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The cLasslcal .  theory of  c l . is t r ibuted controL systems is

most ly concerned with l inear modeLs in which cCIntyol  appears in

linear fashlon either in the i.niromogeneous term of the equation

CIr in the boundary data (see [ r ] ,  [ r :J ,  [ rzJ ) ,  More recent) .y

work has begun on nonLj .near controL systems deser ibed. by var j -a*

t ionaL i -nequa l l t ies  mot iva ted  by  f ree  boundary  p rob lems mode ls

j"n f lu ic l  dynarnlcs,  heat conduct ion,  d i f fusion processes an6

l i nea r  e tas t i c i t y  ( see  IgJ ,  Lg l ,  I t f ]  f o r  bas i c  resu } t s  and .

appl icat ions of general theory of varJ"at ional inequal i t ies)" In

I rq j ,  F . ] , , t ignot  obta ins a qu l te  complete set  o f  necessary

condlt j .ons for opt imal i ty in quadrat lc contyol probl-erns governed.

by the ' tobstac le  prob lem* and "s ignor in i  prob lem' j  an a mat ter  o f

factx  the theory developed in t rqJ can be put  in  a  more genera l

context and. in part icu}ar in the ease of control" problems

governed by parabol"tr"c varlat l .onaL inbqual l t ies [r f  J o The works

of ch.saguez surveyed in I16] are. on these Lines vir i th main

emplrasis on s.pproximation resul"ts fqr eiptimal" controL of free

boundary systems of paraboLic type. ( In this context rrre must als

ment j-on the pioneeri .ng worlc of yvon [fg].  )  A generaL theory of

necessary condi t ions for  opt imal  cont ro l  prob lems governed by

variat ionaL lnequal i t ies cen be found. in the authorrs baok I iJ,



l lere we brief l-y su]rvey some of these results end use or aclapt

them in  order  to  get  exp l te i l ;  desor ip t lon of  the 'opt lna l

qontrol-s for f tome nonl inear inodeSs reoentl"y considered in

t i teratrrre C te l ,  [roi,  [rz] ,  f : .al  .  )

1" 0PTII'Iitl C01[TIi0], 0F ti{n OBSfACLA PR0BLUM

tfuroughout thi .s **ct ion .-#* is a bounded and" oi)en subset

of nN having a suff ic ient ly smooth boundary f  "  Let.  Ao be the

second order e1l"yp't ic 'Sif f  erentJ.al" operator

(1 . i - )  Aov  =  -  
-4 ,  

(a i j ( * ) yx -  ) * -  *  uo (x )y
J - I J * J .  . L  d

l - : -  @ ,  ^ .
where * i j  €  c ' (^ f l ) ,  &oE U (* f? , ) '  a i j  =  *J i  for  a3.1 i3J '  ao)-o

in ;(^A and for some &J ) o

H

X" *ij(*) f, f t pr,-,{}l: #}e nn, x€ ra.
" t  . i _1  &o  -  -  f r  €
- L l d * r  r r

Final i-vr J.et arLI l( fD xHl(fS *** '>R" be the Dir ichlet form

assoc ia ted  v r i t h  Aor

n ?

(L "z )  a  ( y , r ,  =  
# ,  )  

( * i j ( * ) y * r r * j * *o (x )yz )ax  ,
L t s

y tz e IIl (fl )"

(Iiexe and" throughout in sequel, Hk(fe.) and H:(fu are usuaJ.

$oboLev spe,ces onS- '  )

Ie t  U be a rea l  l i i lber t  space end Let  B be a l inear

continuoue operator from U to Ir2(J?J. Sor 8, f ixed f €Szfuf-t)

and. frome input u€, U consid.ey the -M associated

w i th  opera to r  (1 'L )



)

( * o t r * n u * g ) ( y * Y ) = o  & r s * f n  J L

(1.3) Aotr*Bu*f} ;  o,  v &Y &c€o fn ^f t

Y * * :i[n f

vuhere -.ft6 Hz(fil is a given functlon such that 'Y 
& o inf l

under ou,r assumptlon,s, the free boundary problem (t,j) ha$ a

unique eoturl.on y6 r{}(Ju fi xz(-fe.} }

I f ioye prec$"se]yu ' ] '  fs the soJ.u.t ion.to vayiatlonal- inequality

(1 ' 4 )  a ( y r y *z )  - 4 ( y -n r f+Bu )  #  z . €K

f  , , t . * .  - r .  1where K = 
ty€ 

H;( - f , r )  ry  &Y B.o@o L"  JL 3 and,  ( .0  
" )  i "s  the usual

scale.r prod.uct ln i ,2(JS. .

f fe  assoc iate n i th  e tate systern (1 .3)  t f re  fo lLowing

optimaL controL problem

niipJmJ..zrg

( 1 " 5 )  s ( y )  +  h ( u )
't

q-n.pJ.l  v€H*({e)Xnz(fA) F1d u€u eej3€gJgns nqs,(1.,3),
l lere g;r,z(-f{) **p R is locally r, ipschitzo hrL2(Jt) -:>ff ,

r J-sc n+ wJ is 
"o*ou*', 

lolver semi.continuous and

(1"6) e(yu)+Ir(u) ** + cs for f l  uf l  
U 4 + cyq)

r i r he re  y t1  l "  t he  soJ .u t i on  to  Eq . (1 " .3 ) ( (1 .4 ) ) .

Then by standard arguments we infer that problem (1,5)

admLts at J-east one optimal pair (y*ruu) (see for instance [f ]
p.62) " As regards the characterLzation of opt imal arcs (trre

maxlmum princlpLe) rrue have the folLowing result  t [ f ]o po$2),

sI{soR}lM t. &e}. (y*ru*) },e, qJr. gggltrarji. oglimg.L pg+{-:+

M (1.5). Sire-:+- JreJr,g lq. p€H}(-ru vr+th
Aon €(f(i?) )" aqd I u 

"'(Ja) 
F*e} ._tjle.t I e Qe(yF) eqg



measure A*n+! vr i th the functton ys- S rvhich belongs to c( j f , , )

( t "T)  (anF)*n  
.F  d  o  &o€o in  f  * ; r " (x ) .> f  Cx lJ

(1.s)  p(Aoy* *Bu#*f)  -  i ,  &,*s* Ln JZ

{ 1.g }  g"p g Qir( ,**  }  -

SS lS n$ 3 Shsil IJq.(1.?) selr.*b**$igs*fii&e4*-te

{ r " l "o}  ( *op*} } (y* -Yt  - '  0 n,*€ + f.n *(?. "

Y{e have r lenoted by (Acp)- the ebsolutely contlnuous part of the

me&sure Aop6 ( f , " t -eU))*  and by (aon+!  ) (y**y)  the pror luct  o f  the

i f  1Sn6 3,  3y ?g **  have denoted the Cl -arke genera l . laed

grad.l"ent of g and by ?ft  the subdif ferential-  of h.

Theoren t has been proved along vl i th other related.

(1,11) ee{y) + h(u) *  }  f i " -"" f f i ;

gS*-sI} (y'u) s*hl,:s-t. "ts

resu l ts  in  [ f  ]  (p .84)  (see a l .so  [2 ] )  v la  an  a l ip rox i rna t ing  processo

In fe lnr  rvords the ldea Ls to approximate problem (1"5) by

the follol 'r ing CInes

L{inlmire

(1.1e) Aov . Siy-Y) = f l-}u in &

Y * o  i n  f  j

I le re t )  o ,  g& and #t  &re smooth approx lmat ions of  g  and.  f * ,
. - 1rn part lcular 

,Pu 
can be chosen &s a moll l f ier or gpucrF - e-l r-, :

l t e "  
c F

^ F  * l f  2  2  +( 1 . 1 3 1  $ ' c r l  =  e  
- , 1  ( ( r  - € - o  ) -  -  € - #  l s ( @ ) d € p .

-c f l

Let  ( fU, ry)  te  eny appro:cS"mat ing paf r  in  prob lem (1"11)"  fhen

thes,e le ee€ l{*(-fi.) fi uz(J?) such that



Ao&. .J$tl6 *Y) * f+Bug fn {7

1n*ope - pl& *f )r*

*rp€ gG rr(16 )+u6 *u#

It turns out that for g -**F or

u€ **-F u* strongly in U

ya y# weakly in I{zLfL) and.

sr rons ly  in  H*(JL)

o&,
.S-(r* 

-Y ) ---* f{'Bue -Aoy* weak}y in i,z(-fl)

and on a subsequence (agaln denoted € )

rveakty rn n](JL)

Vee(ya) **+ 
568e(y*) wealc1y in I2LQJ

9 c
q C

]cp
f

=:  u(u*) *fL

P e  * > P

#u(r* -Y ln*
(uu -Y ),f \r- -f ) -* o strong}y

( . t . t4 )

on aLl

n #u(t 
-Y) *-* p (f+Bu{+ox* )=o- stronslv rn r.,1(Tr)

* f{ weak star tn e ffC^All*

ALl" these reJ"at ions taken together imply

clalmed..

i* T,l(*re).

