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Ab'q-tfact This part of blre paper glveran atgebraic specification

of the senari t ic of  s imple nondeterninist ic progran, i .e.  wi- th
scq .uent ia l  co ;npos i t ion ,  para . i lo l  conpos i i ion( random cho ice)  ano
feedbacir  (  randorn i terat ion) .

Introduction

Itlan.y years' as a lllanr the compute:: rvas able to do only one linear string

o f  opera t ions  in  i t s  consc j -ousness .  In  the  las t  ten  years ,  due to  some theo-

re t i ca l  and-  p rac t ica l  p rogresses ,  there  vas  poss ib , le  to  cons t ruc t  a  computer

wh ich  l ro rk  as  a  lo t  o f  peop ler  ine .  nore  than one dev i l  pass  th rough a

program and l lork together on the sarae problem. In order to do correct ly

t l reir  job, they rnust to synchronLze, to cor i lnunicate one with the other,

Di jkstra f4] ,  l loare fgl  ano i , t i tger [91. 0f  course, we want eff ic ient

n ? r n  r t F t  r 4 c  S ' i  r r n o  f  h a  n m n  ^ +  ^ - - -  ^  ^ .vrvr)rq!.D. uurr-r€ the programlner can not expect the exact order in vhich

dif ferent devi ls f in ish their  jobs, we h.ave to al lou the eonputer to have

a nondeterministic behaviour, namely a devil nay wait si-gnals from rnany

others  and cho ice  one,  f rom the  ex is ten t  ones ,  Ln  a  random l ray .  A t  the  ae tua l

s tage o f 'our (my)  knor^ r ledge i t  seems to  be  qu i te  d i f f i cu l t  to  have an  exac t ,

nathematical  semantic (  one vay i -n which \ , re can sirnpl i fy the problem is to

give on operat ional seniant i-c by inter l iv ing, i .e.  to put one devi l  to do

the  en t i re  job :  i t  cho ice  1n  a  random Hey a  d .ev i l  x ,  sk lp  there  and do

a n  a t o r n i c  s t e p  f o r  x ) .

I {ere we gi-ve an algebraic semantj .c for the clasical-  nondeter i : r in ist ic

progra lns  ( those wh ic i r  has ,as  poss ib le  behav lour ,a  l . inear ,  bu t  nond.e termln is t i c



G^

string of operatioris)

In tLre previous paper [1Ol lre defined a eonirnon generalization of i 'berative

algcbraic theo:: ies [51 ana w'cantinul ' ; irr lgebr'aic t}reories t1] ( stronf 'er t lran

i terat ion theor ies f€ l ) ,  namely the so-cal .Led theor j -es l r i th  s t rong j - terate.

f,he main result ra'as to shor, i  that (a quo'bient of) the abstract f , ,-f lov, 'charts

over such a theor.y T is the theory vith strong iterate freely generated

by aciding X . io T. i lcre r;e looLl for an arnalogolrs res; '-r- l t '  in the nond-eter-

rninist ic case. In this more general case the things seem to be inore natural '

The corresponcting structurc is, ror"rghly speal '" ing, a bit rnore strong than a

theory with sirong iterate folnrhicir the Cual category is also a theory

r^ri th strong i i ;erate. Llut t i lere is a more d' irect I ' ray to give this structure:

l,le call a repetiliy-q-rgt*i.c-ulunr T the set

r ' r l th 1 -r1 *1 ,  t^rhich has rbeside 
-r  and. '  

I

fonr natural axioms (an axtomattzation of

of  matr iees over  a semir ing

a +e-operat ion that  fu l f i ls

A * = 1  + A + A 2 +  ) .

I f  X  denote  a  se t  o f  a tomic  f lowc i la r ts ,  v re  de f ine  the  theory  Ut { , t  o f

abstract f , - fJ-oucharts over T ( the f lowcharts with vert ices from I connected

by morphisms frorn T) l , r i th natt t ral  *r '  ,  i \  opera.t ions (union, sequent ial

co inpos i t ion  anr l  re i ;e t i t ion) .  Every  { - f lowchar t  over  T  may be  represented

as a matrix i  -  [4 ] -P""1 r " rhoy-A p is  ; ;  c in in '  n f  i ts  atomic e] -enentsf  = 
ul f f iJ  ,  r" rhere e is a suluru ur rub a

( labe ls  o f  i t s  ver t : -ces)  and,  the  rnorph is rns  A,B 'CrD f rom T ,  iespec t ive ly

give the out-of- i l re-box behaviour of f  ,  the inputs from exter ior into the

box, the or.r tputs frorn the box to exter ior and the into-the-box benaviour

of f As in ilre paper of Go.grien and l.lessag-er [?J we htrve access only

to the vis ible behaviour of the f lowcirart  ( there to some sorts of a nult i - -

sorted algebra),  namely to i ts i r lpr: ts and or-r tputs '  l lence l te al low the

f loirchart  to be changed (for e:<ample, to rni .nimize the number of i ts vert j -ces)

U! ,  ae te t ion  or  add ing  inaccess ib le  o r  co inaccess ib le  par ts  o r  by  fo ld ing

\(
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n n  t r n ' F n l r l " i n r r  o n i r o  r r a v l - ' i n o -  r f  j . t S  i n p U t * O U t p g . b  y e l a t i O n  C I O  n o t  e h a n f r e .

