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ANTSOTROPIC REGULARIZATIONS OT SADDLE FUNCTIONS

by

E. KRALTSS and. D. TIBA

I .  INTRODUCTION

Let  K :XxY i  f - * ,  +d  be  a  c losed,  p roper  sadd l -e

(1.e.  concave -  convex) funct lon def lned on the ref lexive Banac

spaces X and Y. For the necessary background in the theory of

saddle funct lons,  vre refer to Roekafet tar  [o]  ,  [ t ] ,  [ t ] ,  Barbu-
r l r ' t f l

P r e c u p a n u  L 3 J ,  M c l i n d e n  [ 5 J ,  G o s s e z  l 4 J .

We de f lne  the  an i so t rop i c  rec ru la r i za t l on  o f  K :
€.r.  - .+ {  _

(1.1) xftxry)= 
;Fi l : f  l -  r": ' : r  1 * rqXJ 1 *

I

x  ( u r v *  ,

and the par t ia l  recru lar izat ions of  K:

\
( 1 . 2 )  K  ) ( * r y )  = s u p  {  -  l x - u l  2

u € X  t  2 I x  ( u r y ) ]  ,

( r .3 )  K* (x ,y )=  
} ; f  i  W +  K(x , , r ) ]  .

Here  l ' f  s tands  fo r  the  norm in  bo th  X  and Y.  Thes

construct lons were previously considered by Attouch and Wets
r 1 r 1 l . - 1 r ' 1

LU,  L2J r lba L9J,  T lba and Krauss L10j  and are extens ions of

the usual Mcjreau - Yosida approximatlon of a convex proper lowe

semicont lnuous f  unct ion.

In th is paper we study regular l ty resul ts for  the

above regular izat lons,  thelr  behavlour vrhen IrF tend to zero,



es weLL as  the

derlvat,ive of

cLosedness

computatlon
x*F'

2, REGULARTTY

th is sect lon we invest igate the cont lnul ty and

the  d i f fe ren t  regu la r tza t ions  o f .  Ko

and the properties of the Gfrteaux

by the  c losedness of K and

I n

of

= (Kl )n =n1."

+  c I r K  t * r r r ) ]  =

+  c l ^ K  ( x , v ) )  =

The last two terms

and the f  . t rst  re lat ion of  Q: l )

be der lved slmi lar l -Y.

\ \
For  any  XrF  )0 ,  K^ ,  * ln ,  K l ,  a re  sadd le  func t ions

and obviouslY vre .have

( 2 " 1 )  ( K r i

o f  K r  i n e "

Moreover,  they only depend on the egulvaLence class

P r o p o s l t i - o n  2 . L

(2 ,2J Kn*  (c l rK l f  ,  T t  
*  (c r r r  j r  ,  Kk tcr rx t f  ,  L*L 12 '

Proof

(c l rK)p(* ,Y)= r * r {  %d

=inf {Ix;"f *", .e
I  ZLLv

* i n r t k + f  + K
v  (  t f

IrI( (x ' Y

t x r t l )  ,

[  = i " r {
/ y t

s lnce the ln f imum of  a  convex funct ion eguals  the in f imum of

i t s  c l o s u r e .

are (c l rK ) f  n respect ivelY ,K 
f

fo l lows. The remaining Part  maY

--!'tH
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Theorem 2 .2 .  A l l  sadc l l e  f unc t i ons  K

glgje-d o*prgpqr alg." qatlsgy

x \
, Kln, *1, 

9IS

12  .  4 )  x r=c1 ,  (Ka  )

(2. s) xf=c1, (xf,) =c1, (Kl) .

Proof

By  (2 .1 )  we  can  res t r i c t  ou rse l ves  to  the  s tudy  oJ

O1 . . .  Fo r  each  y€Y ,  t he  concave  fune t l on  x  -+  ( c l tK ) *  ( x ry )  l s  cLo -

sed a.s  the ln f imum of  a  farn i ly  o f  c losed concave funct lons.  By

(2 ,2 r ,  KF=  (c l rK )n=c r ,  [ ( c r r x )p i  = "11  (K f )  .  Th is  p roves  (2 .  3 )  .

