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A I,OCAI, C}IATTACTSRIZATION OF TI{E SUPENSOCAI, SUBGROUP

ldartan Deaconoscu

I o fntroduetion. Let 0 be a flnlte group and let P be one of its

$ylow p-subgroups. If Q ls ansther $ylow p-subgroup of 0, the lntersec-

t lon H - P n Q ls sald to be tame lf both SD(H) and N.r(H) are $yLow
E d

p-subgroups of NG(H). The set of al l  nontrtvial- tame lntersectlons of the

r r  r ^ " ,  r n / o \

fane lntersections are Lnportant beeause of a strong fuelon resuLt of

J. AlFerln [1] , I i le quote bere only a eonsequence of Alperlnts theorem, whJ.ch

characterizes loealLy the foeal subgroup Pn Gr '

P n o '  =  (  p n $ o ( l r ) , ,  H  €  T ( P )  >

I,et +(s) be the Frattln{ subgroup of G and let R(0) be the inter-

seetlon of the naxlmal and normal subgroups of 0. ft ls qutte evldent tbat

P n gt  \< P nR(G) and that R(0)/c '  = {(q/o,  ) .  Ue cat l  tbe subgroup

P n R(G) tfre superfocal subgroup of p ( wrtn respeet to G ). tho reason

of eonsldering the superfocaL subgroup ls the follorlng resrrlt of [al r

e bas a normal p-oonpl"exrent lff P n R(G) = +(P)

( r )

( a )

Fote that for every flnite group G and oaeh Sylow p-subgroup 3 of, G,

{tf t  -r( PAB(c), Thus the equal"i ty in the abovo incluslon assures tb.e exls-

tence of a norrnal p-eomplement of G.

The aln of thls note ls to establ"lsb the fol-lowlng purely Local charac-

terizatj.on of the superfoeal. subgroup :

tlIEOIi.BI,l, p n R ( G )  *  < ? n R ( $ r ; ( f i ) )  ,  H  € $ ( p ) >

As an lmnediate consequence of this result we sha1l derlve a etrong forn

of a cl"asslcal result of Frobenlus whlch glveo suff lcient condlt lons for the

existenco of a norsal p-complement. The fol lowlng result was aLso obtalned by

Alperln tll 1 by ano.ther proof i



-2-

O0R0L!ARY. If N?,(S) has a norual lr-complonent for evorT H 6 I(P), then

C has al-so a npr$al p-conplenento

2. Th,o arguments. Beforo startJ.ng tho proof of tho theoren, lst us nake
o

Bomo notation convsntlons. If II S 0r $6 shalL donote by ffb the lntorsec-

tl"on of those maximal subgroupo of G wblch contaln H. Tho fol,lowlng lenmag

are elementary

rrEM${A 1. 1) rf E <r, then H;/H - s (o/H).

tr) If H *<K < G, then HG _< KG .

I ,B!${A 2. I f  H SG, tben R(It) < R(0) . In part lcu}ar, i f ,  G ls a p-group,

thon for every H -( G ve have f (g)

Tbo proof of tho tb.eoren usee at a key potnt the folLowlag charaeterlza-

tlon of the superfocal eubgroup ( see [al ) r

r rE tn{A 5 .  p f l  n (c )  =  (pA c ' ) i

e  t h e o r e n .  $ e t '  p # , '  (  p  n  R ( H * ( H ) )  ,  I t  G  f ( p ) >  .  r t  t s

c lear  tha t  p r -<  PA n(c )  e lnce  by  v l r tue  o f  Lenma 2 ,  Pn R(N*(H) ) . .< ' }nR(C)

f o r e v o r y  H € T ( P ) .

To prove the eonverse tncl-tieton, observe first that by Alperln's resuLt ( 1 )

p  r \ s ,  =  < p n N c ( H ) , ,  H  €  r ( p ) >  <  (  p n  R ( N c ( r r ) ) ,  H  6 ' r ( p ) >  o  p *

sLnee l Is(H) '< 8(Ne(E)) for  every H 6T(P).  rhus P n gr -{  p*anct by

lemma I  u )  we have tha t  (Pnc ' )p  <(p ' ( ) ; ,  Bu t  by  lenna ]  (pnc ' ) ;  =

c, Pnn(0), so P nlt(s) S (r'*)], Thus al-r we have now to l,rove is the

equarity (Pr()"p = P*.

Note first that P*<t p, Ind.eect, if H c t(P) and x € Pr then gx g f(f)

a 8 o n e c a n e a 8 y v e r 1 f y . 0 n t h e o t h e r h a n d , c o n J u g a t 1 o n b y x € p s e n d s

p f t  n ( rs* (s ) )  in to  p  nR(nn(nx) )  g  p {  .

F lo reover ,  $ (p)  $F* .  rndeed,  f  (e )  ,5  R(p)  =  R(p)  n  p  - (Fn  R( I {G( I ) ) .

$lnce P ttself Ls a tane lntersoctlon wo obtatn that <p(nl < P'r .
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$ince f tnl ( Pf-< P, the 6roup P/Pt+ ls oromontary abellan, Thorsfore

f(p/rle) - r , But by lemma 1 1), +(p/?{) - tn*tr/n*. $ren (rxf, = p* and

thlo conpletes the proof. //

Proof of the corollary. $uppose that mC(H) has a normal p-conploment for

overy If € T(P). Then stnce H is a tane tntersectton, I{r(H) ls a $y}orr p-

eubgroup of  NC(H) and by v l r tue of  (a)  N!( I t )  f l  n(n*(E))  -  S(nr(u)1.

But  r rp ( r r )nn (Nc(n ) )  *  pnR(NG(H) )  and .  $ (n r tu ) l  \<  +  (e )  by  l emna  2 .

Tbus Pn R(NG(H))  < f  (3)  f ,or  every I l  € t (P)  and by.our  theoren pn n(G)<

<S(r l ,  s inee the lnctus lon $ ( r l  -<  p  nR(c)  te  obv lous,  p f l  R(G) -

.. f (P) ana 0 has a nornaL p-conplemont by (zr.//
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