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ISOMETRTC DILATTONS OT COP{MUTTNG CONTFACTIO}IS. TV

ZOiA  CEAUSESCU and  T .SUCIU

In th ls  paper  we cont inue the s tudy developed in  la ]  " f
the set  o f  a l l  Ando d i la t ions of  a  q iven pai r  o f  commut ing con-

t rac t i ons .

We show that any Ando d"i lat ion can be producecl in a cano-

n i  n a l  r ^ r a r r  
' l . r r z  

t n  = n n r - . r n r i : J - ^  a , l n * r r = ] - a  4  cr r ! v q !  w q J  p !  r y t . J L v . p r + q L r j  d . L r c r l u d . L e  r s o m e t r y .  C o n s i d e r i n g  t h g

label l j " i rg  by choice sequences of  the set  o f  a l l  adequate j -some-

t r i es  we  es tab l i sh  the  obs t ruc t i - ons  i n  cho ice  i n  o rde r  t ha t  t he

co r respcnd ing  adequa te  j - scmet ry  p roduces  an  Ando  d i l a t i on  ( sec -

t i on  2 )  .  Fo r  a  spec ia l  c l "ass  o . f  Andc  d i l a t i cns  we  exh ib i t  a  sys "

c e m  o f  f r e e  p a r a m e t e r s  w n i c h  p r o c l u c e s  i t  ( s e c t i o n  3 ) .  f n  s e c t i o r
! .

1  we  reca l l  some known  fac ts  on  adequa te  i sone t r j . es  
1c f .  12 ; ,

i  ̂ t  ,l _3 j  )  ,  Cons ide r ing  on l y  a  pa r t i cuJ .a r  case  ,  e f  i  i r t e res t  f o r  ou r

purpose,  l ,v te  g i - re  to  the known oenera l  resul ts  a fcrm which wj -11-:

be convenient  in  rvhat  fo l lows

I .  Adequa te  i somet r i es

For  J= I ,2  l e t  T i  be  a  con t rac t i on  on  the  i { i l be r t  space
)

H _ l  a n d  1 e t  A  b e  a  C o n t l '  a C t j  ^ -  € r n n  t J  + n  U  c ' t ' n l r  + h : #  A T ,  = T " A .! ! v r r r  , , 1  u v  
" 2  

r s v r r  
" . . . . -  

- ^ * 1  - 2 - . .

I n  i : ' i  t h e  e o n c e n t  o f  A - a d e o r r a t o  i q n m r . i - r a v  w a s  i n t r o d u c e d  a n d| ' - " J 9 v I . . ' 3 * Y 5 y * : Y - j : j - " . . . * ' , * _

used.  in  the label l ing of  t i re  set  o f  a l l  contr :act j -ve in ter twin in<
{

c l i la t ions of  A" .

f n  th i s  sec t i on  we  sha l l  r eca l l  some resu l t s  abou t  A -ac le -

q u a t e  i s o m e t r r e s  i n  t h e  p a r L i c r i l a r  c a s e  w h e n  H f H 2 = K o ,  T I = T 2 -

: f )  t - h o  n r r  1  I  O n e r ; l t . 6 r  { - r n  k  a n d  A - - \ /  a  C O n t f  a C t i C -  k '- v  
K  

L l I s  l l u l r  v i l a r  q  L v t r  ! ' r r  t \ O  A I r L I  * -  U  
O  

) t L  u r l  , . O .
, t o



In th is case

a Hi lbert  space K

that

, " ,  
i ' - r '  , , , .  . . '  

, ,
a V^-edggUqt€*r!Fg,lng!{y. ls' an 

'j_sometry 
V on

con ta in ing  Ko  as  a  ( c losed )  subsnace  such

( r . r )

( r . 2  )

K =;;'ovnKo '

vo=nffov I Ko.

Hence,  a v^-adequate isometry  is  in  fact  a  min imal  isome-I

t r ic  d j . la t ion (not  necessar ly  goye_L: l - rLaF. io l )o f  Vo.  S ince the

te rm "m in ima l  i somet r i c  d i l a t i on , ,  i s  genera l lV  used  fo r  t he  m i -

n in ia l  power d i la t ionr  w€ adopt  the term , ,vo-adequate isometry , ,

i n  o rde r  t o  make  th i s  d i s t i nc t i on .  r t  i s  i n  conco rdance  w i th

the term . in t roducer l  in  [ :  ]  in  ihe ,qenera l  context

'  We  say  tha t  t v i o  Vo -adequa te  i somet r i es  (K rV)  and  (K ,  ,V , )

co inc ide  i f  t he re  ex i s t s  a  un i ta rv  ope ra to r  x  f rom K  on  K ,  such

tha t  X  K . ,= I  y  -  t he  i den t i t y  ope ra to r  on  K^ ,  and  XV=V,X .( r  \ ^  o '
v c e

T h e  m i n i m a l  i s o m e t r i c  d r l a t i o n  ( , ( o ,  f r o )  o f  ( K o , v " )  i s  t h e

unique (mcdulo the above co inc. i -c lence)  vo-adeouate j -sonetr \ , .  for

v lh i c l i  K^  i s  a  semi - i nva r ian t  subspace  to r  S  i - .  e .

( 1 . 3 )

I n  genera l ,  t he re  a re  V^ -aCegua te  i somet r i es  wh lch  do  no t

"o' ') 

v

c o i n c i d e  w i t h  ( K o r V o ) .

we  sha l r  reca I l  he re  some pa ramet r i za t i ons  o f  t he  se t  o f

a l l  V^-ac lequate isometr ies which are par t icu l  ar izat ions to  ourU

s i tua t ion  o f  qenera l  resu l ts  p : :cvea in  F l  ,  IZJ  .

A seguence 
[ ,*orun)J nel  wal I  be ca]- led a ctegeJa.Ling_sgguel-

ce  or  \ r , ^ *adequate  isomet ry  i f  i t  i s  de f ined recur ren t ly  by . the
U

formulas

o
K

Vn=P,.oiitt
o  K o o

l r
l  ' t o '



( + t

3 *

l

t1
v  t rY n * l

K = Kn  n - r

( 1 . 4 ) n

T 4  I V  \ I \r r  \ N r v /  l - s
t l

K  = Y Y j (  a n d  V
1 1  a r
l l  v  r l

i s  t he  genera t i ng

A i ' r n  + " 4  ( 1 1  \ l \s r r r Y  u v  \ l \ ,  v / .

a  \ /  - a d r r , ^ r r - ' : l - o-  
o  - - - 'a

(
- D ' '  \ z l k  i + -.  

V  '  L V
' t n  r r

^ . t r
D C \ i U C J T U C  ! J r

v * iu"-'
Ll'n-'

r, 1"n-t 
lt"-t 

J

w h e r e , f o r  e a c h  n z r l  , C - ,  i s/  )  n - L

a?rr*  .  Clear ly  the s t r ing' n - I

the str ins 
[ ."1]=l .  we sha1l refer at the sequence 

i .cr l  , . ,20 u=

a generat ing sequence o! .  a  Vo-adequate isometry  wi th  the mea-

* . l * , -  ! 1 - ^ !  F  t -  ! L -n i n g  t h a t  C r ,  a p p e a r s  i n  t h e  f o r m  ( 1 . 4 ) n + I  o f  ( K n + l , V n + I )  .

t e t  (K r r ,V r r )  be  a  qenera t i nc '  sequence  o f  Vo -adequa te  i so -

ne r - : : y .  Cons ide r ing  K r r - lC  K '  i n  a  na tu ra l  wav  i t  i s  easy  to  see

tha t  ,  f - o r  n72 -  \ /  |  (  = \ /  ,  I  K .  . .  I t  r esu l t s  t ha t .  t he re  ex i s t s,  u n l  , . n _ Z _ u n _ I t  , . n _ 2 .

the  i nduc t i ve  l im i t  (K  ,V  )=11$(Kn , \ rn ' )  and  (K  ,V  )  i s  a  Vo -aoe- .

r juate lsometry .

