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ALfiEBRAIESI|'lfiUL.^lITIES DIFI|'|ID BY CVCLIC CROUD

ACTI(]IIS
by

Serban Bdrcdnescu

0 .  I n t roduc t i on

The  theo ry  o f  t he  f i n i t e  deg ree

t i ons  o f  f i n i t e  ( cyc l i c )  o roups  i s

the  au tomat i c  f u l f i l lmen t  o f  Schur

o f  Maschke .  The  pa ra l l e l  i nva r ian t

ex tens  j -ons  to  po l ynon ia l  r i ngs  i s ,

h e d .

I lowever ,  var ious problems appear  when par .ss i r rq  to  par t icu l ;

c l asses .  o f  q roups  and  to  pa r t i cu la r  symmet r i c  ac t i ons ,  i 1  f l r e

a t tempt  to  cha rac te rLze  the  a lgeb ra i c  s in< ;u la r i t i es  wh ich  so

appear

One  o f  t he  s imp les t  such  na r t i cu la r  case  i s  cons ide red  i n  th i

paper ,  name ly  the  one  o f  t he  a rb i t ra ry  (up  to  s id r i l i t ude )  ac *

t i ons  on  po l ynomia l s  o f  f i n i t e  cyc l1c  g roups

our  ma in  resu l t  ( r r rm .  r ,  
$  5 )  g i ves  a  pa r t i a l  answer  i n  t h i s

d i rec t i on ,  asse r t i nc r  t he  " l i nea r i t y "  o f  ce r ta in  a lgeb ra ie  s i

gu la r i t i es ,  wh ich  appear  as  i nva r ian t  r j - ngs  fo r  cyc l i c  s roup

ac t i ons .  A l though  i t  cou ld  be  pe rhaos  p roven  i n  a  qu i cke r  wav

we  chcosed ,  i n  reach inq  i t ,  a  pa th  revea l i -nq  the  deep  connec -

t iOn of  the grr l - ' ion# { -n +1.ro d iophant ine l inear  eouat ions (over

the  pos i t i ve  i n tege rs )  and  to  the  c lass i ca l  ennumera t :Lve  thec

in  comb lna to r i es .

^ ^ m ^ ' l  ^ r '  
' l  . i  - ,

,  u v r r r l r r r . j ^  r r r r € d . f  f e p f e s e n t i

n a r t i c u l a r l y  s i m p l e ,  d u e  1

's  Lemma and of  the Theorer

theorv for  Lhe- i r  syminetr ic

j -n  j - ts  g 'enera l  l ines ,  f  in i



Tkr i s  paper  na tu ra l l y  ex tends  I r ] ,  where  on l y  the  s imp les t

act ion of  a  cyc l - i -c  group was considered (but  where the "gene-

r a l "  a b e l i a n  c a s e  w a s  a l s o  o a r t i a l l y  c h a r a c t e r i z e d ) .

The  au tho r  exp resses  h i s  g ra t i t ude  to  N . l {ano lache ,  L .Bddescu

a n d  D . P o p e s c u  f o r  h e l p f u l  t a l k .

1 .  C v c l i c  g r o u p  a c t i o n s  o n  p o l v n o m i a l s
- . . . . G . * 6

L e t  G  b e  a  c y c l i c  o r o u p  o f  ( f i n i t e )  o r d e r  9 3 ' 0 ,  r e a l i z e d  a s

the  un ique  subgroup  o f  t h i s  o rde r  i nC*  ( the  mu l t i p l i ca t i ve

g r o u p  o f  t h e  c o m p l e x  f i e t d )  ,  i . e .  
" = l 5 o  

/ k = 0 , L , . .  -  , 9 - r J  w i t r r  $

a  p r im i - t i ve  g - roo t  o f  r  '  Le t  V  be  an  a rb i t ra rY  C  -  l i nea r  re -

p r e s e n t a t i o n  o f  G ,  o f  f i n i t e  d e g r e e  n > 0 .  r J p  t o  s i m i l i t u d e ,  V

i s  d iagona l  ( s ince  G  i s  abe l i an )  and  the  homote tv  o f  t he  c tene -

ra to r  j  un ique ly  de f i nes  the  G-modu le  s t ruc tu re  on  V .

There fo re ,  t he  a lgeb ra i c  ex tens ion  o f  t h l s  l i nea r  rep resen ta -

t i o n  t o  R = s y m ( v ) = C F r , . . .  r x J ,  i s  g i v e n  b y  a  c e r t a i n  l i n e a r

f o r m  i n  n  v a r i a b l e s ,  w i t h  c o e f f i c i e n t s  f r o m I O , t | . . . ' g - l J '

P r e c i s e l y ,  L f  !  a c t s  o n  t h e  v a r i a b l e  
" i  

( - t = I r 2 t . . . .  r n )  b y :
a r  

:  . ) n  F \ / o r . /  t . , ,  
|  \ t  

* '  .  .' \  t  t " - . , ,  t hen  )  ac ts  on  eve ry  l r onomia r  x '=  X i '( J , x j J h - - > 5 - ^ : .  w

. . . . 4 "  ( w i t h  \ = t \  r ' . . .  , 1 ) a + )  b v '  ( 5 , x ! ) t + f  ( t l n l '  w i t h

i ,  ( l )  =a1! I+.  .  .  * . r ,1r , .

We sha l l  cons ide r  on l y  non -degenera te  ac t i ons ,  i ' e  impose

f rom the  ve ry  beq inn ing  the  reasonab le  res t r i c t i on :  a - ,10  ,

j = L , 2 r . . .  r n .  T h i s  m e a n s  w e  d o n ' t  a l I o v , l  a b s o l u t e  i n v a r i a n t s  o f  :

G  on  l i nea r  f o rms ,  avo id inq  thus  an  unnecessa ry  d ig ress ion

on  Segre  p roduc ts  ( su i ted  to  ac t i ons  o f  f i n i t e  "qenera l "  abe -

I i a n  g r o u p s ) .

M o r e  t h a n  t h a t ,  i f  d = ( a 1 r . . .  r d n )  i s  t h e  q r e a t e s t  c o m m o n
< . f u

d i v i s o r  o f  t h e  c o e f f i c i e n t s  o f  L ,  t h e n  L ' =  / -  ( a i / d ) Y ,  i s  t h e
- i=1  J  )



o r d e r  g / g e d  ( d ' g ) .  H o w e v e r ,  s i n c e  a  v e r o n e s e  s e l e c t i o n  ( c f  . $ 3 )

in to  the  r i ng  o f  i nva r ian ts  o f  G ,  on  R ,  re -es tab l l shes  the .

r ing of  invar iants  of  G on R. ,  we do not  loose genera l i t lz  bv

s u p p o s i n g  t h a t  u l r . . .  r d n  a r e  c o p r i m e  i n  a n s a m b l e .

Wi th  these  cau t i ons  a l ready  taken r  we  cons ide r  t he  co r respon-

d ing  G-modu le  s t ruc tu re  on  R .

l ,e t  C*=JI .  /y=  ̂  '  -  )  h . '  { -ha r t r r : t  r
L , - K ,  

= u , f  , . . . i 9 - 1  
J  

b e  t h e  d u a l  o f  G ,  i n d e x e d  b v :
^ l  t ? t  v K

f  r  ( 5 ) = 5  '  k = 0  , 1 , . . .  r 9 - 1 .  T h e  i s o t v p i c a l  c o m p o n e n t  a s s o c j - a t e d .

the  i r reduc ib le  cha rac te  t  / r . ,  i s  ( i n  ou r  spec ia l  c i r cums tance

the  modu l -e  R(k )  o f  a l l  semi - i nva r ian ts  o f  we igh t /u ,  f o r

k = 0 r 1 ' . . . , 9 - 1 .  r n  p a r t i c u r a r ,  R ( 0 )  j - s  t h e  r i n q  o f  a b s o r u t e  i n

vari-ants (of C on R) and evenz p.&) :-" rn p.(0)-nodulersuchr that,**fl:fi*G

this R(0) n'"drrle decnrnlrcsition of R bej-no consistent with t-]:e total deore<

gradat ions.  l4crerR&)+(o)  f -ork=0 1 i ; "1o-r rbecauseG is  f ln i te .  Thus,  th t

G-modu le  s t ruc tu re  on  R  (g i ven  by  the 'above  ac t i on )  co inc ides

w i t h  t h e  R ( 0 ) - m o d u l e  s t r u c t u r e  o f  R .

Cer ta in  p rope r t i es  o f  t h i s  s t ruc tu re  a re  known  f rom the  oener i

# ? r a n r r r  n €  i  - "L r r c . J r y  u !  r - r r v a r i a n t s  f o r  f i n i t e  g r o u p s .  F o r  i n s t a n c e ,  R ( 0 )  i s

a  f i n i t e l y  genera ted  (  -a tgeb ra  and  eve ry  R  
( k )  

i s  a  f i n i t e l v
/ n )

g e n e r a t e d  R ' " ' - m o d u l e  ( t h e  T h e o r e m  o f  H i l b e r t  - N o e t h e r ) ,  s o

t h e  r i n g  e x t e n s i o n  R ( 0 L  R  i s  f i n i t e  a n d  d i m ( n ( 0 ) ) = r r .

The  r i ng  n (0 )  i "  an  a lgeb ra i c  s i -ngu la r i t ' y  as  soon  as  5  doesn ,

ac t  as  a  pseudo- re f l ec t i on  on  V  (Cheva l l ey -Shephard -Todd) .

$his  a lgebra j -c  s ingular i ty  j -s  a  a lways cohen-Macaulay (a fact

p roved  by  Hoches te r  f o r  genera l  t o r i c  ac t i ons )  and  eve ry  R(k )

i s  a  c o h e n - M a c a u l a y  R ( 0 ) - m o d u l e ,  f o r  k = l r . . . r 9 - 1 .  T h e  c a n o n i c a

modu le  o f  t he  cohen-Macau lay  s ingu la r i t y  R  
(0  )  

,  i s  t he  i so tvp i -

ca l  componen t  R  
( k )  

,  assoc ia ted  to  the  cha rac te r  de t - i  o f  c

( a s  a  s u b g r o u p  o f  c r , o ( n ) ) ,  j - . e .  i t  i s  t h e  d i s c r i m i n a n t  o f  t h e

ac t j -on  o f  G  on  R  (E i senbud) .  rn  pa r t i cu la r ,  t he  s ingu la r i t v

R ( 0 )  i s  c o r e n s t e i n  i f f  J  i s  i d e n t i f i e d  t o  a n  e l e m e n t  o f

sL - (n )  '  by  i t s  i n i t i a r  l i nea r  ac t j - on  on  V  (K . ta /a tanabe)



Remark

The Theorem of  Burns ide-Cheval ley-Serre shows that  the

knew ledge  o f  R (0 )  a r rows  the  recove r ing  o f  t he  v rho le  theo rv

o f  t h e  ( f i n i t e  d e q r e e )  l i n e a r  r e p r e s e n t a t i o n s  o f  G ,  b e c a u s e

a  ce r ta in  non -ze ro  mu l - t i p le  o f  t he  requ la r  rep resen ta t i on

C L c l  * u y  $ e .  r e a l i z e d  a s  a  f a c t o r r i n g  o f  R ( 0 ) .

Q n a n i f i n  * . ar1 ,surr ru uu uuf  grouDs,  is  the fo l low. ing nroDertv

dule s t ructure of  R,  obta ined b1z r r tere t rans lat ion

d e f i n i t i o n s :

o f

o f

the G-mo-

n a n a r r ' l
Y  v r r v !  q  r

Prooos i t i on
.-...|.!..,%

t he  above  se t t i nq

k = 0 r 1 r . . . r g - 1 .

/f n \
( i )  [ 1 \ " /  i s  a  f i n i t e l v

/ L )  |  *
E\JL/ =l \ez] / r  ( !  )= k (mod gr)  ,  fg

1 .

fn 1 ^ !

monoid

enera ted  submono id  o f the  f ree  abe l i an

zf gta.svery M (k)
i s  a  m o n o i d " t  . n a ( 0 ) submodu l  e  o f  Zn

(i . e. I,{ 
(k ) +M 

(o )q * 
(o 

), slch thar :

Z- l  =Uf- l r , r  t t t l  and M (k)n "M (k ' r :  
f  , ror  k fk '

/ n  \
( { i )  R ( u , l  i s  t h e  m o n o i q C - a l g e b r a  o t  y ( 0 )  a n d  e v e r y  R ( k )  i s

"-'%

ig..:p"l|.r,ga -oy-uj C F.y..aI] Jno.rigqi?t s -:yirh ,exr;o..*eq.t,s,. in i',r (k) 
,

k=1 ,  2 , .  .  . , 9 -L .  r3 . -pe - r t i s *g r .  . t hq  *  (0 )  -M
/ L \  ( O )  / L \R \ J L l  i g '  g t V g l  b y  g h e _  M ' ' ' - n g 4 i l f . - S . : . ! . . f u S t q l g _ o l  r ' 4 ( K i , k = t  , 2 , . . , 9 - 1 ,

Th is  p rope r t v  pu ts  i n to  l i gh t  ce r ta in  comb ina to r i a l  s t ruc tu res ,

wh ich  we  have  to  cons ide r  i n  o rde r  t o  cha rac te r i ze  the  s inqu la -
r n )

r i t y  R ' " '  .  The  nex t  two  secL ions  a re  devo ted  to  th i s .  we  tu rn

back  to  j - nva r ian ts  i n  $  5 .



2.  Gradat i -ons  on  f  ree  abe l - ian  mono j .ds

Le t  n>2  be  an  i n tege r .  We  cons ide r  t he  f ree  abe l i an

n
groupZ- '  ( the d i rect  prodr . rc t  o f  n  copies of  the addi t lve grou

V)  and  f i x  on  i t  a  pa r t i a l  o rde r  compa t ib le  w i th  the  q roup

l a v , r .  T h i s  c o m e s  t o  s e l e c t i n c r  a  b a s j . s  u = { . 1 , . . . , . r r (  o f  7 L n  ( c a l

l ed  " canon ica l "  i n  t he  seque l )  and .  o rde r  Zn  as  the  p roduc t -

l a t t l c e  o f  t h e  l i n e a r l y  o r d e r e d  a b e l i a n  q t o u r s  z e " / f = L , 2 , . . . .
L I

. . . , n 1 ,  e a c i r  h a v i n g  Z a r " : - l f  . e - , / k = 0  , I , 2 , . . . ]  a s  t h e  s e t  o f  p o -

a - i ] . . i , ' ^  ^ ' l ^ n ^ * r ^  | : * 1  , )  * \b r  L r v e  e r e i r r e r l t S  ( l = 1 r  2 ,  .  .  .  , r )  .
n

T h e  f r e e  a b e l i a n  m o n o i d  Z \ = G ' l  Z  e . .  o r d e r e d  b y  t h e  r e s t r j . c --**  *+ -  
j=f*"- i '  

' "

t i o r r  o f  t he  g i ven  o rde r  onV-n  ( c leno ted  bv  ( ,  r  o r  s imp ly  by

<=  i f  no  con fus ion  may  a r i se ) ,  becomes  the  nose t  o f  a l l  pos i t i

ve  e lemen ts  LnZn  and  the  mono id  embedd in rJZ :9Zn  (g i ven  by

the canonica l  s t ructure of  Vn as the universgl  abel ian sroup

o f  t he .  cance l l a t i ve  mono idZ- l )  en ' i ovs  the  p rone r t y :  f o r

\ , \ ' 6 Z l  a n d  ! + 5 ' = 6  L n V - n , '  i t  f o l l o w s  ) = \ ' = 0  t c f  .  [ a ] 1 .

By the universal i ty  proper tv  ofZ-n,  everv monoid homoinorphi -sm

.  - I l  
" v  

, - r  - , , ^ r , -  ^ . . ! ^ . J ^  ! ^  ^  - . ^ ^ , . *  L -  - z t f r
t  zZ-*--> 4 uniquely extends to a grouD homomorphl-sm f. z z- ^+ Z_

( i . e .  t he  dua l  o tZ !_  (as  a  mono id )  i s  canon ica l l y  em) :edde ,1  by

means of  E in to the dual  o f  Z-n (as a group)  )  "  The rnonoid homo

morphism f  is  un icruely  def  ined by - i - ts  va lues on E:  ou.Lt ing

d ; = f  ( e * )  ,  J = I , 2 1 . . . 1 f i . 1  t h e  e f f e c t  o f  f  o n  a n y ! .  e - Z :  i s  q i v e n
)  I  '  ' ' )  - r

by f  ( !  )  =L,  ( ! )  ,  where Lf  is  the l inear  for rn in  n var iab l .es :

L f  =  a l Y l + . . . + a n Y n .

We cons ide r  non -degenera te  fo rms  on l v ,  i . e .  we  suDpose  tha t

a - , 1 0  f o r  J = I , 2 t . . .  t n .

I n  th i s  case ,  a l l  f i be rs  o f  f  a re  non -empty ,  f i n i t e  subse t

^ +  7 t f l  n i  r - i  * ,vLz* , -L  ,  y - , , . . j  a  g rada t i on  compa t ib le  w i th  the  mono id  s t ruc tu

. - - ,n
re on ,//

C o n v e r s e l y ,  a n y  f i x e d  n o n - d e q e n e r a t e  l i n e a r  f o r m  L = . : l Y t t . . . .



n-n  
- - - -  ; r  - - - - - {

f ibers f  r" ,  Zl---+Z* ,  ref  fered to as " the L-gradat ion" 
""21.

I ts unique extension to Zn yields a qroun homomor:phism

;  - . f lf n rZ " ->Z- ,  such  tha t ,  deno t i ng  by  G ,= ,  (L )  i t s  ke rne l ,  t he  exac t

sequence :

E

o-->c^ (L )--+Zn 
-L 

> rm (f, ) --+ o'  O '  J r '

cn t  i  { -c  T-  /7  r * *P^u y r r u r ,  r r l r \ r " ) Y n o n - z e r o  a n d  f : : e e .  T h e r e f o r e  G o ( L )  i s  f r e e  a n d

r k G ^ ( L ) = n - l .  s i n e e  T m ( F - )  i s  a  s u b q r o u n  o f  Z ,  i !  i s  o f  t h e
O  

'  4 i r r  \ ! L /

f o rmZ"d ,  w i th  d  equa l  t o  t he  q rea tes t  common d i v i so r  o f  t he

coe f f i c i en ts  o f  L

We may  the re fo re  "no rmaL ize "  L ,  by  work ing  w i th  (L /d )L ,  whose

coe f  f  i c i en t . s  have  the  gcd  equa l -  t o  1 .

From now onr  w€ f ix  a  normal ized,  non-degenerate . I inear  form

i n  n Z 2  v a r i a b l e  o v e r Z , ,  p a m o l r z :  T , = a - Y  + . . . + a - Y - ,  c a l l i n g  i t+ . " * . 1 - I . . . . . - n * n , - *

"bas i c "  i n  t he  seque l .  We  s tudv  the  assoc ia ted  L -g rada t i on  on

- r r  ,  2 f  f l \
Z-J-  ( resP.  or r  z  t  .

S i n c e  I m ( f -  ) = Z - f o r  a  b a s i c  L ,  t h e  a b o v e  e x a c t  s e q u e n c e  b e c o -

m e s :  

!  

a ,

o -->Go (L) -+ Z!---- L--> o I

s p l i t t e d  a s  w e l l .  T h e  f r e e  a b e l i a n  g r o u p  G o ( L )  ( o f  r a n k  ( n - 1 ) )

is here called "Ib9*giJggfi.gtrsl g-Iggq" of L.

The  image  o f  t he  L -g rada t i on  on / \ ,  i s  t hg  submono id  o f  Z * ,

genera ted  by  the  coe f f i c i en ts  o f  L .  f t  w i l l  be  deno ted  by (L ) ,

i ts  main proper ty  being the fo l lowinq wel l -known one (whose

p r o o f  i s  l e f t  t o  t h e  r e a d e r ) :

2 .  P r o p o s i t i o n

Let  L be a normal  tzed. ,  non-deqenerate l inear  form in  n>2 var ia-



bl 'es over V.. ,  "  Then { L }

t e d  b y  i l  e l e m e n t s .
F'**rrb.---.q*

i s  a  numer i ca l  submono id  o f Z,  ,  c lenere-r #

Let  us remind that  a  "numer i -ca l "

there j -s an integer m20 andfrr .rroo)

i  n f  a r r o r i  q  r l ann . l -  od  ha ra  1 - . r r  ^  / t r t \
v  v _ Y  r J  \ r Y  ? f  .

I  a A  r r + h a  ^ a ^  S e t t t  O f  N .Y *.v

For a bas i -c  l inear  form in  n var- iab les

= .p ( (L ) )  i s  noL  easy l y  compu tab le ,  even

re  i s  a  samp l -e :

s u b m o n o i d  N * 2 ,  i s

=lre z ,  / ]<>m?c u. Trre
L  i - '  ) -

T h e  f i n i t e  s e t  Z * \

s u c h  t h a t

leas  t  s  r l c

N  i s  c a l - -

An " i dea l "  I  o f  e i .  numer j - ca l  mono id  N ,  i s  a  subse t  I g  N  such

tha t  f+NqT .  An  i dea l  o f  a  numer ' l ca l  mor ro ld  obv ious l v  rema ins

a  numer i ca l  mono id .

