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On the rr:g;t-:iarit;' of the proi;ahilities ;rssc;ciated

\'/;.th {ji.{ j Lis iiri-rs

by

C. VAI{S{rft.

t )e1>ar l tneni :  . t f  i i la t l rernat ics,  lNCI iES' f  ,  U-c iu l  Paci i '220 79()?2 Bucharest

1n'i:r:srir-lctic;t

This  paoer  concerns t l ' re  arbsoiute co i r t inu i ty  proper ty  of  t i re  t rans i t ion

prcbrbi i i ; i i :  i l . ;r ; . ' : i , , ,  1,:- 'cl  rr" ' i t l ' r  : : tcrci ia:;t ic ir i telrral r ' , :1r:;rt icns.

Ger:era ' l l ) ,  thr  ex js t t :nce c f  t i re  sr rooth c iens i ty  for  t rans i t ion p i -ohabi l i t ies

F(t,y,.),  t)0, y;, ' l tn, ;rr io{: iated with ci i i f i ;sicrr processes can be obtainecj using the

f t lncjamcntal Fi i . ; ' rrn,-r i ' tdc,:r 's theorem on hypccll iot ic cperatot s (see I l  ])" In a

ren-ia.r: i<able paper ( i2l) \ i ;-r i l iavin has cievelopDc.i prcbabil ist ic technic,.rcs t 'o Drove

t i re  e>: is tenC€ of  thc sn ' iooth censi tv  {c i ' the cJ is t r ibut icns associated rv i t l l  s tcrchast i , :

cqi.t ; i t ioirs, Sincc i i i ;r [ ] i ;1 1' ivi '5 ari. icie: aDpe;rrecj there have !:een rr,, : l( je var. i , tr-*s
1 + J ' o 1 1  r . f , :  + / \  a r r ' : '  I 4 a l . l i a . t , i n t S  C a i f : l t l g S  C n  f i i - f n e f  m a t l t C - r i . i n : l  f n n f i n , .  = . t d  1 O  i n C i U C ei , t . . . ' ,

the cJr i f i  pr r t  i r t  t l ie  pro l r . :b i l is t i l  ar ra lys is ;  the theory anC exarr rp ies conta ined in

L?.J-i: .10' i  sl- ior,/  that pr"obabil ist ic techniques pi 'o\/ ide a rnetlrorJ v,,! :elt  Fi i ' rmander's

t l rc :o : 'ern ( rcnnot  bc a i , .1 iJ1cd,  T l r . :  cc f ; ' r rnc)r r  fea iures oJ a l l  ihesc 'pnpei 's  are conie ineC

in l?,.1 eincj t l .re reasorrir: : i  oror:ceclc i l  t l re fol lou,ing r ' . 'ay. Tl-re pr-obabii i t l '  nrr:asure JJ'
^ r r . , , - . r  ' - D rorr  Ci i0 ,  t ' ) ;R")  t1er ,c : 'a t r :c)  by i l ic  sc! ' , r t i< . rn  of  t l " re  s tochast ic  equat ior r  is  the i rnage cf

rhe \ i i i r-. :rrcr measllre ir on C(lrJ,oo);t l .*) bi- th: rncpping Q).p::(. ,ct).To pfc'v,e i irat the

Cis lr; i-r:-rt irrn P(t, y,.) of x(t, .) lra.s a srnooth crr 'nsity i t  suf f ices to s!:or,, '  t l rat thc

c i r f fer i :n t : ; i is  o f  F( t , , r , , . )  i r r  t i ic  sense of  d is t r ibut ions are bcundei  r r reasures arrd icr

: , ^ r ' , r t , r r r l : . : i r  t ! . - i c  c r n : l  : r r  i r ' 1 - o s r r f t r ' 1 1  5 , ,  n a r f c  { r r r r , r , l :  i, , i , - . - ,  ,  , , :  ( - ,  , ,  - . - ,  , s  nac3ss ; ] i y .

The iu la i i iav in  ca lc t - r iu .s  proves th is  fcrmr-r la  on the in f in i te  d i rnensjcn.a l
r \  ^ t r ' ^  . r , , i - I l r

si iscc ^. , .1 = C(i-01' . ' ) : I t  " ' )  e; ido'r 'ecj  i i ' i t f t  the \ t / iener neasure i ' }  anC usi i ' ' ,  a

gencral i ; :e cj  Ot-; :s i r : i i l - i ; l i lc l rL:eci< cpci 'a. toi '  r i ' l r icfr  is an unircunie C self  acJjci l t
'  

-  

: s : i r r f i n  . ^ f \ r n r e h  n f  t l - , i e  < . r ! - i . ' - +o p e r i t t o r  c n  I - - r ( * r t , P ) .  A  f  u n c t i c : r a i  c . i t ( r r J  L r L  ( . , u 1 , ,  v q s .  v -  ! , , , r  r , \ . v / - - .  i s  g i v e  n  b y

Strcoc l r  in  [6 ] .

A  s i rn i : l . : r  an l i roach is  c rcoosed by  B is rn ' . r t  i r r  i3 ]  r i ' i re re  the  in f in i te

d i rner rs io i ra l  as ' ; rec i  t ' r f  i l ' r c  l ' l a l l i i v ln  ca lcu lus  ls  re i> !aceC i :1 'C i rs , lnov 's  i J icorcm anC

rhe cl i f icr , , . l : i i . ' .1 arrai ls is Dec()!- ; rr^. ;  rr  f i r r i te ci i rnensic;ral  r :ne. Actu;r . l iy i t  is l : r rscC c:- ,

t h e  e i l b , : c l J i i r g  t l i e  o r i S i i n a i  s c ; i u i i o l  i l t c r  a  f a ; ' n i i l y ' o f  s c , l r , r t i c n r , , u ( . ) ,  u . - ' : i l n ,  , , , v h i c l r

g e r " t e r a i c  l l r c  s a i n c  a l o b a b i l i i ; -  m c ; r s i l " e  i , f l d ' t l i e  i n t e n r a t ; c n  b y ' O a r t s  f o i " r , i u l a  i s :

direct cc,nscqr, . le r)ce of t l tc prci . i i ib i i i t 'v inVariance.

1 ' l r i s  fo r r r iu i , i r : i i :nc r r , : l s  c : i : :e l r t t ia I I j ' r :n  t i " rc  i r - :a t r i x  i2*uCf l , iAU
1 -
)al,"d n$)



v,, lr iclr is equivalent to thc f ial l iavin's cc,/variance mertr ix for diffLrsiotts ancl the

nonsingular i ty  o f  fu l ( ' i )  i r isures the e-x ls l .ence of  t l rc  c lens i ty  f  cr r thc ntarg ina l

c l js t r ibut ions;  t l re  smoot tu r , , -ss proper ty  of  t l re  derrs i  ty  is  a  consequencc of  the

pfot )cr ty  (c i r : t  i r1(T)) -  1 , ' " ' t .  1 . , , ( ; , r i ,n) .
'i '.:.i

In thc l t{arl<oviar} citsc t lre al:rovr.: pi"opcrty'has; a nice ci i :sCription using Lie

a,lgebras of 1, ire vector f iu-lds dcfinirrg stocha:;t ic ecluari ion arrcl i t  v;as Strooc!< who

proyed the nrost  cornplc t l  form o{  th is  rc la t ions (sce [7 ] ,  [3 ] )  v ih ich is  t i re  same

,u i t f ,  n i i r * ; ' in<Jcr 's  corrd i t ion for  scconcj  order  pare,bol ic  d i f  f  erent ia l  operators"

The h,lal l iavi;r c;r lculus has reached a high level of general i t ir  both

regai 'ci ir-rg. thr: iryp.clhci: i( . ,5 i i- l  \ t l .rkoviarr c;- ise erncJ incitrci i l l3 a large class of problenls

in stochastic analysis (sec t6l.-t9l).

This OuO", is not intenciecl to be rnore gei ' :eral tha.n the above citecl

bcaut i fu l  vrorks.  On the cr )nt rary  i t  g ivcs a rnore c i i rect  approaci r  to  the r \ {a . l . l iav in 's

co;{r.,ny1.tnce m;rtr ix rr,,herr dea.l ing rvit lr  stochastic integral equations and the main

.pa r t  r vh i ch  appeared  i n  I i J ]  r vas  i nsp i rec l  bV  I l ]  and  I i / t l .

I t  is  our  convic t ior r  lhat  i t  can rnakc--  t l re  s i ib ject  more acccss ib le .

I t  has t l ic  sarne sp i r i t  as i r r  f  3 ]  but  t l re  Ci rsanov thcorcrn is  used in  a

di l . ferent  u 'a .y .  The var ia ' r ions of  t l re  g ivcr t  Y, ' iener  process arc depencJi r rg  on a f in i te

c l i lne.ns io i ra i  pa. rarneter  t / .€Rn a i rd a rnat r ix  o f  contro l  fur rc t ions U.  / rs  a resul t  the

marrix M(T) = i?f.u64 fte J u*A v,, ! l l  c lepcircl  on U and tne property
I

(cJet Na(T))- '1.,.- l  I .^( i- ' , l t)  is obtaineci easier in sorne cases by clrcosing a si.r i ta!-; le
'i'; t

matrix U. 
' l 'here i .s a gr:neral v.,ay of taking, U rvhiclr corresDoltcjs to the,l '4al l iavin

co/var iance mat i ' ix  as i t  arppears in  [3 ]  ; :nd l5 ]  (see def  in i t ion J8)  ancJ i t  rvorks rv i th

minor  changes nct  or r ly  for  c j i f fus ions but  a lso for  condi t ionec!  <J i f l r - rs ions and

stochastic cqur-t icirs rvit ir  <. lelery

The paper  is  d iv ic led in to t \ ' , /o  par ts .  The f  i r "s t  par t  conta ins the

explanat ion of  ihc ern i>edcl ing proccdure and for rnulat ron of  the main resul ts  s tated

in theorems L ancl  2 .

In tfrc second part we irrclucic al l  the auxil iary results and proofs of

t l reorenrs.  Tt re rcsul t  in  theorcrn I  uscs only  .  loca I  conci i t ions on the d i {  f  us ion

coef f ic i r :n is  anc l  i t  f i rs t ly  appi :ared in  [7 ] .  Theorern 2 can be uscd for  obta in ing the

regular i t l ,o f  the t rans i t ion probabi l i t ics  and est i tnates on thc densi ty  \ \ /hcn the

di f  f  us iur i  rnarr ix  is  degcnefaTc(sce I  i  2 ] )  and t l rc  dr i f  t  par t  is  a  i to t ra t r i ic ipat ing

furrct ional as in t lre fr ' : l lorving s) 'stem
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(t) dx(t),t(x(t) ) 'J' * 
l?,8\(x(t))drv,(t) ' 
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(4 )  l i  p ( r ,  ro , . ) ' ,  
, f . ,0 . ) ( ,

, , . . ,  
-  

" 0 ,  f  o r  s o n e  c o n s t a n t s  c o ) 0  a n d  ' 2 r ' :  a .

w h e r e  t h e  c o n s t a n t

o f  t l r e  d e r r s i t y  f o r

ix-. , ,[1 1D ( ' I  v  . l / - f  ( l
r \ l r A O r ' / \ l  u b  , , .  ,

l r o r  g e t  t  i n g  ( 3 )  a t t d  ( l r )  t v e  n c e d

.  . -  , .n
t O  U ' r : N

E v e r y  L , l r c r e  i n  t h i s  l ; a p e r

i s  t a [ ( e n  i n  t h e  n e a n  s q u a  r e  i n

C.* -  c lo r : s r r ' i :  r . l epc r rd  on  f  ,^ r l

p r o b a b i  I  i t y  n r e a s u r e ,  P  ( T ,

a n d  f u l  f i  I  i n g

t h e  d  i  f f e

F h o  q n r r o

'.t io, I

r . r h i c h  e n s u r e /  t l t e  e x i s t e n c e

r :  ,  d x )  = p  ( T  ,  l , * ) d x ,  v ;  i  t h

s p e c i f  i e c J  l a t e r .  D e n o t e  f (

i n t e g e r .