I { i th  a natura l  not ion of  co inc idence for  ' -he qenerat ing

sequences of  V^-adequate isometr ies we have
\J

a contract ion f rom ?r ,  in tou n - 1

l .  ' l D

.J  (K_ ,  V_ )  t  
-  

,  is  wel l  determine<r  by
L  n '  n ' J  n = I  I

Propos i t ion  r  .  1 .  The inap i ( f -  ,u_  ) l  -  .  , . -z  i t<#  t .  n '  n ' J  n r ; i . '

secruences of  V -
m'*ca--ffi.- 

o

i s  a  b i i ec t i ve  co r respondence  be tween  the  se t  o f  a l l  c rene ra t i nq
- ffir. *.@-tu'+4,

a d e c l u a t e  i s o m e t r j - e s  a n d  t h e  s e t  o f  a l l  V ^ - a C e -
v r -

sua te  i somet r i es .
tu4c*

l n d

(
1( r ' .
t

1 7  i ? -
n' " n'J nr>r

orresDon*
I.

A  q c r c r r c , n n o

prov idec l  R  =V a- o o

n
U

V A

I  l \  !  ^
t  n t  n l t ,
L  : . J  r r  1  v

nC fo r

\ /  - : d a r r r r . = # n  i  c r t r n e ,  i -  r r z  a
" n  

* v v r ! . e e 4 J  t

wil- l  be calted a v;gbgt:-_..9_.:g-ggl!g

n . :1 .  R*  i s  a  con t rac t i on  f  rom ? -  i n ton  Kn* l

Drr*
n - r

-uf- r

i  s n m e l - r w  t h a n  s e t t

i s  easv  to  see  tha t



, t ,  

'

. .
For a V^-choice seguence R= ln_l  _-  ̂  let  us seto  _  _ ; i  L*  .nJ  nzo

( 1 . s )  K  -  K ( F . )  =  K o G ) t R  @ O H . G ) . . .
"o "i

and l -et ,  v be the operator on K havincr,  vr i th respect to the

d e c o m p o s i t l o n  ( 1 , 5 )  o f  K ,  t h e  m a t r i x
l

R D R D N P' ' . \  + * ' ]  * "  * " )v ^ + i r
D " -  D "" o  ^ ' o  - ' 1

11

F:

-D, .  R..  -nxo p- d * . ' I  ^ ' o " o * " 2
-'o "1

( 1 . 6 )  v = V ( R )  =

o o*, *RT Rz

f t  is  easy to  see that  t t ,U l  is  a  \zo-adequate isometry .

ili 
3:gU:H*tr_9*.*I;3* The_It*.p, R ..-> (K (R), v(R) ). is g b.ijectivs

g-q lEqEpondence l :e tween ' the  se t  c f  a l . l_  V_-cho iee  s€rc ' i r4ncesf f i ' .#*sff i , ! . -  , ,  - - , ,"- , , , " , , , - , , . , - ,  ,  *  , , , , , , - , . ; ; , ;_;  . i ;  . , , ; : : : '  'g -" j j , " i_---*J- i . l  , ,X--; ;  - ,

? n C  t h e  s e t  o f  a l l  V ^ - a d e q u a t e  i s o r n e t r i e s .
o = #

Le t  (K ,V )  be  u  , / o -adegua te  i somet ry ,  
l JK . , ,V . , ) J  r , r f  be  i t s

generat j -ng seq-uence and lRr- rJ  , , "0  be the vo-choice sequence of

(K ,V )  .  ' r i l e  sha l l  wo rk  f ree l v  w i th  one  o f  t he  th ree  desc r ibed

above  fo rms  o f  (K  ,V  )  :'  n '  n '
I  -  ' l ' h F  n c r n  s n e c i f i C a t e d  f O r i n

t1

(  =  \  r t l f l rt \  -  \ /'  r ^  
i = o  

u

l ( '
V =p1 ' .  V  lK' n  r  nr  I  l \

n

&
' ! !

h,  TI  t "he : :ecurs, i -ve matr rc i  a i  for rn



=  K  - . @n  n " r

l v

V _n

: , 
'..:l:

j -i:ji:r;: , .,1, ''

n r t
n-1  " , , *  "n - l

u n - 1

n"v -rrx (-
n -  l " n -1n - r

rR

f-^

I
t

" i  n  - l  I
i 1

i i)., r"" I I
l * ' v i \ J -

coanca

. i €  r a  - n
r'

A\ f)w  v -

n " p- - * - ' I

c

. - 'n^p' ' o ' ' 1

n
11 r

c p . . .  0

D  . D
i ) *  p r
\ o  " 1

,**^
E

v _ a

I

*
- P ^ p"1  "2

a

n
" R- ' n -  I

R ^ . . . D  , . . . D  R
I  . , X  n X  n - I

"o 
^n-2

'F
I? -o^I-r r'\ p
" ?  ' ' ' r \ n ' /  ' J .  " . , - ' lv  r : t "  ̂  F '&  1r  r

K r  r c  t" 1  f L - l

|ts
-  p ' - I )  n n

l \

J-  aX , r *  n - .Ln?. 5n- 
2

n

r t l

0 0

T h e  i d e n t i f i c a t i o n  b e t v i e e n

* . 1  - - l  ! 1 ^ - !
t L t J - t  l L l  L r . t  d  L

l l :  l l  DBn*r '

. l . . t . r a

r&
. A

E L 1  1 1
r a .

f \ - , , /  n -  i

forms I and If is r*ade havincT

r
| 4.a_r
1 i-.,

ii tr', I lo'n-.- 
' '

" n - 1 l n  t
l U - i I  I
L_t t r -L{__

C l e a r l y  ( K , V )

o f  Vo  i f  and  on l y

Rrr=O for any nf L.

Let now So Ou

D*ot"l l

J

A ^ ^

t n

to  the min i -na l .

r  a h r /  n ' f i  n r
I  q r r J  t t / / , v  ,  v L  I

I f I  -  { i . "  ma t r i c i a l  f o rm

K  = ' (
n o

K - (  - ' - / v K  . = (  $ i v - v  . i fn  n - r  n - - r  n - I  L  n - r j  n - I

and  l i ( v - \ r  .  ) t  . l i  =  i iD - -  k  " i ,  .  The  i -den t i f i ca t i ons  be tweenn - I  r l - 1  v n _ I  n - I

f o rms  J I  and  f I I  i s  made  hav ino  i n  m ind  tha t

i s o m e t r i c  d i l a t i o n

eq r l i va len t l y ,

a  contract io i :  on the IJiIbe::l
Ar ipace 3o  and le t



Ka
l , ' avo

A
a Ko be j-nvariant

-adequate isometry.

6 -

A

t o  V^ .  Deno te
(J

Denote

t A A

o f  K o .  L e t  ( K , V )  b e

into then f or n>zL,

\ 7  - T 7

K=Kr- (Kr_r) = V v=v*  (Ko)  =v/  K.

n- l - a
n - l

n - 1

{n  Ko,

Then  c lea r l y  (K rV)  i s  a  V^ -adequa te  i somet ry .  Lec
t . 4  A . 1  r  " t  

u

t (4,. , ,vr,) j  rr ,  and 
l(4,r,  vrU ,. ' r  be the oenerat ing sec{uences

 A

o f .  (K ,V )  and  ( .K ,v )  respec t i ve l y .  We  have
'  ' a

i ^

n . -  
n  i n  f f  A n l  A

Kr,= to" v"K..= -.2 v"K^c \,- VttK^=6* .
j = 0  j = 0  v  

i = 0  
v  r r

f f  we ,

Zn  has

( r . 7  \-  - n

( 1 . 8 ) n

and b n * t

\ t

Let  .us a lsc>

( r . 1 0 ) n

denote by Z the- n

the recursive ma

f ,
I

z  = l
n t

I o

o f K
n

rm

^'1

I
I
I
I
I
I

I

i nc lus i "on

t r i c i a l  f o

It
n

l,
where a*  ,  is  the contract ion f rorn 2, ,  in to K .  c le f inedn - l -  - \ /

u n - l  n - - L

by

A
a  - D _ _  f  _ = ( V  . Z  . - Z  \ z  \ r -  ,  ( - -  (" n - 1 " V - - o " t - 1 ' '  n - I - n - l -  

- n - l " n - ' 1 ' K n - 1  t  K n - I = - - ' t n - 1 '
t r -J ! .

