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GRgf;N T}OSNNTIAI$ ON S'TANDARD H*CONES

by

N " I30B0C a"nd Gh " BUCUR

r};TRCIDUCTTO}I

- o

The ai.rn of thi,s paper is to cleep the concept, of potentsal- on

a standard l l*cone introduced ln [i I . we suppCIse *,irat the

s*;rndard i ' tr."c*ne s and **"g ciuel, s*are reprezenteel as }l*eone eif:

func t ions  on  the  same Green se t .Q,  and we denote  by  (x ry ) *5G{xp, f }

t } :e Green frrnct l "on on"f ixp*associa. t"ed wtth s arrA f  (  f  tJ ) ,  An

elemeng pe S is cal led Green-potentLal  1f  there exi-sts a prpsfgive

measure 
/u- 

on-_(? such that,

p ( H ) * G r -  { x } : =  t " t * n y } c i r . (  y )- / - - . 0 / ^

We glve varicqs cheraterizatlons of Green potent-j"al &

part , lcular lycisr  e lement p€ s Ls a Green potent, iat  i f f  for  any

?e s ,q  4F,  r l  , / ,A  'Lhe  har rnon ic  car r ie r  o f  q  w l th  respec t  fo  the
& - h t r - &
Co-natural  .  topoi"ogy on(? is non €$.pty" We shovr that  i f  pg-$

j-s euch that and A #"on p=0 for any lncreaslng conver lng t{nn}n

"q$lv i lhh 
co-natural  CIpen subset Drr ,  t t ren p is a Green potent lar .

The same properelr fails i"f Dn ,jg:

we charater ize the elements sG S

of al l  G::een potent ia ls.

The above results, extend s.he slmilar ryff i-eS given by B.

Fuglecle ( f4l , [Sl ]  in the frarnei,vork ofr-f j-ne potentlal theory on

a harnronic  space for  which the natur :a l  and eo-natura l  topotogy

(aS weIJ" f ine ancl co-f ine toE:ology) ccl lncl-de and the axiorn D is

fu l f i l l ec t .

I  n  Fre l . imi -nar ies and f l rs t  resul ts

f,L" P S*g$er$"* n *.9 qg:g**.,r*S, "*J'*.1 L g.eggg"r e*5ggig*,l
x

GlvS-ng a seends"rd l l **one S and not ina by S i ts dual ,  then

for any rre*rk u-nl'.L rrf,_c t--l"rsi ea*:

natural  open subset of  JC. AJ-so

whlch are orthogonal  on the seb



K u r r * l t e s  l r ( u l $ r  ?
encorved srith the natu::aI topotogy ls a compaet convex set such

t h a b  f o r  a n y  u I ,  s Z 6 S  w e  h a v e

* l { * e t * t { s r } { b ( s * }  
,  

( v }  g e K u "

rf we d*note i ly x,, tho set of al"l nonzero ext,reme poi.nts of

Ku then x*, $"s . GS -set (with respect, t,CI the natu,ral topol.ogy). For

any sG S the fu:rct,ion

K,, .3 t --+ ? ( t) s =t, (s ) 6'-n*IJ

is & i* l , t*r $**:; ic$n.L,inucus aff i-ne funct, icln on

e n y  $ 1 ,  u ? G S  w e  h a v a

S ass*et*t:e<l vri-th the roreak **3!*f-r fgl " This repr€sentatLon has the
4+,

property fhat .  for  any element eg s such that,  t (u)46 there

Ku.  Obv ious ly  fo r

functions on X' which is isornorpht.c.. wlth

element sG s wl th the funct, ion ?{"  ,  Sf ten'"u
b,e noted str-nrply by s.

ls calLecl the qq*grargd rgprgsg3qar,ion of

, choosing a vreak r:nit ar* in S

exlsts a pozitive fi"nite measurerl-lon xo for vrhLch we have

r ( s )  =  t I  t " ) uF* (x ) *  5 *  ( x ) )u * ( x )
f o r  a n y  s G  S .

Xn &n a*alogfru.s manQfi€F

the set
+ n r + 1( 'K,r f ;  Ls  G s  {  u (s }  g r  

i
is convex and compact with resepct to the naturaL topology given

i :y S ( t f r ts to l>otogy is usual ly termed ueo-natural , , ) .

t loei.ng by x[*- trre set of alr nsnzetro extreme points of K**

encl ldentif iyng any erement, te-s* vri*,h the funct,Lon
fi-

x .-')t *+ r( E ) eE*r  
" i  

' *  = +  

# -
we sb'Lai"n a stan,"larc1 ll-cclne of f,unetr"ons I o' xf*whrcn is

:

* 1 6 * 2 c = r 4 1 " o * ; r l x "

The set

Y'* lX i* , , ,  se s  ]
is a standard l-tr-colte 

.of

S Lf vre ldentify ftny
& / l

the f r"mcbior i  s 1. ,  wi l l

*n* pai re ' i t f . "  )"  *  J  f  , ' u t



isernorphte vrlth s* and the pair { $*rd} 
j.s the satunated,

repr€sentation of $* as*oeta*,ed with the weak uni.t ** . As usua}ly
*

we r lenote by 4.E 
*r ,  the dr.raLl ty between $ anAf,  *"*  the ma-p

l ^ ) +  r ^

Y  x y  I  ( t , s ) * ' 7  4  s o s )  : * t , ( s )

and rce clenote by G tlre map frnm Xo

( x n $  ) - * G ( x n S  ) * * ( x ' 5 i )  c

I t  is  knotrn { f3 l  ? proposl t lon 5.5"1} that ,  thts map is lower

*e:r:i*cnti i l ir.*u:E 'cjth r*$|:#;e* t,r: 
' the pr*drich of the nafural- etn*9.

co*natural- topologies on X,, and Xj* respecttvely and moreol,rsr for

o X,,+ into Rn defined i:y

x - + G y  ( x )  : =  J c e " , E  ) c l t (  S  ) )

dense eubset of x$"(resp x..) l+e have

and
8n+ f'* . \ " G r "  (  g  ) c l t  (  S  ) = ) e o  ( x ) d 1 ( x ) ,

^ t  /  v  

n '

is  a subset of  Xrr(resp X'J ancl f  o 1)

We remark tl:at the prevlous nap is continuour: l"f v'le enrlovJ

. | *  u*r ined by

topologtes and therefore V*s 6 i
i"

any posi t j .ve measure / {  
(nespr /  )  on X,r ( resp Xrr+el ich that  the

+

functlon cts (resp cy ) defined by
+ ' { * o

xu"3F- * ry  
" f  

($ )  r=  )  G(x '€  )dA{x )

{resp X" }u

is f in l te on a
c 0

( r e s p .  G , E J  )
- -ui

\  G t ^  r G y )
/

A l so  i f  A

have

{  b n n A e e )  = $ o . , s A g ' )  d ! ( S  } a

( resp"  ( *BA*G f  n*>  *  
S**BA* ,s )  

d r f -  (x )  ,

and therefore '
c' a (" a
) s * G ,  ( x l d y  ( x i = J n " $  ( x ) d y { l F j / / ^  ( g  ' x )

c.. ^
( resp .s*oo***  (  s  )d ) }  (  €  i *$s^r r (  5  )d rer ' (x ,$  l )- q r / v - / *

Let, now .r* b* another vleali  unlt of S'- such

- corltinuous. T'& **o consider now s* u,u a standard

funct lons on the set x;e.rn fact there exist 's an

denoted by f rrom xf,* into

v($ , -4 ,  ,

- - J {  1 { l

Xrr+ and Xf -wtth the co*natural'
*

.tF

( v  ) t * s

{ * ) s 6 s }

n * r &  Y *

o

' * *
t h a t v i s u -

I{-eone of

inject!.ve map

arc &$ abc;rv* vre



*l*.,{({*r=f g* *}1.i  g r* 6 I
.r{, i6- :{-

f oe .  x r r *  \ f ( x , r * )  i s  a  poJ -a r  Gg*subse t  o f  x r rg " I f  we  deno te  by

€o the nr*p from x,rxi.*nt" q cefinei brl

G ' ( x n ?  ) *  ( Y , T >  
+

we rennark that for any $& X,ro we have

G o ( r y , \ i l { 5 } } * { x , t t s } > = S s - E . *  ,  -
v ^ ( S )

rfra is I por$it.ive measure on x$- 
"ucf, 

i lrat *rn! then
' t t G

Lhere extst,* a m$asure/itr otr k 
(X,r*) such that *f *"rL, 

" Indeeci

I t  j . s ' s u f f i c i e n t ,  t o  t a k e  A ' = ( v *  " A ) o c } t  .  C o n v e r s e l y  f o r  a n y
, . n * /  

/  
' ' *  

d -
pos i t i ve  measurer /  o . r .X . , .xsueh tha t  d  tx  r * \g (Xu)  )=0  and such

(t t)*' \ 
itr' t l rat,  G; e) ehere exists a measure 7+ on X,r;  such that 

"f  
="r.

Indeed i t  ls suff ic j .ent to take7,. of the form

A ( a t = f * : - a { f n q P  } ( g )  '
/  J ^ . ' * ( g i

J+
I {ence for a pozi t ive measurerA

have *h-A Gt =0 for any H-measure)

o n X

o R X

-,(*
*-  SUCh

v
fc-

*  l f fu

€-s
+(.

