and
et {(Kn’vnﬁn’l be its generatinag sequence. Let H be a closed
ez i i 2 e — .

£ Ho

subspace of KO.'Then the following are equivalent




(1id) Setig
= e =
Cn DV < vax D VXH ¢ Nz 0.
n n n

. ‘ n 9 / " . 0 ] ’
Prootf...Since for Kﬁ‘kn"Kp is in KnC>H if and only if
T A e RN ! g : =

We clearly have (i)&>(ii).

~ : :
] s Ve K =) £ G : . By ( 0 1o =<
Sinees0ild D%fn Kn+l He from: (ii).we obtain %+Hﬂ%7kgﬁ%ﬁl

But;

and (1ii) clearlyv results. A simple induction shows#iiiat

(iaigeiii),
2. Ando dilations as adecquate isometries

In what follows we shall denote by (H,L?,Sj) aiparr of
commuting contractions T,S on the Hilbert space f.

We say that (K,[U,V]) is am Ando dilation "of (H,(T,S@)

i

provided K.is a Hilbert space containing #.as. a closed subspa-

ce, U,V are two commuting isometries on K and

5 3 Koo n.,m,
(2.1) . n’m%ou N
(2.2) TmSm:PEUan(H, n,m;0.

™o Ando-dilations (K{U,V]).and (K'(u’,v%) of (#,[T,s])

dolneide if there exists a unitary onerator X from K on K’

I S L TR

such that X[H=Iy and XU=U’X, XV=V’X.



Let us denote

K =x~U", U ,=UlK,, v ="
o
19 ’O O

It ds - adlearthat (KO,UO} is an identification of the minimal iso-
metric dilation of T. It is .easy to seesthat KO reduces U and
Vo is a contractive intertwinina dilation of the commutant S

of 7. Ihat is

o
U V. =VuU sp =B .
0 0= 607 H Vé

We say that the Ando dilation (K, (u,v]) of (#, (T,s])

_grosses throuch (KO,KUO,

- 5l
{K,kp,Vj) as above

Since

K=rioa Unvmf-{:: N Vm,fr’o
n,mz0 mz0

-

- i » P s
and V0=Py ViK_. we conclude that (K,V) is a V_-adequate iscmetr
: :

For all what follows we shall fix(K. 'U ,V_ |} ‘consisting

from an identification (KO,UO) of the minimal isometric dila-

h

tion of T and a contractive iﬁtertwininq dilation VO_Of the

commutant Ssof T,

e -say that the 055 adequate isometry (X,V) produces an-

Ando dilation of (#,|T,5]) if there exists an isometry U on K

¥

b} - o 2 !‘;.‘ - 7 o~ 3 J'N 3 Yo
such that (K(U,VY|) 1s an Ando dilation of <4ﬂ?,8}) which cros-

3
s through (ﬁc,,Uj,VOz}.
'he above considerations show that anv Ando dilation of
(tH, iTiSZ) which cresses through xV f O,V‘f) is oroduced by =z
Vo~ad9w uate isowmetrv., In £4E it was.proved, in a slightlv di

+

ferent terminology the following



Proposition 2.1. Let (K,V) be a V,-adequate isometry.

v &

‘Then (¥, V) produces an Ando dilation of (HiT,Sj) 1L.f. and only
: A :

if the following conditions hold.

P——

(d6). I F {Fnﬁn>0 is_the generating sequence of (K,V) then
niny : & v e

5 R T
(2.8) Chly C 0% & D, %
n n 1

(1) "The formulas

2.4 D=V UL~ UV nz0
( )n IV et <
Y - 7T i
(za . ) n YnD[] DV -—DV un ? nz0
Do n
- ; i : TeyA s s 73 = :
define a contraction !2 from DV inte kexr U and an isome-
- % I‘l .
try Yﬁ from ?ﬁ into 0. . The operator U , nzl;'which appeazrs
i s " : = i g 2
n n

Y
sodgvd )i igithe s

in (2.4) : sometry on K  defined recursively,
decording to (2.4)h 17 ‘2’5'n o by the matrix
i i

(2.61) U _=
Il

Remarks. Two V,-adequate isometries which produce coincin-

T e T o e

5 ' ; Fi ! RLE i S e S
ding Ando dilations of (H,Lf,o;), coincide. Tf the Jo~qdequate

