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On the Normal Bundle to Abelian Surfaces Embedded in P*(g)

! by
Nicolae MANOLACHE

In this note one computes the cohomology of the normal bundle
Ny (and its twists) to any abelian surface X in(PA(C) and one

2 ' shows that N, is simple.As 8 by=-product we reobtain the results

X
of Decker about the smoothness of the irreducible component of

the moduli séheme M(=1,4) of rank 2 stable vector bundles on

P4 with cixwi,cﬁsd,alcng the orbit of the Horrocks-Mumford bundle

by the action of SL_(C) (et {21 I8l

As is very well known,an algebraic torus of dimension 1 can
be embedded in Pzway 8 result of A.Van de Ven,an algebraic torus
of dimension n2 3 cannot be embedded in an(ﬁ),whila,for n=2,

.3 Horrocks and Mumford showed in tﬁ] that there are certain abelian
surfaces which can be embedded in PA and that there is a vector
bundle E of rank 2 on F4 such that any abelian surface in P4 is
projectively equivalent to the zero set of a section of E.Thus,
we assume X=V(s8)="zero set of a section sél(E) " and we have an
exact sequence : -

(%) 0=>»0 —»E-nlI(5)=>0

We recall briefly,after [6] the construction of the vectar.
bundle E,which is invariant to the action of N, < SLS(C)'NH being
the normalizer of the Heisenberg group H of order 5.Namely,take
V=Map(Z,€) . t=exp(21i/5) and c-;'cesa_s(c;) given in Autg (V) by
(UX)(k)mx(k¢1),(fx}(k)m akx(k),fur xev,kéﬁﬁgthen H is the group
generated by ¢,% and it is realised as an extension

1-—%7u5——~t+——»zxxﬁ,-%=1

5 5
where /“5 is the group of 5th roots of 1.0ne shows that N, is &
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semidirect product H>¢SL2(ZS}QLet G0 be the generator of the
Galois group of Q(¢) over @,which acts on H by 6(&)m£? and take
vimeiv (namely the action of H which is the composition
ki~:$r€->Aut(v)}50baervw that 82 =" taking duals" .Then VeV ooVye
Vo Vg together with the 25 representations of the abelian group

2z.x Z_. are all the irreducible representations of H;in fact vi

=5 Ui

5
are also irreducible representations of N, .Considering #4 as the

H
space of lines in V,H acts naturally on 0(1l) and r(e(l))zv*avg .
The exterior algebraf@(@(l)@v),together with the multiplication
by the element éé?(@(i)@V)siHomC(v,v) which correspond to id,

gives the Koszul cemplex.?{%

0 —>0 —>0( 1)@V —> 0( 2)®ANV —» 0( 3 )®A"Y —> 0( 4)BAV — 0(5)@A YV —s 0 .
The image of @ in O(k)@ﬁﬁv is /\knlﬂ' .where J is the tangent

4 ,and the symmetric pairing J{i@wKﬁ"i—~>0(5) given

bundle to IP
by the exterior product induces the natural pairing /\%ﬂ@ﬂém%ﬂ#Q(SE
compatible with the action of SLS(&},Furﬁhar,one shows that
W:chmH(VQ,/\ZV) is an irreducible representation of NH/Hifﬁhz(Es);
W is unimodular of degree 2,so that it has an invariant skew sy
metric pairing,unique ub to a factor.Using this pairing and maps
"from the Koszul complex,one builds a self-dual monad

0(2)®Vv, F=NTew Lro(3)@v,
i.e. p is an injection of vector bundles,qaié*(ﬁ) and gp=0 ).The
bundle E:=ker(q)/im(p) is the Horrocks-Mumford bundle (see also
[il ,‘[7] for the explicit description,without representation
theory,of the maps p,q).In [6} it is computed also the cohomology
of E(n),using the symmetries of E.One shows that ([ (E) generates
E and then that a general section in T(E) has smooth zero set.Then

it must be an abelian surface.
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As Y(E) is an irreducible N, -module of degree 4,the algebraic
tori X=V(s8) are not invariant by the action of Ny «In order to
compute the cohomology of the normal bundle Ny (and of its twists
Nx(n) ) to X=V(s) it is convenient to use the group G<<NH gena~ 
rezed by H and the element in SLs(C) denoted ¢ in [63,which
extehdﬁ to V the reflection map x —3(=~x) on X.In Aut(V) ¢ ‘is given
by (¢x)(k)=%(-k) and its image T in SLZ(ES) is (widantit@;rhen
G is a semidirect product GRHXNZ, and we shall write (A,m.n%Lk
(xsfkg,m,n ezs,kzn,&) for ZZmn(rm @n Lk .