(xu|) =Qr.f e

.'. ,

that c),

' ,i,,*( *f

.* .x- -
( J' ' x,r*) ts the

the weak unit

near ly  saturatec l

Fu r the r  u  L f  . r , *  l "  a  weak  un i t  o f  So  and
k

saLr : rated r*pr* . t jen l , ;s t i *n  of  $  associated lq i th
4{ '! \r- 'k

u bnd-  Lf  we *L ins ider  a suhset  )  cX, ' rvrh lch is

with respect to Sn tlren we denote by s* ( f ) the set of al1

( t p s )  *  
$ a * , y >  

a r e ( v ) = { t ,  } >
We remark that Sr_ ( Yl l* a band tn the convex csne S

with respect to the speci f j .c  order and moreoverYU"trro near ly

sa*uratet l  r ' re ha"ve p6-S*(f)  for  any universal ly cont inuous e
I

e len ren {p  o f  S .

else (see Lt  I  t  drat  an eLement h CS is

for any ses rre have

elenrents s 6 S for which there exist,s a r:ositive neasure 
/Lk

\r
on  J  wh lch  rep resen ts  s  i . e "

We rene:nber

sub*t . ract ib le i f
, D ^

h * s . # r * "

The set of  a l" l  substracf lb le eLernents of  an H-conne ls

! '



band in $ wl th respect to the speeLf lc order.  tu l  e lement es f
ls called a ,Eg#-qggs,4g] sf $ if for any substracr.j"ble

elenrent h of $ we have

h  * p q i r * 0  e

Theorerr  1*  1"  Le*
ar-f .a X""x a nearly saturated subset ofJ V  L l

, Tiren the felLowing assertions &re
{t- 1te

X *  wi th  respect  to  S
I t

eguivalent, :

r e s p e c t  t o  S  l . e n

to the co-natural

eny su.beet.

t^opology,K o f

l s a

universatr-ly

unlversall". l

r )  q(Yt is sol id ln s wi th respecr,  co t t re natunal  orc lE*r
r t  <  I t  o f  s .

2t Any unlversal ly l :ouncted element of  s be]"ongs to s*(Y).
\ i ;

3) L is semi--saturated with
*' \ .sP

x,r* \ In K conpact wi th respect

polar srJ>set oe xf* .

4 )  .Fny  pure  po ten t ia l  q r f  S  be long . to  $ r (Y) ,

Proo f .  l ) *p? ) fslLoius from tire fact tl'lat any

bounded e lement  ' -  o f  S is  natura lLy dominated by an

cont inuous eLement  : .  ,  o f  $  "

2 ) (S3 )  fo l l *ws  f rom L ,L  p ropcs l t t on  L "Z .

3)- )4)  Let  p  be &,pure r :o tent la l  o f  S .  Uslng the fact

tha t  S* (Y )  i s  a  band  i n  S  we  eonsLder  p ' ,  po t€  S  such  tha t ,
f . t

p = p t + p n u ,  p t € S r ( T )  a n c l  p t t  i s  s u c h  t h a t  p t n A q * 0  f o r  $ n v

qesr .  (Y l  .  fur*  ** t t t  to  show that  p t ' *0 .  Let  us cons ider . r **

weak unit  in *o u .rr*gl J *rr"r,  that,  .qr '*  (orr)4so, on the

saturated set xp of rerrresentat,ion of s* we coRslcler &

+
o  ( v l t e s

-*- .ie-

f : X$> Xrr* deflned by

posltive mea$ureru- such that
l'

(  r n p n , 2  =  \ . t  S  ) d A (  S  ). J - /

Considering navr the rnap

cP r g )**J;*d(  s)
w e  d e r l u c e  t h a t  f o r  a n y f  e s r ( E ( X )  w e  h a v e  { n ' A q * 0  a n d

ll

theEef ,ore the measure 7 'o"  does not  charge the set  Cf  (Y)  loeo
/  . * .  ! F  n  n

t ,here exists a sec{uence (*o)r ,  of  suhsets c l f  xrr* \ (p (  T) w#- icK.



are compect wlth respect. go

anC suctr tl:at,

1€"
the co-natural topology on Xrr*

-;l'/'" ' fn'71*,,
l "s seml-*saturated j.n xfo a"a since the

a polar subset of x#*"we deduce - that

r (wi"th respect bo f) "

y n6N we denote by p;,j the element

lntegral ,rr, $* in ehe' folLowlng waY

i ( r ) =  t t ( g ) c l ^ r , ( B )r r J o /

.
a ,

po

r

e

or

an

t -

l ! n e ,

€-

u
t ^
t l ,

I

, r r

&s
t(-
i t r

;)

cpi

Kn
1
!

: u

;
i,

tsi

s e t

for any

def lned I{*

->q'

we remark that 
f " 

being carrid by a polar set r{e have

{'d *,cl=o for any { € s.r o 
(.4

$ince . { ' ;d 
f ,  

q ' ;  is  a pure potent ia lX'&sinq f t } ,

Theorern 4. 5, we deduce that U 
ti=O for any n €* N n 9 t '*0 '

4) '+r)  Let 'p be c[n e] .ement oe srr() f )  and let  l  eS be

such that,  q (p,  Since the set of  a l" l 'pure potent la ls of  S l -s

a  band.  in  s  we rnay  cons lder  q to  q t te  S  such tha t  q*g t+q 'o  1q* '

l s  a  pure  po ten t ia l  and q t t  i s  subs t rac t ib& ' .  BY hynothes is

we have q'6 So_(Y).  on the other hand the element q" being

subs t rac t lb le  and q t 'S  g  (  p  we have q t 'd  p  and there fore

g"e s* ( ft

.s*
xo* \

n €  N r

( resP

where

resp

o f x

l a

an

xo ( resp x l t fs  the c losure of
+  ^  ^ G

K"i) and .if. ( resP {1, ) ls the set
u '  v x  -  - s

( resp 3 )  .

rf X is ir. $e'e such thcrt 5 and

o f $

Xrtresp X",,) ln K,,

of  a1l  neighbourhoods

dt

S &re i:epresentcd as

Henee qe sr (Y) .

b) ggl,g!}g-Saqg:gg. r f t $, x", ) (resBt,T ,*1.)  ls a

saturated representatl-on of S (resp $ ) with respeet to the
rC

weak unlt  u (resp" , f  )  then for any sef (resp tef )  the

harmcrnie carrl-er of s (resr: t) ls the set

carr u= l**T*\ --lL=* ror any \t€Y; ]
carr  r= |  E c 4 I  

nr^t t* 'vt#t  ror anv V*%, 1 ) ,



a

4

stanclard H*Con€s of functions on X then sometimes is usefull

fo eonsJ.der for  a.ny s$ S the harnronlc carr ier  of  e wj . th respect

to the eo-natural  topoloqy on'X ioe.  the coar 'eest  topology on
,f..

X whleh makes eontinuous any element of $*.
' 

fhi"s nerE, harmonic carrler of s is denoted c,I"t*'carr s and

Lt consi"sts f rom al l  polnts.  x r . i  x  such that for  any eo-naf,ural

open neighl:ourhoad 
'V-of 

x we have

*x  r \ rn-'  sls " *:.
r l J  / ^

r f  r { ( resp H* )  denote the band r"Y(respf,  }  generated by i

set .  of  a l l  e lencnts ot | ( resp,f ,o,  herr lng an €nrnty carrLer and

l f  w e  p u t
I  r  - D t  )

f i  
-  =  , }  seJ-  |  s l r .h=O,  (  r r  )h  eH,J

L 
l  ^ .  , .&  r  

' "1  

rc  ^
(Eesp H**=  I  t *Y  I  tAh=o (  v  )h  +H-  J  )

then we. have

x..=x* - xp (resp" *I*=*f- *; )
u t ' l * . * r t , p

where  Xn=XranH,  np=" ,  n I i * J

J and tPee maps {t,tJ* o* -;, respectlvely Xo ctefined by

[  (} t  s l l  *carr g ,  {  dt"r i  *."t* * ,

(resp xfr*xl-*n, *i**1.' n Hr 1 '
We reca l l

qffi Lhat the

are BCIreL measurabi .e "  Moreover i?tu a posi t ive Borel  neasure
. ..r- *- t9 -ni+

on r,[ntresp Xrr) such thaL *f r l**O^",. ) ] :elonqs to Y{resp".} '  )

then G^^- FH. GtAtx]1=6 ,G^L i l t=+f txf)*a
1 ' , -  

/  p  /  /  ' :

( r esp .  * " *e  H !+ / " ( x ^ ;=6 ,  u * r * l r * t * f  ( x * )=0 )
r  . : ' /  p  / - '  - ' /  ' I ,

tggf"ggi!!m*Lj^a. (R"I{lttnann} For any botrnded element

. k

"  
eY we have carr  s f f r .

llgg€. tr^.Ie consj-der the set X*rr the con",Tldirt upu"u-flt={
. n  r '  , f ,

ana Y a.s,;, convex cone of positlve functj-ons on X obviously S.,

r lenient or {  rn the

rest,rtcti.on to X nf a f j"n j te. eonti.nrrous fu,netian 
"" 

Yl Also

{ s e e  G } ,  T i r e o r e m  5 , 5 , 3 * 5 .  5  " 4  t  P r o n a s t t i a n  5 .  $ ' . t
$r

sets.. Xnr X" are Borel subset,s of X,, respeetively



the convex cone 9-u** separat.es l lnearty the points of f ana

contalns any positive constant fr.rnetl"on. Thenruslnq a theorem

of R,Wft,tmann ( f6 f ) , for any bounded funcblon .A4-" g there

exi-sts 966 ,6r?"*ddus* cermpact subset Ku of Y such that

for any natural neighbourhood V of KU we have
x r r ^ V

B  s s s .

From thLe fact tt, follortrs that tf s#0 thqm Ks#$. The

asseftion foi-l-or"ls now slnee we have

K*  Ccar r  s  o

T h e o r e m  1 . 3 " The set Xn.(resp,"f  f  ls a poLar strbset.

of X (resp"r ,af- - u ' -  ' ^ u - '  '

Proof .  Let  K be a compaet  subset  o f  X, .  and for  any tc  S:  1 i  r

t t . f - ,  
' -  

u o  
^  n  -  o  u

,{ ig'1.".t ,  be elem"ent of $ defined by

sp  s - -+4 tos? :=  ( t0 rBF '=  >

Since t  { tO and( tUru?{ .oo  there  ex ls ts  a  pos i t i ve

measurerlx- on Xo such that

( t , s )  =  ( s  ( x )  d l - r - ( x )
r J /

(  *  ) s g  s .

