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I1Y]?ONORMAI, OPiTRATORS AI{D N]GANDIST}iIBI]TIONS

Mlhal Put lnar

Introdue t  ion

Th is  paper  dea ls  w i th  two-d imens iona l  mode ls  fo r  hyponormal  opera tors . l , /e

l ink the canonlcal  modol descr ibed ln a previ-ous paper h a] to more famil iar

func t lon  Spaces  and then we re la te  i t  to  o ther  func t iona l  rea l - l za t ions  o f  some

spec la l  c lasses  o f  hyponormal  opera tors ,The paper  j -s  eentered  around thc  space

o f  g 1 o b a l l y  d e f i n e d  e i g e n d l s t r j - b u t i c n s  o f  t h e  a d j o i n t  o f  a  h y p o n o r m a l  o p o r a t o r .

A  hyponormal  opera tor  on  a  } t i lbor t  space H is  by  de f in i t ion  a  l inear  boun-

ded opera tgr  T  {  I  ( i l )  w i th  the  proper ty  TT*  -<  T*T.The gener ic  e lenent  o f  th ls

c lass  o f  opera tors  was descr ibed by  Daox ing-Xta  [ f  O l  as  a  combina t lon  be t r reon

mul t ip l i ca . t lon  opera tors  w i th  bounded neasurab le  func t ions  and the  H i lber t

t r a n s f o r n , o n  t h e  l t i l b e r t  s p a e e  L 2 1 u , b ) , w h e r e  ( a , b )  i s  a n  i n t e r v a l  o f  t h e  r e a l

l i n e . X i a r s  m o d e l  a n d  t h e  c a r t e s i a n  d e c o m p o s l t l o n  o f  a n  o p e r a t o r  i n t o  r e a l  a n d

lmaginary part  were the pr inctpal nrethods in the theory of hyponormal- operators.

R e c e n t l y , s e v e r a l  a u t h o r s  (  x i a f t Z ]  , c r * n c e y t 4 l  , p i n c u s - x i a - x i a [ 1 1 J )  h a v e  r e f e r e d

to  hyponormal  opera tors  w i th  one-d lmens iona l -  se l f -commuta tor ,a .nd  re la ted  ob-
jec ts  to  them, ln  complex  coord ina te  te rns . l {e  adopt  in  th is  paper  the  same

p o i n t  o f  v l e w . C l a n c e y ' s  r e p o r t f 4 ]  w a s  t h e  m o t i v a t l o n  o f  t h e  p r e s e n t  p a p e r , w h l l c

the  proo fs  be low cont lnues  the  techn ique deve lopped in  hZI  . le t  us  reca l1  the

m a i n  c o n s t r u c t i o n  f l o n n  [ ,  z l .

le t  a  be  a  bounded domain  w i th  s rnooth  boundary  o f  the  conp lex  p lane C ,
and let  T € /  tH) be a hyponormal operator. l i 'or  every smooth l {-valued funct i -on

f  4  l  tn  'H) , the  cauchy-pompeiu  fo rmula  g ivos  r i se  to  the  inequa l l t y

( 1 )  l l  ( r - p ) r  l l  z , i ?  - (  c (  l l ( r - r * ) d r l l r , ,  *  l l ( a * r * ) 72 r1 [e ,n  ) ,

w h e r e  C  i s  a  p o s i t i v e  c o n s t a n t  d e p e n d i n g  o n l y  o n  f 2  a n c i  p : f , 2 ( S Z ' H ) - - +  l 2 ( f z , n )

denotes the l lergrnan project ion"l 'Jhen the domaln J2 contains the spoetrum o.f

T ,  J a  >  c r  ( T ) , t h e  l l n e a r  m a p
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v :  1  _ _ _ _ +  n 2 ( n , D  /  e * T ) l r z ( n , H ) ,

where  Vh represents  the  c lass  f {n  o f  the  cons tan t  func t ion  h  on  n  , i s  one
to  one anr l  has  c losed \ ra .nge. l le ro  H2( f i  , t t )  s tands  fo r  t l i e  Sobo l -ev  space o f
order  2  o f  H*va lued func t ions  .Th is  fac t  i s  a  consequence o f  the  tnequa l i t y
(1  )  and o f  the  l t iesz-Dunford  func t iona l  ca lcu lus . l i ' hen  the  opera tor  6  induced
by the  mul t lp l i ca t lon  w i th  z  ( the  complex  coord ina te)  on  the  quot len t  space

above ls  (genera . l i zed  )sca la r )  in  the  te rmino logy  o f  co lo joar5- r 'o iaq  I l ]  ana

i t  ex tends  T , tha t  i s  VT=TV.The ex ls tence o f  th ls  na tura l  sca la r  ex tens lon

exp la ins  severa l  spec t ra l  p roper t ies  o f  hyponormal  opera tors .

The present  paper  dea ls  w i th  the  dua l  p ic tu re  o f  the  above cons t ruc t lon .

More  prec lse ly , the  dua l  spa .ce  o f  tho  quot ien t  space where  ac ts  the  sea la r  ex-

tens lon  is  the  fo l low ing  space o f  d is t r ibu t lons

and the  sur jec t l ve  map

V r :  l r l T - ( l { )  +  } {

acts by the fornula

In  o ther  words  ' the  H i lber t  space I {  l s  genera ted  by  the  g1oba1 e i .gend is t r ibu-

t ions  o f  the  opera tor  T* .

The space wf2 tH)  car r : les  a  F l i lber t  space norm wh ich  is  lndependent  o f  J2  ,
and thls fo.ct  wi l l  be used in the sequel in order to def lne a canonical  norm

on. tho  spa,ce  o f  the  sca la r  ex tens ion  T .

T h e  s u r j e c t i v i t y  o f  t h e  o p e r a t o r  V r r e m l n d s  o f  t h e  c h a r a c t e r i s t i c  p r o p e r t y

o f  a  c lass  o f  opera tors  s tud led  and c l -ass l f led  by  Cowen and Douefas  [61

Al tough t i :e  case o f  a  genera l  hyponormal  opera tor  i s  more  compl ica ted , th is
ana logy  suggests  a  cor respondence bo tween a  hyponormal  opera tor  T  and an

wf iz tH)  =  
{  

u€H-Z(s r , r r )  I  ( z - r * ) , r=o  
} ,

V ' ( . u )  =  ( u , t  )  =  
I  " ,  

u € b / ; 2 ( n ) .  {
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opora tor  vp lued d ls t r ibu t ion  kerne l  K ,  wh ich  p1 .oys  the  ro le  o f  t l re  6enera l i z .ed

Bergman kerne l -  o f  Our to  and Sa l - inas  [Z l . ' f f , f s  ob jec t  o f fe rs  a  func t iona l  < lescr ip -

t ion  o f  the" in i t ia l  l l t l ber t  space, in  v rh ich  T"becomes the  mul t lp l l ca t ion  opera . to r

with Z. l i ' l ie kernel Kr,  ha.s a cer l tain r :edundancy,and we were ablo to el lmina,te i t

and to  desc : : l -be-  '  a .  de termin ing  par t  o f  K ,  on ly  in  a  few we l l  unders tood cases .

The conten t  i s  tho  fo l low lng . ;

In  the  f l rs t  sec t ion  we reca l l  some fac ts  concern lng  vec tor  va lued $obo lev

spaces

Slnce the natural  sealar extension of a hyponormal operator rel les on the

mul t ip l i ca t ion  opera to l :  w i th  the  complex  coo"d lna te  on  a  Sobo lev  spacerwe co l -

lec t  in  the  second sec t ion  a  ser ies  o f  p roper t ies  o f  th ls  p ro to type opera tor .

The th l rd  sec t ion  dea ls  wt th  the  na turq l t t y  p rob lem fo r  the  l l l l ber t  spaee

st ruc tures  in t roduced by  var ious  Sobo lev  space norms on the  space o f  the  na-

tu ra l  sca la r  ex tens ion  o f  a  hyponormal  opera tor .The l l s t  o f  the  proper t les  o f

the  na tura l -  sca la r  ex tens ion  ls  comple ted  ln  the  las t  pa . r t  o f  th is  sec t i .o r r

w i th  a  spec t ra l  p reserv ing  theorem.

1 t 'he  fou t th  sec t l -on  is  devoted  to  e igend is t r lbu t ions  o f  cohyponormal  opera tors i

We prove tha t  any  cohyponormal  opera tor  possesses  a  g1oba l  d ls t r ibu t lon  reso l -

vent  in  H l l ^  , loca l l zed  a t  an  arb i t ra ry  vec tor .Then we assoc ia te  1n  a  na tura l
.  t o c
way to  a  hyponormal  opera tor  T  the  d ls t r lbu t ton  kerne l  KT€ H-z  (  A '  ,  t fw ; '  (H)  ) ,

which is a complete unitary lnvariant of  T and beha.ves wel l  to analyt ic changes

o f  c o o r d i n a t e s .

.  Thanks  to  the  recent  work  o l l  c lancey  [ f ] ,  La l  we de termino in  the  f i f th

sec t ion  a  genera t ing  par t  (a  compress ion)  o f  the  kerne l  K* , in  the  case o f  i r -

reduc ib le  hyponormal  opera tors  w l th  one-d imens lona l  se t f - io rnmuta tor .As  a  bypro-

duc t  we der j "ve  a  concre te  func t lona l  mode l  fo r  such opora tors ,wh lch  d lagona l i *
)i

aes T and is expressed only in terms of the pr lncipal funcl lon of T.
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b1 . PIiEt,rMrNARrits

In  th ls  sec t ion  we reca l - l  sone proper t ies  o f  the  SoboLev spaces  o f  vec tor  +

va lued func t lons .A l - tough most  o f  the  resu l ts  L is ted  be low &re  more  gonera l rwe

concent ra te  on  Sobo lev  sp&ces o f  o rder  2 ,on  R 2 .n  
comple te  and op t lma l  re fe ren-  |

co  on  tha t  subJec t  1s  l { i i rmander 's  book  [9J .

le t  I {  be  a  complex  } i i tber t  space and lo t  I  (A  + l l )  be  the  t (  -space o t

smooth ,conpact ly  suppor ted  H-va lued func t ions  o 'n  the  complex  p lane C. t ts  to -

po log lca l  dua l  i s  the  space o f  H-va lued d ls t r ibu t ions ,denoted  by  q t  (C rn ) i .

We shal l  use the nondegenerate sesqui l i -near pair l4g

which  ex tends  the  L2-sca la r  n roduc t :

( q , r V > r =  
l r f r z ) , + ( " ) ) H  

a y k )  ;  q , q , €  9 ( c , H ) .

Herorand throughout this papei",  lL stands for the 1: lanar Lebesgue mea.sure.

L e t  z  d e n o t e  a s  u s u a l l y  t h e  c o m p l e x  c o o r d i n a t o  o n  C  . O n e  d e n o t e s :  ?  = V 1 A , ,
'A  = 'a  /?  7 ,  and A =  4?? "

The t l i l ber t  space comple t lon  o f  g  (  A  ,H)  w l th  respec t  to  the  norm

t {  cp l l . . z -  =  ( l  r r - n ) cD l [  -I  H '  " \ '  - ' t Y " 2 .