L l

i n

t h e  i n t e g e r  p  ( L ) = =

p a r t i c u l a r  c a s e s .  F .

r  r L , t / v L ' r  L r v r r  \ H e f Z O g ,  L 5 J  )

L e t  . ,  , .  .  .  ,  a €  Z , \ { O }  g e n e r a t e  i - n V - ,  a  n u m e r i c a l  s u } : i i i o n r . ; j  d  N
r  i l  - r

( i . e "  g c d  ( a . , , . . . r d * ) . = l ) .  S l r n o o s e  N  h a s  t h e  p r o r . l c r t - . . / :
l - t

(v)  j€LL,2, 1 4

, n - f [ ,  h _ , = L g J J 1  / n n A l r  r  \  -  \ c l r l
)  )  

\ Y v e \ u ]  , " ' t s ] | t , * . j  + 1 ' - ' "

(1 n
T h e n  p ( N ) = / - ' , '  ( h . - a , ) + a  + 1 .

A numer ica l  monoid N having the enounced proper tv  is  necessar :

' t r r  f r c r z r n m a l - r i  n r r ,  i . e .  z 6 . N  i f f  p  ( N ) - l - z e i q  f o r  a n y  z e V r . "  ( t r t o n o i d
t  4 . v .  a L r r  

i J  \ r r /

algebras of  symmetr ic  monoids are Gorenste in and monoid a lcre*

bras of  monoids as the one i -n  the Pror- .os i t ion are compl-ete

in te rsec t . i ons  ,  c f .  [ t l l  .

Thus ,  f o r  a  "g rene ra l "  bas i c  l i nea r  f o rm L  onZ \ ,  t he  co r resDo

d ing  L -g rada t i on  has  f i n i t e  f i be r  ove r  any  m aZ* ,  bu t  t h i s  f i

b e r  i s  v o i d  a s  s o o n  a s  m  i s  a  g a p  o f  ( L ) .

The  gap  se t  o f  ( f , )  ne ing  f i r : i t e ,  t he  f i be rs  o f  i : he  L -q rada -

t ion are non-void over  a l l  in teqers f r r :m I -o  ( i - )  .od)  .! u / \ J J l , / .



r v r  q  J - r z s . E L t  r J c l ; j r L :  I ( J I t I l .  L : d r  I , f  . . . - r a _ y - ^ ,  w €  o e n o E e  b y :
L  I  N  N '

the  f iber  o f  the  L-gradat ion  over  m€4,

T h u s  F ( 0 ) = J 0 1  ,  F ( m )  i s  f i n i t e  f o r  a 1 t  m z l  a n d  F  ( n ) f V  i t tt )

me (L )

Obvious tV Z|  = Ume 
<r ,> F (m) and F (m) O F ( rn,  1=/  when mlm, .  More :

F  ( m ) + F  ( m ' )  e  F  ( m + m ' )  f o r  a 1 l  m  , m , € Z *

Now,  hav j -ng  f i xed  an  L -deg ree  me(L ) ,  t o  any  e lemen t5€  F (m)  we

assoc ia te  the  fo l l ow ing  subse t  o f  t he  d i rec t i ona l  g roun  o f  L :

where L ts  the f  j -xed par t ia l -  order  on Z!

eno tes  the  se t  o f  a l l  f i n i t e  subse ts  i n  G  (T , )  -I f  Y ' - ( G o ( L )  )  d e n o L e s  t h e  s e t  o f  a l l  f i n i t e  s u b s e t s  i n  ' o  \ . . , ,

( 2 )  g i v e s  a  f u n c t i o n :

( 2 ) '  A ' Z l n f i r o ( L ) ) .

3 .  P ropos i  b . j - on

Lg9= -$S <L).)0,. _. be al_ r,;decrfeg.

( i )  F  ( m ) = q + A ( E )  f o r  a n y  E ,  €  F  ( m )

( i i )  A ( t r , ) = A ( 1 ) + ( 3 - \ , )  f o r  a n v 5 ,  5 ,  E  F ( m )

( i i i  )  A (3)  =h-- \ /neF (m) j  for  any !  e  F (m)

( i v )  T h e  f u n c t i o n  b z Z t ! - - . f i c ^ t l , l l  i s  i n c r e a s i n g ,  w h e r e Z ?
- T U T

has  the  l a t t i ce  s t ruc tu re  o i ven  bv  the  res t r i c t i on  o f  (  f r om

h ( -'  
Z "  a n d  ) - ( G o  ( L ) )  i s  o r d e r e d  b v  i n c l u s i o n .

( 1 ) r  (m) =\\ ,zi t  t \1" = * 1

( 2 ) A ( l )  = fa .eco &)  / \+<>-o in  z \ ,

Proo f

( i )  I f  0 (€A(5  )  ,  then  4+aeZ\  so  l !  + . tc {T ,=  \ ! l l *141"=nr+O=m,  g iv inc l

J  +ce f  (m)  .  Converse ly ,  fo r  anv  te  F  (m)  ;  *  =+L '  !e  A( ! )  '  because



7= j+d> -0  r  so  \ e  t +A ( r )  .

( i i  )  B y  ( i  )  :  r  ( m )  = . 5  + A  ( I ;  = 1  ' + A  ( 5 '  )  a n d  t h e  ,  a s s e r t i o n  f o l l o w s  .

( i i j . )  B y  ( i )  : F ( m ) = 9 + A ( t ) ,  s o  A ( f ) = r ( m ) - 5  t n  Z n .

( i v )  L e t I 4 u  i " v - ?  "  T h e n d € a G ) + 4 + < z  0  s o T + a z _ \ + o r z l ,L  * - +  ' , 1  ' - - /  a

s h o w i n s  t h a t  a e A ? i l  "  T h e r e f c : r e  A  ( ! ) E  A  ( 7 ) .

s l n c e  r ( m )  i s  f i n i t e  ( f o r  m e z * ) ,  i t  f o l l o w s  f r o m  ( i ) ,  p r o p . .

t h a t  A  ( 5 )  i s  f i n i t e  f o r  a n y  t e F  ( m )  a n d  m o r e : + A  ( 6 ) = t F  ( m )  "  O n

each  f  i be r  F  (m)  ,  t hc  co r r . . ospondence  A  (o f  (2  ) ' )  t akes  r  (m)  i l :

f  erent  va lues ,  theref  ore i ts  rest r ic t ion A l -  , -_  ,  is  in  - i  er - '1-  i  r ro  ,-  
; F  ( m )

More ,  A  t . kes  the  c lu t te r  (F  (m)  , ( )  i n to  the  c l_u t te r

1 5  n , r t ?  . \( 1 4 t 5 ) 3 5 e  
r ( m ) ' q )

I n  genera l ,  t he  mono tonous  co r t : esnondence  A (o f  e ) ' )  i s  no t

s t r i c t ,  i . e " \ ( \ t " L l  a n d A ( ! ) = A ( r 1 )  ,  d o e s n , r  i m p l y  \ = I "

However ,  i t  has  the  fo l l ow ing  use fu l  p rope r t y "

4. 9:-seg*Ilo:

lcl .p e J p: .9 .. . F s*-e e-J:gee.re-e*-ea L .5-gIJ *l--e ?--slsrcl}_..-_Ib9

:y': :L?= : :: :: : i 15 I I I _ 1T * g l*i::: :: : _ :t :l_::_:_:::i::
o n 5 .

Proo f

Le t  ) ,  \ '  ,  !  " e  F  (m)  be  any  e lemen ts  .  The  i den t i t y  :

\ "  - \=  ( t " - t ' ) -  ( t  - t ' )  ,

t oge the r  w i th  ( i j . i )  o f  b rop ,3 ,  shows  tha t  anx  e lemen t  o f  A  ( t )

b e l o n g s  t o  t h e  
" L b q r o , r p  

g e n e r a t e d  b y  A ( t ,  )  i n s i d e  c o  ( L ) .  S o

<A (5 ) )g (A ( ! ' )>  ,  where  q r { )  deno tes  the  suboroup  qene : :a ted  by

t h e  s e t  M .

T h e  c o n v e r s e  i n c l u s i o n  i s  a  r e s u l t  o f  { i i i ) ,  p r o p . 3  a n d  o f  t h

- ident i ty  t " -  \ '  
=  ( \ "  - l  )  -  (5 ' -3)  .



( 3 )

r r r J .D  r t jDuJ . r  l r u tS  l ( ] rwa ro '  I ' ne  q rou r ) s :

Go (m)  =<A( t ) ) c .Go  (L ) , m>0 and le  n  (m)

These groups

a n- l  for  any

They have the

are f ree suboroups of

me(L) \  0

fo l lowinq remarkable

( :  / r . \  # l - r a r a f O r e  f k G ^  ( m ) . - <" o t " ' t  u

proper t i es .

5 .  Propos i t  j .on

( i )  Fo r  anv  L -deq ree  me(L ) \0 there is  an in tecrer m ) >  0

s u c h  t h a t :

( 4 ) Go  (m)  Q  Go  (2m)  € .  .  .QGo (km)  =Go  (L )  f o r  any  k>g  (m)

: n A  a  / m \  i  c  + h e  l e a s t  i n t e c r e r  k  -  q r r r . h  f h a t  C ^  ( k m )  = G ^  ( L )Y  \ r r r l  * " - . . . :  
J e .   ,  J u u r r  L r  

o  o

r ( r 4 Y  \ s , t  .

P r o o f .

( i )  By  the  de f - i n i t i on  (3 )  o f " 'Go  (m)  ,  t ose the r  w i th  (1v )  o f

P r o p . 3  i t  f o l l o w s  t h a t  c o  ( m ) e  
. " o  

( 2 m ) G .  . . G G o  ( k m ) g .  .  .  q c o  ( L )

( k ? 1 ) ,  s i n c e Z l 2 \ ( . . . {  k ! ( . . .  ( k z I )  1 s  a n  a s c e n d i n s  c h a i n  i n
n

Z; .  Th i s  sequence  o f  g roups  mus t  s tab i l t ze ,  Go(L )  be ing  a  noe -

the r ianT 'mod ,u le .  So ,  l e t  g (m)  be  i t s  l eas t  s tab j - l i za t i on  i ndex

i . e . :

Go  (m)  A .  .  .G  
"o  

(g  (m)  .  m)G r ;o  ( r , )  and  Go  (km)  =Go  (g  (m)  m)  ,( x )

fn r  l z>  n  /m \J L 4 Y  \ r r r /  .

Le t  o (€  G^  (L )  be  an  a rb i t ra ry

,  na tes  i n  t he  canon ica l  bas i s

d, = ( ld.  r l ,  .  .  . , ld , . , ' i  )  ( r r r " ru\a i l

element  and consider  i ts  coord i -

E  o f  Z n : o L =  ( 4 l r . . .  r d R ) .  P u t

means  the  abso lu te  va lue  o f  {1 . , '"*l*



1 1

j { ,  2  t . . .  r n )  .  T h e n Q z o  a n d  m o r e  c ( + 4 7 - 0  i n z n ,  s o a e a ( & )  .  p u t

1= l?1" ,  the  L-degree or  J .  ThenceA(<)e  A (m.?rq  Go (km)  r  so

{e  U.  -  Go (km)  =Go (g  (m)m)  ,  by  (x )  .
k > l  

v

T t r , o a a f n r a  c  l T  \  . . -  / -  / -  r / * \ . -  \  r t ^  J  ^  - - r  - - r  - -. . . r r c re : ru re  uo  (L )  q  Go  (g  (m)  m)  ,  t h i s  q i v inq  (4  )  "

( i i )  r , e t  r= fmcc f ;  / g  (m)= f ] .  I n Ie  show tha t  r  i s  a  non - r ,o id  i dea

o f  ( L ) '  t h i s  y i e l d i n g  t h e  c o n c l u s i o n  v i a  t h e  p r o n e r t v  o f  ( L )

o f  be ing  a  numer i ca l  mono id .  so r  w€  p rove  the  asse r t i ons :

( a )  ,  # f ( b )  r  +  ( L ) q r .and

P r o o f  o f  ( a )

T . o +  R - I F  c  
' l  

r  L - - r  -  -  er . J c L J r : 1  
1 , . . . t  t n _ l t  b .  a n v  b a s i s  o f  t h e  f r e e  a b e l i a n

G o  ( L )  .  c o n s i d e r  t h e  c o o r d i n a t e s  o f  t h e  v e c t o r s  e r r . . .

i n  t h e  c a n o n j - c a l  b a s i s  E  o f  Z n ,  n a m e l y ,  € i = ( € i 1 r . . . r €

j = r  , 2

hav ing  the  coo rd ina tes :

w r v u l J

F
t  "n -1

\
i r t '  '

o f z n ,

wB= ' r? j l " - l  t j r l '  " ' ' r . T lX - r \  € i n l  ) '

where le * r  l  i s  t h "  abso lu te  va lue  o f  t he  i n t . e roe r  f  .  ,  f o r'  J r .  . i i

a l l  j , i .  T h e n w B z 0  i n  z n  a n d ,  b y  i t s  v e r v  d e f i n i t i o n ,
. h

W n + t i Z O  i n Z "  f o r  j = l , 2 , . . . , r i - l .  T h e r e f o r e f  b y  ( 2 )  ,  e j € A ( w B )

f o r  j = l  r  2 ,  .  . .  , n - 1 r  s o  B e A ( " ' )  ,

w l th  m= lwB l  L  such  tha t  Go  (L )=G

wh ich  by  (3 )  q i ves  Go  (L )e  Co  (m

o  
( m )  a n d  m < r .

P r a n f  n f  / h  \
\ v  t

Le t  m€ f  and  he<L)  and  p i ck  !

rhen A ( l  )s  A( !+2 )  by ( iv )  o f

ned  in  Go  (m+h)  (= (A( t+? ) ) ,  by

=Go (m+h)  ,  i . e .  m+h€ f  and  the

€ r  (m)  ,?L€ r  (h)  .

P r o p .  2 ,  s o  G o  ( L )  = G o  ( m )  i s  c o n t a i -

P rop .  4  )  .  Th i s  q i ves  Go  (L )  =

p r o o f  i s  f i n i s h e d .



The in terpretat ion of  the in teqers J  c l  (m) /necwf ,  def ined at' ) '

( i )  P r o p o s i t i o n  5 ,  w i l l  b e  g i v e n  i n  t h e  n e x t  s e c t j - o n .

Now,  we  go  l n to  more  c le ta i l  i n  desc r ib inq  the  f i be rs  o f  t he

T , - c r r ^ e r l  . n { -  i n n  . ' , - -  
. - ' f l  i  -  

"  r :  f i n i J . n  c a # c  
n!  y r q u q L r v , r  - n Z ' i ,  i . e .  t h e  f i n i t e  s e t s  A  ( 5 )  , S e Z *  ,  i n t r o d u -

ced  a t  (2 )  above .  To  th i - s  end ,  we  f i r s t  remar l<  ( . c f  .  ( i i . )  o f

D r n r r  q \  { - h r { -  i  F  m r a  r / T  \  . t - hu r r q u  a r  L L L / y  \ r J )  7  u r r € f t  A ( 5 )  c T e n e r a t - e s  t h e  d i r e c t L o n a l

group  co  (L )  ,  f o r  anv  f  €  F  (m)  .  Then  A (5 )  a l so  c rene ra tes  the

Q-vec to r  space  c^ (L )8 *  Q ,  v rh i ch  means  tha t  A ( f )  con ta ins  a
v z _

Q * b a s i s  o f  t h e  f r e e  a b e l i a n  q r o u p  c o ( L )  .

C o n v e r s e l v ,  i f  m e ( L ) r  0  a n d  g e F ( m )  a r e  s u c h  t h a t  A ( 5 )  c o n -

t a i n s  a  Q - b a s i c  n f  G  f T , )l s  o r  t ; o  ( 1 , )  r  t h e n  a n y  d € C o  ( L )  h a s  a  n a t u r a l  m u l -

t i p l i e r  p ,  s u c h  t h a t  p a e G o ( m ) .  T h i s  p  m a y  b e  t a k e n  t h e  s a m e

f o r  a l l d € G ^ ( L ) ,  b e c a u s e  t h i s  q r o u D  i s  f i n i t e l y  q e n e r a t e d .
o

m h . i  d  n A - h ^  ^  / r  ( r  \ , - ( :  / m \  i . e .  G ^  ( L ) / G ^  ( m )  i s  f  i n i t e  ,  o f  e x p o -L . t l - L b  l t t s c l l l b  P '  - O  \ ! / g L r O  \ t t l /  ,  
O  

.  
O

n e n t  p .  I n  p a r t i c u l a r  n A ( !  ) e  l ( n 5 )  g e n e r a t e s  G o  ( L )  ,  s o  9  ( m ) <  p .

m l - r r r n  = 1 -  ' l  ̂ - ^ f  f 6 r  m > c r  f  T , )  : n t S  o 4' i ' nus  
r  &E  -LeaSL  r ( r !  r LL . zy  \D t  I  We  mav  fep feSen t  a l l  e l emt

A ( i )  '  5  F ( m )  ,  i n  a  c e r t a i n  Q - b a s i s  s g a ( l )  o f  G o ( L )  .  T h i s  i s ,

h n r ^ r p r r o r  -  { - n n  . r a n F r a l  f n r  o t t r  n l t r D o s e s  a :  r  ^ !  ! 1 " ' i  ̂  ^ ^  j - n t  w er r u w c v c r - ,  L U \ J  - U f  p U f p O S e S  a n ( r  a t  t l l l - l ;  P C ) -

f o rce  en te r  i n to  p lay  the  coe f f i c i en ts  o f  t he  bas l c  f o rm L .

6 .  P r n n n q i  t i  n p

l - a f  l . = A  V  - L  - 1 - a  V- * . 1 J l | . .
I  I  I I  I I

b e  a  b a s i c  l i n e a r  f o r m  i n  n 2 2  v a r i a b l e s .

Let m e( L) - 0 b-e_gl r:_deg.rgg*t^li-Lll_ the "p5op_e-L!.v. :

Thenl!-eJ-e---ar*e^: an el-ement q=5(m)€F(m) and a Q.-Lgeig B-=
( ^  r  ^  ' )

=t t i  / i  e+ , . . .  ,n - r f  r j  t  gg  co  ( r , l  ,  guch jh le ! :

( i  ) BmGA(! )

Srss-!
For  conven ience ,

, (k 2 m a x  ) a .  / t = 2  , 3  ,  .-  
I  - L ' ,

s u p p o s e  j = 1 ,

. . , t t | .

( s )

( i i  ) a (u =l';'
" i "# *L

i 4
(

. * i € i )  / x t e Z *  f o r  a l l  i  a n d
I

( f  ) i € \ L , 2 , . . . . , r r !  a n d  m = k . a *  v r i t h  k > m a x { a . ,  / i

such that  m=k.  a- ,  ,  rv i th
I



1 3

We choose the element I  t*1 =5 e r  (m) ,  having in the canonical

b a s i s  a f Z n ,  t h e  c o o r d i n a t e s :

In  Go (L)  we consider  the natura l  Q-basis  B,  made up by the

t r n n r - n r a  t  .  " €  ,  w h o s e  c o o r d i n a t e s  i n  t h e  c a n o n i c a l  b a s i s  (v s v L v ! >  -  
2 t . .  n ,

Z n  a r e :

€  r = ( - a r r a r r 0 r . , .  r 0 ) ,  € 3 = ( - t 3 r 0 r d 1 r 0 r . . . , 0 )  r . . . .

. .  .  r € ; ( - a r . r 0  r . . .  r 0 r a r ) .

O u r  a s s u m p t i o n  o n  k  s h o w s  t h a t  t 2 , . . . , t n a A ( 5 ) ,  f o r  t h e  a b o v e

c h o s e n  I  ,  s o  B q A ( E )  a n d  ( i )  l s  f u l f i l l e d .

Now, any e lement  c(<A( j )  p61y be uniquelv  wr i t ten z

I  . . r  .  L  -d = 
t"r ' rn t"rL3*" '*  ; ;* , '€, ' '

w i t h  * 2 , . . . , x n € L .

In  the  canon ica l  bas i s  o f .  Zn ,  eve rv  such  d  has  the  coo rd ina te

n
, l

d  = ( -  ? ( L  x . ,  Q ,  )  ,  x ) , x j , . . .  r * n ) .
" l ] - = 2 r r - '

Thus ,  t he  de f i n i t i on  (3 )  o f  A  ( ! )  s i ves :  aeA(F )  i f f  q .  + !  z  0
- n

n l
i n  v " t - \  k  -  : : (  Z _  x . , O . ,  ) 2 0  a n d  x a Z 0  f o r  1 = 2 r  3 r . . .  r f l .\ - - / , ,  a .  . l

L  L = Z

T h i s  i s  p r e c i s e l y  w h a t  ( i i )  s a y s .

The  rep resen ta t i on  ( i i )  o f  P ropos i t i on  6  i s  impor tan t ,  becau-

se  i t  i den t i f i es  A ( : )  w i th  a  homote th i ca l  imaqe  o f  a  ce r ta in

o r d e r - i d e a 1  i n  a  m o n o i d a l  p o s e t ,  p r o v i d e d  ( 5 )  i s  f u l f i l l e d .