3 1 -

isometry (K,V) produces the Ando dilation (K,{U,V|} of (H,LT,SU

< o ; : g :
TE KV ) 1 the minimal dcsometricadiliationscf V¥  then
o1/ (@) o
& £ o 2 G i 30 4
gt b %) s . s - H = n prre o
it prcduces an Ande dilation (KD,LJN,VO}) Of “(Hy L8] ) & We
(J £ 72y i ,,\ -} E =
shall call (&o;\UO,VO;J the distingueshed Ando dilation of
% )
( { "':r"" £33 rv'%Lﬁ ocryogses Throuc ”)("/ "’U 37 \{\!
by | 2 g2y ) Villiea: CLUboCS S A R Ok \l\(h\,g\.‘ O,.Q}, e

Hor an Andeo dilatlon: (K4 UV {)of (#,|T,8]) let usidenote

,[“i ol : ' s Pt ¥ i G ot =
by (K,hV,vg) its minimal-unitarv-isometric extension

e



!
B

o o
means- that (K,U) ds the minimal unitary. extension of (K,U)
A A . 3 A
and V is an isometry.on K which commutes: with U and extends V.
Such an extension allways exists and it is unigue.Let
P ¢ ﬁ\:n. ‘/\ ,,; /\ o A ."\ g ;
K=l K and U,sU0[K i Clearly (K. ;U iesthe mindmal unita
O o) o o G el o
nz 0 d
ry extensioniofii (K o’yo) and consequentely the minimal unitary
S ! oy AT ‘ : -
didationsef T Tf ¥ DK'%K then V_is the unicue extension of
o) o o o) i
Vi te-acommatant of U,
<).2e o]
A AN S v \‘1
Hence (K. ,1 U,V _ {} is uniquely‘determined by (4 Vo)
SR ol Yo o;} is uniquels I by (KO, Ugsle
Recall also that denoting K = \/Uo My then (et i6])
aeEnzl i
- ANTLE S e e
(2c 1] K=K @H GHGBK @H| .
SRR ol WS e Ui -
Rl a
Clearly (KpV)iiig-a Vo~adequate isometrv.
A A
We 'say that a V,-adequate isometry (K,V) produces an Ando
dilation for (H, T,S|) if there exists a unitarv operator
- gt A
U on K which extends b and commutes with V such that
A
7o sl s KAnAm -
(2.8) g ZEHU‘V P e O
; S Ay Ay A e e
Setting K= NA - U VOH, U=UIK,” V=V K ¢then clcarly (K, U,V )
n,mz0 - 2
is. an Ando dilation of (H T S ) which crosses through (KO,{UO,
VO?) - the Ando dilation produced by (K,V)a Since
¥, e A
o 5 5 ey v i : e - s
k= N7y Uon~‘J V4 AO, clearly the Vo~adeduabe isometry (K,V)=
n,m:>0 T el :
; : A4
={K {K:) , V. (K?*)) ig attached to i{K,V).and K & ds in the prece-
+ 70 + 7o o >
ding section and (K,LU,Vj) is also nroduced by (K,V).
From
1 : 4
Ay Ao 0 1 A, S
S N e S KD:'\ CV K
L3 i i,
nz0 nef mz0 nz0 mz0 nz0
A
itiresults that (K, U gis the minimaliundtaey extension of (KU



-~
ffael & :
Clearly then (K,LU,VJ) is the minimal unitary-isometric exten-—

sion of (K,Lp,v]).

7

We conclude that any Ando dilation of (H,[T,Sj) wnich

crosses through (KO(UO,VOI) is produced as above by a (unique-"
A

A A )
ly determined) Vo—adequate isometry (K, V).

A : A
Suppose now that the Vo—adequate isometry (K,V) produces
e A
the Ando dilation (K, (U,v]). Let (K, ) and (K_,v_) be the
N AN
generating sequences of (K,V) and (K,V) respectively. Then
A X :
clearly Kn is a reducing subspace for U and Kn Isinvariant

A A A\ A 2 N\ A N
= 2K — ¥ ] 7
for U, Let U U(Kn, N, U!nn. We shall call (Kn,tpn,ana and
- Y 4 4 A
I ~ S5 ¢ ; r
(Kn’Lpn’vnj) the sequences of succesive dilations of‘(K,kU,Yj)

and (K,{p,v}) respectively. From

A A i
it results that (Kn,Un) is' the minimal unitary extension of

(Kn,Un). Since for any kn;gnEKn we have

AN A A

%o - G W .
(Unvnunkn’gn) z (VnUn kn’ Ungn) = (VUkn’Ugn) (th'gn)
=°(Vn kn’gn)
it results
k &y
(2.9)n - UnVnUn = Vn‘
That .means that Vﬁ is a Un - Toeplitz operator, and be-
K A : A
& g rpee o lude that V. is the Symbo f the
cause EKn\ann Vn we conclude Lnat)vn is the symbol-of t

