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0. mirtdlciion

Let k be an algebraically clo%o field of characﬁeristic‘O and

the 3m@1m0PSJOﬁql projective space over k, The natural quesg=
tion of determining the triples of integers (c c?,cg) which can
be the Chern clsasses of a stable rank 2 cvtor bundle on P was
fo~'“3 wted by R.Hartshorne in [6, Problen l@]a Since then, a nwa-
ber of results have been obtained which Hdwa limited the possible

values of these triples, First of all, the Theorenm of Riemann-loch

ol

implies that €1Cp E Cy (mod 2), Then, tor esch ¢ 1Cny there are

bounds on c3 which have been obtained b" G

5 A = DR YO o s - ) VG e s 5 o 3
H.Schneider and H.Spindler, Their resulis are summerized in

-

(2

We can normalize sny renk > vector bundle on P by a suitable

4

twiat such that C=0, -1l or -2. Furthermore, by duglizing the

o
st

3 e R I R Hes exitay S - A PR SRS L
bundle (and twigting with -1 if Cq= -1l or -2} we may suppose ithiab

e 0 1t 470, CmEZ"C? ifie.= =l and o >0 it ¢q= ~2. Now, accord-

= s 2
A : ; o
(1) Thoei~ =l hlien c?t>l and cqfécqm2:2+21
S SOEECoe e O

ave proved in {5,

=

£y 7 TaE e e e D eyt o I str A ol AL T s R s a7y -

Wandnat s Rai i glie s e s RO bR RN i 2 ”'J; Lt 3 alid Ca—JCa#0b {: G < Camin
-l g P P o =z

Ty , , F
Using | 2 | one finds further restrictions to be imposed 1o
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stating these restrictions we introduce _éom'e notations, Put:
M, Gl <q) cfmcz}'
v = SR j
M (Cls(o) [‘i‘a (2qwl)029 02-«-(2q-w.h Co, * 2lg-=gtl) |~
d,(a)

(B)

2 < s 5 g ! coT > 2
N B o i o lag e RRia EAUTE ) S
d=1 - ' '

dobal e 5 '
S 4 (com2qe,+2(d-1)g+2(d-1), c5-2qec,+2dq~2d(d+1))

Hh
O
B

Q

v
E..J

Ma(q;c?) = [céw(?}q-&-l)cz«éﬁq‘, cgm(’aq-i~l)02+2q2]\
(3 (QJ
N \J (ca«-(mq l)\,?+2dq; czw(2q l)c 1‘2((,.1“ )q-uZd(d%Z)); for q>l

where C (q) is the largest integer :f’of 'v-’hic'n d(d-*-l)(qé»l? dl(q)
is the largest integer tor ymﬁc’l (@i-l) <o and dgfo) is the lar
gest :lvxv‘mf* for wnlc,h (d«ivl) <q,5 It lS esoy to see that if
d(a+l)<lqg-1 or if (a+ 1) a then duqu%(dﬂ)/v« (0 -2q), end if
(d~!~l)2<q then ?(d-%l)'q—-?.d(d“%Z)é-;aie(q”«i-))o Now, according to [2, ;
(2.7), (2.8) and (2.9)] one ha ' .

172
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(O) _._i_,l.ﬂ_‘ Cl-~O ‘L;,.;,,Q szd :l:;:‘_:_ Csévéeuz on 035;.__0((11’02) :,-‘:‘QI-‘ some
¥ 1

1= (_j_é%‘(c—)Tl)

il = &
: : 3 . 12 =
(@) If oi==1 theh o ] 500 c"}é?“cz or c3£ml(q,c2) for some

: o9

(2) 3£ ¢, = =2 ficH 0222 and ¢4

= Z e s

m e o 3% et Uik ; 3 : 3 AR R R D
The eim of the present pgper 13 10 8I0W that the above con-

e . e Sl e
ditions suffics to assure the cxistence of a stable rank » vecior

~ v, X ..~ -~ ¢ . 7 e > SIS v
bundle on P with the given Chern classes, We prove this assertion

by producing variocus cxamples of stable rank 3 vector bundles.,
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With some exceptions, these bundles are realized as extensions:

0~>F ~>E—> I

rus

: Ny . :
where J is one of the stable rank 2 reflexive sheaves constructed

: ey = ) E z : : o 1 :
by R,Mird in [7J, S is the singular scheme of # and Y is & plsne

curve or the empty scheme, This kind of extension is described in
[l, Sect. 2 |.
Hence, we prove the following:

Theoren, €11C0sCx SN be the Chern classes of a stable rank 3 vec:

BT
*

tor bundle on P it ama orly. if 0102§503 (mod 2) and, after norma-

lizations, C12€05C satisfy one of the conditiong (0), (L)o (2).
I take this opportunity to express my thanks to C,.Binici

for his consistent help and encourageuncnt,

1. Complements about Extensions and Some Useful Exguples

Let F be a rank 2 reflexive sheaf on P which cen be realized as

en extension.:
g

0 —>U a) —=F — 1,(5) —> 0 (1)

4

where 7 1s a closed subscheme of P, locally complete intersection

(l.c.,i,) of codimension 2, The extension is determined by a globsa
section.g of&)z (4+a=-b) which generatesthils sheaf except at fini-
tely meny points. It follows, using the exect sequence (1), that

e oy % - - * »
{(4~0) /2, (-a)+* 5, hence there is a O-dimensional
]

that g;;t'(}',é’ 2 S erob e a

1.,c.1. closed subscheme of P of wcodimcnsion Zisuch that ¥N S =Q§
~
2

(F(-£))=0 anad that W (4-1)® 7

1

has a global section vanishing at no point of ¥, Then by

o~
z

St T
,s.,GC«s s

e
fd

vy 3 Y sl T sy sk e i A s o P Mhe MTMern o acaosa N are s
Vbl g s 8 AR ) Ve C R L e () S SR GBS eae s el alie o Ba o BT D ed S



1

ql(E)
i . CeN = o ¥

GZ(L) e,F) + L cl(J) + dec : |

Gg(ﬁ)x »03(?) + t cz(g) 4 (chf)wt+4)deg XMZ?ﬁQﬁg)

cl(?} + t

However, the condition Hg(?(mt))ma 18 too étrong'for[ourpﬁr—
poses,In the next two propogitions we shall consider tﬁo cases in’
which this condition is not necessarily fulfilled but a-locaily
fnee extension still exisﬁsb