It is a standard exercise to compute the character table of G

The character table of G

daf B ' Cw :
1 1 il i
585 () o 8 () vy
1 1 -1 S
Sn+tm =~Sn-tm
% - e st
B o by | v¥

where &a} is the class containing only the central element o ¢ 5

o =% (d,m;n)-(d.wm,-n)\o(e/«( 5% (h‘ence. #Cm',n = 1o and thelre are

12 different C,n)and C, = { (ol om, )y \ m,ncZ

e

5 (hence #C =

=25 and there are 5 classes €l

We shall denote by Z the direct sum of all twelve Z, . and we
L=y

have the following formulae:
£
110 V4BV, g =3V, B2

FF
i

#

Lo e e s AT o = 102

. i 30 ol
vi®5 = vi . viQ{)z = 'lzviEB’sz

S®S

i

T, S®RZ = Z
2Rz

]

121 @125 D 232
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which can be established easily from the character table.We need
also

K - zvf . e

S 2"
The symmetric power representations will be computed by the

well-known formula

siv = si"Wv@Alv ~s1"Zy@ A%y 481 3v® NSV st Ve A V+si
For instance: SQVmI\S?‘VmV,SZinﬂVi ,S3Vz5vz®2\l§g S V lov @4\!?

5
=5 e 5 7 = Tt
87V, =61 D62 , S V~L6V<EA6V oV msavleazavl 81C.
Then the groups of cohomology of E(n).as‘G-madules,are given

by the following table,as we can see restricting to G the results .
oif 6]

‘Table of Hi(E(n))

n HO HE e H? n4
£ : 20
-n o ) 20 g Al
(ny11) '
~}10 o o o 25 41
=G o 5 o) 2V§ o
-8 o o’ o) ng' o
-7 (s} o o vl o
=6 0 o (4] o) O
-5 (o} o 28 (s} o
- o o o o o
-3 (o} V3 fo} :o o
-2 o 2V§ o 0 o
-1 o oy .0 o o
0 471 25 o (s o
n An o (o} o o
o 1)

where A_ asnvzwgs s™My gov’ 4 Sn+2V2®3Vl e .y

& .
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(ﬁ@%)(neﬁ)(n +lon+1)
T2 .

From here and the exact sequence (%) .using also the duality

~In paktlcular dimH® (E(n))

on X,we have the cohomology of I x(n) and Ox(n)':

=
‘§=

For ny6  H (I (~n))= 5"V-p% p--.&a”"?\/ﬁ.,ﬁ%_zx(«n))mz%“ =Sy
. R horiiad 3
H {Kx{ 5))=31 ’§€>fm . H (EX(MQ})wE,H'(lx(»4))mlﬁvzﬂiﬁvz

H3(1,(=3))=5V,@ avh , H3(1(-2))=av, , H3(I,(-1))=V ,

e

Hzczxg =25, H (zx)ﬂ, H*(zx(m)nvg : HZ(IX(B))uZV# : HZ(IX(..Q))'::P:V#,
HD('IX(S))mBI,&~ii(IX(S))s23,.HG(IX(H)) =A,_s=8""%y .for ny6. All
the other groups vanish, | '

The cohomology of Ox(ﬁ) is known from general results (cf.[8]),
but as G-modules we obtain:

o} e 1 & 2 o
H (Qx)_xs H7(0,)=25,H7(0,)=1,H%(0, (1) )=V, , H°(0X(2));4v3

o T+ o
H(0x(3))=5V @ 4v;" | HO(0y(4))=loveev?, Ho(0,(5))= 31 G258 52

2 n=5 28

and for n76 : Ho(0,(n}) = s, - Ao _ . g5y
Then Hz(ox(»n)) are G-dual to Ho(ox(n)) and HQ(Ox(ﬂ))aa for nfo.
Note that Ho(ox(n)) contains |
for n=5k only components I,S,Z
for n=5k+1 only v, Vg
for n=5k+2 only V3°V§
for n=5k+3 only vi,vf
for p=5k+4 only VAV#. ’
Now,denote by T the restriction to X of the tangent bundle
of P* by N the normal bundle of X in[p4.0bserving that the
tangent bundle of X is GXQQZS,we have the exact sequences :
(1) 0— 0, — 0,(1)®V —> T —o0
(2) o— OX®23——>T————>N—90
From the exact sequences (’l)@ox(n) and (2)®Ox(n) we obtain,
for N34 & HO( T(n))=H(0,(n+1)) BV = HO(0, ()}, H( T (n))=o.