)
i s  t h e  S o b o l e v  s p a c e  I i - ( A , H ) . I t s  d u a l  v i a  t h e  a b o v e  s e s q u i l i n e a r  f o r m  i s  t h e

S o b o l o v  s p a c e  o f  o r d e r  - 2 , d e n o t e d  I l - 2 ( C  , i { ) . f n e  n o r m  o f  t h . i " s  s p a c e  c a n  b e  d e s -

c r ibed in  te r rns  o f  the  Four ie r  t rans form as  fo l lows:

We point  out  that  for  any .P € I  (  C,H) ,

(2 )  l l  ( r - - a ) y t t t r  =  t t q l l t r  +  I  l l 7q t t l - . 16 t l ?2? l t  ,

let  f l  be a complex domain wtth smooth boundary ?J2 .Then

I t  un,]- ,  = 
I ' r  

i , r f ;12(r* t l rz)- 'df(?t



Hfrtn ,ul s n t ( c , l t )  |  u u p p ( f )  c

i s  a  c l o s e d  s u b s p a c e  o f  l t z ( C , l { ) . l W  t h e  l i o b o l e v  e m b e d d i n 5 l  t h e o r e m  t h e  l { i l b e r t
a

s p a c e  I t : ( Q , H )  l s  c o n t i n u o u s l y  c o n t a i n e c i  i n  t h e  B n , n a c h  s p a c e  C ( f 2 , I I )  o f  c o n t i *-  u '
nuous func t lons  on  f l  ,un i fo rmly  bounded ln  norm.Tho dua l  o f  t l z (O -g )  w i th  r .r l o \ r 4 , n /  w t r n  r - e s -

pec t  to  the  above pa . i r ing  is  denc ted  by  t l -z ( f l  , l t )  a .nc l  i t  i s  a  quot ien t  l l l l ber t
- /

s p a c e  o f  l l  
* ( 6  

, l t ) .
- 2  - )

O o n v e r s e l . y , l f  o n e  d e n o t e s  b y  . 1 1 ^ . - ( Q  , l l )  t h e  c l o s e d  s u b s p a c s  o f  1 1  
' (  

A  ] l l )  o f
\ J ^

t h o s e  d i s t r i b u t i o n s  s u p p o r t e d  b y  i L  , t h e n  H ' ( f ) , n )  w i l l  d e n o t e  i t s  d u a l . I t  i s
) ^

conven ien t  to  ident  ) - fy  112(SI  , t t )  rv l th  the  or thogona l  . j complemenf  o f  H6(C\O ; , ' . i t ) :

) 2 2
I t ' ( c L , l r )  =  r r ' ( c , 1 1 )  o  r t : ( c  \  J ) , H ) .

./ \J

[ ' .
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9 2
I { ^ -  ( f i  , t t )  i - s  c o n t i n u o u s l y  c o n t a i n e d  i n  i { ' ( f l , l l )

I l ) -nor rn ,  the  opera tor  1  -  A  , t { ^2( f l  , l t )  - - ->  L2  (n
U

o n t o . T h e  d u a l , i n  t h { s e n s e  o f  d l s t r l b u t i o n s r o f

h a s  t h e  s a m e  e x p r e s s  j . o n , h e n c e  t h e  o p e r a t o r

* la l

t r ' /e point out that the space

By the  de f ln l - t ion  o f  the

ls  an  isomet ry ,v rh ich  is  no t

d i f f e r e n t l a l  o p e r a t o r  1  * A

Some formulae in this

f i rs t  ono.  0onsequent ly

F I :  (A  , I {  )  endowed w i t } i
U

paper wi l l  be at hand

we donote throughout

the  fo l low ing  l l i l i re r t

ln the third norm ::ather than in the

th is  pdper  u .v  w?(12 , l t )  tne  space-  ( ) '
sp8 .ce  norm:

t h e

(1-A )2 :  n3(cr , r { )  - - - - - - -> i l -2(e , r , r )

i s  un l ta ry . l /e  shou ld  remark  a t  th is  po in t  tha t  the  spa.ce  t t *2 (C) , t t )  i s  na tura l l y

c a n t a i n e c i  l n  % '  ( n , I i ) , b u t  n o t  i n  f l - 2 ( C  , l l ) . i l o , . , , e v e r , v , ' e  m a y  i d e n t i f y  t t - 2 1 ( )  , t t ;
2 ) - )

w i t h  t h e  r a n g o  o J l  t h e  o p e r a t o r  ( t - A  ) ' :  I t : ( A  , H )  - - - - >  I I - ' (  C , i l ) . I n  s u c h  a  w a y ,
a . u

l t - ' ( C )  , H )  b e c o m e s  a  s u b s p a c e  o f  t { f , Z  ( C l  , l t ;  .

I f  w e  a s s u m e  i n  a d d i t i o n  t h a t  t h e  d o m a i n  ( )  j " s  b o u n d e d , t h e  s i p a c e  I I 5 ( J ? , H )

car r les  t l ie  fo l low j -ng  equ iva . len t  norms!

l l  r l l , o z  -  l l A r [ [  ,  
-  l l 7 2 r l l , r €  r r ; ( e  , I r ) .
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l l  r l l . .z  =  l l i  2 ' l l  -  1  /^  t l  ,n  r l l
! V  

,  , u 2 -  =  t / 4 t l L \ t l i z .

l t s  l somot r ic  c iua l  i s  donoted  by  w-2(e  , t t1 ,and l t  i s  endower i  w i th  the  norm
that  makes the  opern tor

o ^
r  > j  t z  t , , ?  - )
\ "  /  .  " o ( i z , l { )  l . { - ' ( r ) , H )

uni tary .

At  the level  o f  local  spaces we state the for lovr ing.

r ,$MMA 1.1 A, . l -oc.p-1tv  ln- lo*qrablg fu$ct ion f  g l  r )  bet .onf is  tg  nt '^^(n,n)
l _oc  '

Ltt  cpt  b-elarufs to w?(O .u) fp l  gvgr.y_ Alg@-),I  
-  - - - : - - ( y  

" Y  i l o \ J .  t ' L J  ,  ; . t -  
T  

_ _

The  space  w f  t r z ,H )  i s  aga ln  con t i nugus1y  embedded  in  c ( i ,H )  and  consequen-

, t1y  the  D i rac  neasu res  4 . t  n  be rong  to  r v *2 (o ,H) , v rhe re  ^4n  and  h€  I I .More -
over , these and only  these are the e lemonts of  W-2(e, l I )  suppor tec l  by a s ing le
po in t .

fa. A scAIAR sriBNoRMAt opltnAfoR

In  a  p rev lous  paper , the  mul t ip t i ca t ion  opera tor  v i th  the  co inp lex  coord ina t ,e

on a  Sobo lev  space o f  o rder  2  was the  pro to type ln  the  func t iona. l  mode l  asso-

c ia teo  the : :e  to  a  hyponorma, l  opera tor ,see  [ r  aJ . ! .+e  present  in  th is  sec t ion  some

of  the  proper t ies  o f  tha t  opera tor , though we w l l l  no t  make use o f  a l l  o f  them
in  the  seque l . l {e  res t r l c t  ourse lves  to  the  scaLar  case d lm( l l )=1  r the  h lgher  d i -

mens iona l  case be ing  comple te ly  s lmi la r .

T ,e t  JZCC be a  bounded domain  w i th  s rnooth  boundary  and lo t  M denote  the

mul t ip l l ca t ion  opera tor  w i th  z  on  the  l l i l ber t  ^space w j tn  ) .As  we a l ready  re -

m a r k e d  t n  [ t a l r t i r e  o p e r a t o r  M  l s  s c a l a r  o f  o r d e r  2 , i n  t h e  s e n s e  o f  g o l o j o a r d

and t ro iag  [5 ]  ,w i th  the  spec t ra t  d j .s t r ibu t ion

Qt:  $ (c )  - - - -+  /wf t ( r i ) ) ,
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" V ( q ) r l * ? r  ,  q e T ( C ) ,  * . w j ( C ) .

l e t  EU denote  the  or thogona l  p ro jec t ion  o f  Wf r ( fZ )  on to  th is  space.Then E be*

haves  l i ke  a  spec t ra l  m6asure ,w i th  one except ion- the  countab le  add i t i v l t y  p ro ' :

per ty .Tndeed, le t  Cd be  a  subdomain  re la t l ve ly  cornpac t  in  I ) ,w i th  smooth  boun-

dary .

The max imal  spec t ra . l  spa .ce  assoc la te r l  to  a  c l .osoc i  suset  I r  o f  C  ls

^ (
wfrrn )*(rnl  = 

lr t  
wf tn )  [  u,,pp(r)e r"^n] .

LEI4MA 2.1 f ,et  {X-\  be an incr,eastnlcg$p?c! exha_ueit iqG_o! {rJ
L  N '

I - l l  ^ .  .  .  I  s * f  im 11 . -(L  \w  Kn

l i lMMA 2.2 T4e-.a.d.i%l"nt of t t  besJtfe*f911.owi. p

. l l hen

Proof  .  The or thogonal  pro ject ions P, ,=[crc^ l  and Pr=s* l im I to  are comprc-

nen ta ryand  fo r  eve ry  feWj (a  )  t he  con t i nuous  f i r nc t i ons  P r f  
n  end  p r f  van i sh

on  7w .  The re fo re  r , ,  +p r l l  , e .  e .  d ,

The operator M is subnormal. because the operator

: 2  2  2
d- :  vr ; (Q )  -_-+ I  (A )u ' - -

l s  an  lsorne t ry  r^ ih ich  ln te r tw ines  M wl th  the  mul t ip l i ca t ion  opera tor  wLth  z ,^
a c t i n g  o n  L * ( A  ) .

o )  { u r r ;  G )  = v , r ( % )  +  Z / ' t r  n . ,  ( [ X Q ) f ( E )  d F ( 3 ) )  ,  r € 1 , l ; ( g ) ) ,r z  
)  3 - "  

t

whsre T-€g ( fzt) ,N.at  on f r  ,  |LCC f2 'Cc C- are albl t lar .y_ a-n{p ^  d e n o t e s- ) L

t l ie orthosonat rrr :q iccl t ion dt  * f r f  f t ,  )  qnto wj tn l .

P: :oo f .  The Cauchy  t rans form is  a  l inear  bounded operator  r rom wj(Q )  in to
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n 2 ( n ' )
Let

( a q

,honce tho r lght  .sdr lo  of  ( j )  mak;es a goocl  ssnse.

q ,V e I  { f t ) . rhen one gets  f ron the cauchy-pompel .u

,V ) r ,  +  (  2 /n  nn  ( ' L \ f  r / g -z )  c r r  (g  l l  ,  *7wz

formul.a:

1 z +  z ? ( , z  -  < ,  a ?  ,  j 2  t l )  z  * < 1 . ) ' f  , 5 2  Q  )  z _  =

rjtn )nox(rn) * 
lrr rfrra I I supp( a2r;r

whero  l '  i s  a  c losed subset  o f
-  *  

r  e v e r v  c o e b toU (,<P )f  = o fo- t  "  I

t lon g *  * ; (n  ) .R 'at  we have

I
II ' t  '

p l a n e . l n d e e d , ' f  {
*

i s  <qr- ' (q  ) f  ,c )  =o

< q i * ( g  ) f  , e  )  =  (  r , Q t \ q  ) e )  = ( 2 2 r , t r ' ( g  d 7  z  = 1 a z  A z r ,  c p  s >  =

4  l A ? ' r , q  s )  '

ancl  consequent ly  A2f  = o on C\  -F ' .