,  L l r  r
t l r a t  x " ( . )  i s  d i f f e r e n t i a b l e  w i t h  r e s p e c t

r e n t  i  a b i  I  i  t y  v r i  t h  r e s p e c t  t o  u

,  r / 1  ^ \L .  ( ; l , P )  a r r d  i t  i v i  l l  n o t  b e
L

n
1 , " ' l  _ ' t "  .  ?  /  . /

r  l t . ' - l  = - 1 - . , : , { - i  t  I O r  : ^ i . a L '  t  - \ i

l - l

I n  t h e  f c l i o r v i n g  v / e  s h a l l  d e s c r i b e  m o r e  p r e c i s e l y  t h e  € i : l i l r c ; J . J i n S  p r o -

c e d u r e .  W e  a i s o c i a t e  t o  ( l  )  t h e  f o l  l o v ; i  n g  a u x i  I  i a r y  s y s t e m

( 5 )

v c  ( x ) u  ( z ) ru(o)=

/ m n ' ' , f l ]
o " -  k t * ) r ; ;  . . l , r - , u i ( ' ) 0 , ( ^ ) f  , i t - r  - 1 ' s i ( x ) d i ' ' .  ( t ) ,  x ( 0 ) = x o  '

l = l  J = l  l = l

r n n
dx=  h ( x )+ - : : .  - l  , , L r i  ( r )  8 .  ( " . i f  xa t+  - l  s i  ( ^ )Xc r , ,  ( ' r ) ,  x (0 )= l

.  i = 1  : - J f  
J  )  |  - r  

i = 1  
|  r .

dy=-y [n . - ( * )n  . : ] -  ' ;  , .u l t r lB .  ( - i /o r -  . i  vB,  ( r . )c i r ' r ,  ( t )  ,  Y(0) "1
L -  i = 1  j : t  J  J  I  '  

i , " 1  
'  '

t') sd N- * =
d t

w h e r e  X ,  Y ,  N

, ' V .

B .  ( x ) J l 1 * ;  ,
I  J x

!
'  ' ,  I

m a t r l x ,  a n o  u 1

O(1 ^) 'll'
n  / ' r l r i ,  r ^ ' / \

" b  \ r \  \ : 1 / / / .

a r e  ( n  x  n )  n t a t r i c e s ,  z = ( " , X , Y )  ,

r r - t t t t l ' \  n - / ^  ^  \, - t ' j  1 i = 1  
, . . . , m  

I  u - - \ \ 1  
1 ,  "  '  ' S ' g . 1 , '

i - 1
J -  |  t .  .  I  t r l

: R " l i - . >  R  a r e  f  i x e d  i n

A (*) == *,-, , fr*)=A (x.) - i' uf ,-l

h r|s ^t9-
( ' ; ) - V n u l  I  n r a t r i x ,  f X i d - : n t  i  : y

)
c ; -  ( R n * r "  )  s u c h  t h a t  ( Y n  ( r . ) u  ( : : ) )  .  .  t i

j u s t i f i e c l  l a t e r  a f t e r  a e l t i n q  i 1 5 ) .T' lLe  c le f  i  n  i  t .  i  on  o f  (5 )  i  s

**w



^ 5

T h e . e q u a t i o n  ( 5 )  f u l f  i l s  t h e  u s u a l  c o n d i t i o n s  o f  d i f  I ' e r e n t i a b i l i t y  v ; i t h

r e s p e c t  t o  t n e  p a r a n e t c r  u ( -  R n  a n c l  d c n o r i n g  b y  y u ( t )  ,  t : )  0 ,  y = ( x , X , Y , l ' l ) ,  t h e

I t o  s o l u t i o n  i n  ( 5 )  u e  l r a v e

( 6 )  E  m a x  i v u  ( t ) l  9 "  . o  ,  E  m a x
t  € l -o,Tl  '  ta;  lo,TJ

f  o r  e a c h  T )  0 ,  : ( = (  e ( 1  , . ,  ,  ,  . { ' n )  a n d ' q  ) -  1 .

A p p l y i n g r  l t o ' s  d i f l = e t : e n t i a l  r u l e  t o  X u (

t h a t  Y t r ( 1 )  i s  n o n s i n g u l a r  a n d

( i l  ( x u  ( t )  )  
- 1  

= Y ' ( t )  ,  f o r  e a c h  t  ;  o

d o u u ( t ) l q . < -  o a
u

) ,  Y ' ( . )  i n  ( s )  i t  f o l l o , n r s

u G R n

n t
* f '  ( t ) =v r ,  ( t  ) *  7 .  J '  u , u  i  t r u  i s )  ) c l s ,

J = I  
- o  )  J

r l l ' l  t  n  :  . .
r . u ( t ) ' - * r .p - ) ;  i  f  5 .  u iu :  ( zu (s )  ) c t ' i

[ i = i  i '  b  j = t  r , " J

"  
r u ( . )  i s  d e f i n e d  b y . u ( . ) = ( * u ( . ) ,

L e t  T 2  0  b e  f i x e d .  U s i n q  G i r s a n o v

. t - )

) ,  t e L 0 , T J ,  i s  a  s t a n d a r d  m - d i m e n s

he netv probaLr i  I  i  ty

( B

/ o

whe r

*u  ( t

t o t

D e f i n e  * u ( . ) ,  k u ( . )  b y

( 1  o )  p u = k u  ( T )  p

a n d  y u ( t ) ,  ,  c f b , r l ,  t h e  t t o  s o l u t i o r r  i n  ( 5 )  f u l f  i l s  t h e  f o l l o r v i n q  l t o

equa  t  i  on

i = 1

:  \ 5 , '
I

u u l

, -

i  ona

1
.l-..-

L

)

l re

I

' : n ' \ )  t ) ' 0 '

t  n  r  4  - )

( ( ) :  u , u l ( z u ( s ) ) ) ' a ' l l " ,  r  ) o
6  j = t  r  r  " ' J '

t J /  \ \

rem (see L  4 i4*  fo l  lows tha t

i e n e r  D r o c e s s  l v i t h  r e s P e c tl l

( r r )  d x = f  ( x ) d t +  I  s 1 ( x ) a r ^ r f  ( t )  ,  x ( 0 ) = * o  ,



6

i E  i
t f  ,
l t
t ! ;' l
i t
i t
l i
i 1 ,
t i
i t
i !
i i
l t
i [ .
I }

i l
irt

, i t

l3:.. i l
' t
i i
rI
t l
r *
f

+ '
t

t l

. : i

m 
(x)xowl( t )  '  x (o)= i '

6y.=6(x)xat* | tB

: m
r . l ,  r  , ,  . ' 5  V $ .

d v = - Y A ( x ) o t -  t ^ ' "  1
l - ' I

, \
9 i !  =  vc (x )u(z t
d t

.  u / . \  v ( n ) = j ,
1 r ,  1 6 r , a 1  \ t ) ,  |  \ w ,
\ . - ,  l

. r'1
N ( o ) =  t ,

,  \ ^ t h e r e  n ' i ' B i ' c

k u ( . )  f  u 1 f  i l s

a n d  U  a r e

ove r  the

def  i  ned

( 1 2 )

. 5 D a c e

(9 )  we

.  . 1  !  ! . ,

n e \ ^ J  P r o b a b l l l  
L Y

a.s  in  (5 )  '  r rom

I ? a  t - - .  t ^ '  
'  

1  . U !

I ' ; ; l . . i - , t J ' t \  ' v  )
L '
.  , _ O { t \ = 1  a n d
l r a v e  n  \ L /  *

Jk **k l.
l = l

Comb i  n i  ng

r  - r i

c o n c i i t i o n s  
o r  u r

n
5-

J =  r

ku (T)  and

m , , i  r - u ( t \ ) < l i v . ( t ) ,  k ( o ) = 1 '  . t ) 0
r r - U . \ Z  \ L / ' -  t  . '* i  

I

q e t  a n  I  t o  e q u a t  i  o n

t h  r e s o e c t  t o  u 1  
"

: .  q<o,

, s , . u r r ) G L  ( f l , p )  f o r  a n v  d = ( 4 1  " " ' d n )  
'  1 4

' u ^  \ r '  -

T . \

( ' t z )  w i t t r  . 1 5 )  t v e

.  , - i l i t r r  V j i
f f e r e n t l a D r r r r Y

f u l f i l i n o  
t h e  u s u a l

r r  '  l t  f o l l o v t s
t - n -

. ,":
-  l 4 ( 0 ) =  u ' '
,

( 1 3 )

l n  o r d e r

requ i  red  tha t

t o  o b t a i .  e s r i m a r e s  
( 3 )  w e  s h a l I  u s e  t h g  s y s t e m  ( 5 )  a n d  i t  i s

.  i ? * ' r r t l  ^  t o  b e  n o n s i n g u l a r  
f o r  e a c l r  t > 0 '  D e n o t e

" :  

, : ;  '  1 ; : " "  
w e  o e t  t h a t  H o ( ' )  i s  t h e  r t o  s o l u t i o n

u - vHo ( t )

o f

(1r { )

I \ U  - r
l i l x  l n \ l) : - . - \ u  I  I

l " : ) u  ' r

T

I
,1o ( .  )  c le f  ine the so l  u t  i  on

om= [r 
(x

, - u  * o ( . ) ,

o ( . ) . = (

whe
and (xo ( ' , )  )

o  ( s )  )u  ( zo  ( s )  )  <Js=xo  ( t )Ho  ( t )  '  t  )  0

= Y " ( L )

1 l = O  , S i n c e  X o ( t ) i  s  n o n s i  n q u l  a r

t to t,), t*
o

Jo '

(15)  Mo ( t )=xo  ( t )



t ' t u ( t ) = x u ( t ) n u ( t ) ,r  ?  0 , -  ^ n
U i :  K  ,( 1 6 )

w h e r e  y t ' ( . ) = ( * ' ( . ) ,  x u ( . ) , y u ( . ) , N u ( . ) )  i s  t h e  s o l u t i o n  i n  ( s ) .  N o r v  t h e

d e f  i n  i t  i o r r  o f  ( l )  b e c o m e s  c l e a r e r  r t . i ' : ; l :  c o n t a  i n s  f  o r  u = 0  t h e  c o m p o n e n t s

d e f  i r r i n g  t h e  m a t r i x  M o ( t ) "  0 n  t h e  o t h e r  h a n d  t l t e  i n s e r t i o r r  o f  t h e  p a r a n r e t e r

u €  R n  i s  d o n e  i n  s u c h  a  \ ^ r a y  t h a t  e n a b l e s  o n e  t o  v r r i t e  ( 5 )  i n  t h e  f o r n r  ( t  i )  ,

f o r  e a c h  i n t c r v a l  [ - 0 , T 1  ,  u r h i c h  n a s  I h e  o r o : " ; t y  t h a t  y ' ( t ) ,  t e ' [ b , r ] ,  t h e

s o l u t i o n  i n  ( r i )  d e t e r m i n e s  o n  c ( l o , r ] ; R n o j n  )  a  p r o b a b i l i t y  T i - u  f u l f  i l i n g

( s c e  f / l l ,  t h .  3 . 1 )

( 1 7 ) J1 
u=lTo 

for  any u c  Rn

u s i n g  ( Z )  i r  f o l l o w s  t h a t  t ' t L l ( T )  i n  ( r e  I  i s  n o n s i n o u l a r  i l r  r u u ( r )  h a s  t h i s

proper ty  and ' t l ie .1 'u .ur : : r r jn i : r r i . ia f  the mat  r  ix  U (z)  in  ( l )  f * *  to  be taken in  such

a  w a y  t h a t  N u ( T )  -  i :  n o r r s i n q u l a r  .  F i r s t  o f  a l  I  i h e r e  i s  a  g e n e r a l  v r a y  o f

c l r o o s i n g  U ( z )  i n  ( 5 )  v r h i c f r  i n  a  s e n s e  i s  e q u i v a l e n t  r v i t h  t h e  g e n e r a l  p r o c e -

< j u r e  u s e d  b y  S t r o o c k  i n  j f l  i n  o r d e r  t o  d e f i n e  t h e  p o s i t i v e  d e f i n i t e  m a i r i x
I

p o ( T ) = x o ( r )  ! v o { t ) c ( ^ o ( t ) ) c ' ? ( x o ( t ) )  
( y o ( t ) ) x . t t ( x o ( i " l ) x  v , h e r e " f 1 x "  i n d i c a t e s

o
dR-: t  ransposQrl ' ' ,ncftZ't ,  f .  .

T h i s  c o r r e s p o n d s  t o  t h e  f o l  l o v r i n q  U

(  1 B ) U ( z ) = G x ( n ) y x ( 1 + 1 2 - z o ,  , " ihe re z  
o= 

(xo , f  , I )  .