( 1 , 7 )  ̂ ,  ( L . L 0 )  a e

At  fL rs t  g ) .ance  Eqso(1 .7 )c * ,  (1 ,10 )  seem too  in t r i ca te  to

prov ide a prec lse descr ip t ion of  opt imaL cont ro lLers .  However ,

rrye rvl l l  see bel-ow that they cotrtai"n suff lc ient tnformatlon for

the expl lci t  solut ion of some typicaL probl,ems (adm{.t tedLy of

l " imi t  ec l  genera l l ty ) ,

.  Consider the fol lor,ving problem

([raJ)r \lpxw+ry,
1
t"

)  y ( x ) d x
o

a

Y €  H ' ( o e 1 )  r  u €  U  s , r - r b j e c t  t o



Snre  *  u  6  6*  9p  01  {V* r+u) f  : : :  $  & , *€*  in  (oE l " )

y ( o )  * y ( 1 )  = !  s

( t . t s )

J-

j  u (x  )ax
o

is the

* *t,{ j" t*;

where

c
( t * l f ' r )  u  *  

{ , *e r , *u ' (osL) ; * I ' I4u(x ) .4  
o r

I t iysS.cnl ly,  (1""t5) repsesent J"n the plane oX y t ihe equatj .ons of

s .11 e ln ,s t ic  s t rJ"ng c la :nped at  the po ints  (OeL)r  (L-L)  and

pressurecl by a vert ical i 'arce ut( U ancl l imi ' i ;et l  f r 'om..belor ' ;  by a

rigici  obstacl-e y=o" This is a probl-em of the form ( i""5) rvhere

1

)  v (x )ax

0  t f  u € U

h ( u )  =

+. c}'ar Othefvti.se t

e { y )  s . ,  y€ .  1 ,2 (o '1 )

r
t
!
I

{
I,,
{-

soLu t ion .

u and. it

x) -6 r&

F  
" 3

Y = *1 and f .e 0o

As noted aboveo th i "s  probLem.ad"mi ts  a t  Lea 's t  ond

V/e note that ? rt f  
"  

j  is the normal oane at U in

set  o f  aLL 
f  

g  o ' (or1)  such t l ra t

( 1 " 1 ? )  
3 t * )  

=  A  i . o [ , x ; - N  c " u ( x ) 4 , 0 3 -  ] C

r '  I x ;u (x ;=-u . ] ,  ] t * : ]A  in  {x ;u (x )

where A is some real number

thus accord.fng to Theorem l" if u{ ls an

Ln probleu i  (1" .19)  t t ren A )€R such that

f  - N  i r  p ( x ) { A
( l . t a ;  u F ( x )  * /

L  o  i r  p ( x ) ) A

.I

where  p€  I ' I ; (  0 r1)  sa t  j . s f f  es  the  equat ions

optirnal, control

='*1@



7

( t , t 9 )  F * *  +  t -  =  o  i n  [ x  €  ( o r t )  ; yo ( * ) ]  o  $

( t . a o )  p ( x )  * o  & , e € o  * " i x € ( 0 , 1 ) ; v f i ( x ) + u s ( x )  F a J ,

$ i n c e  e v e r y  s o L u t i o n  y  t o  p r o b l e m  ( t " 1 5 ) . i s  c o n c a v e  a n d .

cont inuousLy  d i f fe ren t iab le  (ac tua tLy  y  *HAfOr f  ) )  we concJ .uc le

t ha t  t he  co inc idence  se t  { *  *  [ o r r ] ; y# (x )  =  o ]  t u  an  in te rva l  h r t

o d a * b 4 L  ( i f  n o t  e m p t y ) "  f h e n  b y  ( ] . 1 9 )  r r y e  s e e  t h a t  p  i s  i n
o

I l z  cn  (o *e )  a : :d  (b r1 )  r  respec t i veLy -  L iog* *u* " ,  one  has

F x x  r  *  [  & o € r  i n  ( o r c i )  U  ( t r r )

f . . O r 1

*2
( 1 . 2 1 )  p ( x )  s  - *  .  0 1 *  f o r  o 3 i  x g a

( L " z z )  p ( x ) - - $ * * r *  * c q + I  f o r b g x g L
2 c . t 2

where CJ., Cn are some constants..

v fe  wi l l  prbve f i rs t  . that  f , * rn ]  #  f i  ana a4,b.  rndeed.  L f  [a ;u ]= 0

then i t  fo l lovrs  by (1 .19 )  r  (1 .20)  t t ra t

p ( x )  = - 1 . ;  f o r  o g x { 1

and so by (t , le) i t  vrouLd. foLLovr that ei ther u{(x) = o for al l

x e. foof l  o"  u*(*)  = * I {  for  at l  x  e forrJ o* , r j (* )  G { f* l  = o

for  x€ f?  u*-?J '  S ince 1[ . ]  ]J  and y*  is  cont inuously  d l f ferent iab l

on f0o$a11 these s j . tuat ions are imposs ibJ,e.  I f  a  = $ then cLear l
L - {

& = 
i  ana yi(a) = or $lnce u,$ takes the values -N and o grt ly

i t  f o l l ov rs  f rom (1 .21 ) ,  ( I "AZ)  t t ra t

r f*C") = -N for x 6fa-E ra+€J

r f , " t l )  *  o  fo r  x€ fo ra -€J  U  [ *+e  r l J .



Hence y*(* )  =  -  
Tt*** )Z 

for  [ * ** ]  4  g  *o,1 ys(* )  *  Clx+I"  for

x  g  [o ra - f l J  .  s i i cu  y * (o )  -  J -  we  a r rJ . ved  a t  e .  con t rad j .o t i on . '

H e R s e  o  4 a d  b d  1 "

$ow lve re turn braak to  Hq.(L"L8)  to  show . that  A)  oe

&esu.me f irst { f iat Ae o an6 &xgue frotn this to & contrad' ict ion'

I f  p(* )#h t ]=en i . t  foL lows by (1 .1g)  tnat  o*  *  o  in  fo ,a)

and"  therefore y#(x)  *  *d .*n; t  for  x  € [oEaJ which.  su ' re ly

co"nt rad ic ts  t i re  fact  thnt  yo€ i {2(0,1)  "  I f  p(a)  4  A t } ren agai 'n

by ( t - ta)  anc l  cont inu i ty .o f  .p  
'we see that  o*  ' '  - ld  ln  a

euf f ic ient ly  smalJ .  in terva l ,  f * *€  *a+e I  and by (1"201

pu* *  o  i ,n  [ara*EJ *  Hence p *  o  in  [ara+€)  cont rary  to  our

assumpt ior iso Hence AA o"

By a simiJ.ar argument tt follows that alsc) the case A * o is

i"mpossl"ble.

Now we  sha l l  p rove  tha t  p (a )  *  o t  p (b )  s  o '

I ndeed  i f  p (a ) )A  . then  by  (1 ,1g )  we  see ' i t ha t  r ru  =  Q  ln  a

nelghboyhood. of & vrhLch clearl-y contradicts ih. 
fact thab

y * €  H 2 ( 0 0 1 )  a n d  y d  =  o  l n  ( a * b ) *  T f  p ( a ) C , h  t h e n  b y  c o n t i n u i t y

- { 6 a tor p:* E -r( on some interval f lana+€] and. so by (f .20) p c Q

on  fa *a+  EJ  wh ich  Leads '  t o  a  con t rad ic t i on  i f  p (a )  f  o '

F ina l ly ,  i f  p(a)  *  A then th is  means that  p(x) )  A and,  so

,r* s o &n some l-eft  inteyval.  of a which as seen above contrad.icte

the fact  that  ys  *s  ln  H1(0rL) ,  Thus r . r le  must  have p(a)  *  o  and

by an ldenticaL argument i1i  fol lowe that p(b) s or

fo summarize, rrue have shown so far that A) o and the

func t ions  p  i n  (1 ,21 ) *  (1 *ZZ)  have  the  fo l - l - ow ing  p rec i se  fo rm

(see  F ig .L  be low)

f o y  o g i x $ a ;  p ( x ) = a r t r  - € X € b

* I ror b-Sx61
2

( 1 ' 2 3 )  p ( x )  =  i l

( r " 4 4 )  p ( x )  d  €

(x *a )