This  ident i f icat ion is  meaninqfu l  in  the s tud. r  o f  the monoids

c- ,l

5  = ( k , 0 , 0 , . . . , 0 ) .

l



In v iew of  future anpl icat i -on,  we qive a name to the condi-

t i o n  ( 5 )  o f  P r o p o s i t i o n  6 t  s a _ v i n g  t h a t :  " m  i s  s t a n d a r d  f o r  L ,

:"*_.+*IA,c;fi*g*J" as soon as (5 ) takes nlace

Let us remai:k that  any m>ma*{ui  /Lf i l  i *  standarcl  in dir :ect ion

i  f ^ r  l .  i  t  ^ , = 1 .u ,  *  
j

As  Propos i t i on  6  shov , r s ,  t he re  a re  many  i n teqe rs  m,  wh ich  a re

s t a n d a r d  i n  d i r c c t i o n  i  f o r  L ,  f o r  e a c h  i e J f  , 2 , . . .  r n !  "- L )

f f  m e < L )  i s  s t a n d a r d  f o r  L  i n  e - v - g r y  d i r e c t i o n  i e { f  , 2 , . . . , t J ,
.Ytd

we say that " lLgIjLS--ff i".  This obviously comes

to :  m=0  (mod  1cm (a - r ) ) ,  where  "1cm"  i s  " t he  l -owes t  comf i l on
1 < i s n

m u l t i p l e  "  .

Tn nrr lar  { -n  cr jys the announced in terpretat ion for  A ( I  ))

( ! e n ( m )  a n d  m  s t a n d a r d  i n  s o m e  d i r e c t i o n  i  f o r  L ) ,  l e t  u s

consider  a l *  subgroup of  Go (L)  ,  cdenerated bv the specia l  Q-

bas i s  BFA( I ) .  Le t  (B* )  be  th . i - s  subq roup .  Tn  i t  ,  Bm becomes

^n  ' i  n tpc r ra ' l  has iS r  so  B*  canon ica l l y  de f i nes  a  pa r t i a l  o rde r
"r^ "

o n  1 B  ) ,  h a v i n q  1 e )  . = ) f  , . x . € ,  / x . e V , \  a s  t h e  s e t  o f  a l l-  \  n l , '  . r \  n ' +  (  L f 1  l -  1 .  t _  + )

posi t ive e lements .  An "g}gf . {gg l "  i t  a  poset  is  a  subset

r^rh ' i  r .h-  l -ncro1- l rer  wi th  an e lement ,  conta ins a l I  e l -ements below
,  v v Y

i t  ( i . e .  a  s u b s e t  w h i c h  i s  " f i l t e r e d  b e l o w " ) .  N o w ,  i n

( 8 - - > ,  ,  t h e  s e t : 0 t f l  1 + . ,  x , € . , /  4 t . , a . . x * ( * !  i s  o b v i o u s l y-  m ' +  '  " ' ) '  L  r f 1  I  I '  L 7 1  r  r  )

a n  o r d e r - i d e a I ,  c o n n e c t e d  t o  o u r  s e t  A ( ! )  b y ,

. j  A  (5  )  =$(1)  ,

f  n f  .  P r o n -  6  -  ( i ' i  )  )  -  w h r r r e  a  . A ( 1 )  = {  a ; d / a e A t }  ) }  .\ v ! . r  \ & & t  t  r  v r r r v l v  * J - - . ,  - t  
I

S i n c e 0  t 5 l  i s  f i n i t e ,  i t  i s  f i n i t e l V  g e n e r a t e d  ( a  " o e n e r a t o r "

o f  an  o rde r  i dea t  be inq  one  o f  i t s  max ima l  e lemen ts )  and  (6 )

a l l ows  on  A ( ! )  seve ra l  conc lus ions  va l i d  f o r  C I  ( I )  ( see  be low ,

€  3 )  .
" *o r ,  

we  cons ide r  a  s tandard  Da i r  (L rm)  and  n rove  i t s 'ma in

p rope r t y ,  under  the  fo l l ow ing  fo rm.

( 6 )



7. L{,9p*qi:i,t.}.9-n

L e t  L = a t Y r + .  " . + a r l y n  b e  a  b a s i c  r i n e a r  f o r : m  i n  n z 2  v a r L a b l e s

and le t  m20 be an in teqer  such that  maO (mod lcm (a. . .  )  )  .
1< ' is  n  r

I'or a r ) v  - i n L e q c r  k 2 7 ,  c o n s i d e r  t e  l i n e a r u a t i o n :

\ (.r- ,, 1 ( Y l r . . . r Y r r ) = l < m .

Then any so lut ion t romZl  to (€ , -  )  i s  a  sum o f  k  so lu t i ons

from fz? ft (t1)

P r o o f .

we  p roceed  by  i nduc t i on  on  k ,  t he  case  k= r  be ing  t r i v j -a r "

Th ' s ,  ye  s l l ppose  the  asse r t i on  t rue  fo r  any  r<k  k  k  and  p rove'T-?r(,  
rnal.r tool- in 6LLr proo.f is t(e \rLLowr'ng dec-arnpositror. L&eovern

i t  fo r "FYfor  fa r r i c ia t t -v  o rdered abe l j -an  groups  tc f  .  fa1 ,  5 I ,
l 0 ) :

(Dr) J* ft L) r+i.r, 31Lq e I .*t<q
p o s i t i v e  e l e m e n t s  i n  t h e  l - a t t i c j - a l - l v  . o r d e r e d  a b e l i a n  ^ r A 1 r ^  / ' 1_ *  . -  -  .  , , r , -  . .  - = -  ' . , , ,  . t

- - - - 1 -  , 1  ,  S - \  I )  \ - 1  C TS U C n  t n a t :  / * :  _ . r X : = 4  
' ' .  

V . .I : l -  J -  l : L / ]

Lhg.r.*!!S:S*H-g,S9gh]5-*?elluence (2,.) 1 ..!. _ 1 .: -. .of r;osir-iv' 1l' r<r-4 P , 14) as *=;;*;:;';;-

e l -ements  in  G,  such tha t :

* i=4 ] r  r r l  f o r  a l l  i  and  y - ,  =4 \ r r i ,  f o r  a r l

t ' r a w , ' i  - ^  L - ^ ^ 1 -
u v r r r ! r r Y  t J c t  u ^

Zl  t "  (6k) .

j . t t t 2 , . i . r n

a n d  , L , . . . , r

f ^  n r l r

Since

t t  s o

suchn

be t \^ /o  f in i te  secruences or

n r n a r  . r a !  t \ r  v  \  l - r a  a  S O l U t i O n  f f O mY ! v v ! t  r c t  f ^ l  , . . . r . ^ n J  D t )

( L r m )  i s  a  s t a n d a r d  p a i r ,  m / a . e Z .  f , o r  e v e l : .

t h e r e  a r e  n o n - n e c f a t i v e  i n t e q e r s  v , , . . . , V"  " L "  " n

t h a t :

( * ) (m/a f o r  j = f  , 2 , .  .  .  , m .

B u t  ( x l r . . .  r X n )  i s  a  s o l u t i o n  t o  ( € k ) ,  s o  w e  g e t  t h a t

( r 1 , . . . , r n )  i s  a  s o l u t i o n  t r o m Z l  t o  ( E k , )  ,  v r i - t h  k ' = k -

- d | = r t : , .  r f  k ' = 0 ,  t h e n  t ' = t 2 = . . . = r r r = 0  a n d  x . = ( m / a i ) Y i ,

j = l r . , . , n .  W e  a p p - l y  t o  f * t . , y ; = 1 * . . . + l  ( t <  t j - m e s )  t h e  d e c o m p o --  - . - l  =r-  - l
q ' i  { - i  n n  { .  h d n r a m  l n r n \  t n r  r :  V  l . L , , , o  , { a ^ n - ^ n ^ . i  * ^  ^ - ^ t - .  - i  -



to ,( t1) .

I f  k t * O t  t h e n  k k k  a n d  t h e
(Q, I  shows that there are
( r r r r . . .  

r r r n  )  , . . . ,  ( r o  t r t . . .

( x x )  r ,  =  f  k , -  ^
J  i = L . i i ,  t o r

, - . n t  r r r r o  a  S U m  O f  k solut ions f rom.Zn

induc t ion  hypothes is

k  I  so lu t ions tron Zl
,  
"k ,r,  ) ,  such that

- i * r
. t - I r Z r . . . r n

us to wr i te (xx)

into k vec-

appl ied to

t o  ( € l ) , s a y :

t i m e s ) ,

Now, apply ing the (Dr)  f  or  z to I_1.r  y_;  +k,  =l+.  .  .  +1\ ,ve  f ind  two fan i l ies  o f  no  
l= r ' r

( z  .  , l  
v r  non_neg ia t i ve  i n tege rs

J , " ,  l < j S n ,  1 < i < k  a n d  ( t i ) f a i a L  
r  s u c h  t h a t :

(a )  u :=QI  f  j i  ro r  a l r  j
( b )  k , = D k _ r

t=1  " i -

( c )  . t { l r r : i = f  
,  f o r  a t l  i .

The  re la t i on  ( c )  shows  tha t  t he re  i s  a. . . - , k ]  w i t h  t w o  n o n - v o i d  
" r ^ ^ ; ^ :  

" " - . a  

p a r t i t l o n  o f  { , r , 2 , . . . .

l f  B = k ,  a n d :  ( z  
b l o c k s :  A r B r  s u c h  t h a t : # . A - k - k r ,

t j i ) r * J < n = $ , . . . , 0 )  
i f f  i E B  5 -  n

respec t i ve l y  
t j . =0  i f f  i €A  

'  t i = r t i i = r  i f f  164 r

usins (a)  ,  i r  fo l tows thar : :  Tt-
r r lQS :  

"  . l  ie  A" i  i  ror  a l l  j  r '  so (x)  beco-

" : =  ? o  ' ^ / a l ) ' i t  *  t j ,  j = r  t 2  2  .  .  .  1 r .

b e c o m e s :  k  r =  ) a

form,  
G"nt i ,  whlch a l - lows

decomposi t ion

(k

f
f
Fr
I
I

A l s o ,  ( b )

under the

l'

i
i. , 7

I^-wtF: i

Therefore we obta in the fo l lowinq
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t o r s  f r o m  Z l  " f  
( x r , . . . , x r r )  :

5-( x * x )  * j =  ? a ( m / a ,  ) ,  j ,  n  F u r r i ,  f o r  - i = 1 ,  2 , . .  .  , n .

The  de f i n i t i on  o f  A  shows  tha t  (  (m /aa  )

to  ( t 1 )  f o r  i eA  and  the  de f i n i t i on  o f

duct ion h l rpothesis  )  shows that  ( t i i  )  t .
( t f )  f o r  i e  B .

Thus  ( *xx )  i s  a  decompos i t i on  o f

s o l u t i o n s  f r o m / L l  t o  ( t 1 )  a n d  t h e

z : ; ) . r . : - ^  i s  a  s o l _ u t j . o
t f  r :  J <  r r

B ( tooether  wi th  the i

. j , _ *  i s  a  s o l u t i o n  t o
l s  r l

( u ) i n + .  1  a S U m O f k
" ' i  '  

1<  i <  n  
l r r  u \

n r o o f  i s  f i n i s h e d .

O n e  e a s i l y  v e r i f i e s  t h a t  m f O  ( m o d  . j )  f o r  s o m e  i e { l , . . . , n } ,

even  when  m i s  s tandard  fo r  L  i n  some o the r  d i - rec t i on  i , l i ,

makes  un t rue  the  asse r t i on  o f  p ropos i t i on  7  |  i n fo rc inq  the

seeming l l z  t rue  fac t  t ha t  t he  conve rse  to  p ropos i t i on  7  a i so

ho lds .  we  c lose  th i s  sec t i on  w i th  the  remark  tha t  l i t t l e  i s

known ,  i n  genera l ,  abou t  t he  ca rd ina l i t i es  o f  t he  f i be rs
(  -  ,  \  /  ^ l, l  F  (m)  /m>o t ,  i n  t e rms  o f  t he  coe f f i c l en ts  o f  t he  bas i c  f o rm r , ,
v J

One may g ive an upper  bound to everv { f  F (m) ,  m70 ,  j -n  these

terms,  prov ided such upDer bounds are g iven for  the comrronenl

( i n  t h e  c a n o n i c a l  b a s i s  o f  z - n )  o f  e v e r y  !  e  F  ( m )  ( c f  . a . o . G e l '

f ond  and  Yu .v .L j -nn i k ,  E l -emen ta ry  Me thods  i n  the  Ana lv t i c

T h e o r y  o f  N u m b e r s ,  F e r g a m o n  p r e s s  ( 1 9 6 6 ) ,  c i n . 2 , g  3 ) .  T h e

H i rbe r t  se r i es  techn ique  ( see  be lo rv )  pe rhaps  a l l ows  fu r the r

i n f o r m a t i o n ,  b u t  w e  w o n t t  s t o p  d o i n g  t h i s  h e r e r s i n c e  o u r  i n -

te res  g rows  in to  qua l i t a t i ve  a lgeb ra i c  p rope r t i es  o f  t he  ob -

j e c t s  d e s c r i b e d  i n t o  t h e  n e x t  s e c t i o n

W#"1"1\v l



3 .  Ve ronese  suJ :mono ids  o f  f  r ee  abe l i an  mono ids

We keep  in to  fo rce  the  de f i n i t i on  and  no ta t i ons  a f  q2 .

L e t  L = a , Y , { - .  "  + r  v  l - r a  =  l l a s i C  l i n e a f  f O r m  O v e T  2 . ,  i nr  I  " ' * n ' n ' " "  - + '

n>2 var- i -ab les "

Fo r  any  L -deg : :ee  c l c . (L ) rO  r  w€  cons i

Z*g of  Z* .  I ts  pre- image by the L-g

m o n o i d  o t Z ' : ,  d e n o t e d  b y  V ( L , g )  a n d

no- i -d ,  assoc i .a ted  to  the  pa i r  (1 , ,q )  "

de r  t he  p r i nc ipa l  submono id

rac lat ion on Z l ,  j -s  a  sub-
f

ca1 led  " the  Veronese  mo- .

.  As  a  submono i  d  o f  Z \  t

V ( L r g )  i s  " t h e  g * t h  V e r o n e s e  s e l e c t i o n  j - n t o  t h e  L - q r a d a t . i o n
t l

o n Z n  .  T h e  V e r o n e s e  m o n o i d  V ( L r s 9 )  r  f o r  s > 0 ,  i s  b a l l e d

" t h e  s - t h  V e r o n e s e  s e l e c t i o n "  i n t o  V  ( L , q )  a n d  i s  d e n o t e d  h e r e

/ c \

b y  v \ = /  ( L r g )  "  T h e  m o n o i d  v ( L r q )  i s  n a t u r d l l y  g r a d e d  b 1 r  L l

name ly :

/ 7 \  \ z / r  ^ r -  ( J  - v  ( T , . o )  w i r h  \ /  f T , - o ) = n ( m g )  ( c f .  ( I ) )\ t  I  v  \ r J r g , / *  
m z g u r n \ ! / ( _ j / ,  

w r L . r r  u m \ - r g t - r

we ref fer  to  (7)  as "9h.g. . jL l |gg-*qf"u{  "  on v*(L,9)  .  The

m a i n  a l g e b r a i c  " i n v a r i a n t "  o f  t h e  q r a d e d  n o n o i d  V ( L r - c . r ) ,  i s

i t s  H i l b e r t  s e r i e s ,  d e f i n e d  b y :

( s )  
" " ,g  

t z )=  I - :  ( {nvm(L .s )  ) "ne%[ " \ -

(T t  rep resen ts  a  ra t i ona l  f unc t i on  w i th  i n teq ra l  coe f f i c i en ts ,

s ince  the  mono id  a lgeb ra  V (L ,q )  ,  whose  usua l  H i l be r t  se r i es

i s  ( B )  ( w h e n  g r a d e d  b y  ( 7 ) )  ,  i s  f i n i t e l y  g e n e r a t e d  o v e r C  ) .

F o r  a n y  s 7 0 ,  t h e  H i l b e r t  s e r i e s  o f  V ( = )  ( " , g )  i s  c o n n e c t e d

t o  ( 8 )  b y r  :

f c \  \ t r c - l  4  ' t  / a
( 9  )  H , t = l  ( z )  = L / s  L i  _ * n ,  -  ( . . r r  z ' /  u  

) ,
l , r g  J = U  L ' r g

c . t l be ing  a  p r i .m i t i ve  s - roo t  o f  I  i n  Cx .

In  o rde r  t o  c la r i f y  how V(L ,q )  embedds  i n toV \  ,  l e t  us  sho r t l y



j -

remind an important not ion,  essent ia l lv  due'  to Hochster (  t6 l

On any  abe l ian ,  cance l la t i ve  mono id  ( l { f  + )  (w i th  un i t  0 )  ther

is  a  na tura l  poset  s t ruc tu re  4 r * ,  compat ib le  w i th  the  a lqebra

st ructure,  namely:  for  x f  y6M, x4r , , ry  i f  f  ( l  )  zet {  and x+z=y "

I f  x+y*0  i n  i 4  imp l i es  x=y=O,  then4 'o  un ieue ly  ex tends  to  the

un ive rsa l  abe l i an  s roup  G  (M)  o f  l { ,  such  tha t  c *  (M)  = }  zeG (M. )  /

/ 2 7 ^ ^ 0  |  i s  i d e n t i f i e d  t o  M .. I V I )

f f  N€M i s  a  submono id ,  t hen  i t  ca r r i es  two  pose t  s t ruc tu res :

the  i nne r  one  3 , ,  and  the  res t r i c t i on  o f  4
L \  

e r  s !  r v  e l v r r  
" j -  

-  

1 , 1

We say  tha t  "N  i s  no rma l  i n  14 "  i f  t hese  two  Dose t  s t ruc tu res

c o i n c i d e  o n  N .

Th is  comes  to  N=G(N)n l { ,  where  G(N)  i s  t he  un i ve rsa l  abe l i an

g roup  o f  N  ( canon ica l l y  embedded  in  G( l , l )  ) .  f n  genera l ,

f r ,=c (N)n tu  i s  t he  l eas t  no rma l  submono id  o f  t { ,  con ta in ing  N .

N  i s  ca l l ed  " the  no rma l i za t i on "  o f  N .

The impor tance of  th is  not ion mav be under l ined by quot ing

t h e  f o l l o w i n g  r e s u l t  o f  l { o c h s t e r  ( l o c . c i t )  :

" I f  14  i s  a  f i n i t e l r r  sene ra ted ,  no rma l  submono id  o f  a  f ree

.eF-"#gg t',S_"q*9,21, !h.e**rlS_ y,9:t"i4*g._rrlebfe, a[M] ]g -a_ gg=bsq-

M : .
Now, coming back to  Veronese monoids,  we may prove the fo l lo

w inq

B .  P r o p o s i t i o n
..fu

Wi th  L ,9  as  above ,  t he  Veronese  mono id  V (L ,o )  i s  a  f i 4 i t e !11

g e n e r a t e d ,  n o r m a l  s u b m o n o i a  o f Z l .
J d r ' r t ' ! ' ' : - [

P r o o f .

L e t  ! , I e v  ( L , g )  a n d  \ 2 1 _ r " Z \  ( i . e . . L n Z n ,  c f  . g 2 ) .  T h e n

\ - yez l . and  l t - L l L= l5 l L  - l f _ l f  0  . -  0 ; 0  (mod  s ) ,  such  t ha t

\  
- Lev  (L r  g )  ,  wh ich  means  \  z  

"L  
i n  V  ( r , , 9 )  .  The  f  i n i t e  qenera ted

h a d d  n €  \ 7  r r T  ^ \  . i  a  d 6 a n  1 . r - r  ' i  ; l a n +  i  F r r i  n n  i  + c  m n n n i  r l  r ' l  r r a ' l ' r r :



a

o f  a  f t n i r e  ( c r r c r i c )  q : : o u p  o n a l / - : l  = 4 f " . . , . . . , X , " . l  ( c f . $ 1 ) ,

then appfy incr  the Hi lber :L-Noethe: :  theorem.

Th is  resu l t  shows  tha t  t he  canon ica l  nose t  s t ruc tu re  on  V (L rg )

is  prec ise ly  Lhe one inc luced b1r  the la t t i -ce (Z! - ,<)  ,  so the

no ta t i on  4  f . o r  t he  pa r t i a l  o rde r  on  V (L rg )  mav  p roduce  no

con t :us l_on .

L e t  G ( L , q )  b e  t h e  u n i v e r s a l  a b e l i a n  q r o u p  o f  V ( L r g )  .  T h e n

C ( L , g )  i s  c a n o n i c a l l v  i d e n t i f i e d  t o  a n  o r d e r e d  s u b q r o u p  o f

i l  ^ , , ^ u  ! r ^  r +  ( :  l T  ^ \  - \ z  i f  T  c r )  ( W h e r e  G  ( T  - \  i  c  A a 1 c  i  n a q f  a S/  r  > L t ( i r . r  L r r c l L  l : + \ r r r \ 1  ) - v  \ r r r ! J 1  \ w l r e r e  L : * i r , r 9 l  J _ S j  . q e I I I l l

. 1  tT  ^ t ^ . - . I " I \  r -v  \ r J r  y  r t l / - _ L t  t  l e c a u s e  o f  ,  t h e  n o : : m a l i t V  a s s e r t e d  b v  P r o p .  B .