From the prececlinq considerations we qet

s1rs2 tSa st*s Z on *+ 5 *+el*= $* Zd;  . ; * -

i .e . t ra- is  carrJ .ed i :y  K and therefore the e lernent  t=*GF,  beldngs. , // / J r

to Hx" I {ence any speci f ic  minorant t , t  of  t  belongs ta H and-

ln the same time being dominated by t6 lt, has a non-ernpty

car r le r  j . f  t ' *Q.

we conclude that t=0 and therefore the elenrent t0 g sf
:

being arbl t rary we have

s  €  s ,$nKs*C,  Kpo la r ,
-rre i,.

fheorem 1 . .  4  o  Any  e lement  s6 ,  H ( resp .H )  l s  subs t rae t lb le .  '

- i t . e l t +

l I *€ .  Le t  v '  be  a  weak ru r i t  4 .n  S  such th .a t  {v  ,e ) (oo
?+

and let,l, l- be a posi"tive measur:e on X",' such that
/ ' v

os  ( x ) =  
5  

( " , y 7  a f k l  !

We have



--3u

Since s € H 1*. follows that/-t- is carried by the set,
. n F .  

/  
o * ,

(X__"1-"  F. rom the prev lc lurs  theorem the set  (X"r / ,  ls  po larn Since'  l r ' n  * ' *  
a  $o ' t [ , ; ,ws .

se f l  we h* :* , re  fsAp*O far  eny p e S*"  The asser t ionknow us i -ng

[ r J  ,  T h n o r e m  4 . 3 "
+

e ) .9tr-qg-:g5-i:gggg{Lqp*, vFISl:i" .asl* J"'Lr-ql -} - gf-Je-**g*Lsg "
:t. lvely s* a.nd not3-ng

t  f t  r r t 'n
above byJ respect:,vely Y tne standard H*corues of funct.icn.$ on

-ri'
i :e* l : r ** t j - r . r : : i : r  l : . , , ; ,  i i :  L :  l :n . i , r in  t  111 r  T i )*ors :n 5"5"8)  tha*

' &  
i k( \  

nrd & deftnecl  as ln the polnt  b)  on x.^tne rnaps .tr a:lci tr cettnecr as ln t.ne pc p

a t  f t  . r ( ,

xv.*= (xvd-) h\/ 
(xv%

as

t l

for
*.

and &x)
for any

)  i s  Bore l

sem*"polar {resp"
r0

and any  se ' ] j  r

I  r J

i l nnd ri

and  rse  shn l l  deno te  s imnLy  G(xuy , )

resl:ec'b5"v'ei-y *p t irere exist"s a iJo::el sul:set. tr of X
. *

Bore l -  subse t  E  o f  xn  such  tha t  [ j  t n - ($  ) ) *9
+ - - , l c A *

g e n" ,  S (  d*(o)  i *o  for  any x  €  E,  & ( resp.  S '

rneasurable ancl t l :e **a *1. E*(t*op.X*\ E) is
I I P

cs;€rsemipolar) .  F{oreover,  f$r  any subset A of  E
.ic

- l ) '
t Gy rue have

n  " -  . t e  A / n l
(  t r B ' \  * )  = L * B  L ?  { A }  t r s  7

*
and  pa reJ .cus .a r l y  A  Ls  se in ipo la r  { resp .  po la r }  L f f  S  tg t  i s

cc*sern ipol* r  ( re*p"  co*polar) ,  I f  t re  denote fo ' , r  &n1z veH by

* " \ S *
x t i r *  e lenrent  $  {x} ,o f  f i  and then vre {denLi fy  the f '& i f l :

(*r* f ;  )  r+i th x then the set X of  * f l f l ,  *n*uo rralrs (*o*o

the snturated Groen set  asnoelated wi th  the l . rea lc  uni t ,s
' ,  , n *

Ohvlousfy 5'arrd $ h:ecome l{*cones of functl"ons on X and X
.  t f i  tn*

{s nelar ly saturatecl  wi th resr}ect  tc}  and } .  The funct ion on XxX

de flneri by

( x r Y ) * e  c  ( * r y *  )

ls call*cl the Greerr functir:n

fnsee; . . , Jo f  G(xry*  )  .

A subsetQ of x will be terrned g qfggg qqt ggq ,*
(ceirresponding to *he v.reaic units u ancl u*) i f  y ancl f  

* 
ot*

st.and.ard l l*cones cf functlons onfl,  ana"f l .  ts st i ]-]- nearl"y
.*'

s&t.uratsd tr i th resrrsct eo I ancl $. Ttre restr iet ion of the Gr*en



functJ.on tof,?x-6'i fs denoted agoln by G. Sometimes we put

SZ *fr(*r** )  vrhen we want to exprese , - .  that,C is assoelated

wlth the weak unl"ts u and u o
. .-r

LetJl be a Green set for S (corresponding to the weak

unl ts ur l l+ ) tet"  G he the assocl-ated Green funct lon on,.6?xJ2' -t 
.

* * *
and let, v be another vreak unit of S vrhich is u -contlnuous.

we ccnsider as in the pol-nt &) the rnap ca rxi;+x|* ,
I

Q t g ) **.j}-,-.r which Is continuous wlth respect to the'  
V * [ f .  i

co-natural Jonotogtes on x$.ana *J*. The restr ictLon of ? to

{>- give us a eontinuous map from-(?onto 9(g?) l f  we consl"der

o.r i l  ana g(5?) the correspondinE co-naturar topologies.

gIgH:.LI+on--t:-1" For any xeQ, considered as an element
* ',l*

of the standard ltr-cone of functlons S on Xr.*, the harmonlc

ear r le r  o f  x  i s  the  se t  19 t " l?  and the  harmon ie  car rLer  o f

the element t f  (o )  considered as lement of  the standard

I{*eone of functions S on X,, is the set {" } .

Pqqgfr_ rhe second part ,  is  obvl"ous because Q(x )x
X - ? ' ,*Wd*, and carr n* [*1. As for the f i rst part ]et fbe a

co-natura l  ne iqhbourhood o f  the .po ln t  9 (x  1=- l -
v * ( x  )

$tnce the map Y ts contJ.nuous we deduce that .ft t r i)

co-natural neighbourhood of x ln JZ and therefore
-  \ g l ( " f  t* B  t t  ' x n . x .

tuiy bala}'age B on s* being representabte no J2 and

therefore on I (l?) \*re deduce th&f Cpt-fl l  is nearly saturated

with respect.  to S * 
.  Hence S (C) is dense in i .wf *r  respect

to the co-f lne topology. From the preceding considerat lons we

g e t * * - 4 - lJ - -  
. *  x , * \ ' V  *  * , , "  \ g ( g ' ( v ) ) ,  *  ?  ( 5 1 ) \  \ r  * . Q - \  g ( v )
*B 

" x{. 'B 
' *=B x=B x#x

and therefore the harmonic carr ier  of  the extrene el"ement x of

S* corrs l<lered as a standa.rd Fi-cone of  funct ions on Xf,*  fs the

set  e f  t x )  6

*
from X or .

v

l s a



, t?  Renrark I ,6 .  Wl t i r  the prev j .ous notat i -ons i . f  i ' te  . i "d*r l t3ry
- { 1

any elernent x &]? wlth ttre patr (xn cP (x) ) rf l becomes a 6reen set,

for $ but thls time correspond.inq to the weak units t, a*A t 
#"

Sometlmes we mark th is dlst inctLon ngt ingJ? by J? (urvl1 '

The nat.ural  topcl le ig ies on f t (uru*)  or-Q (ont* i  coinclc le

wSereas the co*naturaL topologry on-$Z{urv*} is v;eaker tha-ir the

eo-natural  topology onJ2{uru*1 .

I f  vre denote by Gn the Green funct lon ot  .Q(urv*)  we

have
n rvsgJ- 

cG ' ( x , y \ =  - Y
v -  ( Y )

.!

i

.t
j

d ) Green poLent, ia ls.  Tf- .P-=f l ( r r r , f  )  1s a Green set,  for '$

and G is

j(,,t(Ll
\+/

/ t  o n Q
/
!"rr rv I

the Green fr:nct,ion on(?xfZ th€.n vre denote by

(resp .  J t t * t f r t l  the set  o f  a l l  pos i t ive Bore l  measures
'.)-' -*

such that the funct ion Gf (resp.-Gf )  onJ2 A*f , ined

* f  t * ) *  S G(x,v)  a f* lv ) ' ( resp .n* ,  (v )= Jct " ,Y ld /*  (x)  )

belongs to I  ( resp" Y* I  or  equivarent ly Gr (resp 'n*f  )  is

finite on a cien$€.i suhset, of -(7- . vle put

P (J? t * l*r. I yeit,(rtfr"t \
( resp. p+ (J] i = f 

'"1* 
\ f e" fry/S? t 1* I

The ej€ments of P t f}) ( resP. P (C ) )

qqlqgq+ qrs ( resp. ggee!__gq:l?"l9ljj e )

any universal ly cont i t ruous elements s of
4i_

t o  P ( . ( 2 )  ( r e s p "  p ( Q l l  a n t l  f o r  a n y  p o i n t

A of .Q we have

A is  th in  a t  *o@*BA 
*G*o# * *o

71

A is  co* th in  at ,  xO(")B^G,.^ /G*^^o ^o

( s e e  [ : 1  ,  p r o p o s i t i o n  5 . 5 . 1 3 ]  w h e r e  G * ^  ( r e s p . * * * ^ )  d e n o t e
^0 ^0

the Green'  potent ia l  ( resp. Green co-pot 'ent j .a l  )  corresponding

to the Dlrac nea-sure €*0.  PartJ-cular ly ure.get t 'hat '  any natural

( resp .  co- la tu ra l )  open subset  o rJ2  is  a  co- f ine  t : " : i .  t * " : '

are ca l led Green

onJ2. we rememl:er ttrat
.r€

f ( r e s p . f ) b e l o n g s

*O eG and any subset

t



L 2
. n  t / , ' -

band.s In Y, respect lvel-y y wi th respect to the speci f ic  order.
* *

g-[gpgs_1!-lg*-*l:2. If v l"s a u -continuous weak unit of
& , ! E *

s'  then t t re sets P ( . (e(uuu*1 1 and P ( f i  (urv ' l  )  )  considered as

subse t  o f  S  co inc ide .

l r g - " . f .  rnceed ,  l e t  p€P(J? (u ,u *  ) )  and  texT .eJ (q ( fZ (unu ' )
, " * - ' * J

l : e  s u e h  t h a t  p = G , * .  S i n c e  J ?  ( u r u " )  a n d f l ( u r v  )  h a v e  t h e
/

t ,t?

sa.me Borel structure, if we t,ake the Borel measurerl-r 'on-1ft.(urv )
t *

defined bY f 
*u /o r w€ have

" ' / ( " t  { c n  
( x , y )  . v *  f v )  { l - ( y )  

=

=  \  C  ( x , y )  d7 .  ( y )  =G, r ^  ( x )  =p  .
q / - / , /

Hence P (- f l (orr*)eP ( . . fe(urv*)  )  "  The converse inegual l ty

may be similarJ-y shou.r.11.

to the unl ts u and u* .