1

+ :  (u+t )x
2

2
p

x*

6



* ,  , 9

O*3. l-

Denote by.a l  =f i  az = *- f i  b l  = b+{,  bz = L-  ?
of  the equat lon p(x)  *  )

Fqng-bqne con,trof havir:g

( t " e 5 )  u * ( x )  *

.  f hen  by  (1 ,L9 )  we  see

the foLlowing form

the soLut ion
,t

that  u '  Ls a

t:

0 L f

a: rd  ( f  .e5)  we have

Ar-*

D1

Arx + B,

A^x  +  B^
) J

for  x€ far* tJ

for l  xe fef  r*a l

fo r  x  €  [a r raJ

for  x  e  [a rbJ

xG (o , f  lU  ( " - f , ,  b+r {  )  U  t r - t , t )

xG ( f ,**f,1 U (u+11 ,t-t  )

Since  y {€  H2(0 r1 )  f t  i s  obv ious  tha t  od .a*  1 *z€ .a |b  4b l4  b2  d . l "

Now by

y * ( x )  =

(  t . r 5  )

Nx2
T *
Crx +

Nx2
2

0

lrT"n 2*:a-. +
2

for  x€ fbrbr f  r



Crx + D, -  z * l - .  i  - !

l 0 r  x e  L b l r h Z J

M o Arx + B, for xg f i rz, I l "
2 I I A I

I f  f . rnposc the concl i t ions that yF anO. yf,  are continuous in

e l *  * Z u  a r  i r ,  b ' ,  b a  * n d  y n ( o )  *  y # ( 1 )  =  1 e

1"
(1.26) , j  r*odx = -N(2 J-*r tu +b-a) = * l i , I

we f l -nd after some e}ementary ca. lculatLon that Nal * 1 and

I {F  (1 -b )  =  1o  Norn r  us r ing  Eqs .  (L ,23 } t  (1 "24 )  aLong  w j . th  the
T *

obvious retat ion p(J- l  * p( l-Y ) ' !"re f lnd that {* r7 and.
L L

th.erefore b = l-a

,  F ina l ly ,  us ing $q. (A"26)  vre see that

( t ,zr)  T = r f  a ioo-**( ( I r-N)2+3zlI) ' /2) (BN)-1
L

(1.28) a = l :b i  (1,{*N+( (},{*N )z*3ziuf l ' )  /s,

We have therefore provecl that the g$jgl*g.odj"nal-conlr,ol .  q{

a*qLlffi (1-24) is..,!he-f,tgqll-sq .r" $-ej+neg.lry (t"zil ylrerc
r

B,p  b ,  d ,  
t  , 4 . !e . J r r - t ren -b ,X  ( I .ZT I t  ( l , aB ; .

{At the sdme oonclusion arr ivecl Yan:lro [ fBJ by a dif f  erent

approach.)

One :n:Lght expect to have a sirni lar descript ion of opt imal

cont::o} in two dimensions at least for sone part icular clornalns-lZ.

2o 0PTIxi/lI, COi{TttOi, 0}' Soiln IIOVING BOIIIIDARY PIiOBl}rtliS

Considey the fol lowf.ng probleml ! , ! j .n imize
f

( a ,1 , )  f  e ( t , y f i t ) ) a t+n (u )+  Y  ( y ( r ) )
o  l s



t"L

y€ i,2( Q) grg u €, r2( nr ) egh,Jssuscin al.ll"

( 2 . 2 )

y t  +  A u y  *  f o  t n  { t * r t ) G  q s y ( * r t ) }  o }

Y1 +  Ao l '$ '  fou  y&o in  a  s  x?x  (o r t )  
'

y ( x r o )  *  f u { x } ,  x €  J L

r-1,,
E" "J  T,W o e{-y - v in f f r t y * g ' n X e '

( e " 3 1  *  * A o  s  B u f o r  t  €  [ o r T J ;  v ( o ]  s . o .
-l 'l'
L l k

,dn
Here ld- is a boundedu open subset of Rn with a suff ic l .ent l-y

s n o o t h b o u n d a r y  $ - =  f r # { l  ,  I ; n [  = f i ,  f r - f ; X ( o u r ) n
i  =  Lc? i  Ao is  a  f l y runetv j -c  e l l ip t i c  opera ' i ;o r  o f  the  fo rm (L .1 ) ,

A

/ \  is '  a  l :Lne.ar  cont inuous operator  f rom 
" t (  

f r )  to  i tse l f  ,

3  is  a  L inear  cont inuous operator  f rom a Hi iber t  space of

i

:

I

O ' r
controL lers  u  to  l , ' (  A- r  ) ,  o4"  )  o  and

(2.4) ro€ 
"Yle 

2 ( ru, 13 ;t?(-ru ) .

( z -5 )  ro€H2( - f t - ) i  yo * o in fr, 
#. 

*4 vo * o in [:;,

As regard.  funct ions g:  forTJ Xr2(JL)  - ' :p  Re

h; 
'U *F, R we rvLlL assulne that

( i )  h  is  convex,  lovrer  semicont inuous ahd

(a "6) n( u)}t f tr l  ,r l l '  + c # u€ u
I T

"/t .
f o r  s o m e  d  ) o  a n r l  C  € R "

( * i )  g  i , s  measurabLe  ln  t r  g ( t ro )e  l * (oeT)  and  theye  ex ts t s

C €n such that

fo'rt(JU 
*--> R,



I+or evevy r) o there exists ln ? o such that

$s( ts ) , ) *8 ( t , r ) t  *  t ' f " (y ) *  H* (o l l *  r , r l t v * * ! [  
r ,a ( t tJ

for at"t r; fi [b,n]and &t r$[zq_$ + f;i *t\rr,nr6 r,

Uneler a.ssunnptlons (e.4), (2"5) ' t t ie boanda"ry value problem r

(z -2 ) r  (e ,3 )  t ras  fo r  eve ry  uGu a  un ique  so lu t i . on  y€ l v l t z ( fo rTJ ;v )

f i  y r l 'o* { f ,cng l ;H) .  (see [ lJo p" t5?)  ,

I {ero v *  {v€t{ l ( . fL) iy  
s o j .n f , r } ,  H = L?(JL) and t ' / l rP( fopt ] ix)  =

=  {u€T ,p {o rT ; x )o  
Sx  g  l } ( o r r ; x ) } "  I i { o reove rn  u :  fS "  

yg  s t r ons l y

in  c (Lor r l ;H)  
"nad*ea lc ly  

in  , , l l ' * ( fo , tJ ;H) l l  * r 'L f io r rJ ;v )  where

1r ' ia tho srolut ion to apirroXimat ing equat i -onu&

nE"'
y t+Aoy *$1v)  =  fo  in  A  * - f i -X(o 'T)

( e - e 1  y ( x r o )  =  r o ( x )

# . o { y * v  
l - n  F r , y n o i n  E " z .

( z , g l  * L * A u * B u  i n  f i o r r J ; v ( o ) = o
dt

rl t-

n,here # is  t1ef5.nec l  by (1 .13) .

f lhe fo l lowi -ng est lmate ho ldsr

(2 .10)  l t  e i t , ,u rn*  ( to , rJ  ;H)  f )  w luz( fo , rJ ;v)  
g  . ( r " r  $" [ ]y ) .

3y s ta .ndard d,ev ice i t  fo l lor ,vs  ths. t  opt j . :na1 cont ro l  probLem (2.1) ,

adnits at Least one optinal contvol- **n r1s regarcls the

characteri .zat ion of opt inral- control lers we h.ave the fol lowing

r e s u l t  ( [ 5 ] r  F n ? 3 9 . )



'1 t
.  & J

fnfionill,r 2 &gI (y*,o* ) bp-_.gn qat*rug} *psrulJ$--ugghls*
( z . i - ) c '  {e '3 ) "  i l en  the rve  ex is t s  p€ r ,2 (o rT ;v ) f t t ' l o *T iLZ(J&) )  f t

nv([o,T] i(v1]Hs(S]J) r ) ,  s] n/e sem-[hg! Fr *AoF 6 (r, tQ))" esg

f . *
0 t / .

(z , t i )  B , )  * -A 
t  s* t  )

*
U

p(s )ds  s?n( l r " )

( a - 1 1 )  { n 1 * A o p ) *  €  ? g ( t r y # )  s  c o e  t n  { . ( * r t )  €  a i y # ( x , t ) }  o 3 .

c

t z ,Le )  p (T )  *?y " (y * ( r ) )go  in Ja-.