r ' iat i lematj-cal ly,  1de def j-ne an eo,uj-va. l -ence g, on F1.* ,n (str :o1ger than
4 g r

the bisirnulat ion of lark [ ] l  and i , Ihich preserves the computing paths) and

shot i  tha.t  the cir-rot ient l t l i ' l * r  a = F1=" */A is the repet i t ive ret iculum
4 r L  - t t r

f reely generated by addi.ng E to T (as x-pol inomials over a r ing R ,  ui th

equivel lence = reduct ion of s imitar tertns, is the r ing freely ge'erated by

aclding X to R ;  in a more categorial  la.nguage this is the eoproduct of

a. given structure r .r i th the free one generated by a set) ,  eacht ine vhen

l lFl*,  ^ is a repet i t ive ret ieulum. The main technical  result  shor+ that
4 t L

RI' l " , '  4.  is a repet j- t ive ret ict i lurx i f  the sirnulat ion relat ion ( the basic
e 1 '  \

relat ion for def ining = )  has the conf l-uent (Church-Rosser) property.  I 'or

or lv l ' l :v.rrrr  \ r  in t l fat  CA.Se I , Ie are i f  T iS l l r^ n. .  ,  
.bhe repet i t ive4 ,  L L '  

[ , r t J

ret iculun of matr iccs over l"Ort t  .  I lence the usual nondeterninist j -c f lor.rc irarts

RFl<. rn is the repet i t ive ret iculum freelv .o 'pnarntor l  hrr  e.- - _ * 4 , I . 1 1 e , 1 1

It  rernains an open problenn to see i f  I lFl  . .  n is alwa.ys a repet i t ive
t s L

r a f i r , r r ' l r r r : r  a a n h f i r - r o  r . r h a n  r J l  i o
M f  V U I * l l l  t  U @ V I I  v l r : l v  I r I M I  f  ! p .

I , le point here some l in i ts in the appl icat ion of our resul- ts.  Part j -cu-

l . rr ly,  our ecluivalence F says that every s€X i-s isonorphic with the

i  matr ix of i ts components ( i ts behaviour is knornrn i f  we Jrnow for every i , j

bhe behaviour of q" when r, , ie restr ict  A- to i ts i - input and j-or.r tput) .

h is  i s  no t  a luays  t rue .  I 'o r  example ,  the  in te r l i v ing  opera tor  l l€X,  . l
1 s  I

j  (which niake one devi l  f rom t, , to) has the matr ix of i ts cor" lponents equal to
'  

f r l
l ; l  ( a s  r r  l f  t  =  ' ! r  

,  t h e  f i r s t  c o n p o n e n t  i s  ( t + O ) l l  =  1 ) .
I  l J
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T)nn r  T :  A ' l  , c ' ohT r i n  f o r rnda t iOnsL @ L  V  L .  l r + 6 v L ' I < a l V  + V L r r

x = = = x = E = = = = = = 5 = = * = = = = = = = = = = ; =

1  I l n n r r - h l  f  . i  1 7 6  y p ' ' l - i  a r r 1 . r
t  e  I L V J - ' V v J v I v v  i . g U I l , U . l 4

The aim of this part  i .s to give an aletebralc stmetute, ealLed

repet i t ive ret icula, which in our view models the jconnect ions betrreen

vert ices in a f lor, ;chart .  To make the thin6s r i lore readable we rest: : iet

ourse lves  to  'b i re  onesor ted  case '

A ggg-tlqil-gglUn I,IR 1s a eategory in r,rhich the objects are the

natufal  nunbers and t i le set of  morl ;hisrns, with usual matr ix mult ip l icat ion

as  co l lpos i t ion ,  a re

t ' lO(m,n)  =  the  se t  o f  m x  n  ma. t r i ces  over  R,

( R r + r 0 r . , 1 )  b e i n g  a  s e n i r i n g  ( i . e .  { -  i s  a n  a s s o c l a . t i l ' e  a n d  c o r f i m u t a t i v e

add. j- t ion l r i th.  O neutral  element,  n is an associat ive rnult ip l icat ion

with 1 neutra. l  elernent and .  1s lef t  and r ight distr ibut ive with

r e s p c c t  t o  + ) .

l le shal l  d"enote the cornponent-vise addit ion of natr ices a]-so by + ,

by 0 and 1 the zero matr ices and the i<lent i ty matr ices of at iet luate

d imens i -ons ,  by  x l  6  i ' iO(1 ,n)  tne  zexo row vec tor  v i th  a  1  on  p tace  i

- r  t -  , , n  -  r t  / - ^  t  \  r L ^  r - - ^ - . . ^ ^ * - . ^ i + t r ^ . ^  ^ f ,  - . n  1 n  I t  . . i 1 ra n d  b y  y ;  e  \ ( n r 1  )  t h e  t r a n s p o s i . t i o n  o f  x .  .  L O , 1 J  r r i l - l  d e n o t e  t h e

boolean se: i l i r ing, i .e.  + and o o.re the usual boolean opera.t ions .s.L

and Agd.

A semireticulun 'h is a -re.!f-gl$S if in It holcls 1 + 1 =.1 .

.  A ferre-t_i t i r , :e_ r .et i_Er: lqq' is a ret iculum T endowed lr i th an operat ion,

cer l lec l  repet i t ion ,

++  ;  T (n ,n )  - -4  f (n ,n )



t;
( l ' rhich intuit lrrely means to nonde'berminist icaly r:opeat the application of

a morphism zero or more t lrnes)r which fulf i ls the fol lowing axloms:

(n t  I  A r  =  r \ 1 f r+1n  =  A* / ,+1o  ,  i f  A€T(n ,n )  i

(R2 )  (a+n )F  =  l t r x l ; *1 f ,  ,  i f  A ,B€T(n ,n )  i

( t t 71  a (nn ) *  =  (a l ) * r r  ,  i f  r \ e  T (m,n )  and  Be  r (n ,m) i

(R4 )  i f  r l3 .  =  g l  then r*g = g ' i : f r  ,  for  every ; r  €  i i r ( rnrm),  i l  e  T(n,n)

'  a n d  3  e  M { 0 ,  r }  
( d , n )  .