I
l

f 
't, -t

D e n o t e  F ,  ( z )  = y g  ( x )  U  ( z )  .  T h e  f  a c t o  r  ( 1 q ' l z ' z

have p , ; [ , )  ,  u i  r ' i  . .  i i t  , ,n+znz)  uu t  th is
t ) "  I

p o s i t i v e n e s s  o f  t h e  m a t . i x  N L r ( T )  i f

T' ( r ) =  
! v u { t ) c ( * ' ( t ) ) c * ( * u ( t )  )  ( y u ( t ) ) o a t

i s  s t r i c t l y  p o s i t i v e  ( s e e  r e m a r k  b e l o r v )

8'1 - r
t  )  i s  i n t r o - J u c e d  i n  o r d e r  t o

o '

d o  n o t  a f f e c t  i n  a n y  v / a y  t h e  s t r i



Rr::ma rk i

a  , ,  /  \  .  / <  ^ \  |  
r t  - 1

A s s u r n e  U ( z )  a s  i n  ( 1 8 )  .  S i n c e  ( d e t  N " ( r ) )  
' 4  ( i n f .l*ruu (t),\ )-n j '

l i l f  =1

.  | , ,  . f { ' l . i r
( l +  r n a x  

"  f v u ( t ) * y ^ i " l t J . (  i n f  ) ' l ' l u ( r l ) \  l - n ,  w t r e r e  . l a n n  ,  i t  f o l l o w s
t ( r f 0 , T J  v  t  

f . X l  = t  :

t h a t  t l r e  s y m m e t r i c  m a t r i x  t ' t u ( t )  i s  s t r i c t l y  p o s i t i v e  d e f  i n i t e  a n d

(de t  N" ( r ) ) - te  Lq (C ,p )  fo r  any  1 . ' ;  q< ru  i f  ( , l i l '  1x - r l u t r ) ) .  ) -16  tq ( . :? ,p )

f o r  a n y  1 i  q ' - ' ' 3

A n o t h e r  p o s s  i b i  I  i t y  o f  c h o o s  i n S  L , ( z )  i n  ( i )  i  s  r v h e n  m = n  a n d  g , ,  ( x o )  ,  .  .

. / \. . , 9 n ( x o )  a r e  I  i n e a r l y  i n d e p e n d e n t .  l n  t h i s  c a s e  w e  d e f i n e  U  i n  ( l )  b y

( 1 9 )  u ( z ) = 1 1 + l z - z o l B n ) - 1 ( , r " .  X )  ( d e t  G ( x ) ) E ( x ) Y  ,

v r l r e re  T i  deno te  
' t l r e  

co f  ac to r  o f  M  (14 .q=  (ae t  l l ) f  )  .  S  Ince

^ ' )
t h e  f a c r o r  ( r +  i z - z o l B n ) - 1  i n  ( 1 9 )  i s  c h o s e n  t o  f u t f  i l  p i j  ( . ) ,  u j  ( . ) e  c J n n * 2 n ' ) .

/ r ^ \  |  t , - \  ,  ,  t . / \

I n t r o d u c i n g  ( 1 9 )  i n  ( l )  a n d  u s i n g  ( 1 6 )  w e  o b t a i n

t  t "
( z o )  n u ( t ) = x u ( t )  5 f , t r u ( s ) ) c r s ,  N ' ( t ) = (  J ( t ' u ( ' ) ) o ' ) J .  \ .

o o

n  ^ .  n - Z  - -  n  ^  1 ? ^ n + 2 n 2 ,where  l ' ,  nn* ln - '  I -0 , " . ' )  ,  t  ( .  )  c  co  (R" ' rz , ,  )  i s  g  i ven  by

Rema rk  2
.  - 1

T h e  r n a t r i x  H u ( T )  i n  ( 2 0 )  i s  n o n s i n q u l a r  a n d  t l - r e  c o m p o n e n t s  o f  ( N u ( r ) ) - '

. .  T ^  , .  - l
a r e  i n  L ^ ( f , p )  f o r  a n y  1 4 ,  q  ,  i f f  p t ' { t ) = 1  1 { / t r ' ( t ) ) d t ) - ' .  f u l f  i l s

Y o
^ L r i . r \ z '  t  f  t )  p )  f o r  a n y  1 { j q  < - . p . i l f o *  w e  a r e  i n  p o s i t i o n  t o  s t a t e  t h e  m a i ny  \ . / ( : ; s o \ L . r r r l  ' - _ t  -

r c s u l t s

t,

( z r )  t a l = ( r +  ( z - z o l 8 n )  t ( o u .  c ( * i ) 2



-Utg"grca-l ,.j -.__-.*.
Assume ln = l ' r  and gr(x,,), . . . ,g,.,(>l ') larc l inearly indcpende"r-(-,t-glr. t"*

p( i ,xO, . )  bc the pro l>abi l i i .y  nreasure gcnerated on Rn by o0( t ) ,  where x0( .  )  is  the

solut ' ion in  ( l ) .  Then P( t ,xO,")  has a derrs i ty  v , , i th  respect  to  Lebesguc measure,

\ i  

€ :

p( t ,xo,dx)  = p( t ,xo,x) i ix ,  wi th  p( t ,xo, . )e  Cb(R")  f  cr  eac l r  t )0 .

In addit icn, there exist r 'r  '1"0, Ck>0 sr. iclt  t irat

fin(t,xo'.) CO , t ' -  
n(n ' t ' ! :+Z) 0/)octcr"- t-,, )

f tJ*Je CU clepe;r<js only on the bound of f,g, on S(xO,rO), (k0)- I  and t l-re bourrds on

the clerivatives of f ,g. ,uvhcre (ciet C(y))2)kO>O (f l1,6S(x',rO).

. '1"h!:-o.rem2

Let x0( .  )  ue t l re solut ion
n

generatcc!  on Rn uy *o(t) .

Suplrs5s that  there ex is ts  t l re  mat ix  U in  (J)  such that  for  each T)0 is

fu l f i l l ed  c rC( ' r )  =  (dc t  x0 ( r ) ) - l *  I - ^ { ; ; ,R )  ( l - )  t <qcv .  T l re r r  P ( t , xo , . )  has  a  dens i t y
q ' " - ' - t

with respect  to  Lebesgue measure,  P( t ,xO,dx)  = p( t rxO,x)dx,  rv i th  p( t ,xO, . )e-Cf , tnn)

I l  |  /
l l  n I " < ./. L.,,\

<,

in  ( l )  and P( t ,xO, . )  t l re  probabi l i ty  Ineasure

for  each t )0 .

for  sorne constants  C^)0 anciq

<c. t
K '

ln  addi t ion,  i f  t i rere ex is ts  TO)0 such that

.  n  t ^  \ /

r  l ou ( t ) l aag -  1  
-P ' l  

f i )  o< t< t ^ ,
r - - q ' - v

p)C,  then

- p(n+k+ 2)

l (q (  x :

(t,) o<t<rol ln(t ,xo,.) i [  ,
/' /\
w t

t,

\z
where C, ,  depends on Cnrk* l  and the bounds on t l re  der ivat ives of  f  and 9, .



Denote

wu(.) in

dt'(T)-(ct*t.

(16) .

Nu(T))-1 o, . tu(t) = (cteL Mtt(T))-t where N'r(.) is clef inc6 in (5) and

(,| 1<q< +r tnen ctlr(T)f. ,P) (;-)l(q<lr. u q; l'ln.

.  _  . _ n
L e l c c n  a n y  u ^ i : 1 1 " .  T h e  P r o o f

U

for Mi l(T) replacing N bY N' l .

p.1(1'))96 p'o1 ;s
_ 7

10, ' i ] .  on+3n' ' ,  is  c le f ined by y(O)dxo, l , f  0)and c ieL

i l o  f u l f i l s  (17 ) .

by an.  increcs ing scqiJence of  cont in i ious funct ions

, . , ( r )  
=  ]  for  r (n .  hn(r )  =0 for  r )n+I ,  hn( ' i )  t ; '  I  O, f  - l

Prgposi !  iot l

,O , . - \ .  r  r 1 . )  n r
l I  rJ  \  l . r i ;  ur . r \ , t -1r- . r

Proof

I t  i s  obv ious  l ha t  i n  t he  p lace  o f  u=0  can  be

rv i l l  be q ivcn for  d i r (T)=(det  Nu(T)) -1 anc l  iL  is  L l re  sanle

By hypot f res is
/

^  t f f  |  '

E id"(T ) i  
' '= 

J (cje t
| 

.-'t/

where the n iet r ic  sPace YiC(

N(T)10, vrhere y=(><,X,Y,hl) and

Approxirnate h(r):1" for relc;00 )

L,  ,  [0 . . . . ; -o ; 'C, ]1  c le f ined by l r

for  n( t ' (n- r l .  Def ine

Vnt  j tn  conl" inudus ancJ bouncicd by

\f lntvl = lrr,( icret N('r)l -I) 
lc"t N(r) I 

-q

:'i:l;,:iil;r) i'i "crr I 1 - .!/Yl' 
(v(' t) tt ir"'- 

i'/i', 
tvt'>) ctiI.

= E  { t , " ( I , : i ' t r " )  )  | d ' t rS l r i

wheie t<u( . )  is  c le f i r rec l  in  (9)  and fu l f i l  (10)  ar ic j  (12) .  S ince f r ( r )= l= l imJ, , ( ' ) , t  6 [0, ' t ' ) ,

us inq Lebesque's  cor lvef  gence Lt teoretn r '^ le  qet

E f i " c ' r ) f  , ' { . ' t ( - i - l l X = -  E  I ' L o f t ' s l T  ( b ' )  ' { 4 ' f < c z o  '  l i 6  R "

on the other  na; - rd l t ' ( r )  =  ( t  ' ( t ) ) - ]  is  the so luLion of

dt . ,^ f .  :+: t  ! :  i , i  L( . \  ( r -"  ( t rJ ' iwi  &),  I  1uS=' t ,  /  > o
e r  - -  v  

; ' = - o L  J '  t  d  d

and f i r l f  i ls  t " [ ' r ) r  Lo(:? ,Pu),  ] '<q<-; ' ,  where pu=ku1T)P'

rr ronorvs f i .{sc:-r 11'-- ,  idu(r) i  
i  /  "  f f \  [*f ' r-) :

r . ,  I  r i ' t ( .r-r f l  i .u( ' i -)  .a ( r" i  ,1"(T\l?' l  \ ' / ' ,  (n " f  -(  an-l ' '1// '<'o

"  and the Proof  is  conrPlete '

.  r ( )
L ^\dr. '\-l
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3 .  AUX l t " rARy  RESULT.S  AND p r r ,00 rS  0F  T t - l 80R i l ' lSAND 2

I n  o r d e r  t o  g e t  e s t  i r n e r t e s  o f  t l r e  f o r m  ( l )  a n d  ( 4 )  w e  n e e d  t o  u s e

G i r s a n o v  t h e o r e n r  n o t  o n l y  f o I -  ( S )  b u t  a l s o  f o r  s o m e  t ' d e r i v a t e d  s y s t e m s l '

o b t a i n e c l  f r o m  ( S )  b y  s u c c e s s i v e  c l i f f e r . . r n t i a t i o n  r v i t l r  r e s p e c t  t o  t h e  p a r ; n e t e r

u .  A s  a  m o d e l  r v e  c o n s i d e r ' t h e  f o l  l o r v i n r ;  l t o  e q u a t i q n

(zz1 dy=t -  (y )o t+

w h e r e  w ( . )  i s  t h e  o r i g i n a l  ! J i e n e r  p r o c e s s  i n  ( 1 )  a n d  F , G i & C * ( H k )  * i . r ,

? r  
' - " i ' " * i q k )  

.  L e t  T ) 0  b e  f i x e d  a ' d  f o r  e a c h  u c R n  d e n o t e  r v u ( t ) ,
T i  

,  . f l  * t b \ r ' i  i  '  Le r  |  ) u  De

t  e [ 0 , T ] ,  a  n e l  v J i e n e r  p r o c e s s  o v e r  t f r e  p r o b a b i  I  i t y  s p a c e ] P ,  O t ' ,  / { / , 0 " . i ,

r v i t h  r ^ r o ( t ) = v r ( t ) ,  t 2 . 0 ,  a n d  P u = k ' ( r ) p ,  r , r h c r e  k u l r ) f  L q ( i ) , p )  f o r  a n y  i ( q  < ' *

a n d  k o ( t ) :  t .  u s i n g  t h e o r e m  l . !  ( s e e  [ 1 ' j )  i t  t o l l o v r s  t h a t  y u ( i ) ,  t 6 ,  f  o , ' r l ,

t h e  l t o  s o l u t i o n  o f  - '

c , ( v ) d w , ( t ) , t  ) 0 ,  k Z . n ,

' m

ay=F  (v )  d  r+  X .  c ,  ( v )u ,v !  ( t )  ,  y  (0 )=yo  ,  t  6  [o , r ]
t * l

t  V .
c ( 1 0 , r ] ; n ^ )  a  p r o b a b i l i t y  T T U  f u l f i l i n g

m
T

l a l

(2 .3)

def  i  r res  on

( z \ )

D e n o t e  t V V  a  m c t r i c

i n  ( ; 6 f ,  ,  f o r  e a c h

F i r s t  w e  s h a l l

b e  d e f i n e d  a s  a b o v e

P  r e s p e c t i v e l y .

jTu= fTo for  any u e Rn

s u b s p a c e  o f  c  (  i o , r 1 ;  n k )  s u c h  t h a t  y u  ( .  , 5 d  ) e " )  a .  e .  ( p )

u€ - (C ,  where  r . f g  nn  i s  an  open  se t

s t a t e  a  i e r n r n a  l v h i c h  i s  a  c o n s e q u e n c e  o f  ( Z r i 1 .  L e t  k u ( T )

a n d  c l e n o t e  b y  t u , E  t h e  e x p e c t a . t  i o n  w i  t h  r e s p e c t  t o  P u  a n d
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t , t  t [G  c . " i r ' , k )  and  h  be  a  po l ynomia i  '  o f  l <+1  va r iab les .  Cons ide r  p : ] -n - -o3
L \ ; L  ' - '  