The follovrinE assertions are equivalent.

Theorem 1"8.  Let. -Q,( t r f  )  be a Green set,  for  S corresponding

1)  P(S?)  Ls  soL id  ln  S  w i th  respec t  to  the  na tura l

o rder .

2t  Any unlversal ly bounded element,  of  S iS a Green

poten t ia l .  on$,
* *

3) l2 is seml-saturated in Xu* wlLh respec! to S .

4l  Any oure potent ia l  of  S ls a Green potent ia l  onfZ.

Proof.  The assert ion fo l}ows direet ly f rom Theorem l . I .
q,2

r ak rns "  I  =51 .



?

2 " Balqxaggg- qAJIfe-e*,-Sg€:

I,fe suppose thaLfi" J"s a Green set for S (ceirrespondi,nq ts:

the we*,k tinfts u and u* ) ancl vre suppose that G is *tre {ireen

f,uneti*n cixr ft x5) .

Theorern 2 " l  " Let 2- be a positirre neasure on X,r.u sirelr

be a subset of ^(2. 'rhen we have BFlr.;r.n *6t
* * 4 s

the set 1: ( i ,11 ol l  al l  pointe xG X.rr"o s:uctl

a t  x .

- n .:to 
t.;-

i rnswn isee It  L F::oposlL-ton 4.3. B) i{ ;?- l f  " l i {- t i r :

with respect to the co*natural 'htrirol-r:qy

that .GrG S anel let. &1

l f f  A is  carr :Led b1"

ttrat Fl is noh co-th'fn

Igg*&_ lt "Ls

irs a GS *.qet ,O *r

f'rom the
M

, .  f  n " ' c t
.6I- \ l) L7 n/{

r-re dedr:.ce that

re lat ion

t={%f rrMca'> =c*nM'g^

'  
" / ^ ( * a  ) * ( * G , r ^ r G > )

vre hatre

on x." *nJ tLat -b.{nl * {x*Xi. ! *Bry i* " t'Gt t {''' a,'}t /i'nh't
oene\ato- t aj'",f:
J<T'( t€L'Tet-yt , {* ' *  posi t , lve mea$ure on(? such that ***  r } -s ; . ' ,

f lnlte clenerator of f 
**rrA 

such *hat, 
/r{*,.,. 

)( or . Si.nce nt{ir.{1,

for any p eY then the egual-ity f% *p i$ equJ"rralent, r*'j-*.h i:he

e.qrxr l i t ;y  / - (F%)*r*-rp) "  H*nce we harze

, BFtG,\  FG t+? (eMc* )  =/ . (cR )  .

oGr )  s  5
f l , &= 
) Gf d'l'

oelr"6J;;

F'roo f

n* .0  =o r+* ; j " s r  ( s  : a )  t g , *  J * * * " * r  tS  t c r?  {  S  } ,
The l -ast  equalLty is equ:Lvalent wi th the fact  that  ? J.s

carr lecl  by the Borel  set
'  

- X  c  ; d " t . -  M ,  . *  1
b ( rs)= {  9e x , r * l  *Br '  e*7^.  (  E )=^ G/^-  (H )  J  e

.*i-

M Let ) be a positir,'e measu"re on Xo*- $rr#h
r r t  e r  1 6

thaf,  caef and let,? be a co*f lne open su!:set,  of x"* " ?herr
-fLnD

vre have g G> *GF ltf  ) I"s carrS"ed by the co-f i .n*r ql.$slrre

lc
of the set $ {or 1ftn} }  in Xu* .

, sinee Soto a st,anclarel l{*edne of funct*ons ,rn .&?

we deduce thatf,) is clense ln x.1" urlth resnec* to the co*fJ.n*ru

topology. -Hence the co.*:Tino

ft
^ * l  r \  ^ ^ l -  - l  ! ! ,

e
closures ln X,.*

t r
of the rets '$'J' '"t''")



theorem using the fact  that  # (b!  is  nothlng else than the

c o - f l n e  c L o s u r e  o f  D .

cqqp]Iqfy-1,?. Let Ve"iLg62l and lee M be a subset, of

"fJ " Then we have BMCO *b, iff ? is carrJ.ed by the se* of al]-
A

polnts x 6:_(/ such that, M ls not, co-thln at x"

lggegglS*$gg-?*9", a) For any V *fttft.t?l we have

suPPF * " (?ncar r  Gp 
s

where supp ? is the support of F wlth respect to natural

topolagy on (?"

b ) For any V eJrt-*P (J? ) we h ave

c*rt . -supp )  =e,rr . :carr  G.2. .

vrhere c"I l , -supph denotes the support  of  h wl th resnect to the

co-natural  topology onf,? and c.n.-carr  Gn ts the harmoni.c

carrier af G" viith respect to the co*natural topology CIn f).

( s e e  i i l  e  3 . 4 )  "

Proof .  Letb Ue a'-  natural  open sul :set  of  12 sueh t l rat

,

t

D ? suop ) .  Frorn CoroJ- lary 2"3 t t ,  fo l lows that

B D ( G 2  ) = G . F

and therefore

J?n"u*r G," c.

qfrere 5 i" the natural cl-osure of D fn G . The set D beinq

arh$"trary we get

f? n carr  G? c srrppl \  .

conservulyr let,  xog Q \ carr G.o and let^ V U* a natural

open nelghbourhood of xU such that

* (? r v  GF=Ga  ,

s ince$) r "V  is  a  eo- f lne  c losed subset . f (? r  we ge t ,  usJ .ng  aga ln

C o r o l l a r y  2 , 3 t  ?  t \ / ] * o  a n d  t h e r e f o r e

supplc f t rV . , *o*  supp> a

The point xO belng arbltrary we deduce

supp )cJ?ncarr  6* I

T}

b) Let x0 G c.n. *supp) and r*t  V be .an arb: i trary



1 5

co-natural  open nelEhbourhood of  xO.

there fore  u  us lng  Coro l - la ry  2 ,3  ,
C'rV

B * '  G )  # G )  .

I t ence  x0  6  cn f i n -ca r r  G?  "

Let ,  now x0€ cn l1. -ce l r r  Cp and

co-natural open neiqthbourhood of xO'

Theorem 2 ,5 .  Le t ,  s6  $  be  such

We l rave  h  { \ f , )>O and

Iet  Vbe an arbl t rary

Bv d-ef ln i t ion of  the set

that for any H-measure )
dF

C. i l n - ca f f  G3  v re  h .a ' * , r g

u#l v c> t 'G>.

and there fore ,  us ins  aga in  coro l la ry  2"3 t  )  (  x /  )  >  0 .

The co-natu::al open neighbourhood V- of xO belng

arbitrary we get *0 € c n r! n -supp X .

on Xrra* w€ have sz\ GU *0 
" Then , fot arly te S such that

4 t, s) < so we have
-|

B  L t " l J  u = u

where
- t  .  f i i

[ _ t 4 t J : * l x e S l  I

Proof "  Let  . r*b*

and  such  tha t  4  o * rs )4

1 ]

unl

Remark 1.6. ,Sl rnay be consicle::ecl as a Green set fclr s

corresponding to Che treak unlt 's

G '  onQ=1Q(ur r f )  w i l l  be

G ' ( x ' Y 1 - Q ( 1 " * )
t ' ( Y )

slnce dr#rs) <,  oe there eNLsts a posi 'L lve neasure 
/x 

ovi-

Xrr* $treh that
(r

s ( x ) =  \ < x o y ?  d A ( T  \  ,
i J  

-  
L '  /  L

- , i i  '

){,u-o

,on*ir** using the consideratlons from lntroductory

polnt, al <leduce tirat,
f a *

t ( x )  a

a wea.k

d " A s 1n

d i s
t  of  S whi"ch ls u *cont*nuou$

the int,roductory polnt c) ,

. *
u and v .  The Green funct lon

a

tvhere is the mar: front x#- into x 1 aef lned b1r



? ( 9  ) *

Slnce

r;. t cj rxf*r = l"L*
and s ince

, ( r *
Xrr*'f u ( {  ) = +  * \

o n X

and

*-
bu

Iet

such that  i ts

A  be  a  po la r

Prcof.  Let  us denote

co-natural nelqhbourhood in

1
I  * f \
)  

n u

of alL co-natural neighbourkrood.

i t

br , r  (L1-)_ a deereasing sequen.ce of
n ' n

*(
X *. of K such that

u

-

,-

5 * , 2  t u f ( ?  ) = 4 , t n s ?  1 + &

ie fo l lows thatf  is  carr ied by the set

{  z *  * i * .  cp  t x } r  |  . , 2  \1e l  . {  Ze  - }  I  t q }<  ' i ( -7  ) } .
The assertion follows now from the relatl"ons:

u f r < i) 
"=Bs 

n[t< .i l"=BV tsJ) -n f t< ,iJ"=

=*xln 
n[t" {]g 

r
and freim Corol lary 2.2 using rlre f act that ft < ,.f ] n *1"

is a co-fine open subset of Xrrr'.

!gry$+_-2.-9. Let ? be

support is a comPact subset

subset of .f) o 
'

an.  H-measure

K or ti og?

