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ON TI{E EXTSTENCN AND I.'NIQUENHSS OF

INSTATTONARY CONVfJCTION IN PORCUS I\ffiDTA

by

Dan poLr#mvgrct'

4bEttrqct, - This paper malnly deals wlth the strong

solvabilJ.ty of the init i"al-boundary value problem for the Darcy-

Boussinesq equatione in two or three dimensi.onal bot:nded domains.

FiflStr the existence ls proved by the Gal"erkLn meLhod. Ttren, via

a maximunt prlnclple, the u",nlqueness therrrem and a stablJ-fty

cr i ter lon are der ived.

i . .  PRHTIMINARTAS

Let *(I.be arl open connected boundecl set. *n Fn {n*2 ol

3) l"ocatly located on one side of the boundary ?Jt , wltlch !"s

a 3^J.pschLtz manifold cornposed of a flnite nurnben eif eonneeted

conponents; le't real 6> 0 be fixed and let us denote wiblr Q the

c y l i . n d e r  - 8  X ( o , e ) .  
'

With the assumpt,ions antl approxlmations whlch are

freguently used for Lhe t-herma} convect,ion in a hornogeneous

porous medlum saturated with an incompressi"ble fluid, the

governlng evolut*on system of, the Darcy-Boussinesq eguations for

the f i l t , rat ion veloci ty ur. the pressure p and the temperature T

may be vrr i t ten in €t  non-dimenslonal  form as:

d i v  u = 0  i n  Q  { } " 1 }

F  u t+u= -  Vp$aTe in  Q ( l  .2  )

T '  +  u  ? T *  A f  t n  e  ( 1 . 3 )

where y > 0 and a) 0 (une Rayletgh nunber) ars two flxecl real



nLlrnbersr wh$le 6] i"s the f,i.xed versor of ttre Eravt"t,atj"onal" accele-

ratfon" As we are in the non*dl"menslonal case, we c&n assume that,

can be i ,ncluded ln a n-cuhe of  edge- length l .

Let, f^ be a srrbset CIf 
'3,C. 

witjr positlve surfa.ce
fT er i'l q t-T

me&sure and let us denot,e wlth t 
l* 

d-{- \ f 
0 t the boundary

concl*t,ions are s

u ' \ ? * g
' d t  

* ^
?T

a4

T * &

on ?O x{o o6 }

rT
o n  , f  X  ( 0 r 0 )

on  1 ]  x  { c ,o }

( 1 " 4 )

( 1 . 5 )

( 1 . 6 )

where

is the

V denotes the unlt ontward normal on D^4. and 6 = "6 (xrt)

most, important dat,unn of our problem.

Also, u and T have to obey in some sense to the

int t iaL cond,Lt ions:

-ar t  -  (  n  I

in rz1s1 , *- *;'::;J::::::J ::;;, "l 
*"

.  (  t i . : . l  r  7' 1 , * ( - 2 )  = ) r €  6 i g t  I  s  =  s  o n  { 0  . }
?{e assume that fCI is gufficiently snooth as

u = { r e * r ( e l l r = Q o n  [  |  ( r . r o )

As ,rl*,ru, the sealar products and norms in t 2 {-q} ,

Hm(g) and Hlt .A) are respecti"vol.y denoted by

( u r v )  * $ , ,  !  v  r  l o l  =  ( u u u ) 1 / 2
rt:&

(  (u,v)  t -= } -_ f  -Lg* , ,? :  \  ,  l i  "  l l *=((uru)  , I / '*'[ 
fT<frtt-a\ TTjl t ' 'lrtt

(  ( u , v ) 1  *  t V u , V r r l u l l u i l

and rhe norm rn up(s-.) lp*z) by I lp.

notat,lons for the scalar products end

u  ( 0 )  = * 0  i n
* n

T  ( 0 )  = T "  l n

Let. us denote with
C  1 ^  IH  = \ u € L , ( $ i  I  e i v
I

the c losure sf

r)
u = o i" $I, u.V =o on'&-t {t r .n t

.j

1  t a '
=  (  { u o u }  l "  

o

We agree to use the same

ncrms in tlre corresllondlng

-ra
_rr

(  1 . 7 )

( r . 8 1

e ?



i

:

I

I
?

i b

J .

:  
, . * .  r2g. i l . ;=  [ r , ' , ,o ,J  "  and so on"

'Reminc l ing 
here the Fr ledr icJ ts '  inequa)" iby (see I tJ ,

f * f  + c o i i  * [ i  ( Y ] s € v  { r " r r :
we remark that [i [[ ls  a $orm qn V, a3"se"

We start the study vrith the foLlowing hypothesl"ss

6 e  r r l ( o u e ;  w 3 / z ( a & ) )

uo€. * c"t ur ( {L )

r0€" Hz (..{L t wirh (rs- E t o

R e m a r k  1 . 1 .  F r o m  { t r " 1 2 }  i e

equal  to  a  funct ion of  c0(  foreJ ,  n3 l2  (  ?-A ) )  and hence 6fot  in

( l. 14 ) rnal<es sense " il

i,gg*[*jo For a-qy h) 0 ttrere exists

" 6 n a . n r { o o n o ,  u z t S -  l )

sat ls fy ins .  a .e , ln  , :u ,  
.1  r )