The maxlmal .  spect ra l  spaces of  the ope:ator  MN are not  or thogonal  for

d la jo i t  suppor t s ,as  those  o f  M ,bu t  ono  can  es t lma te  tho  ang l -e  be tween  them,

as fo l lows.Let  u f  < ieno"be t i re  or thogonal .  pro ject ion of  wj (A )  onto the
2

s p a c e  w ; ( A  ) M x ( I r )

< a z G f  ) , A ' V > ,  o  ( z / n r ' \ r r r / g - z )  V t S ) , a 2 Q )  z

the  complex

O \  F )  .  T h a t

u 'q>u'f

1 Q , M  f  ) , '

Because the spat,e f r  &) is dense fn f+fr( f }  ) , the formula (4. . )  i "s prorred.'  
,1&:  t , l

A s  t h e  o p e r a t o r  M *  i u  u n i q u e , i t s  f o i ' m u l a  d o e s n ' t  d e p e n d  o n  t h e  c h o i c e s  o f
t h e  d o m a l n  f Z /  a n r l  o f  t h e  f u n c t i o n  X  , q . e . d .

The opera tor  11*  i s  s t l l . l  sca ls r ,w i th  the  spec t ra l  d is t r lbu t ion  QLo. t t "

rnax ina l .  spec t ra l  * tpnces  are :

''l; (.rA )*x (r'1 1rr
for every func.,r
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FII0POSITION 2.1 T,gI l"G bq*,i.Kg*0-le,tqi:lt -?1o' ed--S$-bg -q-aj' a .The-:l-;Llreqg

is a popJ'tiive qp4glaqt" C , such iligl

provi .ded . tbgt dist  ( I ' ,  G) !s -spal l .  .  .

I ' o r  a ,  p roo f  o f  l ropos i t ion  2 , i  and re la ted  resu l t .s  we re fe r  tho  : :eader :  to
f / - i '

s i m o n ' s  b o o k  l r q , 6 I I T . 4 ' |  .

The operator 
-- lvt  - the r iual  of  M on W-z(Q )* wi l l  be of a certain interest ln

the  nex t  sec t ions .As  a  f i r : s t  app l tca t lon  o f  the  r tua l i t y  be tv . reen d is t r j "bu t j .ons

and funct i -ons,we eompute var ious spectra of the operator I i l .Al touglr  so'me of the

equa l i t i - s  he l .ow are  t rue  fo r  a rbL t ra ry  sca la r  opera tor$rwe prove them ln  our

c o n t e x t

PIi0POSIT'10N 2,4 Tlr,g_Ecergjo,r Ii{ hal lhg Jsllew:!.ng*.sp.e.ctrg. ,

r f (M) = t r^^^(u)  = 4-  (Pr)  = - f r .  ,e s s '  a p '

,< i / t r$ r -  O
v r \ I r - i ,  t -  r 1  )

q(M) = x)

!g t -gq i .  1 'he point  spect rum of  M is  empty.Tndeer i , l f  (M-A) f  = O for  a

po in t  A€R and  r i  f unc t i on  f  . 6  i . t : (Q  ) , t hen  supp( . f )  (  
l f \  and ,s i -nco  f  t s

U

cont inuous ,  f=o

l ,e t  us  assume tha t  0  <  .CL\a- (M) , iha t  i s  the  opcra tor  M has  dense range ln
) '

t ' l ;  ( ()  )  .  on tne other hand,

=  c . r ,

a  con t rad i c t i on !  Oonsequen t l y  12  COr { l t ) ,

S lm i l a re l y?S I  C  6c (M) . l ' he  i nc lus ions  a ro  i n  f ac t  equn l i t i es ,beca ruse

f r , = o ( u )  = s r ( y r )  v o - " ( M )  a n c i  o r ( M ) n  o c ( M )  = f i ,

Let us a$$ume O € f l  \  s"o( lv l) , t 'hen the operator lv l  has,b.y the above compu-

t 1e ,  eo l [  - <  , - .  I d i s t (F , * ) 1 ' ,

nan(vr ) I  =  
I  " .  w-2( f i  )1 . , r ,  nr7=o,  rn  r 'o (a  ) ]  =  

{ , . .  
w-2(n )

Iz u = o J
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I

t lon of  nan( t r t ) *  a  c losed range of  cor i ] . r rens ion r  rn  ' * r f  (a  ) . l ,hen every e lement)
f  €  w : ( f /  ) ,  f  ( o )=on  , , rou Ic l  f ac to r i ze  as  f - - r ; g , r+ i t h  s  e  w f r iO  ) .nu t  v / z  doesn , t  bo* .' t )

long to  l l i .o" (Q ) rwl i l r : ) r  contradlc ts  the assu,n l r t ion that  M has c losed range.
rn  conc lus ion ,  6^^^ (M)  =  q .  (u )  =  i l  , and  Lh : :  p roo f  i s  comp le te .

fhe duar  l [  o f  ; ; ;  
" ; - r r r to in* ,on 

l r r -2  ( fZ) , *o in"rc .ou wi th  the mulr ip l icat ion
vr t 'h  2 .  r ts  ad jo i t  can be easi ly  cornputod ra.s  for lows.

I t tMlviA 2.5 ThS .  oir*gratg{ tqo ,{  (W-2(A. )  ) j.S qnrtqqgl.v equivq.{ent-_rrlth M

(4 )  Tr * r l '  -  zu  . -Z /v  (  / t r  +  u ) ,  u  e  ,6*2( f )  ) "

I le re  the  space u-2( f r  )  i s  embedded in to  l i ;2 ( f )  )  as  the  r .ange o f  the  opera-
tor  t?7 l2twfr t r r  )  - - -+ u*2 ({  ) . rnts rnakes posslbl-e the convolut ion 1/E x u.

Pqe"q.t .  An eJ-ernent u € i+-2(fZ) can be approximated wlth a.

t h e  f o r m  ( d A  ) ' q  ,  , p € f r  ( . f 2  ) . s i n c e  )  { t  / a )  =  *  l I  , o n e  g e t s

smooth  func t ion  o f

1 /a  x  1a612ry  -  
'A r  

/a  x  ?72<p  1  =  -q ' )72q  ,

honce the r lght  par t  o f  ihe equa.) . i ty  (4)  represents a bounded operator  on i { -? ,
The  re ta t i on  taT  l 2F lo  =  tq ta i  )2  tu rp t i e "  1u1 - *1?7 ;2  =  ev  )2M,g re re fo re  the'  * x

operator  M is  un i ta : :e ly  cquiva lent  wt t l i  M. l r ' ioreover , the same equal l ty  shows
that  ln  orc ler  to  prove (4)  i t  is  enough t 'o  check that

( r t ?a  f  , f  , ( )  - z / x , i , ' l  = ( ( ? a ) ' ^ r f  , + > ,

for  any funct ions ?r*  e  ? tn  ) " t lu t  in  v ien of  the above computat lon we have

- z / x ( 1 / a x t ? a l ' q , * 7 , t >  * ? - 1 ? 6 ' p , ( >  ,

' i  
. .

4t /a x e71ft,

= 2 (  v6, ' r f  ,

and the  p : :oo f  i s  eomplc te .
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f ]CAI,AN NXT$I ' ISTONS O} l l ) :Fol l0l(F1Al,  0Plt l iATOll  S

opera tc ' r  on  the  l l l l berb  space I1 . \ {e  descr ibe  ln  th ls

space s t ruc tu res  on  the  space o f  tho  na tur "a l  eca la r

dornain in C ,with smooth boundar:y an<i wlci i  cor i ta. lns

( f  ) . r f r e n  t h e  i r r 6 c h e t  q u o t i e n t  s p a c e

L e t f b e a h y p o n o r m a l -

sec t lc ln  severa l  l l l l ber t

o x t e n s i o n  o f  T "

l e t A  b e a b o u n d e d

the  s t r :ec t rum o f  T ,  f l )o '

lG = Hl ' ;np /

conta ins the space I lna.s  c lasses of  consl ;ant  funct ions,v ia .  the embedding

Yt I l ->  - tL  
,  vh = iEh .The scalnr  operat  aT z@T commutes on t i3  ( l - l  , i - t )  "as. L O C

wel l  ns  i t s  spec t ra l .  d ls t r ibu t  - j -on  ,  w i th  the  onera  t ,c t r  r , -1 ) ,h< lnce  i t  j .nduces  a i

s c a l a r  o p e , r ' a t o r  c r n l €  , c e n o t e c L  u v  T . F , l o r e o v e r , V T = T V , s e e  [ r z ]  ,

The i r rJchet  space topo log ; r  o f  To  is  cornpat ib le  w i th  var ious  ] i . i - lber t  space

n o r m s , a s  f o r  i n s t a n c o  t i r a t  u s e  C  i n  [ f  Z l  , b . y  r e } a t i o n  ( ? - )  e . n d  L e r n m a  1 " 1 . l v j o s t  o f

those l - l i l ber " t  space norms denend on  a  cho ice ,e . {1 .  o f  the  dom*r in  (2  . l i ' o r  exam-

p le ,every  domaln  (L  enc jows the  space 
- t { ,  

w i th  a  i l i l .ber t  spr }ce  s t ruc-Lur .e rhy

ident i f y ing  V '  w i th  the  space

) = r;(r2 ,H) o ( r,-,r)wf;(rz ,r i).

The bad behaviour of these norm$ when comparing them for ct i f ferent <iornains can

be eas i l y  l l l -us t r "a ted  by  thc  fo l low ing .

I lXample .  I l yponormal  opera tors  on  f ln l te  d l rnens lona l  spaees.

l {e  assume tha t  d im( } l )  l s  f ln i te .Tn  t } ra t  case T  is  a  normal  opere . to r , le t

cons ider  two domains  w i th  the  proper : ty  6 (T)  C SZ 'C fL  .Then the  opera tor

A: XGo(Cl ')  trCo(ft)  induced bJ, the natural extension *ap wj Sl l  c wfrf .cal
l s  no t , i n  genera l ,un l ta ry . l r l o t i ce  tha t  t he  ope ra to r  A  i s  i nve r . t l b le .