; o : N - :
Proposition l.l. Let v be & rank 2 reflexive sheaf on P which cen

scrmus

be realized as an extonsion-(l) and let S be the singular scheme

of F.. Suppose that @, (4va) has a global section vanishine at .
. 2 é‘! %

o ool of O

Then there is en extengion:

0 —>F —» E—>I,—>0

Eﬁth B a renk 3 vector bundle on P,

e

Proof, Dualizing (1), one gets éen exact sequence:
) =% S : ;
0 ”uwfﬁﬂp(wb) 7 (a0 Lo
Dualizing (2), one finds an exacl sequence:

0 ~30,(a) >F >0 ) = &bt (1 0-a), ) = Eut™F* 0 >0

. i . el :
we have Gal (Iz(ma)JQP)% W, (4+a) . Let)l be a global section of
§ ]
(4+a) vanishing at no point of S, Q determines a globzl sec-

J‘}l(

s i = n i Sa el g
tionp , of Cack F ,0,) which generates Gxi™(J J(7r) e anll o=

dule. From the commutative diszram;

D 7 o 1 a®
Gt (1, (~2),0,)) —> B (&b (T, 0p))

oo i

>
=H"(Jlem (I (-a), Gl (Jem (5,0 ))

NS
\)

b 0SS SIS R Y i S e O{
'] ] TR 163 '1 oYY
Lol SiEseiaairs B ERigls CANOIIALC O, LIOD DIl L S \

Tpd él ;-//ﬂp \Hg

- 7 . : 5 : = . R
B, goes into O, liencep , 18 the image of an element e EExL (?’,0,)a
L0 = 0 ; 02 P



be the extension determined by e . Dua

Gl o ae
P o) ‘

exact seguence;

(‘t—l
Q 3 F

From the: fact that¥1o
Tows that &t 1’(}30- 0
(QP)' = ISO

s
..U,l ( ] C) ‘)’

¥

> (0

]

>é;ijfg

—% T

}?

O, hence B
.
h ::1!1 O

have en exact sequence:

curt

£

3
TR A

) e

gection s

1izing‘(5)‘oge geta

; < {? el
generates the(QPwmodule<bxtw(§'
s locally free, and

is a rank 3 vector bundle on

£ Yer

gree d and

Xy then there

st /1.0
that F(d+e) has 8L~

- o N 3 Y LA Win ] B et s ARy 5
is o complete intersection of two surfacetl

e, respec

ATy crieh et o pant alinc
Civelan, sUCH S RaL =S anlsnes

P
A
Sy

fUL

1.2 iy =2 O
(B,,Y%)

# it fol=-
o)
Lhiad

I) {ﬂ}d. W%

cpohene Vo
s 3 A A R et

of do-

Y s a v e

ek o
e ﬁu$hiﬁga

s T

3 Y

with I o reuk 5

Prooi,

s

YWe have an e

exitensal

5 e e ~ Sl

P Pl IY UsS :5 Ci
P

Ny
PSS

Bt (T, o0 F) —

and isomorphlsn

gt Seguence

os

C\%’;lpr TN npmaZ b= T
) ~ A < : )

PGS

e N E LAt
Wit e G L@

\dnyd
O’
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Now, we want to describe the morphism H (enil(ly,$)) e
—3 12 (F). we consider the canonical locally free resolution of
Iyé 5L ‘CQ NG E e =
PR ca ( d O) =y P(w(i/ C) / ( ) 7 .l.:{ > 0 (4)

S q : _
Applying <f’fsfrn{-,;}') to (4) one gets an exact sequence:

O~ o\fw,(:{:f;“) “’““}\f’(d\ ) q’(@) -'“W*" (u%e) w‘b(mL (Ixy ) —3> 0

which decomposes into two short exact sequences:
& ra
(e <
0 ~>F —>F(d) @ F(e) —> (L,ef)(d+e) —> 0O
0 —> (I..k, F) (a+e) —>F (ate) —>F (are)|Y —> 0O

’)
L = 2 . «
The morphism HC (Pt (.12 sT)) —> H°(F) is equal to the composition

 the morpﬁlgbsgil : H”C?(d+e)l¥} - «T «F)(d+e)) and
%2:H161\3?5§d+e)) s H2C¥)@ The section s€ H° (F(d+e)) restricts
to a gection e{aﬁHO(?(d+e)!Y) which vanishes at no point of ¥ and
sueh that &, (cl) =0,
Tt follows that the element (ef,ef e (oxﬁ ([1\;¢’3)) goes
in‘tq O by the morphism H (cz,;ﬁl(l U S '")) oo " T@F), hemee 1t ds

the imagze of an clement e C:gyt“’ 4), e’ determines the ex-

Svis
- tension we are locking for.

1.

Next, we show that the stable rank 2 reflexive sheaves pro-
duced by R.iird in [7] satisty the hypotheses of (l.l) and (1.2)

v

1f they are constructed with some care

s_...'

7y L e . r {F A o L o } L
Lemma 1,3, let 3],5ﬂ be nonsinzular (connescted) curves in P such
e S e s (_ e

3 2 b e Py = ey W el 2 e
thav lhe ‘seneee uqﬂ Z~ 45 nonempty and congists of finitely many
: < ) :

simple points, ond let Zr:Zj U Z,. Let D=2,N 2, considored as a di-
- ke S
visor on

Ml e S e )

(i) 7

it S S
J Um‘ (), ~d=1e

restriction 1O 1..(n)) —>
v

— 10 (bm (n)) is surjective then the restriction Hoauz(wn))
ol

gy.,_,»‘ S e o



2 ms

& L
T e

...m.,,? HO((U (—»1‘1)1’2’, ) is8 qu"h ailintre

4 2
(iv)w, (1) is generated by its 2lobal sections,
L) 3

e (iF Lek xc:’j(1/Wﬁ One cen choose a regular system of pa-

rometers u,v,v of such that I, = (u,v) and I, . = (u,w).