Remark

T h e  n n r m A ' l  i ' l - r z  -  '  r a  ' r  '  "  L O - V r u  i S  e s s e n l -  i  a ' l  l r z  1 . h o  . e n s e g g e n -r r r e  r r \ J r l r r c t - L r L . ) /  O I  V  ( f r r Q )  a n ' - -  , . +  - - - - . r L r c r - L r . y  L r L g :  u q

ce  o f  twc r  f ac t s  :  f i r s t l y  r  t ha t .  t he  coe f f i c i en ts .  o f  L  a re  a l l

p o s i t i v e  a n d  s e - c o n a : - y ,  t h a t  V ( L , q ) .  c o n s i s t s  o f  a l l  s o l u t i o n s

t ronTL l  t o  L  ( y )=  0  (mod  q )  .

Hav ing  seen  how the  na tu ra l  pose t  s t ruc tu re  ex tends  f rom

V ( L r g )  t o  G ( L , q )  ,  w e  m u s t  f u r t h e r  c l a r i f v  h o l  t h e  i n n e r  o r a -

d a t i o n  ( 7 )  d o e s  t h e  s a m e .

S i n c e  C ( L r g )  i s  t h e  u n i v e : : s a l  a b e l i a n  c r r o u p  o f  V ( f , r g ) ,  t h e

inne r  g rada t i on  (7 )  ,  cons ide recL  as  a  su r jec t i ve  mono id  homo-
f r

morph ism V(L ,g )  " 'Y>Z  -  ( r ve  rem ind  tha t  ge<Ly  i s  no t  a  gap

of  (  L) )  ,  un ic tue lv  extends to  a sur iect ive group homomorphism

?,  - - :G  (L  ,g ) - - - ->4  r f  c ^  (L ,o )=ke r  ( i ,  ^ )  ,  t hen  the  fo l l ow inq
L t g  O '  l , r g

e x a c t  s e q u e n c e :

f -
( 1 0 )  0 - + G o ( r , , g ) - > - G ( r , r g )  

! ' Y  
> Z - ) 0 ,

s p l i t - s ,  Z -  b e i n q  f r e e .  T h e r e f o r e ,  r k  G ( L , q ) = 1 + r l < G o  ( L , g )  .

9  "  P ropos i t i on
ffi.{ffilre

-r'1s



( i )

1 i . i  \
\ r r , ,

G (L,  ,J)  =t ,€r t  /  I  E\"= o (mcd q)}

Go (L rg )  co inc ides  w i th  the  d i rec t i ona l_  c r roup  G^  (L )  .

P roo f

( i )  r f  c r l e  G  ( L ,  g )  ,  t h e n  w  = . \ - \ '  f o r  s o m e  E  , \ , ' e V  ( L r q )  "  
I

m L i  ^  ^  l y l  - l - f l  *  A  /  -r h i s  m e a n s  l l \ : , = t i ' i " = 0  ( m o d . q )  ,  s o l c . r l l  =  l I l "  - \ E , l f  0  ( m o d  g )  .

Conve i : se1y ,  l e t c ;€zn  be  such  tha t  l q r l  
"=0  

(mod  g ) .

as  z !  i s  t he  un i ve rsa l  abe l i an  q rouD o f .Z l ,  we  can  w : : i t e :

c , t=\ - " f '  1  for  some '1 ,+{eZ\ .  } ' ronr  l - l r -0  ( rnod g)  we cret

f  .  ,  ,  I '

f  [ f  l=11-  h=k  (mod g)  ,  w i th  ]<€  f  n  ' r  ^ - l  )  ] ' rnm Drnn ): { u r r t . . . t g - r l  .  r r o m  p r o p . z t  2 ,  w e

o r ' f  a n  o 1  a m o r 1 l p 1 4 7 n ,  s u c h  t h a t  l F l ,  = q - k  ( m o d  c l )  ( f  o r  i - n s t a n c e ,= , * "  
,  T  ' t  J )

l P [ ; * g * 9 - k ,  f o r  m z p ( L )  ) .

T h e n  , L + F ,  y t + t t  h n f h  h o l n n r r  i - a = , f r  = - i l ' ' r * f r l  _ = l  ? r + F l  , = k - l q * J < = gv  
/  

|  L  f  
v e r v r r y  - " ( _ +  ( r r r u l ' L ' 1 r y , c  

J  t L

( m o d  g )  .  T h e r e f o r "  r l + 1 r  a n d  T , * - l . b o t h  b e l o p g  t o  V ( L , , i ) .  S i n c e

c t = \ ' \ ' = ( \ + y ) -  V L ' + f )  ,  i t  f o l l o w s  t h a t  d  e c ( r . , 9 )  "

( i f  )  B y  t h e  v e r y  d e f i n i t i o n  o f  C o  ( L , c l )  i t  f o l l o w s  t h a t
( ) r r ' \

co (L,s) ={c,lec (L, e) /t  c,}\L=0} e\oez! t t  sl 
"=8 

=Go (L) "
B y  ( i ) ,  w e  s e e  t h a t  A  ( 5 ) e C o ( r , , g )  f o r  a n y  g  e  V ( L , 9 )  ( c f  .  ( 2 ) ,

3 Z ) ,  i . e .  c o ( k q ) e G o ( L , g )  f o r  a n y  k > l  ( c f  .  1 3 )  |  g 2 ) ,  g i v i n q

b y  ( 4 )  ,  P r o p . 5  r  \ 2 :  c o  ( L ) =  p  _  G o  ( k O ) e G , ,  ( r , , 9 )  .
k z I

We shal - l  be fur ther  concerned wi th  an imnor tant  proner t rT app(

ta in inq  to  q raded  s t ruc tu res ,  name ly  the i r  s tandardness .

Let  us reminc l  that  a  gradecl  monoid 14= l -J  M* is  ca l led' m z O  m

": ;$*gg:$"  i f f  i t  is  generated by i ts  f i rs t  deqree component

Mt .  Th i s  means :  M*=Mr* . .  " *M1  (m t imes )  i n  l , i ,  f o r  any  m>0  anc l
(  ̂ ?Iao=) ,O i  .  Denot inq ny (  .n l l1)  the submonoid qencrated in  M by the

f i r s t  deg ree  componen t  l ' 11  ,  t he  s tandardnacc  aF  # l ' r a  ̂ i \ zen  g ra -

da t i on  obv ious l y  comes  to :  t t t  = (M. , ) .

I n  pa r t i cu la r ,  t h i s  t r i v i a l l v  imp l i es  tha t  . r4 .  i s  t he  no rma f i za

::"^ "i 1l:l:^:'::-: -::': ::ll,:::: :"X:::"::':":::::'



ven  g rada t i on .  Now,  cominq  to  ou r  pa r t i cu la r  case ,  t he  fo l l o -

wing facts  may be proven

10 "  Pr .oposi t i -on
--.@

Let  L be a basj -c  l inear :  form in  nz.2 v-a4ables '

Then th.er :e  is  an in teqer  q (L)  (prebise lv  the one def ined at

i nne r  s rada t i on ,  f o r  any  c {zq  (L )
tF# 

l:@i#-

Proo f

w e  u s e  ( i i ) ,  P r o p . s , 9  2  a n d  r e d u c e  t h e  a s s e r t i o n  i n  t h . e  e n o u n -

ce  to  the  p roo f  o f  t he  fo l l ow ing  equ iva lence :

( a )  V ( L , g )  h a s  q u a s t : s

( b )  G o ( L , o ) = G o ( 9 )

P r o o f  o f  ( a )  = )  ( b )

( a )  m e a n s  t h a t  r / ( L , q )  i s  t h e  n o r m a l i z a t i o n  i n s i d e  i t s e l f  o f

t he  submono ia (V f  ( i , , g ) ) '  qene ra ted  bv  i t s  f i r s t  deg ree  compo-

n e n t .

However ,  t he  mono id  ( v ,  t l , ,  d  )  has  Go  (g  )  OZ"  \  as  i t s  un i ve r -

s a 1  a b e l i a n  g r o u p ,  ! e  r ' ( g )  = v t  ( L , g )  b e i n q  a n  a r b i t r a r v  e l e m e n t .

( I ndeed ,  t he  un i ve rsa l  abe l i an  s roun  o f  (V t  (L 'g )>  cons i s t s

o f  a l l  d i f  f e r e n c e s  ( i n s i d e Z n )  o f  e l e m e n t s  f r o m  ( V I  ( L ' 9 D '

nu t  (V r ( f , , g ) )  t=  i t se l f  s tandard  i n  t he  j -nduced  inne r  s rada -

t i o n  o f  v ( r , r g )  r  s o ,  f i x i n c r  a n  e l e m e n t  1 € V r ( L r g )  r  w €  s e e  t h a t

a n y t e ( v r ( t , g ) )  i s  o f  t h e  f o r m : t  = m ! + p ,  w i t h  m 2 0  a n d

p € A ( m 3 ) = m A ( E ) .  s o ,  a n Y  d i f f e r e n c e  T - ? , '  o f  e l e m e n t s  f r o m

( V t ( r , , g ) > ,  i s  o f  t h e  f o r m  1 - - \ ' = ( m - m ' ) \ + ( ( 5 - p ' ) '  
w i t h

m , m , € Z n  a n d  F e r n a ( 3 )  ,  { 3 ' € * ' a ( ! )  "  T h i s  v i e l d s  t h e  c o n c l u s i o n ) .

r h e n  V ( L , s ) = ( v t s / s ) ) = ( G o ( s )  @ Z \ ) f \ v ( r ' , s ) '  s o  v ( r " g )  G

g c o ( g  )  @ z \ .  B : /  t h e  d e f i n i t i o n  o f  t h e  u n i v e r s a l  a b e l i a n  q r o u D '

i t  t h e n  f  o l l o w s  t h a t :  G  ( L ,  g ) e  G o  ( e )  g z l \  q  G  ( L  '  g )  ( t h e  l a s t

( i i ) ,  Prop.5,  E 2)  sqgf ,  j "F"*L.J . lLL
, @



i . nc lus io *  coming  f ro rn  ( v ] .  t l , ,V ) )e  v  ( l r g )  )  ,  so  tha t :

G  ( L , s ) = G o  ( o )  @ Z \

T h e  e x a c t  s e q u e n c e  ( f 0 )  r e a d i l y  g i v e s :

s o  G o ( L , g )  o V l , = c o { g - )  @ Z g .  B u t  G o ( q ) e  c

c o  ( L )  = G o  ( L , g )  ( c f  .  ( i i  )  ,  p r o p .  9  )  ,  s o  G o

w: - th  Go(L ,g )  aZg=Go g )  6 )2 r ,  rh i s  l as r

G ( L , 9 ) = G o ( L , g )  @ Z i ,

o  
( L )  ( c f  .  ( 3 ) )  a n d

( O ) e  c o  ( L , 9 ) .  T o g e t h e r

inc lus ion  q ives  (b )  .

Blp,o-{ of (b) -} (a)

Revers ing the impl ica. t ions r  we

( = G o ( L r g )  @ Z l ,  f o r  a n y  f i x e d  ! e

s a l  a b e l i a n  g r o u p  o f  ( v ,  ( L , g ) > .

= V  ( L ,  g )  ,  i .  e  "  ( a )  h o 1 d s .

deduce f rom (b )

l '  ( g  )  = v ,  ( L , 9 )  )
. 

/-\J

rhen {  v ,  (L ,  U)

t h a t  G ( L , g )  .

i s  t he  un i ve r -

= G ( L , g ) O v ( L , q )

Th is  resu l t  shows  tha t ,  f o r  a

m o s t  a l l "  V e r o n e s e  s e l e c t i o n s

t h e i r  i n n e r  q r a d a t i o n  ( 7 ) :

Remark

The  in tege r  9  (m)  o f  ( f  )

as  " the  dev ia t i on  f rom

f i xed  c r rada t i on  L  on /1 ,  "a I -

V  (L rg )  a re  c {uas l - s tandard  i n

,  P rop .5 ,  S  2  may  now be  i n te rp re ted

quas i - s tandardness  "  o f  t he  Veronese

mono id  V  (L ,m)  .

About  the actual  s tandardness of  the inner  gradat ion of  a  ve.

r o n e s e  m o n o i d  v ( L r g ) ,  t h e  f o l r o w i n q  s f m p l e  c r i t e r i u m  c l a r i -

f i es  the  s i t ua t i on .

1 1 .  P r o p o s i t i o n

le t  L  be  a  ba l i c  f o rm i s  n>2  va r iab les  and s e ( L )  \  0 an L-

d e q r e e .  T h e  f o l l o w i n c r  i r c  e q u i v a l e n t :_ - $ : - , ; - ; ;  
" - * ; * " : : ' d * ' ^ )  

' l i  
t u _ . , _ _  - -

( i )

( f  f  )  v  (L ,  g )  has  quas i - s tandard  i nne r '  q rada t i -on  and ( v ,  { r . , o ))
i s  n o r m a l  l n  V ( L , g )  .

( i i i  )  For  any  56v1 (L ,  c r )  and any  in reqer  m2t ,  a  (m! )  =mA(g )  in

( :  / r . )



GI, ;1LG1)  .  Indeed,  V  (L ,q )  quas i *s tandard m e a n s  t h a t  V ( L , g ) =

r-.--7 ,\= ( v t ( L , g ) )  a n c i ( v I  ( L , g ) > . n o r m a l  i n  v ( L , g )  m e a n s  t h a t

lu i i ls))=(v,  t r , ,s)) .

_HL:ZI* : * - | :  v ( r , ,g)  s tandard means,  V*( r , ,g)=DTU,_(L,g)  ,  for

anr r  m> "1  i  a  1 l  /m^  \  -  ) t  i l r '  / ^q r r J  \ t ! - L t  r . e .  r  \ r r . ! - r r - z - r r  1 9 )  f o r  m z l  .  F o r  a n y  E  e  i r  ( g )  ,  w e  k n o w

t h a t :  F ( m g ) = m 5 + A ( m E ) ,  m Z l  ( c f  .  ( i ) ,  t r r o p . 3 , 5 2 ) ,  s o  m t + a ( m t ) =

=I  
T  

( {+A ( ! )  )=m!+mA( ! )  and the  cance l la t j  c ,n  n rober r '  r .o t  Z?

y i .e lds  the  des i red  conc lus ion .

Rernark

The  exp l i c j - t  connec t i on  be tween  ( i i )  and  ( i i f  )  o f  P ropos i t i on

1 1 ,  i s  t h e  f o l l o w i n q .  F i r s t ,  r e m a r k  t h a t  ( i i )  s r : l i t s  i n t o :

( a ) V  ( L , g )  i s  q u a s i - s t a n c l a r d  i f  f  A  ( 5 )  c r e n e r a t e s  G o  ( L )  f o r  a n y

5 € F  ( s )

l v - l / t r  t T  ^ r \  i ^  * ^ - * ^ 1  . : - ^ . : . i ^  \ 7 t T  - \  . : c .( t > l ( v t  ( L , 9 ) )  i s  n o r m a l  i n s i d e  v ( L , g )  i f f  A  ( ( p - q ) i  ) g  p A ( 5 ) - .

- c iA ( t )  ,  f o r  any  peq>0 .

B y  ( i i )  o f  P r o p . 5  ( a )  i s  c o v e r e d  b v  ( i i i )  o f  P r o p . 1 1  a n d  o b -
' i

v i o u s l y  t h e  s a m e  i s  t r u e  f o r  ( b ) .

The above genera l  considerat ions on the s tandardness of  the

i -nne r  q rada t i on  (7 )  o f  a  Ve ronese  mono id  V (L rg )  ,  do  no t  q i ve

ye t  pos i t i ve  examp les ,  bu t  ra the r  n rov ide  ou i ck  poss ib i l i t i es

fo r  coun te rexamp les .

F o r  i n s t a n c e ,  V ( L , o )  c a n n o t  b e  s t a n d a r d  w h e n  q  i s  a  g a p  o f

( L )  ( w h l c h  i s  o b v i o u s ) ,  o r  w h e n  g € ( L >  b u t  G o ( g ) l c o ( L )

t / : c  + h a  ^ a c a  O f  L = 3 Y r + 5 Y " + 6 Y " ,  g = B  i m m e d i a t e l y  S h O w s ) .\ s v  
L  

- - . 2  -  
3 ,  J

More ,  even  when  g  i s  s tandard  i n  some d i rec t i on  i  f o r  L  ( see

3 2 ) ,  t h e  s t a n d a r d n e s s  o f  V ( L ; q )  m a l /  f a i l ,  d s  i t  i s  t h e  c a s e

f o r  L = 7 Y .  + 2 Y ^ + 3 Y . ,  g = 1 4 .
L  Z  J '

A pos i t i ve  answer  to  th i s  ques t i on  i s  con ta ined  i n to  the

next,

"-*F



L2  "  P ropos i t i on

,LqL*(L* gl " -P.ea  s f ' a n d a r d  n n i  r  ( o f  b  ) \  -  T h e n  t h e  V e r o n e s e
V q J . !  \ u ! .  : J  a  /  .

m o n o i d  V ( L r g ) has  s tandard  i nne r  g rada t j "on .

P roo f

T h e  a s s e r t i o n  i s  a  m e r e  t r a n s l a t i o n  o f  P : : o p o s i t i o n  1 , 9  2 '

The  nex t  s tep  we  a re  ta l l i nq ,  i s  t he  cha rac te tLza t ran  o f  t he

homoc,reneous svstems of  parameters in  veronese monoids.  They

may  no t  ex i s t  i n  genera - l ,  however  we  a re  ab le  to  cons t r :uc t

such  sys tems  in  ' l su f f i c i en t l rT  mapy"  cascs ,  t he  me thod  c r i v i ncT

thc  cxne r . to r l  svs tems  in  manrz  re levan t  na f  t i cu l . a f  cases .^ ' !  ! E r s v G . r r L  1 1 "

Let us first remind that a "ry,gggS*gL-F:1,,:.l,eJ=€j*P*I3I9!9#

i n  a -  V e r o n e s e  m o n o i d  V ( L r e )  i s  a  f a m i l . y  o f .  n = r k  G ( L , q )  e l e m e

a  |  . c - ^ *  t ? / T  ^ . \  ^ - - - r ^  r r - - ,  , 1  -  -  
'  '  / '  F  \

5 1 , . " . , 5 n  t r o m  V ( L , g )  ,  s u c h  t h a t  t h e  s u b r n o n o i d ( 5 I ' " ' t 5 ^ )

t h e y  q e n e r a t e  i n  V ( L r q ) ,  h a s  t h e  p r o p e r t v :

( t t )  6 v )  T €  V ( L , g ) , ( r )  t e  Z r \ i o l  d n d  T  1 . .  e ( ! n , . . - ,  L * )  .

r./ rO .'-
w h e * x  3 1 r , . .  r I r . , € \ / 6  ( l , , q )  '  f o r  s o m e  d r 1 ,  s r - r c h  a  s y s t e m  - i s  c a l l e

"Ig1g1g*Sggg*, of degree d.

1 3 .  P r o p o s i t i o n

h

Let  r /  (L ,  q  )  €a- - , '  be  a  Verones  e  mono id  "' f

- r g  . i  ^  ^ !  ^ - . f ,r !  \ ,  r D  ; '  u q r r u a f d  i n  S o m e  d i r e c t i o n  i  f o r  L  I
V .**

1 a  l i  - \ '  1 " r ^ ^

t h e n  v ( L r c I /  j j $

an hornogeneous monomial -  sr rs tem of  r :aranctcr :s"

€ssg*g-eye!s.sgr"!s.,"g,nq,Es* * "ggs.rss 3:* (mod

d 1  r . . .  r a -  b e i n g  t h e  c o e f f i c i e n t s  o f  t .
l l

l c m  ( a i  )
La i<  n  ,  i l )

r -o r  L ,  so  a in  e lemen t

f "or  Go (L)  maY be foun

Proo f  ,

We may take q

! e  n ( g )  ,  a n d  a

s u c h  t h a t :

s tandard

Q - b a s i s

in .  d i rec t l on  n

c -u = t a r t . . . , € . , _ r 3

n - l

for :  a l l  - i  and L
i * l

u  j *  j (  o J .

'  

.  .  n - I
A t l l = ) " ^  t  ( L  X ;  r ;  )  / x , e"  L  n  i - l  f  )  1





Preclsely t ,he same argument,  as the one ln Prop.6,52 shows

that, ,  f  or  any integer m2l:

For  every  mz l ,  we de f ine  the  in tegers :

(aiA(m!) =t;t  (Z 
l=1"35 5 ) /x j€7t+ ror al l  j  and I j I |"1" j<*sJ.

I
. l

(b)  r i  (m)=***1"  j€Z+/  iJJ*eA(mf)  anu pr6 i  tq)=x i }  ,

where  n r r ,  i s  . t , he  p ro jec t j . on  on  the  6 r -ax i s  o f  Go(L )  .

We  sea rch  fo r  a  sys tem o f  pa ramete rs  fo r  V (L rg )  r  o f  t he

fo l lovr ing form:

(c  )  5o=d!o !1=d!+r I t t l  (d)  € t  ,  .  .  .  , \ . , - l=d5+ai t r r r - ,  (d)  €n-1,

where d>0 is  an in t ,eqer  to  be founcl .