6h ="6 on ?--?-

l s F a .  l  ( n  f i s l l  t F r  s € v

g r , t 8 )

s  =  g  - A h

f h u s  t h e  s y s t , e m  ( 1 . 1 ) - ( I . 8 )  b e c o m e s ;

d l v u = 0  i n Q

u ,  +  u  =  * F p  n  a  { S + 6 n ) e  i n  e

( l . 1 2 l

( r " 1 3 )

) ) c  v  ( r . 1 4 1

fo lLo,ws thag 6 is &.€,

( 1 " 1 9 )

( 1  
" 2 0  )

( 1 . 2 1 )

i
i t

an element,

( 1 " 1 5 )

Pggg€. The const::ucti'on of E is the sarie as
t - t

steady case, whic i r  can be found.t"n fe. l  "  The only new point
/

that ,  the vector-valuecl  funet lon r ,  (  6 )  ( t )  *  =L(6 ( t )  )  t  
vrhere

a / 7  +  n  )  A
L : H " / " ' ( . ) . i l ) - + H ' ( f l . )  l s  t h e  l i n e a . r  a n d  c o n t i n u o u s  " I i " f t l n g

traee* .r*r"aor) has the prop€rey
f  

' ,  
- ^  

)  x
L ( ' 6  ) €  H * . ( S ' S ;  H '  ( J L )  )

But not,S"cing that

{ r ( 6 ) } ' = L ( ' 6 ' 1 ,

( 1 " 1 6 )

( 1  
" 1 7 )

in the

i"s

t h e  p r o p e r t y  ( 1 . I 8 )  i s  a  s t r a l g h t  c o n s e q u e n c e  o f  ( 1 . 1 2 ) .  i l

Keeping the r ight  to choose the parameter h>0 later

ln a proper w&y, we lnt,roduce

o f



- A s  +  u V ( s + 6 n ,  *  ( A q ,  " Y A d )  1 n  Q

* Q  o n  ) * 4 - X t o r € )

* 3.% on { xto,at
? v

o n r u
* .ro€ x 4 nr tJZ)

= so; *To* Ah (o ) s, v f i H2 (..0-)

2 O TTIN WEAK SOT,UTIONS

us suppose tlxat urp and S are

then, making the dual Product

(L ,zz)  wi . rh  vef f t .9 . l  and rG{ , l1SLl  ,  one can eas i ly  obtaLn:

$ tu r v )  +  ( u r v )  =  a  t s+  6n ,  euv )

) ' #  i s+  an , r )  + (  ( s+  6h ' r )  )  +  1sp '1s+  En )

Taklng in account that )H t&^) and Xi -A ) are dense in

r e s p e c t ' i v e l . y i n V , t h e r e l a t i o n g ( 2 . I } - ( 2 . 2 ) s u g g e s t t h e f o l l o w i n g

var iat . io i ra l  formulat ion of  t t re p: :obl-em ( I  .20 )  -  (  r  .271 z

problem 2 ,L .  Flnd u €.  L@ (0 ,0 ;g .4 ni  t  g-  )  I  and

S &rXO,e ;  i ,2  (  s - )  )  { " }  r ,2  (0  rO;V}  sa t isyS.ng  the  in i t iaL  cond i t ions

( 1.26 )  -  (  r  *271 and the equat ' ions

t,lvely T 6 V,

Theorem ?nL .  The

( 2 . 1 )  * ( ?  
" 2 )  f o r  a n Y  v &  H  r  r e s p e e -

a

Problem 2.1 has at ,  least ,  one

Y  s '

u " V

? s  *)v
S  m 0

u  t 0 )

s ( 0 )

( I " 2 2 )

( 1 . 2 3 )

( 1 . 2 4 )

( 1 . 2 5 )

( r " 2 6 )

( L  . 2 7  |

Let

o f  ( L . 2 0 ) - ( r . 2 7 I r

smooth solut,lons

o f  ( 1 , 2 1 )  a n d

u  ( 2 . I )

r T )  * 0  (  2 . 2 1

H and

so lug ion .

P r o o f .  f n

general*zed solut , ions of

meghod. Lef,

order to prove

the  Prob lem 2 .

the exlstence of  the

I we employ the Gaierkln

t ? f
t  " :  J  j€ mlb

be two sequences vrhich are

each i  €.hlr  denot lng wl th

f , r ?
)  * t *  I  j = 1 ,  . . . i  i  a n d  w i t i r
L  l t -  . l

Je ra l  . , *d [ - r l  j€Ne'FcLt
,F.^&- 

'

f ree\- total  ln H, respect ivelY in

IIg the .Epace sPanned bY t,he set'

Vi the space sPanned bY the set

( 2 . 3 )

V.  For

*1iW



i ' : l
2 . 1  b y

. /j = I ,  " . . i  j  u  ! . r e  d e f l n e

t
u, (t) = Z-!  

j = I

an approxl"mate solutfon of tlre Psoblem

* r j  (  t )  v j

i
Y

a n d  s i  ( t l =  ?  t ,  j  ( t ) r j

j = r

sat, lsfying for any k* t  t ,  .  o .  i ]  *rr* system

: ( u i ,  t t  )  +  ( u l o v k )  E  a ( S ,  * " 6 n ,  e ' v n )