Tndeed ,J -e t  us  assumc  tha t  f  €  1 t ^ ( f I  )  sa t i s f l es  t l  f  l l  *  l tA -1 f  l l  . f nen  t t re

funct ion f  vanj .shes on .CL\ f I '  ,b""Xr .un the spacu , r , f  tc r / )  is  isometr lca l ly

con ta ined  i n  i t 1 (Q  ) .As  the  spec t rum d ( f  ) ' i s  f i n i t u " "nd  the  spa ,ce  1 (o fn  )U

ttotn



conta l "ns  on ly  cont . i .nuous  func t ions , i t  l s  no t  poss lb ie  tha ' t  A  wou l r l

for an r l rbl t : 'ary snral l  nelghbourhooci $- '  of  . tho tpe ctrum"

I f  the  B] lace  l -s  f i .n i te  d imcns iona l  , then T  co j .nc ic les  r+ l th  1 ' , tha t

d fm(X6 ) " In< i .eed,s ince  the  opcra tor  1 l  i s  o lagoner . l . l za l : le , i t  su f f i c ies

the  equa. l i t y  o f  < i l r rons lons  in  tho  cnso d : im( l t ) * t . - l ,e t  us  * rssume then
t l

tha t  q i  (T )  =  {o } . I }y  the  pr :oo f  o { i  J i ropos i " t lon  ? . ,4  we ob ta . in

Xdo(n ) '-:  t tan(u;r

de: i l ined  In  the  pre l lm lnar : ies , l le re

t r r r t i o r r s  u €  i l  
' - ( C  

n l { )  w i t h  c o m p a c t

be unitary

/  r -  \1S o  r -m ( i r  J -

to  p rove

in  add l t i -on

s p a c e  o f  t h o s e  d i s t r i -

oe l :  ] .ne  tne  spece

-1 2*

w-2(rz , I u" =  L ' d  ,= o ]=t"u
and there fore  d l rn ( lL )  =  1  "

The sanre  < lua1 i . ty  a rgument  shor , ,s  thar t  tho  opera tor  z - f  zW!( l ) , l i )  - -+  t l (p - , f l )
U U

has no t ,  i -n  genera l  ,  c losed range

Let  us  come baek  to  an  arb i t ra ry  hypononna l  opera tor  T .A  s imp l "o r  and a  more

canon ica l  p lc tu re  i s  ob ta inec l  hy  dua l l z : r -ng  'u l ie  space 1L  w i th  respec t  to  the

sesqir5" l  l .near form

1 .  , ' ) ,  , u ; : O * , r , *  u , i o " ( ( 2 , r r )  - - - >  C

I l  
* ( ( 2  

" l i )  d u t o t e s  t h e
n n

support in J'l . Let us

wfz in )  =  N t '  =  
{ r .H l f t o , r r t

/r ,  -* t

, i  x  H | (e  , r { )  o  (n - r ) r { ; ( r i ,H}  *  [ t r -  n )2 ] -1  ,v rz tn l .

* . "  o ]

The  space  w f2 t i l )  l nhe r i t s  a  l l i l be r t  snace  no rm f rom u ;2 tn ,H) ,beca r rse  the
a

suppor t  o f  e  d . i s t : : ibu t ion  u  <  t { ; ' (n )  i s  c r :n ta l -ned ln  6 (T  ) . l4oreover ,  s ince  the
- ? . - t  - 2 .  , ^ t - n

n a t u r a l  i n c l . u s i o n  ) 1 0 - ( f I ' , l l )  C  i l o - ( f I , I I )  i s  i s o m e t r i c , w h e n c v e r  I Z  C  l l  , t h i s

i i l i b e : : t  s p a c e  n o t : m  o n  W r t ( U )  d o e s r r ' t  d e p e n d  o n  f I  .

O n  t h e  o b h e r  h a n d , t n e  s p a c e  I I - 2 ( f / , l l )  c o n t a . l n o  v r r , 2 ( I I ) , b u t  n o t  l s r o m e t r i c a l l y ,

s o  t h a t  t h e  u n i t a r y  o p e : : a t o r  ( 1 - . 4 ) 2  :  I i j ( i 2 , I t )  -  ;  t i - z ( f i , t t )  d e f i n e s  b y

p u l L  b a c k  a .  u n i v e r s a l  n o r m  o n  t h e  s p a c o  [ t r -  A ) 2 ] - ' t f 2 ( l t ) . n u t  a  s t r a i g h t f o r -
I

ward computat ion sl iows that

In  conc lus ion  we s ta te  the  fo -L lowing .



4 , t r

iiRolosrTr l 0N l . 1 !99 f) l:ei-lauq;-n*"W-esee-Lcur4, e{ -R-*h,ypi,*
m /

qqlqal_qpel:rt_oJ"7rrre^Atf f e.lenLial,*-?5-g-f -Aipr

X: ir fr(r , ,n )  a e-r)nj{a,rry

l s  inver t ib le  a .nd  the  ] l i l ber t

rya-t wr2tr)

snace norm on lt shisb*seEss (t-n)2 ,.qii.aiv,
d_ogs-n_F *{qrre44j4 (} .

? .
let  wit t i )  c ienote the space 1L end"otred with this canonical  norm.

We pofn t  ou t  tha t ,a l tough nn  eJ-ement ,  f  ' € .  ' f i tH l , reaL iz ,ed  j - : r  v l r tue  o f  the
^ l

a b o v e  p r o p o s i t i o n - a s  a  f u n c t l o n  i n  I ' l : ( A , l { )  , h a s  a  t r l v l - a l  e i x t e n s l o n  l i .  t o  C  ,
^L,l

as we l l  o$  every  d is t r lbu t ion  u  €  t r ' ; '  (n ) , tne  re la t ion  ( t  -  A  ) ' f  *  u  ho- l .ds  on1.3 .

a n { Z . l r / h e n  e x t e n < l i n g  f  a , n r l  u  t o  C  , t } r e  d i s t r i b u t i o n  ( 1 - - A ) t t r ' - *  l s  n o t  n e c e $ *

sare ly  ident ica l .  zero ,be lng  suppor ted  Ay  b f l  ,

Pl tOPOSIl l I0l I  5.2 The natural  man

2 c t
p  :  I t ' ( f t , I t )O  (z -T ) r r ' 1 f2 , l t ;  - * - , - -?  r v f i ( r r y

i s  an i.qe{rgLlig--rss4.slrc'Lierlt, libs,ryJ.g{ {t )6 ( t) .

P:roof.  let  -CI be  a  c iomain  + i i th  smooth  boundary ,wh lch  conta ins  the  spec t tum

r ly  the  de f in i t j -on  o f  the  Sobo l -ev  spaces , the  opera toro f  t h e  o p e r a t o r  T .

u2( r r  , i { )  =  u2 (  c ,H)oHf  r  c -  r  d  ,H )  ? .  a )z  ,

ls uni.tary.f,et 1?r-, denote the o::thogonal- proJection

and  le t  T -€g (c )  y  a1  on  R  .Then  (Xz -T ) ( I -pn  )  =

For  any  func t j -ons  f  € r f ( c t - , i i ; o ( , j - t ;H2qc ,H ;  and

(G - r * )  ( r  -  n  ) 2 r , e>  *  (  ( r -  A )2 r ,  (  1 .  z - r ) e ) = (. t , ( 'Y z*T )*\r, =

1 . t , ( z - t ) l r 2  s )  +  ( f , ( r * p _ , - ,  ) ( ^ x . z - t ) ( r - r r ,  )  e )  *  o

u f 2 { n , u )

o f  H 2 ( c  , H )  o n t o  t i 2 ( n  , n 1 ,
( I -P r2  )  (Yz -T  )  ( I - l i z  ) .
g  e.  t t2(  c- ,H)  wo havo



1 A

And co i rverso ly . thc  same cornputa t ions  shor , r  f ina l l y  th tL t

o frr
tho

( 1 *  A  ) 2  l n 2 ( e , r i  ) e  ( z - - 1 ' 1 r r 2 { n , u ; l  *  w ; 2 { n )

I , e t  Q  < l e n o t e  t h e  o r t h o g o n a l  p r o j o c t i o n  o f  I { 2 ( . ( - l , n )  e r n t o  l l l ( f } , l t ) . l l h e n
) ) t )' - ( n " , r r ; o  ( r - - T ) i r ' ( . C i , r i ) . J  =  i { ; ( a , u ) Q  ( z - T )  n ; ( - Q , H )  , a s  e a s i l y  f o t . l o w s  f r o m

e q u a l l t y  < Q f  , O * ' : : ) e )  =  1 f  , ( z - T ) e ) , w i r e r e  f  l I f ( S z , t t )  a n r i  g € l l ; ( f 2 , t t ; .

[n  concl r rs ion, the nrap p in  t ] ro  s taternent , ruh j -ch co lnc i .des wi th  Q tn 'hen the
4 ^

s p a c o  t , , / : ( l l )  i s  r o a l - i . z e d  l n s l d e  f l ; ( f I  , I I ) ' , - i s  u n i t a r y , e . e . d .^  ' I '  U

The seccrnc l  par t  o f  th is  sect lon ls  devoted to  a spoctra l  proper ty  of  t t re

sca la r  ex tens ion  6  e  / " tw* lH l l  o f  a  i r yponor "ma l  opo ra to r  T .
.t.

THnORAtit 3.3 lg_!. T

s i c0 la r  ex tens i .on . l l h *n

Mj)iletr-l"sl-esglei.
o ( f r )  *  d ( u ) .

T be i t s  na tura l

..l-- t 
.n-,

Bigp, { "  S ince  t } re  spec t ra l  d is t r ibu t ion  qA.  o f  the  sca la r  opera tor  t '  l s

s u p p o r t e d .  b y  6 ( f  ) , t h e  i - n c l u s l o n ,  o f  1 o c a l  s p e e t r a  c ; ( v i r )  (  f n , ( h )  i r o i d s'1' 'i.'

t ru t l  for  cvery h€ l l . l {e  recal l  that  the ope: :a tor  V;  11 * -+ WItHI  ln tor . ' t ru ines

T  and  S .

orde: '  to  p rove  ih , :  couver ' * re  l -nc lu .s ion ,  %( t  l  f  o5(Vh)  '

the  l r i r  ber t  space l f "  (sL , i l )  O (z -T  ) l {2  ( ( }  , }1 ) l * i re , . "  o  i s

conta ins  the  spcc 'c ruu i  o f  T .

