
:
INSTITUTUL

DE
MATEMATICA

' -'' rNsnrurul ruRrtoruel
PENTRU CREATIE

STI  INTI ,FICA SI  TEHNICA

r s s N  0 2 5 0

MONOIDAL ALGEBRAIC SINGULARITIES WIT}I LINEAR

RESOLUTIONS

by

Serban BARCANESCU

N*U'*'* i  SERIDS Ii{ }IATIIEMATICS

N o " 2 2 / 1 9 8 5

BUCURESTI





*)

T4Oi{OIDAL ALGHBRAIC STI\JGT]LARITIES WITiI
LTNEAR RESOLUTTONS

by

Serban Bdrcdnesc. ,  *  )
t

l " lar lch l9  Ss

0t'ptr-t ' tmer"t o 1\ r.ra.tite,n;a.tic"t , rtat.icnar- rvt.t.t i tu.te {o.t s t iett. i. i{. ie
a n d  r e - e h n i c * { -  c . z z a t i o n ,  B d ,  ? a . * i i  t z 0 ,  7 q  6 t 2  B u c ! r a - t . - * t ,
R c t n a n i a .





MONOTDAL ALGE]]RAIC SINGL1LARITIXS WITH

LINEAR RUSOLUTIONS

by

Serban I l i rcdnescu
I

O. TNTRODT]CTTON

An a lgeb ra i c  s ingu la r i t y  w i th  l i nea r  reso lu t i on  l s  a  s tan*

dard graded a lgebra a=@.,z 'An over  a f le ld  K=Ao ,  such that

be tween  i t s  H i l be r t  se r i . es  y?  /  r  t -  , r ? im  A  \oh  an r;  Ho (z  )  =  
* .n  

(d imOArr)  zn and i ts  po incard

e r ies  Po  ( z )  =  Z i .o  (d imoTor * ,n ,  x )  )  zm the re  i s  t he  connec t i on :

P a ( - z ) H a ( z ) = 1

We cal l  such s ingular l t les "Fr t iberg r ings, ,  {a f ter  the

swedish matheinat ic ian R.Fr i iberg,  vrho ln l t ia ted the l r  s tudy) .

'  rn  th i -s  noter  w€ study cer ta in  such s ingular i t les,  nameiy

the ones def ined by a iar t icu lar  c lass of  s tandard graded abel lan

monoids.

our  main achievement  is  the reveal ing of  the correct

comb ina to r i a l  i n te rp re ta t i . on  o f  t he  re la t i on  pa ( -z )Ha(z )=1 ,  f o r

g raded  mono id  a lgeb ras  (Cor .5 ,  pa r .3 ) .

This  is  done by means of  two ingredlents :  the character i -

zat ion of  the monoidal  homology,  due to  A.o.Laudal  and the mono, i -

da l  vers ion of  the l " l6b ius invers ion formula,  due to  G.Lar lernent

(whose remarkable proof to MacMahont s lr, laster Theorern i-nsplre<1
+

t h l s  w o r k ) .

The combinator ia l  rest r ic t ion on a monold M,  imposed by

the Frbberg re la t j .on for  i ts  monold a lgebra * [ * ] ,  natura l ly  leads
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to  Cohen-Macaulay f ln i tb  posets,  vrhose study was done by Stanley,

Re isne r r .  Ga fc ia ,  Back lawsk i ,  B j i i r ne r :  e .a .  Us ing  the i r  e f f i c i en t

resu l t s ,  v te  p rov ide  examp les  o f  such  mono ida l  s lngu la r i t i es ,

recove r :Lng ,  i n ,pa r t i cu la r ,  a  c . l ass  wh ich  was  p rev lous l y  s tud ied

,  ln  a jo in t  work of  the author  wi th  I ' l . l ' lanolache.

I .  HILBE'I IT SERTES O}'  } . {OI 'JOIDAL GqADATTOI'JS

Le t  (Mr+ )  be  a  cance l l a t i ve ,  abe l i an  mono id  w i th  un i t

e I e m e n t 0 . A n . ' . n W ' ' o V e r l { , i s a p a i r ( P , S ) w l r e r e

(S rgs )  i s ,a  comp le te  l oca l  t t oe the r ian  r i ng  and  F  tM->1+m*  i s  a

monoid homomorphisrn, such that:

sL r  -  /  r * n * f ( x )'  r r P - - x € M l " t ^ '

ex is ts  in  S ( I+Ss being considered as a rnul t lp l lcat ive submonoid

ln  S ) .  The  e lemen t  l l .  i s  ca l l ed  " t l r g  l t i l be r t  i n teg ra l "  o f  M  w i th

respect  to  the g iven ennumerat ive system.