( 1 . 9  ) n bn- lDvrr-, k-rr- r=Dfr,- 1zr* 1 1n- r ' kirr- 1G Kn- I :

i s  the contract ion f rcm 0r ,  _  in to CI i  _  def ined by' n - 1  " n - 1

note  tha t

K.., A
Vn=pK..Vr, l .Kr,

orr .  i -n  recr l rg ive matr j .c ia l  form



a .  , \

( k ^ ) - = { ^ "  {r -  l  l u r z  r ,  1  '
t  u  

o ^ c J

I t  r e s u l t s

n - L n - 1

Th is  imp l i es  tha t  i n  t -he  ma t r i c i a l form cf

k.F K., S!9 for n7t lggv

i n  t he  ma t r i c i a l  f o rm

k  = / k  )  h ' p  t h e' * n  t , ' o ' n  5 : - *

o f  ( K * , V _  )  r s  q i v e r r
l l I I f u f u

t he  rec 'u rss i ve  ma t r i -

,l ,1
l (  \ r  \  + i\ ( n * l ' v n + l - J  : * 9

*tuI) D,; . . .DS k^.
t tn -  

I  
' b  "

l

* ' 7

* l
I t t7 '''\f t7
V -  -  & * Y * 4 ^ .

l I  t t  r l  J l

I - f  v , re  consider  the matr ic ia l  forms of  (  Krr rvr r )  and t f r r r$r r )

Lhen the matrj-x of Z- has not a sj.mple form; f lowe=n

ver  we have the fo l lowinq

Rarn : r l z  I  I  T .a { -

elernent  of l . rhich

h x  o  G . ' .
c ia l  f o rm

1(
, n

rf\

n f

0  & 'DR Do  W, ' .  Then  i n- 'n- I  ' ^o "
(Kn,  Vr  )  we ha,ze

f o 
*"t

l r
l n  1 -  l r
I " \ /  " - - - I  iL ' n - l  a l

' - ( )  v
, .  t  t
\ K ^ ) - = i ^  1 . . .L r  z  \ u t r  r -  I' l ^ ] :

t t

. K . l
I  l l  - L  I

I

i s
r"'rt - '1 

I
. L n

I
{

- J
n - l l

:.-J
n * l

(1r '\

r ' , -

I L-J

' i o '
n-

r o
I
l 1 -  n

[-"n- 1"v
- n l- rrv

n

lDv. n

1"r,r
n

17

l n :
t
t p
t n -

r
I
I
I  n 1

n l * V

I
I

t *
.l- I

I
I
t

1. 1
"n -  1 l

D4
n

is qiveir bv 0 ,ih,Je lement

( i )

( i i )

v[ro H.J.. rr".s

v, i ' t< ':,: i i '{, c k'-(} ;/,

f o - l A
I  ' .  l ^ €  (

LD# Zr.,r(r, J "' ', '.n+l

Let  us end th is  sect ion vr i th  the fo l icwing s inp le but  use-

f u1-"1-

P r o p c s i t i o n  1 . 3 .  L e t  ( K , V )  b e  a  V _ - a d e c r l a t e  : - s o m e t r v  a n c i
, 

(J r'*na-6.6trffia.l4d}'!i@#

r
1 n 4 -  l t V  r r ' , 1  t * ^  i L -  - - ^ - i - -  "  

1r ! - ;  r \ , r * r v - t ! - ^ . . r  b e  i t s  c { e n e r : a t j - t ' l o  s e q u e n c e .  J . , G + . 1  i i  b e  a  c l o s e < 1
i -  i r  i L . t l L i L

su i :space o f  K^ ,  Then Lhe f  o l l -o r ,v rnq  are  eou lv : r l  en . t -
(J  - - ! !  !  €w '

n'-A



f i - ' i

[v"s#, frJcKo€ ff
.$

( i i i ) l'---'L."ru,l. orfl ry, nlo.

n/
Proof . Srnce for k_<- k_ , -V.- is in K_c} f l  i f  and only i f,  n  n '  n  n - -

: j,fi: r::'i-:
.  , . ' . :  t

.K-e K € l - l  an because
I I

r k l  i ?  1
vn+l  

Lr l=  
u io" . / i'ii,n.r,r,*

W e  c l e a r I 1 z  h a v e  ( i ) e ) ( i i )  .

a / . \ ^  t , .  { o  1 . , . . \ - .Since o{"e Kn*Ib' ,{ fron ( i i .)  r.re obtain t/n*r[ 
i-_ p1,.X,rf1 H.' - t " v  " d  - r ' -

n

0 -l f- DV:IC-DV l-.n /
' , .  l = l  . n  n  i

Vrr^rJ f VfiC"rl,- ,l: , J

I '  resul - ts .  A s j -mple lnduct ion shor , is  c iUe

-  D r r { -u g v

( ? . 1 )

( ' )  ? \

K = Y ^unvmi]
T\ t ' i l1>.u

'  t . n - L
.  l l  I

a n d  ( j - i i  )  c l e

'  . J t  |  \

[ ] - r 1 ] ( : : ) { . - r - r  j .

t'
I'1 I r'l

L I U

L

a r 1

2 ,  Ando  d j . l a t i ons  as  a rJequa le  i somet r i es

r '  - l

f n  wha t  f o l l - ows  We sha l l  Ceno te  bv  (H ,  
L j I ,SJ  )  a  pa i r  o f

commut ing  con t rac t i ons  T ,S  o r l  t he  i l i l be r t  soace  H .

r . .  n  - l

we say that (r ,  [u,v-/  I  is a.n *I '9p--3i]gglgg of tr i ,  (-r ,s- l  I

pro. , r ided K j -s  a Hi tber t  space conta j .n ing H as a c losed subspa-

cer UrV are two con'mrut-i-ng isornetries cn K ancl

' r hs *=p [u tv * f  Hn  n ,myo .

t  
' ,  

r '  1 -
f "  ' ; l  \  . - - - ^ 1  ; u lT . V o  A n d o  r l j - l a t i o n s  { K l l J n v i  ) .  a n d  ( K ' L 9 '  , t ! ' . }  )  o f  \ H '  U r , S J  )
L  .  

- /

co i " r r c ide  i f  t he re  ex i - s t s  a  u t t i . t a r t ' oDe l :a to r  X  f rom K  on  K '

< r r n h  { - i : r ' { -  1 . '  { H = ' t ' - .  a r ' r i  Y T I = T l r X  -  X \ / = : \ / r X .d u \ / r 4  L r r ( n u  l \ l r r - , L H  q r r v  t \ v  v  i > ,



. , :  t .  . ' . . . . :  . :

Let us denote

I t  i s

m a t T ' l  / i

V i s

a f  T .

Ko= r.-,, '61111, Uo=U lKo, Vo=f 
[ [z/fo.

n ' r  o r r  { -h  =#  t (  - .  ,U  ̂  )  i s  an  ident i f  i ca t ion  o f  the  in in i rna l  i so-t  ' ' c J '  
L l

d i l a t i on  o f  T .  f t  i s  easy  to  see  tha i  K . - ,  r educes  U  and
\J

a contractive i-ntertwi-nirro di lat ion of t} 're eornmutant S

Tha t  i s

K K
r r  1 7  - r r  : r  - * " o  - ^ ' - O  r zt o u o - u c r ' o '  t ' H  - E l J  v ;

crosses  th rc . ,ugh (K^ ,
. * %  ( j

r ' 1

i K .  \ u r t 7 { 1  a s  a b o v e .\

Since

K- \,,- UnVr^H=.-z rJnK
n , m70 mrr} o

ano V,- ,=Pf v i f^  
" .  

concluCe tna'E (Kr\r)  is  a ' r t , r -aclequate iscnetr
u N t r u

For I r ,  *nua fo1 lorvs we shai - l  f  ix  (Ko l .uc,vo l  )  cor ls is t in" -J

f rom an ident i f icat lon (KorUo) of  th .e n{r i r : :a l .  lso: ret r lc  d l la*

t ion of  T and a contra.c t i r re  ln ter twin inq d i la t ion V.  o f  the

commutant S of T.

