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0r:. 'bl:e S;:ectru.in of a Sterb].e ilanle 5 Reflex;i.rra,r $heaf on F]

Jl).$trJl uoiJr]oir

Depertnc::'1, of i.;:ttrc;.:&'tics, Il iC;ll lST, Ed.P&cii. 22C, 796?2. l

Bucl-r-ar cst u J:loniliria

n  
' l - n * rn l l r r  

n * . i  ^ -v e .JJl-Ii-u-9-V-q-!!Qp-

q,

r i lhc r t i ' rnn-Lr ir ' , r r  Of At S'CAble.f&t1] i  2 VCCtor buni i -Le..Op IP2 l , lAS def irred ancl& ^ L V  L / y V V  V 4  ! . r : . r r  / g * r \ ( . . - 9 '  V f , Z  S  I

str.rdied by i ' /.Partir and G"il lencrvit jg in [fJ" ]heir. wo]"k \{i l$ ex'ccndeC

by }l.I i lrt.cho:rne'uo stebl.c rairk 2 ret' le-'; ive sire$ves on i?J in [:J anci
f -  . - 1  r  . 1

L4J" Tl tcu C.Okonc^Lr and I- l "Spi .nd- l -er :  i tave def ined in [6J-the spec'br.um
fL

oJ.' a re:f lexive sheaf of ar.bj-trary rank on [F/ and even nore, 't]rey

have ilc.['i:rec]^ in [e J til* *pcc'Lrurn of a t,orsion i'ree sl:e ef u

The' airn of' this p€iper i$ 'Lo prove sor:ne finr:r propertics of

thc *pcc:trun of e stab.Le rsnr J rcflexivc sireaf on F5 sinilar to the

proper'f:i-en o-t'thc speitrul:. of a s'[n]:]e rank 2 refl,.exive s.heai plorrei

by ii*llcrtsnorna in [1] er:a L4J- lln:r:t,j.cu]ar1y,vre s]:ow that in bire ce;

*l=Oo "bhe i,:aitr propcrtS-c* of thc specbrum do n.o'l, C.epcr:ci on the 6ene-

ric npli. 'bh:iig t;zpe* Ctrlr proof's ar-c acleptn'iions of the proofs gi-ver:"

by R.il ir:r't,thorne for tire r*inl:2 cc:.sc iri 'bi:e tl,ro papers nent,iorreqi. a.bal

As en apirJ.i.catior:, \?c t' ind. fr-irthe;, resl:r"ic'Lion; to be j:i l;:on*c

'Lo'ti ':.r, Ci:ern cl"asses of a stable ::ari*k 3 vector bunctla or. IPJ. llre l 'ri. i l

shovro in a f'ori;hcon:5.n9 papcr', tha'L, t.hcse res:'trictions ere sufi' icicnt

to €)ssjure the o>r:i-r: 'Lence oi' this i;ind of bunriles"

t' ilsslgtssl*lltitilllp- CILsl

Throu;;hou,t 'bhis paper rve. r,','clrk ovei. an el6eb.reical-1y e:Iosed. ficlcl ie

of clta;' i ictcrj.s"i;. i"c O, Lct -i: l  be a rr'LlSlte rairk.] vector Lrrin.dJ"e o;1. [r2

and lci $ be t i :o 1;r.rclc-rcl lc.-al. i ;ci: : :r 
u? ulf 

(9rr,r(g)),-k[*,,0,,],r.2.,J. l f l :en
'r

I  / *  / " : \  r r J .  /  i r  /  Or"-- _Lj/ r rr,rt ,  ) ) ir ls a nctl t .r 'al gtruct t : .r 'ei t>.f 5rnclct1- I l*r:rclt lul"e .
D z'  r ' ; t



Let p be e graclecL $*cubnoaiLrle of lio By the T-'lrcorem of Gr:auert*l'lii*

I ic l r* ,Spini i lcr ,  l i  h:r , l  the 6;cr ier i .c r :pLi t { in61 t ; 'pe (Ou0,Cr) or (* t r0t l )

i " f  c - ,==0u ( *1 ,0s0)  i - : i l  c r=  - "1  anc i  ( ' " : i ' ? * f  r0 )  i f  9 r=  *2 .
J -  

- t  
J .

Us5.ng-Ll'rc resr-Li.$ o:: Ie, f-lcc'b"IJ ci;rc;iets sio;i le i:tfot' i ir.a1,ion a.i:or-ri I{"

The n:i.rn of thi$ se c'tion i$ '1,o. shot',r tl:nt, v,'hcn Ii is stabl-e r orle cen

pusl:. onc s'Lep ilurthor tl:e, r:csu3t,s *or;ccrninii l'i*

!-gtj4l$'gg., Let il bc a reinle, 3 vect'r b*nc1}o on IPZ with *14,

lf euflt*r) );/s antl uo t:ifl(*r*1) )r0.

i:gl5 3 xgqS*sr,-Ii*:"qlqj* r',zJ-,erti;1,tl l*1" (rr-ei<luci;icn stcp) - Igli f l*--9.

iyl]lh ct"=o, -I or *2 $*g t -iiilli*iJJi--ll']rt--{gt:,; g{-ggSlqf r}o, ,i9*hffi"

n.,*(f- (*:r) O 1r, * i';he:t'e il- j..s e l,1.rc,:i"lj]i :f.t'rle S\r*4q,clq].e- Qf-:ii]iL 2.
-J, -" 

j, t v 
JL' lr ;;;;,"|;* '*-"*-;-*-*':r@* l 'r .**'**@

(a) Ie cr"{) 9: *1' llm^gx:qiY:e*9J*p.l:eggg}tr9:

*I or

that

( I )

( 2 )

oi='*t-I

( 3 )

( r r )

0. *" lt s *+ Ii "*, (0r,( *r ) *+ o

f)**? ll **? iJo (1.) ^-> Ft(I) *;7 $

Jhgl:g ]!','i;:-:l*g:,',:X

n t d  c ' { t - " ' - , - ' 3 - c ' ,
t7 ri J-

( Lt) I.f cr *
J.