The ennumerat ive systems of  in te: :est  in  Algebra are usual ly

given by "[sggidu] qlq.lat igls" on ]4, i .e. by those monoid homo-

morphisms c l :M*> Z\  o f .  M in  some f ree abel ian monoid (nZl ) ,  s t - lch

that  a- r  ( ' , r )  is  f  in i te  for  every 1y € z \ .  sr :ch a gradat i -on is

- ' t  /  1

ca l l ed  " co !Eg !g9"  when  d  -  (O)=L03 .

When n=1, we call  d a ":3gpJg" grad.atj-on (some authors

ca l l  "mu l t i g rada t i ons "  t he  ones  co r respond ing  to  nZ2) .

Suppose M carr ies a s imple,  connected,  monoidal  gradat ion

d :M- - ->Zn  .  To  th i s  g rada t i on  one  assoc ia tes  the  ennumera t l ve  pa l r :

where p6sr ' r - -7 l tzZ[ 
"n 

ls the monold homomorphism:

Pa( *1= rd (x )  ,  
(Y )  x€ | ' 1 .

(  F u ,  z  [ z  |  ) ,
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The Hl lbert  integral  of  th is ennumerat lve system is usual ly cal1ed

"! t . rg- t i i lbeg!_Fgq. les" of  the graded monold (Mrd) and i t  is  denoted

b y t

( 3 )  H r - . i ( z ) = l u o r " d ( * )  ,l'r , \,t

or  s imply  by l l r r (z)  r  when d is  f ixed and no confus ion may ar ise.

I^ le  ac iopt  the fo l lovr inq notat ions:  a  f ixed grac lat ion,  as above,

M - -+z+ is  wr i t ten "  \  l "  and,  for  any m>Or w€ put  l { *= l* r t " t t l * l  =*} .

T h u s :  t ' l  = 5 0 ? .  N t  i s  f . i n i r a.  . . o - t - j ,  1 .1 *  i s  f i n i t e  f o r  m>0  and  the  fam i tY  
{ "n ] * r '  

i s  a

part i t ion of M, having the property: t4**I4*r e Mm+m, , for any

rT t r IT l 'a  z*  .

As an elemenl of  ,  
Lr l  ,  the Hi lbert  ser ies of  the graded

mono id  ( t { r  I  l )  may be  wr i t ten :

H n r ( z ) = D * r o h ( m ) z m  t

where h (m) =1F Mm ,  for  nzO. The numer ica l  funet ion m t - -+ h (m) is

ca l led " !he t l i lbgr t  f t l lg t ion"  of  the cr iven gradat ion.

we are in terested in  specia l  gradat ions of  the k ind just

desc r ibed .  Name ly ,  such  a  g rada t i on  i s  ca l l ed  ' , s tandgrd ' ,  l f  i t s

f i rs t -degree component  Mt  generates the whole monoj -d I r { .

obv ious ly ,  a  s tandarcr  gradat lon ls  a  sur ject ive monoid

homomorphism f ron lv l  to  z+.  r f  M carr ies a s tandard gradat ion,  then

i t  is  f in i te ly  generate<l  and,  moreover ,  has f in i te  decomposi t ions

( i . e .  eve ry  e le rnen t  xeM de f i nes  on l y  a  f i n iLe  number  o f  sequences

( y I r . . .  r y r r )  r  w i t h  O j u * l  I  O 3  f o r  j = L  1 2 r . . .  r p  a n d  
" = D l _ r V i ) .

2, y6grq_s TRAtisFoRr{s oF HTLBERT sERrEs

Return ing to  the genera l  set t lngr ,  le t  ( l , t r+1 be a cancel -

la t lve,  abel j -an monoid wi th  uni t  e ler , rent  0 .  suppose,  fur ther ,  that

M has  f i n l t e  decompos i t l ons .
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o n M , w e c o n s i d e r t h e n a t u r a l p o s e t s t r u c t u r e , q l v e n b y

the  par t ia l  o rder l

(1 )  fo r  x rY  M:  x ly  i f  f  (3 )  zeM and x+z=Y '

rhe ,Mdbius funct ion h" u of  the poset (M, 4 )  natural ly def ines

by  res t r l c t ion  to  the  in te rva ls  fOrx l  ,  a  func t ion  l "M*2 ,  
wh lch

we caI1,  abusi-velY, " thg-Mof i r1g- fungqlgl"  of  I '1 '  Therefore (by the

weLl-known connect ion between the lu6bius funct ion and the "chaln"

poset ,  . r .  I  r l t  one  .maY def  ine :

r r '
( 2 )  ( v )  x e M  \ { 0 3  ,  p , ( x ) =  b o ( x ) - b ,  ( " ) = f r , ( 0 , x )

f a
v;here S t* t  1 5,  t*)  )  is  the number of  decomposl t ions of  x wi th

a n e v e n ( o d d ) n u m b e r o f t e r m s . W € c o m p l e t e , 2 ) w i t h f ( . 0 ) = 1 .