G n(z -r-q) ,S+ .r- # p :: 0 in Xrr p : CI in

( e " t 4 )  p  =  o  B , s e "  i n  [ ( * r t ) €  a ; y r ( x r t )  *  o r  f o ( x r t )  t  o 3 ,

(  A" ls thq qr i jo int  os A ")

I{ n = 1 t,}Sg yfuc(il a${ aq,(?,J.I) F-e_*$tu$,

( 2 , 1 1 ) t  F 1 * A * F  * j e  ? e t r n y * )  i n  t { * * t ) € a i y o ( * , t ) ) o j

rqire{g } e r,2(S)

I{ere Bv( f,orlt l  I  (vf i}Is(SJ ) o ) is the spe"ce of functions

wj . th  bounded vay ia t ion  f rom fo rgJ  to  (v f tHs( - fA) ) 'and .
f t \ r(n1-Aon)n is  the absol "ute l "y  cont j -nuous par t  o f  the measure

pt4oF (pt  is  the d is t r lbut ionaL der ivat ive of  pr f l 'o r tJ  * -a  rz( f }J
, , } " ^  n
d  To ,  

' ds  
a re  the  genera l i zed  g rad ien t  o f  y "  and  y  - * ' pB( tpy )  "

-Bqgo{. Since the proof 1s essential- l -y the sqme as that

of  fheorem 6,3: -n  [ f  J  f t  w iLL be i :ketched.  on] ; ro  ALso for  the

sake of sinp).icity u,te wil l e,s,sru1e that g and

d i f - fe ren t iab le  on  f2 (&)a

For every €. ) o consider the approxfinating control

problemr SjIJnLz,s,
m
J - ^

P 1 (
( 2 "16 )  J  ( e ( t , y ( t ) ) o t+ r r (u )+  i  l {  u *ud f { . - .  Y  ( v ( r ) )

tP n Yrtr
J O



* 1 4

g**Rll (v,u ) 6 (wl '* ( [on:t 'J;u) & Tf] '2( f,oori; ir) ) X 12(ff, )

ggh;Lgg}*-!_A" f iqs,(2"8;,  (z.g) "

3 ,e t  ( v6 rus )  be  a  so l -u t i on  i ; o  p rob ' l em {e - }5 } .  By  es t ima te  (e . tO)

and ascjurnptfons ( i)r  ( i i )  vre "qoe that for &ry*bo

.!e
oC. 1**tr *r* strongly in U

(2.1?)  xc.  @ y r  s t rongly  in  C(  [onTJ ;H)

rveak ly  in  ' ,v1*** (  &, r t i ; i i )  *  l t la2(  i ln ; ' lJ lv )

uE *** u i strongly ln tntl '2t f iort] rf,zC f I )

where

d t rq  V c
l n  q A \  q '

\ c o . L $ )  *
, ! +( i u

0n the other he:nd., 1'{e haVe

T

+  A u *  *  3 u & .  & o e  r  i n  [ o r t ] ;  v s ( o )  *  o .

whero  h t  Ls  th .e  d i rec t i ona l .  de r i va f i . ve  o f  h ,  ( . ro )  and  { . r . )
are the scal-ar produ.cts j-n I ,2( l?)- 'and. U, respectivel-y, whi lst z,

l"s the solLrt i -on to

ie '
z f+Arz+ , j t  ( f g )z  *  o  i n  A

u(x ro )  s  o  i n  J l -

Q n r f r ,

"t|]| 
n d"z * v in

(2 "1g )  5  (Wf  ( t r ye ( r ) )  cz ( t ) )a r+no( *Erv r )+  4 , re . - . ro rw) f i  o  #  weu

X r ,  n  E  o  i " {

"  A V *  Bw i r  foor ] ,  f (o)  = o.

l e t  r *  €  l v l *2 ( [ ,ouTJ;12( rU I  f  r2 (or t l ; v )  be  the  so lu t ion  to

cLv
rdmn

clt

boundary value problem



'l 6

(ns)* *  AoPc *r*$*Cryl  s Wue(t ,ye )  in a

(2 -20)  rg (xur ) ' r  VYot r * t r ) ) {x )  *  o6  x  €  - fe

l 4 ;  ; . -  
- t -  v :  U e

t  f  t  h l
t6 ls  b

fi.^w  u , :

f f i  + e & p * * 0  i n H , t p * H o  i n fJ t  Y g

t  6 ?rr(us) *

2 "

Af ter  $ome ca, lcu i -a , t io .n  invoLv ing (2"19)  and.  (a ,eo)  v \ re  see that

f  t  -Ac t * s )
( h r  ( u ;  r r . r )  i  { uo *u " r r o }  

J  
: r *  ( { t l  ( J  * '  

o '  u - - o {Bu , )  
( s )as )a t r  d t  } . o

"L

S  w € u .  .

fh is  y ie lds

r -Ai s-t )
( z , z : r l  g t ( . $  e  

s r \ P  
" n r r s ) d s ) + u c  H u

t

Next we mult iply sq.(z,zo) bq nu and ssn pe and. l .ntegrate on Q,
F/e  ob ta in  the  es t imate

. . , 2  , 3 " "  o o l  f r : o
l [ pe (*Xlrr(pt + 

J tt n, (tld{"r($Ju** 
d 

tS'(ye.)r"[ a*at€ c.

i  \  ? -  ' i  '  u *u  in  l r l (o rT i r , l ( f t ) )+ r ,2 (orT ;v , )Cr , l (o rT ;H a n n a  1 ( ' n
t ' r - g  ) 1  )  i s  b o u n

(Hs( - {e ) f iV) ' )  fo r  s> f r /z  (by  the  sobo levrs  lmbedd lng  theorem) .

Thus on a subsequencer wG have

4

pg .* .*  p vreakly in T, ' ' (orT;Y) and r teak

star in fC o iT ;t2 LrL) )

and by the Hel1y theorcrn

n  r t )  - - a i  p ( t )  s r r ons l v  i l r  ( i { s ( { a )  nv ) r  f  t € f o rT ] .o6- '

Novr  s ince the in ject ion of  V in to  L2($)  is  compact ,  for  every

A l o l l e h a v e

I t  r , ( t ) -p(t) l lz(rL) s A[t  pL(t)*p(t) l lo+ r l iat l$ ng(t)*p(t) l l  
i l$r" , r  r ! r r



t t \

Hence

% 
*+ p ntrong}y in 12 ( Q)

p- ( t )  ->p(t )  rvea'kLv ln l2(- f t - )  V t  € [oug=
e

end 0n a genera)- ized sequence

,$c
(2,22) .  $*(uu)n, *-* 

f*-  
weak star ln (r ,*(Q))*.

\ J  ' - e - - L  
I

T , r ' i r r n ' l J : r  {1 ' r . f r r i r ' } . . r  1 .G  i i i  t ; i 1L=  p : :OO- f  O f  T i i eOfe fn  5 ,2 . i n  f f  J t , ,U  See# . L l l ? . L  r J  ?  a . t { j u * r r " i  a P  * + I  v {

that  (on a subsequence ' )

(z,zi,i n* ,ptvg) --+n(ro-rfl * .aov}) stronsty in i,}(a)
s u

(z .24) ru ps( r* ) *:$ o s trongLy in 1,1( Q) "

Corobining the above relat ions we conclu.d.e that p eat lsf ies

E q s " ( 2 " L 1 ; ^ ,  ( 2 " t 5 ) .

f f  n  *  ] "  then t t  fo lJ"ans by (2 . : -7)  that

y" *-* y# in c(Q)
e'

and b3r  {2 .22)r  tz .z | }  we j -n fer  that

. & t , !

l i  y*= (pt  -  Aop -3 ) t r  = o in a
l u r

rvhere B = l lm V,g( t ,n  )  ( in  r ,2(Q))  and F y*  s tands for
;  € - + o  

" Y - '

the prod.r.rct of 
P 

wlth yr,

r3.rg*porlliq*llq4 ,oq.g:pha,qg Stg$gp p{.oji"e.$ consider the modeL ?

of  the met t ing of  a  body of  ice JaCRS malntaLned at  OoC in

contact wlth a region of water. the bound.ary f  of *f l .*  is 
!