I, ie sav that the Vo .- adequate i.somet.ry {Krti) p5$g:g an

Ando c l i la t ion  o f  ( t rLT,S j )  i f  there  ex is ts  an  isonet i l r  U  cn  K
. . .  t  ' 1  r ^  ' :

sirch tl iat (K, iu,vJ t ls an Audo dLtratlan of ttf ,{T, sJ ) r+hich crCIs-

ses throur lh {Kor lu, . , r , /o l  }

The abcve consiCerat.ions sl:oi 'r that arry Ando dl^La.tion of

{ - ^  - - 1 .  
' - ? .

(H,  
LT.  

g l  )  vrh- ich crc : iser l  t i : rc .ugh ( (o,  i . -Uo,V"  j  )  is  oroduced by-  3

V^-adecuat.e j .sornet.rv. Tl" i  lL4J i t  wels nrovedr. in a sl" lc1htly dl.u

ferent terin. inology thc. ro-l lowinq

:- -1

Ando d.i lation (K , LU ,'4

i ' r r  r r - l t  { r  t (  f l r r  u l
L - o r  

. o J '  * i , , . o r  
L " c l r ' o J

) .  c f  1u ,  [n ,  s j  l

)  i s  a tsached to



3trfg:,*f93"_aj.L_ Lgr (K,v) Qq u v6-.u*.S$*t-9 itg*elrx.
qs* (?,v) a,regq.qes sn.,jHgs*gif *Ho+*" e{ tu,U,, sJ t *r:.-*g*e+lx
t.{.. .!hg .{",}fpq i "q. 

q g+s'_Li plS_*[o r-*:

l )  ? \
\ - .  r  /  

l f

1 2 " 4 j n

l j  q \
r -  .  "  /  

n

l n = \ /r  n " V  " n
l t

U - U Vn  n  n '

" \ 7  " n  I

n
YrrDp Dv

L n  n

( i . i  )  The formulas

( r )  r f  { c - \ * ,  ^  i s  t h e  g e n e r a t i n g  s e c r u e n c e  o f
L nJ n 7U .*--;-;--', '-*;#;:"r- "::l iY.'=-_*

c r . ?vC* r v *on r r x f l
n  n  ' n

( K , v )  t h e n

' $

ker  { - l^  and an i .some-n

i ]  n > l  r . : h i  a l- *  f  L L . / L  '  " . . * . - ' 1  a r D r ) e a r s

d p f  i  n a t d  r a . \ ' ! r r q i  r ; c r ' l  r r

n ? 0

nzr0

d e f i n e  a  c o n t r a c t i o n
' . s

t:1y_ Y* from 0^ into
I
"11

* 3  ( 2 . 4 ) r . o  ( 2 . 5 ) r " r

*gssSgl*g*:g t2. 4)

f - l  f r n m  n  i n r - ^
f  F  e t 7

r r  un  " - ,

0. ,  .  T i re  cperator
v ff ird..F*-_--.r

n

the : -sometrv on KI D

I t  q \  L , ,  + L - .  * - . L . '
_  1 f  t \ L . J l - -  1  r  o v  E n e  m a ' c L . l  x
l i -  r  J I "  l .

( 2 . 6 ) n

l r r f l
I  " r - 1  i n - l  I

U = i  In  l o  Y  - n -  i
"  L  r r * r i " - r J

Sgmg** Two Vo-aclequate isometries wir ich prorluce coi.ncin-

c l i ng  Anc ro  d i l a t i ons  o f  (H ,  i r , sJ )  ,  co inc j -de .  j . f  t i : e  v " -adecJua te

i  c n m a { - r r ,  {  (  \ 7  \  ^ v n A . . ^ ^ -  . r L .J - D u l i e L r - ) /  \ r * r v J  p r c d u c e s  t h e  F - n d o  d i l a t i o n  ( f  , h r - , V - i i  c f  t H , i f r S l j

then U is  un iquely  d.eterminero bv (Kry;
.,, <)T4 tv  "^ )  i s  the  min i rna"L  isomet r ic  d : .1 -a t j . .o r r  c f  V  thenr i  t , . c ) r  r . ,  L t U . c l - L  I I : t J I t l e j L i J L  

c t
,  { . J  |  1  ) .  :

i t ' i r c d n c e s  a n  A n d c ;  d i l a t i c *  t L /  l r r  \ z  i t  n {  ( t l  i n ,  c i  )  .  
' W e  :' r r  \ ' t O t L Y O ' ' ' O ) t  \ i r j  \ i ' !  \ 1  ' L ) i

C  f " '  t )  - ?
, - 1 . . ^ 1 ' t  . - , - . ' ' ! 1  t i  , i t t i  i . r  L L ^  - 1 . : . . L : ^ - . ^ . . - - - - L -sna-Lr caii tK.-.,,r\ un,vn ! ) the ti.p!g151g:gleg_A:lg_{*i*tfg."."l

v L U v )

1 * t , i r , s ] ; w h i c h c } : { f , s s e S t h r c u q i i ( K o , L U o , , ' J , J ' ) . . . .
q . J

For an
t \  7  . 1  . A . ?

L . "  i V  t .  t t  r ;  i \-u)' \r\ r 1,..u I vJ /

Ando d i la t ion ( ,K

i . ts  min im;r l -un i

, i r r , v ]  )  o r  ( f r ,  i I ,qJ )  te r us denote

Thisiarv- j- somet-r j-e. e,*<f eps: :ion .



1.'i 
' ' 11" *

' '

i  4  . :  . . . r . . :  .  t .  i t  . .  l

tneans  tha t  (Kr t i )  *s  the  min ima l  u r r i ta rv  exLens io r r  o f
: l

4  A ,  / 1

and V i :s  an isonetry  oe. , , .K,whrch 'commutes wi .b .h f j  ana

Such an extensi.on al iwar,,s exist-.s and tt is uni.clue"Let

, i

( K , U )

o v # a n r l c  \ 7

..'.\ l{.n _. .A ,', ; A /\ r\
K^= \ - ' '  u^"K^ and u^=U I  ( -  .  C lear l -v  (K-  ,  u^  )  is  the min i .mal  un i ta*t ) Y r ) , o t ) o ' o ' o ' o '

r y  ex t -ens ion  o f  (Ko ,Uo)  and  consequen te l y  t he  n i i n ima l  un i ta rv

c r i l a t i on  o f  T .  r f  v ^=p f  i ) i r  t hen  Q  i  s  r?o K o 
Er ien vo ls  the unioue extensi -on of

V -  t o  a  c o m m u r t a n t  o f  . U ^ .  I  , . . ,  . , .- o
A " ' \ 1 - t

I l e n c e  ( K ^ , f  U ^ , V ^ - l )  i s  u n i q u e l v  r l e t e r p r - j n r r r J  h ' , r  l r  . ' : u  - V - l )
t :  L  v  v - J  

/ ! 1 r r ! r : v s  v Y  t ' ' O  t  
l - " O  '  "  O J  

'

Recal l  a lso that  denot inq K,*^= * . - , r0 l "H then fc f  .  iO] lxo 
Tr7.o o

.4 /l

1 - ' l a a r ' l  r r  t t l  \ l \\ - - L C C l r . - L y  \ t \ ,  V , /  j - S

/'\

HJ

a  V  - a d e r r n ; r t - e  i S O m e t f v ." o

- r d o r - ' r r r r f  e  i  q n r n a l - r r r

)  i f  t h e r e  e x i s t s  a

t \ f

K  = l K
XO

ril c srrk er
. i  

- ' \ - o

. t

I fe say

c . r "  Ja t ] .cn  to r
./i /1

{ J  o n  (  w h i c h

t l . 6 J

_ t l /  t a ,  \  t i l K { r ) )- \ r \ r  
\ ^ / . , / ,  v ,  \- r  (J  - r  "O"

ding sect ion and.

t ' rom

tl iat a \/'

' t

l U  i m  o l\ " ,  
| _ ' /  " . . j

extends

;/\
n  m  ( r r . . l m ,

l r r r q r t r _ i : , , \ - . i , . \ / * . '  i  #  h  m . , r 1- H "  
"  i ' "  r r t r r r ; / v .