Now, Iet  ( .PrS) be an ennunnerattve system for M, def ln ing

the l l i lbert  integral  H p '

L-PsgirJ-liss
The "Sili-:*e-gtg!gf"9lg" Fp ot np Ls the elment of s:

I(3 )  i i ^  -  L - - - , ,  y " ( x )  6  ( x )
P 

t ; t :L ' t  /  I

(where every product p,  (x)  [a 
(*)  is  taken in the natural  Z-alqebra

/ r

st ructure on the commutat lve r ing S)  '

I .  P r o P o s i t i o n
T*-

!g I - -U- !e a cancel la t ive '  abel ian monoid and le t  ( f  'S)  be

3q-g3lslgl e!ix-:x-:!sg-lqr u'

rf-I! Igq fil ' ltg- $e-oJ8os,ilign' !Ieg:

( 4 )  [ I . ^  ' E a  = I
r



Proof

. i i
( 3  ^ ' A
t- l"

= ( D*.* p (x) ) (Dye iu I tv) p (y) )  = L* fc (v)
x r Y d M  I ?  tx )  p  ( y )= ' '

But r  s ince

mu las  ( c f  .

!4 ha

I r ] )

= I*  | " tv)  {b (*v)= I  (  Z-*F (y))  F tz)  .
X 1 ! €  ! 1  '  '  

z e M  X * y = 7  
I  I

s f in l te decomposi t ions,  the l . I6bius inversion for-

immedia te ly  g iver  I *  p  (v l=  l  
t ,  i f  z=0  

,  end ing
x*y=st  

lo,  i f  z*o

the proof of  the proposl t lon.

2 .  Coro l la rv

Lg t  (1 . { r+ )  be  a  cance l l a t i ve , 3qel ign monoj"d,  such that  there

is-a stqrgtra. qr3cierign. I r-:J=h , yilh.l{ilberr series H1,t-drJl.
Then H*(z )= I -  z  l x l  l s  inver t ib le  ln  ,  [ " ]  and i t s  inverse  1s  the

x€M

u6!:Lg: tran:!gl:m: i i* e&.* f(*) " lxl 
o

Proof

bply Proposi t ion I  to the ennumerat ive system associated

t o  t h e  g i v e n  g r a d a t i o n  ( c f .  $  f ) .

rn  the  cond i t ions  o f  coro l la ry  2 ,  v re  wr i te :  H* (z )=

= \ ,  (  l -  l )  zm ,  respecr ivety,  Fln k)-  t*  t  L_* p-(x)  )  zm.
m>o lx l  =rn r ' r  mzo rxt  =i  t

3. MONOIDAL HOI"IOLOGY

We

sebra x ["J

f i x ,  now,  a  base  f i e ld  K  an r i  cons ide r  t he  mono ld  K -a l -

: = R  o f  a  c a n c e l l a t i v e ,  a b e l l a n  m o n o i d  ( M r * ) .

maln a lgebra ic  j -n fo: :mat ion about  the s lngurar l ty  R,  1sThe



conta ined ln to the (homolocr ica l ly  qraded) Tor -a l c reb ra :

( s ) TorR (I( , ] i) * @ rorfi (K, K)
'  mzO

The numer ica l  ob ject  associated to  th i s  a lgeb ra

"Po i .nca rd  se l : i es  "  ,  de f  i ned  by :

ls  the corresponding

(G )  p l . , ( " ; =  L ( c l im . .To r l , n , x ) ) zne  r+z  I  z l
m).0 

{\  rr l

' z

The  coe f f i c i en ts  o f  Po" (z )  a re  the

the s i .ngular i ty  R.  They are ca l led

usual ly  denotec l  by :  (bm (R)  )  * r0  .

topolocr ica l  invar iants

Bet . t i  numbers"  of  R,

rnain

I t  + }  ^
L I I C

o f

be ing

I t  is  not  very easy to  conl>ute Pl ,  ,  in  genera l .

I l owever ,  a  genera . I  desc r ip t i on  o f  To r :R (KrK)  ,  f . o t  mono ic l

a lgebras,  was c lone by A.O.Laur faI  j -n  
f r ] ,  and is  the fo l lovr ing:

Theorem

L g _q lM. + J b"e-, q_c"a n g g ].1 gF i vS, _gbg] + :'n* n glgld al c- ] e t_5--E

glJ-$*.g!J.- 9g!. 5:5[rl ,-.!f 'g "orre=pglailgr-ggnoid 
g]qebra .- ror , any-

e le rnen t  xeu \ {03  ,  l e t  A  ( * )  be  thd  cha in  co rnp lex  assoc ia ted  to  the

AuL qse t  t i r {  a , x ! ,1 ' )  o f - l } , 1  ) ,  r t he fe  l : 9eng . tes  the -p f i nc ipa l

gf$s=iggs} \ vett/ y( x] .

