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Cri .s" ; iar r  I ; 'ACTU

Tire a in of  th is  i raper  is  to  i i l - r - rsr - rate hovr  one
f i lay obta in the r igouroui i  der iva 'b . ion of  co i r .s t i tu t lve res-
{ . z . i . r J - . i  ^ * ^  ^ - - ^ - - - - :  -crr-cr,r-ons ) as an exampi.e f-ar the Navier*st,ckes--Fourier
f . l r r i r 1 c . . F r . n m | h o A r t . F r ' ^ l r t r . i h , \ ^ 1 r r . t . i + . ' " l ^ ' '! ruau;  ,  ! r rJr* .  L . r rs  . : r r  L . r -  t , r ry  " r r reeual i - t - ) ' '  by l ls i . l :g  a l lew approach

proposed by sul j .c iu i r r  n2j  .  This prccedur:e avoids the
crit icj"sms one may dc t.c the previous me-Lhods of col.eman

f .  r  r r . . 1 r  r  f , -  - , ' l  f ^ ]a. ] l c i  No l . l  I J .J ,  i { 'u t l .e r  p r -7J  ar id  L iu  LBJ ,

J*HsAt*s_Li:i"

C o i e m a n  a n d  l { o 1 l  [ t ]  ( s e e  a i s o  [ 2 , : 1 i  d e r r e i o p , e r j  a

gerrera l  proceciu: :e  f  cr  a .  systema-t i -c ; r l  der : . i i761- i .5n of  t - j re  cot l$ .*

t iL-.ut ive rest.: : ict ions 1-mposecl by entropy . lnequali . t .y "

The main Iundarnsn'La1 o1:jecti-cn aqa:i-nst thei::  i i refho<l

is  the poss ib i l i ty  to  c ie f ine t ' l :er rncc lynarr j -c  1 i iocesse$ bv a su"1

table choj -ce of  bot l . .y  forces and.  : :a t i . j .a t ion suppl ies in  the

equat l -ons of  ba lance ( l . l l : ich in  c tene: :a I  are regar :ded as ass jg- .

nec l  i n  ; l dvance ) .

l4 i i l ler  in  l t * t  ]  ar :e  a lso L: tu  [U,  n  J  avr : ic l  th is  crL- .

t j -c j -sm construct ing anal1. t i  c  thennodynarn i .c  processes f  rom

analy t ic  in i t le i l  c1aLa,  by r . :s ing the Cauchy*Kor , , ra1ewsky theorern

But ,  in  order  tc  appl"y  t .h is  theorem they need add. i t ional l 'y

g*Al lg :1"  const i  tu t : -ve assumpt ior - re.

Thr :s ,  th i "s  procedi : re  is  nur t  convenient  because or" I r

purpo$e is  to  de: : i r re  ioq j .ca l  c{ -anr j r i { , Iuer ices f rom the e l l l : ropy in<:



c lual  j - t ) r  wh j -ch,  eventuat ly ,  sh ' - : r lJ  c l  serve to  prove ex i  s tence '

theo: :e ,ms in  mathemat ics and not  v icerrersa.

$tar t ing f  rorn j :h i i r  1 :o in i :  cr f  v iew,  recent ly ,  Sul ic iu

l l

I tZ j  h . r .s  p : :o1:osed an othe: :  appr- 'oach for  the r iqourous Cer iva-

+ i  n n  n f :  r . r ) n q f  i  t ' r r " l - i  r r r .  r - e s f  r i c t i c i i s  f r o m  t h e  e n t r o p v  j . n e q u a l i -
u r v l - l  v . i -  ! . v r i l r

t y .

l i lh i .S new orocedui:e tet :- l . .aces the rrot j .on of.  ther:mo-

clynan: ic adm. ssibIe l lnocess iu j -  th tha-t  of  i .hermoclyrralnj-c aCmis*

s i b l e  r a t e s

One means by thern:cdynamic admiss ib le  rates (as in

[ t r ]  I  t l ro  t ime der j -vat j -ves of  thermodynamj"cs f ie l -d"s  arL the

in i t i a i  i : j -me  con ipa t i b le  w i l . t l  t he  genera l  ba lance  i av rs ,  w i th

the cor ls t i tu t i .ve assunrn i ; i { ,ns under  considerat ierns a.u,C iv i th

the j- 'rr i l -  j  al cotrcl i t  j .ons cl.f  Fj.t l  . i .r : i  t j -a1 value i: : :oblern"