' 4  r r . : : r . { . r t  h t t n , l tC  On
- /  Y  r ' \ r  V \ / " ' -  t - / u \ r \ r i

*2 {;hcn -Lhcrrc

o *> rn (- .1)

0 *+ li *+ lnn

[.r2 v;j. ' i '5 Cirrlrn cInr,:ses

f : , - n 4  n  : r t r n - l .  C ! . r f t l  t  ( r 1 ' r f r  c ) R  e
c . j -  r ,  \ , r r (  t v  i . , - \ r / , . L , v r /  o

*) n .*+'{9"(*::'i **} 0

*+ .rr(l) *-+ c

rffitg ito ]:-..c-J*:rii 5

.9 i tc l  g{"=go'-T*} 
"e e

Jlrpof . (a) 'JJe gt;'h. an epinoL:"*iri.si:t n *> 0r(-r) 
'by 

couposj.r"4 tlie

rnorphi.cr i'i" *+ (9r.,t*r) r'rj.-Lh 'L,hc res'Lr',lciion cp;-;:r..rrpl.ris;t X -*? i'],

Fuju i i !* i icr ' (n ** C],(*r ' )  )  -  Tire exac'L $cclucneel

0 *i # ( *r*r) -*+ {, ( -r ) *} ipr( *r) '*} o

i : j rcr ' ;s u;: 'hlr i , l ' t  {0r,(.*r.,) ir l , i  i r<;r. ' l : . i .c; i ! : i"cri i  t l : i .r i :et- ' ' .r ' ; i r : , , . :  { : t- ; i ' i  c) ' ;(r i ' i r  nol.: i  i ;*

It .fa}-Lolv: -biru'l,"lit i,:: el rtrr.tli 3 v';ctor bu.ndlc6

a1

IJ:gJrg,--b$IlL.Lt- *a:!.'rP' r+!:. -Q l',:::r-.q-h:.s:sg c'r' ::s
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\t: hnve ob'bainccl ti ic exnct $eq.uellce (1)" Using

que:ico (5) u* :f ' inil that the Chcln po).yi:or'ricr} of ifr(*r)

4

c* (t'j. ( *r') ) =I+"b"t" (r'r"1" ) t'-
l r -  l . r

the exstct se-

1 C !  !

i{or,l, the Cl:i-:r:"n cliis'$e$ af ll!

c e  ( 1 )  
"

Applyini1 tho Sir:ake lenma to the.exact corii l irtativo aiagrant

0
I

t .  rV i  \
Ir  L'""L /

I
v - A

o *+ nG *+ ri **+0r,(l*r) **> 0
' \i/ \" ll

0 ***+ ii'' '** iJ' *> {t ', (*r ) *> O! 
I" 

,t. ' '

r ! , . ,  nn+ o?r .  n ' l * r , j -b  SgCUCj : :Ce :  
0

Y r t i  6 u u  ( 1 r 1 ' w - ' - c 1 \

o -**+ il ( ""1" ) *) ll s **> FL *+ o

l t i ich tcncor. i i :ed by CI G) gj-vcs us t i rc e>ltc ' l  { tequcnce (2} "

(b )  S :L : r r i . Ln r ' . Ly :

Corol-lru:.L1r?. J&f'iU**t}.g-*llX5l-q*ig-i;;i-*p-I-.-i,-C.fi-,3 1*1 llq*hai"gr

(a) "Ii cr=O girg S l!-i"ls s:t:Ls,lal**ijLrgnj-,l;:-fiplcr,ls"--aiil-L!Alg;

t.\ 'nc q.! '  iJu ;- ,T (*: i . ,0,0).

g g  I l '  3 g  ( * 1 , * l e O ) *

(c) J[ 9= 
*z J:I$ ]J ]-,-o' tsil*gj*qi I' i.s*.?gl:t9!$]Lg"

Hq-of , (a) ilhcl exac-1, cccluence (I) eud ti:e dual of (2) sliov us t;ast

1f ( : i '  (*t)  )  =C ar:d i io ( j ,J n * 'r*Z) 
)=0.

Cel,re 1" . i l f  is stcbl"c" fu.t i : j . t  c i lse the esscri ; ion l 'ol .Lovs by i l te

tI ) c c11. ci;1 cr:il .i: i:u *:'i *. . ii-i" i c.ll * ;lp j.ri':.1 c r'"

C; : r :e  2,  I lo( l i * ' : ( * " r ) ) : /o-  f i :cn L i {  cat :  be rcn} izer i "  as &rr  e : l - t  cnston:

cen be corrr;:u'Lcd usingg tiro exaet sequen*

f  i .s  s: i ,nbl .e ' t i : *n !8 i*  stsble"

{) '*} J' *+ i,' *} r,,(*}) *} o



)
v;ire::o 'd is a cl-oseci. subseheme of ,lF( of cocli.nerlsi.on | 2 ancl F is &

semis'gnh1i raril i 2 vec:'uclr: bunclle on iPZ l'rit,ir c'1 (F)=O' Tire gencrie

s5, l i l : t ing' i . ; ;pt  o: f - ] l  i "L;  (Or0).  l - ' i ;  fo l - lo ' ; i l i  L i :at  i f  L is e Sener ic l ine

fc.rr ir l',trlcll. cio,.rn lto'il t.lt'u*;'selc"'c Z, tl:trn .lli'= 0, S dr,@df,(*l-)"

g j l : , 5 "  l f ( : ; ' ) ; r , l  r n r l  l i c ( l l ' ' u ( * 1 ^ ) ) = 3 -  l l i r c t r  I l u r ' c a n  b c  r e e l - i z e c l  a s  & n

ex'i,er:,1i orr:

CI -*b tr' *'i, iln 
{' *+ Ln *-> a

D
',:...iti.:::t Z i.t, f; C-l-*.tCd s;til.r;,rr.'.he;li; Ctf "iJt Of CCr<l"in"en$iOtl ? 2 ar:.d li' iS A

stab"Le ranl; 2 vec1jor t uniil.c or: [ '2 r,rith et.(ir]=]* T]rel generic *p]it* -

ti.r4,'i;| ' i-;c ti:i ',:r j-s (Ortln I" LlcL..l"cire 'i;he'b ij i L ic ri gcncri.c l*ine for

.. 1l r,,,iij.c]: rir:ci nnt in'tc::sc*t Z'Lhcn d;-gt:'l @ On @ dl"

(a l i: i  l :) u (b) e.rnd. (c) 
". l i i ,r:Liarly"

o

lrp'gr* L*')u j,,g: Ij !:.:***le!i}?.i,1-:3fi 5 :"ltlg*ltii*lg-gg iP"-'

(e)  f i  cr=O i i - : ' ' f r  L l ( l i ( * l )  )=hL(t i ( " '2)  )=czn

(a L:i; :) ; f  0.,:-:Q Snd n i* qi[11qlq*i j i i fn: hl( i j ]=]r( i l(*5))=et^"su
,J- .-

'1 'l 'l

(U) . j l l  * l= * :L 
" f : : t t  h ' ( i : ) )  -*?.*20 h* ( iL(*1)  )=ct ,  ho (T(-?)  )*c '*L-

(c)  JJ i  *1"= *2 i i . , '  i :  l i l  ( : : i= ' " r^ ' r - ,  i r ] ' ( i i ( -1.)  )=cZ* '1,  i r l ( ' i ( *2)  )=

=92--5 o

Pnor . f  -  ( -1r rn r rqcs ' thc T i ; . torcn of  Ri r : i ient : * l ioch"E .(_jjl::'o \,! I L.

.Lrlrr€! I"4* X* Z }g,S-g.|gjx:'Jl*!jl,il'-.S*l',4*S;ii P? gi:*:4.1*:ig]..gi: 2, I"* q

fiLq!,eii s-'gUJX.i*i&g:C .(j:)... tt"(:r,'(0 ) ) e:rl r1 o * din lln * llu'b
u f  2 i  

(  L

s., , . i io (O 2t i)  ) ,  jH*: 
u' : '  * t

"* iF'" ?

( i)  r*26r"-:r.

(ii) Ji o;<n*r= il..L 3]:grr,-:t*geg-:t*-q--*g["isff=slggg*i *e N-z 3

gric::" airi, c: l.r (,'i.f. {, ) " I o

,.?lt-Q:|. l ', it l:,1',r:: c::ilct irr)il i l, i l l lcos :
\

r # r , i r r I r r  r  i . ' O / , f l  / , \ \  - l - - . l r 1  r t  
' l  ^

t r  f u r f  i l )  * )  ] ; .  \ t t ' , , \ t  )  )  P ' - d h , b  r ' i  r * " , ( i ) )  * )  i t - L ( { , ( g ) )  =  0 n

Tlr . t  r r r - ! : - ' l f  ;1.  )  nncl  l . , , , t l : i r , r  i l . l  -  I i l ) ( ( t ( f  ) )=0 f 'or .  (  S *1" hctrce N^ ?- N^tl u i , ; i ;  - " ' ;  t r , i l  ,  - ^ ' "  - - i i  ' " i i o  i r  \ \ ' \ l , r i  -  
, 1  

- "  
t.t,,-,=* |) 

f, 
r' ..-1 

i' " i"
. L  ! . ' *  

V  - .  - .  j- : ' * w



2 d l

\  \  \  ^ ^  \
Let )'o, trl u lr, be a b*ris of Sr_ r,rtrch thr:t z\o cLoce+ not vc*-rieh

et any po:int of 7,o lfiic rno::phinrns O4*n) *+ t!rt;.) and t7,,t*L) *ro #,

cl;-,f'-inccl h;y' 'i,h.,; uii-L'i;ip-l-i.ci,i'i,iorr by ),^ aI,o i.sonoe'phi,trils* Pnl,'t,icu3.alJ.y,

= " ^ , . . :  ^ ! .
V cll.|-r- i) II o

. - 1' t '  I  r r :Lt
3  " 2 J  t  \ ! r r

r  \  I  r r  * n
" L /  I  v o  u L r

fr'ft h

rfl 'L

' l 1 i ) a *

Put , . l ,  u* { , l r l .30p oo"  u0}€ l ' i j ,A .  T i rer r r  i l i .n  i , : * " .1r / }  = '  J , "

.L,ciil:.r11 1o 5 * l,: ' '; X l:i a .:,{l{:to-r }-'l:lri l-l? c::
'1

o/{ i '  €  i I ' ( r  ( .^ r ! )  )  t i : , : r r  r l i l i  (S, "  r i :  ) l  z  
"

geg'qg, $oeo :{lol ' e;<ct:: ipicu L51 l-ri i i : i l}o },4s 1:roof of tire propc:"i,;g

].|'.g?99$19i J..o6o Lw x !i,;t;r,xJ:feJsl"',! 5 :'gq!c.i biii:Cle orr ir2
?

? i  . j  ^ - h  1 r L  7 . , 1  7 / ! .  t,,t - 
$rrli"(r:iij)), 

ir.t:".::l3lic_* s*_tULX,:.**L'*:_[ l'1 glsi nr; clrrn lI, o

(b) , l . f  c.,= -.t  i i i . ,r :  n ,- 'r{0 j . t inlr- i-r:r. l  t :  ."( n -,
I  a 4  d e  . . - L

(c) ,!l c., - *:f jr;t: n*.r ( c-,-1 j,:f*i-il ::-., { n^ "J A U

IrylgIo ; l ie sir. t l ]  us;* j . i :ciuction on r1'=c, t l :e c{i t}c d.=,L oe j-r:a v,}cLic',1c,

i{ou, sucr,1i., .1rc ' 'eir: :L (b) l l i l t l  (c} r)r '€} t t 'u$ fc: aLi st,r:b}c rapk i v.-c*
2  . \

tor biurii.J,e* c'$ F" rili'f]: c.;(. d."