, \  / \ :
( K , t r ;  n r o d u c e s  a n  A n d c

r-trr i t .arv onerator
A

r-J and r:ornmrrtes wi- th V sr:ch that* o

" , n u ! m  t \  t  1 4  t

Setting l(= ',.,/ u*ri*H , u=ii i K , r.r=# iK then clearty if , [-u , vj i
n  , 1 1 - 1 0

j -s  an Ando d i la t ion of  t rur {$rs l -  I  which crosses throuqh (Ko,  
[_uo,

. .  1 ,  4  4 .
V ^ i )  t h e  A n d o  d i l a t i o n  p r o d u c e d  b v  ( K , V ) .  S i n c e

v '

V -  r  t  \ r l l r r m l j - .  ,  r z f l  v  - 1  ^ ^ -r *=  \ /  uo , i=  
" z^V ' "K , r r  c l ea r l y  t he  Vo-aoec rua te  i somet ry  (K  r \21  =

f I  , f i l ; , :O 
-  

n : .0  v  v

. 1  t l

i s  a t tachecl  to  (K,V)  and K,- . ,  as in  the prece-

. .  
- . i

( K ,  i t t , v ;  )  i s  a l s o  p r o d u c e d  b v  ( K , v ) .

.'T

: l * n , ,  .  " *n  r r , .  n  ^ ' l rm  l  t t , . l  : :\ /  U ' ' t " I i=  , . '  U-""  ' . , ,  V" 'K, ._= \ ,  V"  . .  . .  U^" 'K^= \  ,  V* 'K^--K
n l O  n , 1 L r  m , : l  n . i f l  m t $  

v  v  
n - ' 0

.'-; 4
j . t  : :esul ts  t t raL (K ,  t i )  j .s  lhe min: -ma. l .  un i tar r /  e :<tens ion < i : f  ( (  ,U



_  , ^ r z ' , r 1
clear ly then trr furvJr j -s the minimar.  uni tarv- isometr j .c exten-

f - 1s ion  o f  (K ,  (_U,VJ )  .

h le concl-ude that any Ando di lat ion of

crosses through {K^[u^,v j  I  is  r r r :or luced as,  
( J L  ( ) .  Q )

J-1r d.eterminedl #o=-"a"quate iscmerry i{, ln
, t  ,  , .  . ' ^  4  4suppose now that the v^-adecJuate isometrv (rrv)  produces

.  ( J  - - :  \ ' - ' ' .

t he  Ando  d i l a t i on  r r  l i r  r r J  
A  A  

\  - - r  t b .  r ,  \t i o n  ( K '  L U , V J  )  .  L e c  ( K n , V n )  a n d  ( K n , V n )  l e  t h e
/ \ / \gene ra t i ng  seguences  o f  (K rv )  and  (K rv )  respec t i ve ry .  Then

./\
c lear ly  K-  is  a  reducing subsoace ror  t  ana K_ is  i -nvar iant- r r - ' r ,
-  A  4  4 1  4 . .tor 0.  Ler r i , r= ' t iJr ,r ,  u-=u11r, . , .  we shal l  calr  (e. ' , f0. ,$_l)  and

, L  L . .  , r J ,

.  t \  n4  { . ,(Kn,  
LUn'urJ  )  the of  (K,  [c i , ] ]  l

and trc, lu,r,J )  respec.t i  vely. From

i \(H, Ur, sJ )
above bv

which

a (unique-

. r  i  A  A
r - t  resu1ts that  (  K-  ,  U-  )  is ,  the

l l  t I

{Kn run } ,  S j .nce  fo r  any  k r r rg * { -K -
'  

. _  
. : j  I  

I

minimal  un i ta : :y  extension of

we have

A n A  4
V!-Ko=Kr.,

Toep l i t z  ope ra to r ,  and  be -

V* is  the symbol  o f  tne
"  l 1

\1olj+\/ 6xi.) +
i f l  

L '  "  J7r0 p=C
*o=*o $pa/ il:Ko

n
= V
.  p=0

it

uivrru.,= \ /
,:

Vrr' is , a

i 'onclude

I I

.t- l^ - J-
L ] T * L

(ufivr",untr.rrgrr) = (vnun kn, ung.,)

= . { V L d \' n  ^ n ' Y n /

" ir::";];1-i':ilr:';i: ,

i - t  resul ts

( 2 . 9 ) n

Tha t ,means  tha t
V
A - - {

cause Pr"\2,. j  Kr"=V^ we
- r a n  : r  I  r r  I t

Urr-Toepi - i  tz  operator

have

v r .  l L  I -
l l

l : r n . ^ r n  * - h a r .  [  ^ +  i  c T  I  . L L  - r -j \ I r ( / # i r  L i L e . t . i  i  u r "  f : J  i  t . n a C  W e\



4
A, . 1 + n . ' . . t ( n A . n

v^= s -I im u:r 'v-P)" 'ui .
r r I l n K * n

P 
->.Yt n

/1 A
Note a lso that  for  j !n ,  K- i  rec luces L l -  and in  the matr ic ia l

A / I i . ' J  
T

f f fum of  (K-r r t / r r ) ,  U. ,  is  g i rzen bv the d iagonal  matr ixI l '  n  /  
:  

J  - - - - - r  -  

* - -
|  r ' \  t
l T r  n  . . .  : Q  Il " o  "  ,

( 2 . 1 1 ) *  6 ^ = l o  f ^  o  I' - - - - ' n  
r l  I  \ - ,  r

1 . . . . , 1l , . l
Lo  o  . . .  Yn_ l  I

where for 0si:n-al fn=d^\r# ,  ""u1 
irself  has the corresnondi-nc'  . )  l J \  ^ _ i

i n f i n i t e  d iagona l  ma t r i x .  r ' i om Propos i t i on  2 . I  i t  r esu l t s  t ha t

for  the recur :s ive matr ic ia l  form of  (K .  I 'u  ,v  l )  the re la t ions, , . n ,  L ] 1 1 ,  " r J ,

" 1 1  
? \  - / ? . t r \  1 - - a r  a  ? ,  l - ' - - : - - -  r' t z . r ) n - \ 2 . ) r n  n o r d  a n c t  U n  i s  g i v e n  b y  t h e  m a t r i x  ( 2 . d ) n .  W e

resu l t  o f  t h i s  sec t i on

( 2 . 1 0 ) n

3hgois.ry.-l***
l A n  A

I  R^(  - ._ .n be i ts  V_
L t \  rL/ iv  o

4
V - aqsfg*!,e.J s.sag,Lry. " e tg

-g,l lof.cs_,:ggy-el.gg:_,lg: '(K,v)= (K* (Ko) ,v+ {Ko) )

' / \ 4
Le*t_ (K,v) bg**

we have

i n  ibe  the  co r resDond inq  V
.*'&**R-!.-*r ^ -adequa te  i somet ry  and  . [ n  1  ^  be  i t " sr., -l-1* F#+ L nj ]t.i u, v

'  i a A
V^-ct ro ice secrggnse_Llbep (K,v)  (cr r {  qensequente ly  (K,v)J  proc lu-

( J f  - -  .  - -  .  -  .  - , . .  -  
' . - - - - . -  

- . - . - - . - - - - - - - ; - - - - ; ' : : i - '  i ' \ ,  . /  
: 6

c e s i  a n  A n d o  d i l a t i o n  o f  ( H  t ^  ^ - l  '
* - "_  * ._ ,  _ ._+*S- : * .y r r_u+_ r r r r f l ' rSJ  )  :Lg

cgn9t!ipn*.49]9"

( f  )  Fo r  anv  nz l
# /

(2 " r3) n t i lnofi ' , - , ' ' '  odooo'of i fr-r '  "  ofrok*o' = ($i-r-*rr*rko,kxo)

where S^, (^=0
V U

.4
K-  g iven  br r

a n d  f n r ^  n > ' l
,  ,  - . . . L .  S *  i s  t he  ope ra to r  f rom K^  i n t . o