We then requi re lhaL the entr :opy inequal i ty  - i "n  the

fo rm p ropc ,sed  by ;c t i i . l e r :  l . ^ - r ]  w r th  the  en t ropy  a r r c l  t he  en t ro -

n - , f  f  l r r r z  c r i r r r r n  h i t  c . ) n q + ' i  J -  r l l  t i r r c .  r l r t t i P { : i o n s  -  h n l d s  a t '  { l \ / g j ] v  S t a t e
P . Y  

L - 1 . t ) ! .  \ _ J 1 -  V ( : l l  U y  9 V t l D : - - L  U r 4 $ f  v i - ;  '  a r v J s v

of  tLre const i t t i t . ive < lomai . r :  a l rd-  for  a l l  thermodynam: i 'c  admis-

s i l - ; l e  r . aLcs

fn the present  p i lPer ,  $ / 'e  apply  th is  procedure for

the s i ;n i :1e case of  Navie:*S 'L.o l<es- l - 'our ier  f lu iC-s aud '  we obta in

fami l ia : r :  rest r j -c t ions (sce fc : :  'exampie l ' ' t i i t ler  I t t ]  ,  CJ ' rap. i ,

anc l  Co - ien ian  and  t , l i ze l  LZ l l "  W l - ' a r i :  i s  new he re  i s  t he  n roda l i t y

to de:: i .rre them.

lJn l - i lce i " t i i l - Ier .  [ t - t ,  11]  ,  w€ do not  r ;se the not ion

of  an j . r iera l  wal l  } : r - i t , ,  ins, -eac l r  w€ use the fo l - l -orv j -nq unani .mous-

1y acceptreC asser t ior :s :  in  t i re . r r r ,ogtat j .cs  the G. ib l " rs  : r 'e  la t ion

is  va l i r l  and the absoh-r te  t -ernperafu: :e  " is  a .  po: j iL ive-va lued

monctr : :n j . .ca11y incr :e- ,as inq f : t :ncLj .or r  o f  thc e l r rp l r ic ;aL te t r ' .peratu-

Genera . .L  b l  l -a .nce  ec ; :a l :  j  ons ,ar id  r - :o l1$ 'c i tu t j - r ' re

D" ti i:i 1-', !u r) i. :i ,t n s

Tlre t"raitr r:bjectj.t\/.:) '):f +*he i:ht':rrrr':-"ciiitt;-:it 't:j-c:; (' 'r ': flu'-i-ds



is  the c leterminat ic in.  of  ihe f ive ' thernrodvnamics f ietds

d e n s i t v  f i x .  . t ) .J  
" " ] ( "  " r I

veloci ty vn (xU ,  t  ) ,  (1.  i
' .  '  . .  ' . 1

l a m n i  r i  ,\ v r l r r J ! r * c a l )  t e n i p e r a t u r e  6 ( x , , -  r t ) ,'  K '  '
:

in a bod1,

for thls purpose it  is cust.omali\ , /  to rel-y on . t ire

f ive ggllgilgle_gllgl1+llge of mass, momentum and enersy,

which in  a supply* f ree body ancl  under  suf f ic ient  smoothness

assumptions have the fo::ms

} P

, "  +  v 5 ? ' i  +  l u i , 6  * o  '
o

f *A.Yi  + r  *^, ; T - ' r ) v i v i , i - t i i , i = a ,  e )

o  ) t  ,  6  \ t .  ( ^  ,  h  -f-ff i  + 9 vi €,t + ?$,j *t4 vr,L = g

These equ.a t ions  must  be  suppJ-eroente< i  i ry  cons t i tu t i ve

e g u a t i o n s  w h i c h  r e l a t e  t h e  s t r o q q  r  t h e  h e a t  f l u x  q . ,  a r r c l- i ; . - - * - . .  - i j ,  
l .

i -h , :  e '14 . r ' i  f  i  n  i t : te rna l  enefc rw F  l -n  1 .h r .  f i -e ldS ? ,  ! - , ,S  fOr  thej : t  U  L . J  L r r c  , ,  i ,

mate : : i a I  under  co i t s i de ra t i on .

In the case of y53gt€ , !19-e!:S_gryqg.g!-+_te__{-ht$p" ir j. s

assumed that  the const i t i ib , ive equat j .ons depend on

f  , ' &  ,  v L  ,  9 u ,  v i , k

and  they  obey  the  n r i nc ip le  o f  ma te : : i a l  ob iec t l v i t y .