( i  - r )  A (  T  )  =  vh \u ot

i , e t  g  €  O  (  u ,H2( . i 2 . , l t ) )  be  a  ho lomorph i . c  l i f t i ng  o f  !  . f nen  fo r  a  f i xod  J .  w ,

l e t  h <  ] l  b e  f i - x e d . I n
4

wo ic len1;  j . { 'y  tV" ,  ( l i )  vr j .1 ;h
"  ' l ' -

a bounCcd donaii-n whir:h

l t e i  l 4 6 x ( v h ) . T h e n
] t '

Lyt ic  funct ion f fe  01c, ,1

h - ( l  * z ) e (  \  , r . \ 1  €

Bu"t the dense r.ange

t ,he  topc log lca l  tensor

A  s , . n r n n c a  f t  €  O ( u l

proper ty  o f  a  l l i l ber t

n u l t l p l i c a t i o n  w l t h  a

, l l '  ( J2  , I I  )  )  ,  so  tha t  *

space opera tor  i s  p reserved bY

nu" r : lear  space. l lhere fore  there  ls ;

there exists &n opcn nei-ghbourhooi l  cd of I  rrni l  an ana-
4

, " { ; ( l r )  ) , s r r c h  t h a t
t

G-r'lr'r,zlii



-15-

1 * *  (  h  -  ( 3  - " ) e ( 3  , r " )  -  ( z * T ) r ; ( ]  , 2 ) )  =  o

ln

in

the lrr6chet topo).ogy of the space O

let al l  be another open nelghbourhooci

h) . let m denote t ire unlque continuous

. In  v lew of  the inequal i ty  (1 ' )  we obta in l_ in  l l

1 im  l l  h - ( z -T )p f .  r l
,  .  n i l  2 , t r ,  

=  o 'wh ich  i n  t u rn  imp l i es

)
( q J , H - ( f 2 , r r ) ) .

of  the  pount  ) .  , re la t i ve ly  compact

I inea.r oxtensLon

n z  O(u  l6u2( r r  ,H)

o f  t h e  m a p  i  a  t r - - t  ( a , b ) 1 , ^ r '  . T h e n  m ( h - ( f  - z ) e ( 3  , n )  - ( r , - T ) f ; ( 5  , z ) )  =

h - (z -T ) tn (z ) ,where  tn (z )  =  f  i k , z )  f o r  z  {  t r ) '  .The re fo re  h  =  l tm(z -T ) fn .  t n

H z ( ( ^ ) 1 H ) .
3 n 4  l l  ^' r r - t tn  t t  

2  r , . . r '  
=  t '

h < ( z a j Q ( o , , H ) .

and

l3u't the ope-

r a t o r  T  s a t l s f i e s  B i s h o p ' s  p r o p e r t y  ( F ) , s e e  [ f f ]  o .  f o r ' l n s t a n c e  a s  a  s u b -

scalar  operator ,so that  the operator  (z-T, )  has c losed range on 91ru{rH; .

F l n a l l y  h ( ( z - T ) 0 ( r u ' , H ) , . o r , i n  o t h e r  t e r m s ,  ) , d  6 s ( h ) ,  e . e . d ,
In  fact  we have proved more,namely

COR0l tAl l .Y '5 .4 -T l re-  lp-ca l  ,spgct ra 6r(h)  and 66(vrr )  co inq lde for  evqr .y  h€ H,

The above spectral  behavlour of a minimal scal-ar extension of a hyponormal

opera tor  i s  d i f fe ren t , f ron  tha t  o f  the  normal  ex tens lon  o f  a  subnormal  operae

tor . In  par t l cu la r r the  na tura l  sea la r  ex tens lon  3  o f  a .subngrmal  opera tor  E

d o e s n ' t  c o i n c l d e , L n  g e n e r a l r w i t h  t h e  n o r m a l  e x t e n s i o n  o f  S . 0 n  t h e  e s s e n t i a l

r e s o l v e n t  s e t  o f  s r t h e  o p e r a t o r  3  n a s  n o t , i n  g e n e r a l , c l . o s e d  r a n g e .
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b+. A nTstnTt3rrrroir nlrirunl

This  sec t ion  dea ls  w l th  th .e  re la t lonsh lp  be tv reen hyponormal  opera tor "s  and

ope: :a to r  va lued d ls t r ibu t ion  kerne ls  on  Ct , ' l ' he  ex is tence o f  a  sca la r  ex ten-

slon of a,  hyponornal.  operator nakes poss. iblo t l ie analogy wit i r  the general l -

zed  lSergrnan kerne ls  theory  o f  ( lu r to  anc l  $ ja l inas  fZ l  ,n l to rgh  the  genera l .  f ra .ne-

work  deve lopped j .n  the  sec luc l  leads  to  i ' a ther  tau to log ica l  resu l ts ,when ap-

p ly ing  i t  to  par t l . cu la r  hyponormal  opera . to rs  the  f ine  invar ian ts , f i t  na tura l l y

ln to  th is  schene.

on  the  l l i l ber t  space 11 . i { i th  the  no ta t ions
,]

V ' :  W f ' ( t t \  - +  l {  o f  t h e  e m b e d r i l n g  V  i s  o n t o .
J n

set  o f  thos*  r l i s t r tbu t lons  u  €  I I -z  (  C  ,H;
1 1  I

opera torYucts  by  the  fo rmula

Let T be a hyponormal operato::

o f  t h e  p r e c e d i n g  s e c t i o n , t h e  d u a l

t d e  r e c a ] 1 . t h a t  ' , + * 2 t i l )  d e n o ' t e s  t h e

which  aro  ann lh f i . * t "a  t ' y  ? - t * .The

V ' ( u )  =  ( u , t )
- )

,  u € l / _ . * ( l l )  .' i -

where ( ,  ) s tands  fo r  the  na tura l  b l . l " incar pa1:: ing

( ,  )  :  f o ' ( a , t t )  x  f " t a l  - - - + II

proper ty  o f  th is  b i l inear  fo rm:\ , /e  sha l l  use  the  fo l . low ing  cont inu i ty

( 5 )

r,ql:ich

li 'or

l l  (u ,  ca )  l [  -<  I lu  l l , , -z  .  t l  g  l l  , ,2 ,  , r€  fo t ( c  , i {  )  ,  q<6{c  1  ,

ca.n be proved by a. l , 'our j-er t ransf orm ar5;unent "

the  beg inn ing  we prove fo r  i t s  own in te res t  t f re  fo l . Iow ing .

l,It0poSIl'I0I,i 4"1 A*gqbt',ng.I,qfrlal q.pg{g.!of- Ttt{f(tl) has-'a sete::31iz,ed glsrbgl

r e s o l v e n t . l o c n . l - i z e d  a t  a n  a r b j - t r a r y  v c c t o r  h €  I I :  i . e .

- 1  X
t j - o n  v , €  H , ^ . . ( ( - , i 1 )  s o  t h a t  G - T '  ) \ ' " .  =  h  o n  L

h -  l - o c '  I r

t h e r e  e x i s t s  a  d i s t r l b u -

The  vec to rs  o f  t he  range  o f  t he  ope ra to r  f l ' n ,T7 ' / '  n^uu

so lven t  o f  a  f t t nc t i on  t ype ,  l l l i .

even a  g loba l  re -



. r t

Xloa"f-. tce choose for a f ixed h € II  a dj.str lbutl"on u € l t ;z(l l)  wl.th tho pr:o*

p e r t y  v ' ( u )  r  - l  h . l ] e c a u s e  t h o  o p e r a ' b o r  ?  :  i t ; l c ( C  , H ) - - *  n ; f " ( C  , H )  l s  o n t o ,

the re  ex i s t s  a  d i s t r i bu . t i on  u , ,  e  l l f 1 " !  C ,H)  u . r r l i , " t r , u t  )  * , ,=u . i n  pa r t i cu ta r ' , t he

res t r i c t l on  o f  u ,  t o  t he  cpen  se t  C  \O ' ( l )  j . s  an  a t i ho lomorph ic  funcL ion :
&

/ - nu r \ n )  =  , /  , n r '  '
l l = - 6 q

where  the

f  ( r ' )  *

s e r " i e s  c o n v e r g e s  f o : :  l z l > l l T l l  a n d  a . - €  H . T h e n  t h e  e x p r e s s i o n

CE

) - n
, / a z

n

fi=O

def ines  an  an t iho lomorph ic  func t  j -on  on  the  who l .e  complex  p la r re .

T h n  r l a s i 1 . r , r l  g 1  o b a - L  r e s o l v e n t  i s  v * = u n - f  .  T n d e e t i ,  ?  ( Z * T x ) v , .  =  ( a - r *  ) u  =  c ,r h _ * 1 * r . , r r r u v \ , e ,  v  \ . ' ,  r .  , " y L

and the  es t lmate

r ,  J (

l [  t z - ' t " )  ( u , ,  ( z ) * t ( z ) )  l [  =  o ( 1  )  f o r  l r " l - +  @ ,

ho l r i s  t rue .Then by  l iouv l l le ' s  ' l l heoren i  (Z- f *  )vn

I t  remains  to  compute  the  cons ta .n t  a  
" . le t  

X

bood o f  6 ' (T) .J3y  Stokes  l l l reorem we obta in

? f C ) , X * . 1  o n  a  n e i g h b o u r -€

* J I ' h  =  ( u ,  t l  )
6

\-
- ,/ F_r,

D = 1

-

(
I

\

( u , ^ / )  =  ( ? r n , X  )  *  * ( v l r , 2 K )  =

' a *n7 l  
fu ia  yuz )  *  - c r  a_ r  ,

a n d  t h e  p r o o f  l s  c o m p l e t e .

Throughout thj-s sect lon we denote for the sake of

f ixed l iyponorrnal operator T.

stmpl ic i ty  f=wf2{H) for

K *  €  9 ' ( c ' i  { G , ) )  a s s o c l a t e d  t oDEI I INIT ION 4 .  2  I ]he

the hyponormal operator

d is t r ibu t lon  kerne l

T i s

= {  ( u , {  ) ,  ( n ,( 6 )  ( K r ( q @ q  ) u , ' ) l

l t / -

T  ) > ,



. t
r . /hor "o  ! r r t1  t lC  and uou€ J , .

T'hs di ,str i -but, i r>n K,- ls
I

of  the  fo lJ -ovr lng  es t ima.Lo

4 0

comple te ly  de tor rn l -ned by  tho  re la t ion  (6 )  because

c l e r i v e i d  f r o r n  ( 5 ) t

I  {Kr (  F e. i  ) , t ,o)  , l  \< l tu{{r -  l  v l t l  t t  y i tu"z l l  , {z l l  
, ,2

wl th  the  same nc ts . t lons  as  above"

PR0P0SITION 4.1 Lhq .kegllg]. K* ri4-S*Jrb f'oJ owiss -proJgrti-e€!
p , )  

\ ( V @ +  ) * *  r r r ( . r @ ?  ) , t  f , r l e ? ( c ) ;
b) Fgl-9ger.v-.  Li- .nj , tg sccrueaqg. (cpr) l=, ,  1 t€9 (c),  n2r1 , thg-e'e&Jo'

q?3qi.q (n, ( ?i e i{l )r, j j-q-.es.:.i--}i{_e i
c )  s u p p ( K r . )  C  s ( T )  x  f  ( T t )  ;
d )  K r . e  H : 2 ( c 2 ,  t \ t ) ) .

* i lg .g"  a )  Le t  u ,v .6  LDl ree t l5 '  by  the  de f , in i t ion  (6 ) ,

*
<  t ( T ( f  E o f  ) ' . u n v )  =  ( u , K r ( q  @  +  ) , ' r )  . =  l t u , c A  ) , ( v , +  )  ) =.1Kr (  +  s  cg  ) " , "  ) .

are  f in j " te  sys temsor f  ( ? r ) i .  
r ,  1  r €  9 i  ( a )  a n d  ( ' r r ) r . J ,  u r 6 - t r

/:*
r r J

4 o,r(  i '€?;) . , : , . , , i )  = 
I  

a(u.r ,? r) ,  (u '

c)  I "b  suf f ices to  recal l  that  supp(u)  C S (T

d)  The d ls t r ibut ion K,n belongs to  t i fo2"  (C ' ,  f
pa r : t  suppor t ,hence  I { . €  H -2 i  Cz  ,  f l ( l ) ) .

b )

therr

\-
)  ,  .  r l

/ _  ( u .  ,  c p .  )  l l
.  r  l l - , r

L

rl € I ' .