* . * r l *
composed.  o f  two r l is jo ln t  par ts  I  1  anc I  , .  The boundary '1  is

/\ tl
in contect with a heating_rned.ium with temperature Ut vlhide the

temperature on bo*ndary I  a ls zeve

I ,e t  T lo  and  0  ( x r t )  be  the  v ra te r  tempera tu re  a t  po in t  x  € f l

e.nd time t " Inttiall-y the wa*er occuples the domain S o C Jl-



t?

i a

l

I

and ic j  a t  temperature Y (see i l ig .Z beLow)

Fig .  2

/1
I f  t  =  t ( x )

t emperattire

probler:r

j"s the equation

d is t r i bu t i on  V

of water- ice fu:terface then

satisf ies the cJ"assicaJ- Stefan

S t  * A s  *  o  i n t , * , t ) €e  u  # r *  4 t  *n9

t t*,t  ) € a, {t*)a t $

* *  t ( x , t ) € q ;  t  s  { u $

c

w{r(z -zi)

8 =

v  s "'L

Qs
ffi**

in

x ) * - f

d t $ - t )  * o i n  q ,  6 * o i n  X ,

S  ( r , r o )  *  S o ( * )  f o r  x € S o ;  S ( x r o )  -  o  #  * €  S . \ & :

of course J?s * t* €JL ,  - t(x)e oj .
UeJ.ng a r.re1"L-known d.evj"ce (see for j .nstance f, iJ,  fgJ, [ f i ] )  , . le

may reduce the free bound.ary problem (Z,Z1.) to a parabolJ"e

var ' la t ional - .5"nequa11ty  of  the form (2.?) .  Moye prec i .se ly ,  the

funct ion y def ined by At r,ot ?,{1v\\



t
f, a \, '. ( 2 , 2 6 )  y ( x u t )  =  J  { f ( x u 6 ) , n - ( r t ' 3 ) d ' 6  ,  ( x , t ) e  A

n

where  ,&(x r t )  *  ]  i " f

*s the solut*Lon tcr

( * - 2 7 )  1 ' * * A y  *  f o

u,here v{ f r , r )  -  
r t r t (S-" ,G )a6 I

d ( r , )G t ;  K * t x , t )  *  o  i r  d "C* ,b t

in {  o* o&

y } o ,  y f ; - A l ' ) ; f o  i n  A

4]r1 o , 5- F

" f f i  

- l - d \ ( y - ' r ) = o i v r  * I r y =  o  j - n ' d - - 2

'Y ( : r , o )  ! r  0  '  : l  € ' *o f

.t"

( fr,t)* A-, ana

t 2 .28 )  fo (x ) *  #o {n )  ro r  x€J } -o$ fo ( " }= - f  ro r  x  €  - f l \&o ,

n / ] ' I { " r
o b v i o u s l y  t ( * , t ) €  a ;  { , ( x ) } t }  =  { . ( : r , t ) e  a ;  y ( x , t ) )  o } "

Consid.er the follo'-ring probl.em; I '{qg+lrtp_g
f
t

( z , zs )  J  S  ( * , t ) cxc t t
a

"fqw 0 SI9 u € u^ Sn jjS-{ilq$ Eqs. (z.i's) gsge
J.E.

.  * ^  f -  f , -( z . j a )  T ( f r , t )  = s o ( f i ) u ( t )  V f r € i 1 ,  t € f o , r J

f ( \  - . r \  r ?  I  t  ^ ^ l - - / * \ f  n r  J  - - a
\ z , i I )  u o  =  t o  € ' L '  ( o , T ) ; o  6 u ( t ) 4  I T ,  J  u ( t ) d t  *  M J .

o

T T r . r n o  r ?  g  t , Z r  f  \  * ^  ^  - - r l r r j ' , . ,  l . r n n l l o r ' . n t i r r o  l 3 r r r r n { : - i n r r  ,  
[ -  ;

*oo  *  (  |  f )  i s  a  g tven nonne$at ive  func t i "on  on  ,  
L  and.

M, L{ aye poui" t ive consta.nts suc}r  t } rat  T} } ,V}T,

In  teyms o f  y  de f ined.  by  t rans for rna t lon  tz .Z6)  p rob lem (Z ' ,Zg)

b e c o m e s

(2 .32 )  mo" {  f u , . , r ) d : *  u€uu$'-f,L

where the maximunr is  taken on alJ-  y sat ls fy in$ Oqs .  (2,27) ,  (2.2a1 ,

( 2 , 3 0 ) "

'*'-w



V/e wl lL

I  s  o t

( 2 , i 5 )

4  l c l
* J

A
r,",lhere / t =

and"

:=r nnl rr Th r. n r aq1 pL 4 t / I / & J  * a r - v v &  u r

ufl^(v) = f v(*)a*4 \ 1  
* a

{ n
i

h ( u )  =  
{
t ,  n *

o ;  3u  * u  *  t r Z ( o r T ) ,& o u t

( i : , 3 ] ' )

H e n c e

( z . i 4 )

vrhere i r  €  t r2(orT i l l l ($- )  )  ser t is

f i , . € c  t  € [ o r T 3

the fo} lowing systenrs

t ) ; y * ( x r t ) )  o ]

:i.f u € Un

o the rw ise ,

d
every  op t ima l  con t : rc l l  u  i s  g iven  by

* ' ( r )= (?h)* l ' t  f  e^ (s -  )  J *  n (s - ,s )as)
r r v t

f i e s

{,e *,( n * +  F ) o  5  o

p ( x ' T )  a  1 .  p  x

Q t "  r

t f  
n * n  =  o

in

€ -f?-

p : s o l - n  { ( : x , t ) e

Let uci  observe th.at

* h n *  h  " 1  { me r r q u  1 ,  & 4 r r r  P , a

E*> o 
(>

' t  o srys t  cai (P "zZ)

Pe .}o in Q entl $o

Y Ie  se t  ^V  ( t )  =
I

equ iva l -en t  to  the

i r € . 9

( e - 3 6 )

\ t : '

nv
rn

t)
"F

qr
3

t
J

\",

T

J  " * , r ) (Y ( r ) -Y( t ) )d t  6

in Xr., p = o in Zz

Q ; y o ( ) r r t )  3  o J .

p lo  a .€o  j .n  Q.  Th ls  can be  seen reca l l ing

(s t rong l ) ,  in  f2 (q) )  1* ;here  p*  i s  the  so lu t ion

F on Vf o i  *1).  3y the maximr.rnr prfncJ-p)-e1

* o  e s  c l . a l m e d *

d s  J  s o ( f i ) p ( t r r s ) c l f r . ,  T h e n  E q . ( 2 " 3 4 )  s . s
l 1

Jlollowing

J 
oon)Yr t )d t ) u ( t ) f , ( i ) d t  V  u * u o

J  " ( t ) ( y ( * ) - y ( t ) ) o t  # , r €  uo
o r



Inasmuch. as the functkin t  **+Ye Ul-fCtt j ;$ rrol l ] legn,t i -ve and

monotone incycas lng v le  ln fer  by (e"30)(see lemma J-  beJ-ow) that

/

*  { } I  
i r  o & " t ' 6 t r

( 2 . 3 7 )  u - ( t i  = f
\  0  i f  t r d . t A f

wher'e t l  * HII{ '

l i i re have theref ore proved .

' 
C0iiOl,T,aRY 1 g[e,*%!qif$;*M (e,32) lfq*e

glrjlggg-j"C;l1;"-q. u.r iilrcI*lt]' (2.37) ,

RltI*LqRI{ 1 Problem (Z",pg) tr.es been strrdied in $, special

cnse  by  E* l I "Ba r ro r . ,  tAJ  ( ouu  a l so  [ r zJ ) .

L]f.,lt[/i 'i r,r.r \F , f-o,n] -*> R b-e,q.Il.ci{gg,i{etr-yq*-g'qd-r. 
"*J9$ ) 

' Lvt r{ ^' *^ 
1 (fr^

mgsp-!pt:-e.*!rpreqt*lllJ.q$,gt-iqg*.+rxl*lgL uu ='l u € T-, ( o I T ) ;
T A

o  * C * u ( t ) s P ,  i  u ( t ) e t  =  f  ' s h s { e  " { r  * H e ; r t "
i l o T

&sL Jhs*gussJ-i,$: 11 **$ 
J 

u( t )$ (t )at q.It*Is.s J,.L'1*lrcxlryql

es uo Llr--e.l-H:}slre--r9-&sl u # 
"*iygg--Uy

( a , 3 e )  . r * ( t )  = J *  
f o r  t € f o ' t r J

t _ p  f o r  t e ( t t , r J

$eq{-e, tr = (rS -Y ) ($ *d.1*1 "r

The proof  is  e lementary .  Hor"ueverr  Y i re  out l ine l t  for

readenr ts  convenience.  Indeod"  i t  is  readi ly  seen that

r y T

J u t t ) S ( t ) d t  4  J  , , o ( t ) y ( t ) , . l t  #  u € u o '
o l s

TO prove that r r*  1s unique t 've af lsume that there J-s $ome u€Uo

su-ch that

_ ,^-rW



I I lh nn lrrr

2T

t l  T

5 - t u ( r ) - * ) Y ( t ) a t +  J  ( u ( r ) t ' ) f  C t t a t  =  o " '
d t I J , i

the rncn'  ' r ; ] rec:rem !" i le  hsve for  some T" gfor t f i ,  ?z € f t r r tJ-

* m
- " ' l  L

ufir*r) -5 
*(uft)*d.)ot.r.f 

t"arl J (u{t)1p )ai; :: ot e o t d t l

t 1

($  t '4 . . ,  ) - - f? ( -Bz) )  J  
- (u ( i ) *d  

)a t  =  oc
J r l o

f . € n e

(z  "39)

r f  y  is  nonic lent ica l ly  conste"nt  then r . re  may te lce g 
r  and 'Ez

. \ ssuch  tha t  y (  EL)CY (  %z) "  then  by  (2 .3g )  v , re  see  tha t

u ( t )  *  
" (  

f o r  t € [ o r t r J  a s  c l a i m e d . "

3. A BItri{iiAR opTII'{Al COl.IfiiOL p}i0Btlt}rl

Y/e vuilL study here the fol ' lor,"ring modeL probl-em.: {, i in-lrlrps

s t "
f ?