H2( T (n))=o and then HO(N(n))=HO( T (n))-H%(0,(n))® 28,
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Hi€%§ﬂ))$D,H2(N(ﬁ))m0.By duality on X we have HO(N(wn))mo.
W (N(=n))=0 ,HE(N(-n))= GQH"(QX(WS)),{& my 6

The exact sequence of cohomology of (1) gives :
H (T)m“‘ Z, HQ(T)zI, HQ(T)zO;from (2) we obtain the exact
sequence

(A) Q_?QS%QS@ZMM%O(‘N)—%AIn—a Iw—le(N)——a»ZS,——a»o——aHzN —> 0
so that HZ{N)mQ,and by duality H?(N(uﬁ))wo.We have also the
following iﬂ”QUdiLtXPQ,WhG 56 meaning is ev:dent :

3I®ZEHO(N) L 41®2Z , 25K HO(N)S I® 25 .
To decide the “I-content” we proceed as follows : consider the
exact sequence (%) @QE(=-5) : .
0 — E(-5)— 6 —> 1,®E—> o

where ‘ﬁn E®E’ = EQE(-5) is the bundle of local endomorphisms
of E. From he?e,knowing that E is simple (because it is stable) we
obtain the exact sequence of gohomology 2

Bl ol Hl(1x®e)——§ PE el HZ(:{X@E)—‘—»Q
and from the exact sequence

o.—-—>IX®E——> E —s N— o

we obtain :

(C) 0 —I—>41—H(N) = H' (I, ®E)— 25 - HI(N) —> H3(1, @E) >0
Recall now that,for a”vscror bundle F given by a monad
A.398-2>C we have Hg(ghdF)ﬂ coker(d),where d:Hom(A,B)@®Hom(B,C)—>
— Hom(A,C) is defined by d(u,v)sbusva,if certain groups ofvccho~
mology vanish (cf.i?],lemma 4,1.7 ).Since we ére in the conditiana
of this lemma (easy to verify!}.Hz(i%5 is a quotient of
Hom(0(2)® vy o(3)®v3)a V@V @V, ,and it is an N -module, d
being compatible with the action of N, We have,using the table of
tensor products for G-modules v3®v @V =31 D 25652 . In fact it

is not difficult to make the computations over N, .using [6]
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By lemma 2.4, ii) in loc.cit. we have \/2®VA = (G ’EB"U)@V ,and
using the isomorphism V,l@\f.%f’n I Z.one obtains v3® V., V. o

Bw OUSD 52,the decomposition in irreducible representations.The

. restriction of OW to G is 25 and that of U is 3I. .
We show that Hl(N) =25 ,hence HD(N)r—BIEB2, HQ(%) =0w, Hj’{%) =7,
For,if HQ(N) would contain an I fheﬂ,by (C) . HQ(IXQDE) must
contain it ,hence by (B), Hz(i) must also contain it. But Hzcﬁ) is
a N, -module and as such it should consist of W, U or Z pieces,so
that if ,as G-module H Cﬁ} contains oneg I it contains U as By ~module

hence 31 as G=module,sbsurd.

Thus we have showed HO(N)=SIGBZ,H1(N\ = 25, HZ(N) = 0o and,
by duality : HO(N(=5))=0,H(N(~5))=25,H2(N(~5))=31DZ .
Take now the cohomology of (1)®0,(-1) and (2)@ OX(~1> :
mﬁv—wﬁﬁwﬁdﬁaa—aW~%H%ThinﬂaW4v~+W%ﬂwﬂ)»e
6 - SHOT(-1))—>HONEo1) )0 —=HE(T(=0]) BN -1) )t
SH L)) RN ) e o
Since HZ(N(wi)) is dual to HQ(N(~4)) we consider also the cohomo=-
logy of (1)@®0,(-4).(2)®0,(-4) . One obtains firstly HO(T(~4))=o,
qeccndlyvuo(wfwd))ma and then Hz(mei)):o Then Hz(T(«i)) 18 a
quotlent ‘both of V and of avﬁ,ao that it must be zero.lt follows
ht L= eV N 1) e Ling-1))=avt,
Take now the cohomology of (1),(2) tensored with Qx(~2) and
0y (~3) .0ne obtains HO(T(=2))=0,H(N(~2))=0,HO(T(~3))=0,HO(N(=3))=0
and the exact sequences