The folro' ing proposit ion shol.rs how one can compute the +i- of a
morphi-sm u'hen he know the * bf i ts conponents.

4roLo-si.-t"igq-1 .1 ., f n a repetitlve retieulum

fa ,l* io* n ars,rrc,f a":nr,r)
l ^  |  =  '  . *  |  )
\u D.) | uca* tri )

where i,I = (CAxf + n)T

Plpot.-  I i rst ly we shal l  prove that

i ^  
u l *  =  f ^ "  

n u u l  
a n d  { '  

o J *  =  [ '  ' i .
L o  o J  { . 0  , )  L .  r J  

= l o * r  
r C '

Indeed ,

( t ,  r l * r r 1  / l r t .  \ \ " f l  t  ( t l I  f r f f  f 1 )l  l  I  l = { l  I  [ a ' ) l i  i  =  l ' l ( r n  r : l ' 1 =  I  1  . , ^L o  o )  l o j  
- [ l ' J  L . '  ' ] L o J ( R r )  

L r , |  | . t ^ ' , [ o J j  l o t
fn*J= l l .
l o  J

Hence

f i r  u l {  f o *  x l

l '  .,l = L. 'J
Using (t t l  )  one can see tha
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;l = [.^^:.' i'J = [:. il.
one ca"rl Prove the

ident i t ies  we may

{ t
I
Lo

second equa l i tY"

return to the start ing equal i ty an<) '

[ : . ; ]  =t ; l  t :  : l  F
ilar uay

h these

D  l u r

1,/it

t o .

f h
l *
I

. t

l ^

compu

I n a

t: :l).,;,,l., :J.([: :ll: :J.)
&(R3)

/o  o  l *  f 'A+ t  Ax lJ  (  1  o j

l . o .  cn*eoo j  
=1 ,  

, J " ln ro*  t i

: l - ( [ : : l
{,1* ltt gJ

= t l .
l o  t  )

f a*+ .Lx el'lca*
I

L r,rcax

ld rw]
l ,  t l

\ ^ l )

34s.Lc e&*i.ll*g* I.,e t

Re la t i ons . , (m ,n )  =

with usual ope::at ions ( ' r  =

is  a  repet i t i ve  re t i cu lu tn"

Relat ions^ = l"1q
o  1 o , 1 ] '

b e  a  s e t  ( o f  s t a t e s ) ,  T h e n

the  mXn n ia t r i ces  w i th "e lements  re la t ions  on  S

u n i o n ,  o  =  c o t t t P o s i t i o n  a n d  A f  =  l U A U A ? U . . . )

Part icular ly,  i f  S has only one elentcnt t i ren

tu



2.  De l l in i t ions

N o t a t : L o n s :  [ n J  =  t 1 , . . . , n ]  a n d  . o  =  { C ) , 1 , . .  "  t  .

r f  (T,  u,0, ' ,1 ,*)  is  a.  repet l 'b ive ret j -culurn and X a doubr.e ranked.

alpirabet for the set of  atomic f lowchart"  (rrrr , rout:  X-,+t^l  give the in-

and out-ranlcs; their  monoid extensions to xA wit l  be denoted by 
" i rr ,

r^.-*  ,  too) ,  thcn a S*dloi , ichar ' !_over _I with m inputs andour n outputs

n + r . o ( e ) ) .

Part I I :  Ir lowchart t lLeorles

s t r i n g  e € { t  i s

fo r  i e  [ l e r J  )

j - s  a  d o u b l e  f  =  ( I , e ) ,  r , r h e r e .  e € E x  a n d  1 €  T ( m + r

In a na'br ix representei t ion this means (typical ,

"  
=  u 1  . . . u  

l u l  ,  w h e r e  l e l  i s  t h e  l - e n g t h  o f  e  a n d

a ^"*
r .  ( e

Ln

IU

I
l r

A  < 1 "  I- 1  
l - o u t '
I
I
t

a .

a

o \
" 1 '

{ o  I

o u t ' -  l e  l  
'

vhere the lef t-up corner A gives the vis ibl-e behaviou::  of  the f lorrehart

(out of  the box),  the r ight-do' , . rn corner D girres the nonvj-sible( internal)

behaviour of the f lovchart  ( into the box),  the r j -part  gives the inputs fronr

exter ior into t i re box and the C-part  gives the outputs from the box to

ex ter io r .  For  exampl ,e  the  {q ' , r !  - f to r "c r rn r t  over  M!^ ,2  f ro ra  f igure  1
t u r r J

\u t . 1 1 "

t
n:



(J

nlay be repr:esenteel as i t

j u

r .  
n ( $ )

q"-

shol^in there 
"

{r

roor (c )  C

L--Li-l
t '  I  o  )

I D

..7

t

r {
I

f\
$ " (

I
L

Irigure 1 "

I ' ie denote by l ' l  = .n(m,n) the set of  E-f lor+ct iarts ovcr t  rr l th m
1 r  L

innr : ts  nnr i  n  outputs .  I lvery f  g  f (mrn)  may be represented aS the r r is ib le

flor+cha"rt (f , , ) and every lre I as the flor+cha::t

the fundamental  operat ions on f louch.a,r t ,  in the matr ix representat ion,

loole as fol l "ons ( the sharing of rows and columns with respect to ranks of

atomic f lor*chart  f rom E is preserved" and we omit  i ts r . rr i t ing):

s$iss
g l

l u

U
e l

n  e l

f  a ' l  B ' . l
t---t---+
I c ' l  o ' J6

n l

6

a l



te l

comDos l - I 10n '

n

l 1 \
I

I c

and renet i t ion

m

A

]f

a l

n'l

o

m

m

o

5 l

m e

I n  I  u  j *
F-l-_l =
l c  I  r J

From nolr on we shall not r+rlte the sharing of columns r,rith respect to X

as  i t  i s  a  d i ree t  consequence o f  the  shar ing  o f  rows.