( 3 . 1 - )  J  J  * o ( y ( * u t ) ) d . y " d t - r .
o o !  Y.(v(x, t)  )dx

on_s]J u€ rro e.sg y€ rz(Q) g#klesj!.*I_g

Y1 -  Yxx  +  l r y  o# (y ) }  f  i n  a  .3  (o , l )X  (C I r$ )

( . 2 " 2 )  y ( x o o )  *  x o ( x )  ,  x F  ( o r I )

V * ( o r t )  =  0 r  y ( l r t )  s  C I  ,  t € [ o r T J .

l-
I le re  u  *  { *  mo: :o tone increaer i '3 ro .€u(x )s  w;  J  , rcx )dx  =  l , {  j

o
and ,# j "s a maxirnal"  monotone graph in RxR such i l r .atV

I  a  r \  0  
O

\J . ) ,  , fe  r . ,$  concave nnd 
#a(* ) r *  "4  C(r* ) " '  V r€  R

w h e r e ; P e ( " i  = € * 1 ( r * ( 1 + € $ ) - 1 " )  V  r € u ;  € ) o



( i . 4 )  s o , Y o e c a q n ) n  * l n ) ( : r ) #  o ,  Y : o ) ( x ) &  o

f o r  x d I o u ] " J  n n c l  h  *  L t ? n

} ' inal-I.y,

f '2 r\ *i +. a. 
e "l

\ r o r t  . L  * " , * L ' ( Q ) r  y o € I I ' ' ( o r l l ) r  r o ( i - )  =  o  o

( 3 , 6 )  f r f - , a L  n , , e  r  i n  Q r  y r r ( : r ) A - o ,  y ; ( x ) - t  o  & , o € r  x e ( o r l ) .

In l- j ,nety *s,sep $-*€e s "6 
g o a 1:rab)-ern of this t . . ,"pe l i ' t* .s solved.

t 'y '  / t r-Frl .edrnar: [ f f l . ]  o " i l : roblem (3,2) serves as modeL for the

r :on. t roJ, . l -ed- coo15-:rg of  t tn i .nhonogci teou,s rod. o-f  len$th by

d iss ipn t i .on  e f fec t  in  the  presence o f  a  thermcsta . t  con t ro l

proce,$,$r In thJ.s ca$e the control"  t r  i r : r  the heat t ransfer

caeff ic ient  ; :nd # is n multLvaLueci-  grn"ph of  the form

0 lf 4,4 r 4. cr*

( 3 . ? )  # ( r )  s
\f,

i f  r  = 9 .

i f  rd ,  & ,  ,

K

#
In  the c&se of  a  b lack bod; .  r *d ia t ion of  the roc l  e  j3{ t )  *

,  I t  6 ,

= s{ ( r r  *  rJ  } ' ,vh i le  in  the presence of  nr , r turaJ"  heat  convect ion
C t a

.P( " )  
-  dvo / '4  fo r  vV 'a ,  ;p t t )  

=  o  fo r  rC,o"  1 ' Io te  tha t  ln  a l l -

the $e s l tuet lon,  h .ypothesr is  (  3 .3)  hoLds.

Fy s tanc lard ex is t€nce theory (see fov J"n,gtano* [ fJu Chap"4)

r {e  lqno ' , r  tbat  unc lor  assnrpt ionn (3.5) r  pr< lbLem (3"2)  has fov

ever r *  , , .  e  f i o r1 )  a  un i t l u .e  so l . r - r t i on  y€  \T1 '2 ( [oo tJ ; r ,2 (o11)  ) f ] r , 2 (o rT  i  1

g 2 ( a , 1 , ) ) C C ( f t o T l ; H 1 ( c , n l - ) ) ( ] C ( 6 ) ,  l , t o t e o v e r e  t h e  I n e . p  u  * $  y

J",s borrndecl from t'*( o, I ) t o 'rul u 2 ( fr , Tl ; r,2 ( o r 1 ) ) /1 J,2 ( o, T ;H2 ( o * L ) )

and thcrc f  ore compr.c t  f rom : ,s(or l )  to  I2(a)  "  Thcn by a s tand.ard

argurnent vre infer that trrroblein (3"1) has at J-east one so:-ut iotr.

THaORlIl{ 3,Ihg-tg__g1$1 ry*,J_ uit}_qrtg*sgf}"j,j-qg u* jS-S.,L} i'}SI

!ffU-etrr ( 1.1) SHIt.j'_Iy - . . -We



?3

* l r i {  V  x € [ o n * -
ts

(  3 . s )  u "  ( x )

&ggf -

Consider  tho

*  - D
u ( : r ) * u " ( * ) [  

^ c i ; u *

le t  o*  bu eny opt lmat  cont ro}

approxiru,a'bf"ng control problem

€  )  0  p r o b L e m  ( 3 . 9 )

tend to  zero ln  the

1"

o f ,  p r o b l e m  ( 3 - 1 ) .

f r 1 1
rnr f  i  * " (y)oxot- r  $ f^(y(x, r ) )o*  + I  J{* Q

( 3 " 9 )

!3e

s € e

v;heye y is the solut ion *o

. F

Y1 *  x**  i# lY)+uY = f  in  a

(3 "L0 )  5 , " ( : r ro )  =  yo (x )  )  x  e .  - f L  . '

r * ( o r t )  =  o r  y ( l r t )  =  o  ,  t € [ , o o 1 3 "

?
a&*

Here S is  a  smcoth approx i inat ion or  $a.  For  in  s ta .nce

n t a v  r i e f  i n n  # *  a s  a  m o l - l j . f i e r  o f  . 6 g  I  i . € . 1' ^ " * d  * - * * : ' *  
\ i  

F  
" 4  

d F  
e

( 3 * : r . r )  # u ( r )  =  J S - ( r - € 2 0  ) , f t * ; a o ,  r € R
t J  

_ s b -  
"  . ' , U  

\ v / u  v  ,  !  \ '  r r

r ' 'here J)€'cf ,{n),  J g uO - }  ancl  support  fC. f ,*r"r}"  \Te
that (.f3*)'; o, (S*)"+ , and by (i,S) r"re may assuroe that.

. ^ g ?( i , r z )  S i r ) r *S  s ( r * ) *  V  r€  R"

has et  least  one eolut ion u,

obvlous lnequal i ty

For every

T, r r *  t " i  nc r €"

1
("
J
o

t
f

t-,

su(ys)dxdr + 
J T'-(ys)o*.n l J U* -uotz dx 6

s*(d)cxot* J Y"(,f ra*
T 1 "
I 5

C I o

is th.e solut ion
f

% r lee thatt o  l i q . ( 3 . 1 0 )  w h o r e  u  =  u s  w ewhere



( 3 - 1 3 )
ue "**:F ,,* strongl-y in l2(or:)

.se  
-F  y t  n t rongLy  tn  c ( [o r tJ ;H l (o r l )  )

and noak ly  s "n  L2(or t lHZ(orL) )

vtr }  r  2( [o,  rJ ; l ,? (  o n I  )  ) ,

Le f  &  *  L? {o rT ;H l (o r l " } )  be  the  sc l "u t i on  to

9 ^

(r*) t .*(pe )**- ,S*(ur)no-u*p* = s;(rr)  in a

(3 . t4 )  p * {x , l f )  =  - - . f i rg (x ' r ) )  #  x *  JL  1

( r u ) r r ( o r t )  =  o '  p - ( l r t )  =  o  ,  t € f o r [ ] .