-/ lr ---,_. 'J ffi

A A A A
uoRn=RnIJ" l 'd- - n - l

n ) l -  k  G (  U  + Kl .  / L ,  '  ' ' * o -  , . * o

.  63aO Df r
n*-l-

( 2 . 1 2 ) n

( 2 "  i 4 ) n

(  1 1  )  r ' O r au we have

D R  k - o ) .Srrk'.=Zr, (0 +,\



'  . . r . , ,

A A

Proof -  supnose that t f t r f l  j : rocluces an Ando d- i - r -at ion
r ' 1 - . . r ' ' t A A(K ,  
LU ,VJ  )  o f  (H ,  j ] , sJ  ) .  Wr i t t i ng  Vn  and  u '  i n  t he  mar r i c i h l

f o r m  g i v e n  b y  ( i ' 6 ) n  a n d  ( 2 " 1 i ) n  r : e s p e c t i v e l y , a n r i  u s i n g
/ l L r \ A

UrrVr.=VrrUr, *e obtain (2. L2 ) 
",_ r .-  

R ' "  _ ' ; - - - " n - r '
Frorn vn+r- nan*1fr.,*r lK.*., which in the recursi i ,e matri-r r  .  r  , .n+-1  r r rJ -  |  J l f  .L

c ia l  form can be wr i t ten as

vn+I = 'f*r{n, zn+r

we obta in

( )

l

( 2 . 1 5 ) n + A A
Zfr (Vrrarr+D#*cnbn ) =D,r*c,r.

n n

From P.roposi t ion 2. I  rve ha. . ' re  D;*C:-D, , rCK-( i lH and us ing
. u n " u n n

1 5 ) n  t u  o b t a i n

,'1 - /\ 4? ) _tz. to),",(ui ;*cnD+ trkrr,h) =- (v,",arrDir-kn,h; =- (r i iznkr,,h) + (v-;kn,h)
, n  . .  

" n  r ^  r r  r i  
n

F'or  n=0 i t  resul ts

rf4,""3^,h) =- t#fi '"nh) + {-r l , :<o,h) =0

the matr ic ia l  form q ives

/i
(D$ '  , i  R r  D#  k . . rh )  =0

' ^  *  J  t r .
v

(o$"a4od:o* o, ff tn ; = r'uf nlx* r r.dok o, ii ) = { rXxil, nd - ulk o, h ) -0

i 2 . 1 6 ) o

which 1n

$ ince

( rJ

f o : :  a n l y  p T 0 r r a r e  o b ' L e i l n  ( 2 . 1 , 3 ) 1 .



,

.  :  , .
'a

Suppose novr  n7.1.  S ince Vn (KnO HJ c K,re) f l ,  (see '  Proposi t i .on 1.  3)

f r o m  ( 2 . 1 6 ) . ^  i t  r e s u l t s  t h a t  f o r  a n v  k _ - € K  € f /  w e  h a v e' n

A A'7
(DlkcnD# zrkr , ,h)  =-  (v ;znkn,h)  .' n . "  ' " "  "  . .

i .  7

s i n c e  u  \ l ( Q H l c K  €  H  w e  o b t a i nn \ n  J  n -

Hence

.4 4*^ 4^ A(Dffc"D#,,Z'kr,, u;''n ) = (ulo;*c'D#,,zrr:.rr, h ) =

= (D+xdrr0 l.r, .,o,o, h ) = (og*J,, z.uln.,, h ) =

= ttiflz,.ufikn, h I = rtzl0lznkn, h ) =- t$lz'x,.,03on I .

(2 .  17)n to$*do4 znkn,k*o l=-  f#?rrnkn,k*o)  ,  kneKnc) i i ,k*oG Kxo
. h  . .  r n  . ^  A v  r .  : ^  r r  a v

f t  r esu l t s

(of i f ' '  "  o$l{ . rof i r , ' ' '  o{orto ' :&o) = {$, .* ,  Bu,,ro}] 'Qo) 
=

Let now l<oeKo and denote bv k' the element of KrrO H which

i n  t h e  r n a t r i c i a l  f o r m  o f  ( K n o . v n )  i s  g i v e n  b y  k : r r = 0  O  . . . . . , .

r r  A z f \  n' "  o  o o '  o * r , _ t ' .  ' D n o t  
o .  w e  h a v e

' I (#r,*r 
i3u^r"oJ , 

ono' = ,oX*{o#,r','*; ,k*o ) =- &lznkn, k*o ) '

But  accrod i -ng  to  the  Rernark  1 .  l ,  in  the  mat r ic ia l  fo rm o f

1 4  4  ' 4
i  r  r i  )  '+he element O O n.4 Z-k- of  l *  ,  ,  is  q iven by 

'
\  

' ' n + 1 '  
" n + l '  u r r s  s t r E r r t s r r u  -  \ v  " V r r " n " n  

v !  ' t n * 1  r o  Y r  v e r r

o  @  . . .  @  o  o  D f r T I A  L" R  " o '
n o

w h i c h  i s  ( 2 . 1 3 ) n + l .

=- 1r4,rnrrgr,A*o )



:

we prove 'd that  (2  .  L2)  
n and (2 .  r  3  )  n ,  n>)  are necessary

condi t ions in  order  that  t t ,$  p: :oduces an Ando d i la t ions.

Suppose  now tha t  f o r  any  A7 I  ,  ( 2  .  12  )  n  and  (2 . I3 )  
, ,  ho1d .

F r o m  ( 2 . L 2 ) ^  i t  . r e s u l t s  t h a t  ( 2 . 1 1 ) -  d e f i n e s  a  u n i t a r y  o p e r a -I I  . n
, z l

tor rJ- on K* which extends 0^ and commutes with 0* and consequen-n  n  - O  " n

teLy we can construct  the uni tarrT extension 0 of  doao t  wfr j -cfr

ccmrnutes with 
'v1. 

rf

( 2 . 1 8 ) nfiu = efivnf

. .  A 1
f  B)  ho lds therr  (K,v)  produces an Ando

holds then

r\

n f$"$*n =n [u"u]r. =r f ve [u"- 
1 u[n =

=nl"nf ve[v'-1u:h=p;o,/or[v^-lu]r.=. .n K o t l

=nfr"v3ulh=snrmh .

So

( H ,

i f  ( 2 .

[*, r] I

, But

Proposto

d i l a t i - on  o f

(2 .18)  is  equiva lenr  ro  v fke. r fJc  K(rH

i t ion l .  3  th is  is  equj -va l -ent  1e tzr ,  (K

: n r ig r . g ,

'7
(J fll cK

N J

uoo.,h)= (v. L3uor,o] ,n t=v!(oz, i3u.oJ,h)=
*-r A

r,J' 
h) = (D'{*RrDfioko';h ) =o

accord i -ng

4 \  r ,t::r fl , tofn

X C D

rn
I n /
L"V

/ nt "v

4
= (Vl

any n'70 and also equivalent to DUxCrrOUl Kn€)H fon an-rz nzz}.
n n

For n=0 v,re have

b e c a u s e  o f  ( 2  .  1 3  )  1 .

Suppose no\^/ ,  by
' ) -

<}Hic -  K<)H.  Then
n J n

i nduc t i on ,  t ha t

f o r a n v k € K ( l H' ' n n

for some

we havev'" (K

n z1 we l'rave



-  , L 7

A P n
( \ 7'  "  n+ t  lD- .

\ V
h
I I

,Iz -=  ( V n Z l , n ,
znKnJ

n

t he  ma t r i c i a l

. . . D -  k -  t h e n^o 9'

n-f l
f {  and the inducLion

:1 i* t = u o  
)

. ,1+
t r ?  - T 1 "

:Kn o
DA

r(
*

= t$lz,.r.',.,rr)t-tvlrcn,h) * r{"n, E0 ,"oJ ,h)=

, r l c n ' h ) +

t1 K' is the element of KnO ff which in

f o r m o f ( K  . V  )  i s  g i v e n  b v  0  @  . . .  O 0 @  o *.  n .  n .  _ F r r _ ,

us i -ng  (2 .  t l ) , ,  we  ob ta in

(Dv*cnDv'o",h) = (+3znkn,h) *,o46. . . DAn-r.{off"-r. . .Dil ko,h)=o.