l ' le shal l  d.ef ine a derived operat ion r , ih ich shovs hor* can be construct

an m x n matr ix of f lovrcharts f f .  . l  j  r  ,
l - J  L t  J

lfrrl ,. ', = Ud - fi"J vf r,, xl
+ , t  

i e f m ]  J € [ ] r i  
4  r r  r

In the natrlx representation this is

" 4 1t l
a
a

t . ,  :  € -
l I . . l  =  1 n

a

A
" ^ 4

u l

a

a

6

m n

1 1  n
u 1  

4  .  .  .  u a  
^|  |  t a l

n n-  - 1 n

U  . . . U

0  . . . 0

P D Iu  a  a  t  a U )mr mn

0

a

'

l l

A.*m1

rt
" 1  1

m l

A 1 o

0

" 1 n

0

rr
i

. Q
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J. Ilclt-tivalcnt f.l-or+cira.rts

D e n o t e  b y  R e t 1 ( e r e t ) ,  f o r  e n e r 6 f x  t l L e  s e t  o f  r e l . a t i o n s  q  f r o m

[tetJ  to  f l ier1 l  i r l r ich pre$evves labels ,  i ,e  .  

'

i f  ( i , i ) * t  t h e n  
" i = u j "

l lvory $€. ne l-g(o,o') l ias :r rraturi; l  e:: ' i ;cn:; i .on to inputs

t i "  €  t * t o , , t  ( r r r ' , ( e ) '  r ' ' ( e ' ) )
z€t'o)

obtained by replacing every 0J in the martr ix g by the ridentity matrix of

appropriate dinenE;:Lons (i . f  this 6,4 1s on i - row and j - column, then

these dimensions are rro(ui) ,  rrrr( e j) ) .  Sirni lar nith Ssul-extensj-on.

Ihq  !a$ i c .  t l l d ,F t j LgJk  Le t  f= (1 re ) ,  f  ' = (1 ' , e ' )  €  I lE , r (m ,n )  anc1

ge Rel"( e, e' ) , hJe say tiiat f is S;iU1].At-qAJ|g.J, by f t , and rvrite

f , - 4 f t ,  i f
e) ,

r _  i  _ -
I  A  I  B( . ' -  |
I I ! J . u t
|%rt

t t t -
I  C  I  D p .  I
L  |  . ) L n d

- F ^ ' 1  1  ^ ' r  i  . .  a  . { r i  ^ " -
r  \ / I I \ / v r  ! 1 1 { 5  r  J t J u r

f  n ' l

Lfo,rtc' I

}erhaps t l ie e gi-ves some

nft

points for i 'cs intui t ive ur ic ierstanding.

n

f igure

P  . D I
)  out

i
t
I
I
I
I* t
I

JV

i

i
I
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I ' u  i r t ; i y  ces j " l y  l l c  sc i : t t  t l r l r t  t l l i ;  j . s  :L  t r . i - lns i t i ve ,  re f l cx j "vc  rc la t ion ,

but. rro-L l:. 1;r'1,-nsi.'f i 'ft; o::rc ' Or-il: e quj-vr"lor.lcc on f,l-owcharts j.s tir:it ge*errr,l;od

b;r si-i;ii.r-La. u j cii. f!r.j.s liroa:rs 'bira i; rl is s]'!1ittr,.}r!-{L::, ui-bir f , , lrr,j.te this

f  
, *  

{ ' t  ,  i f  t } i c rc  c ; j l ; t  f i r f i  such  i ; i i t r

l '*'*+ f, ,.;;*- f'., *.:---?f-/ . f.,,- .*-r::* .i"r
5 i  I  ' 9 a  ' 2  

9 . ,  t  2 ] : * 1  \ 2 \ r  r  .

- . - . . - - - . * * : -  . l - i : . r : , , , t . , . , : - 1 . r . . : . i . ; - l : - r - - , . t ' . : , ' ' . , - . ;  L : ^ . 1  , i ; J l o  
C C i i f l r - t r l - i ( C i .  C , : i - r . t . c i t - r i . i _ ; l ; ; : ; e t , )

pr"ope:r 'Ly (nri: icl .y, for cv'cr:y f --: ;} fn, 'y -z> fz thbrc exrst T, 3t, ct

s'. ' .( : i i  ' i : l t- .b , ' , ,  *t- l '= f *rT-^*'  lu), 

tr,r. ,n',rr, :s 

c:, i ' r ivu.r-ci:ce ui lJi r le rr:: i t .Len ac
- ,  1  

-1  L  -

f  E- f  i f f  i l ret"e"e:r ist  F, g ,a such that f  _:? F <__ 1.,  -  n
3 ' -  z  

-  ' r

The fol- lo ' , ;J-nq lc l t l i : l  s i ; .oirs the cornpat ibi l  i ty of  s inulat ion l r i . th f lor+clrart

o p e r a t i o r r s .