Then :

( 7 )

o f  A  ( x ) ,

e lements

r)
; ( ^

de

) ,

(where [In

c o e f f i c i e

Tor

( A ( x ) ; K )

n ts  i n  K

f * '
, * r=  J  

Ks

l.q
notes the

5 beincf

l f  m=0

r  i f  m= I

I { - _ r  ( A ( x ) ; K ) ,
€M\ |  01

p-th hornoloqy group

the number of  min i rna l

i f  m z 2

y:1.p1 .  This resul t  enables us to compute the components of
p

Tor^ (X rX1  and  to  de r i ve  va luab le  i n fo rma t ion  abou t  t he  Be t t i

w i th

l n

i : .  
_ t " : ? r 1 f f i



numbers ,  ln  some in te res t lng  sp '6c la l  cases .

we begin by reminding some usefur not ions about f in i te
p o s e t s .

Le t  (Pr  4  )  be  a  f in l tb  (non-vo id )  g raded poset r  o f  rank
r>0 '  Thus ,  P  has  o  (abso lu te  min lmum)  and i  (abso lu te  max i rnum)

a n d  e v e r y  m a x i m a l  c h a i n  1 n  p ,  h a s  l e n g h t  r .  F = p \ { 6 r i }  i "  t h e
"proper  par t "  o f  P .  The deg: :ee  on  p  w i l l  be  < lenoted  by ' ,deg, ' .  The
s impl lc ia l -  complex  A (p ) ,  whose i -s i rnp l i ces  are  prec ise ly  the
i - c h a i n s  o f  P ,  y o 4  y l (  . . .  < y i  ,  f o r  i z - r  ( Q  b e i n g  a L s o  a n  ( _ l ) -
-chain), deflnes over any f ield K a canonical ,,gb3j.!_gggglg,,

whose homology modules are denoted bv:

( P r K ) ,  j = 0 r 1 . r . . . r r

( s i n c e H j  ( P r K ) = 0 ,  f o r  j  *  - l  o r  j  >  r )  .

The "IgCg " of p ls the alternatincl

H .
)

/ -@l=Di=o (- r )  iar** f i ,  {e,x)

A remarkable resul t  is  the fo l lowing:

Theorem ( P h .  U a 1 1 )

lel-

7 -  ( P 1 = P ( p l  ,

gum:

( 8 )

where ( n ) =  p t 6 , i l is  thg lgtal  t {6biuq_f,unet ion on p.

( c f .  f  2 l ) .An lmpor tant  c lass of  posets is

2 ,  D e f l n i t i o n

the fo l lowinq one

Le t  (P ' r  !  )  be  a  g raded  (non -necessa r i l y  f i n i t e )  pose t .



Then P ls "Cobelr--Mggps1ay." over the f leld K, i f  for each open

i n te rva l  ( x ry )  l n  p :  T r *  ( x ,  y )  =0 ,  i f  i # r  ( x  f l l  - 2  (where  r  ( x  r y )  =- l _

*deg (y ) *deg (x )  l . s  t he  d imens ion  o f  t he  s imp l i c i a l  comp lex

A  (  ( x rY )  )  r  when  l ( *  r y )  =  zeP  / x<y<z  \  j - s  o rde rec l  w i th  the  i nduced

o r d e r  f o r m  P ) .

I t  f o l l ows  tha t ,  f o r  each  opcn  i n te rva l  ( x ry )  o f  a  Cohen-

- l tacaulay pos. ; .  o ,  on ly  " the top homoloqy"  is  non-vanish ing and

m o r e o v e r ,  i f  b  ( x r y ) * r  ( x  , y ) - 2 ,  t h e n :

( 9 )  d l m * H  
E  { * r y 1  

(  ( x , y ) ; K ) = ( - 1 r r  ( x ' t ' .  
} t n  

( x , y )  ,

[ t^  be inq the u6bius funct ion on P.
1 v

Now, we are in  pos i - t ion to  formulate our

3. _SropoFjlt ion

Let, - (l4rt) be_ p ggrlce]la!}ve r qbeliql_lonold, ggclr. t[et_thele

i1-e_g!gl9g54*g"rq9eqjpl, Ll_,11 :? z" .

qsppqgsi, !4 hFg :Fe-fqi]-lpri-nq prgg,qglg :

( x )  (V )  x€ l r1 ,  i = I ye ' t t /V<x t  i s  a  Cohen- l r l acau lay  pose t .

rlFl i:*rq{, qry_lie 14_ x :

( 1 0  )

w h e r e  h .  ( M ) =
l - #

+ {  x e n /  r x r = r }

Proof

Us lng  (7 ) ,  the  on ly  asser t ion  to  be  proved ls  the  one about

the  homolog ica l  degrees  m22 ( t i re  e lements  
IxeM/ \x \  

= r  ]  be ing

minimal in M r{0} )  .