I

‘U,~Toeplitz operator V.. It ie known then (cf.[5)) that we

have



A
(2.10) V = s.lim U’*’pv P’fnu”
n n k
P o
A A
Note also that feorjan. Kj reduces Ue and in the matricial
-/I //\ 7
fram of (Kn,J ) is given by the diagonal matrix
[";« 1 r
Uy 0 Saa 0
A N
(2.11)n =0 Loiisea 0
ity tioater s
,9 0 o Yn—Lﬂ
A A
where for Ogj;_.n--lj Y,J =U \DR and U itself has the corresnon&u@
j

infinite diagonal matrix. From Proposition 2.1 it results that

for the recursive : matricial form of (K fu ,Vn}) the relations

nkilien
"(2.3)n-(2.5)n hold and U, is given by the matrix (2‘6)n‘ We

shall prove now the main result of this section

AA A
Theorem l.l Let. (K,¥V) be. a V —adeduate isometry and

A, :
ER <n 20 b 1ts V -choice sequence. Let (K,V)=(K K )

be the corresponding V,-adequate isometry and {Pagn cpabesits
: , 3 2t

A EA
Vo—chﬂlhe sequence. Then (K,V) :land consequentely (K,V& produ-

ces an Ando dilation of (HA?,S]) i1f and.only if the following

conditiohs -hoid.,

(1) For any n:l we have

> —

o : AREA STATA DA
(4.12)n UoanRnUoi'R

(ii) -For any n2zl, kO&K e ek 5 we have

A A 2 E -
>, A g ™ A A X Q) 1
(2_13)n (RnDﬁ -+ -Dg ko,o,x s De g o ) v )
n=1 o n

where S =0 -and for nzl S8 1isg the operator from K @ into
e o o R e ) J=n - ©)

.

k/ given bwv
N e DN



Ll
Proof. Suprose that (K,V) produces an Ando dilation

- ﬁ A A . ,
(K, [v,v]) of G, [r,s]). Writting V_ ana U  in the matricial
form given by (L.’)n and (2.11)n respectivelv)and using
AN N A :
=\7 N - = 1 !/
‘Unvn VnUn we obLaén ‘2'12)n~l'
el ; : 'S i
e ‘ - ] . o —
From ]n+1 PKn+an+l Kn+l which in the recursive matri

‘cial form can be written as

% A
=P SE ST o
n+l n+l n+l n+l
we obtain
2 St e
(2.15)_n Zn(vnan+DV§Cnbn) DV

From Proposition 2.1 we have D&XCHDVCLKnGQH and using

g T ¢}
(2.15)n we obtain
:s
DA Z = K, n)= (V22 k_,h)+(V2k,h)
Q.l6)(D O 00 bn Sh = —(v b )= (annxn, e o)
n n n
For n=0 it results
l \‘Z - 2 1
(2'16)0 (D'\vw— o V‘\’)’h>:— (VOK:O!Q)-*—(‘] !‘{Ol‘l)'—o
0
which in the matricial form gives
A
( *))‘ \lD}Q ]\_O,h) O
&o)
Since
P o e A Dy sh)=0
(Dleepaaelc o ShEEe DR D e e = (AR L-Q‘ o7 =
RL ik Rs 909 OER L RSO RO LB

o any prliwe ebtein (S.10)



- 15 ‘....

Suppose now nzl. Since Vn(KnéDH}ClKﬁEEH (see Proposition 1.3

from (2.16)n it results that for any kﬁgKﬁé)H we have

A A 2

(D"ic DV Z e h)——(vnznkn,h)

Since U Kﬁ<‘HC K(J H we obtaln

A /\XD A

A A A A =
(DvianV Z K, Uy h)= (U Dy xc D] g K. hl=

/

/l/?}o
—(DV§CHUDZ K h)—(DAKCnZnUnxn h)=

A A /1
= (V2z 0Pk _,h)= &20P2 1k h)= (¥ V22 e e

h\
nn-nmnm TE e e

Hence

A '
A A o @2 1 {5 ik
(2.11) (Dvianan Kk 0=l Bk SR ) Ak el E e K

Let now koeKO and denote by kn the element of KnGDH which

in the matricial form of (Kn,vn) is given by kn=0 () A
@ o
5 G 0&}DR PR k . we have
B s 070
(é - k )*(D“xg D2k k )__(422 Eoabo)
hHEL D, 2 K [Foaad T N e ien e e Sniilee s - it ndin L e
Vn N n n

But ‘aceroding: to the Remark 1.1, in thesmatricial form of

Pt A : . A :
a A ¢ ; i
( o )T Ehe elément 0 @)Dvnznkn Of K . s given by
' A j A
O@.”®O®DR.“DR%.
n o
It results
( 4 Y= {0 e, )
D, DR DA DA K e Oy s e
KL ORG LRy PR Mo o’ T ey 2 QJ(*O