S i n c e  f o r  n z z t '  D V  K r r = D V  ( 0  @ . . .  @  o O l * .  )  w e  o b t a i n- n  - -  - n  - ' n - 1

Dvf;c.,Dv,.Knc KnoH

which  c lear ly  imp l ies  Vn+ l  (Kr . *F  f f  )cK

is  comple te .

This f in . i -shes the oroof  o f  the Theorem.

The  cond i t i ons  (2 .12  )  r ,  and  (2  .  I 3  )  n ,  n2 r l  desc r ibe  a l1  the

obs t ruc t i -ons  on  the  f  - cho i  - -  t 4  "
A 

o Lce =:n]""tu 
iR"i "70 

j-n order that

the corresponding vo- isomet fy  (Krv)  produces an Ando d i la t ion
4  , . , €  e r  -  - I

( K ,  
L U , V j )  o f  ( H ,  1 3 , S J )  .  T h e y  a l s o  s u g e s t  a  r s g u r s i v e  :  c o n s t r u c .

, , 1  n
t ion  o f  J r i . ' \n>o.  rndeed.  i f  we denote

,  . ,  , . .  l l )\ J

n , \  n , t  v
" R  "  ' u i i  ^ o

n r )

ozxK
K X O

o

' /q'.ol /,1. O6{



A
So Rn+l  is  a  contract ive in ter twin inq d i la t ion of  the contrac-

1 8

then w- and w,o- are isometr: ies. Let e_ he the or:erator fromn :dn .:n '

l )  ' r  n ' r  K  i  n f n  n . " , +  f ) , ; + (  d o f . i  n o r l  l - ' ," R * . . . r F i ^ ^ o  r r r L U  , f l o . . . r H , * n * o  u e r r r r e u  D y
n  o  - -n  - ' o

(2 . le ) n ,nrofr, . . . o{olo , ofiil. . . oflfo.* I = f?ls,",r.o , k*o)

Accord i r rg  to  (2 .13 )n+ t  en  i s  a  con t rac t i on .  I . { e  a l . so  have

Q . 2 A  j  
n Qnwr=wfnQ*

t ion 0 wi r ich i -n ter twines w '  - - *-n n . .d  W*r ,  and can be constructed fo1-

low ing  the  me thods  f rom j -n te r tw j -n ing  d i l a t i on  theo ry  t c r .  l z ] ) .
A

Unfor tunat"e ly  the choice of  Rn+l  as a contract ive in ter twin ing

d j -1a t j -on  o f  Qr  i s  no t  f ree .  r t  has . to  be  chosen  such  tha t

Qn . r_ l  de f i r red  by  (2 .L9 ) r r+ t  be  a  con t rac t i on .  f t  can  h {ppen  tha t

( 2 . 1 3 ) i  h c l - d s  f o r  a n y  l ! i ( n  b u t  t h e  c h o i c e  o f  t * l  w h i c h  s a -
J - n + l

t i s f i e s  ( 2 . 1 3 ) r r l r ,  b e  i m p o s s i b l e .  A n  e x a m r : l e  1 n  t h i s  s e n s e  i s  .

^ . i . , ^ -  . i , .  ( ' , t 7
y !  v r r r  r r r  i a l t  I I I

s J

A
! l

In  LV I  we ind i rect ly  proved that  i f  rve s tar t  wi th  R1

' re : : i f y i ng  (2 . r3 )1  and  hav inc  su f f i c i en t l y  s rna r r  no rm v /e  can

p r o d u c e  a  s e q u e n c e  { * - 1  - -  - ,  w h i c h  v e r j - f i e s  ( 2 .  1 3 ) - -  f o r  A n \ /  n : l
l - n J t ' r 7 l  \ - ' * " / n

In  the  nex t  sec t i on  we  sha l l  s tudy  a  c lass  o f  Ando  d i l a -

t i on  o f  ( ru ,  i r , s l  )  wh ich  c ross  th rouqh  (K  - f r r  r z  I  t  f n r  r " , h inhr . ' r  
L * ,  J  

s r r ! v s \ , : r r  , , r o r L . r o r " a )  ,  r _ v !  l y r r r v r r ,

we can  exh ib i t  a  sys tem o f  f i : ee  pa ramete rs  wh ich  desc r : i be  i t .

3 .  U -d iagona l  Ando  d i l a t i on

t e t  ( K ,

( K,. [u,. ' ur,] )

s a y  t h a t  ( K ,

nv} .

i h  e l t

d i l - a t i

-\ /  rT
n  ' n " n

i - I

Lu, \'/J )
h a

N ? U

1u,vJ r

be  an  Anc lo  c l i . i a t i on  o f  (H ,

i  t s  sec r l t e i r  ee  o f  succes  i ve

is  U-d iacrono. l  prov ided U V, n

and  le t

ons.  I^Je

for  anv

since ll.,ou =u
*Ur . -U r rVn  i t  r esu l t s  f rom Prooos i t i on  2 . I



tha t  (K ,

has the

with

we have

' l
In-f

[u,vJ I i

diagonal

1 q

s  U*d iagona l  i f

form '  , r ' -

and only if for each n).L Un

'l
u"-tJ

where Y_ ,  D,"  =f )  Tr  CIear lV then U i tse l f  has a d iagonal*n - I *V  
,  "V*  ,  "n -1 '  - - -d

n-J_ n-J.

matr ic ia l  form

qrypggrtion 3.1. Let tr, [u,v]1 b,g *J| ando *L1aii-o."*".o.{
F  \  

A  
F i  A q(H, Lr,sJ ), tr, fu,Vlt ) be*![e m]nlgg1,-uni!?€y : - lsoTqtf ig. -

sj-q,n".e€ tr, lu,vJl ang/* '", i 'd,", ,Crl(r, ,0 {.r , , [qr,,ur,1lr,"o b**l3*o-,  - - L  i r  L  , .  , . r ) , , r ,  v  
L  

r r  \ -  r r

correspondj.n,r :g$uenc,gg. gf_s-pq.c,es,i,ve_,gi}gti 3l-.9_,5.gr"rgylt.q,f f i - _

pssertio+s g:e_ egrlivg.leqt "
r .1 .(i ) (K, Lu, vJ ) +g u-g_i3g_g}3r .

A
( i i )  Fo r  each  nz . } rVn /K r r=V '

( r i i ) Thg_-fS.q:p',le .pe.gr:-S r q+ -LgfS",:>"{--. thp. . p$b egg I*s z * g[
A

K. 1I!g K. ig_{igqggal i.e.
l l F . ! _ _ r l F f f i '

1 7 -
4 -n r"-'

f b

brr-1Dv =l.)./ 7.
" \ 7  " n - 1 '

n - r  n - r

P r o o f . .  S i n c e accord ing to (2 . 10 ) n, f  or anv nzr0 and krre K'

A .'{ *^
Vrkrr= 1im uxP\tr",ufik'

p*,*

c lea r l y  ( j - )  : )  ( i i )  .  I f  ( i i )  ho lds  then

4 n  A " , 1
( v  u  - u  V - ) l < , = V  U - - U - - U - V - k - = 0

for any kru K' we have



hence ( f  i )  : : )  1 i1 .

S lnce  in  genera l

with an-IDv*-rkr-t= (fr ,-#"-r-f f . , - iv,-r- t)  kn-t clearlv ( i : -  )<:> t i i l  .n-
Let  L ls  f ix  again (Ko, fuo,uo]  )  and consequenr ly  t f lo ,g .6o,0p

with the semni f icat ion g iven in  the precedlncr  sect ion.