)  , and  i t  has

er

( t

f,.) ) *

)  whenev

( t )  )  by com-

The cont lnui t . l "  a.nd the posit iv i , , ty prcrpert ies of the kei :nel  K, insure the

ex j -s tence o f  a  sca la r  p roduc t  on  the  spaco I  (Ar I ) r i . ,h ich  ex tcnds  c r :n t lnuous ly

the fol lowihg form

(
1 K ^ t , g )  =  \ <  r ^  ( n , w )  f ( w ) , e ( z ) )

" J r

\:-'\ . -

?.(nr t  t i  € f r ) " r , '  j )  
"
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n
w h e r e  f  =  5 -  e , @ u

l = 1  
l r

g e r s  n r m  a r e  f l n i t e .

I ,et  us def ine the

W (  q @ u )  =  ( u , ?

L  €  I  ( c , r , ; , 8 =

cont inuous eva.J.uat ion

,  g  € g ( A  ) ,  u €  r .

& v  .  € Q  ( C  , t )  a n d  t h e  : - n t e -
.J

m
\ -  l ,
/- Yi
1 - l

f  :  q  (c , t )  - - - :+  H,

whlch aets on simple funct ions of the form

map

? @ u by the formula

Thenr fo i  the  above f in i te  d imens lona l  va lued func t ions  f  and gr the  re la t ion

(B )  (  K r f  , 8 )  =  <  V ( r ) ,  V (e ) )  u

ho lds  t rue . l the  r igh t  s ic le  o f  (B)  makes a  good sense fo : 'a rb i t ra ry  func t ions

f , 8  €  Q  t A , L ) , a n d  i t  c a n  b e  t a k e n  a s  a  s e c o n d  d e f i n l t i o n  o f  t h e  k e r n e l  K n '

The separa te  comple t l -on  o f  the  space I  ( f . ,1 , )  w i th  respec t  to  the  ssn i *

norm der iver l  f rom the  sca la r  p roduc t  (B)  Is  i somet r ica l l y  i sornorph ic  w l th  the

space I l r th ror rgh  the  l - inear  ex tens ion  o f  the  opera tor  V . In  th is  descr ip t ion ,

a s  a  v e c t o r  v a l u e d  f u n c t i o n  s p a c e , c f  t h e  i l i l b e r t  s p a e e  H , t h e  o p e r a . t o r  T r  b e -

co tnes  the  mul t ip l iea t ion  w i th  Z .Moreover r the  reproduc ing  ke lne l  K ,  o f  th is

funtt j -on space is a complete unltar;r  invarj-ant of  the operator T, in the foL*

lowing  sense

IEFIMA 4.4 Two hyponorrnal-  crperators T < t f i t )  a n d  T '  €  * ( n '  )  a r e  u n i t a r e l . y

u :  wr2 tH) - ->  wr? rH , )  suchequiyalent i f f  t4ere exrsts a q4ltar.v operqbr
r(

t h A  t  T T r  I I ^ -  r. :=:  ""T" '  -  "T'

Proof .  Let  K denote the separate compl .et ion

the norm 
! \ t , f  

>  ,so that  the operator  V : r  - - - t

per ty  Vl lV= Z.Analogously ,K '  and \y t  denote the

t e d  t o  T '  .

I f  U ts  a uni tay operator  as ln  the s tatement

o f  t h e  s p a c e  I  ( c , w , n 2 ( n ) )  t n
I

II is unita:ry and has the pro-

cor respond lng  ob jec ts  essoc ia -

, then l t  induces  a  un i ta ry
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t r a n s f o r m  I @ l l  :  K * - >  K '  w l t h  t h e  p r o p e r t y  ( I € U ) V "  *  Z ( I g U ) . C o n s e q u e n t l y

( r € ' u )  Y ' F T * V ( r e u )  =  Y ' *  T '  V /  , a n d  t h e  p r o o f  i s  c o m p l e t e .
There  Lre  exernp les  wh ich  show tha t  on1.y  a i , th in , ,subspace or  wf2( t r ;  i s

L

necessary ,  in  o rder  to  c lass l fy  the  hyponormal  opera tor  T  up  to  un i ta ry  equ i -
r ra lencn,as  in  Lemma 4 .4 . l lhus  we adopt  the  nex t , .

D$! ' IN IT ION 4 ,5  A  c losed subspaco G o f  l l i= iv fz1 f " f11  is  ca l led  Aen-er ,a l in&

for  the , - ropera tor  T  i f  V  g  (C rG)  i s  a  i lens*  
" , rb*pu"e  

o f  H.

In  o th rar  i+ords  O(  L  i s  genera t ing  i f  the  l lnear  space

is  dense in  I I .

Lo t  P , . ,denote  the  or thogona l  p roJec t ion  o f  L  on to  a  genera t ing  subspace G.(i

Then the  compress ion  o f  the  kerne l  \  to  G,

G  t  ^ 2
t r ' *  : = .  P  K  p  . €  Z '  ( ( - ' ,  l t C ; 1, .T  

; ;  *  G. 'T -  G

has a l l  the  proper t j -ee  1 i .s 'bed in  Propos i t lon  4 . i "There fo : re  the  res t r l c t ion
' { r *  o f  the  opera tor  { '  to  g  (C,C)  i s  r :e la te< i  to  the  ker : i ra }  * f  On the  re la . -

t i c rn :  /

(l
( 9 )  { x i r , e ) =  < l { r * ( r ) , V c ( e )  )  ,  r , 8 { g ( C , G ) .

Now we may conclude wl th  the fo l low1ng,

TUn0nAM 4.5 let 1l be*A. h.ynonormal*grp.r:a:il:{ on- the }Jil.bo{!_ snace I.t qntl, tot

G b q e -gq t s {p t in g- Epi_q e_pjl-e:rr e n {i s_!r t!l$}ggg_el T * "
-p

I'gt l, 9e!q!e, t4e* sepnre-te*-cerqllj-liol}Jlf-llre- pqsg I t C;;.c) wl_th respsg_t_

3g-.!}g_-genlg9lg (xrr,r) {rn.d let u, 
*---> 

H lg*ttre contrnuouq rine

M q / G .
lLen U is .  un i tar .y  and l r (Zf )  = TdU(t )  JS- i -SyeIX t "  * .

f t " , ? )  u e  c , g € 9 t c l \
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Eg.gg. The ope:rator I I  ls an lsometry,whir :h is onto

posed a  genera t lng  subspace o f  l . l ; ' o r  a .  s j .mp le  func t ion
g  ( C , G ) , w e  h a v e

bocause G was sup-

o f  the  fo rm g  @ u €

r *  v * (  g e u )  = +
t | ' (u, cy ) = (V,u, c() * 9*0rf E  u ) ,

approximat I.on argument .
-  .  - e , -
b e c a u s e  u €  l v  ; ( l l ) . T h e n  t h e  p r o o f  i s  o v e r  b y  a . n

Lernma 4 .  4 and l lheoren 4 .6 lead to the next .

COROLLAIiy 4.7 !9.!. T e t Ot) r:nrl T t € I  { t l '  ;  }_fb;1palsqmal operators and

GrG'  be  ge4e:q la t ing  subspaces  o f  e igend
It

ribut ion s of T, I$s-Ugg!iy.e.I^y__pf,
IL  there  "gx is ts  e  un i ta r ,y  opera tor

1 1  l t r
i l: G *> O' , so th?1 IIK;U = K; , ,J.bgS

un-it qrel.L_ e q u iy?.Igilr:.!-E T | .

Tho ner : .essary  cond i t ion  fo r  un l ta r$qu iva lence s ta ted  ln  Coro l la , ry  4 .?

is  a l  so  su f f i c ien t  r rhenever  the  space G l -s  canon ica l ty  re l -a tsd  to  t l ie  ope-

r a t o r  T ' T n  m z r n y  c a s e s  d i . m ( G )  i s  f l n i t e , s o  t h a t  t h e  c l a s s i f l c - ' a t l o n  o f  t h e  r e -

la ted  ope: :a to rs  i ^s  a  f i .n i te  d j .mens iona l  p rob lem.We l l lus t ra te  th ls  s ta , tement

w j - th  two exarnp les .

I{xampl.re f  .  i {ormal i r : :educlbl .e operators.

l ,e t  N  be  a  ncrmal  opera tor  on  the  l l i l ber t  space F l ,w i th  a  c ; rq l ig  vec tor  I
o f  norm one" ! {e  r lenote  as  u .sua l l y  by  f  

( l l l  the  cont j .nuo l . l s  func t iona l  ca lcu lus

o 1 ' N , 9 < c (  6 ( N ) ) .

le t  f )  be  a  bou,ndec l  domain  wh ich  conta ins  d (N)  . In  v . i . r tue  o f  the  cont in r . r i -

t y  o f  the  func t iona l  ca lcu lus  and o f  t i re  Sobo l -ev  embe<id ing  theorem, the  fo11or . i j "n5 ;

es t imate

l l g ( t ) l  l {  - <  l l g l l - , r ,  - <  c  l l g l t o , r ( . 2  ) .

hoLds t ruo ,w i th  a  pos i t l ve  cons tan t  C depend ing  on ly  on  fZ  .Thus  the  re la t1on

l9
q r l

1l is.
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n (  g e  { )  = ( K r , r ( q s V ) r , r )  = ( ( u ,  f ) , ( " , ?  l )  = ( ' . P ( N X . , p  { n ) 5 7 =

<e i ju )  f (N) t ,  !>  = l  n , " f  u f i ,
J

where d i l r * (d l l  ? ,1)  and l l  is  the spectra l  me&sure of  N"The norn of  the space C'u,

wa.s chooserr  so t ,hat  l lu  l {  =  l .Concludingnve have proveci  the formula

( u , g ) = ? ( r ) ' ,  q e v ( c ) ,

de f ines  a  l 1 -va luec l  d i s t r l bu t i on  , r .  r i ' ( . ( ) ,H ) . I l o reove r ,u€  w ;2 t r r ) . rndeer l ,

for  every g e9 (C )  ,

( (N* - z ) r , f  )  =  N*q  (N )1  ( zq  ) (N )b  =  o .

s i n c e  t h e  l i n e a r  s p a c e ^ { g t n f ) !  ,  q € V ( A  ) }  i s  d e n s e  l n  I I  , t h e  o n e  d l m e n -

s lona l  subspace C.u  o f  W* ' {n )  i s  genefa t ing  fo r  N.The cornpress ion  k  o f  the

kernel Kn to this space j"s a scalar dlstr ibut lon vrhich can be easi ly computed,

a s  f o l l o w s :  l e t  9 , , { f  g  ( C  )  ,

l c ( 2 , - , + )  =  l A ,  ( r - ;  5 1 2 - w )  ,
t t

whero  J  (z -w)  s tands  fo r  the  D l rac  measure  suppor ted  by  the  d iagona l  o f  the
- /

s D a c e  L  
- .