)
N

which is (2.lo)n+1.
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We proved that (2.12)n and (2°l3)n’ nzl are necessary
conditions in order that (g,é) produces an Ando dilations.
Suppose now that for any n=zl, (2.12)n and (2.13)n hold.
From (2. 12) it .results that (2.11)n defines a unitary opera-
Un:a onE which extends U and commutes with G and consequen-
. A

tely we can construct the unitary extension U ofUgto K whlch

commutes with V If
(2.18) phy = oKyp
g : H et

holds then

A

A
pKgnim, _pKyn us ep

H H
K
o_K K. n~ lU hep V kan lUmh= ¥

3:7?
3:7<
<

K
Yty VPHV e y ol

PZOanmh sk T h.

AA
Sotif - (2.18) ‘helds then (K,V) produces . an Ando dilation of

AEED
But (2.18) is equivalent to V{KCSW}CKEDH and, according

Lo Proposition 1.3 this is equivalent to Vn(K<3 H“”K Sl for

any n20 and also equivalent to Dy%C_ D c,K ©H for any nz0.

n n
For n=0 we have
= A ~ s D
o 0 ks 0 , 2
Dy Py ko =tvy g },h)—(alv+zl{Dv e
(@) 9] O!\O o-
7. [0 )= (DA%R. DA K _,h)=0
= (V E A +h)=(D/%R.DA k_,h)=
i Dvokd = 1 RO o)

because of (2.13)l

Suppose now, by induction, that for some nzl we have

v (K'“Hl K’)H Then for any knéKggiH we have



=T

o ~

. 05 y
§,h)=(zX V.7 o },h5=
_ .

. 0
(Dy*C Dy X _,h)=(V n+li n+1 ngn+1{ D

7
n n v kﬁ Vn‘n
A anDV = l A A 0 3
=Wyl p p k| /DISE o e e &D/\ 7 k’}'h)z
naNe i Vi tnin
: n n
(Gzz K ) (VK we 0 h) =
nan’ Al 1Dz ke 4
W EEaohat
\2 /\ g
Wn%& plhl +1@V?ﬂk}'n)
nn

Tt Kﬁ is the element of KnGDH which in the matricial

formof(K_,V,) is given by 0 ® ... @iDC>DR venaDE G5 Ehon

n-1 RO:Q‘
using (2.13)n we obtain
4 A2 Bl
(DVXCan kn,h) (Vnann h)+(DP ..Dﬁﬁ RnDR ...Dﬁ}&yh)=0.
n n n-1 n-1 o)

Since fiow nza Dy Kn=DV (0 ® ... éQO@DDR ) we obtain

n n =]

VDT e

D.#c D K € KOH
non
n n

which clearly implies V (K & H)c K F{:/H and the induction

nRkingt]
is complete.

This finishes the nroof of the Theorem.

The . conditions (2.12) and . (2.13) o’ D71 describe all the
obstructions on the V —-choice sequence {Rnﬁn7o in order that
the corresponding Gb—isometry (K V) produces an Ando dilation

& & 4 - :
(K,LU,V}) of (H,[?,S}). They also sugest a recursive. construc:

A
ticn of IR . Indeed if we denote
i n)n;O :

MA 2 065
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then Wn and Wyn are isometries. Let Qp be the operator from

>D§ ...Dﬁ KO into Dﬁk... R
n o n o)

/\2 .
X...Dﬁxk )~(Vnsnko’kko

R )

; 3 i ;
(2.19) (QnDR ...DR k +D
1 n ©.0 n o %0

According to (2.13)n+l Qn is a contraction. We also have

*
] =
(2.20) e

A :
So Rr+l is a contractive intertwining dilation of the contrac-
4

tion Qn which intertwines Wn and Wxn and can be constructed fol-

lowing the methods from intertwining dilation theory (cf.[2]).

A

Unfortunately the choice of Rn 1 @8 a contractive intertwining

+

dilation of Qr is - not free. It hasvto be chosen such that

Qn+1 defined by (2.19) be a contraction. It can hgppen that

n+1

A
(2.13)j holds for any l<je¢n but the choice of R 47 Which sa-

+

tisfies <2’13)p}3 be impossible. An example in this sense is
given in {}Z T

¢ A
IniﬂﬂI we indirectly proved that if we start with Rl

verifying (2.13)l and having sufficiently small norm we can

produce a sequence vRﬁg which verifies (2.13)n for anv nel.