*i
1 l

J
| ; "- ,  

' , . -

'*=l 
o b

L n -

T h e o r e m  3 . 1 .  L e t
4 A

( K , v )  b e  a
A
V^-adeqqate isometry  and

v

l9I [o,'1 ,-,,. n ug,.igl So* &. ,$ p.:gg]sgp-l
u-9i*gt*t= Agg" _*f qlisg_sg (ri,h, sl ) i f  and  on l v  i f  f o r  anv

n)l ryg*h_ave

( 3 . 1 ) n

( 3 . 2 ) ^  ( \
l l  t  V

( 3 . 2 ) r , , j

A A A A
uoRrr=Rr.uol t*- 'n-1

f \

oAI_. ' ' 'of i j*"oq-r o{o*o* Ko(tH

it-r"flT''' offf-r(^ofl,,-r. . . DdoKo c

of f r , - r ' ' '  o f lo to '  l< j (n -1 ,

( 3 . 2 ) r , , n
A'y I  .*%tu

R"_. ,R.Df  .  .  .D*  K^C-  D6 .  .  .D6 K^rr-. t .  .  . tn_I *rO LJ l tn_l *O O

Proof  .  Sunr :ose that  (KrV)  oroduces the U-ct iacronal  Ando*"."":***
- l  r  - f  11  g 'A  { " 7d i la t ion  ( / ( ,  

Lu ,U )  o f  (H,  [ r , {  )  and te r  f  f  , l ._u , r i j  )  be  rhe  min i_

mat  un i ta ry  i somet r ic  ex tens ion  o f  (K ,  (_u ,VJ  ) .  F rom Fropos i -
,\

t ion 3 " I  i t  resurts that vrr{ Kr.,=v' and the er' .r lcedding zn of K' rr, ,(*

has  a  d iagona l  recu rss i ve  ma t r i c i a l  f o rm.  r t  r esu l t s  t ha t  i f
4

we  wr i t Le  K '  as



;=2 r-;

K^=ko@oB 0. , .o oA
o  n - r

then the subspace K.^' n

I
o t  K  l _sn

Kn=K;pb;l *"%.o4oKo*. . . *oilor. . . ofloKo.

!"rorn

and

n1l .  T) n/\"R^- - "n"R
n-I n-

/\
. Df,s . R'D

n- l -

/ l

A

D * k  Ir  ^ o o  
I

4'-r' ' '"€"f" i

r l

o

I
I
I
I
I
I

t
I

k lo /
)

DR
n - 1

11 
^

v

ttt!

:

ft

.,1 n z1
.  .  .  s i^n-l- *o

,*"ot -r' 
' 'D{*',

e r(Pf{

/\ ..
R ' r r

n-

r-'
I

i
d

t
T
I

I D
I
LFi

V = \ /

- 1

w e  o b t . a j - n  ( 3 . 2 )  
n , . j  f o r  0 t ' j g n .  T h e  c o n d i t j - o n s  ( 3 .  f  ) n  r e s u l t  a s

i n  t h e  p r o o f  o f  T h e o r e m  2 . I .

S u p p o s e  n o w  t h a t  f o r  a n _ v  n T l r ( 3 . I ) -  a n d  ( 3 . 2 ) *  4  ,  O < i g n ,

hold.  us ins (3 .1) r ,  r€  sha1l  
"on=. / l r " .  

u l  t r .  the or l " l  " ,  
Trheo-

rem 2. 1 the unitary ope.rator d o.r I wrricrr extends do 
"rru 

coqmu-
A

t e s  w i t h  V .  L e t  ( K , v ) = ( 5 + ( K o ) ,  v + ( K o ) )  b e  t h e  v o - a d e q u a t e  i s o -
A / '  "a

met ry  a t tached  to  (K ,V )  and  Ko  as  i n  t he  f i r s t  sec t i on  and

(Kr r rV r r )  ue  i t s  genera t i no  seguence

We sha l }  p rove  f i r s t  t ha t

( 3 .3 ) r , 3 t Jn : *oG , o f i . K o S . . . O
o

Dfi". -,.Df Ko
n - J .  o

Since  Kn+ f=KnVVK '  p roceed inq  hy  i nduc t i on ,  i t  i s  su f f i c i en t

to prcve that for any koe I(o we have

tR' D$rr-l" 'o{"L.

I

\

I
"fi"o"1

fr-T
I

D2

{a

DI}(

o

. t J

R
n

'n-

f-

I

l x
" 0 .
:t'

"Dl
4
n - l

- ' t '

{rr
1t
l D
I
I

l - R
I  - '

I
, '
l ^
, - R
I
t _
I f i ,
, | n
L-



2 2 -

n^ L',
K O

o

*T

t
\ e  K

"oJ

o
I

o o d . . .o @ oito* @ o d
n

I
dotto

"il
N / \. . u R

n - 1

have

O

,t1v

a . . .. . l

l l

B u t  f r o m  ( 3 . 2 ) n , j  ,  C s j l n

o

r-  9 |  ^
v /  o  l = v

llfi__r. 
. . oA"o.J

"q{i
o*^oo I

j
I
I
'
I

)

R

f oftn
l o

l- t3"nT
t ,
t
t .= l

I *n*, fi
l - -
\ 

oA.o{
|  . r

l
I

A

n-ny'
I l  t (

n - l

rosrr_l o(ooo

n- r " 'o f io*o

and (3 . 3 ) ,r 
is proved for any f l>.I .

f t  r e s u l t s

K.=Ko t ofo*o O oflrofloKo G). . .( 3 . 4 )

t

F r o m  ( 3 . 4 )  a n d  ( 3 . 2 ) n , 0  w e  o b t a i n  \ / l r  < l  A t r € H  w h i c h

togethe::  wi th the existence of  0 shorvs that  f t ,$ procluces an

A n d o  d i l a t i o n  1 r , [ ' u , v J )  o f  ( H , [ ^ T , s - / ) "  u s i n c r  a s a i n  ( 3 . 3 ) r ,  a n d

1 : . 2 ) n - i ,  O r - = j * n  w e  o b t a i n  ? r , l f r r = u *  a n d  b v  P r o o o s i t i o n  3 . 1  w e
r r f  J  l l '  r r  l l

conclude that  t f  ,  f r . t ,  v ]  I  is  u-d iagonal  .

The proof  o f  the Theorem is  comp1ete

Based  on  Theorem 3 .1  we  sha l l -  q i ve  now a  l abe l l i nv  by

a system of  f ree parameters of  t t re  set  o f  a l l  U-d iaqonal  Ando

dj . la t i .ons of  (H,  [ t t , t ] , l  which cross through a f  ixed ( r . r ,  Luo,uJ ) '
(  r '  . r \  17

A sequence (9 = 1{  1. . , - r ,  Fr ,_ l ,9, . ( / )J J , ,21 * i1.1 be cal}ed
.  L L - "  

+  
J " / *



r '(Ko '  j u . r '* i -
lerms I t

I

t--

{:he oy:en

tract i -on

F wh"i-n- . r

p i :esente

Le

2 3

vj I -aderT.uate serluence of- ggg]Xlig €iln.c-Li-olg. .if its
01 *#---*-#

.J

- r a l -t  t + ' t  / ' ' )  /  e re  ana lv t i c  f unc t i ons  de f :ned  i n
n - i t ' n - l r v n t " J

un i t  d i , sc  D  o f  t he  comp lex  n lane ,  t ak ing  va lues  con* '

s  f rom the l l i - l l rer : t  space t  in to the I l i lber t  sDace"  n - I

c]: are recrlrrently constructed fol l .ovrincr the procedur- '<:

c i  be low ;

t  us denote

TJ =\7
o o

( 3 , 5 ) o

and

( 3 . 6  )

io=DfioKo e
A  n  1 r l '

uoDfioKo ' oo=" 
f,.r 'ouSod.ooo

r*o=c6* rc*.F, u}op**o, r?*o= n^'Lijt]ufiL*o
o o l ? T u o

T h e n  I  a : f c 1  L  a r e  r n 7 a n d e v i  n n  L - r 1 1 ' r c 1 1  a ^ ^ c  f O f- o  -  
l a . c i  

q J -  v  7 Y  u r r u e r  ! r .  y

4
t l andt

subspace L of  the uni t -arv  operator  U rve

( l ) =  @ u t ' | ,  M
Tt2.A

( l ) =  f f  u * n l .
nr0

(  lo)  =06 e ng"r<o
o o

ofl^Ko= M+ ( lo) @eo
( J .  U ) ^'  D-*K =M_(L*o )4t?r*t(o XO

r , r h  a .n  { t r n r  +h  a  ' 46n6 ]e f  i ng" """/ -" ^

clenoted

M ( L ) = @ u t 1 l ,  M *
n&.

Let  us denote

D.,= OOflio=n,l (iu) r=; i.t.n
"  p 7 r  "

D*o= *t- dlL*o=,M (,:-*o )cl.,t
p l L
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