Y ( $ i ,  r k )  + ( ( s r ,  r o ) )  +  ( u r F ( s ,  + 6 n l r * =

* -  Y  16 { r ,  r k )  *  (  V ' 6b ,  W i . )

ur(0)  :  "?
si  (o )  =t l

where 
"!a 

H,

( 2  " 4 '

( 2 . 5 )

( 2 " 5 )

( 2  
" 7 '

( 2 . 1 0 )

( 2 . 1 2 )

( 2 . 1 3 )

terms of its

ls gbvioitsly.

n
and Si€ V, are choose such that

n A
ui"-+ 'u" st , rongly In H (2.8)

n n
5; - - : "S"  s t rong ly  ln  V  (2"s1

( ' )
F o r  a n y  k €  f  1 r . .  " 1 . 1  ,  1 e t  u s  w r i t e  1 2 . 4 ) - ( 2 " 7 )  i n

e f f e c t i v e  u n k n o w n s ,  t h a t ,  i s  u . * ( t )  a n d  S * * ( t ) :
i  i  

, L J  L J

f r  
'  (v j 'vo) 

"?j"  + 
j=r 

( t j ' tk)ul  j=
i'3  

a 
F,  

t* ,  '€vk)  s i  j  + a (  6rr '  e 'v*)

y f  , , r j r r k ) s { j .  *  { ( r j , r k ) i s i j +  *  t " r *F5o rg \ , , ,
i = l  1  a  j = l  t  j = L  

'  
i ,* '  

-eF.  
(v rvr r ,6o l rur is r . r=-V(6/h . ' , io ) -  t r ; r

3 : t B = 1  J  r  t t  L J  I I  -  f r -  
- J

- ( v 6 n r w k )  ( 2 "  1 1 )

[r* (o ] a4r< ! =

s* (o ) =sli< 3 =

As the (2L x

{  
(v '  vn}

I o
\

non-si"ngular,

the k-th component in H, of

the k-th component i.n V, of

2 i )  mat r i x

0oi

^ 0
D ,

o t
I

.  
( * j , rn ,  

I
1 (z,lo) - (2. t j

by lnvert lnn t t \du" a* canonical

form of an ordinary di f fer@ft t ia l  sYstem with(ue ruu"t)conttnuous



*{r,rs) d*f*o"t en sse,.e tn"Tbr'irt/ [9,,3,[. T6rn 'fe [a,F;f , r"t utattyp v'"ro,l*

*qz.rl) by urott i  r respective}y sr*(e) r *uiff i"espondingry *r ' t*u

over k from I to 1; tt ' fol' lows

{ u i a  n E }  +  ( u i n  o t )  5  a ( $ r +  b i u r  e ' u r )

Y t s l ,  s 1 ) + ( ( s r ,  s r ) ) + ( u r v  E 5 '  s j . ) =

- ,  V  tV{  ,  s * . } -  tV '6  
"o  

Fsr }

equations

MultiPlYi"ng

7

whlch yield the next'  est ' lmatlons:

* fu\", I 
'* I ,,rit( *( lsil * [anl I l"ul

Y fu|s,r2*11 nrli'(n 1{ ,ril"l*rl.vldll'rl .lvqfl['r]l
r+here we have used property (1' 1?1 of 66' wlth the Frd'edrichs'

lnequat l ty (1.11)r  the prec&-ding est imat ions become

kt"r\ 
, * lorl 

,4ru'"tli r*11t +za2lrn l'

t

( ? . 1 4 )

( 2 " 1 5 )

we receive

*2cfrr'rif trll' {

Y *.lrrl 
' *{'rll '(nl{trll2 *i'["rf +

+ ,Y ' , | i  i ; l l '  .  z  l {6n i2
(2 "L4)  w i th  (z  f , )  ana ac lc l ing  i t  to  (2 '  15)

,n $.1 orl '  .Y $€i,rl 
'  + hl ' 'u! 2n (r -h-4

7

Ft

i

4 4a2rr lA[ ,  + ,v 'r t lal l  2 +zirurl t  =:G(r]

choosi.ns h <( , .*uu'" ! i - I ' *u integrat ing from 0 t 'o some -e[o'urt

l t  g lves $

znl* i  r . l !2 .Ytr i  ( t l i  t *n 
lFr , t l |  

24" *
r - o s

r  
1 2  * Y { s 9 1 2  * \ t ( t ) d t  ( 2 ' 1 6 ).  +! \ ' ' l '1i2 at ( 'n1"?, " r- i i  d

C  o ?  ^ ?
*" I"l \ ana \f ;1 are bounded and

1 G( t )  a t  < '$ . ( t )a t
o 0

f rom (2 .16)  i r  
:o t l " * "  

tha t

l r r {  i s  bounded in  r i * to ro ;H)  (2 ' r7 )

5s .?  i s  boundec l  i n  r l t o ro !  r ' 2 ( ' l r ) )  ( 2 ' 18 )
l " i t  :



rn  par t i cu la r  th is  y le tds  0 i=8  fo r  any . f .  anc l  hence {u i . t  s i }  l s

a  gLoba l  so lu t lon  o f  12 .4r - (2 .7 ) .  *< -  - *&s-

Also,  by put, lng s=0 in (  ? "  16 )  we see t 'hat

c '  1  
u l r l e d  ' n  1 , 2 ( o r s ; v )  ( 2 . t 1

t  
* i f  is  bo' .urded in L- (u '