The cornp le t ion  o f  the  bpace I  tC  )  w i th  respec t  to  the  sern lnorn  g iven by
9 2

the keryre l  k  co inc ides vr i th  the space l , ' (y"1)  and the uni tary  U: t - (7r f - - - -zH is

the operator which diagonalizes N.

EIg.mple,  2 .  The c lass A( f I )  o f  Cur to a.nd Sal inas [? l

The c lass A{ f7. )  o f  ope: :a tors  prov idos the l "ocal izat ion of  the c l -ass B(A )

of  Cowen and Douglas IOl  .Ure rcst r ie t  for  the beginning to  a par t icu lar  e lement  ' i

o f  A ( f 2  ) .

Let fZ be a bounded domain ln the complex pJ-ane an<l let S be a hyponormal .I

ope ra to r  wh lch  has  the  p rope r t i es :
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( f )  R a n ( z - S )  i s  c L o s e d  f o r  a l l  n ( f L  i
( i l )  

"no. ,  I  
Key(Z-r*)  I  " , .4 \  ts dense in H ;  and

(  f  i f  ;  There extsts a bpU$de4 coanal_yt ie funct ion [ '  ,  f ]  - -_- / ,  (  On,H) ,
such 'bhat  Ran l -1 r ;  *  r<er (z -s ' * )  fo r  every '? ,<  . ( )

Fcr  a  re la t j -on  bo tween hyponormal -  opera tors  and the  c lass  B( fL )  soe  [ l l .
t lndor  the  assurnpt ions  ( i ) - ( i r i )  t t ie  spaco w l2{H)  conta ins  t } re  fo l low ing

pr lv l l "edgec l  e lgend is t r lbu t lons . le t  e r  r l . *1  ,n ,  be  the  canon lca l -  bas ls  ln  [ -n .
Slnce the operator ial  funct ion {-  is Jni form}y bounded,the f .ormula

n
c p  ( z )  |  ( z )  e  , d  p  ( z )
I  L t

a  d l s t r i b u t i - o n  u - e  I t - 2 ( C , H ) . I t  l s  p l a i n  t o  c l i e c k . b i r a t

n.se of  d ls t r ibut ions.  .

u r , i =1  ,n r i s  a  genera t l ng  su -bspaee  o f  w !2 {uy ,becau-se  o f
us compute the correspondlng d is t r i l :u t lon ker"nel . .

G so that  (u .n , .  .  "  ;u_ )  becomes an or thonormal  bas is . i ,e tI  n '

( u r , g )  =

def ines  fo r  e

(z-sr )u, = o
The. f  - inear

the  assumpt io

We renorm

f  , 8  € 7  ( C  , o )

i=1  ,n

h o  e o

1 ] ^ +

) . L e t

! , e v  v

hat

I
\\
)

f2

very

{ n  *

Q h ' l  n

n  ( 1 1

the  s

, s o  t

c l e g ( a )

n
f  = I Q r @ o - ,  a n d  g =

1=1

n
<-
) U/.* * j '

w h s r e  f  n , V u 4  
g  ( c  ) , k = 1  , n . T h e n ,

, . n T -
1r - ' l r , s )=  

h ,  
* l f  g i@u l , ,  9 rpu"J )  )_ -  <  * r (Q t  @?t )u r ,u r )  E

-rz xs2
In  conc lus lon  the  d is t r lbu t ion  kcrhe l  I ( :  co inc idcs  on  .CZx. f2  w l th  the

U
g e n e r a l l z e d  D e r g m a n  k e r n e l  o f  t h e  f u n c t l o n  f  ,  K p ( 2 , , w )  =  l ' ( " ) r f ( " ) .

In  the  genera l  cAse,whon the  func t ion  f  i s  no t  necessare ly  bounded, the

Lebesgue measure  nus t  be  mul -b ip l ied  ' - ' -b j l  s  v re igh t , ln  o : rder  to  ann ih i la te  the
growth of  l t l l  z  l l l  wnen z -> ?t2.
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l l he  las t  sub jec* ; 'o f  th is  sec t ion  is  a  na tura l i t y  fo rmula  o f  the  ke : :ne l

I{rr tc,  arra).yt i -c changes of coordlnates

.  Ls t  f :U  -+  V  be  a  b ihoLomorph ic  map between two domains  o f  the  complex

pl.ane.We rocal l  for the beglnnlng the oporat lon of ehange of coordinatos lntro- ?

duced by  f  a t  the  levo l -  o f  d ts t r lbu t lons .

t e t  o (  €  9 / ( V )  a n d  t e t  ? € g  ( U ) . t , h e  c t i s t r j - b u t i o n  o t  o  f  €  9 /  ( U )  i s  d e -  ;

f lned by the fornula

( o r o f , , f  ) =  ( o / , + )  ,

tr'her<;

V ( 5  )  =  q G ' '  (  3  ) )  l z r - '  ( B  ) l '  , 5 e  v .

The same def ln i t ion  app l ies  to  vec tor ,va luod d ls t r ibu t lons .

LEMMA 4.8 lel 1' e t$) be a hy[o.gorl la] .gLeq.4tor r+ith o- (T)C U.If
- 2  * 4  - )

u € 1,r., ' '  ( t t) ,  lhen u of '€ 
!r l ; ;^ ,  (H ) ,T r  ( ' r 'J

"B:p-qt. The spect:rum bf tne opey'ator f (T) is,by the spectral mapping theo-

rem,con ta lned  l n  V .T ,e t  us  assume ue  Wf t ( t t )  . I r o r  eve ry  func t l on  q  4  g  (V ,H)

there ex is ts  bJ,  s tan, iard arguments a f r rnct  j "on *  e  7 ( t l , l1) ,so that

( n * r ) l [ ( r )  =  ( r ( z )  -  r ( 1 \ ) ) f G ( z 1 1 l Q r ( z ) | z  ,  n € v

Then )

< ( 3  - f  ( T )  )  ( u o r - 1  ) ,  c p )  = ( u o f - 1  ,  ( 3  - f  ( T )  ) y )  =

= ( r o ( f - f  ( T ) ) ( q " f ) l ? f l 2 >  = ( * n ( z - t 1 , p 7  =  o r

and there fore  u  o  f -1€  w l7^ , ,  (H)  1e .€ .d .r \ , J  ? -  
|  l n  t h e  c o m p a c t .S ince  the  suppor t  o f  a  d is t r ibu t ion  uGl , t ; ' (H)  i s  con ta ined

s u b s e t  6 . ( T )  o f  U , t h e  l l n e a r  o p o r a t o r  3
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cf  ,  t i?r l (H;  - - - -+ ' ,+f2tu l  ,  cr(v)  = vaf  ,

a ls  bounded. l t ro t lcs  that  Cr-1 ls  a  tvro-s ided inverse of  Cr .

THIJORDM 4.9 f,e! fel(H) !e A h^ypolrol lr ialL operator and le! f :U----+V he e
blholomorphic map,! i .ef ined on a domain whlc! contaigs the spl,ctrum. -o! T.Uigq

Kr ( r ) o ( f  x r )  =  c !< r c ,  ,

Prqg.g. -  Let  g ,*e 9(u,H)  and le t  u ,v  € w;?^ (H) .By r ref inr t ion 4.2 we haver  \ r  /
;

1 K " , * 1 o  ( f  x  r ) ( q  @  *  ) u , v )  =r \ r , ,

-  - 1  - 1 .  )  ,  - 1  4 .  )

1 K o , r l ( ( f  o f - ' ) l ? t - 1 1  t o  ( * o r - 1  ) l ? f - 1 1  
2 ; o , * , )  =  i

t \ r . , l i

(  ( u , ( * o r - 1  )  l a  { 1 1 2 ) , ( . r , ( Q o r - ' )  |  ? { 1 1 ' ) > ' ,  =

d ( u o f , t ) , ( , r o f _  , ?  ) ) =

( ( c r u , V ) , ( { : r v , ? ) >  =

< t t (  q@v0ru ,c rv  )  =

- r t
( c r  * r ( t g r f  ) c r u , v )  ,

and the  proo f  l s  comple te .

The comprossi-on of the kernel Kn. to a generat ing subspace G of j  W;z(n) hasr ' ' : T
a  s lmi la r  fo rmula  , I f  one takes  the  compress lon  o f  the  kerne l  Kp/mr  to  the

r  \ J -  , f

s  genera t ing  subspace Cr -1  (c )  C wa?r r tH l .

?
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b5. OItElrATClili l,'/rTlt olt[-nIMI]]t$l Offril: :inl,t,-00MMIITAToR

The compress ion  o f  the  d is t r ibu t lon  1 , , .e rne l  o f  a  hyponormal  opere tor  w l th

or:e*dinensicnal *el- f* .commutator to a spzrc:e gencrate<1 by a single eigendistr l -

bu t ion  o f  i t s  ad jo in t  co lnc ides  w i th  a  sca la r  ko : :ne l  a l . ready  ex ls t ing  i .n  the

l - i t e r a t u r e , c f .  i : 1 , [ r r ] , [ r e ] . w o  u s e  t h l s  k e r n e l  i n  o r d e r  t o  o b t a i n  a  c o n c r e t e

func t iona l  descr ip t lon  o f  the  oper "a to r . in  te rms o f  i t s  p r inc lpa l  fqnc t lon .

let  us ' t 'ecal1 for the beginning some facts and notat ions cor icerning the

opera tors  w i th  rank  one se l f -cornmuta tor . l lhe  reader  l s  re fe rod  to  I r t ]  ,  IAJgna
I  t  o j  t o r  d e t a i l s ,

T ,e t ' l  be  a  bounded J - lnear  opera tor  on  the  l { l lber t  space l l rso  tha t

: \ r

u h . e r e  3  @  I  i s  a  r e " n k  o n e , p o s i - t i v e , o p e : r a . t o r :  (  1 @ ! ) t r  = { r . r l ) }  , h €  I t .

The comple te  lnver ian t  to  un l ta ry  eou l - r ra lence o f  an  l r reduc lb le  opera tor

w i th  one*d j :nens ione l  se l f -cornrnu ta to r  wps  r1 . !scoverod by  P lncus  [ toJ  a$  & sca-

lar funct j ,on on the spectrum,cal led the pr inc- ipal .  funct ion. i i re rrr . lnc$el

fUgSLlg ]  6 "  o f  the  opera tor :  T ' i s  a  conpac i ; l y  suppor ted , rea l  va lued measu-

r a b l e  f u n c t i o n  o n  C , c h a r a c t e r i z e d  b y  i l e l t o n  s n d  H o w e  f , o r r n u l a  [ 4 1  :

t r  I p t t , 1 ] * ) , q ( T  , r $ ) l  = ' 1  / n (  , U p ? q  -  ? o ? q ) s r  u F  ,

J
where  prq  a . l re  po lynomia ls  1n  two var iab les .