" b

c o n t i ' u o u s  a n d  d c n o t "  p u ( t ) * p ( y u ( . ) ) ,  r ' r h e r e  y ' ( . )  i s  t h e  s o l u t i o n  i n  ( 6 )  f o r

u e O ,  f i s s u r i e  p u ( T ) < r  l o ( f i , 1 )  ( v )  1 , 4 q < o d r ' u T h e n

a) Eu c l (vu (r )  )  r ,  (yu (r )  ,  p '  ( t )  ;=5 cf  (vu (r )  )n (v '  ( r )  ,  pu { t )  )  t  u ( r )=

=e  { ( yo ( r ) ) r r ( vo ( r ) , po t t ) )  f o r  anv  u  € ;O

l n  b c i d i t i o r r ,  l e t  y u ( r )  ,  k u ( T )  a n O  p u ( r )  b e  d i f f e r e n t i a b l e  o f  a n y  o r d e r  v r i  t h

r e s p e c t  t o  u € ( 9 '  a n d  a s s u m e  l u ( t ) ,  D u l ' ( i ' ) e  t - o ( : ? , f  )  ( V )  1 ' l q < N ,  f o r  a n y

d . = (  4 t  C n )  ,  w h e r e  1 = y , k , p  r e s p e c t  i v e l y '  T h e n

$  h  q f ( vu  ( ' r ) )h  ( v ' ( r )  ,  pu  { r ) )  t . u  ( r )  =
b )  o = . D u r  { . r

nd i - r f , ( , ,u ( r )  ) f  i i rKi lSh(y"(r )  ,pu(r)  ) r .u(r)J,  ue ( j
= E u f  

f f \ Y  \ r / i j " ' ' ; i 1 -

Lenma 1

P roof

'  T h e  c o n c l u s i o n  ( b )  i s  a  c l i r e c t  c o n s e q u e n c e  o f  ( a ) '  L e t  h t R l t l - l - - , '  R  b e

c o n t i n u o u s  a n d  b o u n d e d .  U s i n g  ( 2 t { )  i t  f o l l o w s

l +  W( r )  ) h ( v  ( r ) , p ( y  ( .  ) ) a1 r ' =  . f  . t t , r ( r )  ) r , ( y  ( r ) , p ( y ( . )  ) d i l  o

a" 'Y
a n d

E '  f ( y u ( r ) ) r , ( r u ( t ) , p u  
( r ) ) = t  Y ? ( v o ( r ) ) r , ( y o ( r ) , p o ( T ) )  f o r  a n v  u  €  O

I

S i n c e  p u = k u ( ' f ) p  v r e  o b t a i n  ( a )  f  o r  h  c o n t i n u o u s  a n c l  b o u n i e d '  G e n e r a l 1 y '  h  i s  a

p o i n t v r i s e  I  i m i t  o f  a  s e q u e n c e  o f  c o n t i n u o u s  a n d  b o u n d e d  f  u n c t i o n s  { t t n l n > ' ,  r v i t h

[ r 'n  
(v ,  o) l  i  i  t  (v  ,  p) ! .  Bv hvpothes i  s  ,

r f  rp (v'(r) )  n (yu (r ) ,  pu tT)) l- '  
'*

-*"xq
1



a n d  L r s  i  n g  L e b e s g i t e ' s  c o r l v e  r g c r l c e  t h e o r e r m

=[  ( f  (y t l ( r ) ) r ,  (y t ' ( - l  )  ,  p ' ' ( r )  )  " "consr  "  f  o r  LLcL(  ,

[ -enrma 2

set I  im-.8 ,(yu tr)  )  r 'n (yu (t)  ,  p '  (T ) )  ku (T
n -}JO

anc l  t l re  p  roo f  i  s  co tnp  ie  te .

r '1)- t f i

; i- | L i, ( i)r., trf
' ' u i  l J

.  S u p p o s e  t h a t  y u ( : ) = ( i t t ' (

k u ( .  )  i n  ( 9 )  a n d  t h e  f a m i  l y  o f

f . - ( ; ? , P )  f o r  a n y  i a q a c c  6 n i
rl

t h e  o r i q i n  a n d  T >  0  i s  f i x e d .

.  ) , x t ' ( .  ) , y u ( .  ) , N u  ( .  )  )

m a t r i . " ,  f t ' t t ' ( T )  ,  u €

, c--(t , t'ihe re 6 c; P'n i

Th en

n

t h e  s o l u t i o n  i n  ( 5 ) ,

f u l f  i l s  ( . t e t  t t u ( T ) ) - i . :

o p e n  s e t  c o n t a  i n  i r r g

u=o ror any /r  c i tn" l

i n  ( 1 6 ) .

i s

| 
(.i (.* J

5  d l l

-  4 ' (  r  O r - . r t  - t / : rE---.-::-(x- ( | ) ) =-E \f (x
- l

w h e r e  ( r - Y ,  ( r ) ) = L t ' ( t ) = ( m ' ( r ) ) - 1 ,  a n d '  l 4 t t ( T )  i s  d e f i r r e d
r J

o ( r ) ) x
j = 1

P  r o o f

[ , e  s h a l . l  a p p l y  L e m m a  1 .  T a k e  k = n + 3 n 2  a n d  d c f  i n e  t h e  m e t r i c  s u b s p a c e

t Y q  r ( [ o , r ] l ; n k )  b y  y ( 0 ; = y o  ( y o , f , J , 0 )  a n d  d e t  t { ( T ) 1 0 ,  d e . t  x ( T ) 1 0  w l i e r e  t h e

e l e m e n t s  y ( . )  i n  c ( L 0 , r l ; n l < )  a r e  r . J r i t t e n  i n  t h e  f o r m  y ( t ) = ( x ( t ) ' x ( t ) , ' y ( t ) , u ( t ) )

a n d  X ( t ) ,  y ( t ) , ' t l ( t )  a r e  ( n  x  n )  m a t r i c e s .  l t  i s  o b v i o u s  t h a t  p ( V ( . ) ) =

= ( d e t  y ( T ) d e r  r , r ( r ) ) - 1  i s  a  c o n t i n u c u s  f u r r c t i o n a l  o n  Y .  U s i n g  ( 6 )  a n a  ( 7 )  a n d

t 6 e  h y o o t h e s i s  r , , , e  g c t  t h a t  p u ( f ) - p ( V u ( . ) )  f  u l f  i l s  t h e  h y p o t h e s e . s  i n  L e m m a  1

u s i n g  ( 6 )  a n d  ( 1 3 )  r v e  s e e  t h a t  y u i r )  ,  l . u ( t )  f u l f  i i  t h e  d i f  f e r e n t i a b i l  i t y

p r g p e r t i c s  r e q u i r e c l  i n  l . e m m e  1 .

T h e  L e . n t m a  
' l  

i s  a p p l i c r c l  w i t l r  h " Z . , r P ,  i ,  j = l  , . . . , n  w h e r e  Z = ( Z i j )  i s  t h e

c o f a c t o r  m a t r i x  o f  X N  ( Z - . X N = ( . e t  X U ) 1 . ) .  B y  d e f i n i t i o n  h ( y L r ( T , p u ( r ) ) = t - l ' .  ( r ) ,

and  f rom (b )  i n  Len rn ta  1  we  ge t



13*

n  )  , i ' ,
n-[' :; ' *-*-.E tl \x.
u - l  z : -  r l  U .

L  1 = 1  J

, r  ( r )  )  L*  (T)1,u 1T)  ]  u=o=\ . r  '  
l . J

s i nce. t;'-}}l'ttll u=o) 
- 1 =uo ( t)

r ' '  t l  f  I \ I1 i  s the canon i  ca i  base'  and

l ' 1 1 " " ' n

.The  nex t  l emma i s  a  consuQuon t l "

a n c l  a  s i m i  i a r  r e s u ' l t  i s  c o n t a i n e d  i n  i :

-  1 1 -  . .  ,  i  - ] d " i r ) l Y r 1 T ) ) u = 0 = e i  '  w h e r e
i  t  f  o l  l  ows \ " ! -  ,= t  , ,

J =  I  J

t h e  P r o o f  i s  c o m P l e t e '

o f  t r re  expo .en t  i  a1  mar t  i  nga l  e  i  nequa l  i  t y

,,ji LitJ

I

Let

^^.r i) ) 0
c l r l e  " o '

T > 0 suctr
O '

where  the

on  {vcRk '

!9J'"t*L

P roof

F rom (22 )  we  ge t

,  w h e r e  Y ( ' )  i s  t h e

, P )  f o r  a n Y  1 (  q ' ' - o l

so . l u t i on  i  n  (22 )

a r r d  t h e r e  e x i s t s' d  = i n f  L r ,  
o '  l Y  ( t )  - v o l

i s  f  i x e d .  T h e n  ( ' d ) - 1 r i

t h a t

r (  t n  t ) - q 4 " C o  t  
- q  

f o r

c o n s t a n t  C O  c l e P e n d s  o n l Y  o n

:  fv*vo |  " t  io l

n /  + < - lv ^ :  .  - ,  ' o

. ,

n  t7 -  and the  upper
Y r  O

Tt r  r l
Lq( i l

b o u n d s  f o r  J F I  ,  l c i i

t  .  \ \ ,  ( r ) ,
t  c  ( s )  G ,  ( i -  ( s  )  )  c l v l  '
) l

o(? .5 )  Y ( t " '  ?  ) -Yo=

w h e r e  c ( s ) = 1

F rom

m
t -i,'
i  '  t - t . . 1 - \ \ d q + . ,
\ c \ 5 r r \ Y \ ) / / " -  i - ' ,
J  l =  I

i f  s < 6  a n d  c ( s ) = O  i f  s > T '

( 2 5 ) ,  u s i n g  1 t o ' s  d i f  f e r c r r t i a l  r u l e '  i t  f o l l o w s

t 7 . 0 ,



' ' ;
t

1 6

^  t  m  t ,  /  \  ,
.  ( 26 )  I  v  ( t r r ' .  ) - yo l 2=  f  u  ( r ) o r *  j .  

[ ' '  
, ' )  aw ,  ( s )  ,  t  ' :  0 ,

o  l = l

l v h e r e  a ,  b .  a r e  b o u n d e d  m e a s u r a b l e  s c a i a r  f  u n c t i o n s "  l y ' e  t a k e  T ^ >  0  s u f  f  i c i e n t l y' l o

s m a l l  s u c h  t h a t

( 2 i l  To  , up  l a ( s ) /  
"+s 7  u

I n  o r c l e r  t o  p r o v e  t h a t  ( % ) - 1 € L n ( Q , p )  i t  i s  e n o u g h  t o  v e r i f y  t h a t
q

/ . - , r  -  \ - 1 . -1 ' t , u r  r o /  . :  L O ( . f i , P )  a s  t h e  f o l l o v r i n q  i n e q u a l i t y  s h o w g

(? )- r< ( ,-c rrro) h1 r. <ro1 . 
f l,r r_rol

s  i ng  (26 )  and  (27 )  r . re  ge t

T m T
(  r  \ ,  : . -  C t  /  \ r  /  \ \ .  t  L a
\  a t s l o o  *  

1 .  )  D . t r / c w ,  ( s )  ? , - t o  s =
o  . l = l  o

F o r  e a c l r  T € T
o

/ n 6 \  ^  l ^ .  - * 7( 2 8 )  P { % < r 3

, u

(
= P (

L

' lA; * io,,,)c*,(,)>+I
0 n  t h e  o t h e r  h a n d , t h e  e x p o n e n t i a l  m a r t i n g a l e  i n e q u a l  i t y  g i v e s

(zs)  ' lU;  i *  i r , (s)ar , , (s) -1 : ,  { to , t , r t2cf  r , .  I *  exp(-1s1

b  f -  m  2
a n d  c l r o o s i n g  4 - #  ,  , ^  # ,  w h e r e  l l = s u p  5  ( n i ( 4 ) ) ' ,  r v e  g e t

s ) 0  i = 1

m t A \'  
r r r n \  ^ \ - - . .  \ -  (  t  /  \  r  t  t  ' r  / c o  /  . . '
\ J U l  t ' ) m a x  . / _  \ O . t s , 1  c t v . l  , \ s J . r * , 7  l  - - i

i  t t * t  i =1  
' o  '  I  t -  - )

, { , 'g I  [ . ) .  (  J to , ,s )dw.  ( , ) -  +  f  to , t . ) )2 . t , i l t  +J  :  exp( - - f  r -1)
[ t i t t - i = t  ' = ' o  |  |  o

")
. L
r ), L o

kJnere Y *6M

i

i

1

I
1
l



( : r )  n  |  
- [1  > t " tJ  = r , l .  ' r " r l

^  .  ^  5 . . " * ( n + 1 ) a
D e r r o t e  A n =  L l o r -

(  ,z Ato)-%. (2T;1 ,  o;] , ,  tzn )q.Ion

r y

- l
t  f \ . e  l \

. , : - e x p ( - Y T ' )  f o r  a t t Y

")
- n  /

Y . t T  2  " l  .  l ' l = 0  , 1  , 2 r . , ,  ,
" -  o  J

ca

u s i n g  ( l i )  w e  g e t

f 1=-T
o

a n d  w e  h a v e

T a l < i n g  e x P e c t a t i o n  i n  ( l z )  a n d

oC

( : l )  E  ( ' .1  , {  ro ) -o  { - .  Qr ;1 )q  X  ̂  
(2n)qPAn

u  
n = 0

c\c

u( t r ' l  ' ,a  > '  r - r r -o rQ+1, . r . - , o  ,  * - * ^
n-u

( :2 . )

w h e r e  K  ) 0  i s  t a k e n

U s i n g  ( l l )  v / e
*

0 <  T  f T  w e  q e t
o

(  t z r l l )q
cro
5
Z.

n=0

, ^ t 1  t O  r  O  n l 1 - - 1 t  t - '
( 2 , , ) I e x p \ _ r ,  z  t ^  ) : l

LJ

\t

such tha t  u9+ 
i  
" *p 

( -  f  uT; l  ) ' {

o b t a i n  ( ' T ) - 1 e  L q ( i . , P )  a n d

K ,  ( v )  u 6 l o , ' s ) .

r e p l a c i n g  T o  i n ( r )  by

a n d  t h e  p r o o f

[ ( , , [  A  T) -q {  cq  T

i s  c o m p l e t e .