5; ir . : i :  lo f i '  ct ' .d t l^t . : i r  (c )  j .s i ; I ' r .1S *
. a

4

jj^i-lb ilCI(il)*ii" Jf

/ ^ r D \ l
tr-r r- /J

i 'h ;i:ollr:nrs "Liia'L "blre nri;ItrpJl.**';ir::;r by }',, I tfl t2rt,il) *> bf @Z(*1.))

is bi,jec'l;5-'re * i:e"ncu: njZ* trj_:l.

L,ct Uo bel 'i,ltc oi.ren sc-b of p2 v;]rere \o d.ocs not
4

Y,le conrlidci. 7, &s a cl-o*ccl su.l:r;chcne o:i lI,, = $pe9 ,o k,
\  - r  

' \ r  
. \

t*'.,\r_,/)u {lrlJ 'tr::IilLu. ilrs icicii"L:ify t0"t*Z)lUu trnd 0*(*

r-rci"rrg th"e jtornorpli is;: is cor"tsii l i ::eri erbove. l lhen i ir, anci Nl1 cor

poircl to ve c'l;c.:r subsLrilqps of na (O,A) " llo (t\il is a qr.rotient ring of

(9tun)=i Ll:ro ba] "
I f  t t$,= -  n j l 'L l ie: i  l { , ' ,  . .  } l l lu i tcr ice } t r t2 i .s a veelr : r  sui-rspace

of if @Zt lrivar:i.a:.r't, -;,,-!-'L,i: respec'L 'to tl:e ur.r}'f 5.1:lication by 'ti anC t,

I 'b  foJ . Iov , ,s  tha1:  i . i t ,  i . s  an  idcs . l  c f  i i c t2Z) .  Leb z luuou lz r .  bo  t l : .e

po:irrt;o cf t l," lfhcri i i? iOZ)='0,r,^^".r, o.o o|i 0r, ,,t t irei:cc: l.trtr=I-, )( o o " 
>a -lrr,

nhcre r., :r.s'eir irr.crit crf d ,", '*',.1 srppuoltl i lr,, rri/ o lna 'r;Hs,L z.**(o,c
. J  a r *  

i
J-' irc;: rre can fi- i:cJ 0;i,11 /{-.\ sr:ch ttrat, i},.1.',r=o end t2,,}ro*,O"



. : - u . *

put  I ' ' * , i l * ( *1 . ) .  F  i s  s f  6 l rJ .c ,  c l (F) - '  *1  en t l  c r , ( l ' )=c2- '1  4 'c l "  i iT
' r J ^ ' l

is a grndr; i i ,  ctr . to 'hictrt  [ j : ; rr<i t l t : ] . t . r  o; l  i , i "=  ̂ Ci1, t i ' ( i j ( [ :  )) '  t l  S), i i "( f  1*{*2}} '
tq.7t-"" L€"/L

'rlr"t fr:::lfr:.vo d f\ 'Jr'=r $ "'\ 1 *-l i{s } aitrf tr, :j dir.,: Q., * \'Je }:.'t:vgi:
t - i J ' [ ,  ( . / , ' - : r $ 5 ' o  |  

" ( l . J  
t l  l * ' \ * ' v " - { , - / l  

- ' - . ; .  j f  I  c / . ( r ! r  t , u  " d '

y.r;ii;
'  J " r " ' /  . \ \ i

o 
-h'- ( it ( " 2 ) ) ""(i--A,= c ? 

( fj' ) *1.* ti* r " 
g 

Z*?'* l"*Z

: i , - - ,  .  * . .  r  -
r1*r.::|1r' (F ( "'f.) ). .Q*1''c, (jI) -q*j_=c:r*l - a-g

Jf ::r , { c,.,""1. tircn Q*.1;{ 0* i}y ti:c in*ucticn hypothnsier Q*24 q-f
- i . - 1 .  a .  

:

harrce n ., { n"-. *

,!j ';.fi,_t 2" If c',*6. tiren (])) is truo*

" tqgg l .  I lo( i r )")-0" Ti :en,  accor- 'd i . rq1 to"bhc l i i l i i lcarr  r . l f ,p lenur$ f . l ,
- 1  

-  ,  \  -  - - Q r ' ,  t t . '  \  ,

Lcii.*.r; l 5"fJ, yrc II1{tf $u,Fi)olie t}:a{: t}rer* j"s r, i Ae 1i"(gz(l-) ) r A is Ot suclt

tl:"a'i; tlie nLul'Li-p.licat:i'aii b;r )' : i'i*, -9 jl*. i's nrit 5-r:jectivc;" Let L

be 'l,h.r: lirrc c,:i:' ecuii'Lion X =, 0" Li,':in51 the er:':nct $(rclriCflCCi
\

i io (r* {*}) ) -*} ul(nt-.z) ) -;.. '" Hl( jr(*:L} ). ^  \ " T , \  - ' r  t

op.c f inds tSai :  I jo( l l r , ( - .1.)) ; r ( i ,  h-cnce L: i -s a j r : rn ' r i l i1;  l ine for  l i  c f  or-

cie:: r)0" I,Io.,,.rrr.,;g elnlr-i-; '  'L,1ie rccluc'i; ion s'Lcp 'Lo Il:

r / 7. L . w F
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**1*" *-t,.I {"8,r( *}) )*,i',} (SlI(-a ) ) rrl*2"r'r*2

