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A LOCAL CHARACTERIZATION OF THE SUPERFOCAL SUBGROUP

Marian Deaconescu

1. Introduction. Let G be a finite group and let P be one of its

Sylow p-subgroups. If Q is another Sylow p-subgroup of G, the intersec-

tion H= PN Q 4is sald to be tame if both NP(H) and HQ(H) are Sylow

p-subgroups of NG(H). The set of all nontrivial tame intersections of the
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Teme intersections are important because of a strong fusion result of
Jo Alperin [1] . We quote here only a consequence of Alperin's theorem, which

characterizes locally the foeal subgroup PN G' :

BrjG) = SRAVE (RN ol DGR > )

Let ¢(G) be the Frattini subgroup of G and let R(G) be the inter-
section of the maximal and normal subgroups of G, It is quite evident that
PN G <PNR(G) and that R(G)/G' = $(G/G'), We call the subgroup

P\ R(G) the superfocal subgroup of P ( with respect to G ), The reason

of considering the superfocal subgroup is the following result of [2] : -

¢ has a normal p-complement iff PMR(G) = ¢(P) : (2)

Hote that for every finite group G and each Sylow p-subgroup P of G,
<¢(P) < PN R(G). Thus the equality in the above inclusion assures the exis-
tence of a normal p«éomplement of G,
The aim of this note is to establish tﬁe following purely local charac-

terization of the superfocal subgroup :

THEOREM, o P ARG = (PﬂR(NfG(H)) o B €nB)>

As an immediate consequence of this result we shall derive a strong form
of a classical result of Frobenius which'gives sufficient conditions for the
existence of a normal p-complement. The following result was also obtained by

Alperin [1] , by another proof :
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COROLLARY, If N?G(H) has a normal p-complement for every H ¢ T(P), then

G has also a normal p-complement.

2, The arguments. Before starting the proof of the theorem, let us make

o

some notation conventions. If H £ G, we ghall denote by HG the intersec-
tion of those maximal subgroups of G which contain H, The following lemmasg
are elementary :

LEMMA 1., 1) If H g G, then Hg/ﬂ = ¢ (g/m).

-~

14) dAf H SK £ G, then Hy < Ky o

e

LEMMA 2, If H $G, then R(H) < R(G) , In particular, if G is a p-group,

then for every H <G we have ¢(H) g ¢ (G),

The proof of the theorem uses at a key point the following characteriza-

tion of the superfocal subgroup ( see [2] ) :

LEMHA 3., PARE) = (P16

> ;
The proof of the theorem. Set P = ¢ PN R(N,(H)) , H € 1R} > o Tt ds

clear that P~ < P R(G) since by virtue of lemma 2, P Q‘R(NG(H)) S PﬂR(G)
for every H € T(P),

To prove the converse inclusion, observe first that by Alperin's result (1)
PRl s CEONRN B eNP> s L EARWEAR)) B Rl =BT
since N, (H)' < R(N.(H)) for every H €2(P), Thus PNG' <P and by
lemna 1 ii) we have that (PN G‘);) s.(P*);,. But by lemma 3 (P N G' )Z, =
= PMNR(E@), so PNRG) < (P’"‘);. Thus all we have now to prove is the
equality (P%)‘)P b .

Note first that P P, Indeed, if H € M(P) and x € P, then HX & T(P)
as oné can easy verify. On the other hand, conjugation by x € P sgends '
PN R(N,(H)) into P MR(N(EF)) s F°,

Moreover, ¢(P) g P¥, Indeed, $(P) = R(P) = RP)NP <P N R(NG(P)).

Since P itself is a tame intersection we obtain that gb(P) = a3 .
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%Q P, the group P/?F?)é is elementary abelian. Therefore

Since ¢(P) <P
$(P/P¥) = 1 ., But by lemma 1 1), P(P/PX) = (p*fP/P*. Then (P’*); = P ang

this completes the proof. //

Proof of the corollary. Suppose that I?RG(H) has a normal p-complement for

every H & T(P). Then since H is a teme intersection, NP(H) is a Sylow p-

subgroup of N,(H) and by virtue of (2) N, (H) f\R(NG(H)) = <}5(NP(H)).

But N,(H) N R(N,(H)) = PARMNG(H)) and (Np(H)) < ¢ (P) by lemma 2,

Thus PN R(NG(H)) < ¢ (P) for every H € T(P) and by our theorem P N R(G)<
< ¢(P), Since the inclusion ¢ (P) < P N R(G) is obvious, PN R(G) =

s ¢ (P) and G has a normal p-complement by (2).//
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