- 9 .  
t ^ i h e r e  c ^ = K ' 2 Q + 1' q

Remark 3

The conc I  us i  on i  n  Lemrna 3

c e d  b y  B o r e l  m e a s u r a b l e  f u n c t i o n s

a n d  f u l f i l i n g

I t r ( t , y ) l  <  M ( 1 + \ v l ) ,

Lenrma !

r e i i t a i n s  u n c h a n g e d .  i f  F ,  G t  i n

u  
,  R k  r v h i c h  a r eh : 1 0 , , l r )  x  R ' l *

t € [ 0 , * ) ,  Y e R k

( z z )  a r e  r e p l a -

c 4  i n  y c R k

a s s u n r e  t h a t  g , '  ( x o )  , '  "  , 9 n ( x o )  a r e  I  i  n e a r l y  i  n d e p e n d e n t
Le t  m=n  and

l n

*__?fi



( r  )  .  D e f  i r r e  U  ( z )  a s  i n  ( 1 9 )  a n . t  p u  ( t )  a s  i n  r e m a  r l <  2 . '  T h e n  t l r e r e  e x i s t s

f lou t r l  fo r  any  (=( * (  
1  , .  . .  , . {n )  ,

1 ' o r  e a c l r  u A  R n  a n d  l - )  0 .

( ; l + )  . € u = i n f  
l t > o : { z u ( t ) - r o l ) t o  t

u r h e r e  . , ! o ) 0  i s  s u l ' f  i c i e n t l y  s m a l l  s u c h  t h a t  ( d e t  G ( * ) ) 2 ;  k o  ) 0 ,  f o r  x  i n  t h e

b a l l  s ( x o , . ' : o ) ,  a n d  y u ( . ) = ( r u ( . ) , N u ( . ) )  i . s  t h e  s o l u t i o n  i n  ( l )  '  F o r  e a c h

u C . R n ,  t h e  e q u a t i o ; r  f u l f  i l l e c j  b y  r u ( . )  i s  o f  t y p e  ( Z Z )  a n d  t l r e  h y p o t h e s e s  i n

L e m m a  3  a r e  v e r i f i e d .  l t  f o l l o v r s  t h a t  t h e r e  e x i s t s  T o > 0  c o r r e s p o n d i n g  t o  u = 0 ,

s u c h  t h a t

( i l )  E ( t ; o n t ) - q < - c o t - Q  ( v )  o < t 4 T o

( . 6 u ) - 1 € L . ( t , P )  ( v ) '  1 a q  < ^ i . f o r  e a c h  t a d - g n
Y

w h e r e  C f  d e p e n d s  o n l y  o n  q ,  r ) : o  o h r J  t h e  b o u n c l s ,  f o r '  I f  |  ,  l g i i ,  i t ' *  l ,  l j f i  I
q  ' '  o  '  I

{ i }  0 , " a n d  d n t i i l 6  t o ( R , n )  ( v )  1 4  q  < ' c v ,

l n  a c l c l i  t i  o n  i  r , r i  t h  u  u  c J e f  i n e d  i n  ( 3 4 )  ,  t h e r e  e x  i s t s  T o )  0  s u c h  t h a t

E ( p u ( T )  ) q {  c o E ( l , a ;  u ) - Q  f o r -  e a c h  r )  0 ,  i v l r e r u  , q  z  0  d e p e n d s  o n l y  A  , ?  a r r c t
Y

( t<  )  
'  

and' o .

E  ( t , , r  " i , u ) - q r r  c l  r  
- q  

( v )  o <  t l T  ^
L l v

w h e r e  t h e  c o n s t a n t s  t ;  t O ,  u G : d - ( t l ' ' ,  a r e  u n i f o r m l y  b o u n d e d  i f  C C  i s  a  b o L r n d e d

s e t ,  a n c l  c l  d e p e n d s  o n l y  o n  q ,  / L  o ,  a n d  t h e  b o u n d s  f o r  l t l ,  1 9 ,  1  ,  t * l ,  l - ) + l' q

o , ,  
{ ^ (  

I i n :  { x - x o l  1 , L o \

P  r o o f

De i' i rre

on f* :  lx  xol  , :6 . (  .  &Le ) t lU(



l ' f  l ^ re  change  ' so  r , r i t h  ?u  i n  (15 )  t he  cons tan t  To  can  5e  p rese rvec l  as
I '

i n  ( l S )  a s  t h e  f o l l o v . r i n g  r e n r ; r r l <  s h o u s .  F o r  e a c l r  t {  ' i , R l ]  t h c  s o l u t i o n  z u ( t ) ,
f  "  * t

t  ( ' / . 0 , T o . 1 ,  i n  ( S )  h a s  t h e  s a m e  t r a " j e c r o r i e s  a s  r l r e  s o l u t i o r r  r u ( . )  i n  ( f  f  )

a n d  t h c  c o e f  f  i c i e n t s  i r r  ( f  i 1  a r ^ e  t h o s e  i n  ( 5 )  f o r  u = 0

T l r e  e q u a t i o r r  v e r i f  i e d  b y  z u ( t ) ,  t r =  f 0 , t o J ,  i n  ( t  t ) ,  f u l f  i l s  t h e  h y p o -

t t r e s e s  i n  L e m m a  3  a n d  v l e  g e t  t h a t  t l r e r e  c x i s t s  T o ' >  0  s u c h  t h a t

\ J o l

U s i n g  ( 3 6 )  a n d

( : g )

E u ( r r ,  T , ' ) - Q i  c  . t  
- Q

cl
0 < t { T o  a n d. L J } 1{ q ' (  c 'c '

f o r  e .ach  u ,  where  C . ,  depends  on
. r )  q .

l T # l  o n i * ,  I x - x o (  4 r o t .

s i n c e  E ( t , t  ? u ) - q = r ' l ( t  r (

k u ( . )  i s  i n  ( 9 ) ,  v r e  o b t a i n

$ 7 )

Q ,  r o  a n d  t h e  b o u n d s  f o r  i f l  ,  l S ,  l  ,

-  u ) - a 1 r ' 1 r o ) ) - 1 1  f o r  a n y  r < r < T o ,  v r h e r e

t--gIt,  
; x o

) - Q r ,  c t '
q

1  /2  f . t t  , ,
l r  \ i i

tL: u

o r r e s p o n d i n g

r  l r a n d ,  u s i n

^  - . u

f\J

w h e r e  C . .  i s  t h e  c/-q

0 n  t h e  o t h c

T

(3s)  p ' ' ( r )  <.  (  I
o

t ( t n

ci= r0i. I

r '  
-q (v)

U  r -  r  , " 2 " t  1 / 2
r . t  ) )  |

o J

0 < t ( T o

( t  
o ) - 1 { t +

( t  
o ) * 1 { t n

(37)  in

c o n s t a n t  i n  ( 3 6 ) .

g  ( a e t  G ( x t ' 1 t ) ) t >  k o ) 0  f o r  a n y  0 < t < " G u  r v e  g e t

( 1 +  l z u ( r ) - z o l 8 n ) - 1  ( 4 " .  G  ( x u ( t )  ) ) 2 , r t ) - 1 ' s

* f , * .  _ l  , u ( t ) - r o l 6 n ) ( ' u u n  i ) - 1 <
t  € ' d z r t

, B n '  t J  - r - 1
, l o  i  \ ' ' G A t )

( 3 8 )  i t  f  o l  l o w s

nu {r) G. io 1 ;?, n) ( v )  1 { q < " r , ,



- t { }

r  ( p '  ( r )  ) q *  c q E  (  7 u 4  1 ; - 9  ,  w h e  r "  , o =  ( t o )  
-  t  

t l - n  a f  n )

s i n c e  y u ( . ) = ( r t ' ( . ) ,  N ' ( . ) )  r u l ' t ' i t s  ( 6 )  i r  f o l l o r v s  t h a r  t h e r e  e x i r , u  d r r ' { r )

f o r  e a c h  { = . ( . { ' l  , .  . . ,  { , . , )  a r r d

( 4 0 )  o u t l " ( r ) 6 .  1 q ( f ? , p )  ( v )  t { q < " o ,  u € R n

T h e .  p r o o f  i s  c o m p l e t e .

'  l n  o r d e r  t o  g e t  e s t i m a t e s  ( 3 )  r ^ , , e  n e e d  t o  u s e  L e m m a  2 -  a n d  t o  w r i t e

j '  - A 1 L Y .  ( T ; p t ' ( r ) ) , , - n  i n  a  m o r e  c x p l i c i t  f o r m .  D e n o t e  D , y o ( t l = J 3 - d ( t ) /  -
j = l  

' r i u .  '  i . 1  '  /  ' \  ' ' "  u = 0  
'  -  

i t  
\ ! /  , - i  r j  " 1 l  u - 0

n .  r ) r u u . . - l
D .  k " ( t ) = ) 4 { - ( t ) j  r = s  a n a

, J

( 4 r 1  q ' ( T ) = ( a e t  N u ( T ) )  ,  d u ( T ) = ( q ' ( t ) ) " 1  ,

u r h e r e  y u ( . ) = ( r u ( . ) , t t ' ( . ) )  a n d  k u ( . )  a r e  t h e  s o l u t i o n s  i n  ( S )  
" n o  

i l z )  r e s p e c -

t i v e i y .

B y  d i f f e r c n t i a t i n g  r v i t h ' r u . p " . t  t o  u .  i n  ( S )  a n d  ( f Z )  a t  u = 0 ,  w e  g e t

t h a t  D . u o 1 t ) ,  D . k o ( t ) ,  t . ?  0 ,  i s  t h e  s o i u t i o n  o f  t h e  s y s t e m
J J

n
( r + z ) .  d y = F ( y ) o t +  j . c , ( v ) d i ^ i .  ( t ) ,  y ( 0 ) = { r f  , c } ) x

l = l

f ' 1  r  n  I  I  l ? C :
dDjy -1 ,# (v )o . r * , { ' u :  ( y )c ,  ( vU  o ro ) , , ; i ( v )D jvdw.  ( t ) ,  D rv (0 )=0 ,

n .
d D . k = - . = _ _ u  i  ( z ) a r v ,  ( t )  r

J  i = 1  J
D r k ( o ) = 0 ,

j = 1 , . . . , r ,  w h e r c  F ( y ) = l r x ( x )  , ( R ( x ) x ) x ,  - ( v R ( x ) ) x ,  ( Y c ( x ) u ( r ) ) o J  *

G i ( v ) = ( o f ( ^ ) ,  ( n , ( * ) x ) * ,  -  ( y B , { * ) ) ^ , G ) *  a n d  C i ; ' i s  t h e  n u l l  m a t r i x  i n  R ^ x n .