Denote by F*r  F the par t ia t  Fenchel  conjugate of

Kx,  K wi th  respect  to  the convex var iab le.  Then:

(2 .3 )  4 ,=c1" r (Kp)

( 2 . 6 )  F ; r ( x r . ) = x

where B

F(x "

Vv tl

)  * = [ r  ( x ,  .  )

=  F ( x r . )

t r  $ t .  
=  K ( x , . ) *  +

+  $  l . l ;  ,
: ?
l '

stancls for the inf imal convolution and | . | * for thb

dual  norm on Y*.  Accorc l ing to  Rockafe l lar  [ t ] r  [ t ]  ,  under  our

assumptions on K, F.  is  a prop€r convex lower semicont inuous

func t lon .  By  (2"6)  r  Fn  is  a lso  proper ,  convex ,  lower  semicont i -

nuous .  Us ing  the  resu l t  o f  Rockafe l la r  in  the  oppos l t ,e  d l rec t i<

$re see that K,e is c losed and proper.



T\go-rgy ?r.?: K; $*-glru-tie*en4 !gc.qlr: qi*:shrtz os
XxY. Morr:ove:l , crne has

(2.7') xlr*,o)-lfil 
T:il t 

l*$*L * '";E'*

{ "# - *?#.

T h e  i d e n t l t y  ( 2 , 7 1  f o l l o w s

max theorem rn  [A ] .  s ince  *  r "  p roper

x|  fu f in i te.  The proof is f i -n ishecS by

sadd le  func t ions  ere  loca I ly  L ipsch l tz

domaln  tBarbu*precupanu I tJ  ,  p . I34  )  .

+  K  ( u r r r ) ] =

K  i u e , r )  
)  

.
*  * i-  l l i * t l  i r t ( } i _

v € Y  u € X

Proof

f rom Rocf fa fe l lar ts  minL-

the saddle va lue def in ing

the remark that  c losed

on the in ter ior  o f  the i r

Remark

fn the

Lipsehi tz  cont inuous

last  sect lGn f t /e  even

on  bounded  se ts .

shovr that Kl T -

of  the

3 .

In

regular lzat ions

CON\TERGENCEJ

thls sect:!.rrn we ask for

of  K l f  the parameters

the behavlour

ten.d to zero.

i d e n t l t i e s :Theorem 3" One has  the

( 3 . 1 )  s u p
p>0

cJ."K n ln f'  ).>o
Kl-  c l lK



( 3 . 2 )

( 3 . 3 )

decreases .

Recal l - ing

t*t ,sup

Po

tnf
I > 0

lnf
D O * * *

In  each of  these express ion one can replace
- % - -  l r t  + + b %

"r.rp d=" t, K,
F )0 "lp 

inr d=crrx
f ) 0  I > 0  '

\ \
K^,  x i  inerease as  . I

,

subst l tute sup by l lm
P> o fvo

sup (or tnf )  !g l im (of l im).
p > 0  r - > 0  

-  
p u O  

-  
U 0

' l

I

," i

.. i
' . : i

I
il

" l

: 1 i
ri:j

. ' :. : ]
i i

I. ;
1
i. ' :

t ]

..

Proof .

C lear ly  ,  Kp ,

Thus one can

( 2 . 2 r ,  w e  q e t

lncreases o* l^'

and tnf by l im.
r  >0 t \0

D (3.4) clrK< -L{s-- 4-ili l" o 
^ldc}rK.

Theorem 3 .2 .  f t  ho lds  the  es t lma t ion

Proof

We remark that:

il6 
-u=;it **=i^til (clrx) =cJ rK'

Except for the trivial

Iast  ldent i ty ls just  the wel lknown

Moreau-Yoslda a;:proximation of the

c L ^ K ( x , . ) .
z

To fLnish t lTe proof one has to apply the above

a r g u m e n t  t o  K f ,  K l  ,  i n s t e a d  o f  K ,  a n d  t o  u s e  ( 2 . 3 )  ,  ( 2 . 4 ) .

case c l , ,  (K (x  1 "17. -* ,  thez '

converbence result for the

closed proper convex funct io:

( 3 . 5 )  x * ( x r v ) {  x } t " r y } . < K }  ( x r y )



Then l lm o -ll ffi- 
*r- 

iy8 
K*=clrK'

tr r;.r" \

The second tr-nequal i ty fo l lows siml lar ly "

r " l

E e q q q \ . B y a d i f f e r e n t a p p r o a c h p A t t o u c h - W e t s L I J '

fZl  showed that,  the est imat ion (3.3) and the local  L ipschi tz

cont l"nui ty of  X I  remain val id for  non concave-convex funct ions

on metr le spacesr

4. DIFFERENTIABILITY

We now invest, iqate the regularlty of the subdiffe-

\
ren t l a l  o f  K ; .