I n  o rde r  t ha t  ( c )  be  a  sys ten  o f  pa ra i ' r e te rs ,  t he fe  mr rs t  ex i s

f  o r  anV  ?  €  V  (L  tg )  t  i n tege rs  p rdo  ,dy ,  . .  .  r 4n_  L€4  ,  such  tha t

p Z O  a n d :

; ( * .1 )  p?  =do \ondL5r * .  ,  , *d ' r_ l f n_1 .

Le t  k70  be  the  ( . l nne r )  deg ree  o f  
7  

,n  V  (L f  g )  .  Then  (a )

g i v e s  ( n - 1 )  n o n - n e g a t i v e  i n t e g e r s  x 1 r  . . .  r x n _ l ,  u n i g u e l y  d e t e

mined by:

( ' t .2)  1 ,  
=k5*" r , t  tZ-  j= ]xra3f  and f  

]=1" :x i4ks.
R e p l a c i n g  ( c )  a n d  ( * . 2 1  l n t o  ( x , 1 )  r  w €  o b t a l n :

.4 i  *11rn* j€ j )=d (z l= lnry"* t (z i ; l  r r i  (d)€ j )  .

i
i

t

rK5



Taking the L-degrees and remember inq that  B is  a  Q-basis  j "n

G^  ( t )  r  w€  ob ta in  f rom he re :
(J

n- -L
.  , , s 1p k : d ( / : q - : )  a n d  r , x * = d , r ; ( d )  r  f o r  - j = I , 2 , . " . r n - I .

.  i = 0  -  )  J  )

n - l  - l

chroos ing  p=-0  (mod aTf ; - ] t i  
(d )  )  '  there  resu l ts :  (  +=P ' r *  (d )

l - r  
|  ' J

- ' t
. x . e Z  f o r  i = ] * 1 2 | . . . r n - l  ( b e c a u s e  p > 0 ) .  M o r e :  d , ^ =  p d - r k. . - i - - + J & f . | . . . , 1 1 4 \ r \ ^ v ( 4 g J v : J l v l " * . * . o J , *

n - l  n - l
- L  d . n e Z - .  w e a r s o n e e d d \ n  I  -  ' - r '

,  
l r i le also need O 

ot 0 , i  .  e. L--. -d i<pd 
-k . Us ing the

1 = l  "  l = l -  t.)

a l r e a d y  f o u n d  v a l u e s  a f  d L , . .  . t  1 _ f  ,  t h i s  q i v e s :

n - ' l *  - ]  - 1
L ; = . p r - '  ( d )  * x n 4 . p d  - k ,

) - L  . )  . t

equ iva len t  t o :

(*x)

n - l  . c r n - lf o r  a n y  ( x r , .  .  " , X n _  l e V *  
- ,  v e r i f y j . n q :  l j = i a . i x . j < . 9 k .

I f  w e  c a n  c h o o s e  c 1  s u c h  t h a t :  d g < a i r _ i  ( d )  f o r  a l l  i a { i . . . . . . .
')

,  t t - l |  ,  t h e n  i t  w i l l  f o l l o w :

g  
t  

( d )  
- L  

u - t t  j  = )  n t  j  ( d ) - l x r s d - l a . , x  .  f o r  a l l  i  ,

. I - 1  1  n - I  ,1  : :  -  - t
such  tha t .  g f  r i  ( d )  x r1 .d . -L /  a rx . r -<gd - rk ,  q i v inq  ( *x )  a f te r

j = l  )  ' r  
i = I  

)  |

d i v i s i o n  b y  g .

So ,  we  a re  l e f t  w i th  the  p rob lem o f  f i nd ing  d )0 ,  such  tha t

d g 4 a j r _ ,  ( d )  ,  f o : :  - i = 1 , 2 ,  .  . .  , n - l .
- 1

B u t  a * ' r *  ( d ) € - r e A ( d E )  b y  ( b )  a n d  ( a )  ( r e m e m b e r  t h a t  A ( a 5 )  i s
n J )

essen t ia l l y  an  o rde r  i dea l )  ,  wh ich  means  '  aga in  by  (a )  :

u j r j  ( d ) ( d g .
"=w



( X X X )  d i r +  ( d " ) = d t t ,  f o r  j = 1 , 2  t ,  " .  r n - l .. J J

A  t a r f u " a t  . f r o r * .  { o .  L  : * r o ' . L A  b e ,  J = , . ) ( r n o c l  1 , . . ^  ( . ? ; ) ) .
-  

4<  L t ,  n - l  
' - '  /  2

5 i v i n g r r - , ( d ) = ( d / a - , ) g  f o r  j = l , 2 , . . . , n - - 1 ,  s o  t h e  o n l v  p r o b l e m  i s

to  shov r  t ha t  t h i s  aq rees  w i th  the  de f i n i t i on  (b )  o f  t he  i n te
' ( " \
qe rs  4  r .  (m) f

(  t  r m > l '
O r ,  f o r  s u c h  d ,  w e  o b t a j - n r  u i r ,  ( d ) = a . ,  ( d / a .  ) q = C A ,  s o  ( a )

s h o w s  t h a t  a l l  r o . / a r ) a e i  c e r t a i n l v  b e l o n q s  t o  A t a g )  ( r o r  a l l

j ) .  r f  t h i s  i s  n o t  t h e  m a x i m u m  a l o n g  t h e  E , * a x i s ,  t h e n  t h e

ac tua l  max  r_ ,  (d )  shou ld  sa t i s f . r  :  ( d /a  ,  )  V6 r ,  (a )  .  S ince
- ' l

u r r i  j  ( d ) E  
j € A d g )  ,  w e  w o u l d  t h e n  o b t a i n :  d s =  ( d / a .  )  9 .  a j  

" 1  
r ,  ( c 1 ) a

{  9d ,  a  con t rad i c t i on .  The re fo re  ( xxx )  i s  f u l f i l l ed  bv  the

c o n s i d e r e d  d  a n d  { - h o  n r n n f  i s  f i n i s h e d .

' I h e r e f o r e ,  i f  s u c h  d  e x i s t s ,  i t  h a s  t o  v e r i f y :

1 4 .  C o r o l l a r v

.Hroor

( L , g )  b e i n g  s t a n d a r d ,  g  i s  i n

t i on  n  fo r  L  and  more :  e=0  (mod

. . . . , a *  a r e  t h e  c o e f f i c i e n t s  o f'  
I I

d=1  sa t i s f i es  the  requ i remen ts

p o s i t i o n  1 3 .

na r t i cu la r  s tandard  i n  d i rec -

' l n m  ( ^  )  W h e f e  a . , . . .* * i  ,  ,
l '

14 r - !n-  l -  .

L .  Then  a l readv  the  cho ice

(xxx )  f rom the  p roo f  o f  P ro -

Remark

U s i n g  t h e  d e f i n i t i o n  ( b )  f r o m  t h e  p r o o f  o f  p r o p o s i t i o n  1 3 ,

exp l i c l t  exp ress ions  may  be  found  fo r  t he  pa ramete rs  o f  deg r<

1  i n  V ( L , q ) ,  i n  t h e  c a s e  o f  a  s t a n d a r d  p a i r  ( L = X f = 1 a i y i , g ) .

An easy computat ion shows that -  such a system of  parameters is

f o r  i n s t a n c e ,  t h e  f o l l o w i n o :

f  L  _ ( f , ' q )  i s  a  s tandard  na - i r : ,  t hen  t l - re  Ve ronese  mono id

h3:-g:- "L9t""9"egg"ttr . ":xg



( 1 2 )  3 r = @ / u r , 0 , . . . , 0 ) ,  E z = ( 0 , g / a 2 , 0 , . . . , 0 )  r . . . . . .

. .  "  r 5 . ,  = ( o , o r  "  " , 0 , g / a n ) ,

where  the  coo rd ina tes  a re  taken  i n  the  canon ica l  bas i s  o f z -n .

The next  s tep in  'L .he s tudy of  the Veronese monoids,  is  the

charac te r i za t i on  o f  t he i r  de f i n ing  re la t i ons .  Th i s  canno t  be

done  he re  i n  f u I I  genera l i t y ,  bu t  we  sha l l  de r i ve  some use fu l

i n f , o r :ma t ion  a t  l eas t  f o r  t he  s tandard  case .

To th is  end,  we make some in t roductorv considerat ions on qua-

d ra t i c  mono ida l  re la t i ons ,  res t r i c t i ng  ou rse l ves  to  submono ids

o f  f ree  abe l i an  mono ids ,  i n  o rde r  t o  avo id  unnecessa rv  c rene ra -

n
l i t i e s .  S o ,  l e t ' n Z l  b e  a n  i n t e g e r  a n d  l e t  F e A *  b e  a  f i n i t e

non-empLy subset

F o r  a n y  m 2 2  a n d  a n y  s e q u e n c e  f = ( f l r . . .  r f * )  o \ z e r  F r  a I 1  " 9 f f f i -

t a r y  q u a d r a t i c  t r a n s f o r m "  o f  f  i s  a  s e o u e n c e  f  ' = ( f ' t . - ,  
"  ' r f ; )

G'*F

( o f  p r e c i s e l y  t h e  s a m e  l e n q h t )  o v e r  F ,  d e f i n e d  b v :

/ 1 \  :  t -  z  ( t  1  )  c r : n h  ' | -  h a 1 -  f  + f .  = f  : + f , t  a n d( J )  i  r J <  € t I  , . 2 ,  . . .  , * J  ,  L f r -  s u c n  c n a t  t i "  - k  * i  - k

/  : .  ( .  ?
f  . = f {  f o r  - i € 1 1 , 2 ; . . . , r T 1 ( \ 1 i r k }

1 7 - L J L

we wr i t e  th i s  k ind  o f  connec t i on  be tween  f  and  f '  as :

f  N f  ,  ,  s j -nce  i t  i s  obv ious l y  re f  l ex i ve  and  svmmet r i ca l .  The

t rans i t i ve  c losu re  o f  t h i s  re la t i on  i s  t he re fo re  an  eou iva len -

- .a -  wh i r :h  \ ^ re  use  i n  the  seque l .v v t  - -  t - -

The f in i te  set  F is  ca l led "3sg1}5g$g" i f  the fo l lowinq holds:

( f . 3 )  f o r  a u y  m z 2  a n d  a n y  t w o  s e c r u e n c e s  f = ( f l r  " ' r f * )  a n d

h =  ( h 1 , .  .  .  , h * )  o v e r  F ,  s u c h  t h a t  f T = r f  i = I  T = r n y  
t h e r e  i s  a

- ( d ) = { f  ( c ( )  
r ( d ) 1 ,  d = 1  , 2 , . . . , tf a m i l y  o f  | u Z 2  s e q u e n c e s  f  '  '  = ( r 1  ' . . .  '  m

r 1 \  / ? \  ( . | - )
o v e r  F ,  s u c h  t h a t :  f = f  t ' { J f  " ' q . ) . . ' U f  

' ' ' = h '



T n

t r r r :nosi t ion
r'#ffi

t he  a ] :ove  se t t i noo  the  fo l l ow in are e, . ru iva lent :

( i )  Fc .Z :  i s  a  quadra t i c  se t

/ i  i  \  F a r  A n \ z  n '  '  ^ - - -  ^ Y 1  - o  f  =  ( f
\ J - r i  r ( J r  c l r r J  L t l T / -  |  c T L I y  I ) e t . { ( - I e l r u e  J - -  \ r ' 1  1 o , f * )  ove r  F  and  any' m '

^ " 1  ̂ * a * r -  r z r l r  ' n r l r  i  6 h  F n n o ; t r S  i nE I g l l l g l I  L  A C J .  ,  w l l I \ , r I  c r l / l J r q !  ! ) some decomrros i t ion wi th  m terms

of ) iT - f  .  over rn I there are Q" "  a i  = l *  i
I  c a n r r a n ^ a . .  .  r r  

( d  ) t  ^ fr r u \ t u u f r v v u . \ - : r l . 1 l 4 t m
/ r  \

f t ' '  a n delemen' ts  over  F w i th  the  p ro e r t v :  f = f

/ + )  /*= f i l - '  fo r  some ke t r , - ?
r  r , , J

Proo f

( i )  = +  ( i i )  i s  o b v i o u s

t ion  on  m,  us ing  the

/ ' i  i  )  - - - \  / i  \  F^ | lowS by  induc\ ! L l  - - 1 /  \ L t

.  - - . np r o p e r t v  a t  4 +

n
" )

E  r V  
-  

l - r a  f i n i t a -  n a ) n -t  
2=  

n+  vs  - . -  ! r r&  ev  t

b y  ( f 3 )  a n d

c a n c e l l a t i o n

1 6  F r o n o q ' i  f i O nI v .  t r v t , \ / s 4 e + \

Let  n ,  ,n221 be  in tegers  and F  y .Z l+

e m p t v  c T r , l a d r a t i c  s u b s e t s .  T h e n  F , x F .
#  L Z

. r r + n
' ? 7 / L Z
ITn // '

t

i s  a  c ruad ra t i c  subse t

resgi
The  asse r t i on  immed ia t ,e l y  f o l l ows  f rom Propos i t i on  15 ,  whose

n n n r l ' i  J - i o n  { i . i  )  i s  c o n s i s t e n t  w i t h  c a r t e s i a n  p r o d u c t s '  s i n c ev v f l u f ,  u l v l r  \ r r  

n r  r t a

the monoid law on Z* 'xV* '  j -s  the d i rect  product  o f  the monoj

laws on the factors and the e lementary quadrat ic  t ransforms

may  be  pe r fo rmed  on  each  fac to r  sepa ra te lY .

L 7 .  P r o p o s i t i o n

For  anv  i n teqe r  k> l i n te rva l

i  d r l : r i r r ' l -  i  n  q r r l - r c a f  n F  V
d  q L - f 6 r \ - r ! a L f  U  J L I I ' J ) E L  v :  z ( . a * r

P r o o f

L e t  m ? 2  b e  a n y  i n t e g e r  a n c l  ( i ' r  r . . ,  r i - )  a  s e d u e n c e  w l t h  m



te rms f rom lo r t< .J  .  Any  
"e  [o , r .J  apoear ing  in  some decompos i t iont_

with m terms of  Dl . '  i  ,  shoulc l  be reacfued throuqh a f  in i te  num-

ber  o f  e lemen ta ry  quac l ra t i c  t rans fo rms  ove r  [ o ,o ]  ,  s ta r t i nq

f r o m  ( i ) - ( i l r . . .  r i * )  "  r n  o r d e r  t o  p r o v e  t h i s ,  v / e  f i r s t  r e m a r k

f h . a *  e n \ t  l - r ^ r n s n n q i  t i  n n  r . \ ? 1  ( i  i  \  n ^ r f a i  n l r r  o i  r z a g  a n  e l e __ , r l r v r r  v r r  \ r 1 r . . .  r r * /  u e r  u c r r t r - L . y  ! r v c :

mentary quadrat ic  t ransform of  th is  sequence,  thus we nrav

f r o m  t h e  v e r y  b e g i n n i . n g  s u p p o s e  t h a t  k z i . r z  i 2 . . . . 2 i ; 0 .

wc - :  now look  a t  ' b ,he  pos i t i . on  o f  xe [o , t l  w i ' t h  respec t  t o  ( i ) ,

d i  c " l - i  n n r l i  c h  i  n ^  { - h - r n n  n a n n . i  1* : E , r , r A y  u r ! ! E E  i r u r r r . o l €  C a S e S .

I )  t  z  x l i rz  i  z^z . .  .  ? i#0 .

r f  i l + i 2 z x ,  t h e n  ( i l , i 2 , i 3 , . . . 0 i * ) . L J  ( x ,  i ' + i Z - x ,  i 3 r . . . r i * )

'  j - s  enough ,  because  0gx5k  and  0 * i r+ i  r - x ! i 2 t k .

I f  i l + i r+ i rZx : i  
L+ iZ ,  t hen  the  fo l l ow inq  two  s teps  a re  enough :

( j - t r i  
2 , i 3 , i 4 ,  . .  .  , i * ) p ( i r + i  2 , 0 , L 3 , L 4  i m ) r u ( x r 0 , i r + i  

z + L 3 -
- x r i  

4 r . . .  r i * ) ,  b e c a u s e  0 < x < k  a n d  0 . < i a + i r + i U - x < . i r 4 k .

I f  i l + i2+ i3+ in>xz i r+ l2+ i3  ,  Lhen  the  fo l row inc r  t h ree  s teps  a re

enough :

( i l ,  i  2 ,  L  3 ,  i  4 ,  i 5 ,  .  .  . ,  i m ) e i ( i  L + i  2 ,  0 ,  i  3 ,  L  4 ,  i 5 ,  .  .  . ,  i * ) n - r ( i r + i r + i 3 ,  0 ,

0 n i 4 r i 5 ,  .  .  .  r i * ) r U ( x r 0 , 0 r i ' + i  2 + i 3 + L 4 - x ,  i 5 . .  .  .  r i m )  .

we cont j -nue l i l<e th is ,  the nrocedure eventual ry  q iv inq the

d e s i r e d  c o n c l u s i o n ,  b e c a u s e  i l + i  2 + . . . + i * > x  b y  h v n o t h e s i s .

I r )  k  z L L z i 2 z . . .  . Z i " ( z  x z i 4 + l z .  . . . i * ,  f o r  s o m e  d . a &  , 2 , . .  "  , * - 1 1  .

Then a s j -ng le e lementary quadrat ic  t ransform is  enouqh,  name-

l y :

( i l r , .  . . , i d . r i 4 + 1  t .  ' .  ' i m ) r u ( i l r . . .  v x ,  L o L * L d , + I - x  t . . .  , i * )  ,

b e c a u s e  0 < x < k  a n d  0 i  i o * i r * . , - x < i n * k .



r r r ) r z i r r " . . z i ; r x z O

Here  a l so  a  s inq le  e lemen ta rv  t rans fo rm i s  enouqh ,  rname lv :

( i l r . . .  r i * - 1 r i * )  4 J  ( i  
L t . . .  t  I  i m - l + i m - x )  ,

because  0 l x<k  and  0< im_1+ i * - *4 i *_ t '  k "

Th is  ends  the  p roo f  o f  t he  p ropos i t i on .

Rernark

Propos i t ion  L7  is  a lso  t rue  in  the  t r i v ia l  case k=0.

We remind, now, that a "priqqlpp] q,r49I*j_4gg!" in a poser

( P , ( )  i s  a  s u b p o s e t  o f  t h e  t y p e  O  ( x ) = I v e p / v < x 7 ,  f o r  x € p
L '  J '

( c a l l e d  " t h e  g e n e r a t o r "  o f  O  ( x ) )  .

A  r t f i n i # o l r r  ^ e n e f a t e d "  O r d e f  i d e a l  O ( X . ,  -  -  _ . r .  )  i n  D _  i S  t h ev ! s \  
I /  " ' t ^ n /  

L L L  E ,

u n i o n  o f  t h e  p r i n c i p a l  o r d e r  i d e a l s  O ( x ,  )  . -  ^  -  - o ( x  )  -  n z l .
L ,  

, . . .  l \ r  \ ^ T l t  ,

18 . BISp,o"* !i.9.*

For  any  n?1 ,  a  p r i -nc ipa l  o rde r  i dea l  i n  A? , t )  i s  a  quac l ra t j ^ ,
+ ,  !  r . r y

^ , . 1 . -  ^  ^  r

i l Iu . r  onzlbeins the monoidal  one).

Proo f

Let  O (x)  be the order  ideal  generat .ed.  by *= (x l  |  .  .  .  ,x )eQ-.

rhen  o  ( x )  i s  t he  pa ra l l e lo rope  [0 , " J  "  [ o  , * ) * . .  . x  Io , " f . z i
such that  the asser t ion fo l - lows f rom the Pror :os i t ion 16 and

I 7 .

The next  natura l  s tep would be the checkinq of  the quadrat j -c

p rope r t y  f  o r  f  i n i t e l y  g rene ra ted  o rde r  i dea l s  i n  Z , : .  However ,

i t  i s  no t  t rue  tha t  t hey  a re  a l l  quad ra t i c  f o r  n22 ,  un less  i :



(D)  5gfg"y_ in t_eq_e: :  m22 and for  a i ' IV demF and 4,F€F,  sd. -

t i s f y ing ;  d+c .emF_  s r ) -d_ -d+p€mF,  the re  a re  e lemen ts  d ,e  (m- l )  F-..*.-*..4_'#/_ 6+@

L J  .  F I V | | J V - J  L f  \ J t I

n
L e t  F e z ' l  b e  a  ( f i n i t e l v  o e n e r a t e d )  o r d e r_ - . r _  \ ! * r r r  u e r - y  \ J E r r v r -  /  v ! \ r u !  i d e a l  .  h a v i u g  t h e

f o l l ow ing  p rope r t v :
.##--*,L

:k *- qJs-s" ilq,?$r s.! ts_ssg:
( H e * e  m F = F * . . . + F  ( m  t i m e s )  i - - - z , h \
V . - "  

-  \ r r r  L r r r r u o l  L L L  L + ) .

Proof

we shal l  proceed l :y  induct ion on the number of  terms in  decom-

p o s i t i o n s  o v e r  F ,  u s i n g  ( i i )  o f  P r o p o s i t i o n  1 5 ,  t h e  c a s e  m = 2

b e i n g  t r i v i a l .