(  K ,  i f  m = 0

,.1-^n-1 \ -.rt ,  t l l t  ,  i f  m=rTor  ^L t ' t J  ( x rx )  =J  x  L  1  r r -  r t r : r

(  O  u^ -z (A(x )  i x ) ,  i f  m>_2
\  lx l  =nL



However ,  by  ( * )  and  by  De f in i t i on  2 l

( s ince  i=  [o , x ]  i n  ( r \ { ,  a ,  ) )  ,  i np ty inc r

[ I - .  
"  

( A ( x ) ; K )  r e d u c e s  t o
l 01 tLt'z

A  ( x )  r K )  = 0  f o r j # r ( x ' o ) - 2

x : r ( x r 0 ) - 2 = m - 2
H m _ 2  ( A ( x )  ;  K ) =

" j (
that

o
€ l{ \

1 s

= o
x : r ( x r 0 ) = m

given by the

H m _ 2  ( A ( x ) ; K ) = ( s i n c e  t h e  d e g r e e  o f  t h e  p o s e t  ( l , r r € )

f  i xed  s tandard  g rada t i o r , )  = .  
I  

Hm-2  (A (x )  ;  K )  .
I x l  =m

4,  Coro l l a ry
#

L e t  ( M , + )  b e as In  the enounce of  Proposi t ion 3.  The

Poincar6  ser ies  o f  K  fMl  i s :

r
o f

( x )( r t )  , m e ) - I -  - ( - r l * t I -
mzO lxl =m

) r *  |

b e i n the l" l i ibius function l h e  m o n o i d  M  ( c f  .  ( 2 )  ,  I 2 l  .

Proof

B y  ( 9 )  a n d  ( I 0 ) ,  w e  s u c c e s i v e l y  g e t ,  f o r  m z  2 :

,, n,1
dim*rorf l t * ' (* rK) = L a i*xr i*_,  (A(x)  ,K) =

lxl =m

r l v  n \
( - l  )  

-  \^  '  v  '  
f^ r r f  

(0  rx)  = (s ince the degree on the poset  M
l x l  = m

i s  g lven by the gradat ion I  I

= ( - r ) * L  L r ( x )  .
lx l  =m I

For  m=0,  the  un igue e lement  o f  degree ze to  in  M ls  0 ,

there fore  P (0 )  = r .  For  m=1,  the  e lements  o f  Mr= l * .n /  I  x l  = t  
|  * t "t i . L t

the ones of  degree t  and each of  them domlnates 0,  hence:

l r ( x )  =  P ( 0  , x )  = -  1 ,  i f  I  x  |  = ]  .
/ t

Th ls  enCs  the  p roo f  o f  t he  asse r t i on .

1 =  D  ( - r ) m I n , , ( 0 ' x ) = ( b y  ( 2 ) , g  2 l =
lxl =m



1 0

5.  9or91 lg ry

kS:J&J)..&t" e..o rl !he*Slggnge-9.I-3l91'9siIi?-n , 3 '..L"!- IINJA-

bg_ the l l i lher t  se: : ies of  t l re  s tandard gradat ig_n_gn* l {  and le l_Pn, , (z)
* - * - " T " . " * -  - t ' - . . t ' . ! . - _ - q

be. , . the Foincard ser i r€s of  Kf l ' f l  (K aRy f ie ld) .

Then the foJ" lovr i .nq i - Io lds:

Proof

The  re la t i on  fo l l ov rs  imr :ed ia te l y  f rom ( I I ) ,  Co r .4  toge t i re r

w i t h  C o r o l l a r y  2 ,  E  2 .

We cal l  a  monoid a lgebra ver i fy ing ( I2)  a  "Ff6ber t_rg l -q"  ,

such  tha t  ou r  l as t  resu l t  s ta tes  tha t ,  i f  M  has .  Cohen-Macau lav

pgit*iifg] - ogggq-*4pglq (qqla. ($) q5-3lop-.3L-trren xlnl is-e

Igg!glg*r! !"q (which means that K has a l inear mlnimal free reso-

lu t i on  ove r  oF ] l  .