F r o m  ( 1 6 )  a : n d  u n d e r  t h e  h y p o t h e s e s  i n  L e m m a  2  w e  h a v e  ( n u ( f ) ) - 1 =

' = d ' ( t ) T t ' [ r ) y t ' ( r )  
a n c t  u s  i n g  ( 4 2 - )  w e  o b t a  i n



(43  )
nz

j = 1

' )  
r . L l  r * r , u r * r t  l r o l t \ \ 2* - = - - ( L : .  ( T ) l ( " (  I  )  )  - ' . ' = - t d  \ l  /  I' } L r  

:  l J '  u = u
J

l r "  t r l  vo i r )  ) ,  j  o jqo  ( r )+

to  t l re  cornponent  E  o f

do(T)  r , rhere  7( . )  ,  le lo , rJ ,

2  a r e  f u l f i l l e d .  T h e n

(v )  14  q .1 r - c  and

, ' . i .  ̂ trr*or
a n y  ) c . ' t o \ K  i

n

:
j  = 1

n
Jo( r )  ( . :

. <

J "  
I

(trt{)

l r '

u u o.l(f
x €  R "

cl  fo, r ] ,  in  (42) bv r ' ru ( t )  ,  t  e,  lo, r l  '

e q u a r i o n .  l e t  i i u ( t ) ,  t + l o , t ] ,  b e  t h e

( ^ ) l  f o r

:,r e

t 4 .  I n

- . .  I  L  >

- q

Dj ( i , lo  ( r )  vo ( r )  )  , j+  
( t to  ( r )Yo (T)  )  i j  o j  oo ( r ) )  ,

w h e r e  1 1  i s  t h e  c o f a c t o r  r n a t r i x  o f  1 4  ( 1 ' 1 1 ; l - ( d e t  M ) I )  '

, . . , .  
/ . ,  n  , ,  D  v .  h  r .  n  r , \  - n d  ( ! 3 )  s h r l ; s  t h a t

D e n o t e  y = ( y , D t Y , . . . , D , . , , Y ,  D 1 k "  " ' D n K ' l  a r

w h e r e  h .  i s  a  p o l y n c m i a l  o f  d e g r e e '  ( n + 3 )  w i t h  r e s p e c t

!o  ( f  )  ana ao  ( t )  f io t  o f  second deg ree  , ,v i  th  respec t  to

i s  t h e  s o l r . r t i o n  i n  ( \ 2 ) . .

Us ing  the  above  remark  and  Le rnma 2  v re  have

Lemma 5

Suppose tha t  the  hypot l - reses  i r r  l -e rnma

* - - L t L Y ,  ( T ) k u ( T ) )  - S '  L ^ ( 1 ? , p ) ,
j - =1  n ' '  l J  u - v  L t

-\ r'/) |j  r_t1^o (r) )l .* c .' -  
l ^ i '  

'  I  I

t '  ' ' l r o  
( T )  , d o ( T ) ) iw h e r e  C . = E J h ' ( Y

ln  the  Len imas  2 -  and

p a r t  i c u l a r  
" " . " { = . t  

,  i = i  , '

g e n e r a l ,  t o  o b t a i n  ( i )  f o r '

used  fo r  d=e i  bu t  f o r  new

manne  r .

l J e  r e p l a c e  r v ( t ) ,  t

and dot to te bY Su L l ie  nc- :w

,  a n d  h .  i s  t h e  P o l Y n c m i a l  i n  ( 4 t i ) ' .

5  w e  c l e s c r  i b e d  h o v r  t o  g e t  e s t  i m a t e s  ( 3 )  f o r

. . , D ,  w h e r e  u 1 r . . . , e n c ? R n  i s  a  c a n o n i c a l  b a

a n  a r b i t r a r y  o {  v l e  n e e d  t o  r e ; " " ' ; / -  t h e  a r g u r .

e q u a t i o n s  o b t a i n e d  f r o m  ( t l 2 )  i n  t h e  f o l l o i v i

c t e f i n e d  ;  ( B )

s o l u t i c - :  i n



2$

S u  o v e r  t h e  p r o b a b i l i t y  s p a c e  ( f t , 9 :

/ ^ \g r v e f i  I n  \ y / .

D e n  o t  e

, p u )  w h e r e  p u = l c t J ( T ) p  a n o  k t ' ( . )  i s

b y  p  t r a n s f o r m a t i o n s  D  i s  c a l  l e d

. h t

b y  D P S .  l L e t  D  . )  0 ,  p  i n t e g e r  b e  f  i
, J

o P s .  l t  i s  o b v i o u s  t h a t  t h e  W i e n e

r .  1  r r
e l o , r l ,  a n d  c h a n g i n g  i t  i n t o  v r " ( t

s o  o b t a i r r e d .  L e r  1 , u ( t ) ,  t e  [ o , r ]
t ' 1

,  t i  l 0 , T J .

{ry 7r  L  u  
t J

f q 5 J

t v h e r e  h  i s  t h e  p o l y n o m i a l  i n  ( 4 4 )  .

l./e have

( 4 6 )
' i ; t r l = P ? ( r )  

,  i = i ,  . . . , h

t # U l . , . t _ *  l l l ' t l r - . t  r U / - . \ \r . \ r / = h r \ Y  ( t / r O  \ t l l ,
t l

D  t h e  t r a n s f o r m a t i o n  a p p l  i  e d

. r ' 1
t 4 -  1 0 , T J ,  t h e  d i f  f e r e n t i a t i o r r

)  i n  S u  a n d  a d c l i n g  a  t  ( t + 2 )  t n e .

Denote by

U r .  rw  \ r i ,
f v , ,

t i c n  y l ' ( .

t € [  0 , T ] .

in (42-) elhtor/ , ly .nrrsins vr (d ' ; ,6

r ' )  vu ,  ,7
I f t ( . ) . i r = o  , . t G [ c , r ] ,  o f  t h e  s o l u -

I t o  e q u a t i o n  f u l f  i l l e d  b y l - + f : ( r i , , - "' L C I U  { U = U

D e f i n i t i o r r

T h e .  I  t o  e q u a t  i  o n  o b t a  i  n e d  f  r o m  ( \ 2 )

a  d e r i v e d  s y s t e m  o f  o r d e r  p  a n d  d e n o t e  i t

a n d  f ( t ) ,  1  e - f b , r l ,  t h e  l t o  s o i u t i o n  i n

p r o c e s s  i n  n P S  i s  t h e  o r i g i n a l  o n e  , , , , r ( t ) ,  t

t c f0 , ' r l ,  *e  deno te  by  DpSu  the  ne rv  sys tem.

t h e  s o l u t i o n  i n  D P s u .  l , / e  h a v e  . { , o ( t ) = , { , ( t )

Rema rk I t

xed

'l

Tt re  so lu t i o r r  , { . , , , ( t ) ,  t t f o , r J

u€.  Rn 
"na 

0" ,  n{ ,1 ' (T)  c  Lo (5} ,n)  (v)

t ha t  . t , - "  =o  I  u t  i  on  ' y ' u  ( .  )  i  n  oPsu  i  s

r,,rh i  ch can be relr i  t  ten i  rr the f o rm

n  r l
.  ^ v ^ vt n  u ' )

'lsq <c;

o b t a i n e d

i s  d i f f e r e r r t i a b l e

J-( r {  , " f  \. ' \ _ \  \ 1 ' . . . '  . n / .

f r o m  a  s y s t e m  o f

r v i  t h  r e s p e c t  t o

I t  i s  c l e a r  [ i 3 - i ; n ' J

-  / a r \

t n e r o r m  \ / t )



( r+6)  a ,J ,= l j , ( t iz  ) - r  - t  , , ,  : i  , l  ( r )c , (V)- l  c i t+  f  c , ( '11)c tw, ( t )  ,  * ' (o)= ' { ;  ,  t t  [0 , ' - lI  L  j = 1  J  i - 1  
|  - '  

i = 1

w h e r e  \ r * ( r , . . . ) ,  a n c l  u - i  t r l  ,  z  o r e  a s  i n  ( 5 ) .  T h e  d i f  f e r e n t  i a b i  I  i t y  p i ' o p e r t i e s

o f  t l r e  s o l r r t i o r r  1 1 , ' ( . )  v r i t h  r e s p e c . t  t o  u  i n  ( i r 5 )  f o l l o r ' ; s  f r o n t  F , G i C C *  ( R k ) t , , , " "

j ,  s  
- ) G ,  . { t .  l .,l# , ++ (,i;-(Rr')

D e n o t e  b y  n , r i  t l r e  s e t  o f  p o l y n o r n i a l s  Q ( { ' , d )  o f  l < + l  v a r i a b l e s ,  o f  d e g r e e

r+ .n+z -  anc l  o f  ( r - - r t  )  c l cg rec  v r i t h  respec t  t o  d ,  v r l t e t -e  k=c l im  { '

.  Le t  r i | i  r , e  t he  se t  o f  l . unc t i ons  r i l :R*n  9 * *>  R  ob ta inecJ  by  ! ' ( u , , . r  )=

, , ( l ( { , u ( t )  , d u ( T )  )  ,  r ^ r h e r e  Q d  n , l  a n d  1 r u { t ) ,  t  €  l b , r l i r  t r ' ' e  s o l u t i o n  i r r  a  s v s t e m

n P s u .

De f  i ne  F ,  t r l  ' n ;  by

(E7) i f ,  t rx, i , ) l  (u)=' i ( ,)Tl tr) .r trL; j  (T)kt ' (T) *1i ' , ,1

Lemma 5

a)  ED, (c f ( xo ( r ) )= t - r i " l  u . { ( ' o (T ) ) [ (p ; ( r ) fn . . .  ( i - ,  ( r ) ) " (1  t . r l l  t o l

t - e r  T )  0  b e  f  i x e d  a n c l  s u p p o s e  t h a t  d u ( T ) " " ( d e t  r ' i u ( T ) ) - t  , ' u , f  i l s  d t t ( T ) e :

L - ( , ? , p )  ( v )  1 i  q c a ;  f o r ' u c J I ; n n  , 6  o p " n ,  0 * 8 ,  \ v h e r e  y u ( . ) = ( t u ( ' ) , l t u ( ' ) )
. ( l

i s  t h e .  s o l u t i o n  i n  ( 5 ) .

T l ien

for any fe cf in"l

T h e r e  e x i s t s  1 ' { .  k { q ' l  k  i n t e g e r ,  c i e p e ' d n i n g  o n l y  o n  \ ' { l  a n d  n  s u c h  t h a t

b)  l k  = i i " t r l f ^ . . . t f i ' r  t r l l d t t r ie  n r l " l  ,nd  lJ . to ) (  Lq( i? 'p )

( V )  1 { q ( , x  f o r  e a c t t  4 = ( { . ,  , . . . ' d n )  .

l n  a d d i t i o n ,  i f  t h c r e  e > < i s t s  T o )  0  a n d  p . > , 0  s u c h  t h a t
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. ^ /
r t - t o l . \ l  Q r ' "  , .  

- p q
L l c i  \ r / r  ' <  v  r

n\l

( V )  l / = q " d o c ,  t h e n

( v )  o < r ( T o f o r  s o m e  c o n s t a n t  ? ' > ' o  ,q

^ l lr,;oll <

v l h e r e  t h e  c o n s t a n t

o f  f  a n d  9 . .

.  - p ( t ( i  + 1 )

u  o e p e n u s  o n r y

(v) o/- T <T. o

and  t l r e  bounds  o f c l e r i v a t i v c . : s

F f l  .  F o r  ( c ( j  = j ,  v r e

t h e  c a n o n i c a l  b a s e

o b _ t a i n  t h a t  n ( V u  ( r )  ,

( b )  f  o r  K = e .  .

v a r i a b l e  d  w e  o b t a i n

(, I

u >
c / \ '

o n C
Y

P roo f

T h e  p r o o f  i s  g i v e n

, a . i - . . (
l r a v e  {  = i l  .  f 6 ;  c n , n +  i L

I  
J . J i l r u  I  L  

t

r n  K  .