The order  o f  the  fac to : rs  T  and T*  in  the  monomlaLs  o f  p  and q  doesn ' t

a f f e c " b  t h e  t r a c e  o f  t h e  c o m r n u t a t o r  [ n ( T , 1 l x ) , q ( T , l l * ) ] , w h i c h  e x i s t s  w h o n e v e r
i r a . l

l 1 : ' ' , T  J  l s  t race -e lass , rn  ou r  case ,when  T  i s  hyponorma l  and  r t [ r * rT ]  =  1  ,
the pr inc lpa l  funct ion sat ls f ies tho ac ld i t ional  conci i t lon 0 < e*(  1  .

Putnam proved i -n  h l7  that  for  an arb l . t rary  complex number z€C, the equat lon

cont inuous
has a  un i -que so)u t j -on  x€  Ker (Z- r ' * ; I  " lu lo "oo ' , r l " , *n ru  so lu t ion  depends * " ; i l ' '

? X 1 >

L T " , T J  =  b @ 9  t

Q, -T * )  x=  1



on z€C,anci .  i t  w111 bo denoted j .n  the sequeL by (Z- f* )* ' | - ,

Recent ly ,Clancey [ ] l  pro. ted thc ident t ty

( ro ;  1 -  { (n - ; {  } - ' ,  , (z * r r ) - t i l=  " "o i - , r * ( ,=q*  ap( i  ) }  ,-  L  )  (5  - r " )  (3  - " )

A

wh lch  ho lds  on  the  who le  [2 , see  a l so  f t r l .The  i n teg ra l - . o f  t he  r i gh t  s j . de  o f
(10)  has removable s lngular l t ies of f  the d iagonal 'o f  C- ' , In  case z=w Bnd
(  . )
)  1 3  - z . l - s r ( 5  )  0 p - ( 5  )  =  &  , t h e . r i s h t  s i d e  o f  ( 1 0 )  i s  t a k o n  t o . . b e  z e r o " T b e

kernel

T*(u ,u) = t - ( (;-r* ) 
-t 

!, (z-T'( i-t !- >

was used in Iql in connectlon rn,i th a dlstr lbutions]. model for T.lr{e u-qe the

n e x t .

THnoHBl4  5 .1  ( c rancey  [4 ] )  An  ope ra . tg r  T  *+ th  l t o , r ]  *  ] e ]  i s  i r reduc ib le -

The theorem has,wi th  the terminology of  the preceding sect ion, the fo l lovr ing.

COIiOII,ARY 5.2 Le! T be a.n ly'reduciLlg h,vponormal orrer:at-or wl-[I l tn,fJ * 3€?].
the dis.tr ibution ? (-^-f* )-1!, u-etones-to wf2trr) @"Ai:rre;:S:Sr-

fral;q.n-qrgilng--gpaq e tq]] T .

pry)gg.  The . funct ion (z- t * ; -11 nerogs to  t?  ^ tC , r { )  a .nd
t  -  l _ o c '

(z-$1 214-r* ; -15 =? lqa-r r  ) (a*r !o) - ' f l=  2)  =  o ,

therefore ?1'z- t*  ) - t? .  t ' r t t t l  "
Furtheron we prove that the space

r  = t  ' ,  ?  (? , - r i ) - t3  ,g  )  I  q€  I  (a ) l

l s  dense in  I l "
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(an 'b i ) t r :a .ns fo r : rn  o f  a  tes ' l f u n c t i o n  g € Z ( C  )  l s

!  
, t , 3 ) /G- r ' )  d r ( ] )  .

I t

-rI
a.nd

The Cauchy

t ( z )  *  1 / t f

l s  a  an t lan&lJ r t i . c  func t ion  o f f  supp(q  )

be a bounded conrplex domaln with smooth

6' (T ) . l l lhen b.y Stokes Theorem

\$.rru-ro)-t I  
dy(z) = -

" t V  o u  r  ( ? ( u - r s ) - ' ! , t ) .

, r ra.nishing at oo ,  and ?t *  -<1 .Let,

boundaryrwh ich  conta lns  s , rpp(?  )

ay(z)  =
l r lz)(a*r*)-1sc (

r /zi \ r (z) (;*,yx y
?il

The cont r :u r  tn tegra l  i s  zero  s ince  r (z ;  (E- rF) - l  i s  a  an t i -ana ly t i c  func- t lon  on

c \  f2 ,vanishtng of  second order at  oo .Therefor"  5f  (z- t*  ) -1tr  d l ,  € M.
Ry Theorer  5 . ]  thc  vec tors  !g  fZ - ' : t *  ) - - ' \ .  ap  ,  qeg(C ) ,span the  t i i tber t

spa.ce  l l ,hence the  space l " {  i s  a lso  dense ln  } l rand the  p i 'oo f  j_s  over .

.  The above corc l l -a ry  and.  Theorem 4"6  imp l .y 'uhat  the  cdmpress ion  k  9 f  the

d ls t r l .bu t lon  ke : :no . ! -  K*  to  the  space gencra ted  fn  Wl ' (H)  by  the  d ls t r ibu t lon
r  , -  - t { . * 1  .  

-  r
t l  *  d  (2 ,^T" ) - ' f  i s  a  sca la r  kerne l  wh ich  reproduces  l i  and  d lagon" . r l i zes  T* .

r ,e t  us  cornputo  in r , "  our r re r . r ,e t  eons ider  tho  .+ ,es t  func t i .ons  f  , r i  e  3  tC  ) .Then,

k(cf lsq,) * (  FT ( q@.i,  )u,o) = ( ( u , ' . i r ) , ( u , Q ) )  =

l " tT ? f  {*1 ,  G*r*)" 'S }V (u )  ) ap(z) ap(w) =

( z ) .  d / z ) d p ( w )  =) - t t  , ( r . - r * ) - 'B> ?V

"  
Sn{ r , " )  t  t * l

In  .donc lus lon{w,a ' r 'hnve provedthe  equa l l t y

k ( 2 , , r , ' )  -  - 6 ^ ? *  f *  ( z , w ) .

[<,0'"''*

!<tt'-ro
-1 r " ,

( rv)  A V

q  ( n ) e p ( 2 , ) d p , ( w )  .
r r l
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THDOnIJi ' ]  5.] 193 T€ d(II) .bs-r iqI,e4!,aj.pt

[r*,1] = !,4! ,en!,--]-g.g s i]9-!h-q--t::rlx*uil1 Lqqptlpq er ?.
tbs -sepafa,tg c9m.pl.etio.a 

f. 
of thq spqgrs, 6 (A ) wft]r respect !.q thg_$-gq.i.r.tAuq

" ?  (  r  1 . s ( 5 )  Il t ? | l ; = - i u " o t - . / , \ f f i ) d F ( 5 ) i ? 9 ( * ) ? Q t n ) u f l z ) a f ( w )

ls  un{!are}.v eqUlvnlent r , r i th t t re*:gace I . t ,@ Or 
* 

**__r i - l  ,

(
u ( e  )  =  \  ? e  q n l g * r * ) - 1 )  d , t + ( a \  , ;

. ,  \ - , / \ a - r  ,  5  l y ( a )

llhe p qerat€::g t epA tx te c pJi, q_ +q- _!hq-!-l{egt r f i c a!.j.-og :

Tho r lgh t  s ide  o f  ( t  t  ;  shou ld  be  taken as  the  c lass  o f  the  respec t i . ve  func*
t ton  ln  *  .

. 0
PIoo. : [ .  Theorem 4 .5  and the  prebed ing  computa t ion  o f  the  kerne l "  k  p rove

t h e  a s s e r t i o n s  o f  t h e  s t a t e m e n t , w i t h  t h e  e x c e p t l o n  o f  t h e  r e l a t i o n  ( t i ; .

r n  o r d e r  t o  p r o v e  ( 1 1 ) , w e  r e c a l l  f r o r n  P r o p < l s L t i o n  Z  o r  [ + J  t h e  t d e n t l t y

(12 )  r .?  ( z - r {  l - t } .  =  z ' }  ( z * r *1  -1b  -  g (a ;  ( z - r t ) -1 }  ,

( 1 1 )  u * r u ( g ; ( z )  -  n g ( z )  -  t h  
! 0 , 5  

) s (  \ ) / ( S - a l  o p ( 3  )  , a n d

u o q * u ( {  ) ( z )  - V , g ( a ) "

which  ho lds  a t  the  leve}  o f  d is t r lbu t lons

L e + '  l e  g  r c  ) , s .  t h a t  I  =  t  o n  a  n e i 8 h b o u r h o o c r  o f  f ( T ) . B o c a u s e  t h e
k e r n e l  k  i s  s u p p o r t e d  b . . v  6 . ( T )  X .  6 ( T ) , i t  i s  s u f f i c i e n t  t o  p r o v e  t h a t

(
u ( z t  -  a Q ) A T  

\ g ( 5  ) s G  ) / 3  - a )  o / ^ ( 5  )  )  =  r r r ( g  ) ,

f o r  eve ry  func t ton  
Y  rg  (C ) .Bu t  t he  oxp l i c l t  f o rm o f  t he  opo ra tc r  u  g i ves

v (nq  -7  / n (  O , r  ) s ( s  )  /  $  - r a )  d / , (  s  ) )  =
J . :
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!  u ' t
, * !  )  *

)e(5 )  /  (1 -41 ap( 5

( (a-rn)*t! ,* g ) *

(7-r* )-1y aptr")
-1
I

)i
t

4

5

shere we have

Stokes Theo
r

)  q t :  ) e ( 5  ) /
'and tho proof

a )  T h e  f o

6h'en by Pinc

b ) JJeeau.se

re la t i "ve  to  t ]

c )  C o n v e r

. 6 - < g . ( 1 ,  p : : o d u

oper:ato::  with

l a e  o f  T

Xia-Xia

prlv l1-edged pl"ace ln the l l i lbert  space I l ,

4 ,6  shovrs  t l ra t  the  sca la . r  kerne lh is  a

o p o r a t o r  T .

l yoa  compact l . y  suppor ted ,measu- l 'eab le  func t ion  g  on  C ,w l th

es by the formulae of Theorem 5,1 an irredueible hyponormal

anL, one sel l l -commutator and wlth pr incipal funct ion B,p=g.

}'iIHAI

Department

INCRI]ST,

Bd.  Pdcl i  2AO,79622 Rucharest ,

l lomania.

PUT]II\IA}T

f i i iathemat lcs,

!  . f  , ,  )e(5 ) IG -a) df(r 
{ to*rn 511 aytn)

) - ' I  , f ) + r = r u ( g ) + r ,

sed (12) and we have denoted the last s lngir tar lntegra)- by I .

em and the observal, ion t i rat  the ant lanal.yt ic funct ions

9 *A) ap( 5 )  and (z-tr*)* l !  vanish at inf lni ty, i .mply r=oe

s  c o n D l o t e .

*
and T" obtalned ln Theorein 5.1 a::e dual-  to those

I

r 1
L 1 1 i  o n  t h e l r  a n a l y t l c  r n o d e l .

t he  vec to r  !  has  a

c iperator  f  ,Theorem

eomnle te  un i ta invariant of  the
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