I n  t h i s  paper r  w€  sha l l -  cons j . c l e r :  Lhe  spec i -a l .  case

o f  Nav ie r - s tokes -Four i -e r  f l u i ds 'whose  ccns t i t u i : i ve  e .T l l a t i ons

'.uffi;;;;;;; mos L qeneral consrrtu*r,,o

equat ions c f  v iscous,  heat-conduct i i rg .  f  lu ids anc haore;  i :he

form (see for  instance yr r i r ler  
[ t t ]  .  ch. : rp-  r ,  and co le ina.n ancl



.ll* r* i [e] t

li: 4r: 1 9, 0, d*,, go ) *nu ( f , o) 6rr+ i( 9,s) d u E iinT( 9, o) di j

where d,_,=v/ .  - . r \  is  the symmetr ic  par t  o f  the ve loc i ty  gra-
r - .1  (ar l j

d ient  v
l - r J

The cons t . i tu t i . ve  func t lon"  t . , * ,  6*  t r ra  6  a re  c l
r J  I

rea l -va lued funct ions,  def ined on t? ie  const i tu t . ive donain

c , F r  - A  - ?' i f = ( O r m )  x ( & " ; e o ) x R " x R - ,  w h e r e  A a 6 R  i s  t h e  l o w e r  b o u n d  f o r- e '  i t

the f ixect  empir ica i  ten: r . :era i -ure scale 0.

H e r e ,  s i n c e  - p " { i :  t r i (  t , & , 0 , 0 )  ,  p E  j - s  c a l . l e c l  t h e ,
-  *J  L )

. a \

equ i l  j .b r : lum pressur :e ,  € l_=  e(9  , * ,  0  ,0  )  the  spec i f  i c  ener :gy  in
c

\  1  r ,  . raar r i ' l  i l - , r i  r_1J11,  4 .  the  shear  v iscos i ty  ,  i  +* /L  the  bu lk  v isco-v Y u J -  
/  

v 4 u v v v + u J  t  
,  J

s i ty  and )4 the therrnal  conduct i . ,z i ty

' .We a lso assume that  :

qi4i  ( f  ,82c1n* '  4o)=-x(9 ,Q) 0, ,

€ = 0(-r, 6, dmr,, 9,k) =fR (g, s) r- Xt f , o ) ou,

(3 )

, \ -
)  6  (  g ,  g ,  d * *  ,  e r . )  r  A_ * . - -  

a " g  
- : - r v

fo r  any  (  9 ,d** ,  &rn  )  u (o ,c ro) *  R6*  R3 "

Thermodynamic adnt iss ibLe rates

Af ter  in t r :o t luc ing the const i tu t ive funct ions (3)  in

the equat j -ons of  ba l .ance (2J we obta in a dete: :minate set  c f  t

c i f f e r e n L i a 1 e q u a t i o n s f o r t h e t h e r m o d y n a m i c s f i e 1 d s -{

A t v  + . \  \ r .  / . 1 N -  { - \  , .  t , t  + \  t v  + \ - n v T  - V h e f e  D  i S  a n  O O e n
r ( * k ,  

L i  r  v i \ ^ L r  L /  r  v \ ^ k r  L / ,  \ f k ,  " ) f  
v a t ,  w l r e . L e  u  r b  d r r

^ L  . . r - .  D 3  r -  f r  *  \  r  \ Aa n d  b o u n o e d  s e t  i r r  R " .  r =  
L a o r t l )  ,  t o 2 u .

Hvery  so lu t i on  o f  t h j  s  sys tem o f  ecTua t ions  i s  ca l l ed

usually a ttre"r1gln.g*g_ Sqgl.9gi!]S__g1oq9:f (see fo:: example : -

F t i
l r  n  r a  J  \

l - r - y r  r _ r - J  l .



*. t:. ^*
, J .

It is rationatr to suppose fhat.every thermodynamj-c

admiss ib le  process is  g ienerated by an in i t ia l  an<l  boundarv

va lue  p rob lem.

l , e t ' u s  c o n s i d e r  f o r  t h e  s y s t e m  ( 2 )  a n d  ( 3 )  a n  i n i t i a

value prob,lem;

'  
€ l *  +  \ - n O , . -  \  /  !  r _ _ _ O r _ _  \r \ x 6 r . o / = 3 *  ( x , - )  ,  v ,  ( x o , t o ) = v f  ( x o )  .  9 ( x j i , t o ) = 0 o ( x o )  ( 5 )

w h e r e  9 0 ( x O ) > 0 ,  v f  { x , . ) e n ,  g o { x O ) € ( 0 g , " " )  f o r  x o e D .