We are le f t  wi th  the problem of  dec id ing what  (* )  o f  Propo-

s l t j . on  3  rea l l y  means .  t r r7e  t r y  t o  do  th i s  i n to  the  nex t  sec t i on .

4. IUOIiOIDS I, I ITII  COI{Ei. l -1, ' / \CA[ILAY PRINCIPAL ORDER-IDEALS

We begin by reminding some combinator ics.

To  any  f i n i t e  g raded  pose t  (P14)  one  assoc ia tes .  i t s

S tan ley -Re isne r  r i ng  f l l ,  ,  de f  J -ned  as  fo l l ov rs :  l e t  F= f * r r .  . .  r xn !

b e  t h e  p r o p e r  p a r t  o f  P  a n d  1 e t  K F r , . . .  r x n l  b e  t h e  p o l y n o m i a l

r i ng  i n  *  P  i nde te rm ina te  s  (ove r  o .u r  base  f  i e l d  K )  .  Le t  I  be  the

i r l e a l  o f  K f k . ,  r . . . r X J r  g e n e r a t e d  b y  a l l  t h e  m o n o m i a l s  X , X *  ,  s u c h
L  I '  I I - l '  -  

l

t h a t  * L  a n d  * j  a r e  i n c o n p a r a b l e  i n  F .  T h e n ,  & n = x F r r . . . r x J / r .

Ttre j -mpor tance of  t i r is  r ing l ies in  the fo l lovr ing
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Theorem (Re isne r )

P  i s  Cohen-Macau la

a,
p i -s  Cohen- l4acaulav.

There  i s  no  rea l l y  s imp le  p roo f  t o  t h i s  resu l t  ( t he  gu i ckes t

one  i s  due  to  t l ochs te r ) .  subseguen t  work  o f  s tan ley ,  Gars ia ,

Bac lav rs l< i ,  L l j 6 rne r r  e .d .  p rov i c lec  tes t i nq  c r i t b r i a  f o r  t he  c . -14

p roper t y  o f  l a rge  c lasses  o f  f i n i t e  pose ts .

l ve  use  he re  one  o f  t hese  c r i t e r i a ,  su i t ed  to  ou r  s i t ua t j -on .

Namely,  fo l lowing Lz) ,  we consider  a label ing of  each edge

x -+y  i n  a  f i n i t e  g rac led  pose t  p ,  say  1 -  ( x - -+y )  e .  Z  (o r l ( x - ; y1  i n

any  to ta l l y  o rde red  f i n i t e  se t ,  wh j - ch  i s ' t he  same) .

T h e n  a n  a r b i t r a r y  c h a i n  o f  p :  c = ( x o 4  * L g .  . . . 4 .  x * )  g e t s  a

n a t u r a l  l a b e I i n g ,  n a m e l y :  ) -  ( c ) = ( ? * ( x o - > x r ) r l  { x r - - +  x r )  t . , ,

. . . 1 1  ( * * _ I -  x * ) ) ,  w i t h  1  ( c )  €  z m .  T h e r e f o r e ,  t h e  c h a i n s  o f  p .

nay be to ta l ly  ordered,  accord i -ng to  the lex icographic  order  of

the i r  l abe l s  (w r i t t en  2 . , -  he re ) .

An "e{qe-vrlqe _leli,coglgp[ic _lqheling" ( ca1 led  EL-1abe-

11n9 ,  f o r  sho r t )  i s  a  l abe l i ng  o f  t he  edges  o f  p ,  w i th  the  fo l l ow-

ing  p rope r t i es :

(a )  f o r  eve ry  i n te rva l  f " r t ]  o f  p ,  t he re  i s  an  un ique

cha in  a  : :
x r y  

r=xo (  x ,  ,  , .  1 * *=y ,  such  Lha t :  
. a  

( xo - ->  x r )  ( ) . ( x r - ->x r )1

. . ,( l {**-r--+ **) in z .

( b )  f o r  e v e r y  o t h e r  m - c h a i n  b  i n  f x , o l t ? ( b ) > ; f  ( u  
* , y  ) .

2,  Def  i -n i t :Lon

A f i n l t e  g raded

s h e l l a b l e "  l f  i t  h a s  a n

p o s e t  ( P 1 1  )  l s  c a l I e d  " I e @

E L -  I a b e I i n g .

r e s u l t .