Then we have
. V- i  - - -* .

n  ) B -  c o l  v e u 6 ' l

where f tat  denotes the set

rn (2 of the get A.

ur,34*t, ,0 ur,=K 
* .,ts

and let/,r be aomeasure ott.S? such that "% i" a u -continuous

senerator of  S" wi thr l^(p)< cp.  orLere F,= 
G^

we show that for any ne N and any t > 0 there exists

a eo*natural open sunset 
't{a of -f} such that

. .  , t  

' f ,  -n  
\ le'\i": en (J). un | , t (e ''* p) < €' .

Indeed,  s lnce  the  se t ,  An( .Qtur r )  l s  po la r  we c leduce

that t t  is  a lsocgrco*polar strbset.  of  .Q u*d therefore ,  
n*fbelng

flnite and continuous with tu*o*ta ao the co'ltatural topology

6n El o there exists a Cecreaslng sequence (W*)u,. of eo*latural



s  a 4
oFen subsets of  Xu* such that  ++ '

w*^  un+t=0,  wm ?A  ̂  ( - f2  \un)  (  v  )m e  N
- i+r l { *  ̂ 9  *G, ,  :  O o

f rr? n$?
The  sequence .  (#8 " *

and s ince

F

1

Y A
l t

Th e o.i^4 nr 2 .7 . Let  p be an element

a n y  q C P ( ( ? )  w e  h a v e  p A g = 0 .  T h e n ,  f o r  a n y

of S such that fo::

po la r  suhse t  A  o f

-0

al l  co-netura l  ne ighbourhoods of  A ln

*
anoth.er vreak unit of S which ls;

\ f , e - " )
B  p  lVe? . ' {A ) J

i s  t he  se t  o f

J ? .

** f ) *  be lng decreas lng on *J"

* u 
x \ un+lf*ol{m415}*^ 

. **!{r.^G
1s 

*rf l in * - '*"f

f o r  a n y  m 6 N r w e  d e d u c e  ( s e e  t e f  ,  C o r o l l a r y  5 . 1 . 7 )  t h a t .

f f  
" e  

r n !  I ' r L  *  

" ,  
( Y ) = o  (  *  ) Y e  K  '

and therefore 
, .  r , ; - -ne ( ,  l t *n$l

o=inf >Lfo * * **f )=*: \ " 
* '" '  

Go df c

tr^le choose rnn € i{ suf f icent. ly large such that
6 IrJ* n$l

)n 
mo *- 

c,r d7-.

and we put

V; *o*o^S).

Taking now for any n € i ' I, €rr, = € 12n 'and

eo-natural open subset of9 such that.

Vr, ) An ( 5}t u,.) r rr"u(r
%*"  ,  L  t l zn

we deduce
it oo \,r-

f  B " '  Gr ,  )  { / - ( . } "  
-  t " ^  )  *  E

r'rhere nd , = 
YY. 

since Vi is a, eo-natu::al open nelshbourhood

of the set A otoJ € is arbitrary, vre Eet

t( n{ "*"o ! v e-zhA) } } =c r
/  

-  - t T  r  - e '  .

A [ n - / c o \  v s t f t n ) J = s ,

SZ we have

/ \ l
where e,I tol

Proo f .  We  cons ide r  v
*

u  -cont lnuous  and such tha t

*
J  a ,  * \ - /  r v r /Ltfr- > {)u I



r"8
.t6

I n t h l s c a s e t h e r e e x i s t s a n H - m e a s u r e , f . o ' . X " * S U C h t h a t
/

p(x ) -  
So* '? ,  

ay ( ' 7 \ ,

j'il*
uslnq the hypothesls  and ProposLt lon 1.6 we deduce that

nA c;=6
t {apt6(u,* f  

t )  r . rhere 61 ls  the Green functLon for  S
for any > e.4 

J f?
corresponding to weak unlts lrrv '  i lence/'r '  is carried by

# , ^ ; +

VtSl(urr*)  
ancL therefore there exlsts a sequence (Kn)r ,  of

t F A J t

compact subset of  x*\JC (urv )  such that

.  \ " , r
f 

= //ul1. ,
t r * . - ' n

p = t c r l n  ,
r y r , n

From the preceding lemma vle havet

( - \ /  r , . r - - Q  7

_ / \  l s '  , % f f ' , ,  l l e ' U  r ( a l J  * 0 , ( v ) n e N

wherefro,  is  the set of  aLl  co-naturaL nelghbourhoods of  A in
* +

fe  (u r f  ) .  S ince  the  co-na tura l  topo logy  on fa(urv"  )  l s  smal le r

then the co-natural .topolo'y on-(Z tu,tf ) we deduce that

n  J  e V  G ,  A  |  , .  I  v * f t u ) l  = 0 .  ( ' s  ) n e N  .r  t  L -  /  ^ n

Hence 
t T .,1

n  $ * v p t v e ' t l ( n ) l = g
/  \ 1 "  Y r  ' - - ' J

CofoJlr-qrv- 2.8. Let p be as in the above theorem" Then

for any polar suJ:set. A of-(l we have
tf /^r

i n f  s v P ( x ) = o  ( v ) x e J l r a , P ( x ) 4 o €  )
\ t r  r  - ^ r  - L r ^^ . . - L . -

where \f runs the set of all co-natural neLghbourhood of A'

t

a
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In this sectj.on vre cE:ns.leie::$] a Green set for the
$r'

standarcl i{-cone S correspondi-nq to the weak units uru anC. G

the associa.ted Greetr functj-on on fl x!? c
r \  &

i te knov,r that any elernent s (::esp*) form $ (resp. Hl rn;ly I

be thoiight, as a fr"rnctiovl onfi fr* longinu to the st.anclarC U*cone

e.P . u#.of furct . {ons J (resn"J 1 on]3 whlc i r  ls  isomorpir l -c wi" t" i r  S{resp. t

As funct, icn onfa the element s e S (resp"te st t )  wi , t l  be

i l c r ' ,# ln  d : :no tsC b ] ,  r ' ;  { r , : . r r i .  t }  "

Theorem 3 . I .  I f  pe  S  the  fo l l ow ing  asse r t i ons  a re

equLvaLen t :

1 )  p e  P  ( - Q )  ;

2 ' ,  fo r  any  qeso g*4p and any  sukrse t  M o f -Q sueh tha t  M

*s not eo-thin at any poi-nt *0 eJ] n carr q we have
UI

B--=cl  '
fi

3) for  any qe Sn e{ pr and any co-f ine nelghbourhoocL V

( l n f l  )  o f  t h e  s e t , f 2  n c a r r  g  w e  h a v e'\r
B rscr I

'  -cf 'r >

4)  fo r  any  q*S,  q*p  and any  co*natura l  ne igh ] :o r r rhood\ f

(in fi ) of the set 5I ft carr q we have
V

B q*g '>

5) there exlsts a polar set  A of f l  such that fon an1'  q € l l

g4 p and an)t subset u" ofJ2 whi-ch Is not co-thin at, any point

x frona A\J (-f) n carr q) \^/e have
'. 

nt
B ' q = q  ;

6)  t t rere ex is ts  a polar  set  A at?such that  for  any

g€s,e4  e  and any  co- . f ine  ne ighbourhood Vt ioE2 )  o f  the  se t

Av  (5?  n  car r  q )  rue  have
\r

B g = q ;

7t  there exlsts a polar set  a of j? such that for  any

eG Sr. {4p and any co-natura l  ne lghbourhhod 
' \ i  

t r "52}  CI f  s ; :he sef t

Aw ( 6l  n ea::r  q)  we have



rr *x -'1 
)

S)  fo r  any  e€$r  e . *A,  qd  p  we have e .n . -ear r  q l f r  where

c"D.ec&sr q means the harmonlc carrL€r of  g on52 wlth respect

to  the  co*naturaL  topo l "ogy  (see [ f  1  ,3 .4 ) .

Pnoof"  The fol lowing assert ions are Obvlous

2l 8ry3) *?4 )
N i T i I.tf ..tt \r

s l s+5 )  +7 )
I

The assert ton 1) '=+2) fo l lor^rs us. lng Proposl" tLon 2.4.  and

Coro l la ry  2 .3 .  We show now tha t  7 ) * t I ) .  S ince  P( {2)  i s  a  band in  :

S r+e may wri te p as a sum of the form p=p'+ctr  where p 'e r( f2)

and qe.S is such that e.r \u=O for any u& P{5:} .

Our intentlon ls to proove that e*0. For thus we

remark that,, from theorern 2.7 t it folLows that
. c V ' t t - + ' l

n {  u"  q  |  'VeU lA ' t  J  =o

lshere Q7 tel ls the set of all- co*natural neighbourhood (lnSt)

of A. Let rro* V bu a co-nat,ural nelghbourhood (inQ ) of the

set (2 n carr  qt  where qr ls an arblLrary eLement of  S such

t"hat e 'C q

We have u using the hypothtisis ,
- V*''Vl 5rt \,l

e t = B  q t d  t s  g + B  q '

for  any Vtef  tat  ( t f re set  of  a l l  co-natural  neighbourhood

of A) and therefore,
V v \ f

q ' (  B  
-  

g t + n  B  e r  e t = B  q t

V'e?f(A)' , 
'

$ 4 - *
Let v be a weak unit of S whlch is. u -contlnuous and

* * -
sueh  tha t  { v  , g )4  6  and  l e t . lA (u rv  )  be  the  Green  se t  f o r  $

eorresponding to  the weak uni ts  u and t* .  S lnce <t lq>4@ we
't(

deduce that there exists a positlve measur" 
f 

on Xrr* such that

e ( x ) =  J s * , t t  d A ( ? )  . ( r d - ) x e S 2
Xlt* 

/

From Pfbposi t ion 1.7 we deduee that  there ex ls ts  a

?