I 'o l lowing sul lc iu l tz l  ,  we -qive a precise meaning

to the ttt* ghg. Letgs. for a Navier-sto-

kes-Four ier  f lu id;  these al :e c lef inecl  to be the t- i -nre der: l -vat i - .

ves 'o f  the  dens i ty r .ove loc i tv  and (enrp i r i ca l . )  .Lem,aera ture  a t

the in i t ia l  t ime ( t=to) compat ib le wi th the egr:at ions of  I :a-

lance (2 ) ,  the  cons t i t r - r t i ve  equat i -ons  (3 )  anc{  n i th  the  in i *

t i a l  d a t a  ( 5 )  "

Using the notat j -ons

ltn

( f , t ,  u ; , + , & , y ) / - \

t  9 ,  v ;  , O ) G x , t o ) , ( 6 )

for the therrnod_.lnami-c ad*

_ a
a*

uf,o == *

r  - ^
{  d ' c  I

\  # c f i ^'  l r

we obta in the fo l l -owing re1a. t . i_ons

m i s s i b l e  r a t e s : :

P  = - r r 9 q o , - Q o  ") , t -  - \  ) , i "  J  * i , i  '

vr:rt t*n , tof.orl
( 8 )

t

* + .
-g-ar.k-
axk

/>*;r.
f 

-**"*-*

\ " '

I  q o
l p  " ' o

,  ?*;r l-)T'*lt

6rt - ;"{Fi;l *i* |,'ii' .'.-#i,
sl* +*i-'rl,,.rr,) - vf 'ln ,

* f"u; A € J
t 7 . . "  t, *



w h e r e  P =  ( 3 o  ( x , . )  ,  0 o  ( x k ) r r ? * , n )

Tiie exp::esion

- r#t uoir

?", , -
dmn,1= = 

5tb# (xo '  to )  '

/t

*Lfu-t Qo,a e  l n " ,

( e )

o f  re la t i on  (9 )  can  be  ca l cu la ted  by  means  o f  (B )  and  we

na.l-

(  1 1 )

! " n 1 * r n n r z  n r i  n n i  n l  al r r  u ! v y J  y !  r r r v r y ! s

( 1 " 0 )

a  m a J o r  r e s - :

r,vh:Lch are com-

J,,. =*L;r' ilsq -L I :Slri*rui6,t = - 
l.t igffi6e,tJ + y a*dr )nr, J(*e,t,) 

ti,,ti tit,e. - u[

- - L n" . l.dr&i qo * ]IArt A6, -r -vf ttt* | rroF r,{4i.-} e Jr t,o *ffi, u,,r* *'ffily v{*,^7p

" $1,+*-f rihu*#1u siitu " 3m6vf*,^y41a,-
* r; {rtiiol- e';, * 4##1, eli: * #fly t^,*7,) *

* uri*',,;rn {#ffi-b r,ir " fur slir - #*tL',?;u;il -
-  vf  , , .  v?' ,  ,  -  rro' E r ( t  L l t l Q  ' k

ovci,ilk =

-1
I

l * '
I

, o

Yc, i ta  ,

I

*f.

The entropy pr inc ip le  is  considered as

t . r ic t ion on the forms of  const i tu t ive funct ions

pat ib le  wiLh thermodynamics.

We sha l l  adop t  he re  a  mod i f i ed  fo rm o f

en t ropy  p r i nc ip le  ( see  fo r  examp le  l+ - l J  I  "

t ,he l4 l i l ler 's



and

The

ned

O I

. ' . ' , - - t ' - T

. . ' . . . ,
. -

we assuri le that in- every bod.y the s,pecif ic entro:py 4(
: 1

the entropy frux $,  are given by const i tut i -ve rerat ions.I "

: 1cons t i t u t i ve  func t i ons  {  and  $ . i  a re  rea l  f unc t i ons  de f i -

on  a  cons t i t u t i ve  doma in  $  u " "o rd inc r  t r

equj -presel " ]ce a.nd of  mater j -a l  ob ject iv i ty .

I l .ha  ̂ ^ t  " l !s  o f  * f l  w i l . l  be ca l lec l  s ta tes.I r v r t

rn our case ,  fc;r  the Navier-stokes-Four- ier  f lu i<ls

* )  = ( 0 , * ) * ( % , * ) x n 6 x R 3

(9, or d*n *,  o*) =Y*tg, e) +h($,0) dn*
and

(see for  example I  t  t ]

T h e  s p e c i f i c

f ree body,  and under

necl as

( f ,  o , d * * ,  q n ) = - f  G , o ) o i i

,  C h a p .  l )  .

proc luct ion of  ent ropv ?:  in  a

sui tab le srnoothness assurnpt i -ons

I = n (

$r=$,
( r 2 )

q r l t . r n ' l  r z *

r ; )  U t : _ L  J - *

z = 9zry .
) t +' f v, 4l , + 6. ,L ) L  I  c r L

using the method suggestecr by sul i .c i r - i  in [ rz]  we

then requ i re  tha t  the  fo l rowing  pos tu la te  be  accompl ishec l "