I t  Ls  wet t  known tha t  ( r - t  ) ' / ' n  &  r ,z (oo t ;g l (o r t ) )  and
T z r ' l  e

(s*t )  |  
-(pe) 

* {r r ,e( Q) .

$lnce uu ie opt imaL ln problem (3,1) we f ind aftey some

cal.cuJ.at ion involving Eqs. (  3 "t4 ) t frat

1 T

f  v {x )ax  f  q  t r , t )11 .  (xo t )o t  +  r i (us rv )  +
0 o e

rn
.L

f  d  i ,  o

+ j  (ur  -u"  )vdt# o 'H v € T, ' (o*1)
L,

0

where r,l"(u*rv) s 
fS. 

(ru(uu"r A v) - ro(ug) )/A and. ru(u) = o

"  i f  u&  U  and  f ' ( u )  =  f  Qs  i f  uFU.

F{ence
t
{ ,-J pu (x ' t)vu (

In other word.s,

( 3 . t 5 )  u g ( x )  =  ( ?

whore

( i . t6 ) tfr (x) =
, L

x r t ) d t ' +  * *  * o €  € ? r u ( r r c )  & r € o  i n  ( o r l ) .

, u ) - * ( f u+u#  -ug ) ( x )  e r€c  x€  (oe ) . )

T
- J  p r ( x , t ) s & ( x r t l a t  ,  x € [ o r l ] .



a

$ow rnult l .ply uqs. ( 3.141 ur pe and

and  i n t eg ra te  C In  ( oo l )K ( t rT ) *  Y ie  #e t  t he

1 f t"
( 3,r?) J tF* (x, t  X 2*'+,J $ cn*

C I  * ;  t o

f ign pS respect ive ly ,

fo l lou ing est imates

s L
f c a

J  l  u "  ( x ) p j ( x r s ) d x d s {
t o s e

2
) " ( x r s ) d x d s + 2

(  i  " rs )
-  l pg pd- ( *u t  )$u( r * ( : r , t )  )  { *xn t  *c  d  € }  o .

I { e n c e  ( n ,  ) *  i e ;  b o , " r n d e d  i n  f , l ( o u T ; 1 1 ( o r L ) + r , 2 ( o r T l ( t " i l 1 o u

L ) ) t )  C I 1 ( o r T ; ( 1 " t 1 ( o r 1 ) ) t ) .  T h u s  s e l e c t l n g  a  s u b s e q u e n c e  ( a g e i n

d e n o t e c i  e  ) w e h n v e

( 3 . t 9 )  p .  - - +  p  w e a l c l - y  i n  l 2 ( o r f  ; I I 1 ( o r 1 ) )  a n d .
(:

w e a l c  s t a r  i n  t t o r T ; 1 2 ( o r 1 ) )

n n d  t r v  l { e l " l v t s  * l r r : o r e r n  o c  l l V f  f - n - r y - X r ( l c l ( o r l - ) ) r )  a n d .v J  r r u s r J  u  u : t \ / v &  u j r r  I J  E  ! v  \  ( _ v ,  r J  ,  \ r r

( 3 .e0 )  n * ( t )  * * : >  p ( t )  s t r ong l y  i n  ( n11o r1 )  ) '

f o r  e v e r y  i € t 0 r T J "

N o u  s i n c e  t l i e  i n j e  c t i o n  o f  H l ( o r l )  t n t  o  L ? ( o r l )  i s  c o m p a c t ,  f o r

every A > n, 3 ej*t rl I such that

JJ .L
{ t
J J

0 0l

j

l

t[ r, ( t ) *i: ( t )$i 
re ( o, 1 ) 

64 Ii r. ( t ) *p { t }fl 
*1 ( o, 1, 

o cl-ia:&t n. ( r: ) *p ( * )t,.,,*u,u,

T i ren  by  (3 .19  )  ,  (  3 . zO)  v re  conc lud  e  tha t

s t r o n g ) . ; r  i 1 1  L 2 ( o r t ; - t , 2 C o r f  l t  *  1 2 ( q ) .

the

s Y a

Yo7

s e o u e n c e  { u u $  * n  s e e  t h a , t  
%  }  "  

i n  Q "

( 1 " 1 0 )  b l ' C  a n c l  u s e  ( 3 . 1 2 )  o n c i  t h e  f * c t

o  i n  tL  we  ge t  a f te r  some ca lcu la t i on

c
\ A-,'A r -r- D
, /  \ r r \ l t l J  I  u

al
c

' r  /  " " -  \  , r  - " ,1  ̂tt\ J€, / Lrrr triJ

(  3.21) p.  *-> p
b
b

$or':l con:l.ng bacic to

Ind.eccl .  i f  inul t i .u ly

t h n t  f )  o  i n  Q  a n d

tha t
L . r
{ t - - * r t r - -  + \ - r .J  t Y * J  \ r r I / c 1 : {  +

O e
d-

* ' r
f f
t ;

t L
J  J t o -

o  o  
- e



t }  2
*  c  i  J t v * ) c l x d s

o 0  
q ;

which y ie l r ls  y ;  : r  o  a$ c la i rned,  , l i rn i lar l . ; r  1 t  fo lLovrs  hy (3 .14)

and ,  } : ypo thenes  (3 "4 )  ths r t

n  f x ^ * ) &  r :  { r * e r  ( x r t ) * A  .t €  \ . ' *  l  s

\Ye ui.Ll  prove further th$rt

: i  ; r - ( : : r t )  j . s ; r o n l t o n *  d - c : c r i , : E t s i - n g
h.
tr

x  F* ( :< r t )  i s  mono tone  inc reas ing

f  or  a l rn*s t  a l - t  t  €  [0uTJ '

$l i thout ' Ioss of general j- ty \ iJ€ Inay as$ume that uuis smooth

(6th.ervr i$e trrs appro: l i rnate i t  by a smooth fu::rct ion and Fass to

l - in l tJ  Then the fu-nct io i r  €  = ( fU )*  is  thc so lu t ion to  the

e qua 'L ion

lnforeover* ,s ince yg } '  o in (ooL) e,nd ;rr( t r t )  = CI l " re infer th.et

(n  ) * ( l r t )  6  o ,  I lencc  0  t f  r t )  A  o  and.  b ) '  the  tnax in twn pr : i : rc ip le-e r ;

$ , e  s e  e  b y  t 3 , 2 2 )  n n c l -  ( 3 . 6 )  t t r a t  S  ( " r t ) A  o  V  ( x r t ) €  Q  .

S imi la r lyp  q l  =  (U* ) r .  sa t  Lc f ies l  tho  equat ion

€r -8---  .  ,61% ) S t '  i ; 'u ' r  uu$ = f*  in a
x x v b

( 3 , z i l  # ( : r , o ) * ; , " 1 ( * )  ,  x s ( o o 1 )

S ( ' o r t )  € o  ,  "

Qr-FQxx-qp€1" (&, )n* (vs)" #*cr*) q*'*sq-oln* = s:(rq) (16)* in a

q ( x r t )  x i  -  
Y " ( r u ( r o T ) ) ( r y ) " , . ( , , , T ) . ) o  i n  ( o , 1 ' )

q ( o r t )  *  0 ,  q ( l r t ) ; o  ,  t € [ o u T J

and  by  (3 .3 )  t  ( - t . i l  i t  f o l l ov rs  tha t  q  D 'o  l n  Q"



i

..

2"7.

\Te  huvc  shc ' . ln  in  pa : : i i cu lg r  tha t

(3 "23) 
Lf l ,  (x)} ,  o W * S [or lJ ;  V, .  is  monot.one decreasing
I F -  J L ,

f or: evci:y e > c) c

0:r ther of ircv ha.nd", i t  :1oJ-l-or' ;s by ( -" ,L-l) and ( i .e: l) t i :c.t

fo:: d. **+ o

r
( ? , 2 4 )  V  - >  \ p  =  j  y - ( x r t ) p ( x r t ) c l t  s , t r o n g l ; ,  i n  i , 2 ( o , 1 ) .

i u  I  o

T i r u e  l e t t i n g  € .  t e n c l  t o  u c r o  i n  E q " ( 3 - 1 5 ) ,  i e  € r 1

. l  * f  C t ' ) ( u 6 ( ; i ) - v ( x ) ) a : r +  J  ( " 1 : r ) - r r E ( x ) )  ( u 6 ( x ) * v ( x ) ) R x p  o  f  v *  u
o  r e '  b  

o

yield-s

( 3 . 2 . _ )  r f r 6  d r , r ( u d ) .
I

B y  ( 3 , L t r )  v i e  s e e  t h . a t  t h c  f u n c t i o n  y  l s  c o n t i - n u o u s  o n  [ o r 1 J
/ -  &  

' 1  ' t

( b e c a u s e  y *  r r n d .  p  b c l o n 3  t o  L , ' ( o r T l l { ' ( o r 1 ) ) ,  i T o r e o v c . r ,  b y  ( . ? " 2 :

\p : l -s i  nonncqct ive r :ncl  monctone d.ecreasing. Then the concJ-u* ionI  - "

o f  Theorcm 3  is  an  i ia rnec i . ia te  con$equenc€ o f  } Iq " (3 .25)  a 'nd  c r f

lreirrrra 2 belovr i

T,]l],i:iiin 2 &gj. tP t[,orr] -*:* n h1g*Mgiq+!-L!
)

and nroncto:re 11e creatr in,r j  f r . : :ct ion,  fhen

u, , rn{  i  - , * )V(x)ox i  i .1€ u}  =  r , r  lV ,>r )dxt o  J  '  
o  

' t

ancl  i - f  \p is no idcnt ic l - l -1.r  cor"r , r ' t i rnt  t i re r . iLr-or:renlrm is n 'Lt 's . r l "nci
-  . J  

.  d . -  - . - , . ! , . " i l { f f i ,  - a  - " ,

in  the u l l iq t re  to  j -n  t  u  
ra I , { .