F r o m  1 2 , L 7 ) * ( 2 w r 9 )  w e  l e a r n  t h a t  t h e r e  e x i s t

u € 1 , * ( t l , s i t r )  a n d  s E i l * ( o  , f l i L Z ( , g ) ) { - }  i , 2 ( 0 r 8 i v )  f o r  w h i c h ,  p a s s i - n g r

some subseqrrence st I I I  c lenoted with t  l r ,  we have

gt  *  r  weak ly  s ta r  in  L re  (0  ,S ;H)  12 .2

g ,  * ->  g  wea le  l y  g t .a r  in  L€  (0  ,€ ; r2  (  9 "  )  )  (z  
"2r ^

s .  * *s "  t  weak ly  Ln  La  (o  r€ ;v )  (2 ,2

r,et ? be a real funct,ion <lef lned on lo ,0J of class

cr  w l th  V(o)=0,  Mu l t , ip ly lng  (2 -41  and (2 .5 )  rv i th  F  * t td  in tegra-

F a a
t lng on Lo, *J vie obtain 6 V

^ f ( '
f t o t t " ! ,  o r )  )  t " r ,  v k ) p ' a e  +  

. )  
( u r , r ' o l W a e *

o O
g
r= 

"  J  
(sr+ 6n,  €vk l  P 'g t  €  lz .? .31

O A ( V f

Yal f , to)  (s?n rk)-Xsi } -  (s l , rk)  P 'ae .Y )  ( 'Gd,r*)  Pat
_/ Yt 

'L ,.. F:Q,-, 
' 

o
n  ) , JJu i , r k ) )War+ . ;  t  F  6 r ro  F r * )Va t *

o'ff- - ^

5 
," ,  I  tsr+ 6nt l rn) far Q.za' t

o
I n  t h e  l i E h t ,  o f  t h e  c c n v e r g € n c e s  ( 2 . 8 ) - ( 2 . 9 )  a n d  ( 2 . z A J - 1 . 2 , 2 2 t '  w €

can try to pass (2.23) and (2.24) to the l imi t ,  Al l  the beruns

converge easi ly e6:cept,  tshe r lght  hand slde of  (2.24|  a

-  !  ! " ,  F ts**  6n) , rk)Vdt  =
Q;ir 

t L

=JturV ro,  s i*  6ntVat
But the in ject lo l  of  v fn r ,z( . f l )  being compaete f rom (2.22) we

f ind also

s i  *  s  s t rong ly  in  .1 ,2  (0  r  8 ;  1 ,2  (&)  )  (  2  "251

and w i th  (2 .2A )  i t ' imn l ies  I

- )  l*,  V (s*+ Fn) ,r, . t  Pat "*ftu Vr*ns+6n) Fat *
0 8 -

= i f ( u  F ( s + 6 h ) , r k ) P a t  o
o

Consequent ly  f  rom (2  "23)  ana {2 .24  )  we ge t  a t  the

r l

17:-



:/

v
r

r * J ( u , v o l Y a e =
o

&  ( 2 . 2 6 )
ft
l a'd t+Y J r  r [ , r ] fdr  +

a
r.  )  Vdt=

K

1 2  . 2 7  |

q s

n d
Y t o ; ( u ' r v u )  -  i  ( " , v u i  p ' d

P s o f t= * 5 ( s + 6 r ,  e v , . ) Y E t
o X ' l ' F, f *Y(o)  (s" . rk ) -Yo, i  ,s , ro)  P

n  $  ! ( $ o r r )  )  p a r + $ - r  r d h ,  f
6 g  

- n  
d  r

=- 
f  

(u V (s+ 6n) ur*)  V ar
v

All the term"* in (2.26) are sont*nuous in !l

vk-ergwnenr" Thus, choosing V€# ((0 r  0 ))  we

hecornes exact, ly (2, I )  for  any v€ l l r  ln the

Moneover, lt is easy to see that
t

I

i

q

u '+u -&  (s+  Sn le *  Yp  Q.28 ,

r f  we choose Y€ c l  t  Fr* l  )  w l th  Y(g)*o and,

f to t*0,  mul t tp ly  (2 ,1)  vr i th  L t ,  and ln tegrate 
" "  fo ,e ]  ,  then

we obtain e 8
V t q t  ( u ( o )  , v ) -  $ , , r , v )  g n d t +  J , , r , v )  P d t  e

9 0 o
= *  f  ( s +  6 , ^  o e i ' v )  W d t  Q , z g l

x n
Thus {}  ,26 }  fo l }ow$ by subtract ing 12 "29 }  f rorn (2,26} i  &s we

h a v e  p r o v e d .  t h a t  u G H l { 0 r S ; H ( . R ) } w e  s e e  t h a t r a t  l e a s t ,

u € C0 (S r  8; I {  {  Q-}  }  and hence (  1. .26 }  makes sense. Moreover,  f rom

( ,2 ,28)  we f lnd  tha t  v ( t )  : *exp  ( t )  ro t  u ( t )  ver i f y  the  prob lem

C "r=**"€X 
V(s+ 6h)€ i ,2 (o o&iLZ (Jt)  )  (X denotes ' t lq-

I  vector la l  product)
I
L  v(o)* t ro t  r roe r . ,2( rz)

which  obv loms ly  hae a  un tque g lobaL so lu t ion  ln  f . ,w(0rS; fZ( .g ) ) .