POSTULATE:  The entropy inec lual l ty

(  l - : 1

r l a )Y  > O

InSgl- l."l**_,t!_lfg_Iy :L?_!g*_o-t__!ng._g*gll_!ir_urive,doma_ln ,S and :- - - l - * " -

t:_syg u-!!. lllo gytlr+ 9 3:St :_:_*.]._q' elgg .
t F h a  r, r rw pr€sent  p: :ocedure,  for  the r igont .ous c ier ivat ion

of  const i tu t ive rest r : ic t tons f rom the entropv inegual iLy is

d i f  f  erer : r t  for  a l l_  prev ious met .hods.  
'



v v J - g r r l q J r  q r l u  t Y v ! J J  ! l l  L  J - . 1

mod"y l iamic admiss ib le  processes and construct  them by a su i ta-

b l .e  choice of  body forces and r :ad iat ion suppl ies in  the equa-

t . i -ons of  ba la.nce (a l though in  qet rera l  they are rega: :ded as

ass iqned  a  p : :1 .o r : i ) .  Th i s  a rgume: r thas  been  c r i t j . s j zc+d  by  T r lood .s

.  f * ^ " 1  f ' " - l  ^ - , ' j '  - -  r  A ' - \r - n  I  r u l  t a c c o r : d i n q  1 s  v r i i l ] - e r  I f  f J  ,  S e c t i o n  5 . 4 . 2 )  "

l . ' l i i i1er  in  IS-ZJ and a] -so t iu  in  [ .4  '  g ]  const ruct .  th"er-

modynam. ic  ac imj .ss ib l -e  pr .ocesses f : :on analy t ic  . i .n i t ia l -  da ia but

they need ad-r l iL ionat ly  a ._p53g5i  const iLut ive assumpt ions ( i "e"

the  ana . l y t i c i t y  o f  t he  cons t j - t u t i ve  func t i ons )  i n  o rde r  t o

apply  the Cauchlz-Kcwa.J.ewsky theorem.

In  con t ras t  t o  t h l s  r  w€  he re  cons i .de r  (as  i n  f  rZ l  I  |  ,

t ha t  t he re  i . s  no t  an  a  p r i o r i  r eason  to  suppose  tha t  a l l  i n i -

t j . a l  , va lue  p rob lem has  so tu t - - i on  and  the re fo ren  j . t  i s  n ro re  ra -

t icnal .  to  rep lace the not ion of  ther :modynamic admiss ib l .e  l r ro-

ces? wiLh fhat  o f  thermodynamic ac l rn j -ss ib le  rates and,  even-

tua1.11z,  r i .$e the : :est : : ic t ions o:F t?rermodynamics in  order  t 'o

prove ex j .s tence theorems in  mathemat :Lcs and not  v iceve: :sa.

Co i r sequences  o f  1 :he  en t ropv  i -nequa l i t y

Le t  us  cons ide r  t he  i n i t i a l  va lue  p rob lem (5 )  ! -o r

the \ :av is :  t : - "S- tokes-Fotr r ier  f  lu id"

A f te r  i n t roduc ing  the  cons t i t u t i ve  func t i ons  (1 .2 )  
I

a n c  ( r 2 ) " ,  f o r  {  a n d  { l i ,  i n  t h e  e x p r e s s i - o n  ( I 3 )  o f  Z ,  a n d' 
.1.

earry ing oLl t  the lnd j .cated d i f ferent ia t j "ons at  t i le  in i t ia l  t i -

.  me  t= t -  an . l  i n  an  a rb i t ra rv  po in t  xL€D,  we  ob ta in  the  fo l l - o -
o J r

winq expl .Lc i t  form of  the et r t ropy inequal i tv-

7 l
i t . . ,  *  \
l \^k ,  "o1

" r.("Slp ?,t* **l- 4* - *kij,-*,+ *

-!,-



"  a $ ; ,  , , n \* Te* l* #,e;') 7 a

€ c

t:y

+ ^
U U

. a )( x u ) ,  f , a  ( x , - ) )
, L  ^

t  ho ld  a t  eve

adm:Lss ib le  ra

,\
/ ^ , i .  ?
,  / l  {  l t  '

r _  I  " y \ l  0 $  ,  ) i l r . .  r  r i o-r* I '-*'*'  
[  > e  I  \  - l - _ - a : l  P r  '

\ - J  l p ' r t  a , #  h ' , '

where P= ( Po 1r.  t  r*o r . ,  1 -=o*  \ )  \ a p l r t l  i _ x k / f v l m  r ,  Ir L  \ r i t ,  r r  /

T ' l r i  e  i r . . r . r r : r : l  i  F . i . , , ..  r r 4 4 , J  r r r r ; . L i L l o  ! _ t . t . _ l . v  J n u _ s

and fo::  everlr  the::modynamic

\. / .