(Ii enil (2t inpl-ircs 'Li:,at:
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st&bl.e rcnJs 2 vector bnndlc cir iI3At2 r';j.tir cr(I') * Qo l' '/o h.ave
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tro(r,, , ,(f l) ) *> rirt(,,t |* l l  -+ i* 6Q.)) *) ir l(r,, . , ,(f ) ')
a t g l ' L  f u g f l ,

one ; i ' : i . : rds tnat  r i l t ,3( i l )  )=hl  f t ,  (0))  for  a l l .  { . (* t ,

tiv* par''b of k;, i.s ideni;icerl 'Lo tJ:e norr.ir.oar,,i.un

posi t i 'o i i  2* l -  ( l : )  the nor i l :ega'bivc 1"rart  of  I<.ot  is
({,

hcnce the nonni:i; i i*

I-)arL a:t it.r.,t * l3y Pro-
6

c: : r , r l : v -  l rnnno t . tC  nUStv r ; r i /  v i /  t  . & v } 4 v v

h a v e  k *  *  ( * 1 ,  * 1 ,  - l ) ,
('P

c-r,gp- 2. hCI(19.r);<o f** a $enerel. pki:.re Hc{P3. [' i 'rcn ]e"i; ]2=(k1,k2,k])"

I f '  k r*  0  t i :e : l  ' i i r l  pr :s ; ib l -c  s ; :cc t . : i 'a  o f  
' t  

( .u" 'e  (0 ,0r0) ,  (0r0, \ )  ,  !? , f  i1)
(1,1,1.) iur<j (0,t,21 virj.ch nrc al. l- cormcctcc" tr tcr{ ^1, t}r-lf i l j t- i;3:

-,) .J-)

marl; 2*3s -hiicr'c is alt utrr;-i,abJ-er plrl:c for G; , l:cnce C: satisfies ti:e

c c L : c l i r : i c : r . ( j )  c f  [ f ,  j ' ; " o ; i o s i " ' b : i - c n  ] . 1 - J -  D ; y  i , ) : t a : r p J - c  ? " ' 7 . 2 t  k e -
6

=  ( * 2 ,  - 1 r 0 )  *



* 1 9-- /

. Thr: fol."}.ti';ri.r:g '1,,,,i0 :":c*ult,s i"rnn::ovo [8, Tircore:ur 3.5 antl Tco*

rern 4.1- | in '1,] i* c{ice ci:f '  " i;11* si;ablt r '*nk 3 rcflexirte shotivcs ai:d *re

.  r .  -  -  " 1s:i-:ri;i..t-:.'t' 1:o l_,{ u l"),r:'ciic.rsi"'l,.Lr,.lr 3*J. lr.t:il -Lrt-opc.,s::r-'L:.ion ,"1-.1" t'i:c prco:f i.*;

n-o't, slrt:rl,nlrt:.ii)."1;' clifi-c:.'c:r:'b :fll"ott 'L.irr,t 
11vosf' r:f 

'l,he mcn'Lioned. l"r:si.rlts,
at

cxcept 'Lhlt'i; ]]el'., oiic ils.$ fri::'tlrc"r: j"t:J.'clnla"Liciir orr ['2u ]io',,;cr"re", ,oJ gi.ve

all" ' i ;hu rk'1,*j""L.l io fot' t l i* co:-ri/en.i i ince r:f t i t"* r 'eaci.crn
aa rX

t. (, 1,o r) r 't:r-i r i ' i .all i  i : r 'rrrrl; ] refi"cxi-ve r;irce'i '  on l l jr vri L,h!?IgU 
'tn4n 

J*9*." "* .*"

c-, ,--Qr-,- i .  ( , . i - -  ' . . l in J-, i : i ,  i t  i : l  i r r . i .  : - i l l . . ' ,1;- : :  . : r t ' i r - : i l  ' i ; l i l : i i  g i '  * .1" jL: i : '  C.:r f i  * . r l  - , :1.
J- .L

*qI{ :it o ;{ c.r= *2, 1:.ryrr-;L{* b€- tiz(i((n) ) *, Iot*tgy-:r.].-tt.q IIcrS j;!
-{ -r /  's r)

br ,€ i , ' '  ( i , , ,  ( ; - , ' l -1 . )  )  t  i ; : .1  -1 , ) :c  : i l  r ; , ; ,?  of  i ;  l iv  i ;Lrc  l ro i : , l i i i . l . : :J  c l  ;  i l ' ( t (n)  )  '  - *>
i-] i.'!

r , .*+ il ' ' '  ({.1 ,(n'r} ) ) ' .
l 1  

?

.,j.iii:j'Jjl,g- j:.r:,li-Li-,lgl--'tl-:l - iiLl{j"i s: t ::li^-!J.;{*r',lq1jil;.-qJJ,L?"nc r- ilc F' , irli{o
\  ^  ^ , ( 1 ) ) "  

T i : r : r - r  biirrq-L.L "il}'-lih:i i:.i Ltti--h, * -i t . l't frr lirg-J--i.t, iii ii*f .cr ry I,, € Iy W4
.11 u.

t.c s,'c:rl.sr') r:olrr:*ro J-ine n:' fOv:i-a

f €. Ito l,:)-ri(l ) ) -

}t l. 'o?:f "
l i i* in'lendi to api.,J-y p,, Frcpctit:r-on 2-lJ.

T: i :  S *  O t : " )  the i :  t tZ t | (n) i *g  g**  a l l  r :q  z t  end Lf  €"*  t ( *2)

4 - 1 r a , .  , . 1 ' (  f  f ' t . , 1 IL{.r\"}rr rr ttur,,r.rl l=0 :io:r: ell l t}*1* It fr:1.}o.,vs tirf it in t lrcse cprrjes our

agcr:i: 'h:i"oit is vc,crjoll.: i* II*:rcc \ve u y [lssitme t]ret tne re,rtr, ic't j-cl:: of'

'b,o [J. 8i?ri{:rril}. 1:iJ-iir:c i,: sei-,rj..stab}c 
"

Jrtr"b S * ,(l I\o (0 ,,\Qj)'=l;L*crr>:.1 ,i;2 rr5l ancl let l,i bo 'Lirr: g:;,a*
{i '7;., l}) 