Lc- ; : l :_* l_ .L  f  f  t ,  
?  

t i  ,  t ;?  t ) .  thcn  thc  fo l t .o r+ in ry  r .o . rn* innn

ho1-C, ulr .c i tcver t l . .e operat j_ons nal ie sense,

a )  f , u f . . ; . = f i  u t )  i
l 5  L / l

[ o e )  " ; '
b) f , ,  c f"I  z  

f f  o r  1  2

lo  e j
n )  f - X * :  ' t ' f tw l  r ,  ' - ' , >  r i  o, y

Ile-qL 0'bvious. ff

flprsi.-],tl=s**_1_& 'ihe eciui_r,'alencc = . is conpatiblc r,,ith union,

co l : rpos l t ion  and rcpe i l t ion .

i '1rc".qf ,  iy usi i t ;  'c l j -v ial  s iniulat lons gi .rcrL by g=1u' l . rc can supposie

th:- ] . -r ,  di f fcrcnt ch' : . i t is of  s:- i , ' r l r l rLt ions h.evc i l rc sar,re lcngih..  Tlr .e ccnclusion

c i i rcc : '31 ; . .  fo . i lo l ; s  f ro rn  Ic r : : l t : r  J .1 .  n
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f l .ovchi:r ' ts:

,l (1
l l  /
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D r t u  D r z

and

and
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' " o t
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L:l
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e1  f t l * j
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j"f trztU Dz?- = Dt t U Dt e i

t s r o

f'", \oi D r r  o

t_)^. D^^
z  I  t t

D t ,  D t z

D ^ "  D ^ ^
z t  z z

f"r ,r -l'

[ - ' e  ] u J
i f  D 1 l U  D z , = D lzU o r2 '

4. The main resu.lt

l,le lrant

reticul-u:;i Q.

.' t1
o i  A  l l i  ; ' i

to have

. b,l (1
"  , Y

4

a f,oriaula

ire knor'i the

: f , - * p i '

[ n l o l
r-t-l

c L c  l , , J
a by  y r '

t{

Yq 
vu ' :{

for  the senant ic  of

r n n r  n i  n . -  o f  T  i n

Thc e; :ucrrs i -on o i -

l n  a  repet i t i ve

T - - '  O ; rnd
Y

F

,  a_LSO

/+
,:\

I -  l l , l'1  -  t '2



i t s  m o n o i d  e x t e n s i o n ,

1 . ,
. i{ \-/

when A is a rnonoir l  l r i th thedenotet l  by S.* o 1s
' l {

n n a r n - 1 : i n n
v I , v r  s  v r v ' .

m '
l t
t t

g l

r1 I

l -  , t '  I  R ' l
[*-*L-i

L . ' I  D ' J

n

m l

g l

The d.esired fortnula is

= Yr(A)  U Tr( r )  c f r (e)  (Yr( ] ] )  Cfqtu l ) r  cgr tc)

Tl ra  r i  rh t  a ' r r r raSSiOn ShOW r tha t  Can bC heafd .  f fOn OUtS ide  a f te f  Ze fOr t j r r  u  v / r l / r  v l

( o r  d i r e c t l y ,  q T ( A ) ) ,  o n e  (  1 ( r ( t l l Y X ( e ) c f r ( c ) ) ,  o r  m o r e  i n r ' r a r d  r a c h s .

i . t \ I l r ' t r  f l i i io i l i j t ' i  4,1. RFIa,, ,  is the repct i t ive ret lculura frely generated
q t +

by at lding E to the repet i t ivc ret icul ,um T ( in a more categorial  language

RI t f *  , "  i s  t l i e  coproduc t ,  in  the  ca tep ;ory  o f  repet i t i ve  re t i cu la ,  o f  T
A t !

and the  f ree  rcpet i t i vc  rc t i cu lnm geuera ted  by  I  ) ,  eacht ime when RI l * -  ^
4: L

1s a repetit ive reticulun

Lrps.!.

l l je i rave to shol ' i  the property of universal i - ty,  namely that t f rere are a

repetitive :'e'ciculurn ilorphistn f n : T '---> R1.1l\, ,t, and a ranh-preserving'  l r '
f r rnnt i  nn r  Y -> RFl. f t  , , ,  SLtCh t j rat  for every rei ;et i t ive ret lCulumJ '  u l r u  u r v r r  - I '  -  

a t  L

(QrUr0 ,  " r1 rh)  and cverJ r  - r :epe1; i t i ve  re t i cu lun  morph isn  Yt t  T  - - " 'Q

and rank-preserving funct i -on Y{t  X*> Q there exj-sts exact ly one repe-

t i t ive ret iculum morpf is:r ,  ytr- :  i i l r t ,  
1. .-+ Q such that t f \ f  = 

Yt ancl

\

l
,r# I't t^

:



t t
,t i-l, l  l

,41

I.rLf'' = (.fio
C,{ t  l t^

I f  ar lcr  tH d] ' t ; i ,] lc r. 'r..roi;c e;.rbcdi-n- of

I . " ( i \ )  =  f  a l j
-f u"--l"t

and t*(tf) =
t < s

I'I, , as ltas snol'In
4 t "

Tr(n)  u  Yn( r )qqn,  $ r t r , ) fq (e l f  y r tc l  .

is to shon that th:Ls is a r 'rel l-definecl function

then <g* I rl = .1*i r' ) .

prove this inrpl icat ion only for the simulat ion

then ,1$t r l  =  , f t r , )  .

and X in ltFlirt , na.nely

fn

'F

l ' ie d.efine (.f " on

t  -  . * \

, ; , # {  l A  |  1 r l \
r  t  t ;1*^ t  I  =

\ e  LU  I  DJ  I

' l ' l re  f i  rs 'b  nrobletn

RI'l-. q, r nailtelY
6{, r-

i f  f E f t

fact i t  is enough to

i f  f  - * + b f r

1

liemark that for" $ C nelt( e, e' ) r're have fq( u ) 9or,t 
=

l lence I{e can apPlY to

l l ra

girrfq( n' ) '

Yr(D)f l (* )yo,r t  = Yr( l )vrr r f r (e '  )  = ros#r(D'  )Y[(" '  )

ax lon  (R4) ,  wh ich  g ives

(<gr(nlgr te))*  Iout  = vo,r t  ( f r (D')Yl(* ' ) )*

since A = Ar1 C = Xo'rtCr and BSir, = 
It  

r orle can easy see that

f t r l  -  qr(n)  u Tr(B)Yq(e) '  ( f r (D)f i (e)  )xr1r(c)