Th ts  i .mp] . les  ro t  uer l " t0no; i ,2 (JL) )  and as  the  $pace

wi,th respeet, to tire

remark that,  (2.26' t

distrLbtrtlon s$ense"

$ r t u r v )  
*  * ( u r v )  + a ( s +  6 n o e . v ) €  

" ' ( * r * * ,

( ' f ) v € H ;

This means. u ' t ;  t '2 (o a€;H) and

q r r t + u * a ( s + 6 6 ) e n v )  = f l  ( Y ,  v € H

As the ortiroEonal complement of i{ Ln rz('f l-} {s
r f . ,  l r 7

u*=  I  w€u2 (s )  I  (  3 )pes I ( : 1 )  such  t ha t  * * f *  f
( f o r  a  p roo f  uuu  f : J  ) ,  t he re  ex i s t s  p ( t l e  H l (Q . )  such  tha t

:*



^ 9 -
\ ' r . l r ^
L " t  

rz  ( . f l  t l  o r "  u€ Lz (S) ,  ror ,  uer ,2  ( -2)

U " V * o  o n  ? - g -  ?
J

is, Lsomorphsc to Hd(.s-) (see [4"1 I n fr fo].Lows r.r€

t

r ,* to oo;Hr {s-}  )  ,
Th*s laet, resul"t enables u$ to pass to the l irnj"t ovet

k-+a* in (2.27J e al l  the terms being cont inuous {n V with respect

to  the  ?o-argument ;  then choos ing  Ye& ( (o re l ;  we see tha t

(2 ,27  )  t s  equtva len t  w i th  (? .2 )  fo r  any  Tev ,  ln  the  d ls t r ihu t lon

s e n s e .

Fj.narly we chose again V gcr t [o , eJ t wlrh Y{o I *g

and V(o l *0 .  I r [u ] t * "p ly tng  (2 .21  w i th  i t ,  and  in tegra t i .ng  on  lu r * l
we obtaln I S

( 1  C t
Y * V ( 0 )  ( s ( 0 ) , r , * * Y  

J , r , r )  F r a t  *  F J  ( W L , r ) g d e  +
llnJ ' ! . (s , r )  )  pat+f  t  nE, r ,  Fr )  Par=
a g  o

s a  f ,  t "  V ' ( s + 6 " , _ t l r t P a t  ( 2 . 3 0 )
a L t

and tL"27  )  I s  g j "ven by  the  subs t . rac t lon  o f  {2 .30}  fnom tz "z7r .

I n  o r d e r  t o  p r e e l . s e  t h e  s e n s e  o f  ( 2 . 4 1  , l e b  u s

eonsl"der for  any (ur$f  o solut lon of  the Froblem z"Lo the funct lan

d,e f tned a .e .  j .n  (0 rg)  by

( a t s i , s ) =  ( ( $ + 6 6 r r ) ) r

(n tu,s 1 , t )  = (u V(s+ -6n) 
,r)  r  ( ' t r r  )  r€ v,

where

e a s y  t o  c h e c k  t h a t  a ( s )  & t 2  ( 0 r 8 ; v t )  a n d  B ( u r s ) €  r , 1  ( 0 , € ; v ' ) ,

Therefore f rom {2 "2 ' }  i t  fo l lows

Y * *  { s , r }  =  ( - a ( s )  -B  (uos1

and ,  t h l s  means  s t€  t - , 1  (0 r€ ;vo )  and

Y s '= -A (s )  *B  (u , s )  -  ) ' 6 "1  (2  "3 r )
le the weak general lzed sense" Moreover $ ls E"€.  equal  to a

& , n , .
funct iot i /c ' ,&ru]ro ' ,  and this ls the way l i r  which we understand

( t - .27 | .  f l

i ?
l D

j r

-  YEi, ,r)e i , {o,o }



3: TSg pr{oNc g03grl9.3.
, l

In thl"s section we lmpcse aR ad<lit j"onal condition

coneerning the di f ferent, iabi l l ty  of  the datum 6 with respect to

€he t{me vaslable;  thus we repl-ace (L. l?}  by

( 3 , r )

by Lemma 1"1 has the

( 3 . 2 )

6 e . n 2 { o u $ r H 3 / 2 ( " - t L } }

It implles qorrespondigly t 'hat' 
'6n 

given

praperby

6 n €  n 2  ( 0 , 8 ; r 1 2  ( " g )  )

vtre have also to remark frorn the very beglnnlng that.