( 1 5 )

sta"t-e ? e S

s $r* , 4u otd

T h e  i ' n c < 1 u a 1 - L t i . y  ( 1 s 1  t h e ' b e c o m e s  o f t e r  s u b s t i " t u t i c
( 7 ) ,  ( B )  a n d  ( 9 )

*

f r = /-?-tr*r| , r 'r, ri '-*l- -

l ( x o , r o )  \  d J  l p
t t

,  f  a $ i  I  A
I  * 1 \

\ a P  l p  
' 6  I

A  ' . . 6 "  \/\lr {f Ir) e"'a +

uSFL)*;n.(tff, |--Ar,#;t,)
* (*:; l, - Al, *n;1,) t",r; vi*,^)i. 4**,+

kt*l 
fr

("16

n-[atu i,*lo-r"-(#Le -Aln *fiJr) s,iloi,t 7i 0
where the quant i ty  , {  has been in t : :oducecl  accord inq to  the
d e f i n i t i o n :

a 4
A = h i n  d x  l  - ' .  F & *" / \  = I  \ i  ; ,  a,  Q*. ,n,  f tu)  *  

Te--*. ,  
*s_

j . s  q i ven  b .y  ( l l - ) ,

i n s p e c t i o n  o f  ( 1 6 )  o n e  r r r a y  s e e  t h a l .  Z l ,
l (x l (  ,  to  )

on  the  va lues  o f  t he  fo l l ow ing  quan t i t i es

,  V ' o . .  . 9 o . .  f o .  f t a . ,  , r Q  . t o'  . , &  t ' ) L t  t  r i i  t  "  r ; i  ,  " d r , i i k  I  v C i , d l k g
independen tJ_y  anc j .  a rb i t ra r i  l y  spec i f i ed -

pos tu ia te  (14 )  i . s  equ j_va len t  t o  t he  assc rc j . on
tha 'L I f  

{ r , r - ,  t^ )  
be > 0 at  every ar} : i t ra : : ' i11,  f ixed s t ,a te

p* ( go, So, ; i, so. ) € *n(m ,n )  , s l f " i  e  o i ' , '  and  fo r  a l l  cho j - ces  o f
( J ( l  p f ]  , . \ . Q  . , o) , i  ,  ), j j  ) o' ' t i  u u i t , i l  k r \ /1i,;rn* and ugi, iJ

Tc,  c ler : i ,ve Hre necessar .y  ccnc l i t - ions for  the va l id iLy
o f  t he  pos t r : . l a te ,  we  f " i r s t  o t r "u r , r *  t ha t  ( fO1  can  } :e  w : r1 t ten .
;T.--'*^ ' t  

[ j -  r : iJ  . , tn  
the &nt is l r r lpc: t . i : i .c  pa] - - t  cs f  the ve loc i1,y  gradient  l

( J . 7  )

and d
m n r t

By

depends only

Po g1o 60
J 1 ' /  ,  " t t

which can be

The



b y  m e a r i s  o f  ( L l ) ,  i r r  t h e  f o r m

Yr -.{ni*r -nr }-e*' l{1.,to)* 
\l a.** 1t 

' ' lr )}#..n
p ,

+ f {f" 8", qi uoi,t , fi, ,

r f  we ass iqn  9" ,  &o,

vn and f  
o.  

,  a.s arb-Ltr :a" ( t ' C l k g  
" t 6

i s ) 0 o n l Y i f

-t &{
o (

"-l 

*"

d dnri/in,t

A- / \ = 0
? d^*,'.

,  or1,, l )k , \" i : , i lke)

,  vi, i ,  Sii  ,  si i l

spec i f j - ed ,  t hen

l \ l -
i r j  5"

€t'. ,t L f r

eii
r j - lv

A

^  r *
Q-  d  u rm)k l  ,)ttuftt- A f 

"- 
iu 

*

( r 8  )

( 1 e  )

( 1 6 )  d e -

ua l i t v  has

and

f ol lovri;-:q

r  v ( r . , d )  k  )

Y {  .
l(xx,*u'l

)e

S i - n c e  t h e  l e f t  h a n d  s i d e  o f  t h e

pends f . inear j .y on !r" l  and 0r"0,  u"u s inc

to  ho ld  fo : r :  any  f i xed  p  *  ( !o ,  S" ,  o l i , r ,

for  an arbJ-t ' rary choice of  f i t  arr tc l  ? i* t

condj. t j .ons rnust i rold 

?a
: r d ;  r 4 '
: . - : ^ * n - q 4 , l - = 0 ,
) g  a v

eC,* *A t4* - a,
J s , n )  {  x  ? o , n l

inequal -

e t h e i

A N  ) G
l  " ) k t

, 'the

i  f rr

n 6 d

G\
I I

6-J

( 2 0 )