Now

-  f r (A '  )  u  Y r (B ' ) f r ( e ' )  ( f r (D ' )T r (e ' , )  ) *  Y r ( c ' )  =  q+ { r ' )



I-d o "l# [c T
b ' J l  l l l

L 0  d l  L c ' J

l

il-

The seconcl problein ls to shor'r that ,{f f  preserves the operatlons. Ifor
t

the sal ie of s impl ic i ty r . re shal l  dropp the wri t ing of { ,nrfr t  and use
, a  . 1

t yp ica l  no i ;a t ions :  a  fo r  q* (A)  ,  b  fo r  t f . (U) f . . , (e  )  ,  c  fo r  tp , " (C)
t : f  r I  , 4  r 1 ' '

and d  fo r  { f , , , (D)c f . (c ) .  The maj -n  techn ica l  resu l t  to  be  use  is  tha t  f rom
I  f  r . .1 .

P r o p o s i t i o n  1 . 1  .

U n i o n :

= &  \ . t a 'u  bd lc  g  5 r6 r t s " r  =  y f ( r )  U  ,q * t r ' )  e

Composi t ion:

R e p e t i t i o n :

qtr( f )  = a*uar i r (ca*bud)Kcax = a*(1 u uar("rx '561t;r("rr ;
(R2 )

= a{ ' (1 U bd*cai(56x.sx)*)  = a*(bdxca*)x = (a ubo}te)* = .g"t f  )* .
(Rt )  (n t  I  (az  I

The third.  probl-en is to show that ihe extqnsion {S i"  the unique

repetit ive reticulun morphisn such that lr{ l}  = f1 and. tf  f  = 
Yi .  i t  is

enough to se0 that every f lo ' ,vchart  f  has an equivalent representat ion as

f '  =  r T ( A )  u r r ( B ) r t ( e )  ( 1 r ( D ) r r ( e ; i t r r ( c )

' l 1 i  n n a

l - o l r T  [ o t - r ' I  l t  l n lr  /o \  L+* l  ,  i r (B) ra(e)  =  +- - l  ,  ( rn(D)r r (e) ) ' r  =  j * ** - i! f \ v /  
iA  e L 1  l o j  

' L  a  u l r  l o j  
1  / '  

" L 1  i o j
l . te are done
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. , rSi  et  d i I "CC'U CO1' l l jC( i .Lr" i : . i1 iCi}

rsiul-t 5 " 5 ttttd- 'f hr,.: a-lri lcltci i-: l  i i '

e

r:: l ' ; i i j-s t 'L:i i :cl, l;r:tcl ' i-baJ- rc su-l--1,

i.re l'Ia.ve the fol--t"oil:Ln.g

] l  1 l
I -  e  e\ {

ti:c rlai. i i  'ue clt-rl i  c::1

j:j "lj i{j i' $ *l . : ,

i,, ' I nj
i  i " i , -  j ' "  i . i

u Lc  I  D j

lA i  r i  o' l
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l c  l o  n !
t t t
t i l
l-,' i o lj

fq:;.-qi.l,.,L"Lr::!*2.^

lrtr H " Il

8,T11
l'or I'i ,'l .o I ?.

is; the free rePeiit :Lve rcl' 'r:i*u1um gcnerated



5,  Thc r ia in  technj .ca l  resul . ;

D r n n n e i  * ' i  n n  E  I!  r  V V V | ) I  u I W l ,  S 6  I  o

compos j - t lo r i  and Ar1

of semlr lng with 1 U

f  U f t =  e

6 l

and

f ( f  u f r )

n n a  I  A  a  \
l1 ' - t -L , i r  n1  \  l9  I  , ,1

4 t t

t i re vis ibl-e

|  -  l .

with addit i -on =

f lo r . rchar ts  (  0 ,  X

union, nul t ip l icat ion =

) ,  ( 1 r r \ )  h : i . s  a  s r r r ; c r r - 1 r . e

= f t U f

.
? rop f  .  rn  i r r . .  m(111)  the  un ion  is  assoc ia t i ver .  w i th  0  neut ra l

& s r

elernent and vi th 1 U 1 -  1 and. the eornposit ion is associat ive, i . r j - th 1

neutral  element,  hence in R1'1.s.  -(1 , ' l  )  too. I" loreover,
< r r

:=}
r i

l 0  1  |

L, n' ol
P ' l

I ia  u.q, '  ) B AB l \B'

g

e

g l "rJ
d(. t  u i t '  )

cr

D  C B  C B I

0 D 0

0 0 D l

\ D

O D

0 0

l l u ?  i a B
[ o  o e o  1

"D

a

6 l

n n

r

/ r A  I

n l

0 0

0 0

D Ctsl

0 r" l l

I - r  u ?  "  f ' .  i l

Bfg!.g-f$1SF 5.a " it,rlr, 
",(n,n)A r _

matrices over the above seiniri,:i;l

is  ison:orphic v i th  the sei

RFl , '  q . (  1  ,1 )  ,  ; ience n} . i - " ,  4 ,r t t r  A t t

o f  m x : l

i  q  r  l p ! - i  n : : ' ' l  r r r

/tMA 7 t\It ('z



J r i
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e. ,
Monbver,  the isornorphi$n 1s natural '  namely

ancl

f]ovchart union = matrix addition

flowchr.rrt composit ion = matrix mult ipl- ication.

pyg-a1;, The components of f  g I1*-n,(m,n) are
4 r ' L

matr lx is ecluivalent with f '

xi,'ri...*|'Ay:

' * . "  