o-bH'(T(-Z))«J%HZ(Ox(uz))—%>Hz(ox(nl))®\/—>HQ(T(-Z))—>0

0 —SHET(~2)) —>HI(N(=2)} —> avfﬁ—-»wz('r(-zn——m
‘o._*Hi(T(ns))-a»svsea4v§l~?12vsa>ay§3»>H2(T(-3)),»<>
o-»H1(T(~3))—~»ﬁ1(m(w3))ae>8vseaiovfiﬂ>H2(T(~3))-eya

It follows H2(T(m2)):2V?:, H’“‘-(T(-.;a))xv,1 ewi(m(-z))&vlaaeﬁf .By
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s
wt"m

g H
duality H™(N(=-3) )z.vS@ 6V, .
Proposition 1. In the above assumptions,the normal bundle N to

XCIP4 is simple and its cohomology is given by the following table

n HO Wl H=
- 0 o Géc“ﬂgw
(n>6
-5 o ' 25 316p Z
¢ +#
‘fé (&} ‘ 4V2 : V2
i
-3 o v3®§v3# o
-1 v av? o
Z 0 ITdz 25 o
n Cn 0 o
(n>1)

wliehe C. = HG(OX(\NM\\@\/” HO(Qx(m\)—AHE’(O},\(M)}@lS
Proof .We haQe only to show that N is simple.For this,consider
(1)and (2) tensored by N(=5):
0 —» N(=5) —» N(«4)RV —> TeN(=-5)—> o
0 —3»N(=5)® 25 —» TON(-5)—> Gnd(N) —> o
and take the cohomology.As HZ(N(wd)kEV) = I®Z it follows'
that HZ{TXQN(os)) contains at most one I ahd none $,so that
HZ(@ndN) and its dual H°(&ndN) contain precisely one I ( N admits -
~at least the multiplication_by a scalar as an endomorphism) aﬁd
no S.But we have
0 —>H2(TO®N(-5)) — HO(CndN) —> 4T —__.
| o - H(TAN-5)) —as >
so that it remains HO(%éndN)mi,Ha(ﬂSndN):I and then Hq(ghd%ﬁm

=85 6Z . e
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Proposition 2., The irreducible component of the moduli space
M(=1,4) ,0of stable rank 2 vector buhdlea on W“ with ciwmi,cgmA,
which contains the Horﬁcakemﬁgmfmrd bundle.E has dimension 24
and is smooth along the orbit of E by SLB(E)cThiﬁ‘orbit has also
dimension 24.

Proof .The familyxﬁfof abelian surfaces in i has dimension 27,

o

because the moduli space of them has dimension 3 (cf,. [él,Theaf@m
6.1) and only finitely maﬁy automorphisms éf an aebelian variety

are restrictions of automorphisms of the ambient projaétive space
(cf.{dl,p.BZG ) .For an abelian surface Y'inxﬁ'cansider the vector

bundles F obtained by the method of Serre,as extensions (cf.[8]1,[7)

0 D-—nF »Iy(8)~——@a
corresponding to elements 5 locally generating Extl(ly(S),G)C¥
HO(OY),and denote by F this family of vector bundles.In fact
F consists of the orbit 0? the Horrocks-Mumford bundle by the
action of SLS{C),ﬁS any abelian surface in P4 is projectively
equivalent to the zero set of a section sel(E)} and Exti(IY{B)@G)wQ.

Gr,henC@ the family‘?rhas dimension =

we have h%(F)=4 for a F in
dimj%+hQ(QY)=h°(F)m24.As Hl(ghd{F)) is naturally isomorphic to the
tangent space of the moduli scheme M(»1,4) in the point cqrraépen«
- [i ) \ L3
ding to F (cf.[sl) and h‘(é&d(F))uZ@.tor F in & ,it follows that
M(=1,4) is smooth of dimension 24 in the points of F.(Note that
we made no distinction between vector bundles with cim~1,02=4 and
those with cim5,02m1o,whan we refered to the moduli spaces,because

they differ only by a twist with 0(3).) -
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