'- r- ' 'L

clecl S*'nrocLule .(9 j:( G(i] ) ) - , v;.I:cr'r: uro cicfir:c t,l:c graclirrg of i,i b}r

, .a 
i';j z"

trikirig # t(Q.))' 'Lo hav* c.cgre e .-f.r.nu Le'b l.i^c li lS be n plane sr-rch,
rl

.that :
(i) II^ ciocs n.ot con'bnin &r-{/ sin1;u-i-n:. point ot' €

"'/2( i i )  * , , o  j s  s c n : r . s ' i : a b l e

(j.ii ) b.,., iiO cincl ig *rr.nih:Lln i:otl bJ, a nonncro lincar fornr'-o
\ , r
A , ,  C .  J r "  (1 , ; .  (  . 1  )  )  , ,'b "() .-./)

Lct LC* iic llt: i{} /;o}rcr;i"c line o:f.' fn,, the pos;i. 'bion o1 rvlnclr lvil l
r I'r.

"p
\it



bn spcc i f ' : *d  l f l r .c : . *  t r * "  f r : . [na nato r ( ] - ) ) lh  vr r r : . in ] rcs  on i ] .  Ido ivu- m )

vre shoi'; 't, iri it. SsYrl'1 r,er:r:' ify tirc hypo"Liitsis o:il [+, i.holros-+ition 2.]-.].
' J''|i.i'*;"Llye T,,i) *irr:w tha1; r/ j.s i-ll 6;cnrrerl tr.ro*i-tiorl fcir hi ii: c1c*

.f '

groes I "L' i,*t il.r; \r, ir;,rCI, fi::ci ls: L iic ii'/ bg . ii1e p1-l-ine q:[" ccjue'[i*il

. l:.sO" ,,i,tr:' H)L," JIE: i:-ri,rc e;,;r"rc^i, $oql1ci..rc{,s:

fn;iee't, j.rrc j.f *f-r-n $ :."

Let h, 1:6 be a ba;*:i-si of V" Us:lrq:; the exact scquuilees:
e l

rJ

t tz (((0+t) ) '  **h*, # 6tI)),  )> i .r-  ( f i , ,( .r ,J.) )  r
' L

sno r'iil'J.s that i,l/irjj is * {;riirlccl SrrirS*mbncdulc of & ilt€- ff +t )) c/ * v u q * v  
" *  

{ - Y ' L  
"  \ L r t 1 \ L  ' + r  /

vrher"s ric cl*f':lrie 'l,Jic gri,irlir:i,r of nQ.,. lrl( frr({l*:.1; o by takin6
{a;1:-

nlt/. irr(.{ ' l ' : i .1; '  1;o hr.r.uc d,ri;r:c;c, *| -rn, i,ct, ).G if rri rt \ \ ire .i.1n imrle n{.b  r t  \ L ,  ; ;  \ . r -  I  . , 1  l l L ;  L . : r , r ,  J - u r c i ( i q ;  \ . r . i

h u  o

\* o is *i l eer:stior: of L-cn Ii" \ l ie Lrs.rre e.xact sequencel::

#' t1r,(fr e) )' -+ rft t€rrt;t-tz)), jli. t/ rf,(fl "r.r) ),
1 ' 1 r , n

I I * (6L({ :  l '2 ) ) -6  i f  - . f  ' :?  hcncc 'Lhe u i r . t - ' i ; ip } : icat ion b} ,  X;
|  . r t  ^  1  n  ^

H' (F l i (C I ' l2 ) )  ' - - \  \ t€H$,+ t ) )u  i s  in jcc t i r , ' e  i r  - f+ - ; : * t "

\'je havc sltor','n 1;tra'L'i.r j-s in 4;encr-'cl} ;tosit:i-on for i,i i":: de-
, / ^

f l rOe$ b  "1"  I

I ' iov;, \,Jef v(rl.,j. iy the seconcl coirci'b,ion of [,] , Itoposi,cj.or:. A"].].

/r* 1,ro obsflrveci bc:i 'orc, if ]r€\rc h;,{Cr t}ren ii/i}r,;:i-s a g::ariecl S,/nS* 
i

*eiubnioriulc of' ,,(D ii i"(4,f,,(f-l-I))', l ly tl:c propc.c't;11 (ii i) of II^ r.urd by
t t ; 7 : -  i r  - - o  - ' - ( '

ot-ir l '4y"pot,irc*i*, bH. iu ennj,iri latcrl by a nonzer.cr i-inear form
\ ^
i , ' ,G l l " ( ( : ' . , " ( i  ) )  : i t . ' ; . '  r i 'L l .  l ru . i ' . i ' j .c : , i . r ,n t l . 'y  , r ;c i ic rn l  i r€  \ i " ,  I iencc l  t i re  r rcoor l r f

eolxii ' i ic,,, u, [:f , Prc;:r-,;ri ' i; j.on ?-:LJ i:o]cis.

Ft4"Hti



* 2 1  *

It ::cii i l ins 'l,o ver::ify 'r,irc '*rird cc:rdj-tien c,f [4., p*otrcsi*

tj.ci:r ?-1J, L,e1t iroci Y i:l: such ti:.a'b hu*0 j.s &rj celuaticn of Il*- put

: I i , , [ ] , i  " } ' . . , / l iol. j  in I gr:nti i :c1 { l ; , / i :n,S..r ' ;ul, : . ioi. j i r}s o.f: '  l {  - 
^Q_ l1'"(| :( i j - t . l-)} u..,

, r 0

)-,<,r'i: I,of, lio t.rr the .]-:i"ric o:iJ rrilrratj.c,rr ).rr.,*0. Le't ir*. V be such tl:n.t,

h,r,  h i .s) l r .  i - , i is i* of V r. iucl lot ) ,{ iLotgi^ f  : l i  bc t}re ini igc of '  h*
L,

\:=g js] &lr f;(iria"Li.ol cif f, on if " 
($lVS), 

-'=, 
Lf t0r,(1) ),

Lc"t;. i:.: l jr j /n,",], j  au,l ' irei; i/ i i i i i  bc tire J.rragges of b" j jy the
Q

fi.caticrn of l,f;/i:roi,{ i'ii.tl: tl ;:ui:r.::oitiile of I'I, T corrcsSroncls to

h ' i  o  . , - , . - l  -1 . ' ;  
t  7 ' t  \

-IT J-w .,,,.,,,^,,.*"1*s-[ed i:y A,., henc:e b is et]H:i]: i latecl hy X,, f L-
""0 ^b ,,.'