I fqq=f  .  \Ye set  v  = u -  L t  nnd decompose the ln terva}  for i l

i n t o  Co r * )U  [ a rbJU  (n , f J  r vhe re  v ( x )  4  o  f o r  x€  f o ra ) ,  v ( : : ) * o

f o r  x € [ a r b ' J  a n d "  v ( x ) ]  o  f o r  x e ( b , l - ] .  I f  
Y  

f o  *  c o : r s t { } n t



$ ie  rnay  as$ur l r  t i r a t  Y  
( " )  4  y  (n ) .  f hen  v re  hnve  ( f  r  v  $  o )

l - n L
t . ^ f, {'
) ' f  Cz )v (x )ox  6  f , (a )  J  v ( r r )dx . r  $ (u l  . !  v (x )d : ;4  o

o J r o , , b

€ifi clai-:nerl s

l l-$,,fAF':i 2 01-*a::I-y Theeiyem 3 reri lains lrali.d fcr nansmooth

f r r n n * i n n n  / T  
-  u f )

r . d i r v o - L \ , ! r ! . . !  b g  n n c l  Y  n  
p r o v i d c d  t h e y  a r e  ) n o n o t o n e  i n c r e a r , ; : L r i g o  i

convex a.nd" lacrr l ly  r . , iperchl tz ian,  

'

L ic reo 'ver ,  the  ss ine  mr : thod app l : -cs  to  o ; rh i iaa l  con t roL  r

l l rob lems governec l  by  the  equat ton

11 *  ) 'xx  + $(y)? f  *n  a

y ( x r o )  =  x o ( x ) ,  x  € J L

r * ( o r t )  +  u ( t ) y ( o r t )  *  o r  y x ( 1 , 1 )  =  o

I
urhere the cont : :o l  u  be l -ongs to  the const ra in t  set  U = {u  nonotone

r y - t
i n c r e a s i n g  o n  [ o n T J n  o G u ( t ) t ' t r ,  $  u ( t ) o t  *  L t - ! ,

R ]I II.F I? ]1 .lI C A S

l-. v "B,lRBU, tl"qql!!_g1t*gfltffirpi1p.s _p#,ri J)-l.fJ-?"fgJli"lCIL,,ti$#:.!ieg**&g
EgnLc.]r flp*c-e",go I{oordhoff 1976,

2o V"11AR3U, l trccef,sary conci i t ions for nonconv€)( cl istr ibuted i
control-  p:;ob).cms governed. by el l ipt ic.  rrar i"at ional
inequal i t les ,  J : l :+ !h .Ani ' "J . -dpr l ] " .  B0( tgSt)  r j66* j97.  no

3,  V"3ARBU, l fccess i l ry  condi t ions for  d is t r ibutec l  cont r :oL
problems governed by par : ibo l j -c  vr l r ia t lo i ta l
lnequal i t ies  "  l "g  ( rgef  )  ,
64 -86 .

4 " V"B./ l I i . l3U, Sotm,ia1y cont::ol  prob)"ems viJ-th nonl inear state
equa t ions r M*Qpt"; i igla- A0( lgg2 ),
1 2 5 - 1 4 3 .



5 "  V.B/ i I t l lU, 9pl-rlxrl.*Q"ssi;:sl"*J*& ,
Renearch i iotes in l l lathcrntt ics 100, Fitrnan (fg84)

f f* ldnBAnKOl{? Control led. cooLj"r:g ancL stefan probl"emsu E{A}I
M*QgtlruLa. (to appenr). 

rr

A.G *BUTfl.'0T$KIIr .thgggn qJ -9:f!il
3gg1g,1gjg*g__ittfijgng, Amerrican ItJ"s evioy ( 196g ) ,

G " DUVAUT, J " 1,. IIOI'[$, &efl]gl*j,ige*k*Ug-M, r
Spr i r rge r  Lg76 "

9o C.l{"EJ,LI0Ts JoIi,00K1l$}01f, }yeg_lg*gnd, Va,riationaL },{ethocls for
hlqyi:l"j. -I3-$'_4{eq:r- PLob}qryp llesearc}r irTot es ln
Ir{a themat lcs ig s Pi.tman ( f gea ) ,

1 0' A' pR rnDltA i{' 
I::l;il: "#t-*"*.J}- ilffi : ";, ilffi ;:'.
805*81.6.

J"l " A " FRrltDi{'AN ' YeEig-tl.osel J",r*nplptes. p.sd .-q"$gq Be*q,te'gg. Tqp-.bLe{H.
John l l l i ley and $onso }trew York l9BZ.

L2n ,A"r,Tirnl)} ' {41{, f ,*s"JrA}Is, Nonl lnear opt ima} contrcL in heat
conducti on, S.Ij]L_[*$ge.t{-gj. _ep_LOpj+qig . z}-(198j ) ,
940*952 .

L3, J*J,,I,rol{s,

ISffS{."sn.1r-et, gg"ig,!i.qJS. Spinger (tg7t ) .

ControLe d.ans les tn6quations va.r iat ionelLes
et l - ipttques &JKcM ZZ(LTT 6), : . ,?O-tei

J.5. P-} ' , I IG}{OT, J"pur],, Optirnal Control- in so}re variationeJ-
tnequaLities $&i,l{ -{r$.gq!,{S} qnct gp"!}Ilj,a , zZ(rgsA )
466*r t76.

l -6 .  c  "$AGUj lz , Contx6 le  Opt imal  c le  systBmes A f ront ibre lLbre
fheser' l tUnl"ver 'si . t6 de tecl:r :ol"ogie d.e Conrp3-egne
( t 9 e o ) .

Opt ina l i ty  co.nd i t ions for  d is t r ibutec l  cont ro l
problens v; i th nonl. j"near eltate equatlons S;is
{ds+tr::.-1-_e}d, Qpt-+*.&g . zj(r9o5 ) .

6 ,

17
, 6

C)
L J '

14 ' B.I' ifGN0T,

fu-!;1ge.f*jon,tro)- of Systens Governed b

T7  ,  D" ITBA,



'rU

J.i l .  D*J".T,i ' l i , l ' IJj{,00 01r'N:Lrnnl 0on' l l lo:1. of n r l l le t l iniel;re;: ionn:l- vr,rt l icrt; i .onnl

: i-nequa.l: i- ' l ;r  ( t , :  {: i l iP{rcrr) .

:19 - J.t l . ,} i \ tr$id, 0pt: j-: tr; ,r l-  *31:j; : i :o. i .  $f r l i r , ' : tsr i l i$ ,1*rtC5:rci l .  by" vlrr$"a't: lr :nal

;Lr".r * q iri:i )-.'u t -L c I r l*;*!;LLS"--i|1:J*"i**iS"iigi;l*J:*$S';g*?g

5{1..973) [ ] ;o:L:rf le::  i l65*'?' t , '

20 . l:)nI{ nl. .,iiJ./riiti, -$*?jl!-l;-ttJ--:',i-*tl,.k,ii;;ii::;!-*{.'!Lr-Li,iifl*qlj(-ii,}1$J:S'ln i.n

:"^-.i,-l-:1,.:::-::,::.-.i.:.1 . ii:l':-i,:,.t::,'',.--.,,:li:,.i,::iiri .( lri'r*i'1d'1"n r':ii ) ;1 cadr:uic

"$:re ss ff.,Y ""1"964 
rl oi- -J- 75*S-7?" "