P?" Jl’X 2}

Grpl e e S
.1, '](’J?‘Ll r - .-(vr' ] e U.. v N
. Z;X Alyk Z)s - o

(ii) We start with the exact sequence:

R h

But 121/122121/<121ﬂ izg)gg(lzl+ IZZ)/IZZ:*:UZ?(MD)° lence we o§m

tain an exact SequencanfCQP»moduleS:

{‘A S SR .
0 o, (D) = d, >Cﬂzl > 0 (5)

) - :
Apn]ﬂsnr'ﬁv : (m,wP) to (5) one gets an exact sequence :

OO i) Ld v L) /) SRS .

Restricting to Z,, we get an epimerphism W, |z, ~—>w, & O (D).
2 phep 2

S L * - 3 . e . ﬂ 9
But this i1s an epimorphism of inveriible U,, -modules, hence it
i
2

2

is en isomorphism, =
(iii) we consider the exzct cohomology sequence associated

to (6) twisted with -n :

B (@,(-) = @y ()@ G, (D) —> H Wy (-0)) => K ()

, ; ; : ; = 1
't follows that we have to show that the worphisn H (W, (-n)) >
s.J

s i 2 e =k
—> H @0Z(wn)) is injective, If qc:u (a7(ﬂ)) then the dxagraz:

b

»

is commutative, We have an exact sequence:



Hl ((“U‘Z1> s HJ- (‘}"';Z) 1 Hl <w22@ ) ZQCD))

& : g / ; y -
But Hlfk, 7’@ (h))g;hg(dg (~D))=0 andﬁﬂlﬁun.):;ka It folilows

that the weorphism H 0&7 ) i I &Qz) 1s an isomorphishl,
d ok

4

(B8

We have proved that the morphicm H (mm (1)) H

5 e e Gl 2 : e
the dual of the morphisn H (Qﬂ(n))‘wa e (G? (p) . How, .the asser=-
Z ;

tion follows from our nvnovn iae i
( Y = Oy ’ “"i)\ﬁr‘ 1 - NG ") eV 3y b oy
QER S e e /*J .(e.-~«u»';xi { VhLafg e Lol i}..ll.u«..
£k
R w (1)) =5 P (BRI 2.0 s shrdective, 10,2 Using (i) it
:_/) 7 Q-i ks Arl B R hed O & AR T -4 G = b b
: o s e e e
follows that deg Gur(l)izz)giﬁg(zg) hence w (1)1 7. is ge aued
: Zs ot s s ) BTl
by its slobel sections, i=1,2, It Tollows thatcuz(l) is genera-
ted by itsrglobal sections,
Pxanple B4, Tet gz 1 and c5=1 be intezers such b“at cv“ 2q=2.
S o : - : ) ; 4 | . i
et me ; ZMZ be nonsingular surfaces in P of degree .g~1 and
q, respectively,intersecting transversally. Put Z, = nﬂﬂ(‘ Iz 5e
Let H be & plane in P which intersects transversally §W'J, 7
and Z?Q Fat C.=lNZ.,.1=1,2, Let Z.c H be a nonsinguler curve
of degree the points of d0Gs, 0w
< qlg~1), ond let Z=7 v Z,. One can construct & sitable rank 2
o AL G o i
S e e se it [T . . i =
reflexive sheaf & on P using an extension:
e . T -
O s 7 (jl)("q) o Gl )\7‘ ~"'I7<q"'!") YT O
&4
pic o ey T T e\ JEES e ol ki =
dlie Chepn clockes of f gres ¢ (F)= —1. 6. (Ti=c. .00 )xcf S
L ‘ ) .
4}

L men TR e e

¢ m.vna%

N TR e
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i
5
)
kK
i
{
{
i
i

e

Cod by R 0

Put D=ZyN Zy. By (L'ﬁ)s&.)z(%?.q)lzlﬁjg(92 (02_«(29«2))@l ‘w?’z(m

and C'Ju-("}w?q)lzp&? @ D), Choose s;€1 ((9 (D)) such that the

divieor of zeros. - of s, 18 D, =10 amd‘le‘; ‘i;lé”:”_,j,}ip (é%‘(cge«(?;q~2)))

o B

.__.
L9

a nonzero secitlon, We may take S :-f:('tl@. 84 ?_s_;?)‘@

-

1% follows that, in order to verify the hyp thesis Ll ),

'8

t suffices to find a global section of Q}Z(/gw(}} vanishing at no

e e S e ol o s g o SN e
poRnt oL b, Thos hebpens o exeiinlo, 0 D x/ Jow, suppose

that D CZ§ .

The 1.:101"pJ.1is:z;;1 10 (. pla- ,1)) —> IEO_((Q; (g-4)) is surjective., Dy

TN
s,
¢

o
AN

i3d) o the mor;j;l'lism e (m,,(zl q)) > (wr,((,no)\z ) is surjec-
tive, hence it suffices to find a glovbal section of @2(4‘”@.)122

vanishing at no point of D, Put Dy=HNZ,)ND, Ve have:

A - u $ ) A !’ s
Wy (4-a) | Z, 2 O (qw')o@ (D& @Zp_‘(q‘)“ c Bs)

Zo

One can identity H ((9 (q){:ﬁ) (92 (ui‘)?)) with the global sections
e o

of (.5‘,., {q) venishing at any point of ])26- Hence we must find a glo-
(.12 , !
be. q) venishing at any point ef Dy but at no

YR ((«2?)9)(;15{,9,, (D). llence we must fing

3 il
Js 77 5 D orrdd o & - i e U LY
3 N e Yoo : A e : = i
Lo (D=x)) = b WU (D) )-iton any =@ D oec I 50y 5.1 ) 3.
«"’ \/’g
i i1 'y = vt oy <2 Aot e ST e e
3y the Theorem of Riemann-iioch this is equivalent to:



Now, we

Yl (~DFx) =0 for any Xe D, We have b, & [0,
C : C

s i
Gieasll Loally il 1)
il 5 il

at eany - point of CIF\CQ then ¢ =0,
- (48
- O 5\
TCC. NG cosloting 0l bW, )=
i ¢y
vanishes at eny poi

points

o

Il@t ‘vw‘ 3000 3yg b@ -tbe

"unique (up to scalar) section venishing at Tyrevesds 3

LR AL s
b’x.l - DO% 8 BA
iz

, (a)
E

choose Gi

o - . %
xe. T laee: i-s"on fe I W

T bat nol 6 o, Jdeed,

Wo have prove >d that the base

A TIVRT T I iy s : y B
the curves of dearee g in H passy

" 5 4 . - %

LILEU

q—;

e ol o

Now, suppose that TCDEC,NCs. Let x€ D,

4 R -

£~

2t 2 )
5¢(q-2) (q~3) points

such that )(yi)no a

T vy e e v 53
ne Lhyonaly bl

vpose that, for any i, ¥, vanishes at no point of

show how one can choose D& HOZ,= Cl(\cz guch that

(q=-4), Using the

B

nence if G%EHOG< ) vanishes

It follows that there is a set

such: that,
nt of T then ¢ =0,

gieTand et .6 B @

i(:.');:’Oe It rollows thet for any

) which vanishes at any point of
such that ¢ (x)#0 &nd

nad >\(*‘), ‘D ¥We may take f= )\

locus of the linear system of

le - polnte of ‘T 18 T

i e Y I < 52 8 e e o o == :
mowaaE G gt e I3 e Re TS E wa nay
6 2 e ? b g
; &=

clm -32)\ T
T GC’H kmc ) va-

B 0 St : - : R oe Jens
nishes at any point of 7-.)\3:»;} then §=0, hence I (“L)C" (i) =0

We have proved that if r=0

A yyeo A 4 M
..4;1-.1'.\ b‘:"_“\i OJ_. L:-v,

c‘. ik

nen one can construct

)



Next, we show that if q>2 then, for any n=1, F(n) has =
global section vanishing in codimension 22, Firstly, we show

that for any 4 >qg-L there is an irreducible surface of degree d

but-not «. . We lay suppose c? g+l Jhen thebase

v 4.
Z i
: GBI 4% T A oo i R Vg e ) ( S >
, locus of the linear system of the surifaces of gree d contain-

L . ing %, is Z, and this linear systen separates tne points of P>2,.
By the Theorem of Bertini, the genersl surrece of degree d con-
f taining Zs is irfeduoible@

| Now, let n>1 bs en integer. Let h=0 be an equation of the

t

m

i plene H and let g=0 be an equation of an irreducible surfece of
degree n+g-2 containing 22 but not 219 Let s be a global section

hes in co-

(,)

of F(n) which goes into heg €l (nrq~l)) Iff s vanis

dimension 1 then there is an m<n, an S'E.H (F(n)) and an

& @

Vﬂ(( {(n-m)) ‘such that s=sfrs . Let g ‘be the imzge of 8’ in

S
HO(IZ(m+q«1))a We have f+g’= heg, By unique factorizstion, g’=h

=

or g’=g, but none of them vanishes on Z and this is a contradic-

jA

Y

o o such that ¢,z 2q-~1,

Ixemple 1.5, Lfi qg=>1 and cz;ﬂ? be integers YL Z,C P be a
complete intersection of two surfece of degrce ¢ end let Z be a
plane curve of degres Cy such that Zy weels 2, at r simple points,
O=mz g Put Z=24qU 25, One can construct a stable rank 2 refle-

xive sheaf J’ on P as an extension:

) A SN gk 5 i
O 30 (_/ 5 ( v (] ) wreely of seeeeZp ] k C ) e ]
D G e
Tha (Choarn Aocana O - N < y S S
- ‘LI < (1[*\. ERECIASSES Qs G 2 ( ) O, C (.J "“VZ; (:/r;.v( C2
2
2
s oo
= g~ ( _({i“"l‘.}()g'}‘f_*' (oee (v, oot for c;etazls) A
i
3 Ty I s 7 PR S SE A 2 '”‘2 3
One cen show, a8 1n (1.4 that 1 r=0 or 1L 3. o(q~1) (g=-2)+
) et [ Gaiid
s S e ; B ] 5 i o o 5 = =
Fe e 7 =0 B e S P s s e e s TESIECE i, o e
Sl ) biien Gle call Conseruet & slich that J (=1 sebist ies the

o 2 M - < Jop: 5
hynothesis of (1,17, &lso, - ifn> 1| then £(n) hes o clobal cecs

tion vanishing in codimensionz 2,



Ye end
vector bundle

S oand 4o

rons

the section with an example of

on P with ¢;=0, which will be
etgyland ¢ dg b@.ince
Clw £ 1(’{‘ (1?”(1 \-w’\(..{ 09
H, and H, and such that me
.C’-L IBCh T 2 A L B Zl_

ZmZBLJZ?Q let Hbe ap

o

22 end wi

Hy O H, 02, Put Li=HOH, i=1,2.

There
and such iz
at .any poii

T 1
nence. We

= t\éﬁé gﬁneratefdz(4)@ Sltapf S

7
=

with P a senish
cl(E):Qy QZ{E)EC

W ooapre
hJ o SN S

are ele

ments t,,t,€ &
point of

o

respectively,

¢h does not contain any

(d@(l)) which generate U

Hnz, and Ty Van
- o

1

abhle rank % veector bumdle on

53 cn(

the exect

0 —>0 —> By —>

”Zﬁ]

2£;f’{§(1)) be such
1

a semistable rank 3

used in the gections

H [2S

rs, Let Z,,2, be plane
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a linear form which does not vanish at the point x where L, and

L, intersect. Let ¢ be the epinmorphism Ey —> I, 41

Let coba 8 ylonY‘chtion of Lw(n) whose ilmage in
\nb)
s} < / ey
O (0332 g (NI SNt - e : e
H (@H(n))’ is AJSA )\ mishes only at the point x, It follows

~that ¢ might venish only at x, If ¢ vanishes at x then the glo-

v image
T ceciion @By £ 5 : o 2 P
bal section A fb of J(n), \10uﬁA:H He (¢ H(n)) isstill
ot

nn 2 2 Uiy i
(O o ) voniches ot no point of H,

i

2. Exemples of Stable Rank 3 Vector Bundles with ¢, =0.

With some exceptions, the bundles considered in this section are

constructed as extensions:

T 2 : -
where - 18 a steble rank 2 reflexive sheaf on P as in (1l.4) and

¥

f':

a plane curve of degree 422, QOne can verify the stability

of E as it follows, In every case one ha "Srgé, hence we may sup-
o) = 2 ;

pose H (IYL}S(l)):«'Oc It follows that H°( ‘) =0, Imalizing (1) one

- -
gets an exact sequence:

0= ull) =k —>5 il (5 >0

S X, : -
If e,2 5 then # ZF (1) hes only one (up to scaler) global sec-
tion s. We may suppose that le%O, hence the morphism H° (F%) —»

sl 5

L]

* > Al ; -~ ] .{"T"‘)f' 7 N
1ngect1ve,&)y(5)gécﬁz(a) and Q@E¢?=§{ﬁ9(l), hence
we have an exact sequence:

0 —>Ty(l=d) —>F |¥ —>W, (3) == 0

o . 3

It follows that the morphism H° (ﬁ\ Y= ng(i)) is injective,

Exemple 2.1, 1et g2 and ¢, 2 2g-2 be dntegers, Let o be & stable

~
et e T S - - (: ——r

. LR 3 = ' ' -
Ay 7 b ol pva s ~ iy ot ~310 ) AN ot yrnt oA ~ ~ 4~y N Y
Dang .2. PRELEXIVe ‘SHeal "G oSt ead fac a1 SeXTensS1 ol

N R v SR r " o AU 2 SO Al o) S e ey
VI ey o - i \ 2 - AN DI { 3 . ) - 5
wilere = & U Lrye VLU i Q4 J‘l Gl e CU NGO (.A.K?(J’} 28 Ca—l and oo &



complete int&yrcotiom of two surfaces of degree g~2 and q-l,res-
pectively, such that Zl meets 22 at r simple points,

we construct a stable rank vector bundle E on P as an ex-

0 —>F —> B —» I, ;4(1) —> 0
B

where Y is a conic.According to {1.4),if r=0 or 2 e (=2} (q=3)+

9

N,

+1<r< (g-1)(g-2) then the ¢ “”iv on 1s 10 sa1ble, The Chern

classes of B are: ¢, (E)=0, c,(E )ncgg cﬂ(M)wc ~(2qul)c +2{g~2)+2r,
- = =
This exsmple covers sll the values of Cs with e = &

C
2
2

5 ; ; 2 '
- (2@gi}¢2+2gqm2) er with CZM(ZQM1>62+(Qul)(Qw2)4 4703§‘c -
(( (\f ““‘.l )(.‘r ‘(:((:“‘2) &
3N ) it s b' v etabhle rank 2 re (o abypmaf oy =
Exany 2.2. Let J be a stable rank < flexive sheaf on P con-

1 & 5 v - ,r"'"
where I is a line, The Chern classes of J are: cl(§?=m1§c?C?):l,

ey 5 «2 e 5 v
GB(ijlﬂ we have H™(}(-~1))=0, and 3(1) is generated by its glo-

bal acctions, It follows that if ¥ 31s a lie.i, Gurve in P with

W, (2) generated by its global sections th@n(:f(iy}q- has & gec-

tion venishing at no point of Y. In this case there is en exten-

sion:
: - .
O Wa‘?j s T e '()_) M O

with E a rank % vector bundle on P, Let Yl,e,e,Y“ be the connec-
. <

-

ted components of Y. Tt there 10 o & such 1ot B ) =0 or
O 7, £ - i b by " fa 4 ~»y
h UJY(?) y=1 and nZ 2 then E is stable (see [}; Sect,.?, Exam-
it U
ple 2} for details).

no
&

A 3 Al SV T S 3 e Al e iy e o ~,
Now, lelt g>1 and ¢,z 2 be 1ntegers sueclhl that c?¢12qm
(e T, e

; SR r SRl oy s PG aoR T P U '
g, whiere ¥. is a plane cunye Ol dogree Ch=qtl and s

= A f = LR e R s £ = o

a plane curve of degree g-1, situated in different planes and

Syq ot g - g X ~ reo T 1~ o v < “yy b

such taat 4 Co o inos: sinplo points, 0= g-1, In tTnis
¢ 745 ) ane IR

TR
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case the Chern classes of E are:”cl(E):O, czﬁE):cg, C3(E)=cgm
~(2g-1)c,+2q(q-2)42(5+1), "

This exemple covers all the yalues 01’;“&:.5 withs

cgu(2qml)cz+2q(qw2)+2j§c égcgw(2le)cf+QQ(q~l)

3
Example 2.3, Let‘dggl, gz max (24,3) and 02>'qi] be lDtQTSCueL@t

F be a stable renk 2 reflexive sheaf on P constructed as an.ex-

0=l adl) e 4 I () e O
where G20 M 2y, with ZJ a plane curve of degree g and 22 8 Com=—
plete intersection of two surface of degree 4 and d+l, respecti-
vely, such that 7 meets Z, at T simple points.
We cons trucb & stable rank 3 vector bundle E on P as an ex-

tension:

pE > Iyus®) =70
where o is a plane curve of derrbe cznovl accordinb to (uer),
ptaid %ed(owi)% Sr< d(dtl) then the construction is po szolc The
Chern classes of E arg:"l(”) 0, 2(u) Cos c,( S)=c m((le)C +

+ 2dq-2r,

Exemple 2.4, Let d>1; g2d+2 and e; 2= gtd be intege Lot F be
a stable rank 2 reflexive sheaf on P constructed as &n extension:

Oy (QP(M@,;) —> F —> I,%6) —= 0

Tl

where =2, U 22, with Z, a plane curve of degree 02~q+d+l end Z

l =
a complete intersection of two surtaces of degrec d and d+l,
respectively, such that 2, meets Zn at r simple points,

We construct a stable rank % (vector bundie E on P an ex-

tension:

0t > Iy g (1) —> 0

where Y is a plane curve of degree g-d, dccording to (1.4), if



o 1O o

%ed(dwlyﬁLgxfgd(d+l) then the construction is possible, The
Chern classes of E are: cl(E)xO, cz(E)zcz,c3(R):og~(2le)c2 o5
+ 2dq-2d(d+l)+2r,