.t

$eciuence (* r r ) r ,eN of  compact  subsets of  x | " tS) . (ur t f  )  such t j ra t



i

I

2 L

for anf nG N r q" i* the elenent of S deflned by

q=|qn where ox L'-n 

kt;&#:;-.f 
.lJ; consrder a decrea""'lsequence

(Vn)r, of co-natural 
o't:€n neighbourhoods 

of l{noi Xt'* such

#' 
1;**i; -". #::. ;:,?:J'T.."''r Qderined

byAr,*eru- is a sequence'- *-:: i;-J::-. L:5

lncre*'ses **'"Q ' } 'ron the n::ccedina 
cc

t l a t f o r a n y e l e m e n t Q ' e s n q ' ' 4 Q t o a n d a n Y c o - n a t u r a l

nelghbourhood 
V ti" !2tu ' $l of the uut 'G r\ carr Q' we have

v ' : " _ :  !
B -  q ' = q t  

. .  ^ . . * * n o d  ( i n ( 2 .  ( u r . l ) )  o f  t i r e  s e t

at, V is a co-nat'ural 
naighbourhood

G n carr  qn we have ;udo'*n '  
s lnce the co-natural

toPorosY on !2 to 
"i 

)'u ***1: 
:iX:;$:::: ;:::::.'"

Tif,; :.;:::::': - il ,-" Jry.'::''Lr'e sr:eciric

m u } t ' i p } i c a t i o n a s s o c i a t e d w i t ' h Q , ' o ! . * . t h e m a p

n.+err^(A) -rs of E 
lnto s having the

fronr the ".; 'oi} 
of all BoreL subse

f o l l c r u r i n g  
p r o p e r * t u t _ r ,  

_ r a -  e l  q * q *  ,  c a r r  q t c '  A 1

A ag +o,,0,^, =lf 
l_" :. ;: :1"".'

.  {nrrotarr)= ' l r rot- l : ; ; ,  , r ,  oor special  case'  vte have

seguence 
(Brr) rr ' "# " 

'  Above alf in ou

for anY t*o g;" t l  subsets 91 '  Bz fpo* 'S

r nSL* Bzo€L*9"- 
(or) C L*o 

(82) '

rn<leeclr  ! r  we o"t  $"" i ;" ; ' i "  
have nc Bl '  B 6.82'

1
:]

eoEL -Brnfl ' (81- B)n1Q' =fi I

;--,: ;'=-t - -:j :,:: ]t- ;:: ;:
, i  * ,-^^, tdx anY.q'F*?'#' i

) d and anY co-natu:':al
.{ an^ ..L

or.. r J
and t 'herefore'  

s ince

n  "  g ' = Q ; f"Y-J--f d'*f.l ".b,'.u t,vz Pt



gno ,ora B) *0 o nro {Bt  }  *gn'  (B}Y orro n"t  \  B)  =

* { r r o  (B ) ,  n ' o (  r } $  q r , ,  (Ba }

l lavlng j.n mlnd al.l these consicleratlons we may conslder an

inereasinng sequsnce (urr)r ,  of  Borel  suJ: , tet  f r*m S suct i  that

for any n *|ln Brr..Q *Arr=.fit '4r.

$inee {V *r, }11i?" = t \*/An } r"f} *Q rn'e cleduce that

V  q -  ( B ^ ) - c -  ( u r B - ) = q *  ( x . - ) = 4
;  

^ r0  r '  ' *0  ' . , .  n '  *n0  u '  J - *o

Tr! : ' jvr f l  q 'c i  s,  to l ;  o*o,  carr  btr  l " l *  we cJeduee that the
* T  

u  
-

set  Vr=51\ 'Vn+1 is  a  co-na tura l  open subset  o fy f ,L  and

VrSZ-\/rr,*Ro*Bn ,.\5? ? {carr q'JnfJ ,

\ . r
B "  q f = g ' n

Ft** Corollary 2 " 2 vre decluce that :/ is ca"r:rj-ecl by the

co-natural  cLesure in * j t  of  the subset VanC therefore I  fs
.it

carr ied by x.r* t" f r ror .  I ' Ience, V bei .ng carr led also l ry *no, we

have

#  * 0 ,  { t = 0 o  n r ' ( e r ^ , ) = O

The numbers n ancl. nO beinE a.rbitrarles we get

q- =t'q- (B- ) =0 r' t 0  v t  ' ' n O  '  n '

q=\f q,.., =0 
"

n a  
^ 1 0  

.
The reLat ion 1)=+8)  fo l lows d l . reetLy f rom Proposl t ion a

2 ,4e  po in t  b ) .  i { e  show now t i r a t  B )F  1 } .  i 4e  cons ide r  t he  weak
u * * + - ^ 4

un i t  vo  i n  s  wh ich  i s  u  - con t l nuous  and  such  tha t  v  (p )<  c$ .

Let / . rbe  a  measure  on  x f *  suc t r  tha t  p (x )=  s - * (x rB )  d7^  (  5  ) .  s lnce
/ v 

*ir*
the co*natural  topo1oqy on-Q- (urv* )  is  Jrni t ter  than the

co-.natural  topol .oqy on-f l (uorf  )  r^re deduce,uslng the hypothesls,

t h e f .  f o r  a n y  q 6 $ ,  q S p r q l f l  w e  h a v e  c . n r * c a r r  q * f i  w h e r e ,  l n  t h l s

c ie r ien  the  se t  c .n . -car r  q  i s  the  harmon lc  car r le r  o f  q  w l th

fi

)

?

Hence uslng again the hypothesls we c{educe that there exists

a posJ"t ive neasure'y '  carr ied by K^ sueh that

s ' ( x ) = 5 j * . 2 )  a t ' t ' g ,  
" o

uLs

and rnoreover 
,*-fts



- 4 ) -

respeet to the co-natural. topoloc-rir on.S? *"$-(rrrv*) ' L€t p*c;+qr

where  c r6  P( {2 . )  an< l  q '€ -$  l s  sueh tha t  fo r  any  tep( l? }  we have

qn1t*0 .  Obv ions ly  q t  sa t is f ies  aqa in  the  .asser t ion  8)  and

mclreover the positive rneasure f ' on xf* f*t whlch

e ' ( x ) =  { . * , * ,  a 1 '  t S  }
kT'* €9t .. r r

rnalr be vrritten-''a's the from _4f*^ n where for any me N o l* ** : i  6  
r c - )is  a posl t ive measure wi th compact support  K*e K*.Xrr* \^}C .

For  each me.N l -e t ,  (V" )naN be a  sequence o f  co-na t r : ra l

open n*iqi-rbourirood of K* sucii that

\ / * o r € V n  ( v ) n e N  a n d

Usinq :F.heorem 2" I  we $eto

B "  n i  where af i (x ) : *

and therefore

. n . - c a r r  q d  n r  
(

c n"r e -earr qi=F r cift=O

The numbes:  me N bej -ng arb j . t rary  we deduc€ qt=$,  F={r

F

p c P ( f i ) "

Qqrgll.qqy J:3" Sunnose that

is St,not'uge'r" than the co-natural

p&s be loncys  to  P( .O)  i f f  fo r  any

52 n carr  qfO.

Proof . Ti:e assert ion fol lortrs from the preceeling

theorem and from. the fact that

5) . . '  carr tc c. n .  -carr q

f o r  a n y  q € s .

Remark 3" 3.  We know that any natural  open subset of  {e

i s  e . lso a co- f ine open suhset  o f ( )  and therefore f rom p. rev ious

theorem we deduce that for any pg. P (-f)) and any natural o1:en

- f  n  V
ne lghbourhood V o f  the  se tS l , -car r  p  w€ have B*  p=D.

I , \ te rnay ask i f  the fo! . lc iwing assertLon ls t rues

4 ' ,  i f  p e  S  i s  s u c h  t h a t  f , o r  a n Y  ? . & S , . q d p  
a n d  

l * V
'{ r* - f,\ r^ ̂ r,e *\o.,**.*

K**t't '. '

for  any n Nt

x p d m ( )

) n N

the natural topoloqy on ^f}

topology on Q. Then an elemen'



The following exarnple show-.thatr qenerallyo the a$ove

assert , ion c loes not hold

ExarnpLe 3"4 .  l r le  cons ld .e r  on  the  se t  ( )  = ( -111)  the

stanclard l{*cone S of eLl- lor'rer semicont,inuous f,uncti-ons f on

( - t r 1 )  s u c h  t h a t  f  l t * r r O l  i s  i n c r e a s i n g  a n d  c o n c a . v e  a n d .

t .

f  l fOr f )  j - s  concave.  We rema, rk  tha t { -cont inuous  e l "e rnents  o f

S are exact, ly the iont inuaus funetLons fe$: i7111t .1L*- f  (x)=9,
I  X l"-o4

the ndtural tor:ology onfi colncicles with the usual- topology
' t s J

o f  the  in te rva l  ( -1 ,1 )  o f  the  rea l  l ine ,  and the  duaf  S  c ' ) r tLa- t / t$

{-; the convexe cone of a1-1- posifive Raclon measure A onR such

#h :r'l-

f r ^

\ ( r-*') d/,( < crc.
v '  I

Also i t  is  easy to see that$I  is  saturateci  wi th respect
.\

to  s  and a  Radon measure lc  on f l  i s  a  rseak  un i t  in  s ' i f f  ; - " ' ' ' " '
It \

AL(or l ) )?0 .  A l -so  one can ver i f y  tha t  fo r  any  x  eJ?  ine  measure
,rk ++/

Lx ls an unLversal ty cont inuous element of  S .  Let  u be

the vreak unl t  of  Sf ,  ,  r#= Et/2,  For any t  E-f ,2r{"1 we conslder

the extreme el-ement 5"e S such that carr € a= t and.

*
u ( t1=1 namely

r 2
\  - r : r - - (x+ l )  fo r  x  G ( - tn t )

5 - = ? ; ' -  f o r x e f t , o l
" L L

- 2 ( x - r )  f o r  x e ( 0 , r )

l f  t C ( - r ' 0 ) '

g  =  (  o  f o r  * . t ( - 1 , 0 1
) t  )

I  2. ( l :e)-" for x e(o r t)
I r
L  - z  t x - t )  f o r  x  e  f t , l )

't

r f  r e  ( 0 , + J ,

C o  f o r  x e ( - 1 , 0 J

f - =  ) r n  f o r  x E ( o , t )
' )

|  - 2 t  t _ _  r \
L"g -  ( x * r )  f o r  xe f  € ' r )

l f  t . q - ( I n l ) .
2

i."