So ,  l e t  (d . ,  ,  . .  .  r d * , )  and  (b .  h  \  r . a  r -wo  m- te rms  f . eJ - .  , r  1 r  " . .  r b * )  b e  t w o  m - t e r m s  + a m i l i e s

ove r  F ,  where  mZZ,  such  tha tz

a]+a2+.  .  .  +a*=b 
I+b 2+.  .  .  +b*  t inZ| )( x )

We must  show that

t i ca l l - v  connec ted ,

any rn '4m. From (x)

t  "  ^  \  ^ r r {  l l a  }a  ' \  
e re  . |han r r r re . f l13-, o l ,  "  "  .  r  d m , ,  c t l l L l  \ 4 1 ,  .  

"  r p m /  c l l c  L . r t ( - t r  L j - L l c

i f  ( D )  t a k e s  p l a c e  a n d  i f  t h i s  i s  t r u e  f o r

,  we  ob ta - i n  an  e lemen t :

r= -b t *a2+.  .  .  *a*=-a l+b  2+.  .  .  +bn€t  .

L e t :  d = s u p ( r r 0 ) ,  " s u p "  b e i n q  t h e  u s u a l  l a t t i c e  o p e r a t i o "  v n  Z t
T . h e r . ,  c l  e  4 - \ ,  d _ c ? _ . + . . . + 2 1 , . , _ L / _  b z + . . . * b * , 5 r >
the re  a re  e l -emen ts  o  ,pau i  ,  suoh  tha t :

(+1) d + d . = a 2 + . . . * r r ,  I J + p =  b 2 * . . . * b r , .

Then ,  t he  de f i n i t i on  o f  r g r _ v e s :

h 2 )

?_!q d '  ,  g '  eT '  such t l ra t  :  d- '+4f  =d*  C ancl  d ,  + g,  =d*r3.

t r +  o L  3  r +  b l J + p a Y r & r



B u t  F  i s  a n  o r d e r  i d e a l  a n d  a l r b l € F ,  s o  " / r p € F

Now, f rom the Decomnost ion Theorem in ta t t ic ia l lv  or :dered

abe l i an  g roups  ( c f  .Bou rbak i ,  [ n l -  see  a l so  the  p roo f  o f

P r o p , 7 ,  8 Z )  ,  f r o m  d 1 a 2 + . . . + a *  a n d  d . , a 2 t . . .  t ^ ^ n z \ ,  i t  f o l l o w s

t h e  e x i s t e n c e  o f  p o s i t i v e  e r e m e n t s  o i , . . . , " h . z l  ,  s u c h  t h a t

d = r i + . . . + a '  a n d  
" , i r u )  

i n Z \ ,  f . o r  ) = 2 , 1  . . , m .  S i n c e  I r  i s  a n  o r

d e r - i d e a l  a n d  u 2 , . . .  f  a m € F r  w €  d e r i , v e  f r o m  h e r e  t h a t :  d e  ( m - l )

( w i t h  m - 1 2 2 ,  b e c a u s e  m > 2 )

Tl ren ( ' *z  I  shows thar-  d . ,d ,y  sat is fy  the hvnothesis  * . f  io l  in

the  enouncer  so  the re  a re  e lemen ts  d re  (m-2 )F  and  c r  r  rp reF

and  d - t - s=6 ,  i - d . ,  ,  d+p=6 ' *p r .

F r o m  ( x )  a n d  ( + 1 )  w e  d e d u c e :

(  3 ) ot+ *t-= F * br iGnz|) ,

and  more :

d ' + d t = a ^ + . . . + a
z m d '  *p  '  -b  

2* .  .  .  *b r r .

By the choosing .o f d ' r d '  ,  V '  ,  t h e s e  l a s t  e c r u a l j - t i e s  a r e  ( m - 1 1

terms decomposi t ions over  F,  therefore the induct ion hypothe-

s is  shows that  there are ( f in l te ly  manv)  e lementarv quadrat i<

t r a n s f o r m s ,  c o n n e c t i n g  ( d 2 ,  , .  .  ,  a * )  t o  ( d r  , d ,  )  a n d  ( b 2 ,  . .  .  , b * )

t o  ( f 1 ' r d ' ) .  T h e n ,  b y  f i n i t e l y  m a n y  e l e m e n t a r y  q u a d r a t l c  t r a n sI

f o r m s ,  w e  m a y  c o n n e c t  ( a r r a r r . . . r a * )  t o  ( a r r o c r r d r )  a n d

( b r r b  
2 , . . .  , b ^ )  t o  ( b ' a ' r d ' ) .  B u t  t h e n  a r * 4 , + d , = b r + q ' + d ,  i n

I I -

t,\

Z; ,  and (  3)  shdws that  a  s inct le  more e lementarv cruadrat ic

t r a n s f o r m  c o n n e c t s  ( a r r { r  r d ' )  t o  ( b 1 , d ' r d ,  )  .

T h e r e i o r e ,  s t a r t i n g  f r o m  ( a r r . . .  r a * ) . ,  w e  c a n  p e r f o r m  ( f i n i t e -

I y  may )  e lemen ta ry  quadra t i c  t rans fo rms  on  th i s  sec ruence ,  ob t

n i n g  ( b l r . . . r b * ) .

Th l s  ends  the  p roo f  o f  t he  F ropos i t i on .



The  who l .e  mono j -d  Z :  (nZ l )  i s  a  quadra t i c  se t ,  as  the  Decom-

pos i t i on  Theorem immed ia te l v  shows .

I n d e e d i  i f  ( a l ,  " . .  u u * )  ,  ( b r ,  "  " . , b * )  a r e  f a m - i l l e s  a v e r V !

( m Z 2 )  a n d  a , + . . . + a  = b , + . . . + h  l h n n  . r - t r n
-L  m ,  *o*r  tnen L l re  Decomnosi t ion T i teorem

g i v e s  a  d o u b l e  f a m 1 1 y ;  ( r i t ) l < i < m ,  
f < j < *  o f  e l e m e n t s  f r o n V _ | ,

such  tha t :  d i  =L \ - . ,= ,  - ,  f o r  eve ry  i  and  b ;=  IT_ . ,  , . ,  *  f o r  eve ryr  : l = 1  l - l  r  -  
J  L _ L  r . J

a .

T h e n  ( a l r . , . , u * )  m a y  b e  q u a d r a t i c a l l l T  c o n n e c t e d .  t o  ( b 1 r " . . r b * )

l r r z  q i  m n l  r z  . i  n + p p 6 f i a n o i  n n  ,  4  w i t h  i . . , .  i n  a n  e l e m e n t a r y  c { L l a d r a -* - t  r r r  L s !  u r r q r r v  f  l l r j  4 . L l  -  
j  k

t i c  t r a n s f o r m  a n d  t h u s  s u c c e s i v e l y  r e c a n t u r i n o  b ,  , b z , . . .  r b *
€-^*J _ r t - l r r r  o I , u z r . . . r a m .

Such  t rans fe r  may  be  pe r fo rmed  s tep  b rz  s tep ,  because  no  res t r i c

t i on  i s  pu t  on  the  u i ' u  o r  b rs  ( t he  Decompos i t i on  Theorem s im-

p l y  s a y i n g  t h a t  e v e r y  r e l a t - i o n :  a l + . . . + a * = b l + . . . n b *  m a v  b e

obta ined h,y  rearranging the terms in  conveni -ent  decomoosi t ions

o f  ( a +  ) . '  a n d  ( b i  ) i  )  .  T h i s  i s  e q u i v a l e n t ,  o f  c o u r s e ,  t o  t h er r  J 1
f  n r . t n r i  ; t  I  - i  t r z  O f  t he  mOnOic l  a l oeb ra  (  f  7 /n '  

n  t -  - ' r
r - sv  uv !  r q r !  uv  o r  t : ne  monor_c r  d rqeo r  c r  v l , L * ]=o  LXr  ,  

.  .  .  I  x r r l  .

A s j .m i l -a r  Decompos i t i on  Theorem_ is  no t  va l i d ,  however ,  ove r  an

a r h i  f  r a  i - \ z  n r r l o r  i  r l a :  1  F . ' 2 f la L L J ) -  L r a r y  ( , r u e r  r c r e d J -  , Q L + ,  s o  c o n v e n i e n t  r e s t r i c t l o n s  ( a s ,

f o r  i ns tance  (D)  o f  p rop . l 9 )  have  to  be  pu t  on  F  i n  o rde r  t o

assu re  a t  l eas t  i t s  quadra t i c  f ea tu re .

Now,  we  re tu rn  to  Ve ronese  mono ids  and  cons ide r  a  (bas i c )  l i -

n e a r  f o r m  L = a l Y l + . . . + a o y o  t  p z r ,  w h i c h  d e f i n e s ,  t o q e t h e r  w i t h

a n y  L - d e g r e e  g e < L > ,  a n d  o r d e r  i d e a I ,  n a m e l y :

O {r,, n) + ez^l/L(r ){ eJ .

Remark

( 1 4 \

A s  w e  h a v e  s e e n  b e f o r e ,  f o r  a n y  i n t e g e r  m 7 1 :

( 1 5 )  m o ( L , 9 ) G , o ( L , m g )  ( w i r h  m o ( L , s ) { , f o ( L , g )  t n Z l ) ,



3 5

t h e  e q u a l i t y  ( f o r  a l l  m )  b e i n g  a s s u r e d  i f  ( L , g )  i s  a  s t a n d a r

n r i  r

1 n  D r n n n c  i  + -  iL  L v t J J r *  _ * o n
@

T . a { -  r . =  l P  r  v

l - r = -  l ^  V  l ^ ^ , . 4 , , r ] n - + l  , ,r r e b  r r ! ,  g o - I J b  r r l  z - +  \ e ( . l u l - v d I e I I t I y ,  c i

m L ^ *  f \ t T  - \  l q  a  c y r r : d r a { - i n  q a . F  i n - Vr r r . s l l  v  \ ! t  y , /  r b  a  v L r a L r I a  L J U  a s  L  L l r  L Y ,  f o r  a n y  g e z , .
f ' " - +.

P,-{-"-$:
We hrave only  to  check condi t j -on (D)  of  proposi t , ion L9 ,  s ince

O ( L r g )  i s  a n  o r d e r  i d e a l  a l r e a d y .

L e t  m > 2  b e  a n  i n t e g e r ,  d € . m O ( L , g ) , r t , p € O ( L r g )  s u c h  t h a t :

d + 4 e m o  ( r , , 9 ) ,  d + p € m o  ( L , 9 )  .

W e  s e a r c h  f o r  e l e m e n t s  . d ' a  ( m - 1 ) O ( L , g ) ,  d  r  r p ' € O ( L r q )  v e r i f y i r

t L ' + 4  = d  + d ,  d ,  + p '  =  d  + p .

T h e n  d ' 4  d  + d  a n d  d ' <  d  + g  i n  V . | ,  s o  d , \ t n f  ( d + a ,  d + p ) -

=d* i -n f  (d rP )  (where  " i n f  "  i s  t he  usua l  l a t t i ce  ope ra t i on  on

Z \ ) .  T h e r e f o r e ,  w e  m a y  w r i t e :  d , = d - } + i n f  ( a , p ) ,  w h e r e ! >  0  i s

a  conven ien t  e lemen t  f romV\ .

Then d '=d-d  |  +d .=  !+a- in f  (d  ,  p )20  and pn  =d-d  ,  op=\+p-Lnf  (d ,  p  )z  0

are  un ique ly  de termined by  the  same E,  .  Thus  r  we on lv  have tc

f i n d  a n  e l e m e n t  \ 2 0  ,  s u c h  t h a t :

( x l )  d  - ' + i n f  ( ' o , p ) e ( m - 1 ) o ( L , g )

( x 2 )  5  + q - i n f  ( d , p ) € o  ( L , s )  a n d  ! + f l - i n f  ( d , p ) e o  ( L , s )  ,

a n d  ( D )  w i l l  b e  f u l f i l l e d .

T h u s ,  O  ( L r g )  v e r i f i e s  ( D )  i f  f  f o r  a i d r p  a s  a b o v e ,  t h e r e  i s

a n  e l e m e n t  ! Z O  s a t i s f y i n o  ( x I )  a n d  ( x 2 )  ,

Acco rd ing  to  ( f  a  I  and  (15  )  ,  t he  conc l i t i ons  ( : t 1 )  and  ( x2  )  l ea

b e  a  f o r m  i n  p z l  v a r i a b l e s ,  s u c h  t h a t < L >



ftf) L  (3 )€ ( d ) - ( r n * l . ) s ,  g - s u p ( t  ( " , t )  ,  l , t p ) i ]  +  L ( i n f  ( d , f  ) )

N o w ,  L  ( d )  m a y  b e  s u p p o s e C  n o t  l e s s  t h a n  ( m - 1 ) g  ( o r  e l s e  d ' = d ,

d ,  = o L  a n d  
? ' =  ?  

w i l l -  b e  s u f  f  i c i e n t )  ,  s o  L  ( d ) -  ( m - l )  g Z 0 .

F rom (# )  we  see  tha t ,  I  ex j " s t s  i f f  t he  i n te rsec t i on :

-  ( m - l - ) s ,  s - s u p  ( L ( d ) , "  ( p l l - |  l n  < L >

L"

1r= p, 1a I

l_s

b E L

non

o f

r r o i - d " ,  i - " e .  i f f

< L > .  s i n c e  ( L )

I  i s  r : o t  e n t i r e l y

1 - ^ ^  t h el L c r b  r r L ,  v  d . I J b  t

c o n . t a i n e d  i n  t h e  g a p

r - r r n o f  i s .  f i n i s h e d .

?]*: *r,s-ps*,t3i.g*
LeL  L  be  a  bas i c  f o rm in  n>2  va r i -ab l .es  and  l e t  qe (L )  be  an

T . - A n n r a a  c r r a l ' r  f  1 r  = * '  ( T  ^ )
U  \ ) , g V ! g g  r . a U . V l l  L l I O L  \ ! r l i  , / r-g--sM
S r r n r r 6 q r :  1 : r r r ' l - h n ' -  + l - \ = +  /  T \  l r :* - - .  - ^ - - j . L  L r r c L L  \ ! /  r r d S  n O  g a p s  J - y t  Z - .

Then  the  Veronese  mono id  V (L )  has  c ruad ra t i c  de f i n inc l  re la -

35"-gI:
I n d e e d '  s u p p o s e  o ' = 1 ,  w h e r e  { " l l  

j = 1 , . . . , n }  . t "  t h e  c o e f f i c i e r t s

o f  L .  W e  t a k e  t h e  r e D r e s e n t a t i o n  o f  V l  ( L r g ) = F  ( L r g )  a s  a n  h o m o -

n - ' l

te thn ica l  image of  an order  ideal  j -n  some Z* 
-  

,  w i th  respect

t o  a n o t h e r  c o e f f i c i e n t  d i ,  i # I ,  o f  L  ( c f  . P r o p . 6 ' 3 2 )  -  S i n c e  t h e

quadra t i c  na tu re  o f  a  f i n i t e  se t  doesn ' t  change  bv  an  homoto -

t h y ,  w e  m a y  s u p p o s e  t h a t  v l  ( L , g ) = 0 t $ ) + ! ,  f o r  s o m e  1 6 v f  ( L , q )  ,
n - l

where  0  (5 )  i s  an  o rde r  i dea l  LnZ 'n  
-  ( t h i s  f ree  a l re l i an  mono id

be ing  i den t i f i ed  to  the  se t  o f  a l l  pos i t i ve  e lemen ts  i n  some

o r d e r i n g  o f  c o ( L V t - I l  .  N o w ,  t h e  d e f i n i t i o n  ( f  3 )  o b v i o u s l y

r e s i 6 t *  t o  t r a n s l a t i o n s ,  t h e r e f o r e  V . ,  ( L r o )  i s  c r u a d r a t i c  s i -

m u l - t a n e o u s l y w i t h 0 t l l  .  B u t e t t r l  j - s o f  t h e f o r m  ( 1 4 )  ( c f ' ( 6 ) ,

62 )  
anc l  more ,  i t  i s  i n  t he  cond i t i ons  o f  P ropos i t i on  20  ,  bv

ou r  hypo thes i s  anc l  ou r  choos ing  o f .9 .  Thus  0  (E )  i s  ouadra t i c ,

t i o n s  "



a'

i m n ' l r r i n r y  + - h a  c ^ m 6  f n r  \ I  / T .  n )  R r r . { -  \ 7  1 1 .  1 1 )  i S  S t a f f d a f d ,  S O  i tL a r u  f  s r r r u  l v r  { l  \ u t \ j l .  ! u L  v  \ ! r \ . :

r l e { t i  n i  n o  r F l  n  l - i  n n q  A r r :  n r e f l i  q o l r r  1 - h n q a  n r r o r  \ /  ( T .  r t \
L / ! u v r r e r . y  u r r v ; ) G  v v v !  v . l  \ ! r y , /  c

2 2  "  P r o p o s i t i o n
irea'@Fd

L e t  ( l , r g )  b c  a  s t a n d a r d  p a i r ,  s u c h  t h a t  4 L >  h a s  n o  g a p s  L n Z

T h e n  i - h e  V e r o n e s e  s e l e c t i o n  V ' " ' ( L , c r )  h a s  s t a n d a : : c l  i n n c r  c r r a
ffi '#

da t ion  a r rd  quadra t i c  de f i n inc r  re la t i o r l s ,  f o r  eve rv  j . n tec rc r
-=E!4.e@ 

ffi":krhe

:3i:

Froo f

The  asse r t i on  abou t  t he  i nne r  q rada t i on  fo l l ows  fo l l ows  f rom

t h e  f a c t  t h a t  V  \ o /  ( L r 9 ) = V  ( L r s g )  a n d  ( L r s g )  i s  a  s t a n d a r o

p a i r  i f  ( f , ,  g )  i s  s u c h

The  asse r t i on  abou t  t he  de f i n inq  re la t i ons  fo l l ows  f rom the

r e m a r k  t h a t  ( u s i n q  t h e  n o t a t i o n  ( 1 4 )  )  O  ( L , g )  c r u a d r a t i c  ( a n d

s t a n d a r d ) ,  i m p l i e s  t h e  s a m e  f o r  s . O ( L , q ) : O  ( L , t r ) + . . . + O ( L , q )

t ^  ! ' i - ^ ^ \ - n  / ' r s g ) r  a s  t h e  d e f i n i t i o n  ( I 3 )  r e a d i l y  s h o w s .\ J  L r r r r E -  /  
- v  

\ l J

Remarks

( i )  l -n  the above set t ing,  IeL us remark that  the proDertv  of

. /  r  \  ^ . c  . ^ !  r ^  ̂  - 7 t  r . t  r a r A r r  j  m p l i e S  t h a t  L  i S  a(  J , /  o r  noc  nav rng  gaps  th  * *

b a s i c  l i n e a r  f o r m .

By  mu l t i p l i ca t i on  w i th  an  a rb i t ra ry  pos i t i ve  i n tec re r r  one

immed ia te l y  ob ta ins  a  resu l t  s im i l a r  t o  I l r opos i t i on  22 ,  na -

m e l y :
n

"  i f  L = L : d + Y *  h a s  p o s i t i v e  i n t e g r a l  c o e f f i c i e n t s  s u c h  t h a t
- l - r  )  J

t - I

g*e*o3--tlsggi,v:g.ep-",.gvs:r-.,o- !*?e*!e-
1 c  

' l

m"a. f l : :x l l ig - - fgg v ' " ' (L ls)  ,  *L th  q=o (mod _19* (a . . ) )  and s>-1"
r < l <  n

Th is  i s  t rue  because  the  c ruad ra t j - c  p rope r t y  o f  a  f i n i t e  se t

i  q  r . . ' r ' ' q . ' r r zad  h r r  h^mn l -o { -u  fw i  t h  a  n r l s i f  i . ve  ra t i ona l  number )
\  r Y  r  e f  ^

a n d  t h ' e  s a m e  h o t d s  f o r  t ' h e  s t a n d a r d n e s s  ( c f  '  p r o n ' 7 )  
"

( i i )  A s  w e  h a r z e  a l r : e r a d v  o l - r s e r v a d  ( s a e  t h e  n r o o f  o f  P r o o o s i -



J U

t i on  2L ) ,  t he  quac l ra t i c  p rope r t y  o f  a  f i n i t e  subse t  F<Z / : (nz l )

i s  no t  a f fec ted  by  t : :ans la t ion  (w i l ,h  , *  vec tor  o t€Z: )  and by

homote thy  (w i th  a  pos i t i ve  i -n tegra l  (o r  ra t iona l )  nun* :e r )  "
' f h r r q  f i  r r r r a d r a t - i . c  = a  P f - r o (  o l t a d r a f  i  c .  -  f n r  r l 7 0  i n  Z -  a n d .  q ,  €  Z ' L, ' " r Y | J . v ' L ' / v &

D * ( . ,(where  YF={n , l /  5e  n  )  "

I n  pa r t i cu la r ,  f o r  D= l r  i t  f o l l ows  f rom I? ropos i t i on  L7  tha t

the  submono i  d .  o f  Z ,  ,  qene ra ted  by  anv  f i n i t e  a r i t hme t i c

p r o g r e s s i o n ,  h e i . s  g u a d r a t i c  d e f  i n i n g  r e l a t i o n s  "

Th i s  pa r t i cu la r  case  i s  "gener i c "  i n  t he  sens€  tha t ,  i n  o rde r

to  ac tua l l y  f i nc l  t he  (de f i n ing )  re la t . i ons  be tween  the  e lemen ts

o f  a  c r t r n r l r a f  i g  S e t  F c T r n  ( n r 1  ,  n * n  h s c  + 1  l O O k  f O f  a . 1 1  a f i t h m e -v !  q  r l u ( i q . L q L ! \ ,  D s L  L _ a / J _ + \ t L L L l  l  \ J I I C  l t c r b  L L

t i  r ' :  n r o c r r e s q i  o n q  i  n q ' i  d e  T r  -  b u t  h a v i n o  . b . h e i - r  r a t i o s  t n Z - n .
F " " ) 4 l l J } g v & ,

4.  Ve: :onese monoid.  a l -oebras

We cons ide r  t he  mono id  a lgeb ras  ove r  C  o f  t he  Veronese  mono ids

de f i ned  a t  53 .  The  above  te rm ino loqy  and  no ta t i ons  a re  kep t

i n  w h a t  f o l l o l v s .  S o ,  I e t  f , = l t - ' d ; Y r  b e l  a  b a s i c  l i n e a r  f o r m
. j - r -  t  I

i n  n22  va r iab les  and  l e t  ge (L )  he  an  L -deg ree .