The impor tance to  usr  o f  th is  not ion,  1 les In  the fo l lor^ l lnct
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(1 )  Any  1 -ex5 -coq raph ica l l y  she l l ab le  pose t  i s  99hen- t l egeu laJ
*J4'--.ffi#a**-;--.-

( i i 1 **dtelr"*h:ltgysJa,tJ lc-il! g *lS.*Sgg': ..P It ig-e] ly--gbsuegle

(The p. roof  o f  th is  Proposi t ion may be found in  fZ] .  In te only  remark

that  ( i f  1  ls  j -nmedj-ate,  in  v i r tue of  the s t ructure of  any d is t r ibu-

t i ve  l a t , t i ce ,  ds  the  l a t t i ce  o f  a I I  o rde r  iCea ls  ove r  i t s  j o in -

-  j . r reduc- i l :1 .es,  ( i )  J lo l l .o l rs  f rom the a l :or . /e  quotec l  T i reorent  o f  Reisner  ,  
' "

u s i n g a t e s t i n g c r i t e r i u n ' r f o r C o h e n - } { a c a u l a y n e s S , d u e t o G a r s i a ) .

I I av ing ,  t hus ,  p len ty  o f  exanp les  fo r  Cohen* l " l acau lay  pose ts '

we  s ta te  two  more  p rope r t i es  o f  t hese  ob jec ts ,  used  i n  the  seque l .

To formulate Lhemr w€ remind that ,  for  any graded poset

( P r L  )  o f  r a n k  r )  0  a n d  f o r  a n y  n o n - v o i d  s u b s e t  s g - [ - O r ] ' . . , r t ] ,

the " {?n| :gg les!S{-sq}gqs-et"  PS is  c le f  ined au{  * .P/d.eg xe s} ,  wi th

the  res t r i c ted  o rde r  f rom P .

A l s o l  i f  ( P r (  )  a n d  ( O r s  )  a r e  t w o  g r a d e d  p o s e t s  o f  t h e

same rank  r>  A r  w€  c le f  i ne  the  " -g54 j4 .q i J - j g [ "  Po  Q  as ' t he  d i s jo in t

union U i=o 
(P* * Q*) ',qith .t, lre induced procluct structure of the

pose t  P  x  Q  (he re  P*  ,  Q*  deno te  the  se ts  o f  a l l  deq ree  m e lemen ts

i n  P 2  Q  r e s p e c t i v e l y ) .

7 ,  Pror :os i t ion

( i) I f  (P, t L ) is e Cob_el:_l ' !3qau-lay-po9et'  1t -P ^  i s  Cohen-
D_T-_

:r{.Agaukry .5gq-any--F .

(ti) rq (L A )-SIIA_IQ, 4 j ._erg lellgoqrepblqelry_glgllabre,

ghgg* 
"!-9*g -J:? --l9r lsp-srgp-t ls q llx--e}sf], lb- 1 e'

(  ( i )  was  proved in  f  Z l  .  ( i i )  fo l lows by  cons ider ing  the

1  t t  -  \
r a b € r l n g :  ^  p o Q (  ( x r r y r )  - _ >  ( x r , Y 2 )  ) = ( 1  n  

( x r - +  x 2 )  ' r k p + ^ L Q ( Y r - - z  Y 2 l )  r

where  we cons ider  the  usua l  lex icograph ic  o rder  on  the  pa i rs

( a , b )  ( a r b e  Z )  a n d  v r h e r e  7  p  , a  e  
a r e  E l - l a b e l i n g s  o f  P ,  Q  r e s p e c -

t i ve ly )  .
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Now, we come back to  graded monoids.

Let  ( l '1 ,  I  l )  be a s tandarc l  graded monoid (c f  .  g  l )  and 1et

s  )  0  be an in teger .  The "g: !L j [gro l }g_s_e se_l_ect j .o .n, ,  o i  (M,  I  l )  1s

the submonoid of  M,  generated by l ts  s- th  component  
" "  

( in

g l ven  g rada t l on )  .  Th i s  subnono id  i - s  deno{ :ed  by  M(s ) .  r t  i s

s tandard g: raded by ( f  /s ) l  I  ,  the m-th component  of  M being

f o r  e v e r y  m Z 0 .

I r {o re ,  M(s )  i s  no rma l l y  embedded  in  l r l  ( i . e .  t he  i nne r  pose t

s t ruc tu re  o f  r t ( s )  co inc i ces  v r i t h  t re  : : es t r i c t i on  o f  t he  pose t

st ructure on lu1)  .

I f  ( l - t r  I  t  )  anc l  ( i ' t ' ,  I  l t )  are s tanc lard graded rnonoid.s ,  then

their "€qggg*-Er$gg!" is the mono.i.cl (M ol,rrr l l  r l  )  <lefined as the sub-
r ' lmono ld  - * r0  t { *  *  M ;  o f  M  x  Mt .  Mo  M,  i s  a l so  s tanc la rd  g rac led

by  l l  ( x , v ) l l  =n r  i f  l x l  = lY l  ' =m and  l t  i s  r ro rma l l y  embedded  j - '  I v t  x  Mr .

l fe  prove the f  o l lowing:

8 .  P ro r :os . i t i on

( 1 )  L e t  M

+ L ^
L I I C

a l s o

i\4' m s  I

gg*e_ stgl4sr4 qra4l=q_ monoict. rf (v, )  has 
'Cohen-

- i t ' lacaulay nr inc i 1 orclgr_ _iqlealq:__llrg -same is trrre for an \ /e ronese

qg lgc t i on  11  ( s  ) s )  ] .