The examples (2.,3) and (2.4) cover &ll the values of 03

) ] : L
with cgw(qul)cq+2aqmza<a+1)5;cgé'cgm(zqml)cg+2dqe Now, let d be
e o -

s

~d o~
the largest integer for which 2d< q. We have 2dqZ (g-1)(g=2)., It

follows that the exsmples from (2.1) to (2.4) cover all the va-

lues of ¢4 with c,e U

: : 2 -~ a 2 : '
5 O(qgcg), except 03w02w(¢qW1)62v2(q ~-qt+l) and

,,,,‘2_ (r :
03wc2m(£qml)c2°

exn

Exemple 2.5, Let q =2 énd 027»3 be integers such that 322;2qu2,

Let B be a gtable rank 3 vector bundle on P with Chern classes

2_2q+2 (see [8, (5.8)]). Let HCP be & plene

s

el =loei=q, €=
1 e b 3@.
which contains a generic line of E'. By f85(508)j, E¥(g-1) is ge-
nerated by its global scctions, hence the same is true for

Eﬁ(czmq+l)e It follows that'?ﬁ(c?mq+l) has a global section va-

nishinz et no point of H, hence there is an epimorphism

% 7 ¢ ] 3y s # o %
C(H : Eﬁ >>OH\02mqwl)f Compoging with the morphisu B =2 Lé

2
2
s

S DN "1'31“‘ £ 110N X K 7 2
we get an epimorphism L ¥ B! mtéfﬁﬁﬁczmqvl)a let B =2kenet , B is

a renk % vector bundle on P and, by definition, there is an exact
sequence:

0 —> E¥ —> E M:“\'b(OH (C?-q+l) > ()

Lo Sl S S 4] Ty mw.:

The Chern classes of E are cq(Z)=0, CZ(E):CZ,03(E)zcém(2q~l)02 +

2 & 5 3 : ¥ ey : : S
+ 2(q"-q+l). In order to show that & 1s stable 1t surfices o

show that HO () is injective, Je have HO(L'*(ml))zO, hence the

hE o 1.‘0 ity ¥ 1vO T g x o) el SRR S 3 v x5 =T ~
merphism s ) —— 0l (@ﬁ ) is ingjective, llow, let £ﬁ~neruiﬂ .

Pualizing the exact sequence:

L&

H
: T e R s S o



o L7 -
and using the fact Lhn+ H@(“H (~1))=0 one finds that Ho(Fg(«l))zO.
But Fﬁ(nl)ngH(cngml)s hence HO(FH)mOa It follows that- HO(&H)

ig injective,.

Pas

Exomple 2.6, Let gz and ¢, 22 Do in

egers & ucn uhot C&:?quj

<

1.et E* be a stable rank % vector bundle on P w1t1 Chern CWQ Telets)

‘ 2 = < : "-':1 ) = = . -
_ciz =1 cézq, cé# ~-q « By LS% Seet.D], tge:e is an exact sequence

O cos f;cﬂl — U, {q)e =510

for some plane HOCIPq Let Fﬁ ’h“((7) ~wv%9 (q)),‘Using the
0 Hy

neke lemma, &g in Lzy(lol)], one gets an exact sequence:

Z

0 > (I (<1)? —3 Bt == F. =3 0
S Hy

Fy, is generated by its global sections. But }: BT, (q), Tt Dol
0 "o 0]
lows that E*(q) is genera c& by its globol gections,

Let HCP be a‘plane'whiéh‘contalns aigenerie line of !,
One can cénﬂtrucc, a8 in (2@)),va stable rank % vector bundle I
on P as an extension: | v

0 ~—> E' —> E —> cﬂ (- C?%q ) = 0.

e " ? '
The Chern classes of E are cl(L)xO, 2(“) c?,c,\,)rcz-(qul)c?.

Now, let q be the largest integer for waich Sqm1§;02 and
2o -2 ; ' i

- < Tor e 2
- ~(23-1)c,+2(5°~q+1) is equal to Fech+
d do(q)e cs-(2g-1)e, (q Q“%) is equal to 5eC5 2

end to %(c§+3) ok Cs ia odd. It rollows that the exz

!.Ja
)

G, 45 Eeven

i BN

Steisiae

5‘3
’C.
—

om
(2.1) to (2.06) cover all the possible values of ¢y with ¢ 52 Com

~(2g- l)c?ﬂc(u 2a(d+1) = m (02)4 . : :

(@]

The reiraining values of Cy are coverd by:

5 - ~ Sl e T
Exsmple 2,7. Let ¢, 22 be an integer, Let J be a stable rank 2
0= '
ceflexive shaef oniP 2 in (2.2 e constrict ' sdable vl

vector bundle E on P &s an extension:



where ¥ is a l.c.,i, curve in P satisfying the conditions stated
i 3

at the Beriniing o 2 L2,

Let d be an integer with 0£dgc,-1, If ¥ is a disjoint

!\

union of czwdml lines and of a rational curve of degree d+l then
the Chern classes of E gre: L(L) =0, cg(p) cq,c,(L) =2d |

If ¥ is a nonsingular curve of degree c, and of genus g
then cl( ) =0, CP(L) cpgcv(b) 22C 52428 According to [4], there

: i
are such curves for all g with Q(« L e 2( o -%)+1,

— QWA-

Tt follows that this exeample covers all the values of Cx

; : 8 = : zidl
with Of;CB§;g&C?(C2+9)e One cean easily see that ch (c )>>

gmo(cz) for all 02_{:30

%, Examples of Stable Rank % Vector Bundles with C,= el

EX&A)lo Seills - let g > end ¢, > 2q be integers, Let F be a stable
‘___Lm____ el 2 e q -

rank 2 reflexive shesf on P constructed as an extension:

O =30 (mq) —>F > I (g) —3 0
i 7

e

where szlLL22¥ with Zy 2 plane curve of degree ¢, and Z, a com-
plete intersection or two surfaces of eOLee q such that Z] meets
Z2 at r simple points. We construct a steble rank 5 vector bunale
E on P as an extension:

o =l R T e S G0

22 (q~1) (g~< )‘Lmyr- 2 then the

Nl

Aceording %o (1.5), if v=0 or i1

Chern classes of E are c¢;(E)=

e value of “coraah 03ﬂ02~2qc? or
g 2 “
,&02~¢Qf2+?q ’