/ ' ) 1 )

i s  a  necessa ry

tut ive equa'L ions

for every thermo-

, I n"rl / \"
I

L t -

anc l  su f f i c i e

( 3 ) ' a n d  ( r . 2 )

clynamic arimi

and

N o w t

res t r i c t i -ons

the methr:d of

{ 46 '  ^  a f , ; \ o . .
L.rtr__/\ w)o, '+

$ e"'( a3-- A. -ag-) 5,;L t i  - J  
\ T g  

- { ' . 5 5  
l * , X J

i s  obv ious  tha t  (17 )  ,  t l ' g ) -  Q2)

n t  s e t  o f  r e s t r i c t i o n s  o n  c o n s t i

f o r  t he  i nequa l i tY  (14 )  t o  ho td

s s i b l e  P l : o c e s s  
j - f  t h i s  e x i s t s '

Yi,;r7Q
( 2 2 )

we are able to  ' ler i 've the same const i tuL i  ve

as  rhose  cb ta ined  by  l 4 i i l l e r  l f f l  ,  C f ,up .1 ,  us ing

-  f  ̂ 1  r

Lagrange  mr - r I l - i " 1 . r i i e ' r s  ( see  a l so  Lz l  t  "

in t ro , luce the const i t r ' rL ive funct ions G) Z and

we get

T f r^ra

( ? 1 ' lr  ' i t t
L  * "( r . 2 )



* 1 I *

f ( f , s J + / r x (  9 , S )  * 0 .

t h a t  N ( 9 , O ) t O  f o r  a n y ( f  , 6 ) c ( o , o o ) x R  ,  i t

A == / \ i f  , g )  and #t=Ak, i l f t  "
From (24 )  and  (20 )  1as

There fo re ,

A = Afo) and

s i n c e  ( i 9 )  a n d  ( 2 5 )  i m p l i e s  r h a r  X _  n €  i s
rlent of dno, , and assu:nins that. 4* f c j
obtair rs f  rom rerar ion *rr ,  

" ' r r ; f l , ' - r^  ; :  , ;  

o e R

3q#q=_f#

+-tr- ̂  L

( 2 3 )

Assuminc

fo.l l.ow$ " that

&

i s  a lso lndenenclent  o f  dn, ' , " .

Thus,  {  anc l  e  a re  bo th  func t ions  o f  f .  anc l  , f ,  on ly ,
w h i c h  m e a n s  t h a t  t h e  c o e f f i c i e n t s  , A  a n a  h  f r o m  ( : )  r  a n d  , r r , ,' J  

Lbo th  van ish  
;

We can therefore sununar ize condj - t ions ( .17)  and
(L9)- (21) for the Navier-stolces-I,or-rr ier f- l-uid in the fo.rrn:

F :  F  ( c  a \* E  \  J  r w . / r

+ (  =  ̂ G ( 1 , 0 ) ,
-1

f , ;  = *  >ct t ,  o1 q,  ,
A

l -

9i  =-  -  . / \ {9)  } t ($,  o)S, ,  )
b^{ *

r s - 4

/ \ (e)' \ r '
A X r

c"tri-

$; = Arpl io .

obta in that

( 2  4 )

\ 2 3  )

indeperi*-

,  One

b A
) t u "

( 2 c 1



Ecrui l ibr ium proper t ies and the a l :so lute temperature*-=

in t roc luc i r rg  the  cons t i t u t i ve  re la t i ons  (3 ) f  a t : }d

( 2 6 \ . , ,  j . n  t h e  t e f t  h a n d  s i d e  o f  t h e  r e s i d u a l  e n t r o p y  i . n e q u a -
' '{'tt

I i ty  , (22)  , ,  we obta in the speci f ic  ent ropy prod 'uct ion for

Navier-Stokes*Four ier  f  tu id

,l ll
Z *= T ( 3, S , d; i ,  o,r*) *^A? ) '(  q i  0, i  +

( 2 7 )  |

+[nter{ z,n d;(+idko 6;i) .. (t. Ats) + t'ry$ s,iJJE

I {e  see that  z  assumes i ts  min imum value,  namel .y

z e r o ,  f o r  d i j = O  a n d , 0 r i = 0 .