Throughout  th is  sect ion we suppose that  the spaces

X,  Y and th ie i r  duals  are s t r tc t ly  convex '

,<)  i .=  G8teaux d. i f ferent iab le on XxY.' - ' F L  
- r , -  - .  .  ,  -T h e o r e m  4 . 1 '

[he dtf f erentlal co!qgid-gg-4"3b
\

the suL,d i f ferent ia l  aK* 4t td

I * ,o  i *n*L(x,v)

is  demicont inuoug and maps kroulqled-- !-erge-;!g!g unded

Remark. By the mean value theorem we obtaLn that

f<f , ' fs  L lpschi tz cont lnuous on bounded setg

under addit. lonal assumptj-ons on xxY we obtatn a

stronger version of  th is resul t .

T h e o r e m  4 " 2 , IJ x,Y pFd trrel{-{qe}s e#t-locq}lv

unlformlv eonvex thqn Kf,
: - ; 4 - ' + ! - - - - - - - - € -

i. q gsnlinugl# IY- S6-cbqL {i f f gq9ntl able''

Thls differential j.q--L:!

spaceg .

schitz contlnuo!-9-l! X an<l- Y are Hllbert



Let I 
#)0 

be f ixed and set vt , = 
Tl| n on x and Y

we i.ntroduce equlvalent norms both denoted by fl.l l :

( 4 . 1 )  l l  x l l z , = | 1 * 1 2  f o r x € x ,

+  ( 4 . 2 1  l t  y f l  2  r  =  
f t l  y l z  f o r  y ( y .

A simplb, calcuLation shows

Proof  o f  the  Theorems 4 .L  and 4 .2 .

] \ s

where Kntdenot,es the regular lzat ion wLth respect to the new

norms. gtrt the case of isotropLc regularizatLons r,.ras already

treat,ed in r iua f  S]  (Theorem 4.1) and Kraus$- Ttba [ tO]

( T h e o r e m  4 , 2 1  .

' We conelude the paper vrith a formula for A K)..

S ince  X and Y are  s t r i c t l y  convex ;  the  min lmax ident i t y  (? .7 ' )
f . 'r'\

def ines exact ly.  one saddle point  
L" i ,  

y i i  ey Jt  and J,  we de-

note  the  dua l i t y  mapptng  o f  (X ,  l . l  )  and (Y ,  l . [  ] ,  respeetLve ly .

(4.4) a xlt",y) =[fo, (*i-*l , fu, tv-v[r] .

Theorem 4o3 .  We have

Proof

The  iden t i t y  (4 .3 )  y le lds

a x|=afi{ , wlth t= ry .



a n d  ( Y r l t * l l ) ,  r e s p e c t , t v e l y  ( e f "  ( 4 " 1 ) o  ( 4 ' 2 ) ) .

One checks easl}Y

( 4 " 5 )

| '  -arK tf ,f I * * u, (f-x)) o
(4 '71 { ,rn (f;,f ) o * ,, ( i*v} }o

I  
o"t \A'rY r r 

1

Rernark

x + F rt l * T  ,

ur*tt' E'r*",

The isotropic regularizat:Lon i l [  sat j"sf ies (cf .  rrua[o])

A  1  ;  r . ,  t f - x )  F  2$ - f l  1( 4 . 6 )  a K t ( x , t )  1 * 1  :  1  J ,

wr*rlYr?]as lhe unLque solution to

Ustng the descr ipt lon of  sadd. le points l iy  subdl f ferent la ls we

conclude from (4.5) and (4.7,  X=*| ,  Y*1.  Now the desined, for-

m u l a  f o l l o w s  f r o m ' ( 4 . 5 )  a n d  ( 4 . 6 ) .

For  a  c losed  p rope r  sadd le  func t l on  L :XxY  * [ - * r * * ] ,

r r f - l
Rockafel lar  l7 l ,  iB I  lnt , roduced a maximal monotone operator

Rl, o

I  r ,  o le n"(x,y)  i r  [ - r ,s ]eaN(x,v]  "

I t  i s  easy  to  see tha t  (4 .4 )  can  be  re fo rmula ted  as

**i. =['nrl,' .

wnere[n*1rU*noa.* the Yosida approxlmation wlth respeet to the

norms l l  . l l  on X and Y. ,
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