=l

In the next section we shall study a class of Ando dila-
tion of (H,{?,S}) which cross throuagh (KO,[UO,VO]) Fforwhich,

we can exhibit a system of free parameters which describe it.

3. U-diagonal Ando dilation

Let (K,[U,v]) be an ando dilation of (#,[T,S]) and let

(KDYUH,Vna) be: its sequence of succesive dilations. We
L J ;

n=dJ
4

say  that (K,{p,v]) is U-diaconal provided U -V =V On for any
nzo.

i i = = i eiresuiltes: Provnogition 2.1
Since ]nDVn VnUn Unxn it results from Provo It



siETa

that (K,{?,V}) is U~diagonal if and only if for each nzl Un

has the diagonal form

e 0
Un= n=1
0 Y1
where Yn—lDVn_l:DVq_lUn—l' @learly then U itself has a dlagona¢

matricial form.

Propesition 3.1. Let (K,{@,V}) be an Ando dillation of

- b A A=
(H,{?,S}), (K,[U,Y]) be the minimal unitary - dsemetric extend

sion of (K,LU,V]) Eggzgn,[én,enjjnzo {Kn{?n’vnjgngo be the

corresponding sequences of succesive dilations. The followina

assertions are eguivalent.

(i) (K,[U,V]) is U-diagonal.

A

T )
3 7 e

(1i) For each naq)\‘an Vs

{(i1i) The:recursive: matrieial form of the ecmbedding z, of
- n

Kn into Kn is diagonal i,e.

Zn—l 0
%=
0 bn_l
5 = A
with b._1Py DG Z,_q-

Proof.. Since accordineg to (2.10)n, for any nz0. and kﬂeKn

we have

A A s
= Tim Py gl
Yolesw llm Y. VnUnLn
p -

clearly (i) xD(ii). If (ii) holds then for anv kﬁiKn we have

1
o

A A :
(N T e T s )il =3 S e e s



‘hence (ii) =>(i).

Since in general

~ut
Zn—l fn-1
Zn=
; bnwl
: e 2 b i N
with an«lDVn_lkn—l—(Vn—lHn—l E%wlvn—l)kn—l clearly (d)<&=> (ii).

5 ) . {. 7 2 4 r/‘ A
Let us fix &gain (KO,LUO,VOJ) and consequently (KO'LUO'VEP

with the semnification given in the precedina section.

A A A
deerem 3,0 Lot (K V) bea Vo~adenuate isometry and

ey e

A A A
let {Rrﬁnwo be its Vo-cheice sequence.. Then (K,V) nroduces a

U-diagonal Ando dilation of (H,[T,s]) if and only if for any

e Prar— e

: A A A A
(3.1)I1 UORn—RnUO DR
n-1
/i o
352 Dax DA%R_DA e DATK e @&
n,o0 e R n Ro-1 R, © o
Sy RE pa DA% R DA DA K
T * * DL . G
n,j el P1 R._1™ R._1 RS0
el el B
Dﬁ\ ,""Dﬁ KO,' e en=1;
n-1
(3.2) 2 R pa DA K D T
o { e A A <
n, A=drn=R A R Rosq R, O

S
Proof. Suppose that (K,V) nroduces the U-diaconal Ando
2 & o /\ .]* A /\ / : .
dilation (K,{U,V]) of (#,[T,s|) and let (K,|U,v]) be the mini-
mal unitary - isometric extension of (K,LU,V}). From Proposi-
: ~

tion 3.1 it results that vn;anvn and the embedding 2. OFf KnLWLﬂ

A
A\

has a diagonal recurssive matricial form. It results that if

A
we writte Kn as



A
K =K @0n &...® 04
RO RS o
A
then the subspace Kn of Kn is

A&m KédDR KSLDR DR Ko+f - DR Dﬁ K

e o il o) n—-1 (e}

From
fae - /A
X 1 Sen i A
= O r Ry DA k
n-1 n-1 R
O | a5 A 00
" 3 -R%DAck DA% R DA cabiAile
A
Vi : =42 Rl Rn—l & Rhfl Ko o
2 L DAL R DA DA
D =R Db, 4 oo Rk
ST DROko & . % Bty Racy o
- )R" R paA sy
el e g ROI/\_O
e
ey
= |
-
- « S
n O € Kﬁ‘H
DA Dl
T
e RO

we obtain (3.2)n for 0gijen. The conditions (3.1)n result as

r

in the proof of Theorem 2.1.