,
r

t

d



As fsr

e lements  o f  S

namely

F * r ( x ) =  f  o  i f
> ' r  l

l r "  i r

since rhe ser [e.  I
*

e l^ements  o f  S  separa tes  the

' -1Y-'

the elenent OC$J there exlst^ two extreme

deno ted  by5 ; , 5 ;  w l t h  ca r r  F f , * " * r t 5 ; -  { 0 1 ,

? (x+ ' f )  fo r  x  e  ( -1 ,0  J

2 { f - x )  f o r  x €  ( 0 r t }

0  f 6 r  x  G , { - , I , n  I

2 ( 1 * x )  f o r  x < ( 0 , 1 )

that the nat,ural closure of(f fs the

conpact i f icat ion of  the local ly  comtr :act  space ( - I r l )  and the

onLy  e lemen t  v rh i . ch  l s  adc ied  to  ( - t r t )  by  th i s  coRpac t i f i ca t i on ,
*

i s  t he  e lemen t  A^  o f  S  de f i ned  bv
/ ?

,fo (s ) =o (  * ) s € S .

The set X.}, conslsts fFom the elements Et,

t € . ( . - r r 0 ) " - r ( 0 , r ) , 3 ; ,  3 ;  d e s c r l b e d  a s  a b o v e  a n c l  f r o r n  t h e

fo lLowtng two e lements  denated  by  f - r ,  S* i 'where

f _ r ( x ) =  l ' ^ . " . 1 * ( - r ' 0 1
L  2  ( t - x )  i { ' *e (o , r }

I  "  t - \
)  0 ' ^ '

Alexandrof

\
$
I
I
L:

n
I
t

I
I
I

L

l s o
, s

1

:

$ f r x r *

We 'Y,.t:4rlgf& a

x  e  ( - 1  , 0 J

x €  ( 0 r l )

x €  ( - l , t l )  
" t

compact set

unlve rs al-ly cont,inuous
i+

I{ * ,  whereu

I't

4

{,n-{-€ s I "t}r s t J
we deduce that the space *, f -of  a l l  nonzero extreme elernents

*
of Ko*endowed with the eo-netural topoloqit may be identlf led

wlth the topologle sum

i - - r , o l e  t  o , r J
-  p e i  ,  r  * -

where l  5 ; '  
( resp .  S ; )  i s  i den t l f i ed  by  the  po j .n t  0  f rom f - t , o ]

( r e s p , ,  f o , r l  ) ,  a n d ! )  c o i n c i d e s  w l t h  ( - r r o 1  r . - '  ( 0 , r ) .  o n e  c a n

easely verl fy that the element g 
;  sat isf ies the condlt ion

4t)  krut  i t  is  :16ot .  a  Green potent la l '

Remark 3.5.  The above example shows that  i f  p  is  an



eJ-ement of  S such th{t t  for  any e€sr

carr S#fr we can not cleduce that r: is

.JC p o efO we hatre

a Green potent iaL.

IV.  Potenf ia . ! "s  on Green sets

In this s*cti-on we eleal- r.rJ-th the stucly of those elements

crf an H*flone of functlons S on a Green set;() havlng a

"p*t*nt*a}" beh*,vior:r vri th respect to some 1€s\rerine of S?

and vre give neees$*i-t]  nnd suff ieient eondit ions under vrhlch

an e lement ,  o f  s i  j "s  a  Green potent la l  i f f  i t  has th ls  , ,potentJ" 'a l , ,

behav iou r .

In the sequef. f2 w111 be a Green set for  the standqrJ

H-cone S correspsnd.fng to the r- 'eak unit,s u and u 
* 

n

lg"*ng*-fu-L. Let TJ Ue an increasJ.ng sequence of flne

oFen subeets erf 5l such thatQ *Y U". Then the followinq'

asset icns are equivalent:
J2 \ (J.

1 )  l n f  B  ' ^  p * 0* fa \tr,',
t i * F - *  

- r r  
p = 0

3l  n is  
Qiun 

e*o
A \ U .

4 ) n*n 
-- * '  

n=o

T.

a

(  w l p € s o

{ $  } p e s o

(  u  )qe  s ;

{  'u  }pe f  (g?} .

Frgg$"  The asser t i cne  1) *?) ,  4 )=*3)  a re  ebv ious .  We

shovr now th;r t  2)(=*)3).  Let  F ana 
f  

be two posLt ive measure

CIn1ie sueh that G: e Sn and*Go.€ S.,"  From the relat ions
f J? r Lr,. t i---=Qt#. 

r'

)B  
'Ey=, )  v  ' .nq^u t  ( l t lne  n

and uslng the fact.

negi.lgJ"bl"e we cleduce

that the semlnolar subsets ofQ are )  * t f

t| 5Zr tI. r
) *  B  ^ " 9 x , F = ) r n " f  n

Q . U n
G^ C'[,c-7n  n . T f

= 
S* f  

o  B '^ 'v r I  * ,r fn*u.(?r'trn*,r
and therefore,  )  andl*  beinq arbl t rary,

n uQ 
t  utG^'  =od=efnct-  t*a. .  =g

2)*r;.; us ".Jl-.'";34 and ,.f ;-N be such
xn€ V- "  Considerung now a f ine orren nelghbourhood

" " 0
sueh that t^tr.e natural closure of V i"s contaLned in

,.
1'

t:

l

G l . < d 2  = Gl,- db

that

Vof xO

, ,u and

I



u s l n g  { z }  I  P r o p o s l t i o n  2 . 2 "  w e  h a v e  4 + -

o t \ . I -  ,  |  - f ? r ' ( / " ,  ,  I
( p - B " L  

\  -  
" n ) l '  e  s  ( V )  o  ( B  " p ) [ r r c  s '  ( - ] /  ]

f o r  a n y  n Z n 0 ,  o n  t h e  o t h e r  h a n d  t h e  s e q u e n c e  t e f i t t T t t p ) { u  n z n

J.s poJ"ntxrrre deereasing to a ftne continuous functlon on \f

as l t  is  shown b5 the fol towing rel .at ion

.  : - f f \ V n  r ,  . , ^ R \ u n . r
Pl.n = (P*B "ol tV + (e -  "P) lv

Hence

rnr sS 
t 

"r 
nF (xu ) = (A uQ 

tt to) (xo )

l ) :$4).  Lr : t /^"r(  / , f -u C-f t t  a-nd let  > be qn element of

/ [ r * t s l t  such  t ha t  G ]G  so .

Since ? cloes not eharge any semLpolar sutrset of .EA

we have

> (A"u
= in f  >  ( r

2 ) fB 
-fz'r'Lr ns=o ,s  
o r ( J

3 )  n  B r * ' "  t p = g ,
' $  - r .  t ?

4)  68  
- } (  \  ' "  *p=0 ,

9ofgllgrV. *r:." Let (lrJ")r, b* an increasLng seguenee

of naturaL (resp. eo-nat,ural)  open subsets of  ( - l  such that

Y u,,=Q ' -:Al?i:"*l"o ***:":"" are equivalent:
l )  n g - :  " p = 0 ,  (  t  ) p e  S O

2 ) n * B Q t * o n = o ,  ( u l q * s f

J? r"u t*G,^ ) = ? (tnf *ustu t { ) =
' - ' ' G , .  

)  = ' )  { i . n f  B
/ * " t a

+ -  /
' *  

"bCr  

-  t *G^^  
)  = in f  f -̂ ,"-1" "*ti

u

>  , -

; r * ,  
* -Q rv ' * r ' ) * o  

h  I

and thereforer)  being arbl t rary,  we get
O r ' r  f

n  
* n : c \ v  r * G ^  = o

?*1go*3"*j 
"** 

(Ur,)r, be an increasins .eec{uence of

co-f lne open subset of j? such that.{2 =Y Vrr .  The folJ.ov.r lnE

assert j .on are equivalent:
F C)r'U * .re

1 )  i n f  "  B " -  " q = 0 ,  (  l *  ) q g  S O

t  v  )e€ ,s f
( s  ) p e s o
( e ) p e P ( 5 ? ) "

I

4

I

J

3) nn c \ I tnp=o 
o

4);  Slru t rq=o 
,

( v l p e . P ( l ) )

(v  )q  eP* (g?)

s )  i n f  B J ? r ' u t q = 6 ,  ( v ) p e s g



6 ) j.nf, **S? "U tq*o 
, ( \ r  ) q €  S 0 .

1af1

proof  .  ' Ihe asser t ion fo l lor . ;s  d i rect ly  f rom Lema 4.1.  and

Coro l la rV 4 ,2 .  us ing  the  fac t  tha t  an : r  na tura l  ( resp"co-natura l )

o,,en su]:set, of E) ig both flnaly anel co-fi"ne1y CIpen "

:hggffg-4r3. Let p be an element of S such that for any

insreasing sequence t$rr)r, of co*natura.l open subsets of f i with

L, tD* '= jC we nave
71 ' \  r r  

J?r ln
n  B " -  

-  - - p p O

rhen pe, P ( 5?) .

LL*q"  Let  p=pt+p2+F3 where ptep(J?) ,  FZ*G^ for  a

J

'1,

;
t

sultable 
'mefrsure 

lA-t- 
on x f *and p3€$ is  such tha t  PSA9,*=A

is
for any pos*tive measure 

f 
on X,i- wlth Gf e S' We show that

p"*F"=O. tet  /A- be a posi t ive mea,sure cn - fa such that-  
*  

G".

i s  a  
" . -  

son t inuous  genera tor  o f  s  andf " l  (p )<@ '  Le t  (Dn ln

be an lncreasing $equence of  co-natura. l  open subsets of  5a

glven hrY
r +  1 ' 1

D n t = L c f > * J

Obviousfy -(? =YDr, 
3d 

ny hyoothesls we have

Q rrf n ,^ * Sr'v'*t1--^
n  B  " ' ' "  " P 3 < { \  B  - p = 0 .