\
I f  u 'er chcosc J.,  cr icl l  r l l ;at L f  Lo't i . ,c:n /r l r , lL i /  O

'fJc; l :avc cl : i .n i : ICI(di,( l -)) . .2* rt  J]olJo'; ;r :  gr* i ,  in o;*clcr tg ve:: i f ;

thj"::d c:onilit i.on" c:i ' f4, .Pr"opoi;itio:r 2-f] :-t cu:f'f ices tc {}}ro',,,,
' i ;hei"c : i -e & u€ ] jo(.9, (r))  sirclr  t trat r . ,"T I  o,

TJ

Tltc;.'* is a n:*r;lilir:n {nc;t ncccrisa.r,:i-Ly i::jerc-bivc) of 6;rnited.

$r/\It-i*i-ioih:.-Lcr:i i:;./Vj.i *i', j,lrz},i.l* The; iitr:ge clf 
-ii 

in i'#Xi,,i is _lderrtical to

"l,1.rc j.r,-r.:igc *[,, 
cf br. -i.,n MX]{" Usirr{] t}rel e>:ect seqLionee$l

0 a

#  t ; : ( [ + .2 ) ) ,  . } * , , , t t , ,  ( [ + ] ) ) ,  - L1 f ( r l  ( # r2 ) )  s

oi:e fir.icis 'L.i:.i,:'i. i'iAit .i.:; a gr:adcii Szr\r,$*cu?;;:rocluLe of ,,.$-. Ho{n, (f"*-l))

Tu r- ]i/,\ii *c:rc*pc;r.:c1s '[o tire "'i::irii{c b", € llo (-ii" (r':-.-2 ,r,'7'{t 
r-l

f , J r \  
r '  ( r t ' r v ' ' r \ i r J  v \ /  v { ' t -  - - ' "  - ' i ) '  - L  -  ' -  \ r ' j :  \ r '  t  t -  /  /  \ r ' " I '

"  
t  n ,  ' l

b l i i { ; i . ' r ( ; j ( i i - r - .1 - ) } '  t ; y ' i ; } : . c  inor i : i r . i , t l ' \  :  # " {1 l (n+-1" ) ) '  , * }  t f  ( r l (n ' r2 ) )u .
\,, ,

ft fo-1..!.oi;i: tl":::.b i. 'b st{f'-{"ices to sl:.ol', 't irat one can c}:*os;c t

sruclr i,ir.n'u 'i:,i.ii::r,e is er u€ Ho ({rt(I) ) s;c}r_ ilrat o'bL { O,
t

Si:iig 1e n) (l c)n n= -"1.., cr=.() I 'rLr.l Jir. =A;

:r"ci.elrli*
'lr

l t-'()

th.c

tirat

T 't

f icrrs to $]to\r 'Lirul; onc crur ch.oose I-r $ucii

u fn dJ.:.rs easo, i"t sr-rf *

'birat br;/O 
" Irideed,

0, l:rn.cc 't i tc r; ior.pi.ri.sn;

I t o  f l . '  1 : . - r . 2 \  \r r  \  ' / l \ . 4 ' . - /  /
r  1fJ , '  1- '  /  1. , , .  !  \  i  . . : :  \

- ! . ,  
l ;

1f 'qr / r ( t ) )  **+



ir,: qrrr.rr.r.f.'ivn* L"b :f'o.l-lor.ls thrlt i.:i hr,/C) t;l"l.ct: there in a udlio({.1 (}))
. L L l  t \ 4  1 .  t l L \ r '  v J -  v  ! ,

$u.ch hlr*'1, br:iio(Ilr,(r'r-l 2)) -*) lc coiirposccl i 'ri l,h t}re rnr.r-l"'t,j-pJ.icnti.on by

ri : i to (I l r(rrr- l )  )  "*-: \  t f  ( . I . j . t , (n"t" i : i  )  : i , r  no.nac;rou that io, $ueh t l : .*b Lt*Lrr i ' {O"

'i'i e }:"*''re firn c')iffc h l; eciucri,c ct ; 
\
/\ t".t

tf"(.u., {n'+'}) }$ --+ lf-(i l(.,r+:t) } '  --l l t l+ ri l 'Cr(:r} ) *,.ro

\ -X,, "br.r.'0 i-rirpl:i"os t,l:rrt tr.t ier t):.c i 'ningc of a nonr,cro element
"'o -'o ()

b^€"  ] i ( 5 r  (n+ ' l - ) ) 'H l l c ; r i i ( l i . r .  (n+ -1  ) , (0 r ,  ( *2 ) ) "  The t ' e  i s  on  r?2  enc l  s
Q t O - o - o

noirz',o:,ro ,.1i* Lo ({.tL^ (r:*2) ) such t}ra-L b*tIL^ (il ': '.I-) *} tlu"^{*z) j-silL}re:
- 0 o " o

ce:lrpoci.tion cf r.;n epi,ltorphisn 1lr, (ir+t) *>$1, (*r) anrl of the nulti*
J J ^  