Suppose now that for any n2¥%3.l)n and (3.2)n o Ocrem;
. 7
hold. Using (3.1)n we shall construct as in the proof of Theo-

A A 4
rem 2.1 the unitary opewator - U-on K which extends Uo and commu-

A
tes with V. Let (K,V)=(K+(K Jis V+(Ko)) be the Vo—adequate iso~
AN A
metry attached to (K,V) and KO as in the first section and
(K

n,Vn) be its generating sequence.

We shall prove first that

o i o
H.=K @ Dax G . S

(3.3), "'m=Ks @ Dy K & @ Dfo--DA K
o) Hede s o

Since Kn+]:Kn\/VKn proceeding: bv induction,. it is sufficient

to prove that for any ké&Ko we have



et O
ae o)

v o sl e @ miDa TR
D§ SiDe o Ro Q Ry Ro T

But from (3.2)n - 02j2n we have
{ o

o @)
. (®]
A ;
==\ O —
DS e D2
RO o) Rn~]
& - |
it e D R D4 Sk
Ro Rn—l n Rn—l RO e}
ﬁXDA Da ﬁ D Das ik
= Age, * A e A
? R1 Rn—l n Rn—l R, ©
. aw c K @@ B g K.
: > € KOG:DR:; O@" . JJ;DRn 5 'DﬁoK()
R REDA voaes DN e
g Lo = R 7o
DA DA e DA
Rn Rn—l Ro 2 ﬁj
= S

and (3.3)n is proved for any nzl.

It results

Gl ek b K @p Dbk O,
0 RO (©) R1 RO o)

: BN S L ,
From (3.4) and (3.2) , we obtain V{_<§>HWLKG§H which
r -t
~ A A
together with the existence of U shows that (K,V) produces an

Ando dilation (K,{U,Vj) of (i, . s]). Using again (3.3), and

(32} 0<j<n we cbtain Vn‘anvn and by ‘Pronosition 3.1 we

Iy
conclude that (K,[U,VY) is U-diagonal.

The proof of the Theorem is complete.

Based on Theorem 3.1 we shall give now a labelling by

a system of free parameters of the set of all U-diagonal Ando
dilations Of,(H,(ﬁ,S]) which cross thr?P?h a’ fixed (Ko’{po’vo})‘
e 2 - l:’“"\) b
A squgnce<§ —{(}n_l, Fn—l’tyn(ﬂ){;nfl

widl becalled



‘ 3 0 0
K &U ,V !) adequate seguence of aualvtlc functions if its

: o] ; : : :
terms {Ln_]an 1,@;(A)f ere analytic functions defined in
: Gl L Il P :

the open unit disc D .of the complex nlane, taking wvalues con-

tractions from the Hilbert space anl inte the Hilbertispace
anl which are recurrently constructed following the precedure

presented below:

Let us denote

and
L =pn l< OU DA Ki-wp CENEE
o) R O"R, oo .00 B
({3.6) =
i b g - Asp e
=DA% R =0 EDask
L; Ph‘k Sy DR‘K¥O' e UO { K‘
(e} pz0
/\ -
Then L and L, are wandering subspaces for U_ and
o e ; 0
oK
§OK 11+(LO) B
(i

i =M (L &R
Dpﬁhx l-“ﬁo)k7ﬁa

vhen, for the wandering subspace L of the unitary operator U we

7
denoted

\kn

M(L)=@utL, M (L)=@u'L, M_(L)= UL,
nez n>0 nz0

L.et us denote

o N\t
D= G}Uip'o

(3.9) b
L g
FO O R
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and let H be the contraction from D$

: D e e
0,0 5 1nto_,o defined by

o

(3'10)0,0 HO,O = PD

Since we have

A
0,0 0 XDXO:PD

A
U H
O

O

(3.1) 0,0

it results thd{the subspace Mo=ker HoaOf DXO is invariant to
> ,

: . 2
o i Sy : i i . Sl S
Uo' Since Uoiva is a unilateral shift, UO\MO will be a unila

teral shift too. Hence we have

(3.12) , - Mo = Ker HO,O =R
with ’
(3:13) e u b, =

We shall choose as the first term is our sequence

an arbitrarv constractive analytic FunctionlLo Foial(})
e 1 S

Let us remark that what is imposed in this

choice are the subspaces LO,FO (in fact only their dimensions)

/j?)

the choice of the parameter( 1(,fl) as a contractive analytic

function from U fnto L(LO,FP) being totally free.
: AT . :
Lei us denote va§U Lzﬁa the Fourier representation of
SRy S r

the bilateral shift U on M(L) as multiplication by coordinate

function elt on LZ(L), Eies



== Sh i
e N i) 7
A ) [J /@ = 7 r] t - ” WD
1]_ /“"_ =0l ‘d:/‘ 2 Loy /( \—L w_lL@ '1 S i
ne nez n-
N7
/‘\
Using (3.8)O we shall define the contraction Rl from Dﬁi into
O
Daw by
L
f A ::-\ el
A i Y \ “;r’ ~ O
55 =1 () P -
iy Bialmu L 9y
o} o 6]
where by(gk we denoted the contraction from LZ(LO) into LZ(FO)

given by the pointwise multiplication with the boundarv values

~ : —~
et ot @2(&) :