( i i )  L e t  I i { ,  M ' Qe stand-af{ crraclecl nonoids . I f ( t4 "  4  )  anr l

g

he

I
t

1  )  h a r r e  l c x i c r a p q i c a l l y  s h e l 1 a b l e pri Lcip* 1_ 9r:de_r- i l iea I s,
same is  t rue for the i r  Secrre r r roduct l{ o Ir{' .

Proo f

( i )  f o l l o v r s  f r o m  p r o p . z ,  ( i ) ,  b e c a u s e  a n y  p r i n c i p a r  o r r r e r

i dea l  i n  l ' t ( s )  i s  a  rank -se lec t i on  i n to  a  p r i nc ioa l  o rde r  i dea l

o f  M .

( f i 1  f o l l o v r s  f r o m  p r o p . 7 ,

ldea1 in  l , t  o  l , t t  is  an ord ina l  surn

( i i 1  because  any  p r . i nc ipa l  o rde r

o f  p r i nc ipa l  o rc le r  i dea l s  i n



14 ,  Mr  respec t i ve l y .

9  "  P ronos i t i on
- ' @ - -

Let  n )  0  be an in teqer  anc l  consic ler  the f re-e monoi r l  Zn ,
@

c

qr%lqd py_!hL-.lgi:a.Lgo5,t l jsgfse :rqir(lati?:) (witl"r respect to it,s

canonical basis). rben gf [g,i i  --c-gler]:]1+gggl,qy Jrq].nqipal p.Lq9r j.deers.

Proo f

Proof

The  asse r t i on  fo l l ows  f rom Propos i t i ons  9 ,  8  and  Cor .  5  o f

i.dt"( Aer..'r,.oLto".,\(*)of tf.a f",i;L(t)5 3.(Jt o.6o {"tLxr+ $."'. Lfls i'dt"( Aer..'r,.oLto".i\t*)of tf.a f",L:*uL drJe,

rAeal.s o$ l{(nn r...,LL)hat,..,o+)r.. {"it irrq{yin3 t0et' ^' l""K*tJJi C.1.[z!,tr"n., {4oi- c-r'!r,, i
Of  cou rse ,  us ing  the  above  deve loped  teehn ique ,  w ide r  c lasses

of  Fr6berg monoidal  r ings may be c ler lved.  In  par t icu lar  th is  may be

f-

The asser t j .on f  o l lows f : :om Proposi t . ion 6,  because any pr in-

c ipa l ' o rc1e r  i dea l  i n  z f  i s  a  d i s t r i bu t i ve  l a t t i ce .

Remark

I t  may l :e  proved that  any Veronese se lect ion in to a f ree

abe l i an  mono i -d ,  i s  l ex i - cog raph ica l l y  she l l - ab1e .

Put t ing together  the above resul ts  r  we der ive the fo l - lovr inq

10. Prg_poli t- ion

Let  nr r  .  . - . , r  4 t  z_g*gr4_sl ,  .  : , rJ .g tZ 9_be in teger :s .  C-gnsi  r "er  the
nl  n l -

m o n o i d  I ' 1 ( n r ; . . . r r 1 a i  s l r . . . r =  t ) - z +  
( s r ) 0 . . . 0 2 o ' ( s , )  .  T h e n r f o r  a n y

; ;fr -,] '" 
" "'o*', !

q 1gg.

(x) Tf is SewlrnoJr.Lo.iLy Ls L con 5.1.".1* +f t f te {act t Iat l-1 (nr,.. . ,  rr. ,  4,_..,a1)
r Je{r,^ecl by "etta 

ir.- 1u a lv aLto re'L aLi crn s .
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A.

success fu l l y  app l i ed  to  a lgeb ra i c  s ingu la r l t , i es  a r l s i ng  f rom
( f l n i t e )  abe l l an  g roup  ac t i ons  on  po l ynomi "a rs .  A1so ,  f o r  s tandard

graded monoids wi th  guadrat ic  def in lng re la t ions,  our  technlque
eventual ly  leads to  character j -zat ions of  these re la t ions rwhich
assure the f rdberg proper ty  of  the correspondinq monoid a lgebras.

M a r c h ,  Z L  1 9 8 5
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