/ \
I n e  c o n c l u s r o n  l a J  t o r

i  n d u c t  i

"t
. .  , o J ,

{ {  = A

I

hrr

1 r .

o n  w i  t h

vrhe re e.,

t s  t n e

r e s  p e c  t

, . . . r e n l s

.  / l . r \  r  / 1 . - \
v f  a  \ . r ) /  a n o  \ 1  l ) ,

'  
us  i  ng (4s)  vre have i i f  r ) -h  ( iu  ( r )  ,  . i  

u  ( r ) ) ,  w l re  re

d e g r e e  ( n + 3 )  a n d  y u ( t ) ,  t e f i l , r j ,  i s  t h e  s o l u t i o n  i n  s

fo r  o (=e :  means  t i t r )e  n l  ,  v rhe re  k=c l im  | ' anc l  
'F i t r l r=

' l

s i n c e ' Y u  ( r ) G  L q  ( i ?  , p u )  a n d  ( t u  ( r ) ) - l a ,  L q  ( ?  , p )

z u ( r ) G  r ^ ( i ? , p )  ( v )  1 ( q 4 c c .
q

B),  hypothes i  s  c lu  ( r )  a  lo  ( [ ] ,  p)  (v)  1{q<ac,

s e m e  v , , i t h  t h e  s t a t e m e n t  i n  L e m r n a  2

h  i s  a  p o l y n o m I a l  o f

T h e  c o n c l u s i o n  ( U )

r ^  ( l ? , p )  ( v )  1 ( q  < a ; .
q

( v )  1 i q < . c  i t  f o l l o v r s

d u ( T ) ) €  t - o ( ' t , P )  ( v )  1 { q < ' E r f o r  e a c h  , g [ c ,  v r h i c h

S i n c e  h  i s  a  p o l y n o ; ' n i a l  o f  s e c o n d  d e g r e e

and  we

p roves

i n  t h e

( 4 8 )  e  l t J i t r { = r l r ' ( v o ( r ) , a o ( r ) ) l ( ( r ( o o ( r )  ) I + ) 1 / 2 .  ( r  n . ,  ( V o { r )  t l 2 l 1 / ?

w h e r e  h ,  i s  a  p o l y n o m i a l  d e p e n d i n g  o r r l y  o n  N ,  Y ,  k  a n d  D - N , D . Y ,  D . k '  ; = 1 ; .
t '

By  hypo thes  i  s

( r  (ao (T) )  
r '  
)1 /2{  tCl i  1 /2 ,  

-2n
(V) 0"-- t5 To

a n c l  t  h e  c o n c  l  u s  i  o n  . ( c )  f o  r ' ( = e .  f u i l o w s  f r o r n  ( t { B )  r v i t h
I

. n .



2.1*

c .
I

L c r  ( a )  ,  ( b )
N

T h e n  d * . d  + P .  w i  t h

( / {e)  t {  t r l  )  
d  n .

By hyp.thes i  s f t"  t ' r l  ld;

|  ^ l a  t ^

l r .  t l o r r t l l r - l t / t
, " 1  t t  v  t  t  |  - l  '  

r  )  \

,  ( c )  be  t rue  to ,  J ' ' ? . ' l  * l  
" nd  

l e t  c t  be  such  tha t

,  f Y t  ^
i r t , l =  [  s 1 1 d

f t )  1  11  r
= ( c , , )  " ' ' l E .  n r a x

u ! n

u 5 - l * l o

[ r . r l  U - ,
\ " - r = l i T l

f{,, .v r ^v' ?^
( r ) ) ' ( t ) = p i ( r ) l ( e n ( r ) )  " .

X', ()
( r ) )  '  ( i  ) r '  R f  f o r  s o m e  k  >  1

t r l  iZ '  t r i l  i " l *  ( i (  \ 'u (r)  ,  d ' ( r)  )  ,  oe of  ,  k=c1im

i s  t h e  s o l u t i o n  i n  a  s y s t e m  D P S U .  U s i n g  ( 4 9 )  a n d  ( S o )

t d l = l - r - l  c a n  b e  v r r i t t e n  a s

+'
.v 9\ 

1 
--l

l ^  / + \  \  I  / .  \  I

\ r i \ l i  /  \ l i  I
l i

f D. . , t , . 1

{ r.>. .  r ,  1 t  o  I  t l l

f t )' l
{-. v

l ( P
t -  t  l

t  e  fo , r1 ,
( o )  f o r

\ t i i( 5 0 )

v r h e r e  1 ' u i t ) ,  
.

t l r e  c o n c l u s  i o n

( 5 1 ) , r ; t#,*o (r)  )= (-r  )  fn 1 r, i (*" i r i l f i i t r )Q() , '

S i n c e  ( a )  i s  f u l f i l l e d  f o r ^ ^ a  l f  r . . n l : r e  p d
I  t v Y

\ r /

k . ,

, d " ( r ) ) J  ( o )

) \ f
=+ v/e oet
o  x i

(52)  r r ' l # , "o ( r ) )= ( - r  * ,  i { . t ' o (T)  )Q( .1 'o ( t ) , . to ( r ) )
^  d , ^ i  t \ . . i

I ' l o r r r  ! r , e  a r e  i n  p o s i t i o n  t o  a p p l y  L e m n r a  1  f o r  t h e  e q u a t i o n  d e f i n i n g

D P S U ,  w h i c h  i s  o f  t h e  f o r m  ( 1 3 ) ,  a n d  f o r  t h e  p o l y n o n r i a l  h ( ' , , , p ) = t , j Q ( Y r , c i ) ,  t v h e r e

Y  = y ,  p = d ,  , , j = o ( t l v ) , . ,  ,  d i m  t f ' = 1 a ,  a n c J  ( x , X , Y , N ) = ( z , N )  i s  t h e  v e c t o r  i n  ( 5 )  '

and I 'N=(c te t  ru )T .

B y  c l e f  i n i t i o n  o f  D p S ,  t h e  s y s t e r n  ( 1 1 2 - )  i s  i n c l u c i e d  i n  a n y  s y s t e m  D P S  a n d

a n y  s y s t e m  D P S u  c o n t a i n s  ( f  l ; .  3 o ,  f i r s t  n + 3 n 3  c o r n n o n e n t s  o f  Y r t ' ( , ) - a r e  c e f  i n e d

b y  ( * t ' ( . ) , x u ( . ) , y u ( . ) , N t ' ( . ) ) ,  t h e  s o l u t i o r r  i n  ( 1 1 ) . T f r e  n r a r r i c e s  x u ( t )  ,  \ ' u ( t )

a r e  n o n s i r r q u l a r  a n d  X r r ( t ) V t ' { t ) i ,  , 6 1 - O , r l ,  ( s e e  ( Z ) ) ,  a n d  b y  h y p o t h e s i s

N t ! ( T )  i s  n o n s i n q u i a r  a n d  , r u ( r ) €  L q ( i l , p )  ( v ) , 1 t q " " o .

D e f  i n e  a  r n e . t r i c  s u b s p a c e  r ' l f r . " C ( i 0 , f l ; n K )  b y  t h e  f o l l o ' , v i n g  c o n d i t i o n s

alFn



--J

\u

( 5 3 )  { ' t o ) = ( x o , i  , T , g ) , 0 , . . . , 0 ) ,  v r h e r e  y o = ( * o , r , . f , ( , i )  i s  g i v c n  i n  ( E )  a n d

0 € R  i s  t h c r  n u l l  e l e m e n t
. )

( S q )  , n u  * " . r i c e s  X ( T ) ,  y ( I )  ,  N ( T )  a r e  n o n s i n g u l a r  a n d  t h e  f i r s  n + 3 n 2  c o i n p o *

n e n r s  o f  
' Y t . l c  

c ( l o , r - l ; n k )  a r e  x ( , ) ,  x ( . ) ,  y ( . ) ,  N ( . ) .

.

I t  i s  o b v i o u s  t h a t  d ( t ( . ) ) = ( o e t  r , r ( r ) ) - 1  i s  a  c o n t i n u o u s  f u n c r i o n a l  o n V "

U s i n g  R e m a r k  4  i t  f o l  i o o u ,  t l r a t  , i , t ' ( t ) ,  t  u ( r )  a n o  o u ( t )  f u l f  i l  t h e  h y p o -

t h e s i s  i n  L e m r n a  1  a n d  f r o m  ( b )  f o r  u = 0  v r e  g e t

n r )
( c t , )  n =  Y  - j . 1 _  [ '  i / ' r . . u  / r \  \  r  u  - . / r \  n  / r : , u  / r \  , r u  / r \  t , . u  r t t T\ ) ) t  ' - . J -  " f f i r _  \ i  \ X  \ t / / L . , ' ( t / U . \ y  t . t i  r 0  \ t / J t (  \ t / J u = 0  =

i Z l  
o u S L  r J

*s rf {xo (T) ) *. Li, trl '=l*o-(,1, " {r) , o'(r) )
J =  I  J

[ ]-  u -  -4 o r .r  u
s ince  l+ ( t ) j u=o= to ( r )  ,  we  r rave  ; . ) - i : l - r r l i  ^L? .  (T )=e i  r  € -I  e t t L  J  u = u  j = 1 1 ' 2  u ,  J  u = u  l J

a n d  u s i n g  ( U l )  
|  

f r o m  ( 5 5 )  w "  o b t a i

( 5 6 )  r , ? f 1 * o ( r ) ) a { 1 , o { r ) , d o ( r )  ) = - c 4 ( " o ( r ) l / i ,  t r l Q . ( , f ' u ( r )  , a u t i l r l  t o l
I  n i

T h e r e f o r e  u s  i  n g  ( 5 2 )  a n d  ( 5 6 )  * e  g e t

$ t )  r r f#1 ,no ( r ) )= ( -1  I  & 'u  f ( *o (T )  ) /a ;  ( r )a (1 'u ( r ) ,du ( r ) l ] t o l
, ^ i  L  I  t  r

w h i c h  r L - . p r e s e n t s  ( S r )  a r r d  t h e  p r o o f  o f  ( o )  i s  c o m p l e t e .

=r k#(,,o(r) ), i )rd,ti] u*oL?; (r)) a{ 1,o{r),do(r)*t {.

. t  
Lrf("o(r),F, *; [?,,r ,r .u rr{  *=0Q(.r 'o(r) ,oo(r) )r? *
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s i n c e  0 - . . p 1  r r o n  ( 4 7 )  w e  o b t a i "  f r ,  f r i 0 - ( t 1 r u ( t ) , 0 ' ( r ) ; t ' '  s , f + 1  f o r  s c m e

' t  
l

k , z  k  a r r d  u s i n q  t l - r e  s a r n e  a r c l u m e n t  a s  f o r  t ( = e ,  t h e  p r o o f  o f  ( b )  i s  c o m p l e t e .
It ' -

T l r e  c o n c l r r s i o n  ( c )  f o r  l o ( ' / = 1 + t  i s  a  c o n s c q u e n c e  o f  ( t  )  a r r d  t h e  e s t i n r a t e

( 4 8 ) .

T h e  p r o o f  i s  c o t r r p l e t e .

[ , . l o v r  w e  a r e  i n  p o s i t i o n  t o  g i v e  t i ] e  p r o o { ' s  o f  t h e o r e t n s  1  a n d  2 .

P roo f  o f  
' f  

heo  rem 2

fr-'Y"'"'Ltc'"t' ' 'f '
B y ' h y p o t l i e s i s  t h e  c o n c l i t i o n ,  i n \ f ; i u , * . - O  a r c  f u l f  i l l e d .  F r o m  ( a )  a n c l

( b )  i n  L e r n i m a  6  r v e  g e t  t h a t  f o r ' e a c h  , { - ( / 1  , . . . ,  c { , . , )  a n d  t 2 0  t h e r e  e x i s t s

C  ) 0  s u c h  t h a t
- /  rs \ , r '

U s i n g  L c m n r  3 . 1  i n  ( l . l i T ,  p a r t  l )  w e  o b t a i r i  t h a t  p ( t , x o , , )  h a s  a  c J e n s i t y  r ^ r i t h

r e s p e c t  t o  L c b e s g u e  n t e a s u r c : ,  P ( t , x c r , , j x ) = p ( t , x o , x ) C > , ,  i ^ r i  t l . r  P ( t , x o , " ) f -  C b ( i , " )

f o i  e a c l r  t >  0 .

I n  a c l c J i t i o n  u s i n g  ( . )  i n  L e m m a  6  v , , e  g e t  t h a t  t h e r e  e x i s t s  T o )  0  s u c h

i h a  t

(v) tti. itnnl11 D:(( " )p( t ,xo,dx) f*  ,n , ,  
i . i [ "  l . / ; ( * l ]

.  . / r  , ' - P ( l x l  + 1 )
t o ( , t * t " (  L ( v )  o 4 t ( T o

w l r e r e  C . ' >  0  i s  a  c o p s t a n t  t " r h i c h  d e p e n d s  o n l y  o n  t h e  b o u n d s  o f  t h e  d e r i r , ' a t i v e s
d

.\/
o r ' r  f  .  q ,  a n d  C i " r  ,  t v h e r e  C -  a r e  g i v e n '.  r r  qI

A p p i y i n g  L e r n m a  3 . 1  i n  [ t J ,  p a r t  l )  f o r t c d i ' j : ' :  n ' F k + 1  r ' ; e  o b t a i l  t h a t

l l  , - ( r  
"  

. , ,  ,  . . /  a  - p ( n + l < + Z )  
a L l

* f . \  - , . ' o , .  ) i i  c ,  k  (  c k .  ,  u  '  ( v )  0 - 1  t {  
' f o

a n d  t h e  p r o o f  i s  c . o t t t P l e t e .
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P r  oo  t  o f  T l r r : . r  t "cn t  I

13y  hypo t .hes  i s  t l t e  conc l i  t  i o r r s

( t ) r r . : # i s  c i c f i n e d  i n  ( i 9 ) .  i n  t l r i s

U  z . - rp " ( l )  i s  d r : f  i r r e d  i n  r r : m i t r k  2 .  U s i n g

h y p c t h e s e s  i n  L e m r n a  5  v r  i  t h  p = n  a n d

' f l r r : r r ' : I o r - e  
t h e  h y 1 : o i . l r e : r c s  i r t

t h e o r e m  { ,  l , r c  g e t  t h e  s t a t e n t e n t .