The necessary condi t ions for  th is  local  min imum are '

'  the fo l lowing

. \ Y

= o  - ' o ; - * l  = a  
' ( 2 8 )

,  n d 4  l ( s , o , o , o )
b T

1,,, *v

' a &
T , 0 r 0 )

and

a z t  ,  
'  

,
: l  - i : - , **  I  is  pos i t ive semi-c le f , in i te  .  (29)

) t i  )  d** l ts;  u,  o,o)

Mo: :e  exp l i c i t l y ,  t "he  re la t " i ons  (28 )  rea r l
'

} 4 { -  r  A '  \
n  I  E s  t  A  \  ( 3 0 )

) l  
=  / \ \  a 3 *  

-  
T ' ( r J  "

Re la t i ons  (29 )  rand  the  p rev ious  assumpt i ' ons  t l r a t

)<*o or,a $* lo, ur"o implv
c b f

*  u{-S<or v  
d o  ) ,/+ h(s) .? o , {li "y\Ats') z a " ( 3 r )



From (L l1

h i  
' l  

i  { - r r  n ^ ^ , i  i  +  '
U r  J - L  L Y  U U I I L I I  T : T O N

t 3

and (30) we obtain the foLlor.rr inq integra.

Z /Lt^r t :

d;1 rp)
d e

for  the to ta l dif ; f  e::en'{:: i .a1

' t

A{s)
: ---.-r*?-q.-

e  1 - c

9 - j j e - - n
a f  r g

of  the funct icn f  *

( 3 2 )

( 3 3 )

A

We

d. _, =0 andr . J

shotr. ld hol.d

ggs"Hrc thar ar
g . = o  ,  t h e  G i  h b s- t t  -  F  L ' 4 v '

equi  L ibr ium

relat-. i-on of

( 3 4 )

s - i t ua t - i ons  ,  i .  e .  when

the rmos ta t i s t i r ; s  , ,

d , t r =r{e)
F -{-
* E I ( 3 s )

where  T=T(6 )  i s  t he  abso lu te  tempera tu re  o f  t l i e rn ios . ta t i cs ;  A t

the same t imer  we know f rom the 'mostat ics that  the absc, r -uLe

temperaf  ure is . f  pos l t ive varued,  monotonica l ly  j -nc: :eaeinq f  un,
t l on  o f  t he  emp i r i ca l  t empera tu re  6o  i . e

la4 4, d(+)l

T ( e )  > O  a n d

There forer  w€ ob ta in  f rom (34)

A=Atg) is the reciprocal  of  the absol-ute

> 0  f o r  a n y  S a { O n , * ) ,  ( 3 6 )

a n d  ( 3 5 )  t h a t

t e m n a r a  # r r  r a

d ̂{e* n(*f # dp +{+F -+ f_) del
which we can rewr i te  in more fami l iar  form

dYu=A(oi [ ;n-  + A#$) ]

A(e)="r (s)
( 3 7 )



t u:

and r rom nere i t  resul ts  that  A=Atp l  ls .  a  univer ,s la l  f ,unct ion

o f  0 ,  i . e .  i ' b ,  i s  t he  same func t i on  fo r  a l l  Nav ie r - s tokes -

Four j -er  f lu ids for  a  f ixed empir i .ca l  temperature scale.

u$ inq  re la t i ons  (3 I )  and  (36 )  we  ob ta in  the  fo l l o -

v , r ' i ,ncr  fami- l i  a l :  re  s t r ic t ions for  a  Navi -er -Stokbs- I "our i -er  f  lu id

" q

?i=f*

x , c ) , 0 ,  , . , . + x 7 Q  l  3 ' l * 2 " / > r 0 .  ( 3 8 )

A I s o  t h e  r e l a t j - o n s ' ( 2 5 )  a n d  ( 3 7 )  i m p l y

( 3 1  1

which means that  the entropy f lux is  the heat  f lux d iv ided

by the ahsol .u te temperature ancl  thus the entropy nr inc ip le

. impl ies t lTe Clausius -Duhem inequai i ty  in  a supply  f ree

body
-  

t ,

Lqng:h:  un l ike i ,n i i l ter :  in  [s ,  11]  we do not  use the

not :Lon of  a . r :  ic lea l  wal l  t .o  der ive the universal  charac ' ter  o f

f  unct ion f '=A(0)  .

We a lso do not  need tc  appty the in tegrabi l i ' ty

cond i t i on  (32 )  f o r  t he  i dea l  gas  (as  I ' 4 r i 11e r  d id  i n  [S l  ,

p .  15 ,  and  l f f l  ,  Sec t i on  1 ,3 .  2 . .4 ,  aL though  he  has  exc luded  i t

by  suppos . i ng  tha t  H lO  to  de r i ve  (32 ) )  i n  o rde r :  t o  oh t ; r i n  t ha t

AtOl  j .s  the rec iproca. l  o f  the abso1ute tenrperature.
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