n c l
n! ,  f rom (Z .G) ,  and S i ,  f ro rn  (2"71  e  can be  choosen ln  such a  way

t h a t , ,  b e s j . d , e s  ( 2 . 8 ) ' ( 2 " 9 1  ,  t h e y  s e t ' l $ f y

o  - *oo  se rang l y  i n  Hnn r ( . i z )  ( 3 ' a1
* i  *  o  l t t ru l lg -L l

s! ' -+  s0 s t , rongly  j -n  Vn u2 (S ' r i  (3 '4)

t{e vrlLl unoi here how these assumptlon can be justtfied'c

,the Banach spe.ce W*V4H2(-Se) with i ts own topology Eiven

by the norm I l** li li + Il ll, ts separabLe wtth 'ti*A ) dense,
c . ? g.r?fi"*f whleh ie free€hat,  is  there exisg a.sequ€nee l* :5 j€ [ ' { r

and total  Ln W; W ls a l inear c losed subspace of  the HlLbert
I

sp#OSV and let us d€note with W*its orthogronal . in V. As V

j p

endoqred the norm fl ?

extsgr  a  sequence [ " r l ru

61?- ^
is  a lso separahle wigh *qt(Jf  )  dense, there

*e W.nt whlch ts
I

f ree and totat  ln wa

rhus rhe sequenee t*r] j€ F{sr}fiS-} defined bv rgj-r.*zj and'

*e j * * j  r )>L ,  i s  f ree  and to taL  ln  V ;  we might  th tnk  tha t  th ls  l s

exact ly  the seguence f t rS j€N Ln (2"3) .  s inal ly  we see t 'hat  sf

can be the orthogCInal  project i -on of  S0* Vf ln2(--A) onto Vrr  the

6pace spanned oo  [ t :  I  i= r r "  - -L I  .

In the,  fo lLowlng we shaLL prove that under the

hypothes ls  (3 .1 )  the  weak so l -ug ions .  o f  $  z  a re  s t rong.

T h e o r e m  3 . 1 .  I f  ( u r s )  1 S  a  S o l U t l o n  o f  P r o b l e m  2 . L l

l;

then



u ' € ,  d e ( 0 , 0 i H )  a n c t  s o e  d o ( 0 n s ; 1 2  ( * 0 . )  t  f )  r , 2  ( 0 r 9 ; v ) .

q Iggg"  We der ive f rorn (2 .4)  -  (  2 .5  )  in  par t icuLar

( u i t o 3 ,  r o )  +  t * ? ,  v o ) =  a ( s ! +  F h ( 0 )  n  * ' r k )  ( 3 , s )

: , : i J t j :  3 * )  *  t as !+AEn(0 ) ' r k l+V  t  6 { t r : t ,  * k }=
i u i P t s [  o 6 n ( C I ] ] ,  * n ]  ( 3 " d ]

M u l t t p l y t n g  ( 3 , 5 )  a n d  ( 3 . 6 )  w l t h  u { U ( 0 }  a n d  r e s p e c r t v e l y  s { O ( 0 }

and adClng over k vre get
F

["; ro)l ( 1. '9 1u" 1 s!* E, ro lf

Y I *; rorl ( I A'?. d an rorf
T a k l n g  i n  a c c o u n t  ( 3 " 3 ) - ( 3 , 4

lu i  (or l  (  
" ,  

and

Let,  us dl f ferent iate ( 2 . 4 1  -  ( 2  . 5 1  i  w e

obtal,n

t u f j , v * )  +  (u { , vu }  =  a ts {+  a { ,  e .v * }

l s $ g , r k ) * ( ( s { ,  r * } }  +  t u {  F ( s r +  F . , r ,  r x }

a  (u i  Vts{+ A i l  , r * } * -  T  fA{ , rk}  -  (  V 6{ ,  Frn)
M u l t i p l y l n g  ( 3 . 8 )  a n d  ( 3 " 9 )  w i t h  u { * ( e ) ,  r e s p e c t i v e J . y

and making the sum over k from I t,o Lr we find

.yf a/rorf ncli"? li,ll,l. 6nro
w

s l
I

e see that

rorf (  c,
the system

* $.8"i l '*  l" ;  la =a (s{+ 6f,,  eui )

Remarkj"ng that

2  ( u i  F s * ,  s { ) = ( u j ,  P t s f ) , ) = o
f r o m  ( 3 . 1 0 )  a n d  ( 3 . 1 1 )  w e  r e c e i v e  t h e

.$J.'il ' n I"i I 
'( r *r"3 lf sg fiz*

r $-l'l I ' n[*lli,{n Jl'i ll ,.
*: lval i'*, lel;[ 1",1 '

5 $.lr i  l '* l lui ff  
t* r,, i  Vrsr* 6n) ,si)+ t*, tr6{,s{} =

= $  Y ( A { , s { r - r  V E o " ,  V r i L  ( 3 . r r 1

( 3 " 7 )

( 3 . 8 )

+

( 3 . 9 )

q  t  / * -  Iv 1 1 * \ u l a

9 3 . t o )

g es t imat lons l

( 3 . 1 2 )

v2^2 |  yt t  726  t o  l 6 r .  l  
n

(  3 . : . : ;

followin

r"'t l"i,f
r' i"gl 

2*r



w h s r e  C 0  i s  g l v e n  b y  ( 1 . 1 1 ) .  I n  t h e  l . i g h t  o f  { 2 , L 7 1  F  ( 3 . 2 }  a n d

( 3 " 7 i ,  t h e  e s t i m a t i o n s  ( 3 . 1 2 ) - ( 3 , 1 3 )  a r e  s i m i l a r  t o  (  2 " 1 4 r -