T f r c  p r o o f  i s  c o ; r t p l c t c .

I

m  L e n l i i i a  ( i  a r e  f u l f i l l e d .  ] ' a l < c  U ( z )  i i ' i

, U r . - r  |  |  
- 1

c a s J .  o  l r i  = \ o o r  l l ' ' ( ' i ) )  
' = ( p ' ( t ) )  "  1 . , , f 1 s i €

L . e . i r n a  I r  v r e  o b t a i n  t l r ; i t  d t r ( T )  f u l f i l s  i h e

' f  * '  0 clei luced fron..  Lemrna 4.
o '

' l - l - r e . c r e n  
1 "  a r e  f L r  l f  i l l c c l  v i i  t l r  p = . t t  a n d  u s i t - r  c
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4"  ON.  THE REGULARITY OF THE PROBABIL ITTES ASSOCIATED

WTTI{  A  CLASS OF STOCI ]ASTTC EOUATTONS WITH DELAY

The equat i r :ns we consider  are c le f ined in  the f i rs t  par t

.  ( see  ( x )  )  and  can  be  ass im i l a ted  w i th  a  c lass  o f  nona t i c i pa t i nq

coe f f i c i en ts  equa t i ons  fo r  v rh i ch  the  ex i s tence  o f  t he  smoo th

r l e n s i t v  i s  a n a l y z e c l  i n  [ 8 ]  a n A  t g j .  G e n e r a l ] y  a s  i t  a p p e a r s  i n

r ^ 1  -  r ^ ' l

Lg t  and  l g j ,  t i r e  p rob lem i s  so l ved  assunr inq  tha t  t he  d i f f us ion

mat r i x  i s  a  g loba l  nondegenera te  o1 . .

The proble in we consider  has the par t icu lar  feature that

the  d i f f us ion  ma t r i x  i s  a  degenera te  one  and  the  ma in  too l  i n

ge t t i ng  the  resu l - t  i s  a  s imp le  ve rs ion  o f  t he  Ma l l j - av in  Ca lcu lus

as  i t  i s  s ta ted  i n  Theorem 2 .

The  s t ronq  so lu t i on  i n  ( x )  ex i s t s  and  i t  i s  cons t ruc ted

s lu . - r . 6q i r z r - ] r z  on the  i n te rva l s  o f  t he  l eng th  h  suppos ing  tha t  t he
r  v  v  r J

^ . ?
i n i t i a l  c o n d i t i o n  x 2 o ( s ) , . . . r x r o ( s ) ,  s € L - h , 0 1 ,  i s  a  c o n t i n u o u s

funct ion

A s  i n  T h e o r e m  2  t h e  o r i g i n a l  s o l u t i o n  x ( . ) = ( x I ( . ) , . . . , x o ( . ) )

i n  ( * )  i s  e m b e d d e d  i n t o  a  f a m i l y  o f  s o l u t i o n s  
" * ( . ) ,  

t € R t P ,

wh ich  fo r  each  T )0  f i xec l  f u l f i l  t he  fo l l ow ing  p rope r t i es

a)  * t  ( .  )  generate the same probabi l i ty  measure TT on

c (Lo , r l ; nmp)  fo r  any  ueRm] r ,

b )  * ' ( r )  i s  d i f f e r e n t i a b l e  i n  u  o f  a n y  o r d e r  i n  L Z ( € \ , , P )

a n a  { x u  ( r ) e  n . " o ( f , } , v )  ,
Q\rr 

Y

c)  the matr ix  F * "  e)  /2  u l , r=o=M (T)  is  a  nons ingurar

o n e  a n d  ( d e t  M ( t )  ) - r e  O - " n  ( t 2 , P )  .
glrL
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The embed<l inq j .s  based on the changing the or ig ina- l  Wiener

n ' ^ ^ ^ ^  ^  - . '  |  \  - i  * l - ^process  w  ( .  i  i n to  a  new one  w*  ( ,  )  ,  and  i t  i s  pe r fo rmed  separa te l y

o n  e a c h  i n t e r v a l  [ 0 , r . ]  ,  l r r , z i r l , . . . ,  L t < h ,  ( k + r ) h l  , . . .  .  o n  e a c h

f i xed  i n te rva l  [ t  t ' t ,  ( t * r )n l  t he  equa t ions  ( * )  a re  rep laces  by  the

e q u a t j - o n s  o f  t h e  t y p e  ( 5 )  w h e r e  n = m p  ,  f = { f L  r f z  t . . .  t f p )  ,

x ( { , x )  ,  g r : R m - - - *  R n ,  B ,  ( x ) =

n f  t * l  ,  z =  ( x r X , Y )  ;  a n d  t h e

T

J
KN

w h e r e  z o  ( t )  i s

Denote Gl

the  so lu t i on

( * 1 )  =  t o ]  f  " r  l

i n  ( x x ) ' f o r

. . . s i ( x r ) ) ,

u = 0 .

Q.r=e ,c! and assume

r r )  d e t  @ ,  G l 7  k o )  0  ,  f o r  a n v  x r €  R m

D e n o t e  a j + r  ( f j , * j ) = ? r j * r  / V  * t  { f l r , x r )  ,  j = l , . . . , p - 1  a n d  a s s u m e

o 1  = ( o |  , 0 , . . . , 0 ) ,  0 - t h e  n u l l  e l e m e n t  i n  F . m .  T h i s  t i m e
( P * r )

f  : n23 - -+  R t  ( r  1 { x ) )  ,  A (Y , i l =  } t / >
-A cJ i /2  * ,  (x r )  ,  K f { ,x )  =A (x ,x )  -  #

i = l

m a t r i x  U f " l = ( { J 1  Q ) ) ,  i = . 1  r . . . , m ,  i = r  1 . . . 1 t t 1 h a s  i t s  e l e m e n t s

.  r ^ @ , ^ n + 2 n 2  ,  t t .i n  C g - ( R " ' ' "  )  s u c h  t h a t  ( y G ( x l l J " t z l l  i s  p o s i t i v e  d e f i n i t e  ( > 0 )

a n d  ( y G ( x l  L L r i l ) i i €  c n ( R t * 2 t ' ) ,  w h e r e  c = ( g r . . . 9 m ) .  T h e  c o r r e s p o n -

d ing  sys tem (5 )  i s  w r i t t en  fo r  Y=x ( t -h )  and  the  so lu t j - on  fo r

te [ f< f r ,  ( k+ r ) f r ]  i s  cons t ruc ted  by  cons lde r j -ng  tha t  x ( t )  ,  t €  lO , f . f , l ,

i s  t h e  s o l u t i o n  i n  ( x )  a n d  t h e  i n i t i a l  c o n d i t i o n s  a r e  x o ( s ) = x ( s ) ,

r , 7

"  
€ I k * t ) h , k h J ,  x ( k h ) = y ( k h ) = r ;  d e n o t e  t h i s  s y s t e m  b y  ( x x )  a n d  l e t

, ' ( t )  =  ( x u  ( t )  , x u  ( t )  , y u  ( t )  ) , ,  b e  t h e  s o r u t i o n  i n  ( x x )  f o r
r 1

t €  L k h ,  ( k + 1 ) h J .  u s i n g  r t o ' s  d i f f e r e n t i a l  r u l e  i t  f o l l o w s

( x u ( t ) ) - t = v u ( t )  ,  t  e  f x i r ,  ( k + 1 ) h ]  ,  a n d  b y  t h e  u s u a l  r u l e  o f  d e r i v a -

t ion we get

(***)  Mo (r)  = b*t  ( r )  / )  , ] , r=o=xo (r ) vo ( t )  c  (xo ( i l  )  Weo f t )  )  a t
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I )  t h e  m a t r i c e s  A i ,  J = 2 , "  o  l p t  a r e '  c o n s t a n t  a n d

. a r

l a e t A r i > k , > 0 .I  I  

: !n  \^7o oet-  that  the matr ices xo ( '  )  'BY a d i rect  insPect ion we get  that

Ye ( .  )  have a t r iangular  form

v 1 ' l
I I

r z l \
l \ a r  \ ' ,

L L

:

x p l  ( .  )

@

\3J

O .. .  @ I  fo"
r  @  ' \ '  " o '  ' = { " 1 '

x ep-r (. ) rJ fo,

/ \

( .  )x o ( . ) =

w h e r e  Y t r  ( t )  =  ( X t l  ( t )  )  
- r ,  

* ,  j ,  u i  j  a r e  ( m x m )  m a t r l c e s  '

ident i ty matr ix and @ is the zero nratr ix '
r - .

I t  i s  e a s i l y  s e e n  t h a t  u * t r i - )  ,  ) = 2  r  "  t g )  t €  U < n '

a r e  g i v e n  b y  Y 2 t  ( t )  = M ,  ( t ) v r ,  ( t )  ,  Y 3 1 ( t ) = M ,  ( t ) Y r 1 ( t )  
" '

Ypr  (L )  =Mn ( t )  Yr  I  
( t  )  ,  where

Mj  ( r )  =  ( t - kh l J - roz .  .  . o j f i ' . ,  t t l  and

( . )  . . . Y P p _ r ( . ) r

f - ' "*  nn* I^ 1 1  L t t " 2 .  
.  .  r ' r n  J

zero  mat r ix  w i th

1.1 =-(:-U l.-t (r-kh) 1- j  .
( j - 2 )  !

+ - ' r  /
( 0 ) = ( - I ) J  / ( j - 2 ) !

'1
( k + 1 ) h  J  ,

. l

I  is the

M ,
l

t-

'  
5 "  ( t r - k h )  j - 2 x r r  ( t r )  d t ,
. f  . .' K n

We def ine

u  ( z )  =  ( l +  l , l 8 t )

where 6r&r= (det  @r)  r  and or  is

and  m co lumns .

The corresPonding matr j -x

M .
l

1
1 l

I
1 J

+ h o

- r 1 ^ x ^ x 1  [ 6L"r "  r  t  L  o

in  ( )Ex*)  becomes

( p -  1 )  m  l i n e s
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a i ,

, 1  
]

( r+  1z t * )  ;  
8 t )  -1a* t&, ,  

(x ,  ( r )  )  .

":..

and (der  Mo (r )  )? A L. ,  6 l  ,p)  i r  (aet  f r - ( r ;L n r ,^ tQ,v)  ,
qZI -1 q.>I Y

where

tt ' i, (t)
l - t** t*  t  r*  t*  r l  'o{-
f1 ' r2  

\L , r  r  o  o ' ' ' p  
l : rJ  

L ru

Using  a  s topp ing  t ime % = in f  
I  

te f f . f r ,  1 f+ r ) f r l  :

we set *u* ., I i tt lf<", , max 14 ttl -ri., to: - e p , z J  I  r  t 6 l o ; u 7 ' )

( \ , /  I  - -2
der i {"( r1 ' f  l7 | - f fAT-ki l  P-*/o tor  f  suf f ic ienr ly

N j  ( t )  = A 2  . .  . a j l i ,  f  t l

- f
since 1g -rch) € A. Lo (, fJ ,e) we obtain taet i l t tzr z ) )-re A. 

"o 
(g,e)

qzL g), r

f o r  any  kh (  t ( ( k+ f  ; h  and  us ing  P ropos i t i on  and  Lemma 6  as  i n  t he

proof  o f  Theorem 2 we get

.) r'r P
M-  (T )  =X-  (T )  1'kh

r 1
l n

irr, (r) I L-q (r) . . .S rtf at

: l
Mp (r) J

( 1 1 1 =  i
kh

I 'r* \ L,l
LJ

x#(d - ' l>  f  I

l S  " r f  "  a n d

smal l  where

J'i juf ro r $llfr ro r
t
I
l  t / r * r t n l  r / ( p + r ) N 2 ( o l n l t o

o ( A = d e t  J  ,
I
\  r / p n o ( o )  t / ( p - r ) N p ( o ) N i l ( o
L

)

)
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Assurne f .ha t  I1  an .c l  L2  a . l : c  f :u l f i l . l e ,d"  f "o r  ( * )  "  l l hen

(cte.L l ro f r : ; i - f  i '^ i  " r ,q 
(r f ) , r ' )  ancl  ther pr:obah, i - l i tv  mea$ure p (T, .  )

q7 )"

generaLecl  on n 'o l '  t ry  ' l -he so lu 'b . ion > l  (T,  "  )  in  ( * )  has a smoo. i :h
' : : . . )  

n n !

c l e n s ; i t y  p ( i t - r d . x ) * . p ( T . r x ) d x  r v i " t h  p ( ' I ' , . ) f  C ; 1 p . r ' " ' )  f c L :  a n y  T >  0 '
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