Let. us mention the following properties of Rl.From the
definition (3.5)l it s clear that
3.14) R.0_|pa =0 R
: T ’ =
(3 )1 MchilR oRy -
o
Using
/E\{ -."._..w..'/_. + = X : s
1Pg K& M-{-(FO)LD:{{ =0 ’k@bxﬁ:f(ﬂ
o ¢] ¢]
we obtain
v"\
A 2 A = T
(3'15)1,0 <R1DRO}O'DRikXO) o kotKo’ h%o %0
: AFaEy 1 N > "‘ ?‘ :
Note also*that fiom hO;ORlDﬁgkoziojlt results
3.15 Ripa "7““7?
( ) ‘1 RO- e DA 5

0 ) th
Let now nzl. Suppose that, after the n Skepof our

congtruetion for anv.-p, Ocpen-1 we produced [ [ - Dbye(3. 6}
YVo-Pl, Uet A D %p b
D Db 3.9 coll L OaYeps by (3010) 0 ol a3 e
pitap B R Ul by 8 L P
: e £ e =
- AN 130 aosa that | Sy a ce AT e
Fp by (3.iv,pa Suppose that {Lp,rph b i was chosen as an arbi
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T was construc-—

e Suppose also the relations (3'14)p+1 and

N\
trary contractive analytic function on D and R)
ted by (3.5)

(3.15) 1 4 0<jep+l hold.

Sl R

We shall describe now the (n+l)th—step of 'our constric-
tion.
Define
e A -—":"; el
et ) A SR = 5 4 o erle 4
n PR eBe KOU Do Dt K R () Ugbp Bptake
n o n e P20 n 0
(3.6) A :
n e B
L e caBAElG L0 DAL L. DA K. R =Y U D D K
*n Rﬁ RO pJe) ') Rn RO KO KD 57,0 o Rn Ro *
We have

Dn~...DﬁOKO=M+(L ) ® R

Rn n n
(3.7)n Sl :

Dﬁit . .Dﬁino=M_ (L JER,.
and

DR :I.\’I(Ln) (€3] Rn
6.8%1

DRX;M(LXn)u)RXn

n

Denote

= (£ Xp = =5 =T~ /= - J "‘—*—:'~~‘——-
e %,IUO LML )yoM (L) DRDQ DR\n...DRxOKO
Gy 2

e p s :\ TG Sy S ¢
D —-GzUOLXn—M(LXn)(;)M_(L ) DR§</D§§ aaa DﬁiKXO

p7l

andiecr H & @ fentbe the ‘contraction from 7. “to D. defined
_ ey = *n 7l

by



A

S Al 4 o
{ %@ﬁ{.nﬁw 1...D§§ D%n’ 0¢j «n-1
B E o i :
LS f B) ) =
1}‘),,Rul =N,

Sineefor each j; lejen, R~j is a.contraction from

A : - N A Atz 7T) A
DR. into Dﬁ% we have ER.C—DR. ; DRﬁapRg . Also
g1 il J Jel J sl

e A DA ey - . L ity
DJC_D 3 ij Dﬁ% Hence (3 10)n’j ha ensfor any 1, 0cjen,
J J
and defines a contraction Hn . from Dﬁn to Dj. Moreover it is
STE,

easy to see that

Ve AN
(Botay: . ) = P i i,
- )n,j Hn,onxDxn DonHn,j’ e
(g4
It results that the subspace MW=(3 Rer bl - Coaefal - e
e o Ny e
AN A 3= A :
invariant to Y, and UO Dyn being a unilateral shift, U ’M,

will be a unilateral shift too., Hence we have

n
[ = =)

(3.12)n m aKer H‘,ﬁ M+(Pn,

. =0 &
with

(S35} FoM G U M

L Ont - 5

We shall choose as bhe (n+l) “-term of our sequence an arbi-

trary contractive analytic functlonL Ly n:/“+L
It 4171

Using (3.8)  we shall define the contraction Rr+1 from
el _

i )
DRn into LRK by

n
FAN s
A I .‘r) L =
=D e ) DA
(3'D)n+l Rn+l j%xttn+£jaL & OR <
n n n
A
Clearly Rn+l verifies
/\ A ! A
@ddhi Rn+1% Pai 7 Yobnil