" C ). U

pJ. i .cEi ' l ; io r :  by tP ,0 ,  ( * r )  *>U,  ( *2) .
' - o o 0

Let 1:;.fr(n'r ' l) -^+,t!.,., (*r) bc the co;:posed. map il(n'rl) -*+
"o

** Dl, (n"r}) **^('{, (*r'), Ur:Ln5; 'bii.e erxac'[ connu'l,at:ive ciieggrainl
o %

0

ai:e f:'-r:.d.,*

X
*) Il(n*1) -,*") I-i(rr-r-2) .*"-'> l:i,- (n"t-?.) .*;F 0

t l . . r r r
lP  .  [ u  i : r  )  l i '  ( " r ) l r

'*-+C' 1-"; )-',' LA ,{ t*r'i-.I-) --,' 0.\ ,r.' (*r:+})
.r0 ,.ro I-J I I rro

r: cclir:ii.r'La-L.i','e clil:grara:

a1
T 1 v
t,),

. . [ J ,  u  r  \  |  . r
I r  \ P t l . l l  l ,

, "o
I L

t t O
t i

E
(l:1. (::r-2) ) **-***aF

J J I

I
I

) t
I

+ E
C.'^ ,  (*r ' l -1)  - -**-+

I.i t I lrr

v l v' . 1 ,  B
( t t i . . " .  - .  ( ' .1 )  . - * - *^ - *>
"- 1, f\ I.,o ' 

''' l

Ll'1(it(n+-t) )
I
l r

I  i : - ( l  )
I

'r {r

lir' ((J, ( -r,)
t'lcl
I lit

r  { ' I

I i- '(d, (*2i
"ro

*-> 0

)

) coiupose:d lvith

l:io::'pl*srn

Tirc: ur:1.ti.p-l-ica"licu: by ,i? ; t*rrr,,r(.-:"")) *+ ltl '(#l (*2)

1
;l:L (p) i.* lrl.T-- ,'-rit(l l.\,.... (:(ji::tlott,:d. l';:ii;h 11 :iir br., " 

'Jll:rc

S ; i ro(rr : , , r , , ,  "{*r)  )  -- l - : ,  rru(q,_(*t)  )  j .s bi . jcc"t iveu
1,, t'y'



* 2'1

If J, Cocs n<r'[ con'i;er:i.rr any poi-n.t vrhel's 11 veinishcs then thc

rnur l t i . i r .1 , : ' r -c ; l t : ia ; r  byt r :  I io ( ( t r ,nLo(- ' r :+- - r . ) )  * - )  ] lo( , !s : "n  Lo(* .1) )  is  b3. jec*

t } \ t0  6

p(1) i  l ,  i - l ;  t l tc  cor : ipo l iL io ; r  j l r ( r r r2)  *+ i l l r ,n  r ,  (n '1"2)  - *>
.r_J I I J_Jo

.--*.=:fJ., ,1 .:. (*;,-i"1.) 
" ll'ir+ mep llCI (l:1", ,. .,. (r;.r2\ r -*;:' lio 1/rl . (*r"r-I) )"  * '  

i '  f f  i ' . r  t  ' " 'J ' ' {^1 l 'o ---  " /  t  4 }r  t -L r l  LCI

sur" jcc 'b: ! . . rc* IJni" i :1; 'L i re cx;rc ' l ;  $cquonccl
r" l  : i '

0 "*+- IJr,(li.;--L) *9**-v lJr(ii+.Z) *+ ldlftr-,o(rr'ut) *> O

oile oLr'i,il-ii:ir ili-r c;,:r.c'i; rioer-iflsggi

Ho(.[L(n-r2)]"**] ] to(rLn Lo(r.*2) i  
*-] I l-() ir,(n+t) ) * 0,

l i cnc :c  ' t io { ;1 .  f r :12) )  *+  l lo r l i . -  ̂ .  (n ' ' ' 2 ) )  i . s  sur jec t i . r 'e  n  Co:x . ;cquent }y ,r 4 v . a v V  f 4  . ' . : i : ' , . . . .  l  l  .  a }  1 , , i ,  
f l  . [ , o

} f  {p{: t} lT.,) ' is ;r ,rr ' ; ; r ;ct iv 'e .  I ' f  fol-}ol '*  "uhert br,  i ; r  surject ive, hence

lr .l ta\r'1, rr" r/ t

#;g 2. :r= *Lu ct-u ant l  1i , , .= (! . , ,{*r)  O Or, O dT,(I) .  Ti ;cn &n art j i }*

mcri."t uscii i.n "L,hc tr.':cr:f o:i' tlic Ci.lee .l sho\';s Lrs that the;r'er is a uiri*

qir .o (rrp ' i ; r i  i lcal l t r ' )  : ; .o:r: . ;cr; 'c clcrren'b fr*f  ( I , ,(1) ) '  nucir t i rat * ' f i*  C

foi,  e-1.1 r: ' .  t : .- l io(t lr ,(. t .) ),  na.r, i : . i :r  ' t ,hc oitc \. , , i lose l;c:.,r:el.  is "Q t 'n /-t  \  /1-rn \(1l\r-/  tJ

CI *+ tle *+ ]1 *il+ o, (*r) -+ 0-o

" tliLrvistcci Tsy U-,.1 (1") er:d restric'red ta L gives an
' "0

0 *+. ltj! (:l ) --> 1ir,(.1.) *il1)l];|i{1r,.., (-r+.1) -> o
t I J J O

f t  : f lol l .o' . ' ;s t i i ; .r ' i ,  i i i :  i ra,rc ei;. t  cxact $c:(r l tcrtcol

0 *-:, ;ic (i:tl.(1) ) -+ iio(l:;r(-t") ; .";fJ,:r('1,)J.Li.r, rro id.,.,,,,, (*r+t) )
-(J aJ .I., I I .1.J0

1 Q

citr? /2\ \ r::"*sc::vi:.:3 ,cl:t. '  r:o.t,a,ciong used in tire cgse L y;e app).y th_ev "  
L \ . * / , t  

q

recluc'Lic:r step to ll &',I1cl I-,,., I

The &bc'i'c $cciuerlc\ir

c i r ' * n  *  4 :  r a n l r  r ' i ) ' \  r r ,v  - r u  v  .  . , . - - , . , -  - - . *  c  j
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