*  m ,  n
* *AV1  . . . xmAYn

^ n
I  : 1 r
". t  1

:

o

L

u V 1

^ nU V" n

m
x 1 l J . . .  u

o  . . . - * ,rn

f y: and

m-
u

threir

o

a

e

F m ^ n t
l X . I V .  l =  e
} .  i  " ' l " J

a

a

a

. a

A

t )

n

---+
f r " . . . 1 " 1

- f

llt,..,"
. . . 0  . . . 0

1  . r . 1e
t ;
*J ;

Rec ip roc ,  i - f  t r jO  F1 ; ,1 (1 ,1 )  ,  t hen  they  a re  the  conponen ts  o f  t he i r

matr ix ,
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A
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l l  
' l l

p .  ^  a  a  a u .
L r  t n

s
,

. lrr,"1 . vf

l l 1  
1  "  " . 0

n n
V  . . . J J , - t ' a

0  " " , 0

t t

n n
V  s . !  V

U  i  - -  U

V  r . . V

r\

U

U

l

m.l

r\

m
X ,

1

5
'1 'l

L l

t-)
I I

I

U

I

n

The proo f  o f

,{.

l r i ; l u I r i j l  =  [ t r i u t i i l

and

i  r . . l  o  I r l , . J  =  [  U  f . .  "  f 1 , . 1  . , -,  a J ,  i f i . -  * ; e 1 r , J i J  J l i r  r r x

i s  as e?s; r  ss the above proofs  and is  le f t  as an exerc ise to  the reader .  n

a
r.J
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i 4 _

Thgqr-eu) ?.J*. If T is a repetitive

n o n o  f  i  + ;  
" r o  

- ]  + ;  ,r v y v  u r - u r v v  r . c u - r - C u l u l i i e  e a c h t i n g  t l h e n  T r X

relat ion i ras the eonf luent property.

reticu*um then

af,e such that

Il.lll', 
T 

i.* t

the siinul-ation

repetit ion are to bbp.roqL.

shown.

( n 1  )  f " f  u

and

Jr
f . f  ' u 1 =

cArB u D cLrl

b D

+-*
t ' , r  1  1
l t l l

'^ li ( r  ua l t ) n

n r t .*
CA"1 ]  UD

s f t

By Proposit ion 4.2 only the axionrs of

lffrt u 1
.-ie
A B

'*
A B

1 * a

A

U J I

rr

])

t l

r t n *

n a *

o

'tg

A A '  3

cttn

cAXB U D

-:P
I q  I

l ; " l e
L e-l

+

(R2)  Deno te  by  I  =  (n *a r ) x / ,K  and  z  =  A*A 'y  uA* ,  Remark  tha t  \  =  z '=

( l  g ' 1 1 ' ; t .

YB YJ] I

=  ( t u r ' ) t .

cntl '  y

c r Y

CA.X

C{TA 'YB  U
CAII B U ])

. C I Y B

U

CA*A ' Y]] 'U
cAki: t

C I Y B I  U  D I

O

CA*A ' YB

C ' Y B

c.R.{g u o

<-
l - t o 1 - l
I  e  e f

l=o r n, oJ

YB

g t

e

A

g l U:..

{'

:

CZ]] U D

C ' Y B c r Y B r u D r

( R l )  S u p p o s e  , {  =  A ( a ' a ) r ,  1 =  ( A , r ' ) * A , . S  =  ( A , A ) K  a n d  T  =  ( 6 1 1 , ) ' t r .
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anil

(ry,)

I r om Ag  =  3Ar

!de shal1

Xr! I lJ

CSI\f  ts

c ' ( x A '  u  1 ) B

C | J A I ] 3 U : I )

YJJ I TJJ

c ( A ' Y U 1 ) P '  c l r r r B

C t Y . B '  U  D I  C ' T ] 3

0 D

( x A '  u  1 ) 3 x 3 l

CSA ' ] J  U  D  CS3 '

C ' { x A ' U  1  ) e i  c ' x t ' u

OS

r x

0
t v

n

0

0

';l
[ .

C S X  I

c l . t B 0  u  D r

ci.iB r

CA'I TJ] U D

C I f B

. n

1'i-
( f f r ) ' f  -

t L -

{ t

I' ^ t

^ t

S i n c o  X  =  Y ,  A r Y  1  *  S  a . n d  X A r

(R4)  $uppose  f  3  =  t  f ' .  Due  to  the  con f tuen t  p rope r t y . i he  cha in  o f

si l : iulat j-ons for this equi-valence can be replacerl by t i ,ro si;nulations .

fq =+ fl 4S-Sf' ,

therefore

Y

6 l

/ \ A  l v

n r v

1 = ' I  the f loa'charts are equivalent,

and
I ts' b:-rt

i r  b .
1n

3 A '
r
t

t-
I
t_

! and (R4) in I  fol lovs

clefine a flor.rchart f

r xg ;+  i , l - o  g r ' *

* { t
t h a t  A ' ' (  = g 1 r . t ' .) \

such that

,

c ( ; r r v  u  1 .  ) 1 3 '

c r y B l u D l

(
ou-u l ou iD l

n

ou t "1 ootlt j

namely



l_ :i

Tn t l . ccd ,  r - r l i i l l ;  b \ c

t t i
*-**:jA T l:,ri follot'ls

a,

l- ,,* t | ',f ;,, "i
t - - * - - * . t - * - * * - * " i

*,, La,',i. ' 
; i ' 

i c1 r'i '{;u tor.r, u .tt.l

equa. l  j - - t , i .cs : f ro i r i  ( r )  l rc  p love

e ' l - i

LAi'+ I
l r i
l-*---'-*-*i

" 
I r.,l^( | ,}cii^ Ll tJ l)

A )

JJ)

c )