-(2 
"15) ,  Therefore v ie obtaj-n ana' log* i ts ly

t"il bound.ecl Ln Lffi {o ,s ;H}

tti] bounclecl tn tre (0,€ ir,Z (..,f. ) )
( " ' 9  

t Z ( o r € ; v )i $ i i b o u n d e c l  i n  L -  ( 0 , € ; v )

a n d  t h e r e  e x : i l r e  r f u r , * { 0 n 8 i F i }  a n r :  s % f * t g , 0 ; L 2 ( - P } }  { 1  n z  { 0 r 0 ; v }

fo:: lvhlch, passi-ng jusb in case to a subsequence

oi"*ukvreakly star in f rc{ors;} I )

s;**  fwealc ly star rn i*(o o8rr? (-g) )

ui -* t  $kweaki .y in t  2 
io a€;Vi

Bue u{ *tA .S.i. converge to ut , respectJ"vely S n , J.n the distrlbution

sense and.thus the proof is completed. n

The follovring weak maxirnum pri"nciple is formuLated

l"n ter$rs of  i .nequal l ty i .n the sense of  t l l  (S).  Tha.t ts why we

searb by ree aLlJ-nE this notion and sonne prcposlt, ions r follovrSng

l u f  .
te t  u '€Hl ( ;s - )  anc l  BS.AI  we say  tha t ,  u  i s  nonnegat ive

o n  E  i n  t h e  s e n s e  o f  u l ( . g )  r  o r  b r i e f l y ,  u l O  o n  E  l n  l ' l t ( S l ) ,  t f

there exists a seguence ,rrrG urr$) t l l l  sueh that urr(x))  o for  xeE

and urr--+u in H} ( . "J,L).  tee veul i . - f l " ) l  natural ly,  we say t i rat '

u \ < v  o n  E  t n  H l t . $ - i  i f  v - u ' ) 0  o n  E  l n  H l ( € . ) .  A s  v  m a y  b e  a

eonstnntr  we def j -ne

lf.geggiglsl-*l-:L. If "Vo 
on s in tll ( g) , then u>0

a . e .  0 n  E ^

sup u= inr lme nr i  
uElm on n in i tr  ( .9) f  .

€ L

A L e o ,  f o r  e n y  x q g r  w €  s a y  t h a t  u ( x ) ) 0  i n  { t h e  s e n s e  o f }  H l ( € }

i f  there exist  B(x),  a neighbourhood of  x,  anct  1S ,  a f r rnct ' ion
O  (  r  r  ? 6

f rom *H'  (B(x)  )  w i th  $> 0 ano f (x) )  0 ,  such that  u l f  on n(x)

in  Hl (&) .  Ler  us 
"*** rn  

rhat  t i r *  "u t  f *e-Al  " t . l )  
o  in  s l  f  e f  

$t

i.s open c

-r/

i.

.4.

l

+,

--w



prLnclp

s €i f,*(0

where C

M.r f  .pup u<oethen for  any M)sup u we
D.s-

have

*u* [  r*Mao?e H$t -?. t  and
L . t u

max fu*m ,a\ 7 o on g in H{ (s-} "e  . { -

tqepqS{gie+_, }J.. r,er u € vr ,1, ,O ) (r} r ) ; then 
''

f  r ?  , ' r \
v=max )u ro f  €  wt j /  ( -Q)  and we have in  the  sense o f  d ls t r ibu t lonsL . J P

7
{

sults; the maximum

of ,  Prob lem 2"L ,  u  i l ren

( 3 . 1 4 )

s { e ) * ' 6 r , ( t 1 =  6 t e t  o n  I i  & . € .  i n  ( 0 , 0 ) .

As s €,  t2 (0 ,e ;v)  f rom proposi t ion 3.2 we have

R( r )=max  
I  

r  t . ) +  6 r ,  ( r ) - c (  E , r0 l , o  Je  , 2  r c ,e ; v )  .
Apea l ing  to  Propos i t ion  3 .3 .  we ge t  a lso

Vn= i 
[ts+ a" I when R#o

(  O otherwise

No t i c ing ,  v j -a  Theorem 3 .1 ,  t ha t  R '€  L f t  (0 ,  S ; t2  ( .Q" )  )  and  hence

I  r r  |  ,?  -  C (s '+  ' f , j  rn i  when R*o
Z  H t l n l " = ( R ' r R 1 -  1  , .  '  w r r e r t  r \ F U

L o otherwLse

and tak ing  the  sca la r  p roduc t  o f  (2 .3 t )  w l th  R( t ) ,  v re  f tnd

ST f *. ,- lol '  * i /*[ '  +(u Yn,n)= y $-lo! '  * l ioi l '  (3.rs)
z a.Et I  t l

f P r

@ r  \ V " t " ! . : r . e $ . f  r r t x ) ) o  i n H r ( 9 . )
f l v  = {

L 0 .otherwise

Noro we are able to prove our maln re

Le and based on i t ,  the unigueness.