,  n ' f - - , -  , " 1W e  d e n o t e  b y  R ( 1 , , e ) = ( - L V ( 1 , , g ) l  t h e  m o n o i d  a l r ; e b r a  o f  V ( L , 9 )  .

F r o m  t h e  d e f i n i t i o n  o f  V ( L , g )  i t  f o l l o w s  t h a t

R ( L , s t C [ z [ l = o l - * r , . . . , " J  a n d ,  a s  a  C  - v e c t o r  s p a c e ,  R ( L , s )

i s . spanned  by  the  mono* i r r "  l " ! l uu (1 , ,g ) t  (where  xE=x l1
,  

- a r u  r r r v { r v r r r r q r !  
L _ _ l ) _ - , _ t L , )  

\ v v r r u l e  , r t  , . . . .

a a t D  f n .  >  ' t  ?. . . .  r , ' n  |  - - r  5 =  ( 5 r  r . . .  t 5 n ) ) "

R ( L r g )  i s  q r a d e d  b y  t h e  i n n e r  - c ; r a d . a t i o n  ( 7 )  o f  V ( L , g ) ,  n a m e l y :

( 1 6  ) R  ( L ,  c { )  =  G )  R n ,  ( L r  g )  ,
mz0

w i t h  R o ( L , g ) = C  a n c l  R * ( L , - q ) =  * B € V * ( L , g )  a . x l  .

DrrJ -1- incr  J -ocrha l |1By the  in fo rmat ions  der ived  above fo r  Veroneser  u  u  u r r r Y

monoids,  we can fornru late the fo l - lowing



M
. ] l

L e t  V ( L , g ) e  T *  b e  a  V e r o n e s e  m o n o i d  ( L o g  a s  a b o v e )

( i )  R  (Loq )  i s  a  f i n i t e l v  yene : :a ted  C*  suba lgeb ra  o f  C lX . . , . ,

i s  f j n j t e  ( h e n c c  d i m  R ( L , q ) = n ) .r . " *._**_*__::_:*.{;.-_*

( i i )  s .  ( L , q )  i s  a  C o h . e n - l v l a c a u l a v  r i n o

(ii i ) 3ls--q,rg9e*taq*Jfj)-9rr--BJl*gl*i?.. :tq: _,s)_ *i
a  s t . a n d a r d  p a i r .  I f ,  m o r e o v € r ' ,  ( L )  h a s  n o  g a p s  i n Z * ,  t h e n

R ( L , q )  h a s  r r u a d r a t l c  d e f i n i n o -  r e l a i - . i o n s
.*#*-b=c*&e_.- J jiJ.,,,,"l ;;,:,:lJ':i-

( i v )  f . ! _ _ g  l s  s t a n d a r d  i n  s o m e  d i r e c t i o n  f o r  L ,  t h e n  R ( L , g )

h a s  a  s v s t e m  o f  p a r a m e t e r s ,  c o n s i s t i n q  o f  m o n o r n i a l s  o f  t h e

Proo f

( i )  comes  f rom .P rop .B  and  the  remark  tha t  x fen ( r , rg )  , f o r  eve r
J

r ^'  t .  ^  ,

J € 1 r , - z t . . . . r n i .

( i i )  comes  f ro in  the  no rma l i t y  o f  t he  mono id  embedd inc r  n (L rS )

- ' t L  & a - ^ L l - ^ :  w i L h  H o c h s t e r t  s  r e s n l  f .  f  r : 1Z - q  ,  L v Y s  u l l s r  ; L  J  I  s J  L r J  L  L ( f  I

/ - i  - i . :  \  . l  ^  . r r - - ^ - ^ 1  ^ ! i  ^ -  ^ E  n - - ^ - ^ ^ - l  a  i\ r r r /  r s  c r  ru€* re - t rans la t i on  o f  t r ropos i t i on  12  and  2Lu  wh i l -e

( i v )  resu l t s  f rom Propos i t i on  13  and  i t s  Coro l l a ry  L4  "

Remark

I n t e r p r e t l n g  R ( L r g )  a s  a  r i n g  o f  i n v a r i a n t . s  o f  a
a c t l n q

oF order  gY. ;dfx ,  " t  
-1  

the resul t  o f  l ,Vatanabe* f ' l r  "  '  t / \ n -1 ,

a r ; a ' l ' i  n  d r n r lv - /  v r r v  Y ! v u

(quote.lat

gL)  r  shows  tha t  n (L rg )  j - s  Gorens te in  i f f  l \ L l \  =  f  f = r . i =0  , (mod

g )  ,  w h e r e  - I r . . ,  r d n  a r e  t h e  c o e f f i c i e n t s  o f  L .

Impor tan t  i n fo rma t ion  abou t  t he  s j -nqu la r i t . /  R (L rg )  ,

i s  c o n t a i n e d  i n  a  m i n i m a l  r e s o l u t i o n  o f  R ( L , o ) / n + ( f , r o F  C  o v

,  * r r l  ,  such  tha ' t .  the  r inq  ex tens ion  R (L ,  q )s  C l . " r ,  .  .  .

s a m e  L - d e g r e e .  W h e n  t h e  p a i r  ( L , q )  i t s e l f  i s  s t a n d a r d "  t h e n

T )  I ' r  ^ \  L - ^  ^  ' n n n n m i : l  c r z c { - e m  O f  p a f a m e t e f S  O f  L - d e g f e e  1 .r\ \rJr v / rrc;t a rji*iY1.tl**-r-.." >"Y *.!l_

R ( L r g )  ( w h e r e  R + ( L , g ) = O n r > 0  R m ( L , g )  ) .



( r7 )  .  .  . *>  sp  *_5  sp_r S l  * l > S o = R  ( t  , $ )  L z  C  ?  
u

] :e  such  a  reso lu t i on  ( y  be inq  the  canon ica l  ho rnomo: :nh i sm)  '

where .  eve ry  tn  i s  a  f i n i t e l y  qenera tec l ,  f r ee  R( t r c - r ) - rnodu l -e .

The  g rada t i on  ( l - 6  )  o f  n  (L ,  c {  )  canon ica l l y  g i ves  a  g rada t i o t r

on  each  t - . e rm so  (p r  0  )  ,  such  tha t  a  f  i xed  bas i s  o f  t p  cons i s t s

o f  e lemenLs  o f  c leq ree  ze ro  i n  t h i s  ex tended  g rada t i on '

We g rade  i n  th i s  manner  the  reso lu t i on  (17 ) ,  i t s  m in ima l i t l z

n e a n i n g :  d n ( S n ) =  R +  ( L r g ) S . , - l  ,  i o r  P , j l .
v v

ryha  i  n i .  c ' r ro r :  b *  (L rg )= rko  r ,  ^ ,  S^  ,  P7 -0  ,  a re  ca l l e ' d  " t he  Be t t i
+ r r e v : t e ! . . _ p .  

K ( L r g l  f . ,

n u m b e r s "  o f  t h e  s i n g u l a r i t y  R ( L r g ) .  T h e y  a r e  e < 1 u a l  t o  t h e

c o e f f i c i e n t s  o f  t h e  " P o i n c a r 6  o f  R ( L r q ) ,  d e f i n e d  b y :

P r , n Q ) =  I -  ( a i *  t o r f f ( L , g )  ( a , a ) l r P n Z & n( 1 8  )

P ,  ^ ( z )  con ta ins  the  s imp les t ,  ennumera t i ve  i n fo rma t ion  abou t
. u r  V

t h e  s i n q y u l a r j - t y  R ( L r 9 )  r ' w i t h  r e s p e c t  t o  t h e  " i n t e r n a l - "  r e s o -

l u t i o n  ( r 7 )  ( h e i : e  " i n t e r n a l "  m e a n s  t h a t  ( - r 7 )  u n t i e s  R  ( L r q )

. ) \ z ^ r i  t c a l  f  -  r . o n t r a r \ /  t o  f  l l e  " e x t e r n a l "  r e s o l u t i o n  o f  R  ( L r q )
v v u 4  * u v e : ! l- - * -

ove r  i t s  m in j -ma l  requ la r  emb,edd inq ,  wh ich  comDares  R(L tg )

to  a  no r l * s ingu la r i t y ;  t he  " i n te rna l "  reso lu t i on  i s  i n f i n i t e

( e x c e p t  w h e n  n ( L r g )  . i t s e l f  i s  r e g u l a r ) ,  w h i l e  t h e  i ' e x t e r n a l "

o n e  i s  a l w a Y s  f i n i t e ) .

The  ennurne ra t i ve  i nva r ian t  P .  *h )  i s  compu ta$ le  i n  pa r t i cu la r
J " t 9 '

n ice  s i t ua t i -ons ,  when  i t  can  be  a lgeb ra i ca l l y  connec ted  to  the

u s u a l  H i l b e r t  s e r i e s  o f  t h e  q r a d a t i o n  ( ' f 6 )  o n  R ( L , q ) ,  n a m e l l z :

( 1 e  )
5.'\

H  ( 2 . \ =  /  ' ^ t A 4 ^  D  l t  n \ \ z
- L r q , r r -  - * 2 0  \ u r r t t  r \ m \ u t \ ' t  t  t  u

^*zWItj .

s u c h  a  p a r t i c u l a r  s i t u a t i o n  a r i s e s ,  f o r  i n s t a n c e ,  w h e n  ( 1 7 )

is  a  f i39? .5  reso lu t ion ,  i .e .  when everv  d i f fe ren t ia l  a_  ( r rz t )
lr

i s  homogeneous (wi th  res l rect  to  the inner  qradat ion on everv ".try



4 1

S  )  o f  d e q r e e  + 1 . .
n '
-v

Th is  comes  to  Lhe  fac t .  t ha t  n (L ,g t )  i s  a

i .  e .  i t s  ennumera t i ve  i nva r ian ts  I I . , ,  *  ( z )
u r Y

c r - rnno r : f  od  h r r  t he  f e l -a t iOn :

t l
I  r r i f

"J:rilglJY-t -")'i'
( . ' )  

; l

a n ( l  l j ] ; r ( l  
'

t t  i ,  '
l l

l ' { !

,  ' , , 1 [ G
; r ' '

l r t l l l '

I  t  r t  l l l *

r t l l T

u ; l t
'  1.!..*"*"-**

l 1 r  r l l l r  ) r f ( }

1 , . ,  \

( 2 0  ) P- - -  (z  )  t -1 . .  -  ( -z  )  =1.
J r r $  L r Q

h / e  s h a l l  c h e c i c  t h i s  p r o p e r t y  o n  t h e  g r a d e c l  s t l : t l ( : l r t t '

he re  and  to  th i . s  end  we  f i r s t  rem ind  the  qenera l  l r " l r ' l \ /

r r t l  
I

o f  t h e  P o i n c a r d  a n d  H i l b e r t  s e r i e s  a f t e r  f . " a o t , " "

t l '  ( r  '  i
l : r  c o n r r a n ^ a c  ' i  ̂  n r r A a . f  ^ ^ e t h e f i a n  a l q e b f a S  O V C . I '  

t r .

f i e l d )  "

Lemmd

T : r a - A nLet  A =0*Z0An,  bu r  o v c t -  d

i r re levant  max j -ma l  idea l  A_roO*r -0A* a n d  l e b  x € n  I  
l " , l

w** ' -_ "^

n e o u s  n o n - z e y o  d i v i z o r ,  o f  d e q r e  d Z l

ti.."ss:
/ i )  H  ( z \ - ( t - o d \ g  l q \
\ + /  r r a  / r r a  \ 4 . / - \ r  4  / L t ^ \ a l

A/ r\n f]

/ . . \  /  \  _ - l
( i i  )  P ^  r . , ,  ( z )  :  l 1  t - o  t  - n  l  r y  \  l v h e n  d = I  a n d

b . / . t \ . H ,  
\ 4 ' s l  r A  \ a / PA/XA (".1

Sss,g-l:
( T h e  p r o o f  o f  ( i )  i s  i m m e d l - a t e ,  w h i l e  ( i i )  ( e r ; r ; . ' r ' l

t o  T a t e )  m a y  b e  f o u n d  i n ;  T . H . G u l l i k s e n  . q  G . I i c v i r r  /

o f  L o c a l  R i n g s ,  Q u e e n ' s  P a p e r s  i n  P .  a n d  A p p l . t 4 ' r l l r

f o r  i n s t a n c e ) .

I n  p a r t i c u l a r ,  t h e  f o l l o w i n g  r e s u l t  m a v  b e  d c r l v . ' "

t  l t . /  t l t l t '

I , i  |  ' ,  '

.  ,  I  r  t ' l ' /
t l r  ' l l l '  '

' 1 1  ( 1 9
I  l r  I  r  '

r , , ' t  €
t r

t  t  ' " "

, t X
' r r r l l

I r i l l  "  
'  

- , " , o

L 1 .

T  ^ . L
L C L

P r o p o s i t i o n-*"***-

A  be  as  in  the  enounce of the above Lenma ,l . j . l ' l  ,  !" 
1

' l x . ,  r X . r r . . .  r X * l  b e  a  r e q u l a r  s e g u e n c e  i n  A r  s l l c l l  t



j - s  homogen6]o t1s  ,  o f  degree t  "*#'?#q-'@

The  f  o . l l ow ing  a re  equ iva len t :
i.#dn.@

T n d o a d  -  f r o m  t h e  a b o v e  L e m m a  ,  i f  f o l l o w s  t h a t  P n l r . , '  v  , '  o ( z )'  ! !  v . r  t s ' l { , x l ,  "  .  ,  ? t n  /  A

= ( 1 + z ) - n p -  r z )  a n d  H n / r v  v  , , o ( " ) = ( 1 - z ) n u o ( z ) .- \ ! r , /  r A \ ' /  - - A / ( X t r . . . r x n ) A ' - '

m r - . . i a  n r ^ n n c i { - i n n  q a v s "  ' i  n  n a r t i c u l a f  ,  t h a t  f O f  a  C O h e n - l ' 4 a c a u -l - l . . l . I -  P ! \ J f r v J f - L J - v r r  r q J r f  r r r  !

lay  gradecl  a lgebra A,  wi th  d im A=n,  the checkinq of  the prc i -

berg proper ty  Q0)  for  A comes to the checking of  the same

f o r  t h e  a r L i n i a n  g r a d e d  a l q e b r a  a /  ( x t , .  - .  ' x n ) A ,  l * r , . .  , * . , 1

hc r i  nc r  A  mAx ' i  ma l  roo i r l  a r  sequence ,  cons i s t i ng  o f  homoqeneousp g r I I Y  q  r r l s l L l r r r s

e lemen ts  o f  deg ree  1 .

Now,  coming  bac l<  to  ou r  pa r t i cu la r  s i t ua t i on ,  we  p rove  the

fo l l ow ing  resu l - t  abou t  ce r ta in  Ve ronese  mono id  a lgeb ras .

25 .  P ropos i t i on
*#

Le t  L  be  a  bas i c  l i nea r  f rom in  n22  va r iab les  and  l e t c \ - tJ ,z

be  ' an  L -deq reen  such  tha t  t be i-r (T,, q; is standqlq-glq- 1,

has no gaps tn  Z* .

Then  the  Veronese  mono id  a loeb ra  R(L ,q )  i s  a  F rc ibe rq  r i nc l

( i . e .  ( 2 0 )  t a k e s  P l a c e ) .

P roo f

U s i n g  P r o P o s i t l o n  2 3 ,  w e  s e l e c t

m e t e r s  o f  d e g r e e  o n e  i n  R ( L r g )  r

$ 3 ,

a par t i -cu lar  srTstem of  Para-

n a m e l v  t h e  o n e  q i v e n  b Y  ( I 2 ) ,



F I = X  t . . a r P n = ' X , ' i = 9 r , . : i  , " i i I  l <  j . < n ,

A  5  } . r ' i  n n  * .  l r a  n n a f  f j C i e t f  t s  O f  L ,  .* ' l  |  " . .  t * n  v E l r r v  u l l s  \ - L . r t : I J _ I U J - e I I L l )  L J I  L l

F a c t o r i n g - o u t  n ( L r g )  b y  t  r i s  s v s t e m  o f  p a r a m e t e r s  ( w h i c h  i s

a  rec ;u la r  sequence) ,  we  ob ta in  an  a r ' t i n i an  c r raded  a lgebL :a :

A ( L , g ) = R ( r , , 9 )  /  @ ,  p n ) R ( L , g ) .

rn  v i r t ue  o f  P roy> .24 ,  we  on l v  have  to  check  the  F rc jbe rq i  p ro -

pe r t y  f o r  t h i s  a r t j - n ian  r j - nq r

B e c a u s e  R ( L , g )  i s  s t a n d a r d  ( i n  i t s  i n n e r  g r a d a t i o n  ( 1 6 ) )  ,  t h

s a m e  i s  t r u e  f o r  A ( L , g )  .  R ( L r q )  h a s  q u a d r a t i c  d e f i n i n g  r e l a -

r - i  n n  c  (  n F  / ' r  i i )  ,  P r o p  . 2 3 )  ,  s o  t h e  d e f  i n i n g  r e l a t i o n s  o f\ v ! .  \ - L

a ( L , g )  w i l l .  s p l i t  i n t o  t h e  f o l l o w i n g  t w o  c l a s s e s :

( I )  monomia l  re la t i ons  o f  t he  k ind ,  x l x t ,  where  Z  , r l . Lv t  (L ,9 )

a n d  , ,  + r > - ( -  i n  Z i  ,  f o r  s o m e  j € { L , 2 , . . . .  , n }" ( ' L

( I I )  b i n o r n i a l  q u a d r a t i c  r e l a t i o n s  o f  t h e  k i n d :  X ' X '  -  X "  x (

"  _ l  Iw h e r e  \ , Y  , o l , T ' €  V t ( L , g )  a n d  . b + I = 5 , n T ,  i n  Z | ,  b u t  I  * z

i s  not  greater  than any of  Tr ,  .  .  .  , [ r ,  ,  in  the monoidal  ord

r a ' l : l - i  n n  n n Z  f r
e J v t l  V t t / / a  , .

f

L e t  U =  J  ( \ , n  )  /  V . , \ "  e  V .  ( L ,  g )  a n d  o i  r r e  r c l  a i - i o n s  o f  t v n e  I  i  a n d-  
c . J ' L ' r ) . L  L ' - ' r '  

* J

t= l  t 5  ,2 )  / 5 , t  e  v r  ( r , ,  g )  and  g i ve  re la t i ons  o f  r ype  r r l .
)

T h e n  / u / T /  i s  a  p a r t i t l o n  c f  V ,  ( L , - c t ) x v ,  ( L , g )  a n d  e a c h  b t o c l r

U rT  i s  symmet . r i c  abou t  t he  d iagona l  o f  t h i s  ca r tes ian  n roduc

M n r a n t z a r  + h i  q  n A r i - i  i .  i  n n  n f  t h e  d e f i n i n g  r e l a t i O n S  f O r  A  ( L r g

sa t i s f i es  the  fo l l ow ing  p rope r t y :

( x )  t h e r e  i s  a n  e l e m e n t  ( T , h ) € U  s u c h  t h a t  T O  ( V .  ( L , q )  x \ \ l ) # 6

and r O (vr (L, g) xiTl lg .

T o  s e e  t h i s r  w €  c h o o s e ,  f o r  i n s t a n c e :

( j - , 0 , 0 r .  " . , 0 ) ,  2  
= q , 0 , 0  nz *

? -

, - , L ^ - ^  .  * r ( ' ,  .

, 0 )  ,



b . h e n  w e  c h o o s e  \ ' = ( 0 , L . t . . .  t i r r ) ,  T ' = ( 0 , ) 2 '  
a . .  t i p ) ,  w i t h

; , ^ / a  4 / n / a ,  f O r k = 2 , 3 r . . " r [  ( S u c h t h a t  ( 5 ' r I ) e  f  a n dr k q . ! / o k r  J ] { \ Y /  - k

( \ ,  , ?  ) € T ) .  S u c h  e l e m e n t s  a l w a y s  e x i s t ,  b ] t  o u r  c o u c l i t j - o i r s  o n

L .