D )

a"nd

lfg =' ;i"g i

i,{-le. = i,ihB" ;
'r:l-.(] i

CA*$ = 0g; i '4  =

( c . t { : l u . D ) a . r .  =

aoo*c ', A' ' ft ;

g,rrig i3' or-r,. U ))e,rr, =, 
"ur.1, 

( CtA t'r i l t b j-nu D1 )

3 f ' {  "

A )  g n ' *  =

f f )  5; f* . , r3r i r

{ ) )  C ' . i t t ' R

D )  ( c ' I ' *

*.--"-*> F as fol.-Lovrs
D

By the Proof frot :r . rpperidi-x A ue have the fol lovi t tg

"0sr_o*l_iarr$.J* Rl'l 
X, r{l s o,i j

is  a.  rePet i- t ive ret j -cuht i i l "  n

,';n ( i

= ,ritlf "ijt b . = ,rd J-1. I
in l '-Lll l

1 -  r r  , ' , | f t  .
=  l l  , \ , r r t :  t

oil, l j  I

: ) t r t r \ r \ h  -  h  { -  a r X l l l f
; . J '  U  j / '  /  u i n  =  , O U t t ' 1 "  "  ' '  j _ nU D '  b . . -n  =  bo . r , , ( c1A t *B '  b ' nuD1  )  .  i l

a repet i t ive ret icu- i-u- in eacht i 'n ie rrhen T
QLeg*3;re-bfelrr- Is lirl:,7

is a rePe-l;itir:-e re'ci-cultr'n?

( A I ri l lr

c t t r \ t {r i t  u
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Appendix A

!,rap!-€:!1-q!* Ifor every E , the sirnulation relation in RFl* 1.oe , i , r 16 ,  1J
has the conf luent  prnper ty .

l ]rS-gL, The proof is based on the constructlon of f ibered coproatrcts

ln  the ca 'ccgory:  ob jects  = sets ,  morphis tcs = re la t ions.

$uppose f ;* f, , f =+ f.. I{e t'rant to cons'bruct a flor^rchart F
s t L t

and 'cwo refatj-ons a;b such that f" T+ f <:-f^. i ' /e cal l  a 0-1 colunnl a D z

v e c t o r  o ( €  l q r ^  n . )  (  l e l , 1 )  a - { - g n e s o r t e {  v e c t o r  f o r  e  e  E t r  i f  i t  h a s  a  1
t o  r  r I

on a place i  only i f  e.  = ( f  .  For 6 r ie tal<e, for indices al l  pair
' !

(q ,p  )  such  tha t
I

there is a q'€ X such that c( is a q'-onesorted vector for g" ,
I

& i s  a  d -oneso r ted  t ron*n r  f n r  o  and  td  =  Ab  ,
\ ! 4 v v r r v v v + v v q . ' " " " 2

and pu t  6 , ,  o  I  =  ( .  In  add i t lon ,  a  and b  are  g iven by
\ q r t J

t 6 r  t E  r*  Y ( a , g )  =  6 (  a n d  o  Y i x , p l  =  
P' l

I Io r+  9 t  =  rU ho lds ,  s ince  fo r  every  (X ,p)  in  ;

t 6 t  l 6 t
R  a  Y l l ' " r  =  Q c {  =  I P  =  a b  Y i l )  , ,)  ' \ ( , f i l  ) . '  I  " ( q , F j

L e * r n [ ? . -  I f  X €  i i { ^  n z ( r ^ .  
l n  \  1 \  n n n  Y d  l " i  { n  ( a  \  1 )  ' ? o' -  -  " t o , 1 3  - - o u i ' v 1 t ' '  /  s r r u  I  E  r ' { o , 1 1  

" o u t \ v z ' " i  
a L =

s u e h t h a t  P - - . * X = ? ^ . - - Y  t h e n t h e r e e x i s t s  Z e I f -  - ( r '  { e ) , 1 )  f o r) o u t - -  - o u t -  d  v  * t o , 1 9 " o u t '

wi ' i ic l r  a ,7 = ){  and b .Z = \
o r l r  o l l r

?r-ogf l l j f -_ler i rr l l iL.-  XtY may be not onesorted. vectors, but i f  16, Yg

a r e  t h e i r  r e s t r i c t i o n s  t o  t i r o  s o r t  { ,  t h e n  X  -  U  X * ,  Y  -  U  y n
os€i - 

s€t .,

and t i re  re la ' i ; ions  fou t l  
=  Zo , . r . tY  a lso  ho ld ,  as  ! ,1 '  do  no t  change the

s o r t s .  3 o ,  f o r  e v e r y  f  6  E  ,  ( l l { , Y ( )  i s  a n  i n c i e x

4.



. i

I : f  fo i :  ovor .y  { "eX,  ro r r t ( f )  -  1 ,  nameJ_y goru  =  
?  rLnd.  so  on ,  then

r.ie ta}:e

_  t6 t
" ( " , p ) z =  

1  i f l l  l l o : : o n c "  c " t ' l i '  ( * ' p )  =  ( x o r Y o )

C l e a i : l y  & Z =  u  X . * = X  a . n c l  b n - y .
$'+f;

In the 6;etreral- casje I 're malce the aborrc constr.uction for every output of
'  a f and pu"t the rcsults toglci lrer. . i_1

As gout lct DtoirJ = Io.,t  [c2 Dzbir.J , r ira-rking use of t ire above lemna

for each colurnn, ore can f ind lC Dl such t ir:r. ,u

[ct o,urrri = *orrt[0 D] ancl fcz lzbi' l = bouti.C ;J .

l{ou ons can e.rsy see flr:rt

I r l  I
t l
1""" . "J .
t - t
I c  I

o n  o .' i i

f

is  a.  connort  s i . t i r r . r l f, " n
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