Tggorgm 3r? . "  I f  (u rS)  i s  a  so lu t lon

) wtth

I t  n  tn l r * (CI )<  c(  6 , ro)

(  6 , t o ) =  * r * f  l > l  -  n i  " )-  |  l * ,#(o,g;r jo( ,)e)) l r" l , -*  
i

P r o o f "  T h e  p r o p e r t y  ( 1 . 1 6 )  i m p l i e s :

(



+ %

d f  
^

dr l  * i ' (  o
' 

,gp|-
and by l "nteqrat ionV"(0rt)  o for  sCIme te i t  tnrpl ies

t n { r } i t { } u e o l f z  E . € n o n { o , C I }  ( 3 . 1 6 }

A s  S ( 0 ) + Q ( 0 ) * T 0  t n  . - ( ? -  i t  f o l l c r g s  t h a t ,  R ( 0 ) = 0 ,  a n d  { 3 . t r 6 }  g l v e s

I n t e t l * 0 "  I t eca l l " i ns  t 3 "15 )  we  see  t ha t  f i * t t l i f  =0 r  t ha t  l s

s (e lu 6n (e)  {c{  6 r tO} or ,  - i l *  *n sr  ( . - f , . }  ,  &"€o i .n (0 ns}  .

Aceordi.ng to ProposS"t ion 3.1 thls impl5"es

. s ( e )  *  E n i r ] { c ( ? i n r o )  a " e "  i n  I

A n a r o s o r $ s l y ,  v * i t h  R ( t ) * m l n {  * t . l + E  { t ) + c (  6  n r o  r , o T  w e  g e t

s { t ) * F i . , & t 3  - c ( 6 o r o }  & o € .  l n  o

Tlrus (3.14) is proved and s€ f t tCI l  because

Fn€n2 (o  ,e i l z  ( * [ )  )  q  r * (e ] .  n
Let  {u1o Uf  }  anc l  (ur ,  *Z)  be twei  so l -ut ions of  the

nl  corresponding to  the fn i " t ia l  data t "? ,  r ! t ,  re*nect lve lyProblen 2

t*!, *lt .

we obt,ain

Denoti"nE vrlth

u=u l -uz  ,  S=Sr -$Z .

f ro in  (2 .28)  
Td  

(  2 .  31)  by  subt rac t ion

.Ci" '+u *&se* Ferr-pz)

Y $ ' " F A ( s )  +  B ( u r s r * 6 r r ) + B { u 2 f S )  e Q

Tak*ng the  dr - ra l$" ty  p rod .uc t  o f  (3 "1?) - (3 . f8 )  w i th  Be

we get

*  $ " 1 u l t  n l " 1 2  = { a s e e u )

$$* t t tn  *$* f l '  - (uVs 's r ' { ' bn )  ( i=1  c r  2 }

which yleld the following estS.mat$ons

d  l " l ' +  r i " l ' 4 r " l r l  f " l  <1 "1 t  +  " ' l u l '  ( 3 " r s )
dr

Y $.1* l t  *  z f fuf '< zK' t " l t ! *$ ($* l i t  u * f r  1" ;2 (3.20)
a  n  n n

r t r h e r e  K . * m i n I c ( 6  r r l ) , .  c (  6  , r ; l  j .  u s l n s  a l s o  t h e  F r i e d r i c h s '

i n e q u a l " i t y  ( t , L l )  f r o m  ( 3 " t 9 ) - t 3 . 2 0 )  w e  r e c e j " v e

( 3 " r 7 )

( 3 . r 4 ;

respeetively $,

?



1.5

$' I j-il) < v6 (;i;)
\

I
I
I

t

are

I !.?l^ ,l'l Ull< a*eJ
"  ( 3 " 2 3 )

- ( 1 . 8 )  d e c r e a s e s  e x p

m." f ln l
I
f$i

In par€icular ,  wi t ,h t " i ,  *1,

Theoren i  3 "3 .  The  P

[  \ "1 - " : i  z  
\

\ l.r-.rI I
=,*3 ,  rar )  in  ( i .zz)  ,  we

roblem 2.1 has a unique

/  i " t ' r | ' \
I l(u* @*r
\  I 'wl ' f

Final ly o

stebi . l l ty  resuLt,

Theorem 3 on

{ €

mi.n

re la t *on  13 .22

that ls

Any perturbat,l

ntj.ally ln tine

0 , 8 ; C o t  a g  l ) )

the

t  l l

, 4 .

oRe

r - t

o f  t h e  L n l t i a l  d a t a  ( t . 7 ) *

gggqf  ,  *  I f  cond l t lon  (3 .23)  l s  sa t is f ied ,  then ru {n*s

dist inct  e igenvalues wich are al-so str ict ly 'negat ive and the

proof is completed using classlcal  resul ts on spectral  Aecolpg: l t io
' ) ,

Spinqgt -f:1. The relation (3.23) ls equi.valent to the ".

un lc i ty  cr l ter ion (see fe"J  ) , in  the s teady case.  i l
l

vrhere #.,6 lu the fo1-Iowing (z x ? ) matrix

^ t t  I  - t
w * {

\  .2 ' \ ,  - l
r - 0 f ;

In tegra t ing  (3"21)  f rom 0  to

c'.

^ l

- v -a  Y* t" '0  u

gome t, we lead, t,o

) permit us to

(  3 . 2 1  )

I '

( 3  
" 2 2 ' t

have proved:

so lu t ion .

establ- tsh 
" l*
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