N o w ,  L h i . s  p r e s e n t a ' L i O n  o f  A ( L , r 9 )  i s  e n o u q h  t o ' a s s u r e  i t s

r . r A r r ^ r n  n r n n o r f y ,  a c c o r d i n q  t o  a  r e s u l t  o f  K o b a y a s h i  ( c f  . [ t ] t .
!  I  V V s r  \ - J  I J !  \ / y \ -

Th is  ends  the  p roo f  o f  bhe  P ropos i ' t i on "

T h e  l l n e a r i t y  o f  t h e  ( i n t e r n a i )  r e s o l u t i o n  ( 1 7 )  o f  R ( L ' 9 ) '

. a s s e r t e d b y P r o p o s i t i o n 2 5 ( u n d e r t h e c i r c u m s t a n c e s t h a t

( L r g )  i s  a  s t a . n d a r d  p a i r  a n d  ( L )  h a s  n o  g a p s  L n Z + )  a l l o w s  o n e

to  exp l i c i t l y  compu te  the  f ree  bases  o f  t he  componen ts

( S ^ ) * - . ,  i u  ( 1 7  )  .
u  l J / - l

using the notat ions in t roduced abover  we s implv  ind icate the

resu l t  o f  such  compu ta t i ons  ( fo r  a  mono id  a lqeb ra  R(L 'g )  wh ich

sa t i s f i es  the  requ i remen ts  o f  P ropos i t i on  25 )  ,  i n  t he  fo l l o -

w i n g  l i s L :

( 2 I . 1 )  S .  h a s  f r e e  b a s i -  / E  \  ^ n n q ' i  q t i  n c r  o f  e l e m e n t s
'  - L  

n a s  r r e e  P d b t -  t " U ' \ r { - - v r ( r , r g )  '  v v r r v

o f  deq ree  ze ro  i n  t he  i nne r  g rada t i on

f - 
'1 

alr I .

Q L " 2 )  S .  h a s  f r e e  b a s i s ] l r r : ' ) , ^ / 1 , 2 '  v ]  ( L ' o ) x V r ( L , c ) 1 ,  w h e r e
Z  

' " " "  -  
L L - ' -  

^  2 ' >  J '  r '

f v  v  , 1x  . i  q  t he  " r ; e r t -u rba ted "  de te rm inan ta l  l i nea r  exp ress ion :
L 1 ' ' ,  )

w i r h  ? . e  c o ( L , g )  a n d  t r  + \ 2 0  , ; n z | ;  , T + T , ' 7 0  r n 1 |  
^  

{ r ' * ' t " "  x }

b e r o n g s  t o  t h e  f r a c t i o n s  f i e l d  o f  R ( L r g ) r  b u t  
" l + E ,  

x t r + l '

a c t u a l - l y  b e l o n g  t o  R ( L r g )  .

The  bas i s  o f  32  cons i s t i s  o f  a l l  such  "pe r tu rbed"  de te rm inan ts

which are l inear ly  indepe'dent  over  A-  in  the f j - rs t  deqree

component  of  S l .

( 2 1 . 3 )  S ,  h a s  f r e e  b a s i s  c o n s i s t i n g  o f  a l l  A -  l i n e a r l y  i n -

r le .nr . r r r l r 'n+ { i  n  t -he f  i . rs t  decJree component '  o f  Sr  )  "ner tu: :bed"

[ t , g  1  
*  = " t ( " 5 u g , - " t '  E r ) ,



determir :anL,s of  the k ind:

af 
' t  

\ / /3

( 1 , r  9 J

.l*,5J  ,

5 r >  u V

s o  o n .

[3,5 '  , l 'J
ancl f-4 , q,' ,

L "

for  7  
. -n72

l t,t ' j* , L

x ' ,  
w h e r e  ( \ , \ ' , ! " ) 6 V ,  ( L , g ) x V O  ( i - , r g ) x V ,

7  r r l l i  =  1 r [ ,  ,  r l *  +  / r f . , , i , ] *  *  / u  f r , ,,  J  
-  " \  l \ r 's  I  L ,  

. t )  - r  ? t  
L '3

, t r3uco  (L ,  g )  su .ch  tha t ,  i f  ? -  pe r tu rbas

herr )  ,  +l+!zo and 
- l  

l .+l+ brr} L"ZI,  and

( 2 1 . m )  S - ^  h a r ;  f r e e  b a s i s  c o n s i s t i n q  o f  a l -  l .  C  - I i n e a r l v  i n d e -
IN

n o n d o n t  ( i  n  l - h e  f  i r S t  c l e c r r e e  c o m n o n e n t  o f  S  -  )  " 1 1 e 1 .  t u : : b e d  "u  \ r r r  r r r  o  u  u 9 : j ! v 9  v \ / r r t r J v t t g t l  L  \ _  
m * l

de te rm inan ts  o f  t he  k ind :

15r'" "'; i l

w h e r : e )  a r . . .

determinants

*=* r '  
U  r , .  "  " , \ * ]nn" t ' [ f , , 6  3 , . .  . , 5 * l * * .  .  .  .  .

.  .  .  n "^^ ; {1 r  "  .  . , ! *_ r ]  * ,

, 1 rn€Go (L rq )  a re  a - l t owab le  pe r tu rba t i ons  o f  t he
r !'\

l {  I  I  l *  - : _ _ 1  .
L r t r .  

. .  , 5 J t . . .  , 3 * l  ,  j = 1  , 2 , . . .  , m ,  r e s p e c t i v e l y "

Remark

Rough ly  speak ing ,  a  "pe r : t u rbed"  de te rm in^ .n  fE  t  
-1  

xt a n t  
L r l r . . ;  r 3 , n f  ( r 0 ? - l

is  obta ined as fo l lovrs :  one takes in f  in i te l . : r  manr . /  copies of

t he  va r i ab le  =  \ . " o / t r ev r ( " , 0 ! ,  na rne l r r {  
"  l '  

/ 5ev r (L ,q ) , ^  z  i . }w  r  "  
) n  \  I

comp le t i ng  the rn  w i th  o  
; : '  

= " '  f o r  \  e  V ,  (L ,9 )  .

These  ( i n f i n i t e l y  many ) - ,new va r iab les  1ay  . i ns ide  the  no l y -

n o m i a l  r i n g  R ( L , o i l v ! * )  I  t \ r  t r  * \  * - r ,  w h e r e  v r e  d e f i - n e :\ - r 3 t L -  
b  J 1 e ( v r ( L , 9 )  ,  n . Z r '

r-
l '
t l

L  ) t ' " '
. ' -  / l -  \^=det  (y  I "  

/  )  . ' .  ,  . ,  1- ,  ̂ ,
5i f  r -< J-  1 ' r r ' !  r t t

v

w h e r e  b . , _ = \ . -  f o r  k = }  , 2 , . . .  , m  a n d
" J . R  - R

q , e n  -  f 1 ' r ; r t  e a r - h  f w o - h r r - f r n l o  m i n o f

D  I T  ^ \

. 1
9 l

r  ) ^ l

are so cho*{ Iro / i2.2, r(k {m

A o 1 -  f " : r n  
* r r *  

I: " "  1 " r , , * , *  3 ro , J '
b e  z e r a  i n



because  the  f i r s t  l i ne  (5 . ,  I  t  ' i q  . , 0 t  un igue lv  ex tend l l : t e\  r I  /  .  .  "  r  ) m i

/ l - r r r  n r r : r l r r . l - i n  e o l n e t r : t i o n s )  t O  a  d e t e f m i n a n t  l i l < e  t h e  O n e  a b O -e r v r r i r  /

\ r p -  W a  c r a \ / r :  i { -  n n ' l v  i n  n r r l o r  j - r r  k o c ' n  t . - a c l <  O f  t h e  O f O C e d U f eV E .  v v E  Y q V E  I u  v l I r J  I l l  V ! u E !  u v  r \ e s J . / ' ,  L { v J !  v I

and  the  und .e r l i ne  i t s  "mono ida l "  an t l symmet r i c  na tu re .

The d i f ferent ia l .  d* :S*- -*? Sm-I  acts  on such de 'bbrminants br /

s i m n l v  l o r v n r i n c  h v  o n e  t ' h e r  l r r ) r ) p r  i n d r + x  o f  e a c h  v a r i a b l e

I m  . t  / n ' \  V "  '
v \ , t t . '  r a n ' l  r n i n g  y ] - '  b y  X  

r l  
w h e r e v e r  i t  i s  t h e  c a s e ,  t h e nt Z  f  I s Y l . c a u r  J

t L j  t t J

developpj -ng the resul t inct  determinant  by the minors of  i ts

f i r s t  l i n e

T h e  c o n n e c t i o n  b e t v r e e n  P ,  * k )  a n d  H r  ^ ( z )  ,  i n  c a s e  P .  ( L r g )  i s
u r v  ! t - ' J

:  I I r A L ' a r r r  r . i  n c r  -  h 6 , c o m e s  p f  f  i  n ' i  c . n { .  n n l r r  i . f  H ,  _ ( Z )  m a y  b e  e X p l i .q  ! I v p s ! Y  . L - L . I r v ,  v e v v r r r v p  u ! M 4 v I u  . . L r g . - ,  ' . " * l

r . i  t a ' l  r r  r : o m n r r { ' e d  ( a r  -  a J -  
' l  

o a s f  .  . - c l n v e n i  e n t I V  c h a r a c t e r i z e d )  .v r  u L / r J  v v r r r l - ' s u u u  \ v r  I  r v q v  e  F

t r ' c r r  1 -he  \ . / a rv  s imp le  case  o f  t r i v i a l  bas i c  f o rms  ( i . e .  t he  ones

r- -T
h a r r i n c r  a l ' l  . : o e f f i c i e n t s  e q u a l  t o  1 ) ,  t h i s  w a s  d o n e  i n  l 3  |  a n dI r g v + l l y * ' f - L - l -

r - l
I  t  t  T n  . r a n o r - ^ ' l  + h a  C n h p n - M a c a g l a V n e S S  O f  R ( L r g )  a I I O W S  U S
L - 1 .  

Y v , i v t s 4 '

t o  desc r . i be  H ,  ^ ( z )  as  a  ra t i ona l  f unc t i on  o f  t he  t vpe :
i l t V

( 2 2 )

where  d " ,  "  . . , d -  a re  the  deg rees  O f  t he  e lemen ts  i n  a  homoqe-
1 n

n e o u s  s y s t e m  o f  p a r a n e t e r s  f o r  R ( L r g )  a n d  Q r  ^ ( z )  i s  a  p o l Y -
t L t y

n o m i a l  w i t h  p o s i t i v e  i n t e g r a l  c o e f  f j - c i e n t s  t c f  . [ Z ] 1 .

O f  c o u r s e ,  b Y  ( i v )  o f  P r o p o s j - t i o n  2 5 ,  w e  m a y  t a k e  d l = . . ' = d r r = l

i n  c a s e  ( L r 9 )  i s  a  s t a n d a r C  p a i r  r  o Y  d l = . . . = d r r = d z l  i f  g  i s

a t  l eas t  s tandard  1n  some d i rec t i on  fo r  L .

T h e  p o l y n o r n i a l  Q " , n Q )  i n  t h e  n u m e r a t o r  o f  n " r O  ( " )  i s  n o t h i n g

e lse  than  the  H i l be r t  se r i es  o f  t he  resu l t i ng  a r t i n ian  c r raded

a lgeb ra ,  a f te r  d i v id ing -ou t  R (L ,q )  by  the  co r respond ing  homo-

geneous system of  paramete l :s .

T h i s  i s  w h y  Q ,  * k )  ( h e n c e  I I ,  * ( z ) )  m a y  b e  e x n l i c i t e l y  c o m p u -
L r $ '  t " r $

f c , c ' l  on l v  a f t e r :  ca re fu l l v  choos inq  homoqeueous  s rTs tems  o f  pa -

o ,  ^ Q )
Hr - (z) = **:#** 

"- 
,u  t  Y - IJ ' :  

.  (1-  z* i  ). . - . 1  = I
J

-*1.q



r a m e t e r s  i n  e a c h  p a r t i c u J a r  c a s e  s e p a r a t e c l l \ /  t c r .  [ r l l ,
s ta r t ing  f rom very  genera l  ennumera t ive  nr inc ip les ,  we can c

v e  a n o t h e r  e x p r e s s i o n  f o : :  I I r .  _ ( z )  .
" , Y

N a n t e l y ,  l e t  ^ L , u | e . . :  r a r . . ,  b e  t h e  c o e f f i c t e n t s  o f  . b h e  f o r m  . 1 , ,

w h i c h  1 s  n o t  n e c e s s a - r i . l y  b a s i c ,  n o w .

T l r e n ,  s i n c e  i l -  ( z \ =  ) l  1 S 1  V  { T , - c r ) )  
" f f i -  

r t i r r : r - { - t r r  F r n r'  
L r q : " ' -  

" , " 2 i \  v * \ r : r g J l  z  I  u r r t : u L r - v  r r u t t t  t h c  d c t

' f i n j - i : i . o n  ( 7 )  '  g 2  ,  o f  t h e  i n n e r  g r a d a t i o n  o n  v ( t . g )  ,  i t  f o l *

l o w s  t h a t :

* f  vm (L ,  g )

r:**
(5 . r , . . ,  ,  \  * )

c o e f f i c i e n t  o f
\  ( ' - r

-  
- - t  s t

E-

e ' 4 :' - +

f f rd

z - l . n t r l e

5 - a
/--- E
( v  t  \\  p l r , . . 2  5 r * )

t r
l t

\ s  j  { r L

DOWer  se r . t es
4n bo*. ,. "g c)r., L ,,

I ] n r ^ r a r r o v  i +  i -r u  J o c l e a r  ' L h a t :

fn  order  to  se lect  here the powers of  z  t  which ar*  mu j_ t ip ies

of  gr  w€ only  have to  &rgY&Se aLset  the cvc l ic  oror- rp of  orde

g r  th i s  l as t  exp ress ion .  Th i s  v le lds  the  fo l l ov r i . n< r  f o rm o f

H - :' - L r g

( 2 3 )

where

H -  ( z \  = o - 1  f  g - - l T T *  , ' ,  -  { t k -
1 , r g '  * j = 0 t l k = l  ( f - J  z

a . .  / q ,  - L
K")  ,

5  iu  a  p r im i t i ve  roo t  o f  o rde r  q  o f  1 .

Remarks

( i )  O f  cou rse ,  (23 )  i s  no t  easy  to  i : and ie  even  fo r :  sma l l -  1 , / a^

lues  o f  g .  However ,  (22 )  and  (23 )  may  l ead  toqe the r  t o  va lua_

b l e  n u m e r i c a l  c o n c l u s i o n s ,  i n  s o m e  p a r t i c u l a r  c a s e s

( i r )  (23 )  i s  rem in i scen t  o f  i ' , t o l i en ' s  f o rmu la  fo r  t he  H i l -be r t

se r i es  o f  r i ngs  o f  l nva r ian ts  o f  f i n l t e  c { roups  ac t i nq  on  pob ,



Moi lenos  fo r r i r u la  i t se l f  ,  i s  bu t  a  ve rv  na r t i cu la r  case  o f

the genera l  ennumerat j -on nr inc ipJ.e knolvn to  combinator is ts

under  t i r e  name o f  "Mac  Mahonrs  Mas te r  Theorem, , .

5 .  C o n c l u s i - o n s

o  i n -

g y .

c

q l

Le t  G  be  a  cyc r i c  g roup  o f  o rd .e r  g>0 ,  i nc len t i f i ed  to  t t r e

g r o u p  o f  a l _ l  g - r o o t s  o f  1  i n  c * ,  i , . e .  a = J S k  ] i r = 0 , 1 f  . . . , q _ I J  ,
j  Ue ing  a  p r im i t i ve  such  roo t "

F o r  
: r , O  " t l : , * u  

p r , r r  G  t o  d i a g o n a l l y  a c t  o n  o [ * f  , . . .  t X J ,  b y

( 5 , x 9 ) *  5 t ( l ) x E ,  f o r !  € z l , L = D J = r u j v .  b e i n q  ;  t i n e a r  f o r m
w i t h  p o s i t i v e  i n i - e g r a l  c o e f f i c i e n t s  ( n o t  n e c e s s a r i l y  b a s i c ) .

As  we  have  remarked  a t  g  1  (p ropos i t i on  1 )  ,  t he  i nva r ian t  a l se -

b r a  o f  G  o n A  f  
- 1

L x l r . . . , X ' I ,  i s  a  m o n o i d  a l g e b r a ,  n a m e l y  t h e

V e r o n e s e  o n e  R ( L r g )  ( d "  $   )  .

We are now goinq . to  t rans l .a te our  pre

va r ian t * theo re t i c  t e rms .  us inq  the  f ' o

When the form L (g iv ing the act ion of

f i c i e n t s ,  i . e  .  a ' = a 2 = .  . . = a J I = p C { l , 2 , . .

v i -ous  resu l t s  i n t

l lovr inq termj-nolc>

c )  has  equa l  coe

_ l
.  , g - I l  ,  v /e  say  th\

"G homogeneous ly  ac ts  on  C fx l  ,  .  : , .  ,XJ  " .

RemaL:k

Wodta i t  be t rue that  any < l iagonal  act ion
a

. . .  rX r ,  I  i s  a  Seqre  p roduc t  o f  homogeneous, . 1

nex t  resu l t  (Thm.1 )  wou lc l  be  immed ia te l v

genera l  resu l t s  o f  F rc jbe rc r  and  Backe l i n ,

Al though we d id not  check th is ,  the above

has  some advan tages  by  i t se l f .

o f  G  o n  C [ x -*  u ^ I
ones ,  t hen  ou r

r:roved bv means of

toqe the r  w i th  [ r J .

present .ed method

q)  of  an homoc'eneous act ion
-1

v  I  i -  i s o m o r p h i c  t o  t h eI r . . . r ^ n J r  r b

o f  the  homoseneous ac t ion

q r o u n  G '  o f - -  o r d e r  q / g g a ( p , a )  o n

The  inva r j -an t  a lgeb rq  R(L ,

L = p  ( Y r + .  . . n y r r )  o f  C  o n  A  
f f

i n v a r i a n t  a l q e b r a  R ( L r  r g r )

L ' = Y 1 + . ,  " + y n  o f  t h e  c y c l i c



q

f' 
--t

C I X ' , r . . . r X * 1 .
t -  J -  1 r I

Flowever .  sucrh a1.qcb: ' -E. r -c  s inqr : l .a : : i t ies are knov,m to i re  f ' rc iber
.- 1
l t

.by t r  3  |  .  The:r€. : f  ore,  the j .n i t ia l  R (L rq)  j .s  Jarc ibercJ,  bv the re. -- L . I

mark  tha t  any  Veron*se  se l -ec i i on  i n to  a  q raded  a lgeh ra  ove r

a  f j - e ld ,  f r re l i e r \ i ' es  the  F rc ibe rq  p rope r t v  ( c f  .  f  .Bac l<e l i n ,  R .F

t r r a1 -a  l } nv : ^ r r -  -  O f '  . t . he  Un , iV .  S tOCkhOlm,  2  ( t g  B  3  )  )  ". U U U v l \ f , ( V - L r L r ,  a  \ L J v J l  / .

Addj-ng l -h is  rer r rar : :J t  tc ;  .Propcs i t i -on 27 of  I  
q ,  we may formulat

c . :u r  ma j ,n  resL1 l t ,  name ly :

i  " !- 'hccr::crrt

L e t -  G  b c  q t  c v c l i c  c t r o u p  o f  o r d e i :  g ) 1 0  d i a q o n a l l v  a c t : i n o  c n
-a.L's.*-a.:i:.:1:fu*,-*$...q--iffi ,*i-!:Fq.-'ea!!@.we+

{ f  l X -  X  I  } r . . ,  r n . ; r n a  . . { :  ^ .  ] - i n e a r  f o r r u  I : = d , y , + . . . + a  y  ( w i t
"  L ' . i ,  " . .  t . - n - . f  * J  \ / !  - L . L r r u q r  r - u ' ! f , r i  

l .  t  n  n "

r r r r t : i  l - i  r r o  i  n * a r r r ^ . : , ' l  n n r r f  f  i  c ' i  r : . r f  c  \v U \ / r . ! _ L u ! L a t L , J / .

kl*Sjl#tl*he*ths"*i,,*x*ti-el3*p..l"slh::?,-el s*.
1y  c ; ra< led  t r y  L  ( i f  .  ( 16 )  ;  & ,  A l  .

Sur :pese fu r the . r  tha t  one o f  the  fo l l -ov r inc r  ho lds :
/

( A ) :hg jgi:1glJ--L.s-i9s.?;q*91?9*F-.r --glg"il.-{p.g'rs g ""p3/ r*" ;i#,
- ' 1

^ * l L

ry)

I  l {  I  f  h a  r
\ r J  /  I -

Then the

We remark that  a  non-standard pai r  ( f , rg)  seems not  t ,o  y ie l -d-

a  F r c i b e r g  s i n o u l a : : i t y  R ( L r q )  ,  s i n c e  i t  h a s  n o t  q u a d r a t i c  d e -

f  i n ing  re l -a t i ons .

I t  a l so  seems  (as  pa r t i cu la r  cases  show)  tha t  t he  cond i t i on

o r r  (L )  o f  no t  hav ing  gaps ,  may  be  re t i r ed  fo rm (B )  w i thou t

chanq ing  the  conc lus ion  o f  Theorem 1 .
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