11
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A i
D”‘...DA K<:M ((Fie) @bl "D«X D\T <ot DK
Rn 1 Rn O n AT n n R %0

we obtain

- :

315 ...Dg k_,D_sheA) 5 : ’:7\,\

( Sprt o n+1PF 'Dﬁ"o’DR?'”%Jﬁgﬂ>kQK : iﬁ %o
n o} e ke

= e = 4% },,"
From Hn, Rn+lDRn"'D§LL 0 O“Ko’ O<j«n
we obtain
* 48 = =
S RUDage ., DamR . DA oD Koa Do DY K Ojen-1
i ) 3 o)
O S e
R'R A o DA K j=
nSn+1PR DA Ko< Dp U e
'\— n o n o]

In this way we described completely the recurrsive

I
construction of a (KO,(U V~})~choice seauence of analytic
P 1

./ .
1 /{‘ é ) 3 o 3 -
functions an~l’Fn l’b’*()ﬁ . This construction also

L nel

o

A "'
] = - 1 AT = ] Z o o
produce the\V choice quuencg lRIBn/O { L)S 50" We shall

é o0 the Vo—choice Seguence canonlcally attached
1/ : o

S

x\

call i

~,

Eo the (” U ,VJ - choice sequence of analytic functions
; >

(@)

7 %@'n-—l’ - @n(”}z‘ ngl’

We can state now the main result of -this section.-

: o) @ | ) y
Thecrem 3.2 Let ;&h—l’anl’Un<%ﬂjrﬁﬂ_ngg

= (
(KO’XPO’Voj) ~ chodce sequence of analytic function and let
Rn<6w§nvo be the V _-choice sequence cannonically atta-
H g

S
ghn>0~/ )
: e 7 - i

ched to (. Then the Vouadequat@ isometry (K,V) E(K(O),V(G))
(7

corresponding to b L n R g" : produreq a U-~diagonal
, Bt iy gl T
Ando dilation (K,(T,Vg (w),}U(UJgV(@)s)of (H, k?,a] which
= =) \o i
crosses through (K }U Vg}). Moreover, the map (e, kU(@),

V(@ﬂ} is an one-to-one correspondence between the set of all




s A

(Ko,[UO,Vg) - adequabergequences of analytic functions and
: 0 ;

the set of all U-diagonal Ando dilations of (H, [T,s|) which

e e e

ergss through (K L0 -0 J)
ot OL

C

Proof. Let(jm.U}n-l’Fn~l’6%(ﬂiJ§nfﬂ be a (U Pl ()-

,,/

choice sequence of analytic functions and { §n>0 K Qﬁﬁ 0"
e

Then the conditions (3.14)n and (3.15)n v O<zjen-hold for any

V=

nzl. But (3.14)n is the same as (3.1) and (3415 ) , 1s the
same as (3.2)n 4 0¢jen., From Theorem 3.1 it results that
A A v

(K(G), V(£)) produces a U-diagonal Ando dilation.
So the map &% ~> (K (& YU(O) SVi(8 ))) is well defined and
we can show easily that it is an injective map.
In order to prove that it is also a surjective map let
K,[p,v]) be a U-diagonal Ando dilation of (H,[&,s?) which
crosses through (Kd[?o’véj) and let K {U VX) be its unitary-

n n>0

isometric extension. If {R\ - 1s the Vomchoice sequence of
A=A
(K,V) then from Theorem 3.1 it results that for any nzl the

relatdons (3.1) ‘and (3.2) A 0=g<n o Beld,
n n,’j
As in the recursive construction of (Ko’(Uo’V; ) -
choice sequences of analytic functions we shall produce all th

‘elements defined by the formulas (3.6)n “:(3.13)n. The rela-

tions {3.2) - . 0720 saedy
n,j s

/\ -
(3.16) RuDE ek M (F - (o o

- g A A

. - pel . d n ’ el ey
Since Rn—l is reduc1ni for U, so will be an—l which together
with (3.16)n implies'Rn\Rq_l=O. It results that there exists

a contractive anaytic function{lp"l,Fn_i@n(A)] sueh that
e o

A T 2% /\



e (0r

NN
choice sequence of analytic functions and Rn:Rn(@). Hence

®,(v,9))=(k®), [0 v ]).

The proof of the Theorem is complete.

‘ ) o
CprollapyVBEl. The distingueshed Ando dilation (KO, Uo’

§Q]) gé'(H,(?,Sj) e the only U—diaqonal Ando dilation of

(H,{?,Q}, which crosses thrOugh (ko’[po’vé}) if and enly if

either Lo={0} or Ker Ho O=@§

o e e

!
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