. : G
and c,zq be integers, let T be a

=

stable rank 2 reflexive sheaf on P constructed as an extension:

(¢

< REE g .
Que=sp ﬁﬁp(wdml) ey ) e "T'Z (d) ~= 0

ey



irok

7Ty

wiere Uv@lhiég, with 41 a plane curve of degree g and 72 a com=
plete intersection of two surfaces of degree d and d+l, reu;ec~
tively, such that Zl meets Z, at r simple pomnts Ve congurun a

stable rank 3 vector bundle I on P as an extension:

: 7 T 2 ks

where Y is a plane curve or degree C5=Qe According to (1,4), if
wo(d 1)(d-2)+1 s r<d(dsl), then the COnoLLuCthn is poss 1blo The
T ] e 13 T 2 E S y
hern classes of & are ¢ (ﬁ)x -1, cg(p):ozﬁc3(5)zc 2gqco+2dg~-2r,
Exauple 3.3, Let 41, g> =d and co\»q+d be ihteverse Let

a stable rank 2 reflexive sheaf on P conutructﬁd 88 an extension

0 ~—>0p(~d) —>F —> 1,(a) —> 0

where Z:Zlkaq, with Zl & plane curve of dezree czmqfd and 22 a
5 Cu

complete intersection of two surfaces of degree d such that Z,

meets szat r simple points. We construct a stsable rank 3 .vector

bundle E on P as an extension:

O s Fl) =5 EGl) e b o buih O

where Y is a plane curve-of degree q-d. Ac c\rdlng o (1.5,
mc(g 1) (d- °)% <r<d” then the construction is possibleé.The

Chern classes of & are: ¢q(E)= -1, ¢,(E)s czgcq(“)wc »20 c,t2dg-

i

__2de 211 %

v

Example 3.4. Let d21, qxd+l and ¢, q+d be integers, Let E' be

a scumistable run“ 3 wector ouu&ﬁe o P epnstoycted . a5 in (1,67,

as an cxtension:

h} = S o, L d Sacee ) =Y A L ey = ; I 2
where Z=ZqU 2y, with Z; a plone curve ol dasgree c? q and Z, .a

o}
}...J
gJ
)
P
o]
<
(o)
Q

L

(818
H
@«

o
(@7
(_f\
o
o
N
(-.+.
o
o
¢t
N

i, meets Z, at s simple points
0<£s<d, Let H be the plane considered in (L.6). The generic
splatiing type of B% 45 (0,0,0) snd Hicontiinsis ceneriec Line of

Et', By (1,6), there ig.an epimorpaism E! w%(ﬁwbq«d)c et I
; ; 11



i ST g, U (i

the kernel of this epimorphism, We have, by detinition,an exact

sequence

0—>E—> B —>U; (g-d) —> 0
1
It follows, as in (2.5), that E is a stable rank 3 vector

bundle on P with Chern classes: Cl‘E = -l 02(3);g - CQ(E}:QZ =
el 2
mgq{;,)~{"?g dras,

e A

The examples from (3.2) to (%.4) cover all the values of ¢

>
: 2 : e o ; 4
with c?w2q¢24-2d‘w2u(ﬂ+l)§gc f:C2m3q02+2dq+2dc Now, let d be the

{

; ns ns
largest integer for which ?uféq@ Then 2dqﬂ-2d§;(qml)(q~~2)0 It fol-
lows that the examples from (3.1) to (3.4) cover g1l the values
ot Cs with Cy € ul(q, ke

Let § be 't:[\rn j,aré;ef?,'t integer for which 25:5: 02 end d=d (”q')s.
2 e 5 .,.,;2 . = KR .,.!V ‘?n 3 S ‘
Co-2qe,+eq is equal to iecs ki‘cz is.even and o mc(02 B i

Cs is odd, It follows that the examples from (3,1} to (3.4) cover

all the possible values of ¢y with c32;c§~2§c?+2§q”25(5+1) e

2 = my ey,
The remaining values of s are covered by:

.7

Example 3.5, Let ¢, 21 be an integer. We construct a rank 3 vector

bundle E on P ss an extension:
o o 2 < -
U@ i) b ST ) i
31
wiiere Y7is g l.¢ i, cupve "I P withédI(Z} generated by its global

2 770 g’ '
sections and such that I (IV( ))=0. The extension is determined

Ao,

by two global section 'SJ,'§2 oﬁfoI(Z) which generste this sheaf,
Ir f and § are linearly ind 3dcnﬁ over k then T is stable (as

oy

one can easily see dualizing the extension),
Let 2<d< e+l be an integer. If ¥ is a disjoint uricn of
d-1l lines and of a rational curve of degrees ¢,~d+2 then the Chern

P

ks Gt ™Y e S
C.L(\:J )( O.l. LSO B R ‘:5: C-L(J.‘.:)"" ""ls. C:‘:)\Lz "*‘V,-:,C. (4J>"‘ij~i"2

e ey e



* >

S e | e - e
P Menn.Le ~re2.¢, L’&z‘ Cod 2 l, 01: \\‘/ SEECE

ChERET

£ ¢.>2 and ¥ is a rational curve of degree c,+l then:
5 g )

e

s lR)= ~{E)=c z (B]=¢c
ol( Y= -1, cd(}) 59 cﬁ(I) Coe
Now, suppose that ¢,> 3%, If ¥ is a nonsingular curve of de-

Y

gree c,+1 and of genus g contained in no plane then the Chern

classes of B are ¢ c.(B)= <1, ¢, (B)=c,, c.(E)zc, 422, According
i 2 2 9 ar ot

to f/é.J; there are such curves for all g with 0€g4&

cHtl) (c -2 )4+]

£k follovm that, Lo 022:3; this example covers all the va-

lues of crj with -Ch < Cy < %';(C?'i“l)?"i-l@ One can easily see that

"‘c b u. 5 ,-‘A» C ) .‘,n 2 Cl; ! >“
3 (C../. o ~z ml‘( 5) Lo 11 CrZ Je

4. Examples of Stable Renk 3 Vector Bundles with ¢q= -2

} cample - 4.1, Let gzl and cyz2q be integers. Let S % be a stable

reflexive sheaf on P constructed as an extension:

no

B ank

058 (g —F 91 (gl)—>0

7 7 v : W o 5 0 ! S IS
where Z=7qU 2o, V rith Zq @ plene curve of degree cz-»l end 2, 2 com
plete intersecltion of two surfaces of degree g=l and g, respectl-

vely, such that Z, meets Z, at r simple points, We construct &

stable rank 5 vector bundle E on P &s an extension:

Q =3 I = B ( ~1) > IC}; =0

Accopding to (1i4),:if »=0 o if %’v(q-2)(q-«°)')"rl§r§: q(g=-1) then

the constiruction is possible, The Chern classes of E are: Cl(E):"
2

-— { Y e Y Y - PR s 5D pta D
> ‘”2, CZK,L) “"bz’ CB(JS;)“‘C?.“"< \irl)CQJE'\iv"Cl ®
This examnple covers all the values of c,j with C"fc2 =

- '(2@4—3.}(:2-«2-211 or with c

.0(20441}024‘2(:&'(qwc.) (g~3) "2:§C3£ C? =

- (Zq-%l)c?"rf—:’q,
- max(2d,%) -

> q be integers, let 7 obe s

ot -

atable rank 2 reflexive shesf on P constructed as an extensiOnll

O U;P( ) S R ey IZ (dA) —-» O



vhere Z "leLIaqg with 2 2y a planescurve of degree g-1 end Z,
complete intersection of two surfaces of degree d such that Zy
meets 'Z,2 at r simple points. We construct é stable rank % vector
bundle I on P as an extension:

a N . Sl AR B L e e
O 'Nw'}J ("“'l) = .I) } IY U S P O

where Y is a plone curve of degree c,-q. 4cco rdins sboi(don) At

%c(d-ﬁl)(da’ay% <142

ya
7

then the construction is po s)_.ble° The
Chern classes of (

i

I Fi=kt «(2q41)c +

are: Cy (E)= ~2; c,(E)=cy, ¢
+2 (d+1)g-2d=-27,

Ty“wnﬁn 425, Lot d =21, g> el and ¢, 2 grd be integers, Tet & be
= = 2%

a steble rank 2 reflexive sheaf on P constructed as an extension:

00 (dl)—> F 1 (d)——>0

P("
where Z:"QZIUZP9 with Zy @ a plane curve of degree czmq+d and 22 a

el

T degree d end d+l, res-

)

complete intersection of two surfaces
- pectively, such that Z- meets 22 at r imple p01ntse We construct
a stable rank % vector bundle E on P es gn extension:

*

0 —>F =5 1y =5 L o—>0

where Y is a plane curve of degree g-d-1, According to (l.4), if
~a(d 1) (a-2)+1<r<d(da+l) then the construction is possible, The
o ~ . ?
17 aao 2 1Y Ao Y Y L s Y = c A E S o =
Chern classes of L are: ¢ (E)= =2, c,({L)=C,, uﬁ(E)mcz (2q+l)02 +
+ 2(d+l)g-2d{a+l)+2r.
Exauple 4.4, Let @21, qz2d+l and L2 g+l be integers, Let E'

be & semistable rank % vector bundle on P coastructed, as in (1,6),

» e > 3! 7 e % &) ) r;
‘-’”h@l"@ L= ’Z—i o 33 V3 —Lﬂ «M 2 p.k SN2 T CLlETE 00 d BATEE Q"“\A“".&. and 42 &
=5 £, A
e o~ A oo 4 Cn e iz - ot (g oy PO
ke id 4 T2 Ccu e O K..'.:A_ ,:1\18 Ci Sibledg! Lav A...."{ He8 U Ly &‘L SIS 4;)1.0 pC.hu.vS,
3K e pe

0% s<d, Let H be the plane considered in (1.6). By (1560 there

is an epimorphism E' —»(U, (co~q). Let L7(~Ll) be the kernel of



e

this epimorphism, We have, by definition, an exact sequence:

u 0 —~—> E*(-1) —> B' —>» 0, (c;-q) —> 0

Tt follows that T is o stable rank 3 vector bundle on P with
11 - = TN e Y = 2 =
C;ll"’f')r‘.\ C Li,(f'f{} b: C:L(}‘))'i“ »z.29 Cz(j.‘})-—‘-cgg Cr (J.fl) 2'( Cl i’l)(/r "Q.(U“ll‘l)q
-2d(d+1)-28,

cemples from (4.2) to (4.4) cover all the values &

:l)c +2(d+1)q-c d(d+2)%:cn:“c2 (CQ‘l)C +2(d+1) Q.

2

Now, Let @ be the largest integer for which 23+l £q. Then
2(gll)q;§2q+(qu2)(qm3)g It follows that the examples from (4.1)
to (4.4) cover all the values of cq with ¢y € Mz(qfcz)e

Let g be the largest integer for which 2§§;02 and azdz(a)e
cqm(2§+l)c2+2§2 is equal to %G(ng202) if ¢, is even end to

«(c “1) if ¢, is odd, It follows that the examples from (4.1)

to (4.4) cover all the values of Cs with Cy >c m(2§+l)02+2(d*l)q"
- 2d(a+2) := my(c,).
The remaining values of Cx are covered by:

Bxample 4,5, Let c2;;2 e an integer, We construct a rank 5 Vec-

) R

tor bundle E on P as an extension:

Q.m@>czp(wl)2 > B ‘;IX > O

where Y is a l.c.i, curve in P witha)I(Z) generated by its global

sections, The extension is determined by two -global scctionsngl,
o of W, (3) which generate this sheaf, Ifigl and §2 ape linearly
over k then E is stable,

+ < A no 1ot T e e e of
let 1$dsc,~-1 be an integer, If Y is a disjoint unlol

&

d-l lines and of a rational curve of degree c,-d then the Chern
,S(ZJ:) = ?.CC“'.{ w2
If Y is a nonsingular curve of degree cy,-1 and OF genus &

T i e V] Naom N A o AN o 1
then the Chern clasges of U ere: c. (B)= =2, co(B)=c,, 05(“>
5 5 o fes



dccording to [4] there are such curves for all g with 04 g«

< Eele, 1)(02_4m

-

It follows that this exsmple covers all the values of c,5

with 0 e, s -1){e +2) One can easily see that :
i o J
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