;  the other  hande f rom T6eorem 2.5.  we c ledrrce

f?r t f , . '  ^ -^ f t \un*
P 3 = B - h  

I  v  
" O t ,  P : = * . 8  " n t = O

As for the element F, rve consitler an lncreaslng

sequence {**)r ,  of  con}facf  suheets of  X;* \ lZ (wi th respect to

the eo*natural topo}ogy) such that

p 2 = G *  ; Y G  r  ,  w h e r e  )  * *  
= 7  / x

a  ^ a r t  d m  r l t

For any rng-N we eonsider a decreaslng sequence (vrr)r ,

o f c o . n a . t u r a l o p e n n e i g h b o u r h o o d s o f K * s u c h t h a t
.F

\ f  n+ r *Von  
(v  )  ne  N ,  f l  V r ,=K*

ara

From hYP-othesis we huyg-

s$s'V n

tJeinq nov;t

- (2 nVl
p o  * a n B - - "  "  n P = o

T h e n r e m  2 , L *  w e  d e d u c e  f o r  a n Y ' n e ITI t  t



A

.ts

e 9

*n  - -S?nVn,* , -  -  -eo \ /n
"  ) . *=u  

'Gh  
*g  

B  P2 ,

and theruforu\* =0. tne frumuer meN belnq arbitrary we gee
n m

P r * 0  '  "

,Q ' rD t "o="o (  b  )ne N.

Renerlq 4i$.. We may as]< if the above theorem stiLl holcls

when we replace the sequences (D.r)r . ,  of  co-naturai-  open subsets

of-ft r,y sequenees of natural open subsets of J2 .

The example 3.4.  shows that,  creneraLly the assert l -on is

lot  t rue.

Indeed, l .et  us consider the element,  t ' l  of  s def ineds u

o n  { } * ( - 1 ' L )  b Y

f  0  i f  x  ( * l " r O ]
- * ,  .  

' l  \  - 7 '  J

5 6 ( x ) =  1
L  2 ( r - x )  i f  x e ( o r L 1

and l"et  (Drr) ,  be an increasing sequence of  natural  open subeet,

of  ( -1 ,  t )  such that r . -7 D-= (- I  r  l )  .  Obviously for  any ng N there
- a  ' L

ex is t s  e i  su f f i c i en t l y  l a rqe  number  nog -  N  such  tha t  f " r1 - * ] c  D , r ,

and therefore for  any Kf-nt  we get

- Q  .  D  k  a + ,  zB " -  S o s  "
Hencer  w€ have

5 2 r D .
A B-- s t=o

but obviousrv El* P t-Q.l . .

Theorem 4.6,  For any se S the fol lowing assert ion are

equivalent

1 )  s A p = 0 ,  ( v ) p e p ( J 2 )
oa

2) there exl-sts a sequence (" t ) : .  ln S such that 
"=f  

ou
B ; 4  

0

and sueh that foV any ke N there exists an lncreaslnq

sequence (Dr, ) r,

and. vrith

of co-natural  onen subsets of  J2 wi th Q=\JD,.

a't
n

oO

3)  the re  ex i s t s  a  sequence  ( sO)U in  S  such  tha t  *= {o t
lqo4 

rt

and such that for  any kg.N there exists a sequence (Dnln of

co-flt 're open subsets of (? wlth C? =L./D^ and wlth



" 5 d \ J ;  
nuk*uk

Pr*of  " Obviously

( v )  n e N "

2 ) + 3 )  "

r l
f r rsr=s,

crene:tecl

such tha t  there .ex is ts  a  ._cover lnq

for  anv  n€N,  Dn 1s  a  co- f lne  open

g

L l r : b z ) ,  r , e t  s l ,  s ,  6 ' s  b e  s u . c h  t h a t  s s s l + s ' ,  s l * G ? n  f o , r .

a  su i ta ] :J-er  p$s i t i r rc*  neagure
#-

? on Xrro , s""'\ G,,* =0 for any( r a /

r^ri th Gr,, € s. using Theorem 2 " S we/ '
.&-

u n i t  t e 5 t  s u c h  b h a t  t ( s " , ) d n ,  t h e n
z

posi.t ive mee{sure ,r,,.
yi"

on Xuo
decluce that tak{t"# a vreak

for eny n€N l+e have

u 5 ? r l n  s - n R C t * "" z'-"
vrhEre fo:- ally n 6-li we ha.ve

D _  ! =  [ . r  *  l .n L n

obviously (Drr)r,  is an l .ncrea.sinq secyuence of co*naturar open

subsets CIf -(; and fi =,lpo.

As fo r  the  e lement  s r r  i rs ing  the  hyuothes is ,  we d+duce

that '  there exl-sts a secluence (oro)*of  eoryract  (wi th respect '  to

t t r e c o * n a , t . u r a 1 t o n o 1 , o g y ) s u b s e t s o f " , L . ' 5 } s u c h t ' h a t

ur= I "  
; , - - ,  

where  )  n , '=  ? l /K*

rorT.no i l *N we ehoose a seguence ( . \ f r , ) r ,  of  co-natural

open nej"qhi:or:rhoods. of K,u such that
'V 

*ur* V,, ( + )n e N, 
f, 

"(=x*.

Obvi.unly the sequcnce (orr)r ,  c ief ined by

D"'= -( l t } "
ls  an increaslng sec{uence of  eo-natural  open subsets of  Ea

wj"ttr .Q *,V or,.

$l loreover ,  usJ-ng Theorem ZoI . r  w€ have

u5? t  D* * *  =n 'QnVtc " .  =G*
l m  o *  h m

f o r  a n y  n E  N .

3 ) * ) t )  L e t  p g S  b e

(Dr , ) r re-x  o f f l  such rhar ,

suhset CIf 5; such that
* . - f f r l n.cr P=P"

l^Ie deconrpose p &s

s lAo i *O  f * r  ; i ny  l ; € -  r  i n ) , "

a sun s*s l+s2  v rhere  sUe p( fa )  and



'o
.+i.

-+4'
rvqi: cllrL'P{ urr$ L Fa:'" [e,g-* U4rcSekry tA 7ffit:pf;tf .

sn*GO "

S lnce  G? =*14 p  we hav"e ,  fo r  any  n6 .N,

-  { ? \ D * . .  * t -B  * ^  G A  = G ^

On the other hand usinq corol lary 2,3.  anel  the precedinq relat iOr

r{e get

)  ( n * ) = O  ( r *  ) n e Nr .  _  
n .

and therefore ?\ *0 r s I *0 .

From now on we suppose that (Sr1i i )  sat isf ies the

fol lor+ing axiom:

(G*p) tror any increasing sequence of eo-naturaL op€n

suhsets tDn)n of  -Qsuch that \J D,r{Zanci  for  any peSO vre

have
.fr.)-

A "  
* " P = o

Rema::k {aZu We may ask if  ln the precedlng axiom rre can

al open subset.s of . f i

by seguences of  natura l  (Resp,  f lne of  eo- f ine)  open suhsets

o f  - Q .

Genera l ly  the answer is  nega. t lve.

a)  Let  us consider  the H-cone S of  a l l  pos i t ive

l . nc reas lng  and  l ower  semicon t i nuous  rea l -  f unc t i ons  on  ( -1 .1 ) "

I ts  dual  Se rnay be ident i f ied wi th  the cone of  a l l  pos i t ive

decreasl"ng and lovier semi.contlnuous real functlons al l  (-f  rf  l

such that ,  i f  f  eS and ga-S**u have

s( Sl=$t*7ao
where l r^-  is  the Lebesque-St le l tges posi tJ-ve neasure on (* f  r f  l/ g

associated vr l th  g.  In  th is  example the natura l  and co-natura l

topologies on ( -L =(- i . r1)  co ineide vr l th  the usual  topoloqy.

Tak;rt$, p € S

I

P(x ) *  i  
o  l f  x€  t - r ' - ' | l

I  2x+ t  i f  xe -  G* ,  o l
I\  r  i f  x > r  .



J Z

D . . s { * L u O l  * ;  { I / n , 1 }n

we have p*S ' tDn is  f ln  and co* f ine  open I

D * s D n + ] " ,  ( v l n c + N r
r:t *

r " - y ' a * * t * 1 r 1 " )
! I

ent{

^  * ( - f  n 1 ) \  D *  J . i : = l  o n  ( o r t )
/  \  r ,  r l d3 : - r  L r r r  \ t /  r  r , i

; "  the oth*r  i r* , .a r*  see that (s, ,g?) and ts*,12) sat isfy

a>:i onr (,;* jl '

b )  we  cons i c le r  t he  s tandard  H-cone  on  ( -1 r I )  g i ven  i n

sxemp l .e  3 -4 .  L l s ins  co ro l l a ry  
' 4 "3 "  iS  easy  to  see  tha t  ' . ' ' . ' '

*-
(S* r l ? )  sa . t i s f i es  ax iom G.P .  We s i raw  tha t  (S r5? )  d .oes  noe  sa t i s f y

a .x lo rn  G-P .  rndeed  tak lnq  Q  FSn ,  Q lO  and  fo r  any  neN
:

D r , = ( * 1 r 0 1  * ,  t f r f  t

we have:  D*  i s  co*natura l  open su l rse t  o f  S I=( -1 .1 ) ,  (o r , ) *  i s
n

J"nc reas lng

\;{ n,,= J?
and

K " D .
A  B -  " g * q { 0 }  ( 1 - x )  

" "  
0 n  ( o * t 1

af\

Theorem 4 "  8 .  $unpose that '  ($  , f ) )  sn* is fy  ax j 'om G-P '

t

v

;

Then for any p€ S th.e f*l i-ovrlnq assertions are ecluivalent 3

I )  r : e P ( - f Z )

2t  For any increasing sequence (un)r ,  of  co-natr-rral  open

subsets of  J?sr ich that  \J D**Qq1s have
_ Q " \ b .  

' - ' \  r r

n B- 
- 

"p=o

3)  Fo r  any  seguence  (Dr r ) r ,  o f  ' co -na tu ra l  open  subse ts

of  * f2  such that*D,ra Dr ,* ,  for  any n€^ i ' { ,  we have

$ \ D  n
n  B - -  ^ P * o '
/Y\

I r roof  .  1 t i " re  asser t ion fa l lows f rom Lemma 4.1"  and fheorem

r

, {
?

4 . 4 ,
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